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ABST1~AC1’

A co uter-oriented method for obtaining dyrian~ cal equations of

notion for large mechanical syst~~~ or “chain syst~~~” is presented.

A chain system is defined as sri arbitrarily ass~rbled set of rigid

bodies such that adj oining bodies have at least one countn point and

such that closed loops are r~ t formed. The equations of notion are

developed through the use of Lagrange ’s form of d’Al~thert ’s principle.

The method is illustrated and applied with h~~an-body uodels

and finite-segment cable models. The h-txian-body models are config~~ed

to similate a crash-victim. Results with several applied deceleration

profiles agree very well with available experimental data . The

cable model is config~~ed to simulate an off-shore oil rig or ship ‘s

crane with a partially submerged towing cable . 
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I. IN~~DDUC~ION

Many mechanical syst~~~ and devices can be effectively modelled

by syst~~ of rigid bodies . If a rigid-bod y model of a mechanical

system (called a “finite-se~~~nt ” model) consists of a system of

connected (that is, non-disjoint) linked rigid bodi es which do not form

closed loops or circuits, it is called a “general chain system” (or

“open-chain ”) Figta-e 1. depicts such a system. The bodies are “linked”

such that adj acent bodies share at least one conmon point , thus allow-

ing for either hinge or ball-and-socket connections . Examples of

general chain svst~~~ are : human-body models ; chain and finite-

se~nent cable models ; manipulators ; and finite-se~~~nt anterria and

beam models.

Recently there have been a number of att~ npts to develop efficient

methods for obtaining equations of motion for such syst~ r~ {1_ l3J* .

These efforts generally proceed by first modelling or replacing the

given dynamical system by a discrete system or chain of interconn ected

rigid bodies . Dynamical equations of motion are then written for the

chain system. In the derivation of these equations , some investigators

use Lagrange ’s equations , some use N~~ton ’ s laws , and some use other

modified geometrical theoi. es. But each has the objective of

efficient derivation of ccn,outer -oriented eQuations . The relative

advantages and disadvantages of these various methods depends uDon :

*NuTbers In bracke ts refer to references at the end of the Report .
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Fig~~e 1. A General Chain System
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(i) the particular dynamical principle which is used , and (ii) the

metiiod of organizing the complex gecilEtry. The difficulties

encountered in these approaches usually include some , and sometimes

all , of the following : (i) the introduction of non-working constraint

forces between adjoining bodies (eq . Newton ’s laws) ; (ii) the tedious ,

often unwieldy, calculation of derivatives (eq . Lagrange ’s equations) ;

(iii) the complex gearEtrical description of the system; and (iv)

the solution of the developed eQuations .

In this report a method of obtaining ecuations of motion is

presented which systematicall y ai~’oids each of these difficulties .

The method uses Lagrange ’ s form of d’Al~ thert ’s i rinciple [14-17]

which provides for the automatic elimination of the non-work ing

Internal constraint forces without introducing tedious differentiation

or other calculation . The method also uses a geometrical organization

and accounting procedure as developed by Kane [16] and Huston and

Passerello [8 , 10 , 12, 18 ,19]. The method allows the system to be in

any general force field and either the rrx~~ nts or the orientation

between adjoining bodies may be specified or left unknown . Final ly,

the method leads to governing equations which may easily be applied

with any general chain system such as h~znan-body models , finite-

segeEnt cable uodels, manipulor models or f].e~dble beam models .

F’ur therno re , the form of the governing equations is ideal ly suited

for developing con~uter algoritFms for obtaining ntxnerical solutions .

The report basicall y outlines the results of research under the

support of the Office of Naval Research Contrac t N000l4-75-C-ll64 . It

conta ins results of the application of the above method with human-body

3 
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models in high-acceleration environments (crashes) and with partially

submerged towing cables .

The balance of the report is devided into six parts wi th the

following part presenting some geaiEtrical backgroix~d , notation , and

other preliminary ideas useful in the analysis . The kinematics ,

dynamics , and governing ecuations are developed in the next two

parts . The application with human-body models and cable models are

presented in the subsequent two parts , and a brief discussion and set

of conclusions are presented in the final part .

4
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II. PRELIMINARY CONSIDERATIONS

Body Connection Array

Consider the chain system shown in Figure 1. To organize the

gealEtrical accotn~ting of this system, select one body of the system

as the reference body and call it B1; Next , nurber or label the other

bodies of the system in ascending progression away from B1 as shown

in Figure 2. The configur ation and kinematics of each body of the

system may now be developed relative to B1 which in turn has its

configur ation defined relative to an inertia l reference frame R

(Figure 2.)*.

