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Abstract

Jadder forms arc probably the mast promising canonical forms in
estimation, and system identification. Many recent applications, such as
in geophysical signal processing, high resolution ("mazimum entropy”)
spectral estimation and specch encoding, justifly the interest in these
forms. ‘They appear in many contests, such as scattering and nctwork
theory and the theory of orthogonal polynamials. ‘The state-space model
Jadder realizations are very closely related to (block) Schwarz matrix
canonical forms, which gencrally appear in the contest of stability
analysis. Jn fact they arc the natural “stability canonical form™ for
(discrete-time) Lyapunov cquations since the associated positive definite
(covariancc) matrices are diagonal resp. an Identity. This fact lcads also
to close conncctions to squarc-root algorithins including the oncs of
Cholesky and Chandrasckhar type, since again ladder forms are the
patural canonical forms. In realization theory these forms arc obtaincd
via orthanormal state-epace bases using Gram-Schmidt type pracedures.
Jadder forms have many other advantages, such as lowest computational
complerity, good numcrical behavior, stability “by inspcction” propertics
and rclations to physical propertics such as reflection or partisl
carrclation coclficients, and perhaps absorption cocificients.

We shall present an outline of somc newer results connecting these
topics and present new cxamples of our new cxact least-squares
recursions for (Tadaptive”) ladder forms with poles and zeros. We close
with a few simulation examples, including the identification of a layerad
media (via ultra-sound).

-~
1. Introduction

Ladder forms have atiracted much attention recently bLecause
they are probably the most promising cananical forms in estimation
and system identilication. These form:s have appeared in many
applications such as geophysical sigual processing for quite some
time , and more recently such medeis are being used in high
resolution ("maximum entropy”) spectral estimation ané speech
ercoding. Ladder ( sometimes called lattice - 3 term we wonld iike
to reserve for two 2ad higher dimensional extensions [LKM]) forme
appear in many contesxts, lirst perhaps in scatiering and network
theory where the scatiering of waves in wyered mediz or in
{non-homogensous) tiansmission lines leads very maturslly to
ladder lorms, see eg. [Cla2], [LKF], {(KiAT], (Kelly)

ladder forms appear explicitly but more often imphaitly in
many contexts. They are directly relited to the scattering of
waves and therefore perhaps first intreduced in physizs. Scie of
the associated mathematics are used in network theory, where the
cascade suructure of ihe ladder forms playss an impostant roie. The
notion ol transfer functions leads very niturally to the next
connection, the theory of orthogonal polynomials. They in turn also
appear in the stability analysis of linear systems. The state-space
models that are related to orthogonil {matrix) polynomials are the
so-called (block) Schwarz matrix canonical forms, see eg. [AJM],
[SS] However, the special structure _of these matrices leads very

-
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directly to the ladder realizations {Mo). In fact they are the
natural “stability canonical form" for (discrete-time) Lyapunov
equalions, since the associated positive definite (covariance)
matrices are diagonal or respectively an identity matrix. The
similarity transformations (o this form involve a matrix
square-root of the associated covariance mstrix. The ladder forms
are therefore closely connected to square-root algorithms
including the ones of Cholesky and Chandrasekhar type. In
realization theory these forms are obtained via orthonormal
state-space bases using Cram-Schmidt type procedures, due to the
fact that this ortho-normalization is again related to matrix
square-root and orthogonal polynomials.

Ladder [orms have many other interesting properties. Due to
the fact that they are in many problems the "natural canonical
form", they lead to algorithms with lowest computational
complexity compared to other canonical forms. Although a detailed
study is still outstanding, there are many indications that this form
leads to good numerical behavior of the associated algorithms, a
property that is not shared with “most canonical forms.
Furthermore, the stability "by inspection” property given the
ladder coeflficients is shared only by the Jordan or modal canonical
form. However, the latter one requires the knowledge of the
eigen-values that are in general not very easily obtained, compared
to the finite algorithm required to get the ladder coefficients.
They in turn have other interesting interpretations and relations
to physical properties such as refiection, and perhaps absorption
coeflicients. In stochastic process modeling and spectra! estimation
the ladder coefficients turn out to be partia! coirelation or
canonical correlation coelficients, which leads to very simple
methods to determine these paramelers either from covariance
dats or even directly [rem measuced data,

'n [MLMV] we presented 5 classilication of exact lerst-squares
modeling methods. The material discussed here is a sequei to the
results discussed there, in particular we wiil concentrate here on
the ladder forms and the associited «lgorithms. We shall present
an ovuthine of rome newer resulls ronrecling these tovies and

preseit rew examples of our new cxact least-squares recursions
Tor {"udaptive™) ladder ferins with poles 3nd zeros. We close with
a few simulation examples, including the identification of a layered
media (via ultra-sound).

