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ABSTRACT

A computer-oriented method for obtaining dynamical equations of
motion for large mechanical systems or ''chain systems' is presented.
A chain system is defined as an arbitrarily assembled set of rigid
bodies such that adjoining bodies have at least one common point and
such that closed loops are not formed. The equations of motion are
developed through the use of Lagrange's form of 'd'Alembert's principle.

The method is illustrated and applied with human-body models
and finite-segment cable models. The human-body models are configured
to simulate a crash-victim., Results with several applied deceleration
profiles agree very well with available experimental data. The
cable model is configured to simulate an off-shore oil rig or ship's
crane with a partially submerged towing cable.
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I. INTRODUCTION

Many mechanical systems and devices can be effectively modelled
by systems of rigid bodies. If a rigid-body model of a mechanical
system (called a "finite-segment' model) consists of a system of
commected (that is, non-disjoint) linked rigid bodies which do not form
closed loops or circuits, it is called a ''general chain system' (or
"open-chain'') Figure 1. depicts such a svstem. The bodies are 'linked"
such that adjacent bodies share at least one common point, thus allow-
ing for either hinge or ball-and-socket commections. Examples of
general chain svstems are: human-body models; chain and finite-
segment cable models; manipulators; and finite-segment anterma and
beam models.

Recently there have been a mumber of attempts to develop efficient
methods for obtaining equations of motion for such systems [1-13]%*.
These efforts generally proceed by first modelling or replacing the
given dynamical system by a discrete system or chain of intercommected
rigid bodies. DNynamical equations of motion are then written for the
chain system. In the derivation of these equations, some investigators
use Lagrange's equations, some use Newton's laws, and some use other
modified geometrical theor es. But each has the objective of
efficient derivation of computer-oriented equations. The relative

advantages and disadvantages of these various methods depends upon:

%*
Numbers in brackets refer to references at the end of the Report.
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Figure 1.

A General Chain System
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(i) the particular dynamical principle which is used, and (ii) the
method of organizing the complex geometry. The difficulties
encountered in these approaches usually include some, and sometimes
all, of the following: (i) the introduction of non-working constraint
forces between adjoining bodies (eq. Newton's laws); (ii) the tedious,
often urwieldy, calculation of derivatives (eq. Lagrange's equations);
(iii) the complex geometrical description of the system; and (iv)
the solution of the developed eguatioms.

In this report a method of obtaining ecuations of motion is
presented which systematically awoids each of these difficulties.
The method uses Lagrange's form of d'Alembert's nrinciple [14-17]
which provides for the automatic elimination of the non-working
internal constraint forces without introducing tedious differentiation
or other calculation. The method also uses a geometrical organization
and accounting procedure as developed by Kane [16] and Huston and
Passerello [8,10,12,18,19]. The method allows the system to be in
any general force field and either the moments or the orientation
between adjoining bodies may be specified or left unknown. Finally,
the method leads to governing equations which may easily be applied
with any general chain system such as human-body models, finite-
segment cable models, manipulor models or flexible beam models.
Furthermore, the form of the governing equations is ideally suited
for developing computer algorithms for obtaining mumerical solutions.

The report basically outlines the results of research under the
support of the Office of Naval Research Contract NON0l4-75-C-1164. It
contains results of the application of the atove method with human-body

—
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models in high-acceleration envirorments (crashes) and with partially
submerged towing cables.

The balance of the report is devided into six parts with the
following part presenting some geometrical background, notation, and
other preliminary ideas useful in the analysis. The kinematics,
dvnamics, and governing equations are developed in the next two
parts. The application with human-body models and cable models are
presented in the subsequent two parts, and a brief discussion and set

of conclusions are presented in the final part.
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II. PRELIMINARY CONSIDERATIONS

Body Commection Array

Consider the chain system shown in Figure 1. To organize the
geometrical accounting of this system, select one body of the system
as the reference body and call it Bl.' Next, mumber or label the other
bodies of the system in ascending progression away from B, as shown
in Figure 2. The configuration and kinematics of each body of the
system may now be developed relative to Bl which in turn has its
configuration defined relative to an inertial reference frame R
(Figure 2.)*,

Although this mumbering scheme does not lead to a unique
labelling of the bodies, it can nevertheless be used to describe the
chain structure through the 'body cormection array'' as follows:

Let L(k), k=1, ..., N be an array listing the indices of the
adjoining lower-numbered body for each body B, . TFor example for the
system shown in Figure 2., L(k) is

L&) = (0,1,2,2,4,1,6,1,8) (2.1
where

® = 1,2,3,4,5,6,7,8,9) (Z2.2)
and where N refers tc the inertial reference frame R. It is not
difficult to see that given L(k) one could readily define the topology
or arrangement of the system. That is, Figure 2. could be constructed
by simply knowing L(k). It is shown in Part III of the report that L(k)

*An alternative approach is to reference each body independently to R,
but this is found to be very inconvenient in describing the configuration
of actual systems,
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Figure 2.