Although this nuirbering sch~~~ does not lead to a unique

labell ing of the bodies , it can nevertheles s be used to describe the

chain str ucture throug h the “body corn iection array ” as follows :

Let L (k) , k=1, • . .,  Nbe an array listing the indices of the

adj oining lower-nurb ered body for each body Bk . For exan~le for the

system shown in Figur e 2 ., L (k) is

L(k) = (0 ,1, 2 ,2 ,4,1,6,1,8) (2 .1)

where

(k) (1 ,2 , 3 ,4, 5 , 6 , 7 ,8 , 9) (2 .2)

and where 0 refers to the inertial reference frame R . It is not

difficult to see that given L (k) one could readil y define the tocology

or arrangement of the system. That is , Figure 2. could be constructed

by sfr ~1y knowing L(k) . It is shown in Part III of the report that L(k )

alternative approach is to reference each body independently to R ,
but this is foi.md to be very inconvenient in describing the configuration
of actual syst~~~.

5
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can be useful in the develo~ nent of expres sions of kinematical

quantities needed for an analysis of the system’s dynamics .

Shifter Trans formation Matrices

Next , consider a typical pair of adjoining bocies such as B1 and

as shown in Figure 3 . The orientation of B,~ relative to B~ may be

defined in terms of the relative inclinations of the dextral

orthogonal unit vector sets , nj ~. and 
~ki (i=l , 2 , 3) fixed in B

1 and Bk
as shown in Figur e 3. Specifical ly, let B 1 and Bk be oriented such

that the n~ ~ 
and the are respectively parallel . Then Bk may be

brought into ~,ny orientation relative to B~ by three successive dextral

rotations about axes parallel to r~kl, ~k2’ and 
~k3 through the angles

ct,~, ~~, and 1k’ n
1 ~ 

and are then related to each other as

~j i. = (2 .3)

where SJK is a 3 x 3 ortho~~na1 transformation matrix called a

“shifter” and defined as [20 , 21, 22] :

SJKim = 2j i (2 , 4)

(Regard ing notat ion , repeated indices, such as m in the right side

of Ecuation (2 .3) revresent a sum over the range (eg . 1, . , ,  , 3) of that

index .)

SJK may itself be written as the product of three ortho~ nal

transformation matrices as [191 :

SJK = ciJK ~3JK yJK (2.5)

where C U R , ~3JK , and yJK are

7



1 0 0

czJK = 0 Ca,.~ _SCUk
0 Sa~ Cctk

C~~~~0 S~~

~J K =  0 1 0 (2 .6 )

-S~~~~0 C~~

Cyk ~~~~ 0

yJK = Syk ~~~ 0

0 0 1

where S and C are abbreviations for sine and cosine respectivel y.

From Equation (2 .3) it can be seen that the shifter transformation

matrix obeys the follow-ing identi ty rules :

SJJ = I = SJK 51Cr = aIR SJ}C~ (2 .7)

where I is the identi ty matr ix. Also , with three bodies , say B1, Bk ’
and Bz, the shifter obeys the chain rule :

SJL = SIR SKL (2 .8)

These expressions may be used to transfer conponents of vectors

referred unit vectors in one body of the system into c~xponents of

vectors referred to unit vectors in any other body of the system and ,

in particular , to the inertial reference fr~~~ R . For exarrple , if a

8
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typical vector v is expressed as

v = v~~ i~~~~ = vc0)n~~ (2.9)

then 

~(o) 
= S0K~J 

v~~ (2 . 10)

where the index 0 refers to the inertial reference fran~ R. (There

is no sun over repeated indices in parentheses.)

Shifter ~~rivatives

Finally , since the shifter transformation matrices play a

central role throughout the analysis, it is helpful to also have

algorithms for their derivatives, especially the derivative of SOK .

Such an algorithm may be obtained throug h Equati on (2.4) . For SOK ,

Equation (2 .4) may be written in the form:

SOK~1 
= • n~~. (2.11)

