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I. INTRODUCTION

A. BACKGROUND AND MOTIVATION

Knowledge of satellite attitude with respect to some reference

coordinate system is a basic requirement for the successful accomplishment
of most present and fu ture space missions. The accuracy with which this
knowledge must be obtained depends upon specific mission requirement s and
objectives.

The collection of sensor s and electronic components used to provide
thi s attitude knowledge can be called the attitude reference system . In many
applications, usually requiring low accuracy, this system is an integral
part of the satellite attitude control system. Such systems maintain a
desired attitude of the satellite axes with respect to some reference (earth,
sun , e t c . )  by automatically nulling attitude errors, measured by sensors,
through control devices such as thrusters or control moment gyros (CMGs) .
The attitude knowledge is implicit in the satellite ’s orientation and is limited
in accura cy by the sensor noise , control system er rors , and control
deadbands.

In more sophisticated applications requiring hi ghly accurate attitude
determination, the attitude reference system may be considered as a
separate entity from the control system . Such systems usually consist of
sensors and an estimation filter tha t explicitly calculates an estimate of
satellite attitude. The e stimate may then be available for use by other
onboard sys tem s such as the mission sensor package, the attitude control
system , and , possibly, a navigation system. The accuracies of these sys-
tem s are limited by the estimation errors , which are functions of sensor
noise and the estimation method.

As the complexity of satellite missions increases , it is presumed that
grea ter performance demands in te rms of steady-s tate accuracy, co nver gence

I
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t ime , and reliability will be placed upon the atti tude re ference  systems.
Undoubtedly, thi s presumed demand for greater  per formance  will be accom-
panied by requirements for decreasing reference system size , weight , and
power.  In anticipation of these demands , effor ts  should be undertaken to
improve the state of the art  in attitude reference technology. However , before
such e f for t s  are  initiated , specifi c technology areas , whose improvement
wi ll yield the g rea tes t  payoff in te rms of 2yst em pe r fo rmance , shou ld be

identif ied . It is the objective of th~- High Altitude Attitude Determination
Study (HAADS) to identif y these technology areas , investigate the reference
system performance  t rade-offs  and sensit ivit ies, and recommend technology
development effort  goals and guidelines.

B. HIGH ALTITUDE ATTITUDE DETERMINATION STUDY
(HAADS) SCOPE

The study is focused on attitude re fe rence  system technology for satellite
missions operating at orbita l altitude of 500 nmi and beyond . Reference
systems are  considered for  inertially stable as well as local vertical satellite
vehicle s with control philosophies including three-axis  and momentum-biased
stabi l izat ions .  Performance analyses are conducted for re fe rence  systems
u s i n g  con t i n u o u s  or d isc re te  at t i tude  sensors of va ry ing  qualities and for
systems with or without continuous rate sensors  of vary ing qualities . The
atti tude estimation software for all re fe rence  systems considered in this
s tud y is based upon the minimum variance unbiased estimator (Kalman f i l ter)
equations. In general , this estimation approach yields the best  performance
in terms of estimation accuracy.

• Although an attempt has been made to maintain generality in the selec-
• tion and characterization of attitude reference system configurations , certain

simplifying assumptions were necessary to produce practical resu l ts  within
• the manpower constraint  of thi s effort .  These assumptions inevitably limit

the scope and dep th of the study. However , it is felt that the reference
systems chosen for analysis  represent  the major types of designs that will
sa t is f y the att i tude requi rements  of f u t u re  satellite missions.

8 
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II. SUMMARY

A summary of tne finding s and conclusions resulting from the HAADS

study is presented in this section. High altitude in thi s study r e fe r s  to

satellite operation at orbital altitudes greater  than 500 nmi .

Six conceptual designs of attitude reference systems that have the

potential  to satisfy probable fu ture  mission performance  requirements  were

iden t i f ied . The six des igns  defined correspond to the six vehicle orbital

conf igurat ions:

a . Local Vertical , Three-Axi s Stable

b . Local Vertical, Yaw_ Spin

c . Local Vertical , Momentum-Biased

d . Inertially Stable

e . Inertially Stable , Momentum-Biased

f .  Dual-Spin or Spinne r

The measurement devices for these designs include variou s combinations

of mappers , t racker s , and gyros .  Mappers are defined to be sensors that

obtain atti tude measurements  on a discrete time basis , and t rackers  are con-

t inuous measurement  attitude sensors .  The a t t i tude  estimation f i l ters  for all

conceptual designs are  based on the Kalman fil te r and genera te  minimum

varianc e estimates of satellite attitude and rate.  The approach used to de-

• t ermine the per fo rmance capabilities of the designs is a covarianc e analysis

method involving both computer-generated and analytical solutions for the

attitude and rate estimation error  stati stics of the conceptual designs.

Results from a covarianc e analysis indicate that the estimation e r r o r s

of the six conceptual designs can be predicted by examining the performance

of two types of f i l ters , identified in this report  as the double integrator filter

and the oscillator filte r . The double integrator fi l ter performance is repre-

sentative of the performance of conceptual designs for all nonmomentum-

biased configurat ions , whereas the oscillator f i l ter  may be used to 
predict9
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the performance of conceptual design s for momentum-biased , dual-spin , or
spinning configurations. A third filter type , the trip le integrator , is included
in the covariance analysis to investigate the performance of systems with
gyros  that exhibit a low frequency d r i f t  characteristic described by a random
walk . Normalized steady-state and transient performance curves are pre-
sented for these three f i lter  types as a function of sensor quality , update
interval , and disturbance environment. The following performance conclus-
ions were drawn as a result  of these simulations:

a . The effects  of at t i tude estimation filte r t rans ient  response
upon system convergence time are negligible compared to
the sensor signal process ing  effects (i. e. , effects due to
false upda tes).

b. Rate measurement  e r ro r  in the form of a random-walk gyro
drift  degrades performance to a point approaching that of a
system with no rate measurements for bias driving levels
of 10 percent  of the disturbance acceleration level or
grea ter .

c . The performance of a system with cross-axi s coupling in
the dynamic model (oscillator f i l ter)  is virtually the same
as that of a system with no cross-coupling (double integra-
tor) for cross-coup ling levels up to 10 percent .

In addition to the computer simulations , steady-state  solutions for the
estimation errors  of the discrete and continuous double integrator as well as
the mixed  d i s c r e te  atti tude continuou s rate single in t eg rat o r  [space precision
attitude re fe rence  system (SPARS ) type] f i l ters were analytically derived.

• These solutions show that there  is a negligible d i f ference  between the per-
• formance of the suboptimal (sing le integrator)  and the optimal (double integra-

tor)  f i l ters  for mixed systems with low noise gyros.  The advantage of the
single integrator is that its performance sensitivities are available analytically
whereas those for the mixed double integrator system must be determined by
computer simulation .

The findings and conclusions summarized thus far  are based on the
assumption of a uniform update rate or constant time intervals between update s
for the discrete and mixed discrete attitude /continuous rate measurement

10
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systems. The performance of discrete and mixed systems with random
update times described by a Poisson sequence was investigated. Performance
bounds describing the upper and lower limits of the me an steady-state estima-
tion error variance were derived as a function of the avera ge update interval

for the random update systems. A comparison of these bounds with the per-
formance curves for the uniform update system shows that the upper bound
is identical to the maximum value of the error variance of the uniform update
system for average Poisson update rate s equivalent to the uniform update
ra te. Hence , the performance of the discrete or mixed system with uniform
update intervals represents a fairly good approximation to the averag e per-
formance of the random update system.

Goals and guideline s were identified to direct the attitude reference
technology development effort to meet the performance requi r ements of
fu ture high altitude missions. To satisf y this objective , the performance
results described above were used to identify performance versus system
and sensor noise parameter trade-offs and sensitivities. These trade-offs

and sensitivities were used , in turn , to define the technology development
directions with the potential for the greatest payoff in terms of system per-
formance. Design goals were suggested based on an assessment of current

sensor technology. The following technology development conclusions and
recommendations are made as a result of these system level performance

considerations:

a. For mapper systems on dual-spin or spinning configura-
tions , the largest improvement in system performance is
obtained by decreasing the attitude mea surement error at
each discrete update . A suggested goa l for this error is

• 1 arc sec , I sigma .
• • b . For mapper and gyro systems on local vertical configura-

tions , the greatest  benefit in terms of performance is
gained by minimizing the update interva l and/or improving
the quality of the gyro. A suggested -goal for the gyro
drift rate in terms of the area under its rate noise
autocorrelation function is r = j~ ..i6 rad 2/sec .5w

c. Performance improvements for tracker sy stems must be
obtained by decreasing the t rackers  attitude measurement
error .  A suggested goal is 1 a rc-sec, I sigma .

ii
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III. CONCEPTUAL DESIGNS

A . STUDY METHODOLOGY

A need for attitude reference systems capable of sub-arc-sec

steady-state performance at high altitudes has been postulated. To

meet this stringent requirement, several reference system conceptual
desi gns have been investigated. The method chosen to investigate

their performance is through a covariance analysis of each conceptual

desi gn for various levels of sensor measurement noise , spacecraft

disturbance acceleration, and attitude measurement frequency. The

results are presented in terms of parametric performance curves that

identify pe rformance trade -offs and sensitivities which can be used to

define areas of technology development needed to satisf y future attitude

reference requirements. The following material is a discussion of the

basic types of sensors considered, the attitude estimation filter used

in all conceptual design s, and the covariance analysis method.