A Numbering of the Chain System
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can be useful in the development of expressions of kinematical
quantities needed for an analysis of the system's dynamics.

Shifter Transformation Matrices

Next, consider a typical pair of adjoining boaies such as Bj and

B, as shown in Figure 3. The orientation of By relative to Bj mav be
defined in terms of the relative inclinations of the dextral

orthogonal unit vector sets, nji
as shown in Figure 3. Specifically, let Bj and Bk be oriented such

and U (i=1,2,3) fixed in Bj and Bk

that the jS and the Ny are respectively parallel. Then B, may be
brought into any orientation relative to Bj by three successive dextral
rotations about axes parallel to Ne1® Mo @d Ny s through the angles
s Ek, and Yo Eji and Ny are then related to each other as

Byg ™ SIK; 0 Mem (2.3)
where SJK is a 3 x 3 orthogonal transformation matrix called a
"shifter" and defined as [20,21,22]:

SK. =n (2.4

im ~ oji B

(Regarding notation, repeated indices, such as m in the right side
of Eaquation (2.3) represent a sum over the range (eg. 1, ...,3) of that
index.)

SJK may itself be written as the product of three orthogonal
transformation matrices as [19]:

SJK = aJK RIK yJK (2.5)
where oJK, RIK, and yJK are

B o W SRR a1




= |0 e sy

gIK = 0 1 0 (2.6)
=58, 0 CR,

YJK = SYk CYk 0
0 0 1

where S and C are abbreviations for sine and cosine respectivelv.

From Equation (2.3) it can be seen that the shifter transformation
matrix obeys the following identity rules:

SJJ = I = SJK SKJ = SJK SIK - 2.7)
where I is the identity matrix. Also, with three bodies, say Bj » By,
and By, the shifter obeys the chain rule:

SJL = SJK SKL (2.8)

These éxpressions may be used to transfer components of vectors
referred unit vectors in one body of the system into components of
vectors referred to unit vectors in any other body of the system and,

in particular, to the inertial reference frame R. For example, if a
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typical vector v is expressed as

v= v].(:k) Myt = V:i(_O)rloi (2.9)
then
(o) _ (k)
vi° == SOK]._j vj (2.10)

where the index o refers to the inertial reference frame R. (There

is no sum over repeated indices in parentheses.)

Shifter Derivatives

Finally, since the shifter transformation matrices play a
central role throughout the analysis, it is helpful to also have
algorithms for their derivatives, especially the derivative of SOK.
Such an algorithm may be obtained through Equation (2.4). For SOK,

Equation (2.4) may be written in the form:

SOK]._J. adl) R lej (2.11)
where the n oi e fixed, and therefore constant, in R. Hence,
differentiating in Equation (2,11) leads to

. . R
d(SOKij)/dt =Noi d lej /dt (2.12)

where the index R in Rd rl,(j /dt indicates that the derivatiwve of

N3 is computed in R. (See Reference [23].) However, since the Mies
=ewd

are fixed in B, their derivatives may be written as u M where

4 is the angular velocity of B, in R (23]. Equation (2.12) may then

be written as

d(SOKy ;)/dE = 1g3 * W X gy = % X Not k3

(2.13)
= "%m “kn Tom * kj
9
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or as
d(SOK) /dt = WOK SOK (2.14)
where WOK is a matrix defined as

SOK; = - €5 W (2.15)
and where W are the camponents of 9 referred to M and 8 e is the
standard permutation symbol [20,22]. (WOK is simply the matrix whose
dual vector [22] is w.)

Equation (2.14) shows that the derivative of the shifter matrix
may be computed by a matrix multiplication and thus is ideally suited

for development into a mumerical, computer algorithm.
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IIT. KINEMATICS

Degrees of Freedom and Generalized Coordinates

The chain system shown in Figure 1. will, in general, have
3N + 3 degrees of freedom. These may be defined in terms of 3N + 3
generalized coordinates X3 G=1, ..., 3¥M3). Let X1, Xp, and X3
represent the position coordinates of an arbitrarily selected
reference point say 0; of B, in R (See Figure 4.). Then let the
remaining 3N coordinates be divided into N triplets of coordinates
representing the relative orientation angles of the adjoining bodies
as described above. For example, X4 X5 and Xg define the orientation
of B1 in R and Xqet1? X3pet2 and X3343 define the orientation of Bk
relative to B. where Bj is the adjacent lower mumbered body to a

J
typical body B, (See Figure 3.)