where the 
~~~ 

are fixed , and therefore constant, in R. Hence ,

differentiating in Equation (2 .11) leads to

d(SOK~1)/dt = 

~~i 
. Rd 

~-.kJ /dt (2 . 12)

where the index R in Rd ri,~ /dt indicates that the derivative of

is corrputed in R. (See Reference [23 ].) However, since the

are fixed In B~, their derivatives may be written as x where

is the angular velocity of Bk in R [23] . Equation (2.12) may then

be written as

d (SOK~ ) /dt = 
‘ikj 

= X 

~ikj
(2 . 13)

= -ej~~ wkn Tim TIIçJ

9
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or as

d(SOK)/dt = ~~)K 50K (2 . 14)

where ~ )K is a matrix defined as

S0K~~ = - e~~~ w~~ (2 . 15)

and where are the canponents of referred to and e~~~ is the

standard perniitation syubol [20 ,22] . (~ )K is sinp ly the matrix whose

dual vector [221 is

Equation (2.14) shows that the derivative of the shifter matrix

may be c~i~uted by a matrix nultiplication and thus is ideally suited

for deve1o~xx~nt into a nulErical , couputer algorithm.

10
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III . KINEMATICS

Degrees of Freedom and Generalized Coordinat es

The chain system shown in Figur e 1. will , in general , have

3N + 3 degrees of freedom. These may be defined in terms of 3N + 3

generalized coordinates (5=1 , . .. ,  3Nf3) . Let 
~<1. and x 3

represent the position coordinates of an arbitrari ly selected

reference point say 01 of B1 in R (See Figure 4 . ) .  Then let the

remaining 3N coordinates be divided into N triplets of coordinates

representing the relative orientation angles of the adjoining bodies

as described above . For exanpie , x4~ x 5, arid x6 define the orientation

of B1 in R and ~~~~~~~ ~~~~~~~ 
and x~~3 define the orientation of Bk

relative to B~ where B~ is the adj acent lower nurbered body to a

typical body Bk (See Figur e 3. )

Angular Velocities

The angular velocity of a typical body of the system, say Bk ’
relative to R is readily obtained by the f~ rd.liar addition fornul a

[16 , 23] as

+ ... (3.1)

where the terms on the right represent angular velocities of the

subscripted body relative to its adj acent , lower-nuthered body , and

where the sum is taken over the bodies in the chain from outward

through the branch containing B,~. For example , referring to Figur e 2 . ,

is

(3 .2)

11.
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where is the angular velocity of relative to R , 
~2 is the

angular velocity of B2 relative to B1, ~~ is the angul ar velocity of

B4 relative to B2, and is the angular velocity of B5 relative to B4.
(Regarding notation, the “hats” are used to designate relative

angular velocities with respect to the adjacent , lower-nutthered body ,

and the terms without the hats designate absolute angular velocities

(that is, relative to R). Hence, 
~i 

and are the same.)

The L(k) array introduced above can be used to form a

convenient expression for the sun in Equation (3.1) - To see this ,

consider the example of Equation (3 . 2) . The subscripts on the right

side of Equation (3.2) (that is , 1, 2 ,4 , 5) may be obtained from L(k)

as follows: Consider L(k) as a ft.wiction mapping the ~~) array into

the L(k) array (See Equations (2.1) end (2,2)). Then, using the

notation that L° (k) = (k), L1 (k) = L (k), L2 ~c) = L (L(k)), L3 (k) = L ~ 2 (k))

etc., it is seen from Equation (2.1) that

L°(5)=5, L1(5)=4, L2(5)=2, L3(5)=l (3.3)

Therefore, c~ may be written as

3
where q L~(5) (3.4 )

p=o

Hence , in general , the angular velocity of 8k may be written as

— 

r 
~q where q = L~(k) (3.5)

p=0

and where r is the index such that Lr (k)=l .

12
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Now, in view Figure 3., and the description of the relative

orientation of B k w i t h  respect to B1, ~~ may be written as [19 , 21]

~~~~= ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (3 . 6)

where NIL(1, N,~~, and N~~ are ix~it vectors parallel to n~~~, n~~~, and

n~~ during the successive dextral ro tations defining ~~~, ~~~~, and

as described in the foregoing part of the report . In tents of

~~ ~ 
(i=l , 2 , 3) , the ~z~it vectors fixed in B1, the adj acent lower

numbered body, ~~~ (i=1, 2 , 3) are

~kl~~~~j 1 ~ 1~~jm

N,~~~~c~~~~ n (3 .7)

~k3 = 
~~~tp~~~p~ .jm

Hence, Z~ becon~s

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
(3.8)

or in ter ms of the i.mit vectors fixed in R

= 5°’~im ~~ k~m1 + ~~~~~~ + ‘
~k~~~trp ~~p3~~jm (3.9)

By substituting from Equation (3 . 9) into Equation (3.5 ) , t~~~ may

be written in the form

(3 . 10)

where there is a sun from 1 to 3N-1-3 on Z and from 1 to 3 on m. Fr om

Equation (3.9) , it is seen that the ron-zero take one of the

13
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three forms

SQJm1

= S0Jtrn~LJKn2 (3.11)

S0J~~cjJK~ ~JKp3

depending on whether is the first , second , or third dextral angle

defining the orientation of Bk relative to B1. Also , from Equation

(3.5) it is seen that for two bodies Br and B5 , in the sane branch of

the chain , Wrtm = for r greater than s, if w 5~~ ~ 0.

Angular Accelerations

The angular acceleration of Bk relative to R may be obtained by

differentiating the angular velocity expres sion of Equation (3.10) .

Noting that the are fixed in R , this leads to

= (wk~~ ~j + ~~)p~~ (3.12)

From Equation (3.11) , the non-zero are fotxid to take one of the

three forms

S~~~~cLJK~~ + SOJ (3.13)

ciJK~1~ ~~ p3 + np ~~ p3

+ 80.3 +

depending on whether is the first , second , or third dextral angle

defining the orientation of Bk relative to B1. The SOJ are given by

14
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Figure 3. ‘I~~ ~~pical Adjoining Bodies
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Equation (2 .14) and the c~JK and FJK are obtained by differentiating

the expressions in Equation (2.6).

Mass Center Velocities

The velocity arid acceleration, relative to R, of the mass centers

of the bodies of the system may be obtained as follows : First ,

recall that 01 is an arbitrarily selected reference point of

(See Figure 4., ior exanple). Next, let be the connection point

or cainx n point of t~o typical bodies , say Bk and B . where B~ is the

adjacent lower-numbered body of Bk (k=2 , • . . ,  N), and let 0k be

called the “reference point” of Bk - Then let be the position

vector of 0,~ relative to O~. Finall y, let G,~ be the mass center of

B,~ (k=l , . .. ,  N),  and let be the position vector of relative to

0k~ ~k 
is thus fixed in B. and is fixed in Bk~ Hence , the

position vector of relative to a fixed point 0 , in R may be

written as
u-i

= (
~~. + S0K~J.~ Ykj~ 

+ ~ SOSTh ~sh~ ~~~ (3.14)
q=0

where s=L8 (k) ,  S=L8
~~(k) , and u is the index such that L~’(k)=l , and

where is the position vector of 01 relative to 0. Therefore, by

differentiating 
~k 

in R, the velocity of in R s

u-i
= ~~~ + SÔK~~ r~~ + 

~ ~~~th ~sh~ ~~ 
(3.15)

q=0

By using Equations (2 .14) , (2 .15) , and (3. 10) , vk may be written

in the form

vi v~~m~~~~n m (3 . 16)

16 
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where the non-zero V
k~~~ 

are

vk~~
= ~~~ (k 1 , . . . , N; 1 ,n~~1, 2 , 3) (3 .17)

and
u-i

vk~~ = ~‘1K~~~~ r~~ + 
~~tth2.~sh (3.18)

-D

(k ’l , . .., N ; 2 1 ,,. ., 3N+3; rn=1,2 ,3)

where WK~~ is defined as

WK~~~ = ~~~~~ SOK
Ph = - e fl.~~

u
~~~

