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.-..-for (discrete-time) Lyapunov ~quatian s since the associated positive
definite (covariance) matrices are diagonal resp. an identity. This fact
leads also to close connections to square-root algorithms includ ing the
ones of Cholesky and Chandrasekhar type, since again Ladder forms are the
natural canonical forms. In realization theory these forms are obtained
via orthonormal state-space bases using Gram-Schmidt type procedures.
Ladder forms have many other advantages, such as lowest computational
complexity, good numerical behavior, stability “by inspection” properties
and relations to physical properties such as reflection or par tial
correlation coefficients, and perhaps absorption coefficients. N

We shall present an outline of some newer results connectink these
topics and present new examples of our new exact least-squares re~ursions
for (“adaptive”) ladder forms with poles and zeros. We close witt~ a few
simulation examples, including the identification of a layered med~a
(via ultra-sound).
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Abstr act directly to the ladder realizltions two). itt fact they are the
Lalder I o,,nc arc probably the mn~.t promising canonical forms ~,, natural “stability canonical form” for (discrete—time) Lyapunov

cxt ,” atin n. a,ui system j ,Ic,,tj fj catinn. NJny rcrc ,.t applicat,n,ie, such ax equations, since the associated pos itive definite (covariance)
ii, (rnpls yck4l signal processing, lug ), rc~.nl,.tion rma. in,urn entropy”) matrices are diagon3l or respectively an identity matrix. The
5j’(Ctr~ll ect sn,at ~o,i aw l iiiccrh c,,co4inr, just ify tl,c int rrest in t CSC similarity transform ations to this form involve a matrix
Ind Ite. I lury appear in many co,,tcst.s, sic k as scattering an.1 ,,ctwork square—root of the associated covariance matrix. The ladder forms
t h eory ainl t he th eory of ort hognisa l polyno.isiala. ihc state-space nu,,l~l are therefore closely connected to square—root algorithmsla,t , hcr  rrahization.c are very closely rehatcil to (Mock) Schwarj . matrix
ca,w.,ical tonnuu, which generall y appear is, the conte st of stabil ity including the ones of • Cholesky and Chandrasekhar type. In
.,,~ly ;ic . - hi fact they arc the natural “stabilit y canonical form” for realization theory these forms are obtained via orthonormal S

(shi~cr~te-t, mc) J .yapunov equations ~incc t h e  pccociatc.I pos iti v e def inKe state—space bases using Cram—Schmidt type procedures, due to the
(co ,ariancc)-matric cs arc diago nal reap. an hi lcauti ty. Thic fact leads also fact, that this ortho—norma~iization is again related to matrix
to close co nncct lons to squ are-roo t algo rit hans includ ing the ones of square—root and orthogonal polynomials.Chok_ek y and Chanj rasrkkar ty pe, S IICC aga in ladder forms arc the
,,atural canonical for ,nt . In reahisatin,, theory these forms arc obtainci Ladder forms have many other interesting properties. Due to
v ia orthuanornial state-space bases uciIsg Cram -Schmidt type procedures, the fact that they are in many problems the “natural canonical
J.a,Idcr forina have tnassy oilier advantagc.c, auth as lowest computational form”, they lead to algorithms with lowest computational
coniplet ity, good numerical behavior , !abi lity “by inspection” properties complexity compared to other canonical Forms. Although a detailed
and relations to physical properties such a; ref lcction or partial study is still outstanding, there are many indications that this form
correlat ion coe.tficic,sI~c, and perhaps absorption cocIfieienLs. leads to good numerical behavior of the associated algorithms, aWc shall present as. outlin e of some newer result-s cona,ecting thccc

Iop ks and present new csarnplcc of our new exact least—squares property that is not shared with - most canonical forms.
rCcurS iOnS for ( aula ptive ” ) ladder forn .; w ith poles c m i  zeros. We close Furthermore , the stability “by inspection” property given the
w ith a few sim ulation esamp lets, inc lud ing the iulcnt’ificalion of a layered ladder coefficients is shared only by the Jordan or modal canonical
,nsahia (via ultra— sow n) ). lorm. However , the latter one requires the knowledge of the

eigen-vatues that are in general not very easily obtained, compare d
I. Introduction to the finite algorithm required to get the ladder coefficients.