Angular Velocities

The angular velocity of a typical body of the system, say B,
relative to R is readily obtained by the familiar addition formula
[16,23] as

W =8 + .0 By 3.1)
where the terms on the right represent angular velocities of the
subscripted body relative to its adjacent, lower-numbered body, and
where the sum is taken over the bodies in the chain from Bl outward
through the branch containing Bk For example, referring to Figure 2.,
g is

wg = By + 0y + 7y, + Gig (3.2)

11
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where & is the angular velocity of B, relative to R, @, is the
angular velocity of B, relative to B, ‘/".\A is the angular velocity of

!?:‘5 is the angular velocity of B relative to By,.

B4 relative to 132, and
(Regarding notation, the "hats' are used to designate relative
angular velocities with respect to the adjacent, lower-numbered body,
and the terms without the hats designate absolute angular velocities
(that is, relative to R). Hence, o and @1 are the same.)

The L(k) array introduced above can be used to form a
convenient expression for the sum in Equation (3.1). To see this,
consider the example of Equation (3.2). The subscripts on the right
side of Equation (3.2) (that is, 1,2,4,5) may be obtained from L(k)
as follows: Consider L(k) as a function mapping the (k) array into
the L(k) array (See Equations (2.1) and (2.2)). Then, using the
notation that 1G) = (), L' = L@, L2G) = LA®K)), L3 = LLZ®),
etc,, it is seen from Equation (2.1) that

LO(5)=5, LL(5)=4, L2(5)=2, L3(5)=1 (3.3)
Therefore, wg may be written as

3
ws = @q where q = LP(5) (3.4)

p=0
Hence, in general, the angular velocity of Bk may be written as
r

W, = ﬁ:'sq where q = Lp(k) (3.5)
p=0

and where r is the index such that Lr(k)=l.

12
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Now, in view Figure 3., and the description of the relative

orientation of B with respect to Bj, ‘Ek may be written as [19,21]

B = Mg + BNy + Vil y Mo sunon k) 5.82

where E\}kl’ &2, and &3 are unit wvectors parallel to N1 Moo and
M3 during the successive dextral rotations defining s B and Yie
as described in the foregoing part of the report. In terms of
lei (i=1,2,3), the unit vectors fixed in Bj’ the adjacent lower

mmbered body, Nt (i=1,2,3) are
M =751 $1 "5m
Do = Ko M5 (3.7
&3 N %mp.”)’ljm

Hence, _L}k becomes

B = (g 8y + & T, + v IR BR300 51 (3.8)
or in terms of Noi’ the unit vectors fixed in R

A

Y = S04y (o + BoTKyp + YioIKy, AR 0 5 (3.9)

By substituting from Equation (3.9) into Equation (3.5), W may
be written in the form

e = Wegr Xg Nom (3.10)
where there is a sum from 1 to 33 on 2 and from 1 to 3 on m. From

Equation (3.9), it is seen that the non-zero Y gm take one of the

13




three forms

mjml

Wegm = SO oK o (3.11)

50T e TK ) BTR 5

depending on whether X is the first, second, or third dextral angle
defining the orientation of Bk relative to Bj' Also, from Equation
(3.5) it is seen that for two bodies Br and BS, in the same branch of

the chain, w s gm for r greater than s, if wsm# 0.

rim

Angular Accelerations

The angular acceleration of Bk relative to R may be obtained by
differentiating the angular velocity expression of Equation (3.10).
Noting that the Nom 3X€ fixed in R, this leads to

e = (g Xg + Do X )om A

From Equation (3.11), the non~zero ‘:’klm are found to take one of the

three forms:

S&Iy
Oegm = SOIodK , + 50T IR, (3.13)
Sy, aTK ) BIK 3 + SOT od.'l%pBJKp:;
+ S0, oK + a'n(p3

depending on whether Xy 1is the first, second, or third dextral angle

defining the orientation of B, relative to Bj' The SOJ are given by

14




Figure 3, Two Typical Adjoining Bodies

Figure 4, Mass Centers, Reference Points and Locating Position Vectors

!
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Equation (2.14) and the oJK and BJK are obtained by differentiating
the expressions in Equation (2.6).