SOKph (3.19)

Mass Center Accelerations

The acceleration of in R is now obtair~ d by dif ferentiating

in Equation (3.16). This leads to

(vk~fl ~~ + ~~~~ ~ ) n ,~~ (3.20)

where the non-zero vk~~ are

= WKnft~Q r]~ + 
~~t±Z ~sh (3.21)

where W1~~~ is

= _e
~~~(~~ q SOK

Ph + w~~q SOKPh) (3.22)

_ _  _ _  _ _ _ _ _ _ _ _ _  L.
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IV. E )UATIONS OF ~~~ION

As mantioned earlier , the governing dynamical equations of

riction of a general chain system such as is shown in Figure 1.,

can be obtained conveniently using Lagrange’s Form of d’Al~thert ‘s

principle [14,17]. Since the non-working internal constraint

forces acting between the bodies of the system are automatically

eliminated in using this principle , only the externally applied , or

active forces , acting on the system, and the so-called inertia

forces of the system need be considered in the analy sis .

Kinetics

Imagine the system of Figure 1. to be subjected to an arbitrary

external force field. Then let the ensuing forces acting on a

typical body Bk of the system be replaced by an equivalent force

system consisting of a single force ~~ passing through Gk together

with a couple with torque ~~~~ Then the so-called “generalized

active force” F~, corresponding to the generalized coordinate x 2~
,

acting on Bk is [16]

F~ = vk~~ F~~+ km~~ n ~ 1,...,3N+3; k=l,. .,N) (4.1)

where there is no sum on k, but there is a sun from 1 to 3 on m.

F~~ and are the n~~ components of F~ and ~~~~~ respectivel y - Now ,

if the generalized active forces of each of the bodies of the system

ar e added together , the result is the total generalized active force

for the entire system. Hence , if there is a sum over k from I to N

18



in Equation (4.1) , then Fz represents the total generalized active

force on the system for the generalized coordinate x~ (Z=1 , .  . . , 3N-4-3) .

In a similar manner, let the inertia forces on a typical both

Bk of the system be replaced by a single force Fj~ passing through Ck
together with a co~~1e with torque ft~. Then and ~~ may be written

as [16]:

= _Tr
~ak (no sun) (4 .2)

and

(4 . 3)

where is the t’~ass of Bk and is the inertia dyadic of Bk relative
to (~ (k=l , .. . ,  N) . Through use of the shifter transformation

matrices Ik may be written in the form

L = L  n n (4.4)
.-K iarri .~~ii -.on

The so-called “generalized inertia force ” FL*, corresnonding to the

generalized coordinate x~, acting on Bk is then [16 ]

F z* = Vk~~ F~~ + ~~~ (2. l , ... ,3N-1-3; k 1 , . .  . ,N) (4.5)

where there is no sun on k , there is a sum from 1 to 3 on m , and

and are the n~~ conponents 0c and M~* respectively. As above,

if the generalized inertia forces of each of the bodies of the system

are added together , the result is the total generalized inertia

forc e for the entire system. Hence , if there is a sum over k from

1 to N in Equation (4. 2), then Fz* represents the total generalized

19
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inertia force on the system for the generalized coordinate x~
(t=1, . . ., 3N+3) .

Governing Equations

Lagrange ’s form of d’Al~thert ‘s principle states that the sun

of the total generalized active force and the total generalized

inert ia force , for each generalized coordinate of the system , is zero .

Hence, the governing dynamical equations of ~~tion for the system are

F~ + F~* = 0 (2~=1,. .,3N+3) (4.6)

By substituting Equations (3.10) , (3. 12) , and (3.20 ) into

Equations (4.2) and (4.3) and ultimately into Eouations (4 . 6) ,  the

governing equations of irotion may be wr itten in the form

= f~ (2~=l , . . . , 3~~-3) (4 7)

where there is a sun fran 1 to 3N+3 on p and where ath and are

given by

