
r A0 A053 113 PEP*4SYLVAN IA STATE 1R41V IAIIVERSITY PARK ORDNANCE RU_ —ETC ‘NNJA FORMULATION OF SHELL’S LAW AND THE DIVERGENCE LAW FOR RAY ACO——ETC (1s)
APR ôi R £ ZINOI.ER NORD—16597

I UNCLASSIFIED TIS~fl.2OOO44 p
a_



II L.~ 101128 H~I25kill • 

~ ~: ‘in
I i  I~L: ‘~ iiiii~

~~I.8

u~H I .25 IIUl~ UIO~•6

MICROCOPY RESOLUTION TEST CHART
NATi ONA L BUREAU OF STANDARDS- 1963-A



— —.~~~ 

- 4 .
I -~~~~~

Iic~OS
- 2 5

:: 
I.!

ORDNANCE RESEARCH LABORATORY
The Pennsylvania State Univer sity

College of Engineering and Architecture CUniversity Park, Penns ylvania

NAVY DEPARTMENT BUREAU QF S CONTRACT NORD 16697 / 

I  •:~
k
;.• •  

~~P
3 161

~~ — - i•~~~~ - — ---~~‘- ~~~~~~~~



Oil MVLA UNIVERS~TY
I~iJ~SCN IBflRkTIIRIES

~~~~~~~~~~~~~~

~~~ ~~~~~~~~~~~~ \
~~L~~CE fOR ~~~~ ~cc~~~ ::s WITH

AR L.~T ~7UNi) ~,ELC(U ~ ION~~~J

~~~~~~~~~ ‘
‘~~

1
~ ~~ ~~~~~~~~~~ I ( ~~~~~ IJ

‘I echnical i~~ niorandum
File No, TLI 26, 2000-44 . ‘

~

April 16 , 1961 /
Copy NoJ3..

‘ — /  Ll ’ —~’~ 
—

L I
S.— 

—
- 

~~_

(
~~~

D DC
~~ ?J~~?Dfl nr2

APR 25 1978

~~~~t~½uu T~B

WTATI~~~IT £

I ~~~uwsd kr psbbc~~~~~w

~~~~~
U6cs Unlimllsd

~~~~ ‘75~) MAY 3
• -~w~ * ~~~~~~~~~~~~~~~~~ 

,, 
_ _ _ _ _ _ _ _ _



ACCESSION fey
NTIS Whit. Section
DDC Buff Section a
UNANNOU NCED a
JUSTIFICATION _____________

BY~~.

~~~~H~!AYM~~UIY C~Ut3
01st. MAIL acd/or SPECIAL

Abstract : The soumi ‘~c1ocity, V, is a funct ion of the horizontal
~r~i dep ’ coDrd ina~ es The independent coordina te
curves iz’c t~’iken a~ the ray paths , (8~ — const.), and
wave fronts, (t • t~onst.); they are assumed to inter—
sect at right angles. Two equations are derived in
ternns of’ the arc length along the ray (e) and along
the wave front (a) and the angle to the horizontal
of’ the ray (8):

32~ aa ~~—

_____ 
as a9

~~ ~~~~~

The ffr~t of thsse yte]4s the Snail’s Lain form fair
bivariate V1 equation (8) ; while the second yields
a differential equation (10) governing rniy divergence
(aa/ae ) as a function of t. It, with Equations (2),
(7) an3 (9), can be used to compute a rayp th and its
in t ensity as a function of time, (t).
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Consider the following function s and geometry of the acoustic
raypatha arid intensity problem:

x : the ~hE~~~~s~ coordinate with positive taken i~ ward the right;
p~ -t:ct .L~arly, the horizontal distance tr~velt~i by the w~.ve front
at t~ , t .

z : thF~ erc~ nat~ coordinate with positive taken d~~m~~rd ; particr iarly,
‘he  t!oi’th of the wave front (z ~ 0 at the wai~~r ’a surface ) at
t i  t (~

t : th-~ ~~~~~~~~~ of travel along the ray path of the ~~ve front from the
time of’ acoustic transmission, t — 0,

the initial depth of the transducer (thought of as a point ) and,
therefore, of the pencil of rays; it is held fixed,

V : the sound velocity function which in this paper depends on z
and x, where the x r~ependence i~ so chosen as to make x — 0
correspond ti the abscisBa of the transducer~

$ : the angle meastred clockwise from the horizontal to the tangent
of the ray a~ t ime, t,

: eat t C.