Mass Center Velocities

The velocity and acceleration, relative to R, of the mass centers
of the bodies of the system may be obtained as follows: First,
recall that 01 is an arbitrarily selected reference point of Bl
(See Figure 4., ior example). Next, let 0k be the commection point
or common point of two typical bodies, say B, and Bj where Bj is the
adjacent lower-mumbered body of By &=2, ..., N), and let Ok be
called the '"reference point' of B . Then let £y be the position
vector of Ok relative to Oj . Finally, let Gk be the mass center of
By k=1, ..., N), and let r, be the position vector of G, relative to
0k° (Ek is thus fixed in Bj and Ty, is fixed in Bk') Hence, the

position vector P of G, relative to a fixed point 0, in R may be

written as
u-1
q=0

where s=L8 k), S=L8+1 (), and u is the index such that LY(k)=1, and
where 50 is the position vector of Ol relative to 0, Therefore, by

differentiating P in R, the velocity of G InR _s
L u-1 S5
= (£ (
Ve = Gop * Sy Ty + L S0y ) Ny e
a=0

By using Equations (2.14), (2.15), and (3.10), v, may be written

in the form

Vie = Viggm ;(2 Nom (3.16)

16
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where the non-zero vkhn are
B ™ §m &=1,...,N; 2,m=1,2
and
u-1
Vicem = WKghe Tikh T WS o5
a=0
&k=1,...,N; 2=1,...,3\3; o=l,2
where WK is defined as

wh

_ WO, .
WK, = Ko SO 1, = = © mpaaqS o

3;%

Mass Center Accelerations

»3)

sh

»3)

(3.17)

(3.18)

(3.19)

The acceleration of G, in R is now obtained by differentiating

¥ in Equation (3.16). This leads to
2 = (g Xg + Viegm Xg) Moy
where the non-zero Vieom  3¥e

u-1

Vierm = "o Tin * q£0 WS e

where WRuhl is

wkm = -e mq(mu 3 soxph + W g sorcph>

17
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IV. EQUATIONS OF MOTION

As mentioned earlier, the governing dynamical equations of
motion of a general chain system such as is shown in Figure 1.,
can be obtained conveniently using Lagrange's Form of d'Alembert's
principle [14,17]. Since the non-working internal constraint
forces acting between the bodies of the system are automatically
eliminated in using this principle, only the externally applied, or
active forces, acting on the system, and the so-called inertia

forces of the system need be considered in the analysis.

Kinetics

Imagine the system of Figure 1. to be subjected to an arbitrarv
external force field. Then let the ensuing forces acting on a
typical body Bk of the system be replaced bv an equivalent force
system consisting of a single force gk passing through G, together
with a couple with torque bﬁ( Then the so-called ''generalized
active force' F,, correspending to the generalized coordinate x 0

acting on B is [16]
Fi’,:Vkaka+ kmM]m(=l,...,3N-F-3; k=1,...,N) 4.1)

where there is no sum on k, but there is a sum from 1 to 3 on m.

ka and Mkm are the Nom COmponents of Ek and Y‘fk respectively. Now,
if the generalized active forces of each of the bodies of the system
are added together, the result is the total generalized active force

for the entire svstem., Hence, if there is a sum over k from 1 to N

18

e —— . —— — T ——— S —
; o ¢ 4 vy o SRR




in Equation (4.1), then F, represents the total generalized active
force on the system for the generalized coordinate Xy (2=1,...,33),
In a similar marmer, let the inertia forces on a tvpical body
B of the system be replaced by a single force Ij: passing through G
together with a couple with torque M- Then E and Vﬁ{ may be written

as [16]:

Ff = -ma, (no sum (4.2)
and

iz'&”}k"i’kx(zk"i’k) (4.3)

where m, is the mass of B and I‘k is the inertia dyadic of B, relative
to G k=1,..., N). Through use of the shifter transformation

matrices T, may be written in the form
5( o Ikrrn rlom rlon (4.4)

The so-called ''generalized inertia force" F %, corresponding to the

generalized coordinate x,, acting on B is then [16]

FQ,* = Vet ij‘;‘l + Weom % (2=1,...,3M3; k=1,...,N) (4.5)

where there is no sum on k, there is a sum from 1 to 3 on m, mngl
and Mlq"; are the Ny Components of ljk* and ij* respectively. As above,
if the generalized inertia forces of each of the bodies of the system
are added together, the result is the total generalized inertia

force for the entire system. Hence, if there is a sum over k from

1 to N in Equation (4.2), then FQ* represents the total generalized

19
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inertia force on the system for the generalized coordinate ¥ 2