~~~ = ~~~~~~~~~ + L~~ Wk~ n w~~~ (4 . 8)

and

f~, = -(Ft + rr~ v~~~ v~~~ ~q + 
~~nn Uk~ m ~~qn Xq

(4.9)

+ e~~~ ‘knir ~ 
Wksr Wkjh Xq x 5)

where there is a sun from I to N on k , from I to 3N+3 on q and s , and

fran 1 to 3 on the other repeated indices .

Equation s (4. 7) form a set of 3N+3 simultaneous ord inary

differential equations for the 3N4-3 generalized coordinates x~ of the

system. If soma (or all) of the are specified , the differential

equations becoma algebraic equations for the tn-iknown forces or nt*~~nts

20
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associated with the specified 
~~~~~~ 

Since the coefficients, ~~ and

f t, , of these equations are sinple polynomial ftn~ctions of the physical

paranEters and the four block matrices 
~~ rn ’ ~~~~~ v~~~, and

computer algorithirs may easily be written for the numerical development

of the equations . ~breowr , once they are developed they may also

be solved nuc~rica1ly using one of the standard numerical integration

routines.

In the following two parts of the report these equations are

developed and solved for a human-body nodel in a variety of high-

acceleration configurations , and for a finite-segment cable tiodel .

21
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V. APPLICATI~~ WtTH HUMAN-BODY ~~D~~S

As mentioned earlier , a principal application of the foregoing

analysis is studying the dynamics of a human-body nodal . Indeed , a

desire to obtain insight into the dynamics of space-walking astronauts ,

athletes , and crash-victis~ has stimulated much of the development of

the foregoing analysis .

Gross notion simulation of the human body naturally leads to

finite-se~~ nt or chain-system nodelling if one thinks of the human

body in ter ms of its skeletal structure . That is , by consideri ng the

hands , feet , arms , legs , head , and torso as rigid bodies and the

muscles and 1igan~nts as springs and dampers acting at the j oints ,

the ensuing nodel is precisel y a general chain system ~s studied in

the foregoing parts of the report . In this cart of the rep ort a

sizrnary of research results obtained by using the analysis in the

deve1o~nent and application of a crash-victim computer simulation

code [24-29], com~~nly known as “UCIN” , is presented .

There have , of course , been numerous earlier att emots to nodel

the dynamics of the human body and in particular , the dynamics of a

crash victim. The nuither of these efforts significantly increased

during the past decade with the availability of high-speed digital

computers . Indeed, there even exists a number of recent survey papers

( 30-33] outlining this work. Fran these papers it appears that much

of the significant work in general human body dynamics and rrodelling

may be foi.rid in References [18,19,34-38] and in gross-notion,
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crash-victim sini.ilation in References f24~33, 39-78) ,  The specific

approaches discussed in References [18, 19,24 , 293 have led to the

deve1o~ rEnt of the foregoing general analysis and ultimately to the

developr~nt of the UCIN nodal as described in the following section .

The UCIN Mxiel

The uodel consists of 12 rig id bodies representing the human

limbs together with a vehicle cockpit as shown in Figur e 5. The

twelve bodies of the nodel are connected together with ball-and-socke t

j oints which allow for the inclusion of springs and dampers to

simulate the human connective soft tissue such as discs , muscles , and

ligaments .

For ty-five variables are required to describe the position and

orientation of the trodel. These are:

position of the vehicle relative to
an inertial frame

X4, XS orientation of the vehicle relative
to an inertial franz

x 7,x 8,x 9 position of a reference point in B2,
the lower torso relative to the origin of
the vehicle fran~
orientation of B2, the lower torso ,
relative to the vehicle frame

x 13,x 14,x 15 orientation of B.~, the middle torso ,
relative to 

~2’ the lower tors o

x16,x17,x18 orientation of B1 , the upper torso,
relative to B3~ i~he middle torso

x 19,x 20,x 21 orientation of B
~
, the upper left arm ,

relative to 34, ~he upper torso

x 22,x 23,x 24 orientation of B,~, the lower left arm
relative to B5, ~he upper left arm
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x 25,x 26,x 27 orientation of B., , the upper right arm,
relative to B4, the up-oer torso

x 28,x 29,x 30 orientation of B~, the lower right arm,relative to 37, the upper right arm

x 31,x 32,x 33 orientation of B~ , the head
relative to B4, the upper torso

x~~,x 35,x 36 orientation of B.~,, the upper left leg ,
relative to B2, the lower torso

orientation of ~~~ the lower left leg ,
relative to B10, the upper left leg

x41 , orientation of 3~9, the upper right leg,
relative to B2, the lower torso

x43, x~~, x45 orientation of B
~~

, the low& right leg ,
relative to B12, the upper right leg

All of these variables , except for the position variables

x 1, x 2, x 3~ x 7, x 8, and x 9 are orientation angles generated by

successive rotation of adj acent bodies relative to each other as

described in Part II of the Report . The first six variables define

the notion of the cockpit or vehicle fraltE , B1, relative to the

inertial frame, R. These variables must be specified or given.

Also , variables x 22, x 24, x 28, x 30, x 37’ x 39, x43, and x45 are usually

specified as zero to simulate hinge joints at the elbows and knees .

The remaining 31 variables may be either specified or left as

unlciowns . If the variables are specified (e.g.  x16—O) , the required

nonEnt needed to maintain that specification (e . q. N16) is determined .

The nodel accepts arbitrary specification of external forces and

rr~~Ents on each of its bodies. These forces and u~ments are repre-

sented on each body by an equivalent force system consisting of a

single force passing through the mass center of the body , together

25
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with a couple.

The nodel ’s initial position is generally in an erect sitting

position as shown in Figures 6. and 7. In this configuration , all

the body coordinate axes and the vehicle fr ~~~ are aligned. Thus in

this configuration, all the orientation angles are zero .

The nodal has a seat which is uodelled by springs as shown in

Figure 9. There are seven “one-way” springs which m a y  exert forces

on the nodal with the oints of contact being the mass centers of

bodies 2 , 3 , 4 , 9 , li) , and 12. (“On e—way” springs exert forces only

while in compression.) One-way viscous darr per S tons are used to

limit the seat deflection . The force F generated by a dan~oer stop

is of the form

F~~~~X 
if X > X 0 (51)0 if x~~x0

where k is an arbitrary constant , x is the spring deformation

(compression) , and is an arbitrary spring compression limit.

The n~del has a floor or foot rest which is rrodelled as a linear

spr ing.

The trodel nrovides for the use of up to ten restraining belts

nodelled as springs attached at arbitrary points between the cockpit

and the bodies of the nodel.

The ball-and-socket corn~ection joints of the nodal are provided

with angle stops , nodelled by one-way dampers , to simulate notion

constraints of the human limbs. An angle ston generates a noment M

between the bodies of the foTm

26
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Figure 6. Side Vi~~ of the !~bdel is a Sitting Configuration
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Figure 7. The ~k,de1 and Seat in Initial Configuration
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C0-C1(cz-ct1)& if

N = C0 if 
~~2<