Ladder lorms have attracted mu ch attention recently because They in turn have other interesting interpretations and relations
they are probably the most promising cart,nical forms in estimation to physical properties suck as reflection, and perhaps absorption
and system identif ication. These form~ have appeared in many coefficients. In stochastic process modeling and spectral estimatio n
app iscat ionc suck as geophysical siglIal processing (or quite sortte t he ladder coefficients turn o,t to be parhia! coirelatior , or
time , an.l more recently such nic.dc-js are being used in high canon ical correlation coefficients , which leas s to very simple
,escl~lt~on (“maximum entropy ”) spectr .ml estimation and speech met l.ods to determine these parameters eithnr from covariance
,r.cc.din~. t.~~4er ( sor.1~itj Me; ca lled lat ike — a te rm vie would hke data or even direct ly from mei~urc d data .
t o  reserve for two and higher dimen;~on.~l exten;ions [1.K~t~1 forms in [MLN V) we presented a class~ricai ion of exact ka~t—squares
appear in many conte .ts , lu st pt~rhaps in sculter ir,g and network modeling methods. The material discussed here is a sequel to the
lheor’, v’h~rp t ie scattering of waves iayered media or ~ t resu lts discussed there , in particular we wifl concentrate ii~re on
(n. -ti op~ogeneo ~as) t~ansmi’~s~on linos l~~ Sads very natura lly to the ladder Forms arid the associ~tè’J .)gor it hms. We shalt preser t
tsdd er forms, see C.~ . (Cls2J, (IKIL ~RM1~, (Ketly~. an oul1in~ of rome ne wer re~u~.ts conr.ectit.g these to~~cs and

( avid,, forms appear e;:plirit(y hut more often imol’~itly in
many contextS. They are directl y te hted to the sca tte ring 0! ~~~~~~~~ new examp les o~ our IIQW exact least—squares recur~ions

waves m d  therefore perhaps first Intreduced in physics. ~~,.ee a for (‘ tdapt ive ”) la4-ifr kran; ‘*ith pules ;nd zero;. We close a~ith -

a few simulation examples, including the identification of a layeredthe associated mathematics are used in network theory, where the 
media (via ultra—sound).casm.~dc St lucturC of u~,e ladder for ,is p.m,. mi Im,,oa t II.t rose. The.

notion of trans fer functions leads very naturally to the next ii. Ladder Realizations
connect ion, the theory of orthogonal polynoniials. They in tern also In (MLNV] and [Mvii we discussed various ladder realizations.
appear in the stability an,lysis of linear .ystems. The s late—space We assume here familiarity with this material and wou ld like to
models that are related to orthogonal (mitrix) polynomials are the give here only a missing link to state space re iizations, namely the
so-ca lled (block) Schwa rz matrix ca no nica l forms , see e.g. [AiM], fact that the ladder forms can be obtained via an
(ssj l~ However , the special structure of these matrices leads very oreho—normali zation of the state space. In this context it is well

S________ __________ . known, that various canonical state space realization can be
obtained via methods that construct a basis of either the Hankel

~ 1 his work wi;  supported by the f~nsc Consmunica tinn; Agency matrix of the Markov parameters , resp. the impulse response
thr ~iatjani) Science Foundation. parameters of the system, or bases of the controlhbility oru,nlt r ~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