(=1, ... 2%3),

Governing Equations
Lagrange's form of d'Alembert's principle states that the sum

of the total generalized active force and the total generalized
inertia force, for each generalized coordinate of the system, is zero.
Hence, the governing dynamical equations of motion for the system are
Fp+F*=0 (¢=1,...,303) (4.6)
By substituting Equations (3.10), (3.12), and (3.20) into
Equations (4.2) and (4.3) and ultimately into Equations (4.6), the

governing equations of motion may be written in the form

4, X, = £ (L., 33 4.7
where there is a sum from 1 to 3M3 on p and where a,, and fz are
given by

35 = MeViepmYictm * B “om “ken (4.8)
and

f2='(F£+mka2kaqm;(q+Ilqm “k2m wkqnxq

(4.9)

+emrhIkm'“’kqn “kst  “keh ).(q Xg)

where there is a sum from 1 to Non k, from 1 to 33 on q and s, and
from 1 to 3 on the other repeated indices.

Equations (4.7) form a set of 3M3 simultaneous ordinary
differential equations for the 3M3 generalized coordinates x . of the
system, If some (or all) of the X, are specified, the differential

equations become algebraic equations for the unknown forces or moments

M ———rr e—
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associated with the specified yx 20 Since the coefficients, aJLp and

f,, of these equations are simple polynomial functions of the physical

9
parameters and the four block matrices Oy om? c:ka, Vieom? and {’kzm’
computer algorithms may easily be written for the mumerical development
of the equations. Moreover, once they are developed they may also
be solved numerically using one of the standard numerical integration
routines.,

In the following two parts of the report these equations are
developed and solved for a human-body model in a variety of high-

acceleration configurations, and for a finite-segment cable model.
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V. APPLICATION WITH HUMAN-BODY MODELS

As mentioned earlier, a principal application of the foregoing
analysis is studying the dynamics of a human-body model. Indeed, a
desire to obtain insight into the dynamics of space-walking astronauts,
athletes, and crash-victims has stimulated much of the development of
the foregoing analysis.

Gross motion simulation of the human bodv naturally leads to
finite-segment or chain-system modelling if one thinks of the human
body in terms of its skeletal structure. That is, by considering the
hands, feet, arms, legs, head, and torso as rigid bodies and the
muscles and ligaments as springs and dampers acting at the joints,
the ensuing model is precisely a general chain system as studied in
the foregoing parts of the report. In this part of the report a
sumary of research results obtained by using the analysis in the
development and application of a crash-victim computer simulation
code [24-29], commonly known as ''UCIN'", is presented.

There have, of course, been numerous earlier attempts to model
the dynamics of the human body and in particular, the dynamics of a
crash victim. The number of these efforts significantly increased
during the past decade with the availability of high-speed digital
computers. Indeed, there even exists a number of recent survey papers
[30-33] outlining this work. From these papers it appears that much
of the significant work in general human body dynamics and modelling

may be found in References [18,19,34-38] and in gross-motion,

22
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crash-victim simulation in References [24-33,39-78], The specific
approaches discussed in References [18,19,24,29] have led to the
development of the foregoing general analysis and ultimately to the

development of the UCIN model as described in the following section.

The UCIN Model

The model consists of 12 rigid bodies representing the human
limbs together with a wehicle cockpit as shiown in Figure 5. The
twelve bodies of the model are commected together with ball-and-socket
joints which allow for the inclusion of springs and dampers to
simulate the human comnective soft tissue such as discs, muscles, and
ligaments,

Forty-five variables are required to describe the position and
orientation of the model, These are:

X12X2:X3 position of the vehicle relative to
an inertial frame

X490 X51 X6 orientation of the vehicle relative
to an inertial frame

X7:XgsX9g position of a reference point in B,,
the lower torso relative to the origin of
the vehicle frame

X102X117X12 orientation of B,, the lower torso,
relative to the Vehicle frame

X13:X142X15 orientation of B,, the middle torso,
relative to BZ’ e lower torso

X149 X17sX orientation of B,, the upper torso,
16°717°718 relative to B3, the middle torso

X193X20*X21 orientation of B:, the upper left arm,
relative to BA’ e upper torso

X993 X922 X orientation of B., the lower left arm
S relative to B, éhe upper left arm

43
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Figure 5. The T'CIN Model and Vehicle Coclmit
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X251X262X27
X282X29+X30
X31:X32:X33
X342X35:X36
X37:X38:X39
X407 X412 %42

X430 Xut0 %45

orientation
relative to

orientation
relative to

orientation
relative to

orientation
relative to

orientation
relative to

orientation
relative to

orientation
relative to

described in Part II of the Report.