1. MEASUREMENT DEVICES

The two basic types of measurement devices considered

in this study are attitude sensors and rate sensors. Attitude sensors

provide angular measurements of the satellite axe s with respect to some

reference object (such as stars , planets , and landmarks) while rate sensors

measure the angular rate of change of the satellite axes with respect to a

reference coordinate frame such as inertial space .
Depending upon the desired accuracy, attitude reference systems

operating on attitude sensor measurements alone may be sufficient to

satisfy mission requirement s. However, for missions requiring sub-
arc -sec performance , reference systems with both attitude and rate

sensors are considered to maximize performance capabilities of the

conceptual designs.  Reference systems with rate sensors alone are not

13
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cons id ered because , unless the rate measurements  are  per fec t , the
e r r o r s  in the estimated attitude will increase without bound .

The attitude sensors considered in this stud y are divided into two
generic categories , namely, trackers and mappers. A sensor that has

the capability of continuously following or t racking some reference object
is defined to be a t racker . Examples of t r ackers  include gimbaled and
servoed m i r r o r - ty p e  sensors that follow the motion of a re fe rence  object
by physically rotating the sensor  l ine-of-s i ght (LOS) with respect to the
vehicle reference axes as well as strapped-down imaging sensors  that
follow the re fe rence  object electronically.

A mapper is defined herein to be a sensor that obtains attitude
• measurements on a discrete time basis by scanning the sensor  LOS

ac ross some reference object or objects. Mapper examp les include
strapped-down sl i t- t ype sensors , such as the SPARS star sensor , which
depend upon vehicle motion for scanning,  as well as rotating reticle-type
sensors that generate their own scanning.

In some instances, the mission sensor may be used as either a

mapper or a t racke r to provide attitude information . This mode of
operation is par t icular ly  desirable from the stand point of minimizing
system e r r o r s  resul t ing  f rom misal ignments  by el iminat ing the need for
prec is ion  attitude alignment t ransfe r f rom the re fe renc e system to the
mis s ion sensor . The degree to which mission sensor information may be
used for attitude measurements  is , obviously, a function of the design and

• method of ope ration of the mission sensor .  Such investi gations are more
proper ly  conducted during  the systems definit ion studies for each indi-
vidual mission and , therefore , will not be pursued in this study. Rather ,
the attitude info rmation assumed to be available for  systems defined by
this  stud y wil l  be categorized onl y by their  continuous ( t r a c k e r s )  or dis-

• crete (mappers)  nature  and the degree of measurement  e r r o r  or noise
contained in their  output. No specif icat ion will be made as to whether the
source of the measurement  is a dedicated attitude sensor or the mission

14



sensor. Further , no differentiation will be made between single or
2-degree -of-freedom attitude sensors. It will be assumed only that attitude
information is available for each axis about which an attitude estimate is

desired. This information may be generated by single-de gree instruments,
2-degree instruments , or various combinations of both.

Rate measurements for all conceptual desi gns in this task are assumed
to be provided by strapped-down rate gyros. The rate gyro is the onl y
physical device available that directly measures inertial angular velocity
accurately. Sensors that derive rate information by time differencing
attitude measurements are not true rate sensors . For example , a hypo-
thetical stellar rate sensor that attempts to measure the difference in -the
angular position of a sta r against time is , in effect , differentiating noisy
position data. The accuracy of the rate measurement from such an instru-
ment would be conside rably worse than the estimated rate generated by an
optimal filter operating on direct attitude measurement data . The per-
fo rmance of alte rnate refe rence systems whe re only attitude sensor info r-
mation is available is also analyzed in this report.

2 . ATTITUDE ESTIMATION METHOD

If perfect and continuous attitude measurement were available from
the attitude sensors , fi l tering would obviously be unnecessary.  Howeve r ,
since both attitude and rate sensors are imperfect physical devices , their
measurements are corrupted by noise . Thus, some form of filtering is
needed to minimize attitude er rors  due to measurement noise. Attitude
must also be estimated between the discrete measurements of a mapper

• system. The fil tering method selected should minimize the growth of

estimation e r ro r s  between discrete measurements caused by the presence
of random disturbance torque s acting on the spacecraft .

The filtering philosophy for all conceptual design s in thi s report is to

generate estimates of attitude and attitude rate using a Kalman filte r . This

• 15
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fi l ter generates minimum variance estimates. That is , the estimates of
attitude and rate are such that the mean-squared error in the estimates is
minimized where the error  is taken to be the difference between the esti-
mated and actual values of attitude and rate .

For most attitude reference applications, the approach described is
reasonable in that it minimizes any attitude er ror  component as well as the
volume of the total e r ror  ellipsoid of the reference system. Most of the
fi lters investigated are fully optimal in the sense that both attitude and
rate will be optimally estimated. The performance of a sub-optimal
filter that only estimates attitude in an optimal manner is briefly investi-
gated and compared with the fully optimal system performance.

The Kalman filter used in an attitude reference system application
requires a linearized mathematical model of the rotational dynamics of the
actual satellite. This model is obtained by deriving a set of linearized
vector differential equations describing the deviations or perturbations in
satellite angular velocity and attitude from a nominal t rajectory as the
result of random disturbance angular accelerations acting on the satellite .
The nominal trajectory is taken to be the angula r velocity and attitude of
the satellite with no random disturbance accelerations. It may be the
result of control torques applied to the spacecraft or the natural untorqued
vehicle motion. The detailed derivation of the Kairnan filter used for
all conceptual desi gns in this section is presented in the appendice s of
thi s report. Only a brief description of the Kalman filter is presented
in this section.

Representing the nominal angular velocity by the vector w~~, the
per turbed angular velocity is defined by

8~a =
~~~ ~~~~~~~~~~ 

( I l l —I )

• where w is the actual angular velocity of the satellite . The nominal
attitude can be represented by the Euler angle set ~~~~~, which relates the

• nominal body att itude to the initial body attitude. Defining a set of
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inf in i tes imal  rotations (quasi-coordinated rotations) by the vector e , the

pertu rbation in bod y attitude is given by the equation

8 = G 1(.~~)[ .~ - (111-2)

where ~ is the Euler angle set describing the actual bod y attitude and

represents a nonorthogonal matrix transformation relating the body angular
velocity to the time rate of change in the Eule r angles . Then the perturbation
dif fe rential equations const i tut ing the mathematical model implemented in the
fi l ter  are

= F( w0, h ) Sw  + a (111-3)

= -(w 0 x) 8 + Sw (111-4)

where  the mat rix  function F(w 0, h )  depends on the nominal rotational
d yn amics , including the presence of angular momentum h resulting from
any onboard momentum wheels, and the vector a represents the disturbance
accelerations acting on the satellite . The cross-product  matr ix  in Eq. (111-4)

is defined as

0 - (Li z0 y0

(w x) = w 0 -w—O z0 x0

-w w 0
y0 x0

• The der ivat ion of Eqs . (111-3) and (111-4) may be found in Appendix A.
• Thus , Eqs. (111-3) and (111-4) represent the dynamic model of the actual satel-

li te ’s attitude and rate pe rturbations from the nominal t ra jectory.  Defining

4,
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the state vector x = (8 , Sw) , these equations can be represented by the state
equation

/ 8~~x = (  ) A x +w  (111-5)

where

/~(~~~x) I /2 .\
A = I I ; ~ = I I (111-6)1 0 F(w , h ) I  I a-0 -w

The objective of the attitude estimation filter , implemented in all
conceptual designs investigated in this study, is to generate best estimates
of the actual state x , using attitude and rate measurement information
supplied by onboard sensors.  In the case of continuous attitude and rate
measurements (i .  e ., systems that have trackers and rate gyros), the block
diagram of the minimum variance estimator (Kalman filter) used to generate
these estimates is shown in Figure 3-i . Referring to the block diagram, the
actual state is measured by the sensors that produce the measurement vector

= 

~-~.e’ a ) .  These measurements are not perfect  in that they are corrupted
by sensor noise, i . e. ,  n = 

~~e’ ~~~ and may be affected by the sensor mea-
surement geometry matrix H . These imperfect measurements are input s
to the filte r that generates the best estimate ~ = (0 , 5~~) of the actual state .

The portion of the filte r that is enclosed by the dashed outline in
Figure 1 is the dynamic model of the actual system. The output ~ is used
to generate an expected measurement ~~~. The di fference between the actual
measurement z and the expected measurement is multiplied by a time-varying
gain K, and the result is used to drive the dynamic model to follow the actual
system. The matrix K is the Kalman gain and is calculated by the equation

K = PHTR
_ I 

(111-7)
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where R describes the statistics of the sensor noise, H describes the

measurement geometry, and the matrix P is the t ime-varying system
covariance matrix defined by

P(t)  = e [ e( t ) e T(t ) ]  (111-8)

where t~ implies the expected value of the bracketed quantity and the vector
e = (x - i) represents the estimation errors. For the continuous case, the
covariance matrix is determined by solving the Riccati differential equation

= AP + PA T 
- pHT R~~

t HP + Q (111-9)

where the Q matrix describes the statistics of the disturbance accelerations
F acting on the satellite as well as any plant modeling er rors .  When processing

both continuous and discrete measurements, as in the case when the attitude
sensors are mappers and the rate sensors are continuous rate gyros, the

continuous filter illustrated in Figure 1 is used between discrete measure-
ment s. The information gained from the discrete measurement at time t.
is used to improve the estimate by calculating a discrete Kalman gain matrix,
which is then used to weight the discrete information. This weighted infor-
rnation is added to the last estimate prior to the discrete measurement to
update the estimate . The discrete Kalman gain matrix is calculated using
the equation F

KI = P . HITRI~~1

where H’ and R’  describe the discrete measurement geometry and noise
statistics of the discrete sensor and P~ is the updated system covariance
matrix at time t~. The equation used to update the system covariance
matri x is

P . = M. - M. HI T( HIM. HIT 
+ R ’)

1 H ’M ’ (111-10)

20 

.- ---- -
~~~~~