.~~.. ~~~ ~~ of Sei~ntif ic observahility matrices of the system, see e.g. [K—S’14). W e will
e,,,t~ r Cot tract
)~rse.,,rh, Air I.~rer S~’~~r~’~ c:nrna,ia,,~ unvl rr Contract
A F44- 6?O-74- C .PO ( R. i ie j n,nt ~~, ru, i t  l.lvctro ,,ics Program un,lcr present here an outline of the se- at a r discrete—ti me const ant
(nntr.’ct F.0txJl4-7~. C ~‘~tII; ii... l.~;tim .,~ v. ef ~j ,,n,e.hjCal 1 rç~m~~ gy ~~

, pai anleter case. For convenience we use an intermediate canonical
Zur,r h~ ~ ejI , , ,lj ,, ,I , s’..I liv A R I A  t I S I . . . a r h the uuc of the Stan ford (otni, the controlkr form. It his the property that the V~A,t,f ,r.al lntelh.gcti. I5.~~’SO?MS~~ry lay ,I,i,ee. component of the ii state vector ,i(2) can be obtained from the

I
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input u(z) in Z—t raris for m notation via y~(~~) — •t (z)z ”~ /n(z) , where 
-

— • Y[ T:7’-p)  Y17’:T-,,V (111—4)

obtained in a sinailar manner vim t~’(z) ~(zW(z)fa(z) , where b ’(z )
o(z) i’ the cha racteri stic polynomial. ‘the ladder forms are 

— 2’ ~
, 

~ 
1 — 

~

as the i1
~ (dual) ortho -norimai t polynomial or~ the unIt circle iSze). I ~~ 

Rr i r t J  
-

r r rJ. (111-5)
Wr iting these facts in matrix flotation, we obtain the results that Define the ba~kward pre dictor Il,,~ and the smoothing errors
t he t he state at  time n is given by’ x,, — C,, u[sm- ) ,0), u[i,J) — (a4,

Ats1) , w here C is the usual controllability matrix. For the Ii’ I? — [.0 ,.., 0 ,R’,,.,.) , ,~~~
. I?,,,. ~ YIT: T-p]( l l l - 6)- C,

1.,T p.
contro ller form it is now not too surprising that C ~ Then the forward arid backward prediction errors (innovat ions) ,(fl’(n ~~~~~ , the in verse of a unit upper triangular Toeplitz Er .. , and r,,T, and an auxi liary scalar V can be defined by
matr ix of the coefficients of a(z) . the Ladder forms on the other
hand result in (see LMo)) C,,1 B,, Ui’(a 1, ...,a,,)~ , where B is a ~ ~~~~~~~ ~~~~~ l’p.T ) ~ Y’[ T:T~p) E ~~~~~ “p,~~

5 CP.T )

lower triiingular matrix containing as rows the coefficient vectors
of b~(z). Duo to its orthogonality property B,, B,,’ — R,,, the n by Order Update Recursions

Using the three shift-invariance identities for (111—5) andii Toeplitz matrix associated with the (Z—tra nsformed) correlation -

function R(z) l/Iaa(z)~~. R,, is also the steady stale covariance using some symmetry properties , the order update recursions (or

matr ix of the controller form R,,c, if aft ) the input is a white A1.,~ , 
~p,T , ~~~ R’1.~ , and ~~~ are

‘ R-’process. Now, since the similarity transform matrix S from one A’,,.,r — ( A,,,~ 0 
~~ 

‘ 
— p.l,T p,?’.) 1 0, 

~~p,T-l 1’state space form to an other is given for instance by the ratio of lv -the contro llability matrices , it is clear that S — C (Ce) 1 — B,, — 
~~~~~~ 

(0 . 
~p,T.I V — ~~~~~~~~~ ~~~~~~ I A~,,.,,, 03T (111’7)

(R ,,9 ’1’ i.e. from an arbitrary (controllable) state space form the C’ 1~. — ( C’1.~
, 0 )‘ • ~~~~ 

R~
r
p.$ T ~~p.t,T where

similarity transform is given by the inverse square—root of the
steady state covariance. l’his leads finally to the connection with ~~p.I,T — ( last block row of fl,,,1 7. ) I A’1,1.~ 0 V
Lyapunov equation type characterization of the ladder Forms, [0, 

~
‘,,

~~ 1
’) I f ir s t  block row of fl ~,17. )‘.

namely that their covariances are an Identity (or diagonal) which is
precisely the characteristic property of Schwarz matrizes, see ~~~~~ 

— — 

~~p’I,T ~
“1,T., ~~p’l.T

[AiM), the state space feedback matrix of ladder forms (Mo). -Due
to limitations we derera more detailed discussion of the details R’ - 