1. Ladder Realizations

In [MLNV] and [MVL] we discussed various ladder realizations.
We assume here familiarity with this material and would like to
give here only a missing link to state space realizations, namely the
fact that the ladder forms can be obtained via an
ortho-normalization of the state space. in this context it is well
known, that various canonical state space realization can be
obtained via methods that construct a basis of either the Hankel
matrix of the Markov paramcters, resp. the impulse response
parameters of the system, or bases of the controllability or

observability matrices of the system, see eg. [K-S74) We will .

present here an outline of the scalar discrete-time constant
patameter case. For convenience we use an intermediate canonical
form, the contreller form. It has the property that the jt*
component of the n state vector x'(z) can be obtsined from the
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it;put 1(z) in Z-transform notation via xi(z) = u(z)z""'ln(:) , where

alz) is the characteristic polynomial. The ladder forms are
obtained in a similar manner via r,‘(z) =~ wlzh'(z)/alz) , where bi(z)
ts the i* (dusl) ortho-normil polynomial on the umit circle iSzel.
Writing these facts in matrix notation, we obtain the results that
.lbe the state at time n is given by x_ = C_u[n-1,0), uli,j) = [,
wn #;], where C, is the usual controllability matrix. For the
c € -
n
(I‘I'(n.,...,nn)" » the inverse of a unit upper triangular Toeplitz
matrix of the coefficients of afz) . the Ladder forms on the other
hand result in (see [Mo]) C.! = B UTla,...a)" , where B, isa
fower triangular matrix containing as rows the coefficient vectors
of bi(z). Due to its orthogonality property B B'- R, , the n by

controller form it is now not loo surprising that

n Tocplitz matrix associated with the (Z-transformed) correlation

function R(z) = 1/laf2)i2 . R,
matrix of the controller form R €, il u(z) the input is a white

process. Now, since the similarity transform matrix § from one
state spice form to an other is given for instance by the ratio of
the controllability matrices, it is clear that § = C! (Ce)! - B, -
(R.)"2 ie. from an arbitrary (controllable) state space form the
similarity transform is given by the inverse square-root of the
steady state covariance. This leads finally to the conneclion with
Lyapunov equition type characterization of the ladder forms,
namely that their covariances are an Identity (or diagonal) which is
precisely the characteristic property of Schwarz matrizes, see
[AJM), the state space feedback matrix of ladder forms [Mo) -Due
to limitations we defei™a more detailed discussion of the details
and various extensions to [ML]

HI1. LS-Recursions for Ladder Forms
The Prewindowing Case
In [MLVK) we presented this case, for completeness and in
order to corract some typographical errors we repeat some of th
equations here. Civen a series of observations {y(t),01<T}, where

{y{)} can be m vectors, we wish to find the least-squares
one-ste; predictor of order p parametrized by the (matrix)
coefliciznts ifl’_,li).iul,...,p}. We can defline many dilferent

squared error criteria Er 7 for instance #s a function of s and [ in

is also the steady state covariance

~ / ¥ ~
E,y - 2 !'P'.’ll) !’__.-_r‘l) oy . A".r Yee-p),

=s
A" (LA 00 A )], Yleep) = Ly ey, G0

An obvious choice from an innovations point-of-view is (s=0,f=T),
the “"pre-windowing” cace (MDKV) If s = p and f = T the
so-called “covariance” method is obtained [MDXV), [MVL], and if s
«0and f = T s p we get the pre- and post-windowed case or the

“correlation” method [MC] The total squared error can be
expressed as )
" r S R ) o Ror = Y Vyr

T - [ .Vlo- }'] yYe-p), ooy VITiT-p) ) (n-2)
Thus the probiem of determining II",- by minimizing EP',. leads to
» ) P T R(,,'r