- •-~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



— 
—. -—-

~
—-—--- —--‘-- -‘—

~~~~~
:-

~~~~ ~~
.-

~~~
.-—- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
.“

~
‘

where M. is the covariance matrix just prior to the measurement at time t .
Between discrete updates , the continuous Riccati equation (V_9) is used to
propagate the covariance matrix.

Having defined the basic equations of the attitude estimation filter , the
matrices R, Q, and H must be formed to implement the filter. As pre -

• viously mentioned, the R and Q matrices describe the sensor noise and

disturbance acceleration statistics respectively. Assuming the sensor
noise and acceleration to be “white” gaussian sequences, their autocorrela-

tion functions are impulses. In actuality, the sensor noise and disturbance
acceleration are not pe rfectly white, but in most cases they can be adequately
approximated by band-limited white noise . In such cases , the approximate
white noise autocorrelation function is an impulse with height equal to the
area under the actual autocorrelation function. Defining the area under
the attitude sensor noise autocorrelation function by the parameter r e and

the area under the rate sensor noise autocorrelation function by r 6 ,  the
matrix R can be defined as

/ r e l 0
R =( I (111—11)

0 r 5 1/

where I is the identity matrix . This form assumes that the attitude sensors
as well as the rate sensors used in the system are of equal quality. Assuming
that the statistics of the disturbance acceleration affecting each vehicle axis
are equal , the Q matrix is defined by

/ 0
Q = I 1 ( 111— 12)

qI J

where the parameter q is equal to the area under the acceleration auto-
correlation function . The units of r

0 
and r 6 are ( rad 2 

. sec) and (rad 2/ sec)
respectively while the units of q are (rad 2/sec 3) .
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Note that although Eqs. (111-11) and (111-12) assume equal quality
sensors as well as equal disturbance acceleration statistics on each axis
of the satellite, the performance analysis results presented in the latter
pa rt of Section III are not constrained by this assumption. It will be shown

that the individual axis performanc e for most attitude reference system
confi gurations envisioned for future missions is unaffected by the per-
formances of the othe r axes; i . e. ,  little or no cross -axi s coupling exists
and each axi s can be treated independently. Hence , the equal quality assump-
tion is used only as a convenience in deriving the filter pe r formance equa-
tions and should not be considered as a constraint  on this stud y. Additionally,
the effects of rate measurement noise sources other than white noise will
be investigated. In par t icular, the effect of gyro bias upon system perfo r-
mance will be explored on a limited basis .

The sensor measurement geometries for each conceptual design must
be determined from the physical orientation of the sensor axes with respect
to the vehicle reference axes. This geometry is represented by the H matrix
which acts as a sensitivity matr ix  relating the changes in the system states
8 and Sw to changes in the attitude and rate measurements z and z . The— — —8 —w
H matrix may be partitioned to represent the attitude sensor measurement
matrix H

8 and the rate sensor measurement matrix H
~ 

by the equation

H = ( I (111-13)
H J

For the types of sensors considered in this stud y, these matrices are

F given by

H0 = - (
~ 

~ :)c~~~~~~
0
~~ (111-14)
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and

H = I (111-15)w

where C~ is a direction cosine matrix that t r ans fo rms  a vector from the
vehicle referenc e coordinate system to the sensor reference coordinate
system and u

L)0 
is a unit vector along the sensor LOS to a reference object

( s t a r , planet , etc .)  resolved in the nominal or unper turbed vehicle reference
coordinate system. The derivation of Eqs . (111-14) and (111-15) is presented
in Appendix A.

3 . PERFO RMANCE ANALYSIS METHOD

The analysis method used in thi s study to determine the conceptual
design performance capabilities is the covariance analysis.  This method
was selected because the objective is to analyze the capabilities of attitude

reference systems for a broad range of possible fu ture  missions rather
than the detailed design of a particular system. The method permits
the evaluation of system performance in terms of rms estimation er rors
without  the necessi ty  of s imula t ing  the Kalman f i l te r  and detailed truth
model of the actual vehicle dynamics.  The accuracy of the covariance
ana lysis  is usually suff icient  for mission planning  purposes where rough
sizing is required of sensor errors and system parameters, such as average
update intervals for the discrete case . It is not a substitute for the detailed
system and truth model simulations that are necessa ry  to define the design
parameters of an actual system for a particular mission .

The covariance analysis  method calls for the propagation of the
attitude estimation filter covariance matrix P(t) from its initial value ,
set to the a priori uncertainties in the system state s x, to the steady-state
value . Since the elements of P(t) contain the statistics of the estimation

e r ro r s  e = (x - i) in the form of the mean-squared estimation er rors  ( f rom

Eq. [111-8]), the square root of the diagonal elements of P at steady-state
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yields the rms attitude and rate estimation accuracies in each axi s and ,
there fore , the system steady -state performance.

The method of propagation of the covariance matrix depends on
whether the system is continuous or discrete, i . e ., whether the attitude
and rate measurements are available on a continuous or discrete time
basis.  If both attitude and rate measurements are continuou s, the Riccati
differential  equation (111-9) is used by integrating P(t ) f rom t = 0 to steady
state . For mixed systems where attitude measurements are discrete and
rate measurements are continuous , Eqs. (111-9) and 111-10) are  used together.
The Riccati equation is integrated up to the time of a discrete measurement
and then reinitialized using the update equation so that the covariance matrix
is updated with informat ion  regarding the discrete  sensor noise at the time
of the measurement, The integration is then restarted and continues to the
next discrete measurement time when the update process is repeated .
Stead y state is reached when the system disturbances, represented by the
Q matrix in Eq. (111-9), increase the covariance matrix between discrete
measurements  by the same amount that the discrete measurements  decrease
the covarj ance matrix, in other words , when P~~ 1 = P. or , equivalently,
M .+i = M. in Eq. (111-10).

For systems with pure discrete measurements, the same propagation
procedure can be used as that employed in the case of the mixed system.
Howe ver , the Riccati equation is altered by deleting the term that contains
the continuous measurement e r ror  information. This is accomplished in
the covariance analysis for this study by setting the continuous sensor
noise or measurement  uncer ta in ty  to a large number , thereby rendering
the continuou s measurements useless .

A covariance analysis computer program capable of propagating the
continuous , mixed, and discrete case covariance matrices was generated
for the CDC-7 600 computer . The coding was accomplished in The Aerospace
Corporation simulation language called the Eclectic Simulation Program ( ESP).
ESP was chosen because of its capability to process discontinuities auto-
matically such as discrete measurement updates , even when these updates
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may occur in a random sequence , and the availability of variou s subroutine
package s for convenient data output . The resultai~ ~ovariance anal ysis
program is the primary tool used in the performance analysis presented in
Paragraph D of thi •s section.

The program has been designed to accommodate a maximum of nine
state variables and may be further expanded with minor modifications to
the coding. In general, nine state variables are required to evaluate the
three-axis pe rformance of a system with cross-axis  coupling in the vehicle
dynamics model and gyro biases. Thi s case is discussed under the
heading of Triple Integrator Performance in Paragraph D. 2 of this section.
Also implemented in the program is the capability to generate random
discrete updates based on a Poisson distribution of update times. However,
this option was not used in this study for the reasons stated in Paragraph
B of thi s section. The implications of random update time s on discrete
system performance are discussed in Paragraph F of this section.
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B. ASSUMPTIONS AND BASELINE PARAMETERS

Because of the large number of variables required to fully analyze the
three -axis performance of a single conceptual design , it was found necessary

to make certain simplif ying assumptions before a practical performance
analysis involving several conceptual design s covering a broad range of

missions could be conducted. These assumptions are listed in Table 3.4.
They fall into two general categories, assumptions on the modeling of the
sensors and assumptions on the satellite dynamics model.

Table 3-1. Study As sumptions

A. Sensor Model

1. All attitude measurements are valid , i. e . ,  no
misidentifications.

2. All attitude sensor measurement errors are uncorrelated
between measurements.

3. The rate sensor measurement errors consist of either
pure random uncorrelated errors or uncorrelated errors
plus a random-walk bias e r ro r .

4. The interval between discrete measurements is constant .
Howeve r , performance bounds for the random (Poisson)
update system were derived.

5. Any misalignments between the sensors and the vehicle
reference coordinate frame are either precalibrated or
combined with the sensor e r ro r s .

B. Satellite Dynamics Model

1. On momentum-biased satellites , inertias along axe s
normal to the bias are equal .

2. Any momentum bias maintains a fixed orientation with
respect to the vehicle reference axes.

3. In the nominal case , any net spacecraft momentum is not
precessed with respect to inertial space.

4. Random white disturbance torques act on the satellite .
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Refer ring to Table 3-i , Assumption A-I requires all attitude

measurements  to be valid. The basis for this assumption is that , for practi-
ca l atti tud e se n sor desi gns , t here  exists a fini te probabil i ty of obtaining false
attitude measurements which are e ithe r generated by noise sources internal
or external to the sensor (electronic noise , detecto r background noise , and
stray ref lect ions)  or the result of misident i f icat ion of reference objects

( i . e . ,  sta r field ambiguities). Detection and signal processing electronics
are usually included in the sensor design to minimize the probability of false

measurements. The effect of false measurements on system performance

must be assessed by detailed anal ysis  and simulation of the sensor electronics

and detection algorithms. Such modeling efforts  would be highly sensor and
mission dependent and will be avoided in this stud y by assuming that the
probability of false measurements is ze.. o for all attitude reference systems

analyzed.  Further discussion of the false measurement problem is included

in Paragraph E of this section where convergence performance is described.

• 
~- Assumptions A.-2 and A-3 of Table 3-I result in white noise models for

the measurement e r ro r s .  In addition , the rate measurement er ro r can
include a bias that is modeled as an integral of white noise or a random-walk
er ror  source.

Assumption A-4 simplifies the determinat ion of stead y-state perfo rmance
and the comparison of conceptual desi gn per forman’e .  Without the constant
or uniform update interval assumption , a Monte Carlo analysis would generally
be required to obtain the average steady-state performance for any one con-
ceptual design. Different random attitude measurement sequences would
have to be generated and the time profiles of the system covariance matrix
dete rmined for each sequence. Then , covariance matrix statistic s must be
generated by ensemble averaging ove r a large sample of covariance profile s ,
with attendant difficulties in determining the number of members in the
ensemble that constitute a statistically meaningful sample . An alternate
analysis technique , which generate s bounds on these statistics without recourse
to Monte Carlo methods , is discussed in Paragraph F. The uniform update
assumption will be used , however , for the bulk of the perfo rmance anal ysis
conducted in this study.

- 

- 
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The last assumption (A-5) affecting the sensors eliminates the modeling

of e r ro r s  due to sensor misalignments. Generally, these e r ro r s  vary slowly
with time as a result of the fact that their major cause is thermal cycling

with orbital f requency.  The effect of these errors on system performance is
similar to a slowly vary ing bias on the estimation e r r o r .  The usual design

approach employed to minimize misalignment e r rors  is to mount the sensors

on an extremely rigid structure as well as possibly employing some active
means of temperature control to minimize thermal gradients and transients .

As a result , the accurate modeling of misalignment e r ro r s  would require a

detailed structural and thermal analysis of each conceptual design . The

alte rnative to modeling these e r rors  is to assume that they have been precali-
brated or are included in the random components of the sensor noise.

The first  assumption ( B - i )  affecting the dynamics model results in an

axis of inertial symmetry for momentum-biased satellite configurations. The
axis of symmetry is assumed to be along the momentum-biased direction , and
such a configuration results in symmetric cross-axis coupling on the dynamics
of a momentum-biased vehicle . This is usually the case in spinning or dual-

spin satellite configurations.  Configurations with momentum bias due to
onboard momentum wheels may not be symmetric; however , it will be shown
that unequal cross-axis inertias for such configurations have negligible effect
on system performance.

Assumption B-2 exclude s dynamic configurations where the momentum
bias varies  with respect to the vehicle reference axe s ( e . g . ,  satellite with
CMGs) since their performance would be a function of the time profile of the
momentum bias. Assumption B-3 eliminates configurations requiring preces-
sion of the momentum bias. Such precession requires the expenditure of
control fuel and is usuall y avoided in long duration missions. Finally,
Assumption B-4 indicates that thL disturbance torques acting on the satellite

are random. These torques are the result of unmodeled disturbances that
act to pe r tu rb  the nominal attitude of the satellite .
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It is felt that these assumptions are not overl y restrictive and the
resulting anal yses are sufficient to illustrate the attitude reference perfo r-
mance capabilities of conceptual designs that satisf y the requirements of
mo st future satellite missions. Moreover , the number of parameters, which
have a key influence upon the performance of the conceptual designs , are
reduced by these assumptions to a manageable set. In addition to the simp li-

F fications introduced by the assumptions , a furthe r reduction can be attained
in the number of variables that must  be specified to conduct the performance
analyses .  This is accomplished by defining nondimensional groupings of
noise parameters as well as by rescaling the simulation time . With this
no rmalization procedure, the key variable s in the covariance analysis are
reduced to a set of baseline parameters with scaling equations to reflect the
normalized performance results back to attitude and rate estimation accuracies.

The normalization procedure involve s a transfo rmation of the covariance
matrix P of the fo rm

E = 8p~ T (111-16)

where the scaling matrix S is a function of the normalized baseline param-
e ter s  and , in some cases , the vehicle dynamics  pa ramete r s .  The actual form
of S varie s with the conceptual design and is defined for each design in para-
graph C of thi s section. Using the foregoing transformation and defining a

nondimensional time scale by the equation

T = 

~o ~ (111-17)

the normalized Riccati differential equation for continuous rate measurements
and discrete attitude measurements take s the form

dE “~‘T I
~~ - = A E + E A  - — 7 E I 22 E + ~~~122 (111-18)
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/0  0
122 = 