~~~~ 
R

~
E,,T ~~~p.I,? ’  (111-8)

and various extensions to (ML). p.l,T
The order update recursions are very similar to the

III . LS.Recursions for Ladder Forms mult ivariate version of the Levinson algorithm, and a similar set of
The Prewindowing Case recursions for time-update can also be obtain ed (MDK VJ,[Mc).

In EM LVK) we presented this case, for completeness and üt Ladder Type Realiza:1on
order to correct some typographical errors we repeat some of 1k-a Prermaultipl ying the above equations by .ytT:T.psl] , we obtain
equations here. Given a series of ob~ervatiouis (y (t) , 0~i~T), where the following order update recursions for ,,r ’  r,,T. ‘

~~
.j’

y(’) ) can b.~ ~n vectors , we wish to find the kist— sqmnres
one-stn~ pudictor of order p parametrized by the (matrix) ~~.l.T ~p,T — 

~~ p.I,T ‘1p,T-I r,,,F..,
coe ffim ’isr,ts {,1, 14i}, i.- i ,...,p ) . We can define many different
squared error criteria l,,~., For instance as a function of a ann’ I in 

rrIT r
~ 7.i - 

~~~~~ ~~
‘tpT tp.r

— ‘
~
‘p,T • r ’,,.11 R~

r,, t r  r,,.,~~ . (111 9)

A The Kalman ~~~~~~ ~~~~~~~~ 
is obtained From (iU—S),Uhl—’l)

— V t’ ~~i) t~ ,1i) ~ 
111p.r ~ft!1 p) , (cf.IMV)) via1T ~~, p

t~ a
• r

~ ( I  ,A’ ,,,11i.... ~~~~~~ , 3’~[z::-p) — (y,’ ,.. , y,,,’Wl—I) ~~~ p.ij’.i ~~~ p.) ,T p,r ‘p,r.i 1( 1  - Y,,.. 1,rflll4O)

An obvious choice From ~n innovations point-oI-vi’w ~ ft~o,f—fl, and the reflec tion or P/I RCOR coeflicient, are obtained by
R-tthe “pre- windowinit( case (MDKV). II a — 

~i and F — 7~ the 
~
‘t
i.ij’ ~ i,r ; K’i,1y 

~ ~~
‘..i ,r 1~

’.,r (Ill—il)
so-ca lled “covSar iir.ce” method I; obtained [MDK’.’], !MVI,], ant i if a— 0 and I — T • p we get th~ pre- and post—win dowe d c3se or th e The initial conditions are given by
“corre lation” met hod (MC! ‘I’he total squared error can be — 1

•~~
. — 7r i ‘1-l,T —

expresse d as . r
S fit

- Ir I ~~~~ RP T ‘1,.T) ‘ 
R — Y TI I,T S,7 — S — ~~~I.T-t 7T 7 Tp,T p.r p,T ’  I-.

JP(l:-pil) , . . . , YIT:T-pJ ] (111—2) for p~7’
- lr,i; ~~ 

— rT,T ; ~~~ 
— ~~~~~~ i

Thus the problem of de’tu’r uasining uI,~. by minimizing ~~~~~~~ leads to 
— fl~ -

~~ ~~~~ ~~,,.i,r 
— 0p,T T.1 p,T

~~ .,7’ — U~1.~1 O• ~0) ~~~ ‘~~p,T — 11111* F,,7. (111—3) 
~~pmi ,p., — 7,p.1~ ,

Although fl ~s not ‘ii plitz, it still carries a certain As t he dual to the stochastic forms in [IS], [Vak), (Mo), (5KM),
p.r equations (III 8)-fi ll 1!) are a complete set .1 order cml tim e

shu t—i n variance str ucture , given by the following identities 
updnce r ccPL rsiO f l S to obtain the exact least-squares ladder form
pre dictor , w hich is shown in Figure 

1.2
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S,r or a’y, — b1