Although RrT is not Toplitz, it still
shift-invariance structure, given by the follewing identities

R . Ay = “:(,..’r 3.9 ver = minkE {i1-3)

carries a certain

Ry = Ry, o VITT-) YITTp)  (111-4)
rill @ R',_m- x
x R, r rox (t1-5)

Deline the backward predictor B ;. and the smoothing errors C
P, r.T

R - [0.,0R ) C R, S YIT:T-p)-6)

Then the forward and backward prediction errors (innovations),
€7 and T and an auxiliary scalar Y, can be defined by

[ ('P.T ) f".‘r ) 7','1‘ ] < y'[T:T.'P] [ /",.1‘ ) "‘,_r ’ c,,‘r ]

Order Update Recursions
Using the three shift-invariance identities for R’.,. (H1-S) and

using some symmetry properties, the order update recursions for

API ’ np.T ’ cp,T ’ R‘p.T y and R',i,'r are

Va0 B, ., Y

RE€ . [A", 5 0]T (111-7)

Ar = [Ap0] - & R
"'pl,r [o B p.T-1 ]' i

Coar = (C,p0) -

Apol k3

v - ]
r '0|T R ',N’TB"'T Wherﬁ

A,y = [lastblock rowof R ] (A, n0)
: = [0,B', 1) [firn block row of Rr-l.T J.
. ’ <
Roar = Ry - & Ry, 8y
By = Ba o By B A L, OBY
The order update recursions are very similar to the

multivariate version of the Levinson algorithm, and a similar set of
recursions for time-update can also be obtair 24 [MDK V],[Mo].
Ladder Type Realization
Preraultiplying the above equations by J{7:T-p+1], we obtain
the following order update secursions for CirTpr Y

: P
Sar S - AL R
fpT ) A,om' n ‘(p,T G
Yoar = Tor ¢ faarBarrnar- G1H9)
The “Kalman gain” A, ¢ is obtained from (ili-5)(Hl-7)
(cf{MV)) via
Lpnra Boag ¢ r€ura [ -7, 01-19)

and the reflection or PARCOR coef ficients are obtained by

-~ ~

A

KGar = D BGri Kogp = A%, B2 00-1D)
The iritial conditions are given by
Gr = Ty "y Ty = 03
T
R‘o.r > R'n.r = ?‘:. %y - R oratYry'ri
for p2T:
“r * Y31 vy er i Yr * Tpxp o
Ry« Ry Ry - R'rr‘ Amr i
pelpel =

As the dual to the stochastic forms in [lS], [Wak] [Mo), (Sl\M],
equations (H1-8)-(HI-11) are a complete set of order and time
update recnrsions to obtain the exact least-squares ladder form
predictor, which is thown in Figure 1. :
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Figure ). ladder realization of exact one-step least-squares
predictor.

The recursion (l1i-10) computes the sample cross-covariance of

the forward and backward innovations, using the optimal
weighting 1)(1-7.,.), compared to other suboptimal schemes [SV]
See in the appendix a sample comparison of the exacl versus two
approximate methods. In the scalar case .R’J?O il y¢=0, or in
general if ¥, 4<1, since 0¥, < [MDKV), [MVLL If m>1, we
require T2pem. These singularities can be avoided by including 2
priori estimates of the covariance R , or equivalently including a

weighted norm of the predicter @ in the error criteria EPT For

tracking of time-varying parameters, e.g. in speech modeling
methods, these equations can be modificd, either by puting an
exponential weight on past errors as discussed in [MKL),
(implemented in the simulation in the appendix). Alternatively, the
lower bound of the error criterion in (Ili-1) can be increased, e.g. s
= T - f, where [ is the (constant) "sliding” time frame width of
the analysis. This corresponds also to a sliding window on the
prediction errors. The resulting equations are similar to the ones
in [MVL] e

Instead of computing the scalars ¥ one can also work with a
second set of prediction errors based on the "old" parameter
estimates, since

€A g/ (1- Ypar)

This alteruste form was also found by J. Baker, IEM Yorktown
(private communication). A similay situstion occurs in the Fast
Cholesky fleast-squires) algorithms for estimating moving-average
parameters viz feedback hilters described in (Mo}, where a "second
filter™ or "prodictor hilter” appears that computes varishles of the
type (,,',('l'd) . It is interesting” to note in this context, that the

unwindowed (“covariarce”) method actwsily also leads to signal
Jeedback paths (actaally a smoothirng fiiter), see (ML), but the
simpler prewindowing case is feed forward only.