: the angle measured clockwise from the downward vertical to the
tangent of the wave front at time, t.

a : the arc length along the ray path.

The functional dopenderce of the variables defined is as follows with
respect to the complete pencil of rays through the transducer:

Independent Variables: t, 9~, a0 (held constant)

Dependent Variables: x, a, 9, $; on all independent variables

: V V(s, x); on the coordinates
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The accompanying picture is:

(0, 0) Surface of Water
1~ 

)‘- Z

Transducer

Time , t .

The following equations evidently hold with resoect to the ooorlinatee
of the raypath at t ime, t:

as

ax
— V cos ø ; — V sin 8 (2)

Next, let us define malopous equoticliato (i) and (2) with respect
to the wave—front curv~ . Along the wavefront t is held constant and is

allowed to vary just as along the ray 9~ is held constant and t allowed tovary. Therefore, defining a:

a a arc length along the wavefront curve;
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the analog to equa t ion (1) is

— Q~t, 9~) (3)

where Q is defined by Equation (3), From this and the geometric picture ,
the analogs to (2) are determined as

— — Q s i n $ ; — Q cos~~ (Ii)

Sufficient differentiability conditions are imoosed such that the following
hold:

2 2 2 2a x  o x 
_ _ _  

O s
-

• These yield the following equivalent conditions:

• ~~~ e i n $ -Q c o s $~~~ . ~~— c o s 8 - V s i n 9~~~-

cos $ Q sin $ - sin 9 + V cos 9

If rewritten in the form

+ V~~~
_ ein~

) 
— 

~ 
coa e + Q .~~ cos t). o

~ OO8 $ _ V ~~~~
_ OOe

9) _ (

~~

.. sin 9+ Q .~~ eth~~~~ 0

it can be seen that Equations (
~

) and (6),

L 
~~~~~~~~~~ (5)

• 

~~~~~~ - Q ~~~~ (6)
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are necessary and sufficient conditions that 9 — fr. The pkysical
interpretation of S $ is that the wave front is always at right
angles to the ray path. While one night endeavor to prove from another
principle that such indeed is the piiysical relationship between raypatha
and wave fronts, the hypothesis that sound ray paths are generated normal
to the wave front i3 sufficiently succinct to merit acceptance in its
own right. Indeed, if one were formulating the problem in reverse, that
is, given a set of wave fronts, construct the path of a particle being
swept along by the wave, the paths constructed would be computed by making
them normal to the wave fro~ita.

With the assumotion , 9 — ~~, Equations (
~

) become (1~’)

- -Qain S ; — Q coa 9 (h ’)

and it can be shown that Equation (6 ’) is the SneU ’s Law Equation
for V(z, x):

av 09
— - Q ~~~ ( 6 )

or

09 OV• sin 8 - cos 8 (7)

Equation (7) governs 9 as a function of t along the ray. The integral
f orm of (7) is

co: 9 
- ( sea 9 ci) (8)

Evidently, when OV/Ox is identica1]~v zero, that is, V is independent of
x, Equation (8) is the Snail ’s Law equation for V a function of one
~vsriable (a) only.

Equation (5) Is the analog to (6) and hence to Snail ’s Law for the
wave front curves. Q is a measure of the change in arc length of the
wave front per change in initial angle . It is related to the intensity

-
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function along the ray relative to the intensity on a unit sphere. The
intensit y function is given app ro~dinate1y by

i’(~e ) cos 9
0 0

where P ie the intensity per unit area at a unit distance . Passing to the
limit as ~9~— 8 gives

P cog 9
0 (9)

x(t)Q(t)

Q(t ) is an important measure of inten sity fluotuaUon due to refraction.
The differential equation for Q along a ray can be obtained from
differentiating ( )  with resp ect to t.

~~ _ (
~ ~~ 

+ coe2e + 

~4 sin2S - 2 4~~~— sin ø cos Q — 0

(10)

The initial conditions are Q • 0 and aQ/at • V0 at t — 0. Equation (io)
is equivalent to the differentiability condition

a2s a2e
aeo~ ~~
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