t ti, b0u, , wheres ly + __________ _____

a’ — [ 1 , a~ ,. - . . ,  e,, ), Y’ —

I 

: 

- 

Now consider the following augmented equation

b1~— ( O , h1 1 . . . ,  1,,,) ,  U1’ — (u,,,.., y,,,,] .

[a ’ _b ,ml I~,1 —
(lV—2)[‘0 .

~

‘ j {u,j [is, j .-
f~~1’ ~i,T-I f~ 2’ 

p_I T ( r1’ is the first unit vector). l’his equation cart be interpreted as
Figure S. l.~dder realization of exact one-step least-sq uares an AR model For the joint process ( it, U ) [Mo) , since the RHS
pr ed ictor. is equal to the joint innovations of ( y, U ) ,since

- 

C , [o~1 — [7, — 
~~ h-i 1 — [bOIL,1

The recursion (111-10) computes the j a m pie cross-covoriance of 
~
‘r ,J [,

~ 
— ~~~~ J [ u~ J - (lV—3)

the for ward and backward innovations , using the optimal
weighting 1/0-? ,.), compare d to other suboptimal schemes ISV).
See in the appendix a sample comparison of the exact versus two Stochastic Case
approx imate methods. In the scalar case .R~,?0 if y0—O , or in From a stochastic process point of view we can express the

general ii 1p IT <” since OS”p,T<
~ 

[MDKV ), [MVL ) . If m>1, we 
normal equation associated with the augmented AR model as

require T2p.na. These singularities can be avoided by including a E t IY,] [ it4’ U,’ )) { a 01 } — E (1~1( u,b0 u~ B }
priori estimates ol the covariance fl,, or equivalently including a “b1 etj [UtJ

mm p.
we ighted norm of the predictor a ~ the error criteria E r For 

— r R, r,,’ 1[ a 
01 

— [e1b0h0’ e11i01tracking of time—varying parameters , e.g. in speech modeling
met hods, these equations can be ,nod~1ied, either by puting an f, r I I I b  eij [ e160 •1 (Iv—4)

“ 
~ Jt. ~

exponential weight on past errors as discussed in (MKL), We can solve for the normal equation of a
(implemented in the simulation in the appendix). Alternat ively, the
lower bound of the error criterion in (Ill-i) can be increased, e.g. a R a — ( R — T ‘ T ] a — (II 71 ) a,, — e1RE1,(IY_S)
— 1’ - f , where / is the (constant) slüling” time frame width of “ “ “
the analysis. This corresponds also to a sliding window on the The equations (IV—4 ) and therefore the non—Tä plitz equations
prediction errors. The resulting equation s are similar to the ones (IV—S ) (!) can be solved recursively with the LWR algorithm,
in [MVL]. ‘ Note that if h’~~ — 0 , the minimal order ii — k. We could bring

Instead of computing the scala rs 7 one can also work with a equations ( IV—4 ) into a more familiar Iorna liv the interleaving
secon d set of prediction error s based on the “old” parameter permutat ion (l ,3,5,...,2n—1,2,4,6,...,2n 2), cf. (Mf)t~V), to convert the
estimates , since • two—process covariance matrix into a n by ra block Tápli(z matrix,

— 
~~~~~~~ 