~~~~

and I is the identity matrix , ~~ is the normalized dynamics matrix, r ’ is the

baseline parameter including sensor noise statistics , and ~ is an arbi t rary

scaling constant introduced to improve the numerical stability of the Riccati

equation . The normalized discrete covariance up date equation (111-10) takes

the form

~~~~~~ ~ T -1~~~E. = N .  - N . H (H N. H + R ’) H N .  (111-19)
1 1 1 1 1

where Fl is the normalized discrete measurement geometry matrix, N. is

the value of the normalized covariance matrix just  prior to the discrete

update , and E. is the updated value of the normalized covariance matrix .

The procedures to propagate the normalized covariance are the same as

those defined in paragraph lll.A for the regular covariance matrix.  However ,

the update interval for the discrete case become s nondimensional as the

result of the rescaling of time, and is defined by

= T (111-20)

where T is the actual update interval in seconds and is a scaling factor

with dimension (1 /sec ) .

Thus , the baseline parameters  for the covariance anal ysis have been
reduced from four ( i . e .,  

~~~ 
T , r 8

1, and q) to onl y two (r
~~

’ and T’). A third
paramete r , identified as ~~, will be introduced in the discussion of the triple
integrator in paragraph III. D to include the effects of random gyro bias. A

fourth parameter , namely, T~, will also be introduced to include the gyro-

scopic effects in momentum-biased satellite configurations. The scaling
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equations relating these baseline parameters to measurement noise ,

disturbance acceleration s ta t is t ics,  and time are

~~ 
(111-21)

r ’~~ (111-22)r 0 Q0

where ~ is an a rb i t ra ry  scaling constant , q and r 8 are the white noise

equivalent areas unde r the actual autocorrelation functions of the disturbance
acceleration and rate measurement noise respectively, and r~ is the discrete
form of attitude sensor measurement noise. The actual covariance matrix

is obtained by performing the inverse transfo rmation on Eq. (III - 16). The

scaling equations for 8 and 1~ are discussed in Parag raph D of thi s report.

The derivation of the normalized Riccati equation (111-18) and update
equation (111-19) for the mixed cont inuous/discrete  system is presented in

Appendix B. These equations form the basis for the covariance
analysis conducted in this stud y. The performance of pure discrete systems ,
operatin g with discrete attitude sensors onl y, was analyzed by setting the

parameter r~~defined by E q. ( I I I -ZZ) to  a large value . This effectively removes
the continous senso r information term in Eq. (111-18) and reduces the mixed
system to a discrete system . Moreove r , the simplified case of a system
with uncoupled double integrator dynamics can be solved analytically. These
results are presented in Paragraph F of this report.
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C. ATTITUDE REFERENCE SYSTEM CONCEPTUAL DESIGNS

Attitude reference system conceptual desi gns that have the performance
potential to satisfy the reference requirements of future high altitude mis-
sions are described in the following discussion. The configurat ions of the
conceptual desi gns are highly dependent upon the orbital configuration
and attitude control philosophies envisioned for  future hig h altitude satellite
missions.  Six orbital confi gurations have been defined together with their
probable attitude control philosophies. These configurations were  used
along with the measurement and fi l tering philosophies discussed previously
to define six attitude reference system conceptual desi gns. These designs
are identified as systems A throug h F in the f i rs t  column of Table 3—i.  The
orbital confi gurat ion corresponding to each system is presented j r. the sec-
ond column , and the nature of the sensors used in conjunction with each
system is identif ied in the remaining columns. The assumptions governing
the attitude and rate sensors, which are discussed in Paragraph B of this
section and are listed in Table 3— I , were used in determining the sensors
for each system. Although gyro measurements are indicated for each
system, the subsequent analyses will also consider the system performance
capabilities with no rate information.

