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PART ONE

ELECTROMAGNETIC SCATTERING FROM A HOMOGENEOUS MATERIAL
BODY OF REVOLUTION

THEORY AND EXAMPLES

INTRODUCTION

The problem of plane-wave scattering by a homogeneous material body

of revolution is formulated in terms of equivalent electric and magnetic

currents over the body surface. Application of boundary conditions leads

to a set of four integral equations; to be satisfied. Linear ccmbinations

of these four equations lead to a ‘oupled pair of equations to be solved.

One choice of combination constants gives the formulation described by

Poggio and Miller [1]. This formulation has been applied to material

cylinders by Chang and Harrington [2], and to material bodies of revolu-
tion by Wu [3]. We will call this choice the PMCHW formulation (formed
by the initials of the above cited investigators).

Another choic: of combination constants gives the formulation

obtained by Miiller [4]. This formulation has been applied to dielectric
cylinders by Solodukhiov and Vasil'ev [5] and by Morita [6], and to bodies

1]

(2]

(3]

(4]

(5]

(6]

A. J. Poggio and E. K. Miller, "Integral Equation Solutions of Three-
dimensional Scattering Problems,'" Chap. 4 of Computer Techniques for
Electromagnetics, edited by R. Mittra, Pergamon Press, 1973, Equa-
tion (4.17).

Yu Chang and . F. Harrington, "A Surface Formulation for Characteristi
Modes of Material Bodies,'" Report TR-74-7, Dept. of Electrical and Com-
puter Engineering, Syracuse University, Syracuse, N.Y., October 1974.

T. K. Wu, "Electromagnetic Scattering from Arbitrarily-Shaped Lossy
Dielectric Bodies," Ph.D. Disserta:ion, University of Mississippi, 1976.

C. Milller, Foundations of the Mathematical Theory of Electromagnetic
Waves, Springer-Verlag, 1969, p. 301, Equations (40)-(41). (There are
some sign errors in these equations.)

V. V. Solodukhov and E. N. Vasil'ev, "Diffraction of a Plane Electromagnetic

Wave by a Dielectric Cylinder of Arbitrary Cross Section," Soviet Physics -
Technical Physics, vol. 15, No. 1, July 1970, pp. 32-36.

N. Morita, 'Analysis of Scattering by a Dielectric Rectangular Cylinder by
Means of Integral Equation Formulation,'" Electronics and Communications in
Japan, vol. 57-B, No. 10, October 1974, pp. 72-80.




of revolut.on by Vasil'ev and Materikova [7]. We will call this choice

the Miiller formulation. Conditions for the uniqueness of solutions are

established in terms of the combination constants. It is found thai

solutions to both the PMCHW formulation and to Miiller's formulation are .

unique at @11 frequencies.

Numerical solutions to the coupled pair >f equations are obtained by
the method « f moments [8]. It is relatively easy to obtain numerical sc Lu-
tions to these equations because the required operators are the same as those
evaluated in earlier reports [9, 10]. An exemplary computer program ca able
of obtaining the solution to both the PMCHW formulation and the !Miiller ormu-
lation is described and listed. This is a main program which us:s subrutines
similar to those in [10] to compute the equivalent electric and magnetic
currents and the two principal plane scattering patterns for a loss-free
homogeneous body of revolution excited by an axially incident electromagnetic
plane wave. Computed results for the equivalent currents and principal plane
scattering patterns of a dielectric sphere whose relative dielectric constant
is four show reasonable agreement between our solution to the PMCHW formula-
tion, our solutior to the Miiller formulation, and the "exact' series [11]
solution in the resonance region. Computer program subroutines which calcu-
late tle "exact" series solution for perfectly conducting spheres as well as
for loss-free homogeneous spheres will be described and listed in a subsequent

report.

[7] E. N. Vasil'ev and L. B. Materikova, "Excitation of Dielectric Bodies of
Revolution,'" Soviet Physics - Technical Physics, vol. 10, No. 10, April
1966, pp. 1401-1406.

[8] R. F Harrington, Field Computation by Moment Metho.s, Macmillan Co.,
New York, 1968.

[9] J. R. Mautz and R. F. Harrington, "H-Field, E-Field, and Combined Field :
Solutions for Bodies of Revolution,' Interim Technical Report RADC-TR-
77-109, Rome Air Development Center, Griffiss Air Force Fase, New York,
March 1977.