/ ( I  - ‘l,,~ ),T
) , with 2 by 2 blocks , hov ~ever the LWR algoiitl,m clearly applies to

ibis alter nate Forna was also fowi.-l by j. Baker. IBM Yorktown both r?pr esentations with suitable modilicatie.r:s.
(piis’ate en mua~cation). A similar Situat ion occurs in the Fast Thus we have ‘shown that the joint impulse response &
Cholesky Ucast—squares) algor ’tt hm; (or estimating ,noving—a -lerage covariance matc hing problem is equivalent to solving a set ci
puasn.’ter; via feedback Filters dr~cribi’d in [Mo), w here a “second normal t’quations associated with a two channel AR medebrig
like,” or pIt~i;cto, filter ” appears th at computes variables of Ilic problerti Since the predictor for the joint process is triangular
type ,,~ (T.i) . It is interest ir.g’ to note it, this coMe -t , that the and m inimum phase, ~he denominator a,, of the unmierly ing
ut,w indovied (“covari;r.ce~) :iethod acIII~iiy also leads to si gna l AP.M.~ model is also min i flt tnmn phase and therefore stable, (for
feedback pithis (acloahly a sr iooth ,rg f i t e r j , see (M’iLj, but the ~~ k) S

simpler prewindowing case is Feed forward only. Equations ( IV—4 ) arid the elegant stability proof were actually
Many modif,cations Itave been proven useful in actual f irst obtained by Claerbout [Clal) via a least—squares rational

S 
implementations , they arc part ially dj n to the fact that many approx imation. The connections between the joint innovations
additional identities exist and others are due to differences in representalion, the augmented normal equations, and the Rarakel
numer ical behavior and trade-off s in operations count and memory matrix were pointed out in [Mo) and also in [MDkV], LMKD],

S requirements. Systematic expenim.nts are now in progress and will (DKM), w here algorithms were given to solve equations of the
be reported on shortly. - type seen in ( lV—4) and (lV-S).

IV . LS-Recurs~ons for Rational Ladder Forms
Rational or A RM/I M’odeling Deterministic Case

Rat ional or pole-zero or ~~“~A modeling methods were In (MLNV] we considered the deterministic case where we are
descri bed in [SW), (~,~K1) arid the r re~anio n to jo int innovations given impulse response dat a or the Mmrkov parameters , here we

represe ntat ion via an in bedm~irig of t~ e A RM/I model in a two Im) sha ll assume that we are given a series of observations and we
Channel AR model in [i.il’~v ~~~ 

~~~~ l’he same idea a lso leads to want to f ind a least—squares [deterministic) one—step ARMA
stable partia l nuirmimal rci l mza ~io~s of the jo int impulse-response and predictor recursively from the data equivalent to the RML
covar iance-match ing type ~~~~ ~~~ Cisen an ARMA model as algorithms described in [SIC) and (MKLJ. Our approach will not
represente d by iS. du1Ier s- c~”s .j . no r ,  we can rewr ite it as give a new way how to derive these algorithms, but it will also

give us very quickly the ladder form;.
7, a 

~~~~~~ 
. ... n,,y,.,, - h, ~~~~~ 

-.. &,,u,. . — b1u, (lV .i) Writin g the input/output relationship in matrix notation yields
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arc the negative of t he ones of the denominator polynomial of theI r,1. o ~1 a,,~ 1 — 

[ b ~7. 1 transfer function. We can readily see then, that our rati~~al
111 °T ‘ 

(1v s) ladder forna spceialize~ and s’te get only one set of reflection
coef ficients that can be associated with the ones of the layered

where T,,7. lowc ’r—tnianigular and 717. is a full matrix , but both are’ a medium that generated the data. This particular case is treated
from a circuit point of view by ) ung [Kurt). Figure 3 shows anproduct of two Toplitz matrices ‘conta ining the data and the

normalized one-step prediction errors , which take place of the examp le using real ultrasound returns and the estimates of the
re flection coefficients using a ladder structure.
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Recursions for Rational Ladder Forms li’ 