of B, the upper right arm,
BA’ e upper torso

of Bg, the lower right arm,
B7, e upper right arm

of By, the head
BA' e upper torso

of , the upper left leg,
B2, e lower torso

of B1 , the lower left leg,
BlO’ e upper left leg

of B,,, the upper right leg,
BZ’ %ﬁe lower torso

of B1 , the lower right leg,
B12’ e upper right leg

All of these variables, except for the position variables
X1» X2s» X35 X7, Xg» and Xg are orientation angles generated by

successive rotation of adjacent bodies relative to each other as

The first six variables define

the motion of the cockpit or vehicle frame, Bl’ relative to the
inertial frame, R. These variables must be specified or given.

Also, variables X,,, Xo4» Xog» X30» X375 X39» X43» and .5 are usually

specified as zero to simulate hinge joints at the elbows and knees.

The remaining 31 variables may be either specified or left as
unknowns, If the variables are specified (e.g. X16=0)’ the required

moment needed to maintain that specification (e.q. Pﬁﬁ) is determined.

The model accepts arbitrary specification of externmal forces and

moments on each of its bodies.

These forces and moments are repre-

sented on each body by an equivalent force system consisting of a

single force passing through the mass center of the body, together
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with a couple,

The model's initial position is generally in an erect sitting
position as shown in Figures 6. and 7. In this configuration, all
the body coordinate axes and the vehicle frame are aligned. Thus in
this configuration, all the orientation angles are zero.

The model has a seat which is modelled by springs as shown in

Figure 9. There are seven "one-way' springs which mav exert forces

on the model with the points of contact being the mass centers of
bodies 2, 3, 4, 9, 10, and 12, (''One-way' sorings exert forces only
while in compression.) One-wav viscous damper stops are used to
limit the seat deflection. The force F generated bv a damper stop

is of the form

~kx if x>
Fagl f pE (5.1)

where k is an arbitrary constant, x is the spring deformation
(compression), and Xo 1s an arbitrary spring compression limit.

The model has a floor or foot rest which is modelled as a linear
spring.

The model provides for the use of up to ten restraining belts
modelled as springs attached at arbitrary points between the cockpit
and the bodies of the model.

The ball-and-socket commection joints of the model are provided
with angle stops, modelled by one-wav dampers, to simulate motion
constraints of the human limbs. An angle stoo generates a moment M

between the bodies of the form
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CO-Cl (a-al)& if a>ay

M

CO i.f -(12<C2<0.1 (5 .2)

where o is a rotation angle, o and a, are arbitrarily specified
maximum and minimm values of a, and CO and C1 are arbitrarily specified
constants.

Finallv, the rmodel nrovides for the use of twelve intrusion
surfaces or planes to simulate the cockpit or vehicle interior.
These intrusion surfaces are as follows:

1) Left windshield 5) Lower left door 9) Firewall
2) Front windshield 6) Upper right door 10) Top dash
3) Right windshield 7) Lower right door 11) Front dash
4) Upper left door 8) Roof 12) Bottom dash

The location and inclination of these intrusion surfaces are determined
by the specification of the position of a point in the surface together

with the components of a vector normal to the surface.

The UCIN-CRASH Computer Code: Input/Output

The following brief paragraphs provide a general description of
the input data required and the output data provided by the computer

code. Additional details may be obtained from References [27] and [28].




The input consists of the following:

Phvsical parameters: These are the masses, inertia dvadics, mass

center positions, comnection point positions, and orientation angle

limits, for each of the 12 bodies of the model.

Cockpit geometrv: This consists of a normal vector and a location

point for each of the 12 intrusion surface planes listed above.
Also, the floor position and a spring constant of the floor model are

part of the cockpit specifications.

Cockpit motion: The cockpit displacement and rotation relative to

an inertia frame (xl,...,x6) are required as input. Tvpically, it

is useful to express this in terms of the linear and angular
acceleration of the cockpit. The computer program is written so that
the cockpit acceleration components may be ''read in'" by simply
specifying the acceleration profile. (This is, in effect, a piecewise-
linear approximation to an acceleration curve.) Six (three translation

and three rotation) acceleration profiles or curves mav be emploved.

Spring and damping constants: These include seat constants, restrain-

ing belt constants, orientation angle constants, and neck parameters.
Also, the attach points of the restraining belts are included as part
of this data.
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Initial conditions: This includes the initial values of the unknown

variables and their derivatives. Also, the external forces and
moments (if any) which are applied to the bodies of the models must

be specified.