[10] J. R. Mautz and R. F. Harrinston, "Computer Programs for H-Fie .d,
E-Field, and Combined Field Solutions for Bodies of Revolution."
Interim Technical Report RADC-TR-77-215, Rome Air Development
Center, Griffiss Air Force Base, New York, June 1977.

[1L] R. F. Hairington, Time-Harmonic Electromagnetic Fields, McGraw-Hill
Book, Co., 1961. Section 6-9.




II. SURFACE INTEGRAL EQUATION FORMULATION

An electromagnetic field propagating in a homogeneous mediun of
permeability He and permittivity €e is incident on the surface S cf a
homogeneous obstacle of permeability Mg and permittivity €q° The sub-
script e denotes exterior medium and the subscript 4 denotes diffractin
medium. We wish to calculate the scattered electromagnetic field g?, ﬁ;

outside S and the diffracted electromagnetic field E, H inside ! in terms

of the electromagnetic field g}, g} which would exist on S in t.e absence

of the obstacle. This original problem is shown in Fig. 1 wher: g}, ﬂ}
are the electric and magnetic sources of g}, g} and n is the w it normal

vector which points outward from S.

The equivalence principle (stated in Append:ix A) is used to piece

together an outside situation consisting of medium Her €o and field g?, Ef

outside S and an inside situation consisting of medium Mo €g and field
fg}, —g} irside S. This composite situation is shown in Fig. 2. Since
S

E, “s is source-free outside S and g}, E? is source-free inside S, the

-

only sources in Fig. 2 are the equivalent electric surface current J and

the equivalent magnetic surface current M on S.

As a second application of the equivalence principle, we combine an
outside situation consisting of medium ud, ed and zero field with an irside
4 and field E, H. This combinatio: of

situations is shown in Fig. 3. Since E, H is source-free inside S, tle only

situation consisting of medium Mgs

sources .n Fig. 3 are the equivalent electric surface current -J and the
equivalent magnetic surface current -M on S. By using (A-1) and (A-2) to
express the surface currents in terms of the discontinuities of the tangen-

tial fields across S and by wusing

axE=nx & +E) ¥
s i
nxgssrl)t(li +E) (2)

on S, the interested reader can verify that the surface currents in Fig. 3
are indeed the negatives of those in Fig. 2. Equations (1) and (2) are the
boundary conditions that the tangential components of the field: in the
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Fig. 2. Outside equivalence.

Va2 tq
Zero field

s, R

ud,ed

B, H

-

Wl

-

Fig. 3. 1Insile equivalence.




L

original problem as shown in Fig. 1 are continuous across S.

The scattered field E?, gé outside S and the diffracted f eld E, H
inside S could easily be calculated if g’and M were known becaus : the media
into which J and M radiate is homogeneous in Figs. 2 and 3. We nave to
determine J and M. The equivalence principle states that there exist J and
M which radiate the fields in Figs. 2 and 3, but the equivalenc: principle

does not tell what J and M are. The equiva ence principle does state that

J=nxH (3)
M=E xn (4)
but this is not very useful because E and H are unknown.
From Figs. 2 and 3,
2 i e o )
o % W e x M (5)
A e A ~
S
—rlx]:d 0 (7
—t}‘x’ﬁ;=0 (8)
where
.

is the electric field just inside S due to g, M, radiating in Ha2€q

is the magnetic field just inside S due to J, M, radiating in ue,ee

" an

is the electric field just outside S due to i, M, radiating in ud,ed

is the magn:tic field just outside S due to J, ﬁ, radiating i«n Hgo€

PP L S

d
The equivalent currents J, M which appear in Figs. 2 and 3 satisfy (5)-(8)
because (5)-(8) were obtained from Figs. 2 and 3. It is shown in Appendix B
that the solution to (5)-(8) is unique. Therefore, (5)-(8) uniquely deter-

mineé the equivalent currents J, M of Figs. 2 and 3.

Equations (5)-(8) form a set of four equations in the two unknowns
J and M. The usual methods of equation solving apply only when the number
of equations is equal to the number of unknowns. We want to reduce the
set of four equations (5)-(8) to two equations. One way to do this is to

form the linear combination

i S




-0 x (E; + aE:) = a x E} 9)

of (5) and (7) and the linear combination

-n x (E; + BEZ) =g * ut (10)

an

of (6) and (8) where a and B are complex constants.