~~~~l 
(5 . 2)

C0+C,~ (a-az) a< a2

where a is a rotation angle, 
~~ ~~~ are arbitrarily specified

maximum and mininuri values of a , and C0 and C1 are arbitrarily specified

constants.

Finall y , the nodal provides for the use of twelve intrusion

sur faces or planes to simulate the cockpit or vehicle interior .

These intrusion surfaces are as follows :

1) Left windshield 5) Lower left door 9) Fir~~a11
2) Front windshield 6) Upper right door 10) Top dash
3) Right windshield 7) Lower right door 11) Front dash
4) Upper left door 8) Roof 12) Bottom dash

The location and inclination of these intrusion sur faces are determined

by the specification of the position of a point in the surface together

with the components of a vector normal to the surfa ce.

The UCIN-CRASH Computer Code: Input /Output

The following brief paragraphs provide a general description of

the input data recuired and the output data ~~ovided by the computer

code . Additional details may be obtained from ?.eferences [27 1 and [28] .

29
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The input consists of the following:

Physical parameters: These are the masses , inertia dyadics , mass

center nositions, connection point nositions , and orientation angle

limits , for each of the 12 bodies of the nodel .

Cockpit geometry: This consists of a normal vector and a location

point for each of the 12 intrusion surface nlanes listed above .

Also , the floor position and a spring constant of the floor nodel are

part of the cockpit specifications .

Cockpit notion: The cockpit displacement and rotation relative to

an inertia fras~ (x 1,.. .,x 6) are required as input. Typically, it

is useful to express this in terns of the linear and angular

acceleration of the cockpit. The computer progr am is written so that

the cockpit acceleration components may be “read in” by sin~ly

specifying the acceleration pro file. (This is , in effect , a piecewise-

linear aporoximation to an acceleration curve.) Six (three translation

and three rotation) acceleration profiles or curves m a y be employed .

Spring and damping constants These include seat constants , restrain-

ing belt constants , orientation angle constants , and neck parameters .

Also, the attach points of the restraining belts are included as part

of this data .

30



Initial conditions: This includes the initial values of the unknown

variables and their derivatives. Also , the external forces and

rr~~~nts (if any) which are applied to the bodies of the nodels uust

be specified.