-
This partitioning leads easily to the rational ladder recursions. ~ i

Formally the same recursions cart be used. However , the fact that ~~ 11 I’I
\

I~! J.ltthe forward predictor is triangular simplifies and actually makes

‘a 

4 t i
~ w~Af ~~~~~~~~~~~~~~~

It
~
q i-iI_- a

the recursions possible at all, since the one—step prediction errors

Ii~ I
t
~

4
are not needed until the next iteration, i.e. they are feed back
and treateJ at the next time step as the (“other LII” of the) Li.

observations, It is easily verified in the same context that half of ~~ -
ci:

the entries in 
~~~~~~~~ 

are—zero , which guarantees that the one—step
0 -

prediction errors are not used ~e1ore they are required in the
recursion. l’he following Figure 2. clearly shows this.
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The expeliments wer~ performed by Linda Joint cr4 Dough Boyd
fi gure 3: Idcntificotio,, of a layered media ‘.~c ultr a sotuir l.

i
LLIJ —— s,!~t”’’ in the Staniord Electronics Laboratory of Prof. J. Meindi. The

- -- - + ~~~~~~~~~~~~~~~~~~ rc Il”rtion coeflicicnit estimates appear to be much smaller than
antic ip?te(’ from t ime e peiimentai set up, this is due to severalS factors: The ladder structure actually ,dentdie; not only the

Figure 2. Rm’,i iornol La drier rca fL~at ion nf exact one- step inediu n, and the single ref lvcLi i:g plate in the path of the ultrasound
ii~ #imt, but also cor.iputes an equivalent layer model for the

lease-squares predictor. transducer. The estimated values of the first large reflection
Appendix: Computer Simulations coeffic ients show, that the trans ducer is very inefficient and not

Layered Media Identificatioti very well match ed because the largest value is very close to one,
The m odeling urm of layedemi media it uf interest in many r.reas, which tend to “turn off” ~ll higher order reflection coefficients.

notably in Geophysics , see e.g. Claerbout [Clal,2] ar,d more Furtb,er more, because of the wavelengs used the layers of the
recent ly in medical imaging or nondestructive testing. There are medium have a. continuous reflection coefficient density which
two basic s ituations that occur in these areas. ‘I’he first one, indicates that this direct scheme must fail since we tried to
where the source is on the opposite side of the receiver is the estimate the derivative of a function (with noisy data! ) It would
straig ht f orwa rd cace , it lea ds to autoreg,ress ive or all-pole models , require the use of a modified ladder form that is parameterized by
wich can be readily i,Ien:,’i~d by using the various methods to the equivalent of the “area function” used for instance in th.
estim ate rc f lcct iun cot’flicients by cross-correla tion of the speech modeling context (Wak ].
forward arid back ward residuals in the whitening Filter in ladder 

~~~~~ Comparison of Different Reflection Coelfle’aent Estimates
form, see e.g. (Clal ,fl ‘lhe ;c(-ond case , w here the source and Ladder coefficient tst iniate ; were in the past said to converge
receiver are on the same siJe did up to now not lead to such very slowly, indeed this is the case for approximate recursive
simple proccs si rsg as the fi rst case , because the (imput) transfer met hods a; demonstrated in t he Figure 4, where three methods are

function is rational in ge r’ r.I, or in the best case where a tota l cornrarcd. ‘iwo approximate recursive methods using arithmetic
te flectsoi , occurs wi thin ~.onie Imse r the .t rani~f rr Function is an rican definition’s of the prediction error (see c.g. (Mak), (MLVII)
all-pas s network. In th is ~~~~~~ iii” ;crc ~s are equa l to the rcllm .cte d and arid other computationaly attractive method using the average
poles and the ‘re floct ,o rm cot ’(Iu-,. ’i, t; ’ of t he numerator polynomial of ~he product of tIn signs of the Forward and backward

4
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pnc dictnor error , w hich arises from LI norm considerations see t~.tmnJ Kun,g~ SY.~ Oim-l.inc lmkm mti f kjIj nM of Layered M~mJi.m,