The solution J, M to (5)-(8) catisfies (9) and (10). This J, M
will be the only solution to the pair of equations (9) and (10) if

0 x (E] + agz) -0 (11)
: i XA + g =0 (12)
e e ~d
have only th2 trivial solution d'= M= 0. From (11) and (12),
! *
P =-0aBP (13)
e d

where P_ is the complex power flow of E , H inside S an¢ P
e PN ~e’ we d
power flow of Ed’ Ed outside S. Tle asterisk in (13) derotes complex con-
%
jugate. If aB 1is real, then the real part of (13) reduces to

is the complex

*
Real(Pe) = -~ af Real(Pd) (14)
*
If B 1is not only real but also positive, then

Real(Pd) =0 (15)

because both Real(Pe) and Real(Pd) are greater than or equal to zero.
Equation (15) implies that

P."E:*.‘}".‘i:'o (16)

Substitution of (16) into (11) and (12) yields

= 0 (17




The system of equations (16) and (17) is precisel; the homogeneous system
of equations associated with (5)-(8). It was shown in Appendix B that

this homogeneois system of equations 1as only the trivial solution J=¥=.

Therefore, if tB* is real and positiv:, then the coupled pair of «quations
(11) and (12) has only the trivial solution J =M= 0 so that the solution
J, M to (5)-(8) is the only solution to the coupled pair of equations (9)
and (10).

If a = B8 =1, then (9) ad (10) become

‘2X(E;+E;)=Ex§i (18)
-n x @;"’&4;) =n x}ii 19)

The set of equatiois (18) and (19) is the coupled pair of surface integral
equations transcr bed by Poggio and Miller [1]. We call these equations
the PMCHW equations. Since o = 8 = 1 implies that zB* is real and positive,
the argument cons. sting of (11)-(17) and involving real power flow shows

that (18) and (19) uniquely determine the desired Js M of Figs. 2 and 3.

That (18) and (19) uniquely determine J, M of Figs. 2 and 3 can
also be shown as follows. The desirei J, M of Figs. 2 and 3 satisfies
(18) and (19) because (18) and (19) were obtained from Figs. 2 and 3.
This desired J, g_will be the only solution to (18) and (19) if the associ-

ated set of homogeneous equations

n
o

“n x (E_ + E}) (20)

[}
o

o x (H + H)) (21)

has only the trivial solution J = M = 0.

The following argument shows that (20) and (21) have only the trivial
solution Jd = H = 0, Let Ed’ Ed be the electromagnetic field outside S due
to J, M radiating in Hyr E4° Let Ee, ﬂe be the electromagnetic field inside
S due to J, ! radiating in Mg €g° Use the equivalence principle to form
the composit¢ situation consi:sting of medium Hy» €4 and field Ed’ Ed outsica

S and medium u_, ¢ and field -E_, -H inside S as shown in Fig. 4. In
e’ “e ~e’ ~e

Fig. 4, Ed’ Ed is a source-free Maxwellian field outside S. Since Ee’ ﬂe is

‘;
:
J
|
]



g e A A Bl o e W it

T Fig. 4. Composite situatior used to prove that (20)
and (21) have only the trivial solution

; I=M-=o.

Jig. 5. Composite situation used to prove that (26)
and (27) have only the trivial solution

J=M-=0.

- ~~




il
a source-free Maxwellian field inside S, the field fge, TEe appearing in

Fig. 4 is also a source-free Maxwellian field inside S. Now, (20) and (21)
state that the tangential components of the field in Fig. 4 are continuous
~_across S. Thus, Fig. 4 is entirely source-free so that the field in Fig. 4

is zero everywhere in which case (B-1)-(B-4) are satisfied. But, as shown ia 1
Appendix B, (B-1)-(B-4) have only the trivial solution J=¥= 0. Hence, 1
(20) and (21) have only the trivial solution J=M=0,

If
€
| d
! i st (22)
1 e
i
q - y
8- -u_d (23)
e
then (9) and (10) become
- fa_+ i
_B x (Ee - E_.E,.d) = 2 X E (2&)
e
- H i
I e R TE L s (25)

The set of ejuations (24) and (25) is the coipled pair of surface integral

equations obtained by Miiller [4]. We :all tiese equations the Miiller eqia-
tions. The singularity that the kernels of -he integral equations (24)

and (25) exhibit as the source point passes through the field point is 1ot

as pronounced as the singularity of the kern:1ls of (18) and (19). If

o 4 are real in (22)-(25), then GB* is real and positive. ;
In this case, the argument consisting of (11)-(17) shows that (24) and (25)

uniquely determine the desired J, M of Figs. 2 and 3.