Integration Par ~~~ters: This consists of constants reouired. by the

fourth-order , Run ge-Kutta integration technicue (RKLS) arid it

includes the starting time, the ending time, the step size, and the

error permitted .

The output consists of two parts : The firs t is simply a copy

or “echo” of the input data. The second contains at each output step

the following :

1) The value of all variables and their first arid second
derivatives .

2) The joint and mass center positions in both inertia
space and relative to the cockpit .

3) The mass center velocities and accelerations .

4) The r~~rEnts and forces associated with variables
which are specified .

5) Restraining belt forces.

6) Collisions or “hits” with intrusion surfaces .
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Validation of the !‘bdel and E~carrples

There is little exnerimental data available to date which can

be used to check or verify the above coniouter code and others like

it. However , King, Padgaonkar , and Mital [79] have recently con-

ducted a series of experiments with a cadaver in an imuact seat

for the purpose of validating the computer nodel . The results show

remarkable agreement between the nodel and the experiment as

shown in Reference [79].

In earlier tests , Begeman, King, and Prasad [80] placed a

cadav er in an impact sled and they measured shoulder belt , vertical

lap belt and seat pan forces . This same test was simulated with

the UCIN co~~ut er nodel . For the deceleration pro file shown in

Figur e 8 .,  the experimental and computed shoulder belt , vertica l

lap belt , and seat nan forces are shown in Figures 9 . ,  10., and 11.

In another configur ation , experimental data from a vehicle

striking a guard rail or roads ide barrier [811 was used as input for

the computer code. For the specific deceleration profile shown in

Figure 12., the resul tant relative displacam~nt of the head and

chest using both lap belts and a combination of both lap arid shoulder

felts , is shown in Figur e 13.

Finally, in an att~~~t to measure the relative effectiveness

of lap and shoulder belts , a rum~i was made sirru latin g a front end

collision of a vehicle . The head pitch (forward rotation) of the

nodel was calculated using a lap belt and a corrb ination lap and

shoulder belt , The results shown in Figure 14. illustr ate the

“whiplash” effect when only lap belts are used.
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VI. APFLICATI~~ WITH FmI’IE-SEQ1E~r CABLE MJD~ S

A second application area of the foregoing general analysis

is the sti~ y of the dynamics of long , heavy cables . As with hunan

body rw dels, a finite-se~~~nt cable rrodel is readily identified as

a general chain system. Indeed , nt delling a cable by a finite-

segment u~del simply involves the substituting of a linked chain

for the cable as shown in Figure 15. This tro del has the obvious

advantage of being “linear ” , that is , not possessing any “branches ” -

This in turn , nrovides a simulificat ion in the governing equations .

Cable dyna mics has been of interest to researchers for some

time. But recentl y, with the advent of high-speed digital c~ puters

and finite-el~~~nt methods and finite-se~ nent nodelling , there has

been increasing interest and research effort in cable phenomena .

Five years ago Choo and Casarella [821 published an excellent survey

of the literat ur e and anal ytical methods for cable dynamics. They

indicate that of four methods for studying cable dynamics (the

method of characteristics , the finite-el ement method , the

linearization method , and the equivalent Linped mass method ) , the

finite-element method is the rros t versatile . Indeed , they indicate

that the finite-element or finite-se~~~nt method offers the best

hope for a simple method that can solve nonlinear , i.nsteadv state

problems with good accuracy and yet require only a noderat e azro~xit

of car~uta tion time .
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References [83-92] provide a siirrra ry of recent finite-e1~~~nt

and finite-se~~~nt approaches to cable dynamics. The approach in

this report is to make a finite-se~~ent nodel of the cable as in

Figure 15. and to then fol1~~ the analysis as reported in Reference

[93]. . The basic dynamics of this rodel is then a specialization of

the foregoing general theory .

Equations of ~~tion, Coriputer Code, and Numerical Solutions

The governing dyn~~d.cal equations of notion are of the exact

s~~~ form as those presented in Part IV of the Pet ort . Indeed , the

only nodification required in the foregoing analysis is a simolLfi-

cation in the form of the mass center position and velocity expressions

(due to the “linearity” of the cable trodel) , and a specialization of

the generalized active forces to accot~~t for the fluid drag forces .

Specifically, the expression for the position of the mass

center of link B,,~ in Equation (3.14) is replaced with
k-l

= ~~~~~~~~~~~~~~~~~~~~~~~~~~~ (6 . 1)

Then the velocity of the mass center in R (Equation 3.15) becms

= (
~oj+SOKmr~~+ F S ~!c.q~

)r1oj (6 . 2)

This leads to the following expressions for the ton-zero

(replacing Equations (3117) , (3.18) and (3.21) )

vk~~~= 
~ m (k4,...,N; t ,n~ l , 2 ,3) (6 . 3)
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MODEL

Figure 15. Finite-Se~~~nt ~~de1ling of a Cable
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k-i
* v~~~ = ~~~~~~~~~~~~~~~~ (6 4)

(k l , , , . , N ; 2 . l , . . . , 3N4-3 ; tm l , 2 , 3)

and

Zm = ~~~~~~~~~~~~~~~~~~ (6.5)

(k 1,...,N ; 9~1,...,3N+3; n~l,2,3)

where N is the nurb er of links or se~rents in the ttodel .