Integration parameters: This consists of constants required bv the

fourth-order, Runge-Kutta integration technique (RKGS) and it
includes the starting time, the ending time, the step size, and the

error permitted.,

The output consists of two parts: The first is simply a copy
or "echo" of the input data. The second contains at each output step
the following:

1) The value of all variables and their first and second
derivatives.

2) The joint and mass center positions in both inertia
space and relative to the cockpit.

3) The mass center velocities and accelerations.

4) The moments and forces associated with variables
which are specified.

5) Restraining belt forces.

6) Collisions or '"hits" with intrusion surfaces.
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Validation of the Model and Examples

There is little experimental data available to date which can
be used to check or verifv the above computer code and others like
it. However, King, Padgaonkar, and Mital [79] have recently con-
ducted a series of experiments with a cadaver in an imwact seat
for the purpose of validating the computer model. The results show
remarkable agreement between the model and the experiment as
shown in Reference [79].

In earlier tests, Begeman, King, and Prasad [80] placed a
cadaver in an impact sled and they measured shoulder belt, vertical
lap belt and seat pan forces. This same test was simulated with
the UCIN computer model. For the deceleration profile shown in
Figure 8., the experimental and computed shoulder belt, vertical
lap belt, and seat nan forces are shown in Figures 9., 10., and 1I.

In another configuration, experimental data from a vehicle
striking a guard rail or roadside barrier [8l] was used as imput for
the computer code. For the specific deceleration profile shown in
Figure 12., the resultant relative displacement of the head and
chest using both lap belts and a combination of both lap and shoulder
felts, is shown in Figure 13.

Finally, in an attempt to measure the relative effectiveness
of lap and shoulder belts, a run was made simulating a front end
collision of a vehicle. The head pitch (forward rotation) of the
model was calculated using a lap belt and a combination lap and
shoulder belt, The results shown in Figure 14. illustrate the
"whiplash'' effect when only lap belts are used.
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VI. APPLICATION WITH FINITE-SEGMENT CABLE MODELS

A second application area of the foregoing general analysis
is the study of the dynamics of long, heavy cables. As with human
body models, a finite-segment cable model is readily identified as
a general chain system. Indeed, modelling a cable by a finite-
segment model simply involves the substituting of a linked chain
for the cable as shown in Figure 15, This model has the obvious
advantage of being ''linear', that is, not possessing any ''branches''.
This in twrn, provides a simplification in the governing equations.

Cable dynamics has been of interest to researchers for some
time. But recently, with the advent of high-speed digital computers
and finite-element methods and finite-segment modelling, there has
been increasing interest and research effort in cable phenomena.
Five years ago Choo and Casarella [82] published an excellent survey
of the literature and analytical methods for cable dynamics. They
indicate that of four methods for studying cable dynamics (the
method of characteristics, the finite-element method, the
linearization method, and the equivalent lumped mass method), the
finite-element method is the most versatile, Indeed, they indicate
that the finite-element or finite-segment method offers the best
hope for a simple method that can solve nonlinear, unsteady state
problems with good accuracy and yet require only a moderate amount

of computation time.
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References [83-92] provide a summary of recent finite-element
and finite-segment approaches to cable dynamics. The approach in
this report is to make a finite-segment model of the cable as in
Figure 15. and to then follow the analysis as reported in Reference
[93]. The basic dynamics of this model is then a specialization of

the foregoing general theorv.

Equations of Motion, Computer Code, and Numerical Solutions

The governing dynamical equations of motion are of the exact
same form as those presented in Part IV of the Report. Indeed, the
only modification required in the foregoing analysis is a simplifi-
cation in the form of the mass center position and velocity expressions
(due to the "linearity' of the cable model), and a specialization of
the generalized active forces to account for the fluid drag forces.

Specifically, the expression for the position of the mass

center of link B, in Equation (3.14) is replaced with

k-1
B = CortSypmgrt L S o5e)B01 ®-5

Then the velocity of the mass center in R (Equation 3.15) becomes
2 k-1
& (goi&&hrkh"},élmm) Dol (6.2)

This leads to the following expressions for the non-zero Vieom
(replacing Equations (3117), (3.18) and (3.21))

Viegm = S (1,000, N 2,m=1,2,3) (6.3)
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kel
Rrm ™ WKnm’-'kh*Ngl%g% (6.4)

OFla o-o,N; 2'=l,ooo,3N+'3; HF1’2,3)

and
A P k-1 |
Viegm ™ W‘ﬂmrkh““bgl%% (6.5)

GF]-,—--,-N; 2'=]-,-oo,3N+-3; Fl,2,3)

where N is the mumber of links or segments in the model.