Uevenudyande

An alternate proof, valid for lossy media, that (24) ind (25) uniqu'ly
determine the desired J, M is presented. This proof is similar to the argu-
ment which used Fig. 4 to show that (18) and (19) uniquely determine the
desired J, M and is as follows. The desired g, g_of Figs. 2 and 3 satisfies
(24) and (25) because (24) and (25) were obtained from Figs. 2 and 3. This
desired J, M will be the only solution to (24) and (25) if the associ: ~d i

set of homogeneou: equations




€
- d +
‘2*‘§e‘ee§d)'° (26)
u
-3 d+,__
- x (ge-uegd)~ 0 (27)

has only the trivial solution J = M = 0.

The following argument shows that (26) and (27) have only the trivial
soluticn J = M = 0. Let gd, ﬂd be the electromagnetic field outside S due

Ep By 1o
a source-free Maxwellian field in My €4 outside S, the dual electromagnetic

to J, M radiating in Myr €g° Because the electromagnetic field

field n, Hys - ;11—5(1 where
d

—

=
Q.

nd = e—- ¢ 28)

o

is also a source-free Maxwellian field outside S. Let §e’ El_e be the
electromagnetic field inside S due to Js 3[ radiating in Hgr Eg- Because
the electromagnetic field Ee’ lle is a soulrce-free Maxwellian field inside S,
the dual electromagnetic field Ne E.e’ = ;‘—_I:Z_e where

e
u
e
T B (29)
e
is also a source-free Maxwellian field inside S. Use the equivalence
principle to form the composite situation consisting of medium Har €4 and
1
field N4 Hd’ - ndEd outside S and medium Je, ee and field
uese 1
R (ney_e, - B:Ee) inside S as shown in Fig. 5. Now, (26) and (27)

state that the tangential components of the field in Fig. 5 are continuous
acrost S. Thus, Fig. 5 is entirely source-free so that the field in Fig. >
is zero everywhere in which case (B-1)-(B-4) are satisfied. But, as shown
in Appendix B, (B-1)-(B-4) have only the trivial solution J =M= ). Hence,
(26) and (27) have only the trivial solution J=M=0.

10
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III. METHOD OF MOMENTS SOLUTION FOR .. BODY OF REVOLUTION

In this section, a method of moments solution to (9) and (10) is
developed for a homogeneous loss-free body of revolution. Special cases of
(9) and (10) are the PMCHW equations (18) and (19) and the Miiller equations
(24) and (25).

For compatibility with equation (40) on page 14 of [9], we rewrite
(9) as

(30)

where tan denotes tangential components on S and e is given by (29). The
fields on the left-hand sides of (30) and (10) are written as the sum of
fields due to J and fields due to M. Advantage is taken c¢f the fact that
the operator which gives the electric field due to a magnetic current is
the negative of th2 operator which gives the magnetic field due to an
electric current and that the operator which gives the magnetic field due
to a magnetic current is the square of the reciprocal of the intrinsic
impedance times the operator which gives the electric field due to an

electric current. In view of the above considera:ions, (30) and (10) be-

come
1 I8 o= a 5y BAO
ot D Rl L Bt W0l A IR (31)
e e e e e
- 5 1 * 8 4 i
SRS PR TIL0) ¢ S Re) ca K (32)
e d

where E denotes the operator which gives the electric field due to an

electric current. The subscript e or d on E denotes radiation in either
ue' ce
evaluation either just outside S or just inside S. The H's in (31) and

or ud, sd. The superscript + or -, if present on E, denotes field

(32) are the corresponding magnetic field due to electric current ope’ ators.

We stress that all g:s and ﬂfs in (31) and (32) are, by definition, o erators
which give electric and magnetic fields due to electric currents, eve though

these operators act on both electric and magnetic currents J and M in (31)
and (32).

11




Let

« N

: by 25 ik o
M = 020 'f L G L (34)
- Sl S o 4oy MO w)imd

where It » I¢ - V: , and V¢ are coe ficients to be determine | and
nj’ "nji’ nj nj

i jné

Jj = Btfj(t)e (35)
¢ _ jn¢
gnj = 2¢fj (t)e (36)

In (35) and (36), t is the arc length along the generating curve of the body

body of revolution and ¢ is the longitudinal angle. Y, and u, are unit

.u¢

vectors in the t and ¢ directions respectively such that Yy x u =na d
fj(t) is the scalar function of t defined on page 10 of [9]. The body of

revolution and coordinate system are shown in Fig. 6. Substitution of
(33) and (34) into (31) and (32) yields