Fany medifications have been proven useful in actual
implementations, they arc partially dus to the fact that many
additional identities exist and others are due to differences in
numerical behavior and trade-offs in operations count and memory
requirements. Systematic experiments are now in progress and will
be reported on shortly. N

1V. LS-Recursions for Rational Ladder Forms

Rational or ARMA Modeling

Rational or pole-zero or AEMA modeling methods were
described in [SLC], [MKL) and their relstion to joint innovations
representation via an imbedding of the ARMA model in a two (m)
channel AR model in {MINV] and {Ma] The same idea also leads to
stable partial mirimal reslizations of the joint impulse-response and
covariance-malching type (ViNV]  Civen an ARMA model as

represented by the differerr2 ¢qusiion we can rewrite it as

Bou, » - (IV-1)

Y ’l’o-) ® e BYpn ® b. LN 5;11._' -

or ay, - b"u‘ = by, where :
ae[l,0,..0), V' =I[y-vn,.h
b|'- [.O.hl.....l:"]. A I TPVRP I I
Now consider the lollowing augmented equation
a' -b! Yol = b,

0 tl' u w | (Iv-2)

L]
(e," is the first unit vector). This equation can be interpreted as

an AR model for the joint process { ¥, U} [Mo), since the RHS
is equal to the joint innovations of { ¥, U}, since

§ = |21 Yo" ¥a | < by,
o - Uy u |- (1v-3)

Stochastic Case
From a stochastic process point of view we can express the
normal equation associated with the augmented AR model as

E{]Y, [yl'ul‘]] a0} = E{ Y, [",50".]])

u, —b‘ N u
[ R, 1 Ya o] - [eeb et
T 1 =b; e, eby | - (1v-4)

We can solve for the normal equation of @ :
-7 €
Rn an = [ Rn 1n' Tn ] an & [ Hm' Hw ] au o "'IR u(lv_s)

The equations (IV-4) and therefore the non-Toplitz equations
(IV-5) (). can be solved recursively with the LWR algorithm.

Note that if I\",‘ = 0, the minimal order n = k. We could bring

equations (IV-4) into 3 more familiar form by the interleaving
permutation (1,3,5,...21-1,2,4,6,..2n+2), cf. [MDKV], to convert the
two-process covariance matrix into a n by » block Toplitz matrix,
with 2 by 2 blocks, however the LWR algerithm clearly applies to
both representations with suitable modificatiens.

Thus we have -shown that the joint impulse response &
covaviance matching problem is equivalent to solving 2 set of
normal equations associated with a two channel AR medeling
problem. Since the predictor for the joint process is triangular
and minimuin phase, the denominator 3 of the underlying
AEMA model is also minirmum phase and therclore stable, (for
3! k), :

Equations (IV-4) and the elegant stabiiity proof were actually
first obtained by Clerbout [Clal] via a least-squares rational
aoproximation. The connections between the joint innovations

representation, the augmented normal equations, and the Hankel
matrix were pointed out in [Mo] and also in [MDKV], [MKD],
[DKM), where algorithms were given to solve equations of the
type seen in (IV-4) and (IV-5). :

Deterministic Case

In [MLNV] we considered the deterministic case where we are
given impulse response data or the Markov parameters, here we
shall assume thal we are given 2 series of observations and we
want to find a least-squares (deterministic) one-step ARMA
predictor recursively from the data equivalent to the RML
algorithms described in [SLC) and [MKL). Our approach will not
give a new way how to derive these algorithms, but it will also
give us very quickly the ladder forms.