Regarding the generalized active forces due to the fluid drag,
the fluid forces on the cable links are modelled as follows: If B,
is a typical link, the fluid forces on Bk are taken to be equivalent
to a single force i, passing through G, (the mass center of Bk)
and perpendicular to the axis of By. (The axis is the line joining
the cormmection points of Bk-l' B, and B, By .) A sketch of Fl

is given in Figure 16. Analytically F ., 1s expressed as

Foe = -4 lvi v, (6.6)

where p is the fluid mass density, A, is the projected link area on
a plane containing the axis of Bk’ CD is the drag coefficient, and
Yy = e X Qew) Xy Sl

~

where Z‘.k is a unit vector parallel to the axis of Bk’ Vi is the

velocity of Gk’ and Yo is the velocity of the fluid (See Figure 16.)
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Figure 16.

Fluid Force Model
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To obtain the generalized active forces associated with the
fluid drag (as well as the gravitational forces) F ., 1s substituted
into Equation (4.1). This, in turn, leads to governing dynamical
equation of motion of the form of Equations (4.7).

As with human-body crash-victim models, a computer code has
been written to evaluate the coefficients of the governing equations.
As input, the code requires: the nmumber of links; the masses;
the centroidal principal inertia matrices; the mass center positions;
the commection point positions; the motion profile for those links
with specified motion; the initial configuration; the ambient fluid
velocity; the fluid surface height relative to R; the fluid mass
density; the fluid kinematic viscosity; the projected link areas;
the link diameters; and the mass densities of the links. The code
provides for the evaluation of CD’ the drag coefficient of
Equation (6.6) from an algorithm which models Hoernmer's [94] drag
coefficient curve,

The governing equations of motion are numerically integrated
using a fourth order Runge-Kutta technique. The output of the
computer code then includes: the values of all variables and their
first derivatives; the cormection point positions; the mass center
positions; the mass center velocities and accelerations; and
the moments and forces associated with the specified variables. All

of the output is given at arbitrarily spaced time intervals.
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Example Application
Consider a rotating surface crane with a 25 ft. boom dragging a

50 ft. cable attached to a submerged 1 ft, diameter sphere, as
depicted in Figure 17.* The cable is modelled by 10 cvlindrical
links, each 5 ft, long. The cable diameter is 1 in. and each
link has a mass of 0.4025 slug. The sphere mass is 7.727 slug.
The water is calm and its surface is 10 ft. below the boom.

The boom makes a 90° turn in 5 sec. The angular acceleration
is given by the graph in Figure 18. The resultant motion of the
sphere is shown in Figures 19. and 20. To determine the effect of
the water drag force, the same run without the water. It is seen
(as one would expect) that the drag forces tend to counteract

the inertia forces.

* Although this simulates an off-shore oil rig or a ship's crane, it
does not represent any specific physical situation. Indeed, the
intention is simply to demonstrate the kinds of problems which can
be studied with the above described analysis and computer code.
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Figure 17, Boom, Cable and Submerged Sphere
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Figure 18. Angular Acceleration of the Boom
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VII. DISCUSSION AND CONCLUSIONS

A new, efficient, computer-oriented method for obtaining equations
of motion for large mechanical systems (chain systems) has been
developed. These equations may be succinctly written in the form of
Equations (4.7) with the coefficients determined by the four
kinematical matrices Wy o> ':’kﬁlm’ Vieom? and ‘.’klm' These matrices,
in turn are determined by simple multiplication algorithms which
enable the entire procedure to be reduced to a systematic routine.

The development of this method was made possible through the
use of Lagrange's form of d'Alembert's principle which provides for
the automatic elimination of non-working constraint forces.
Specifically, it is this feature, combined with the use of vector-
matrix notational schemes, which make possible the explicit writing
of the equations of motion. Also, the analysis makes use of ''local"
as onposed to '"'global" coordinates. That is, the generalized
coordinates of the system are (except for the translation of the first
body (or segment) relative orientation angles measured between the
respective bodies as opposed to absolute orientation angles of the
bodies (or segments) in space., This allows for a more comvenient
specification of initial conditions and constraints, and for a more
convenient interpretation of the results.

The range of application of the analysis and procedures is
very broad. The two example areas of human-body models and cable
models are simply two areas where there is current interest.

Information regarding other possible areas of application, the use
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of program tapes, and user manuals may be obtained from the authors.
Future work will involve extending the procedures to allow for
translation between the bodies and for closed loops in the system

models.
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