N
st L ¢ ¢
I L {aany + Q) g oy + GoGEE) + aigatny v

n=-o j=1 j nj nj tan ﬂj
an ¢ ¢
- A (Jnj)) tosteny’ M RY L)) ¢ 1oL gl
Ne ne ny4 tan nj ng Ng N4 tan rj Ne -t
(37)
= N (E@S) 8n =5 E@%) n E, J%)
- 2 2{(@%L+ e~d~n_])vt+ e-nj+ e_:_«dmj)v¢+
n=-» j=]1 e 4 N4 nJ e N4 4 nj
L - + t t ¢ ) 1
(Ee(gnj) ¥ Bﬂd(g‘nj))lnj +* (H (J j) + BH (J ))I j} kB | (38)

Define the inner product of two vector functions on S to be the
integral over S of the dot product of these two vector functions. Because

the field operators in (37) and (38) are the same as those considered in (9],

12
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only the nth term of the sum (37) or (38) contributes to the inne product
of (37) or (38) with either J ni °F 1gni' llence, the inner produ:t of (37)
with J sy i=1 2,...N and I¢ ni’ i=1,2,...N, successively and thc¢ inner pro-
duct of (38) with J° ., i=1,2,...N, and g% , i=1,2,...N, successively gives

the matrix equation

i b an an ar 3 -+ 7
(Y“ ¥ aY¢t) (0% + ot (2t ¢ =42 (2t 4 th| ¥t ‘"
ne nd ne ne nd ne ne nd n n
i
an an {

(-Y:i;- a?;t) (-Ygt - ayig) (z::a . z“) (Z:Z : b z‘”) V: 3;‘;

e e

¢t ¢¢ ¢ tt t¢ té t 1
z__ + 5 B “d z e BY ) (Yo +8Y ) Tn i

|
!
i
1
i
r

Bn Bn o+
2o~ 225 ez -2 o eath ot ath BT
ne n nd ne n nd ne n n
= d d dL L 3
(39
for n=0, ¥1, 42,..... . In (39), 3§, V:, fﬁ, and f: are col imn
vectors of ‘he coefficien's appearing in (33) and (34). Also,
o B q
(o) i ” dnt * B% 100 )ds (40)
Pq g P q
e ” Sony © Relipge (41)
S
e -1l S |
Vn1 n. II g-ni E ds (42)
S S
o | i i
Ini j g-ni nxH ds (43)

where p may be either t or ¢, q may be either t or ¢, and f may be
either e or d. If p=q in (40), it matters whether the magnetic field
yf(g:j) is evaluated just outside or just inside S. The Y's without

13




carets in (39) are given by the right-hand side of (40) in which the mag-
netic field is evaluated just inside S. The Y's with carets in (39) are
given by the right-hand side of (40) with magnetic field evaluation just
outside S.

The Y and Z submatrices on the left-hand side of (39) are the same
as in equation (88) on page 24 of [9] with the reservations that the caret
_on Y denotes magnetic field evaluation just outside S, and the extra sub-
& far The I colum
vectors on the right-hand side of (39) are the sam as in equation (88)

script e or d denotes radiation in either ue, ee o U

on page 24 of [9] whereas the V column vectors in (39) are the same as he

V's without carets in equation (88) on page 24 of |9].

The solution Vﬁ, V:, f;, and f: to the matrix equation (39) det rmines
the equivalent electric and magnetic currents J and M according to (32 and
(34). From Fig. 2, these currents radiate in R to produce the sc attered
field outside S.

IV. FAR FIELD MEASUREMENT AND PLANE WAVE EXCITATION

in this section, meas irement vectors are used to obtain the far field
of the equivalent surface cu-rents J and M radiating in Hgr €g° Th s far
field is the far field scattered by the homogeneous boedy of revolut on. For
plane wave excitation, the composite vector on the right-hand side of (39)

is expressed in terms of these measurement vectors.