System A of Table 3-2 (three-axis, local vertical stable systems) can
be implemented with either two mappers or two t rackers.  The former con-
fi guration would correspond to a SPARS-typ e system if the mappers were
body-fixed , slit-typ e instruments. The performance of such a configuration
for high altitude missions usually suffers from a relatively slow measure-
ment rate since the mappers are dependent upon orbital rate for their scan -
ning. The alternate configuration with two t rackers  eliminates this problem.
The trade-off between these two confi gurations was investi gated in this study.
Similar rea soning may be used to select the attitude sensor configu-
rations for system C as the dynamics of thi s system (local vertical momentum-
biased) are similar to those of the local vertical, three-axis stabilized con-
fi guration with the exception of cross-axis coup ling introduced by the momen-
tum bias.
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Table 3-2. Attitude Reference System Conceptual Desi gns

Attitude Sensors Rate SensorsOn-Orbit 
_____________  ________  ____________  _______System Configuration Type 

- 

Quantity Type Quantity

Two-Dimen., 2
Local Vertical Mapper One -Dimen 3A Three-Axis

. GyroStable Two-Dimen. , 2
Tracker a

B Local Vertical Two-Dimen. , I One -Dimen. , 3
Yaw Spin Mapper Gyro

Two-Dimen., 2

- 
Local Vertical Mapper One -Dirnen 3C Momentum— GBiased Two-Dimen. , 2 yro

Trackera

D Inertially Two-Dimen. , 2 One -Dimen., 3
Stable Tracker Gyro

E Inertially Two-Dimen. , 2 One -Dimen. , 3
Stable Mo- Tracker Gyro
mentum-Biased

F Dual-Sp in or Two-Dimen. , 1 One -Din-ien. , 3
Spinner Mapp er Gyro

aAlternate sensors.



Body-fixed, slit-type mappers are the logical choice of attitude
sensors for systems B and F where part of the body is spinning . By plac-
ing the sensor optical or boresight axi s normal to the body spin axis , the
spinning motion of the bod y can be used to scan the mappers.

Enertially stable systems D and E require the use of t rackers or map -
pers that generate their own scanning for attitude measurements. Under
nominal (undisturbed ) conditions , these systems have no angular motion with
respect to inertial space . Trackers were selected for these systems to pro-
vide continuous attitude information.

Having defined the conceptual desi gn configurations , the system
dynamics for each design must be derived to imp lement the covariance anal-
ysis. In the discussion in Paragraph A of this section, the dynamics modeled

in the attitude estimation filter are represented by the A matrix in the state
equation (111-5) and are defined by Eq. (111-6). For the covariance analysis , this
matrix must be used in the Ricatti differential equation to propagate the sys-
tem covariance. Since the normalized form of the Ricatti  equation (111-18) is
used in this stud y, the dynamic s matrix for each conceptual design must be
rescaled using the equation

= ~~~~
- (SS~~ + SAS 1)
0

where S is the scaling matr ix  for each conceptual desi gn and Q .~ is a scaling
frequency defined by Eq. (111-21) . The purpose of this normalization is to
reduce the number of dynamic variables by introducing dimensionless ratios
of angular velocities , moments of inertia , and angular momenta . These
ratios are derived using the vehicle dynamics assumptions in Table 3-1 and
represent a set of baseline parameters in addition to r (~ and T ’ defined in
Paragraph B. These additional parameters, along with the normalized
dynamics matrix .~~~ and the scaling matrix S, are presented for each concep-
tual design in Fi gures 3-2 through 3-7. The orbital confi guration and reference
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coordinate s systems for each conceptual desi gn are included in these fi gures .
The derivations of the dynamics for each conceptual desi gn are presented in
Appendix B.

Several coordinate systems are used in describing the conceptual
desi gn dynamics in these fi gures.  The body reference axe s (roll , pitch ,
and yaw ) are defined by the unit vectors 

~‘B’ 3 B’ kB ). A local vertical
coordinate system is used in the local vertical orbital confi gur ations , and
is defined by the unit vectors (i L, 

~L’ kL ) and oriented so that kL is ali gned
with the local vertical and pointing toward the earth t s cente r with 3 L normal
to the orbit plane . Finally, an inertial coordinate frame , defined by the unit
vectors (i1, j1, k~) and maintaining a fixed orientation with respect to inertial
space , is used in the inertial and dual-sp in orbital configurations .

Figure 3.’.Z is an illustration of the dynamics of system A and represents
the attitude reference system conceptual design for a three-axis  stabilized ,
local vertical oriented vehicle . The dynamics matrix .A indicates a cross-
axis coupling between the roll and yaw channels through the parameters p
and k. This effect  is due to quar ter-orbi t  coupling as well as inertial cou-
pling between axes . It is a very weak effect since p is the ratio of orbital
rate Q to steady-state continuous filte r bandwidth U 0 defined by the scaling
equation (111-2 1) of Paragrph B. For the lowest altitude mission considered
under this study (500 nmi altitude ) and the worst-case disturbance environ-
ment , which is the result of aerodynami c disturbance torques (q = i0~~~~ rad 2

/
sec 3), this ratio is on the order of I0~~~. At synchronous altitude , for  the
same disturbance leve l, the ratio is on the order of 10~~~. Moreover , the
inertia parameter k is in all practical cases less than I , which further
diminishes the strength of the cross coup ling . Thus , the attitude dynamics F-
for this system behave pr imari ly as if all the axes were identical and inde-
pendent. Therefore , the three-axis  performance of this system can be
approximated by the performance of a sing le-axis system with the dynamics
matrix

x = ( ~~ 
~~)
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Figure 3-2. System A Dynamics (Local Vertical ,
Three-Axis Stable Conf igura t ion)
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This matrix is identical to the dynamics of a s ing le-axis double integrator —

system. The conclusion is that the roll , p itch , and yaw attitude and rate esti -
mation errors  for thi s system can be approximated by the estimation er rors
of a single-axis system with double integrator dynamics. In fact , the pitch
channel is an exact double integrator with no cross-axis coup ling . The valid-
ity of this conclusion has been tested by simulating the exact dynamics of
system A and comparing the results with the double integrato r system. This
comparison is presented in Paragraph D of thi s section.

Fi gure 3-3 is an illustration of the dynamics of the conceptual desi gn for

a local vertical , yaw-spin-type vehicle . The scaling matrix used to normal-
ize the dynamics contains the rotation matrix Z(~~), which transforms the
dynamic equations for  this system from the bod y reference coordinate sys -

tern to the local vertical coordinate system. The details of this transforma-
tion are discussed in Appendix C. Thic change of coordinates

simp lifies the dynamic equations by t ransforming them from different ial
equations with sinusoidal coefficients to t ime-invariant differential  equa-
tio ns . The resul t ing normal i zed ma t r ix  A is identical to that of the previ -
ous system. Thus , system B may be simulated by the double in tegrator -
type system .

The dynamics for system C , which is the conceptual desi gn for  a local
vertical momentum -biased vehicle , are illustrated in Figure 3-4 . The normal-
ized dynamics matr ix  for thi s system indicate s a cross coup ling between the
roll and yaw axes as a result of the momentum wheel as well as quar te r -
orbit coupling. Unlike systems A and B, this cross coup ling may not be
negligible since the magnitude of the wheel momentum h

~ 
can be large for

greater st iffness between the roll and yaw axes. In this case , only the pitch
axis acts as a pure double integrator system, and the yaw and roll axes
behave as oscillatory systems. This can be seen by deriving the state tran-
sition matrix for the normalized angular velocities 8~S. The state equation
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Fi gure 3-3. System B Dynamics (Local  Vert ical ,
Yaw-S pin Configuration)
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Figure 3-4. System C Dynamics (Local Vertical ,
Momentum-Biased Configurat ion)
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T

for these angular velocities is

— (a —

where

/ 0  0 pb
O 0 o

\-pa 0 0

The state transition matrix is

~~(t , t0 ) ~~_ l [(5 I  - X )~~]

where .~~~‘ indicates the inverse Laplace transform of the bracketed quantity.
Evaluating (sI - and performing the inverse transform results in

1j  cos w (t — t ) 0 — sin w (t - tc 0 pa c 0

~~(t , t0 ) =f  o i 0
4 \_ 4.~ sin w ( t  - t

0
) 0 cos w ( t  - t0

)

Thus the normalized angular velocities in the roll and yaw axes are sinusoidal
functions of time exhibiting an oscillatory behavior with a frequency equal to

= p

Systems with this form of behavior are te rmed oscillator -type systems in
this report , and they represent the second general class of systems in addi-
tion to the double integrator-type systems that characterize the dynamics of
the conceptual designs .

Figures 3-5 and 3-6 are illustrations of the dynamics of the conceptual
designs for inertially stable and inertially stable with momentum bias
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Figure 3-5. System D Dynamics (Inertially
Stable Configuration)
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Figure 3-6. System E Dynamics ( Ine rtially Stable
Momentum-Biased Configuration)
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vehicle confi gurat ions . The dynamics matrix for the inertiall y stable
configuration (system D) indicates that all three channels behave as pure
double integrator-type systems . The momentum-biased configuration (sys-
tem E) shows a cross coupling between the roll and yaw axes as the result
of the momentum wheel. System E, therefore, behaves as an oscillator-

type system .