Regarding the generalized active forces due to the fluid drag,

the fluid forces on the cable links are irodelled as follows: If

is a typical link, the fluid forces on B!K are taken to be equivalent

to a single force F~~ passing through Gk (the mass center of

and perpendicular to the axis of B,~. (The axis is the line join ing

the connection points of Bk i ,  Bk and Bk ’ Bk+i .) A sketch of

is given in Figure 16. Analytically F~~ is expressed as

= (6 . 6)

where p is the fluid mess density , Ak is the proj ected link area on

a plane containing the axis of B,~, C,~ is the drag coefficient, and

= 

~k ~ [(vk-vw) 
~~k 1 (6 . 7)

where Ak is a ixiit vector parallel to the axis of Bk~ Yk is the

velocity of C,~, and is the velocity of the fluid (See Figur e 16.)
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Figur e 16 • Fluid Force ~4 de1
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To obta in the generalized active forces associated with the

fluid drag (as well as the gravitational forces) F~~ is substi tuted

into Equation (4.1) . This , in turn , leads to governing dynamical

equation of notion of the form of Equations (4.7) .

As with human-body crash-victim nodels, a computer code has

been written to evaluate the coefficients of the governing eouations .

As input , the code requires: the nu~±er of links ; the masses ;

the centroidal principal iner tia matrices ; the mass center positions ;

the connection point positions ; the notion profile for those links

with specified notion; the initial configuration; the anbient fluid

velocity; the fluid surface height relative to R; the fluid mass

density ; the fluid kinematic viscosity ; the projected link areas ;

the link diameters ; and the mass densities of the links . The code

provides for the evaluation of CD, the drag coefficient of

Equation (6.6) from an algorithm which rrodels Roerner ’ s [941 drag

coefficient cizve,

The governing equations of notion are nu-r~rically integrated

using a fourth order Th.mge-Kutta technique. The output of the

computer code then includes : the values of all variables and their

first derivatives; the connection point positions; the mass center

positions ; the mass center velocities and accelerations ; and

the mnents ar id forces associated with the specified variables . All

of the output is given at arbitrarily spaced time intervals .
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Exanple Application

Consider a rotating surface crane with a 25 ft. boom dragging a

50 ft. cable attached to a si.bnerged 1 ft . di~~~ter sphere , as

depicted in Figure 17 .* The cable is rro delled by 10 cylindrical

links , each 5 ft . long. The cable diameter is 1 in. and each

link has a mass of 0.4025 slug. The sphere mass is 7.727 slug .

The water is calm and its surface is 10 ft. below the boom.

The boom makes a 900 turn in 5 sec. The angular acceleration

is given by the graph in Figure 18. The resultant notion of the

sphere is shown in Figur es 19. and 20. To determine the effect of

the water drag force , the s~~~ r~11 without the water * It is seen

(as one would expect) that the drag forces tend to counteract

the inertia forces .

* Although this similates an off-shore oil rig or a ship ‘ s crane , it
does not represent any specific physical situation . Indeed , the
intention is simply to damnstrate the kinds of probl ai~s which can
be studied with the above described analysis and c~iputer code .
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Figure 17 . Boom, Cable and Su~~erged Sphere
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Figure 18. Angular Acceleration of the Boom
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VI I. DISCUSSION AND CONCUJSIONS

A new, efficient , computer-oriented method for obtain ing equations

of notion for large mechanical systema (chain systema ) has been

developed. These equations may be succinctl y written in the form of

Equations (4. 7) with the coefficients determined by the four

kinematical matrices ~~~~~~ L~~, v~~m, and V
k9~m• These matrices ,

in turn are determined by simple multiplication algorithrs which

enable the entire proc edure to be reduced to a systematic routine .

The development of this method was made possible through the

use of Lagrange’s form of ‘Alembert’ s principle which provides for

the automatic elimination of nor-work ing constraint forces .

Specificall y, it is this feature , cotrbined with the use of vector-

matrix notational schemes, which make possible the explicit wri ting

of the equations of notion. Also , the analysis makes use of “local”

as opposed to “global” coord inates . That is , the generalized

coordinates of the system are (except for the tr anslation of the first

body (or se~~~nt) relative orientation angles measur ed between the

respective bodies as onposed to absolute orientation ang les of the

bodies (or segments) in space. This allows for a rrore convenient

specification of initial conditions and cons traints , and for a nore

convenient interpretation of the results .

The range of application of the anal ysis and procedures is

very broad . The two exanpie areas of human-body trodels arid cable

models are simply two ar eas where there is current interest.

Information regard ing other possible areas of application , the use
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C

of progrem tapes , and user manuals may be obta ined from the authors .

work will involve extending the procedures to allow for

translation between the bodies and for closed loops in the system

models .
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