By reciprocity,

E° - I8 = ” (I(p) * E(1L,) - M(x) - H(IZ ))ds (44)

S

where gf is the far electric field due to i and M, [&r is a receiving elec-

2
“r

tric dipole at the far field measurement point, E(I&r) is the electric fiell
due to I&r, and E(I&T) is the magnetic field due to I&t' Both E(I&r) and
E(I&;) are evaluated at point r on S where r is the point at which the dif
ferential portion of surface ds is located. 1If £r is tangent to the radia ion
sphere,




Fig. 6. Body of revolution and coordinate system.

o
-
=
-

Fig. 7. Plane wave scatterin;; by a dielectric body of
revolution.
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e

-jkr

r -jk_°r

- =jkn.e ~r -
E(I&r) 4mr I&r o (45)

r
-jkr g
r -jk_-°r

g 7 g~ ,
B(IL) (k, * 12 e (46

4nr
r

where r. is the distance between the measurement point and the origin in
the vicinity of S. Also, 5{ is the propagation vector of the plane wave
coming from I&r, k is the propagation constant and n is the intrinsic
impedance of the medium outside S. To simplify the notation in this se -
tion, we have omitted the subscript e from all parameters dependent on the
medium. It is understood that all far field measurement vectors and plane

wave excitation vectors depend only on the external medium Bes €,

Substitution of (33), (34), (45), and (46) into (44) gives

-jkr "
£ E o : % 8 h jn¢
B eddle . ¥ G WP O L 0, 47
6 4nrr k. BB n oo nn nn
for I = ur and
~T u\re
s -3 e_jkrr b ~tbat ~$ 03¢ <ttt ~od3d jn¢r
AR T SR L S L T RS e i (48)
¢ o R n n n n n n n n

for I&r = 2; where g; and E; are unit vectors in the er and ¢r direct ons

respectively. As shown in Fig. 7, er and ¢r are the angular coordin:ites of

the receiver location at which 1%, is placed. In (47) and (48), Eg and E:

are the er and ¢r components of gs. Also, Vs, Vﬁ, f;, and fz are c lumn

vectors of the coefficients appearing in (33) and (34). Furthermo'e, ﬁgq s

a row vector whose jth element is given by

e 2 T o
S

where p may be either t or ¢ and q may be either 6 or ¢. In view of (35)

and (36), (49) is the same as equation (92) on page 26 of [9]. It is

shown in [9] that the right-hand side of (49) does not depend on ¢r.
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¢
Znj
by (35) aid (36), the equivalent currents (33) and (34) and the fields (47)

and (48) lhave special forms. To obtain these forms, assume that the incident

electromagnetic field E}, g} is either a 6 polarized field defined by

For plane wave incidence and expansion functions_gzj and siven

B! = kn of o (50)

B- -k . 0 (s1)
or a ¢ polarized field defined by

B =kny o (52)

Bt =k o ¥ (53)

where Et is the propagation vector and, as shown in Fig. 7, gg

unit vectors in the et and y directions respectively. Here, et is the

and 1 are
ey

colatitude of the direction from which the incident wave comes. Et is in

the xz plane. No generality is lost b; putting Et in the xz plane because
if E{ were shifted out of the xz plane by an angle ¢t’ the response would

also be shifted by the same angle ¢t.

Substituting (50) and (51) into (42) and (43), then substituting (52)
and (53) into (42) and (43), next taking advantage of the relationships

t ¢

g-ni e - g—ni b5
¢ - - 3t

Ay * 2% " dy o

which are apparent from (35), (36) and Fig. 6, then comparing the results
with (49), and finally using equation (104) on page 29 of [9], we obtain
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r;;v:e §t¢ﬂ L 3t0 2t |

n n n n

20 Fee 300 e

n n n n

= (56)

gro e a0

n n n n

> x

20 o gt o
L n n ) L n n 4

The first superscript on 6; and ?; in (56) is the superscript which anpears
on the right-hand side of (39). The second superscript on 6; and fn in (56)
denotes the polarization of the incident plane wave. If this second super-
script is ), the 6 polarized field given by (50) and (51) is incident If
this second subscript is ¢, the ¢ polarized field given ty (52) and ()3) is
incident. The jth element of the column vector ﬁgq on the right-hand side

of (56) is given by (49) with er replaced by et. Conceding that er does not
appear explicitly in (49), we really mean that er is replaced by et after the
surface integral in (49) is evaluated. In other words, er is replaced by et

in equation (95) on page 27 of [9].