System F dynamics are illustrated in Figure 3— 7. This system is de-
si gned for a dual-spin or pure sp inning vehicle . The normalization matrix
S contains the rotation matrix Y ( y )  that t ransforms the dynamics from the
body reference coordinate system to the inertial coordinat e system. The
resulting dynamics matrix A shows a cross coup ling between the inertial
i1-axis and k1-axis through the parameter p ( l  - k) .  Unlike system A, this
cross coup ling may not be negligible since the ratio p is a function of the
body spin rate as well as orbital angular velocity . In general , this coupling
is strong enough to classify system F as an oscillator-type system .

In summary, the dynamics of the six basic attitude reference sys tem
concep tual desi gns presented in this section can be characterized in terms
of double integrator-type dynamics and oscillator -type dynamics . The con-
ceptual systems with their characterist ic dynamics are identified in Table 3.
This characterization greatly simplifies the performance analysis by reduc-
ing the number of dynamic configurations that must be simulated in the co-
variance analysis program . Coupled with the reduction in variables through
the normalization procedure , this simplification permits the performance
analysis of all six conceptual designs with only two sets of normalized
parametric performance curves representing the performance capabilities
of the two general classes of systems (double integrator and os cillator) with
vary ing baseline parameters . These curve s are presented in Paragraph D.

A third class of systems , the tr ip le integrator , was included in the
covariance analysis in addition to the double integrator and oscillator sys-
tems. The triple integrator system includes the effects of gyro biases on
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Figure 3-7. System F Dynamics (Dual-
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Table 3-3. Characterization of Conceptual Desi gns

On-Orbit CharacteristicSystem .Configuration Dynamics

A Local Vertical Double Integrator
Three -Axis Stable

B Local Vertical DSP Double Integrator

C Local Vertical Oscillator
Momentum-Biased

D Inertially Stable Double Integrator

E Inertially Stable Oscillator
Momentum-Biased

F Dual -Spin or Oscillator
Sp inner

the estimation error  through the addition of three bias states to the system
dynamics matrix A of the double integrator system. These state s represent
the low frequency dr i f t  behavior of each of the three rate gyros implemented
in the conceptual designs.  The states affect  the system per formance  by
introducing a correlated source of measurement  noise in the rate sensor in

addition to the assumed white noise. The model used to represent  the be-
havior of these gyro biases is a random walk produced by in t eg ra t i on  of whi te
noise. Further details on the trip le integrator system are presented in Sec.

Appendix C.

The motivation for adding the triple integrator system to the covari-
ance analysis is to determine the effects  of gyro bias upon the performance
of the conceptual designs . Estimation e r ro r s  due to gyro biases would not

be evident in the performance of the double integrator system unless a de-

tailed simulation of this system , complete with a truth model reflecting gyro
biases , was conducted . The covariance analysis of the trip le integrator
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accounts for these bias effects upon the performance of conceptual designs
whose dynamics can be characterized by the double integrator . Gyro bias

- effects upon oscillator performance were not investigated because of time

- constraints . However , gyro bias effects upon the performance of uncoupled
axes in conceptual designs with oscillator dynamics are reflected in the
triple integrator performance .

r
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D. COVARIANC E ANALYSIS STEADY-STATE RESULTS
- The covariance analysis program was run with the normalized form s

of the Ricatti and covarianc e update equations (III- 18) and (III- 19) to inves-
tigate the performance of the double integrator, triple integ rator , and
oscillator systems. Although these equation s represent  a mixed continuou s
ra te/ d iscre te  attitude system , the performances of the tota lly continuou s
system and the totally discrete attitude update system were also investigated
with the program by varying the update rate  and the measurement  noise
parameters .  As previously indicated , the performance of the mixed system
approaches that of the continuous system as the update rate is increased.
Further , as the rate measurement  noise is increased , the mixed system
performance approaches that of a system operating on discrete  attitude
information alone.

The performance parameters of interest  in the covariance analysis are
the steady-state  estimation er rors  and t rans ient  responses for each of the
three major classes of system s (double integrator , tri ple integrator , and
oscil lator).  The steady-state performance for these system s is presented
in the following discussion.  Transient performance is discussed in Para-
graph E. Steady-state results are presented as normalized curve s of the
maximum value of the mean-squared attitude estimation error E(8~~; and the

2mean- squared rate estimation error E(w ) versus the normalized up date
interval T ’ for each class of system . The baseline parameter r~ , repre-
senting the quality of the sensors and defined by Eq. (111-22), was para-
metr ical ly varied on the performance curves for each system. Additional
baseline parameters were varied for the tri ple integrator and oscillator
system s and are discussed with their respective stead y-s ta te  curves below .

Due to the normalization , the steady-s ta te  curves present performance
versus update intervals for many combinations of attitude and rate sensors .
The equations for interpreting these curve s have been discussed in Para-
graph B , but will be repeated here for reference. The rms attitude error ,
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identified in this report as 9rms’ is obtained fr om the normalized mean-
squared attitude estimation error using the equation

2 1/2
9 rms = E(9 )~ (111-2 3)

where r~ represents the discrete attitude sensor measurement noise in
(rad 2 ) and E(G~ ) is taken from the curves. The rms rate error , identified
herein as W rms~ is obtained using the equation

1/2
w = [r ’ Q E(w 2

)] (111-24)e o

where is a scaling fr equency defined by the equation

1/3
= 

(~~i ) (111-25)

where ~ is an arbitra ry scaling constant and q is the white noise equivalent
area under the autocorrelation function of the disturbance accelerathrn . The
normalized update interval T ’ is converted to regular time by the equation

T =J .~ T ’ (111-26)

and , for completeness, the baseline parameter r~ , which is parametrically
varied on each curve , is defined by the equation

I
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r ’ = 
r4

8
~~0 

(111-27)

where r 8~ represents the rate sensor mea surement noise in (rad 2 / sec) .

To illustrate the use of these curve s, an example system with sta r
inappers and rate gyros is int r oduced. If the rms measurement uncertainty
resulting from the star sensor noise in this example system is on the order
of 2 arc sec (~~10~~ rad),  the discrete attitude sensor noise parameter r ’
is approximately 10 (rad ). Assuming that the rms rate error would
increase because of the effects of disturbance accelerations at 2 X 10~~ arc
sec/ sec (~~10~~ rad/ sec)  each second with no measurements, then the accel-
eration noise parameter would be on the order of q = io~ 

18 (rad 2 / se c 3).
Let the scaling parameter ~ be equal to 10~~~. Then , using Eq. (111-24),
the scaling frequency is = 10 2

(t/sec) so that the normalized time is

100 times faster than real time in Eq. (111-25) for  thi s example. Let the
rms rate measurement uncertainty resulting from rate gyro noise be on the
order of 0 .06 deg/hr  (~~3 X 10~~ rad/ sec)  and fully correlated for 1/2 sec.
Then the rate sensor noise pa r ameter r

~ 
is approximately equal to

10~
’
~~ (rad 2 / sec ) .  The resulting measur:ment noise parameter r~ from

Eq. (111-26) is equal to one-tenth . The pertinent parameters for this
example system are summarized in Table 3-4 . The value s li sted are used
to illustrate the meth od of obtaining system performance information from
the normalized curve s shown in Figures 3-9 through 3-16 for each of the three
classes of systems. These values represent a system with SPARS-quality
instruments mounted on a moderately sized vehicle (inertias on the order

of IO~ slug-ft
2) and pertu rbed by typical disturbance accelerations ~to

_ 6 
ft-

lb disturbance torques).
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Table 3-4. Example System

Parameter Description Valu e

-18 2 3
q Acceleration Noise 10 (rad /sec

Attitude Sensor Noise iO~~~
0 

(rad:)

r 5 Rate Sensor Noise 10 (rad / sec)
-2Scaling Constant 10

-2 -1Scaling Frequency 10 (sec

Measurement Noise 10
_ i

w

In addition to the scaling considerations just  mentioned, it should be
noted that only curves for the maximum values of the normalized mean-
squared attitude and rate estima ti on er rors  E(0 2

) and E (w 2 ) are presented
in this section. ‘1Maximum ” refers  to the peak errors  of a uniformly updated
mixed or discrete fil ter.  Referr ing to Figure 3-8, which illustrates a typical
mixed system time history generated by the covariance analysis program,
it can be seen that the steady-s ta te  normalized mean-squared  attitude e r ror

behaves as a sawtooth waveform between fixed maximum and minimum
levels. The discontin-uities occur whenever a discrete attitude update is

processed. Between updates, the mean-squared error grows as the result
of the presence of disturbance accelerations. This growth is inhibited in
vary ing degree s (depend ing upon the gyro quality) by the continuous rate
information available fr om rate gyros in the mixed system. Since the uni-
form update assumption is used in all the covariance runs for thi s study,
the atti tude update s or discontinuities occur at regular intervals as illu s-

trated in Fi gure 3-8. The maximum or peak mean-squared estimation error
athat would be of interest  for this particular run is the value E(8 

~MAx j ust
prior to an update after the filter has reached steady state. The minimum
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Figure 3-8. Discrete Attitude /Continuous Rate System Transient Response
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value is also illustrated in Figure 3—8 .