Writing the input/output relationship in matrix notation yields

aalh o e i




a - b

T, J 0 nT nT

n
"1‘ Ty 0y 0y : (1v-5)
where Tn'.,. lower-triangular and ",. is a full matrix, but both are. a

product of two Toplitz matrices “containing the data and the
normalized one-step prediction errors, which take place of the

3 - ~ Al .
inputs u = R €2¢ ¢ Yy = Yy » Where R‘"..,. = B"'.,. in

[ ~
& = A% 1 Y bgu,
¢, TR By
T, Up T (|20} -
I 0 Il,. 0 i -l)l e
=R, T, ||2 0= |eR 7 by
T"'.r I -bl A .elbﬁ' e, | (1V-6)

Recursions for Rational Ladder Forms

This partitioning leads easily to the rational ladder recursions.
Formally the same recursions can be used. However, the fact that
the (orward predictor is triangular simplifies and actually makes
the recursions possible at all, since the one-step prediction errors
are nol needed until the next iteration, i.e. they are feed back
and treated at the next time step as the (“other h:lf" of the)
observations. [t is easily verified in the same context that half of
the entries in A, are~zero, which guarantees that the one-step

prediction errors are not used before they are required in the
recursion. The lollowing Figure 2. clearly shows this.

§ €pr)
(]’

Rational Ledder realization of exact onz-step
least-squares predictor.

Figure 2.

Appendix: Computer Simulations
Layered Media ldentification

The modeling on of hiyeded media ie of interest in many ireas,
notably in Ceophysics, see e.g.
recently in medical imging or nondestructive testing. There are
two basic situations that occur in these areas. The first one,
where the source is on the opposite side of the receiver is the
straight forward case, it leads to autoregressive or all-pole models,
wich can be readily identiiied by using the various methods to
estimite rellection coefficients by cross-correlation of the
forward and backward residusls in the whitening filter in ladder
form, sce e.g. [C1at,2)  The second case, where the source and
roceiver are on the same side did up to now not lead to such
simple processing as the first case, because the (imput) transfer
function is ratioml in general, or in the best case where 2 total
reflection occurs within some liver the transfer function is an
all-pass network, In this case the seros are equil to the reflected
poles and the ‘rellection cocllicients’ of the numerator polynomial

Clierbout [Clal,2) and more

are the negative ol the ones of the denominator polynomial of lhe‘
transfer function.
ladder form specializes and we get only one set of reflection
coefficients that can be associated with the ones of the layered
medium that génerated the data. This particular case is treated
from a circuit point of view by Kung [Kunl Figure 3 shows an
example using real ultrasound returns and the estimates of the
reflection ceelficients using a ladder structure.

We can readily see then, that our rational
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Figure 3: Identification of a layered mediu vie ultrasound.

The experiments were performed by Linda Joint and Dough Boyd
in the Stanford Elcctronics Laboratory of Prof. ). Meindl. The
rellection coellicicnt estimates appear to be much smaller than
anticipated from the e»perimental set up, this ic duc to several
factors: The ladder structure actually identilies not only the
medium and the single reflecting plate in the path of the ultrasound
pesm, but also computes an cquivalent layer model for the
transducer. The estimated values of the [irst large reflection
coelflicients show, that the transducer is very inelficient and not
very well matched because the largest value is very close to one,
which tend to "turn off" all higher order refllection coefficients.
Further more, because of the wavelengs used the layers of the
medium have a. continuous reflection coefficient density which
indicates that this direct scheme must fail since we tried to
estimite the derivative of a function (with noisy data!) It would
require the use of a modified ladder form that is parameterized by
the equivalent of the “area function” used for instance in the
speech modeling context [Wak]

sample Comparison of Different Reflection Coefficient Estimates
Ladder coclficient estimates were in the past said to converge

very slowly, indeed this is the case for approximate recursive
methods as demonstrated in the Figure 4, where three methods are
compared. Two approximate recursive methods using arithmetic
mean definitions of the prediction error (see eg. (Mak), (MLVK)]
and and other computationaly attraclive method using the average
of the product of tha signs of the forward and backward




predictior error, which arises from 1.1 norm considerations see
Claerbout[Clad) and has often been used in circuit design.
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F l'gure- 4: Comparison of Two Approximate and One Exact
Recursive Method.

(pre-windowed case). The first two schemes give very similar

results, i.e. a bias of 587 on the only nonzero third reflection

coe"lcwnl (-.8) and sidelobes as high as 207 and 1% typical value,
whereas our exact method has virtualy no bias and half the maximal
and typical sidelobe values. Furthermore, they actually converged
already after around 30 samples compared with the 200 samples
used in Figure 4 . We may note that the other schemes took much
longer to actually converge.
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