Fcr plane wave incidence, the +n and -n terms in formulas (33) and
(34) for the equivalent currents can be combined as follows. According to
equations (102) and (103) of [9], the Y and Z submatrices in (39) are either
even or odd in n. The even-odd properties in n of the submatrice: of the

square matrix on the left-hand side of (39) are tabulated as

r 1
- + + -
+ - -+
- + + -

i # - - *

where + denotes an even submatrix and - denotes an odd submatrix. It
follows that the submat -ices of the inverse of the square matrix o the

ieft-hand side of (39) have even-odd properties in n given by

18
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B e
+ - + -
+ - + -

Rl IR SRR

From (56) and the even-odd properties of q given by equation (104) on
b

page 29 of [9], the column vectors Vn and In on the right-hand side of

(39) are either even or odd in n. The even-odd properties of the sub-

- matrices on the left-hand side of (56) are tabulated as

B

- +

— -

Because of the above even-odd properties of the square matrix on the left-
hand side of (39) and the column vector on the right-hand side of (39),
the solutions to (39) satisfy

vte Vt¢ —Vte vt¢‘

-n -n n n
{00 oo {500 ¢

-n -n n n

&= (57)

f:e Tt¢ fte _ft¢

-n -n n n
740 F06 360 F60
L -n -n i . n n —

The first superscript on the column vectors V+n and T+n in (57) is that
which appears on the column vectors Vﬁ and Tg_bn the left-hand side of
(39). The second superscript on the column vectors in (57) denotes ei ‘her
the 6 or the ¢ polarized incident plane wave. Substitution of (57), (.5),

and (36) into (33) and (34) yields




3" = @l + ] 20 )y costme) + 2j(ff:e)g¢sin(n¢) (58)

%- - @ u, + Z 23 (FV ")y, sin(ng) + z(EV§e)g¢cos(n¢) (59)

n=1

for the 6 polarized incident wave and

= (f1¢¢)u + ngl zj(Eiﬁ¢)Etsin(n¢) * z(ffg¢)3¢cos(n¢) (60)
Tub - @y + ng 2574 1 cos(ne) + 25 (V8% sinme) (61

for the ¢ polarized incident wave. In (58)-(61), f is a row vector of
the fj(t). The superscript €6 or ¢ on J or M in (58)-(61) differentiates
the equivalent currents for the 6 polarized incident wave from those fo

the ¢ polarized incident wave.

The far scattered field: (47) and (48) are specialized to the ¢
polarized incident plane wave 'y appending the additional subscript 6 to
E® on the left-hand sides of (.7) and (48) and the additional superscript
0 to V V¢ ft, and f¢ on the right-hand sides of (47) and (48). More-
over, in view of equation (104) on page 29 of [9] and (57), the +n and -n
terms in (47) and (48) can be combined. As a result, (47) and (48) become

-jkr e
B - dne__ T{Reep0 . gEOITOL 5 ¥ (REMEOL RONOC +
66 hwrr o o o o ji © = n n
~t0t0, ~¢03¢0
+ REOTEO, 0070 )cos(n¢r)} (62)
-jkrr a
E° =08 7 (-RUOYTO_ ROOVOC 4 gbegee
$6 27mr & n n n n n n
r n=1
+ R0 60 (ng ) (63)

for the 6 polarized incident plane wave. Similarly, (47) and (48)

become
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T ——
53]
[}
=
[

i L AUARS Wi R+ R sintne ) (60)
r n=1
—jkrr =
8 _ —jne _ RtO3te | ~odrdd _RtO ytd _ 206246
E¢¢ 4mr {. Ro Vo o Ro To 2 Z ( Rn Vn Rnev: i
! r n=1
| Stortd . ~ddred
+ Rn In + Rn¢fn )cos(n¢r)} (65)

for the ¢ polarized incident plan. wave. The first subscript on E° on

i et A o S5 it s

the left-hand sides of (62)-(65) denotes the receiver polarization and

the second subscript on E° denotes the transmitter polarizition.

é , The scattering cross section opq is defined by
4nri|Es |2
)5 s L (
g = 66)
Pq lEiIZ

-

s
is a com-

where p is either 6 or ¢ and q is either 6 or ¢. In (66), E
ponent of the scattered field given by (62)-(55) and \E}\ is the magnitude

of the electric field of the incilent plane wave. According to (50) and (52),

Y = xn (67
for both polarizations so that
Avri\Es \2
- — Pk (68) :
Pq K2 2 :
Normalized versions of (68) are ;
1
SEE Arilﬁs |2
7 = 22 2 (69) :
ma kan
f o ri|Es |12
A ™

where a is some characteristic length associated with the scatterer and ) is

the wavelength in the external medium.
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V. EXAMPLES

A computer program has been written to calculate the equivalent
currents and scattering patterns for a dielectric body of revolution ex-
cited by an axially incident plane wave. This program is described aad
listed in Part Two. Some computational results obtained with this program
are given in this section.