Physically, the peak values of the mean-squared attitude and rate
estimation e r ror s  represent  the largest  variances of the attitude and rate
estimation uncer ta in t ies .  Probably of g rea te r  physical si gnif icance are  the
rms e r ro r s  defined by Eqs. (111-23) and (111-24). These value s represent
the one s tandard  deviation (1 si gma) error s for a zero mean , Gaussian
estimation er ror  distr ibution.  Since E(9 2 ) and E(w 2) vary with time, as
shown in Figure 3-8, the rms or I-sigma attitude and rate estimation errors
also vary with time. Henc e , using the peak values of E(~

2 ) and E(w 2 ) in
Eqs .  (111-23) and (111-24 ) results  in the wors t  case or l a rges t  i-s igma
attitude and rate  estimation e r ro r s .  Although the 1-si gma errors  are  func-
tions of time , th ey are not necessar ily random variables.  Under the uni-
for m update assumption , they are  def inite  functions of the time interval
between updates and are  therefore  determinis t ic.  If a Poisson process
def ined  the time interval , then the I- s i gma e r r o r s  would be random vari-
able s.

Due to the un i fo rm update assu mption , the peak and minimum mean-
squ ared er r o r s  a re  fixed in stead y state and are funct ions of the measure-
ment  noises (both attitude and rate),  the disturbance accelerat ion levels ,
and the update interval.  With the normalization procedure defined previously,
th ese pa rame ters are reduced to two base line parame t ers ~~ and T’ for the
d ouble integrator- type systems. Additional baseline parameters  for the
triple in tegra tor  and oscillator systems are  presented in their respect ive
sec tions . Each stead y- state performance  curve presented in the following
d i scu s s i o n  was genera ted by running  the cova riance sin-iulation program
from initialization to steady state for at least ten values of T ’. This pro-
cedure was repeated for various 

~~ 
values, thereby generating performance

cu rves for several ratios of sensor quality. The resultant curves
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(Fi gures 3-9 through 3-16) were overlayed to show system performance

versus  the normalized update interval T ’ for various r ’ value s on aw
single plot for each system type.

1. DOUB LE INTEGRATOR PERFORMANC E

The normalized steady- state performance of a mixed continuous rate /
discrete attitude system with double integrator-type dynamics is presented

in Figures 3-9 and 3-10. Figure 3-9 is a normalized curve of the maximum

steady-state  mean- squared atti tude estimation e r ro r  E(B 2 ) as a function of
the update interva l T ’ for each axis of a double in tegra tor - type  system with
uniform updates .  The sensor param eter r~ is varied from io 6 , which
represents  a totally d iscre te  atti tude system, to 10~~~, which represents  a
mixed system with fairly high quality gyros.  As expected , the variance of
the e r ro r  E(~

2 ) increases w ith increasing update intervals .  However ,
system s with hi gher  quality gyros (smaller r 1~ ) experience less perf ormance

degradation with increasing intervals because of the availability uf continuou s

low noise rate measurements that inhibit error growth between discrete
att i tude updates.  This is more evident when the rms attitude e r ror  is
examined. Using the example system parameters  from Table 3-4, the nor-
mal ized time T ’ for an update interval of 100 sec is 1. From Figure 3—9,

6 . . 2 .for T = I and r = 10 , the normalized variance E(~ ) is approximately
equal to 0 .6 .  Using Eq. (111-23), the rms error  is e r s  = ~~~~ < io 6 rad ,
which is equivalent to an attitude error of 1.6 a rc  sec for the discrete  sys-
tem . However, for the mixed system with r~ = 0. 1, the var iance at the
sam e update interval is approximately equal to 0.25. Using Eq. (111-23)

and converting the result to arc sec yields an attitude error of about
1.03 a r c  sec. Thus, the difference in performance  between the totally dis-
cre te  and the mixed system s with SPARS-quality sensors is approximately
0.6 arc sec for an update interva l of 100 sec between star si ght ings .  The
equivalent performance at an interval of 1000 sec is 7. 1 arc sec and 2. 6 arc
sec for the discrete and mixed systems respectively. The performance
dif ference  in this case is 4. 5 arc sec, indicating that the presence of rate
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information decreases the effects  of dis turbance accelerations upon system
performanc e between star sightings.

Figure 3-j O represents the normalized rate estimation performance of
the mixed system versus the attitud e sensor update interval  for va rious
sensor qualities. The de-normalization procedure for these curves is
analogous to the process used for the attitude curves  except that Eq. (111-24)
is used to determine the rms rate estimation error w . It may be seen- rms
from Figure 3- 10 that, for systems with high quality gyros (r’ < 0 .01) ,  the

rate estimation error  is negligible . The initial decrease  in the var iance of
the rate e r ror  for the r ’ 106 case in Figure 3— 10 results from the lack of
attainment of t rue stead y state in the covar iance  anal y s i s  p rogram run at
T’ = 0. 1, causing a slightly higher E(w

2
) value for this case.  The di f ference

between this value and the true stead y- state value was considered insuffi-
cient to warrant a rerun of the program .

The steady - s t a t e  performance for all conceptual  desi gns cha racter ized
by double integrator  dynamics may be determined using Fi gures 3-9 and 3—10
and calculating the appropriate scaling factors  with Eqs. (111-25) and (111-26).
The scaling constant ~ for all steady- state curves  presented in this section
is equal to to e , and was selected for com putational stability in the covari-
ance analysis program. Performance trade-off s and sensitivit ies for the
double in tegrator  system versus various sensor and system p aramete r s
are presented in paragraph III.H.

2. TRIP LE INTEGRATOR PERFORMANCE

As was indicated in paragraph III. C , a covar iance analysis was con-
ducted on the tr iple in tegrator  system to investigate the effects  of gyro bia s
upon the steady-s ta te  system performance.  The bias model used was a
random walk produced at the output of an integrator whose input is white

noise. Thus , the state equation represent ing the gyro biases is

= 

~9~b (111-28)
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where the vector b contains the bias components along each of the three

measurement axes and .a b represents the white noise input driving the bias.
Equation (111-28) represents a third state equation to be integrated in addi-

tion to the state equations for 6w and 0 (Eqs . [111- 3] and [111-41) within
the dynamic model , hence the name triple integrator for systems including
gyro biases.

The tri ple integrator add s a new baseline parameter B to the covari-
ance analysis.  This parameter determines the level of white noise driving
the bia s and is defined by the equation

(111-29)

where ~ is the scaling constant and q is the white noise equivalent of the
disturbance acceleration. Thus, the normalized pa rameter B represents
a ratio between the white noise driving the gyro bia s and the equivalent white
disturbance acceleration noise driving the vehicle dynamics. All other
baseline parameters and scaling equations for the tri ple integrator are
identical to those for the double integra tor .

The covariance analysis program was run with tri ple in tegra tor
dynamics to obtain steady- state performance data similar to the curves

obtained for the double in tegra tor.  These data are presented in Figures 3-11
and 3-12. The normalized variance of the attitude estimation error  E(0 2 ) is

presented in Figure 3-11 as a function of the normalized update interval T
with varying sensor qualities r 1~ . Figure 3-12 is an illustration of the nor-
malized variance of the rate estimation er ror  E(w 2 ) as a function of the same
parameters .  De-norrnalization of these curves is identical to the procedure
used for the double integrator  curves.  The valu e of B 0 .001 , selected
for the tri ple integrator , results in a noise level , driving the gyro bias , of
one-tenth the magnitude of the disturbance acceleration noise. Using the
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example system parameter values of Table 3-4 in Eq. (111—29), this value
- 19 2 3of B results in a white noise level of 10 rad /sec  driving the gyro

biases . Then , for this example the random-walk gyro bias is such that
the rate measurement uncertainty increases at approximately 6.5 X 10~~
arc sec/ sec each sec without bias correction . This value represents a

fairly high level of gyro drift, and was selected to illustrate the effects of

gyro bias upon system performance.  The actual selection of 
~~ and ,

hence, B for a pa r ticula r system must  be based upon gyro noise statistical
information , such as the gyro power spectral, which is discussed in

Appendix D.

Comparing the double integ rator results with the triple integrator, it

is evident from Figure s 3-9 and 3-11 that the inclusion of gyro biases consider-
ably degrades  system performance to the point where the attitude variance S

E(0 2 ) approaches that of the pure discrete attitude system. The biases
dominate the measurement  uncertainty so that reducing the random (white )
component of the measurement noise does not appreciably improve system
performance for systems with the lower noise gyros.  This is illustrated by
the small difference between the performance curves for r1~ = iO~~ and

10~~ in Figure 3-11. It must be remembered that the triple integrator results
a re  correct  only for a rand om-walk gyro drif t  behavior. This represents a
wors t -case  bias model in that the long- term gyro dr i f t  is unbounded. Data
on hig h quality , low noise gyros seem to indicate that the long-term drif t
behavior is bounded and , there fore , should not be modeled using a pure
random walk . Other dr i f t  models were not cons idered in this analysis due
to time cons t ra in t s ;  howeve r , recommendations concerning gyro noise
modeling and testing are included in Section IV. In general , the triple
in t eg ra to r  results  indicate that measurement  noise sources other than
white noise can drast ical ly affect system performance and should not be
neglected in any detailed per formance  analysis .

In particula r , gyros exhibiting low frequency drift  behavior in the
form of a random walk with driving noise levels on the order of one-tenth the
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disturbance acceleration noise are of little benefit to the mixed system.
The performance of a system with these gyros is , for all practical purposes,
equal to the performance of a double integrator system with mappers and
no rate information.