- CIaerboutECIa3) and has often beer, used in circuit design. A ,miuilo,nar Co,,t., i)ccm- ,,,hcr 1977.
(I.amIc) i..’,mcsos, C., Ar m lir ratmo ms P.ktImnml f.ir Ike Solutimin of tIme

iia II .
~~~~~ Car i c c , i o a  (~~ - E,~cnva lue Prol,h-nm of l,i,mear l),Ucrm-,mtia l a,,,i Initegral

~~~~~ ~ rE r~T L, -u$n Ts~~ 
,~ ~~~~~~~~~~~~~~~~~ ~~ Opcr~iora, JitrsNai. hurSta,m4a,- .Ic, vol4S,l9SO,pp.255—~~~

~~ — j~~r; (Lea) Lcvunmso,,, N.,i he ~/icncr RM.S (root mean square) Error
S ~~~~~~~ 

Cr itc r iomm imm Filter 3)~ cig~ mmmii PYCJ iCIiOn~” 3. Math.
5 Ph yc ,voI .V~,%947 , pi’.~

(ml -~7fi
~ -‘~ ~~~~~~~~~~~ ~~~~~~~~~~~ lUCY) I.jung, 1., 1’ Kailat),, B. F1i4’ffl3,,lJer, J’roc. WF.E, vol 63, 3976,

~~SI3I-I39.
(I.KM 3 lc.y,li, SYK ung,  M.Morf, i4cw Results in 2-I) Systems

Theory, 2- I) Staie-Spacc Mn,lclc — Realization and the Notions
of Conmirollalmility, Obsemsability an’l Minimality,” Monterey~ ~*__ ~?

dc
~
:\.

~ •“¼7 

- 
Cnn,fe,-rncc on, M,zht idin,~,,sjon~,i Systems, No,cmt.cr 1916.

(MaUi] ?faklmou), 3. ‘I,i,memir Prediction: as Tutorial Raview,’~ Proc.
WEE, vol. 63, 1975, pp. 561— 580.

(N l)KV) Morf, M, B. Dickinson,, ‘F. Kailath amid A. Vieira, “Efficient

-~~~ 

S 

Solution, of Covaria,,cc Equations for Linea r Prc~iction,”
miub mitt ed to JEEE-ASSP 1976.

(MC) M~ rkeh, J D , and A.H. Cray, Jr.,Unear Prediction of Speed ,,
Spniimgcr—Vcnlag, ltcnhin: 1976.Figure 4: Comparison of Two lip proximate and One Exact (MX) Non , N., and ‘F. Kailath, “Square-Root Algorithms for Least—Recurs ho M et~,od.
Squares Estimation TIEEE Traos.on Autom~L Control,,oL

The third method uses our recursive exact least—squares equations , AC-20, 3975, pp. 487-497.
(pre—windowed case). The first two schemes give very similar [Ml.] MorF, N., D.1~ icc, PoIc-Zcro Ladmlcr Pornos for Least—Squares
resuits , i.e. a bias ol &0’/~ on the only nonzero third reflection Estimation,” submitt~mI to ASS?, 1977.
coefFicient (— .8) and sidelobes as high as 207. and 107. typical value, [MXL) Mod, N., ‘F. Xaiiatl, and I.. Liming, “Fast Algorithms for
whereas our exact method has virtualy rio bias and hail the maximal Rccurci,e Identification,” Proc. IEEF. ConI, on Decisio n and
and typical sidelobe values. Furthermore , they actually converged Coimtrot ,pp.9l6..911,l)cc. 1916.
already after around 30 samples compared with the 200 samples [Mt.VK] Mod, N., D.T. Lce, A. Vicira and T. Kaulath, ftecursi,e
used in Figure 4 . We may r,ote that the other schemes took much • ~lult ichanncl Maximum Entropy Meth od,” Proc. Joint
longer to actually converge. - Autor,,atic Control Conlcrcncc, pp.113--lU, San Francisco, June
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