Figures 8 and 9 show the mignitude and phase of the normalized

J J Me M

equivalent currents —2-, ﬁi ' Fo and Ei on the surface of a dielectric

y y X X

sphere for which ka = 3 and o - 4. Here, k is the propagation constan

in free space, a is the radius of the sphere and € is the relative
dielectric constant of the sphere. Figure 8 represents our solution o the

PMCHW formulation. Figure 9 depicts our solution of the Miiller formulation.

In Figs. 8 and 9, the incident field is a plane wave traveling in
the positive z direction. THETA = 0° is the forward scattering direction
and THETA = 180° is the backscatte: ing direction. The incident field is
given by (50) and (51) with Ot = 180°. The origin r = 0 is at the center
of the sphere. In F gs. 8 and 9, Je is the u, = - u, component of electric

-0

current (58) versus | in the ¢ = 0 plane, J¢ is the 2¢ component of (58)

versus 0 in the ¢ = 90° plane, M, is the u, = - y, component of magznetic

current (59) versus 6 in the ¢ = 90° plane, and M¢ is the g¢ component of
(59) versus 6 in the ¢ = 0° plane. For axial incidence, only the n=1 term
is present in (58) and (59). The symbols X and + denote respectively
magnitude and phase of the method of moments solution for the pertinent
component of the electric or magnetic current. The solid curves : re the
exact equivalent currents obtained from the Mie series :colution [11]. The
normalizing constants Ex and Hy are defined in terms of the incident field

(50) and (51) by

i
E =u o.E-l 0_-kn
(71)
H. =y ¢ Hil = -k
~ | r=0

[11] R. F. Harrington, Time-Harmonic Electromagnetic Fields, McGrsw-Hill
Book Co., 1961. Section 6-9.
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where k and n are respectively the »ropagation constant of fre« space and

the impedance of free space.

The currents of Figs. 8 and 9 were obtained Ly using a 20 point
Gaussian quadrature formula for all integrations in ¢. All integraticans
over the functions {fj(t)} in t = a(m-6) were done by sampling each
fj(t) four times. The -fj(t)} consisted of 14 overlapping triangle
(divided by the cylindrical coordinate radius) functions equally spaced
in 6. More precisely,

NP = 31
NPHI = 20 (72)

MT = 2

where the above variables are input data for the computer program described

and listed in Part Two, Section V.

Figures 10 and 11 show the scattering patterns radiated by the cur-
rents of Figs. 8 and 9 respectively. The svmbols x and + denote

%00 Y
——E-and —ii respectively. The solid curves are the exact patterns obtained
ma ma

from the Mie series solution [11]. The patterns oee and o¢e are given by

(69), (62) and (63). Here %6 is the 6 polarized pattern versus Or in the

¢ = 0 plane and ¢,, is the ¢ polarized pattern versus 6. in the ¢ = 90°

plane. The THETA¢2n Figs. 10 and 11 refers to er. For axial incidence,
only the n=1 terms are present in (62) and (63). Elsewhere [3, 12], the
pattern O, is called the horizontal polarization because it is polarized
parallel to the scattering plane. Similarly, the pattern 0¢e is called the

vertical polarization because it is polarized perpendicular to the scatter-

ing plane.

Figures 12-17 show the scattering patterns for three other dielectric
spheres. Figures 12 and 13 are for relative dielectric constant er = 1,1,
Figs. 14 and 15 for ., = 10., and Figs. 16 and 17 for . 20. All other

[12] P. Barber and C. Yeh, "Scattering of Electromagnetic Waves by
Arbitrarily Shaped Dielectric Bodies,'" Applied Optics, vol. 14, No. 12,
December 1975, pp. 2864-2£72.
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Fig. 10. Plane wave scattering patterns for dielectric spherc, ka = 3, €. 4, PMCHW
solution. Symbols > and + denote horizontal polari:ation and ve .ical polari-
zation respectively. Solid line denotes exact solu ion.
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Plane wave scattering patterns for dielectric sptere, 1= 3, ¢ = 4,
Miiller solution. Symbols -~ aud + denote horizontal pola:ization and
vertical polarization respectively. Solid line denotes exact solution.

27




-

s B B B e S S e

SIGMA/ RS

e B i

f co.01
: +
‘ 0.001
0.0001+4 + ! o
0

30 80 a0 120 150 180
THETA

Plane wave scattering p..tterns for dielectric sphere, ka = 3, €, - 1.1,
PMCHW solution. Symbols x and + denote horizontal polarizati n and
vertical polarization respectively. Solid line denotes exact solution.
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