3. OSCILLATOR PERFORMANCE

As indicated in Table 3-3, three of the six basic conceptual desi gns
can be characterized as ha ving oscillator-type dynamics. In particular ,
their normalized dynamics matrices A are defined in Figures 3—4, 3—6, and 3—7.
To evaluate the performance of these systems, a single generalized oscil-
lator system was used in lieu of three different oscillator dynamics models.
The dynamics matrix of the generalized oscillator system used in the
covariance analysis is

10 0 -
~~~~:

O 0 0 1  I

11 0 0 1
A = —i (111-30)

0

The primary difference between the generalized matrix of Eq. (111-30) and
the dynamics matrices of Figures 3-4, 3—6, and 3—7 lies in the fact that cross—
axi s coupling is contained solely in the kinematics or attitude geometry of the
generalized system. The dynamics matrices of the oscillator-type con-
ceptual designs contain cross-axis coupling in the dynamics or angular

S velocity states as well as possible coupling in the kinematics as the result
of quarter-orbi t  effects .  The generalized oscillator (Eq . [111-30] ) is derived
from the conceptual desi gn oscillator cases by a transformation f rom the
body reference  frame to a nonnutational re ference  frame. This coordinate
transformation places all cross-coupling effects solely in the attitude states
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or kinematics, and results obtained in thi s nonnutational frame are  equally
as valid as those obtained in the body reference frame.

The only restr ict ive assumption used in conjunction with the covari-

ance analysis of the general ized oscillator system is that the cross-axis
coupling is symmetric and represented by the normalized dimensionless
parameter fi as indicated in Eq. (111-30). This assumption permits the
description of the cross coupling by one variable instead of two and thus
reduces the number of computer runs necessary to determine oscillator

performance. It is equivalent to the assumption that the inert ias along the
principal axis normal to a momentum bias are equal.

The covariance analysis of the general  oscillator system was run for
two levels of cross-axis coupling (‘fl = 0.1 and 0.01), representing a strongly

cross-coupled system as a result of momentum due to small onboard wheels.

These results are presented in Figures 3-13 through 3-16. Maximum values of

and E(~
2
) for the strongly coupled oscillator system versus T’ and

at three values of r’ are shown in Figures 3-13 and 3—14. Similar results for

the weakly coupled system are illustrated in Figures 3— 15 and 3—16. The base-
line parameter definitions and de -normalization procedures are the same
as those used in the double integrator analysis. Although the oscillator is
a cross-coupled system, the performance results given here are in terms
of single-axis curves. From the generalized oscillator dynamics matrix
(Eq. [111-20]), it is evident that the y-axis is uncoupled and behaves like a

pure double integrator.  Also , since the cross coupling between the x and
the z-axes is symmetric, their estimation e r rors  b ehave similarly with
time and, therefore, the steady-state performance of these axes is identical.

Hence, the oscillator performance data contained in Fi gures 3-14 through 3-16
apply to each of the two coupled axes. The third axis performance can be

obtained directly from the double integrato r curves shown in Figures 3-9
and 3-10.
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Compa rison of the E(~
2) curves for the weakly coupled oscillator

(Fi gure 3-13) with those for the double integrator (Figure 3-9) show s virtually
no difference in performance. Thus, for cross-axis coupling ratios of
17 = 0.01 or less , the steady-state performance of oscillator-type systems

can be determined from the double integrator curves. Comparison of the

strongly coupled oscillator performance (Figure 3—15) with the double

integrator performance curves indicates tha t , for the poorer quality rate
sensor systems, the oscillator system out-performs the double integrator
system . However, this performance improvement is the result of the fact

tha t estimation errors  between discrete  updates in the oscillator system

behave in a bounded sinusoidal manner whereas the errors in a double

integrator system grow in an unbounded secular fashion between updates.

Thus, for the higher update rates (shorter updat e intervals), the perfor-
mance advantage of the oscillator-type system over the double integrator

system is negligible. As the update interval inc reases, the perfo rmance
improvement increases. The performance advantage of the oscillator sys-
tem also improves as the quality of the rate sensor decreases (i.e., r~
increases). This is a result of the Kalman filter ’s heavier reliance upon
the dynamic model as the measurement noise increases.

Although the oscillator is capable of better performance than the double
integrator  because of the bounding of errors between updates, this perfor-
mance advantage appears to be small even at fairly large update intervals
and cross-coupling levels. Using the example system parameters of

Table 3— 4 , the oscillator normalized performance for a 10—perc ent cross-

coupled (17 = 0. 1) system at an update interval of 1000 sec (T’ = 10 for
-2 1 . . 2

= 10 j is approximately E(R ) = 1.45 based on the r = 0 .1  curve in

Figure 3— 15. Using Eq. (111—23) with r~ = 1O (rad) , the rms attitude esti-
mation er ror  

~~rms~ 
for this example is 1.20 X i0~~ (rad)  or approximately

equal to 2 .48 arc  sec . The double integrator performance for the same

update interval and instrument qualitie s resul ts  in a normalized variance
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of E(8 2 ) = 1.60 . Again using Eq. (111-23), the estimation error  for this
-5example is 8 = 1. 26 )< 10 or 2 .6 1 arc sec.rm S

Thus the difference in performance between the double integrator and

the oscillator is 0. 13 arc sec. This is a performance advantage of only
4 percent in favor of the oscillator. Bearing in mind tha t this advantage
diminishes with increasing gyro quality of update rate , it may be concluded
that the oscillator performance is essentially the same as that of the double
integrato r for most applications. The implication of this conclusion is tha t
the dynamic model implemented in the attitude estimation filte r for a vehicle
with cross-coupled dynamics (i. e., spinning a momentum-biased satellite)
need not includ e cross-axi s coupling since the estimator performance is
essentially the same with or with out cross coupling . However , this con—
clusion is based on a limited covariance analysis of the oscillator (with
1 and tO-percent cross coupling) and, thus, it cannot be assumed to be
valid for all possible reference systems for future  satellite missions and
configurations. Detailed analyses should be conducted for each particular
system before simplif ying the estimator dynamic model. Howeve r , for the
purposes of thi s technology study as well as any mission planning app lica-
tions , this conclusion seems reasonable. System performanc e sensit ivi t ies
and t rade-of f s , presented in paragraph III .H , are based pr imari ly upon
double integrator  results .

L 
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E. CONVERGENCE PERFORMANCE OF CONCEPT UA L

DESIGNS

The convergence or response time of an atti tude reference system

is the time duration f rom system initialization to the settl ing of attitude
reference e r ro r s  below the system accuracy requirement .  System

initialization would occur  after  orbital injection and probably following
station-keeping maneuvers.  The convergence behavior is , therefore ,
the transient response of the reference system.

The transient response of an attitud e reference system is a function

of the types of algorithms used to process the attitude sensor output signals

and the t ransient  response of the att i tude estimation f i l ter .  The filter

t ransient  response can be well defined in terms of sensor noise parameters,
initial uncertainties, and update rates.  Transient response curves for both

the continuous and mixed continuous/discrete f i l ters  are presented in para-

graph E. 2 below . It should be emphasized , howeve r , that a t t i tude estima-

tion fi l ter t ransient  response is often not the dominant influence on the tota l

system transient  response and , hence, gives only a limited indication of

system convergence time. The star identification problem can be of greater

impact on the convergence time in that a false identification during the f i l te r

initial t ransient  will result in a bad measurement and considerably delay
the convergence.

The attitude sensor si gnal processing method is the other major

influence upon system transient  response.  Unlike the filter t rans ient

response , this influence is difficult to define since detailed sensor and signal
processing models are required to describe adequately the transient behav-

ior of each conceptua l desi gn. Such modeling is hi ghly mission and sensor
dependent and would thu s be too res t r ic t ive  in scope and prohibitive in time

to include in this study. However , a brief qualitative discussion of the
effects of the signal processing method upon system convergence tim e is
presented in the following subsection .
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1. SIGNAL PROCESSING EFFECTS ON SYSTEM
CONVERGENCE

The attitude sensor output signal must be processed in some fa shion

before attitude measurement data can be supplied to the estimation filter.
The purpose of this processing is to determine if the sensor output is due
to a valid reference object within the sensor field of view (FOV) or if the

output is due to background noise including other objects not used for ref-
erence purposes. Moreover, if there are multiple candidate reference

S objects , the output processing must be able to identif y the object being viewed.

An example of such a detection and identif ication processing scheme is a s tar
catalog search routine used in conjunction with a star sensor system.

The basic goal of the signal processing scheme is to maximize the
probability of rejecting false objects while maintaining a hi gh probability of
detecting true reference  objects. The latter consideration is particularly
important in mapper systems to maintain a hi gh attitude measurement rate.
Generally, this goal r epresents a conflicting t rade-of f .  For example , star
sensor system s that have a high probab ility of rejecting false or misidenti-
fied s tars  usually accept fewer  stars than systems with a lower rejection
probability. The latter type of system accepts more s t a r s  but with a greater
risk of accepting a false or misidentified star.

The convergence time for tracker systems is a function of the tracker
acquisition time. This is the tim e required to locate and lock on to a
reference object. Using a star tracker example , it is evident that a tracker

system that accepts more stars will generally converge faster than one that

must search out a relatively few number of acceptable stars. The problem

with such a system is the hi gher  probability of locking on to a false or
misidentified star. Should this occur, the system may never converge

unless some override featu re  is ava ilable . Exercise of this feature would
reset the system to s tar t  acquisition again.
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The same basic consideration s apply to a mapper system. However ,
the detection and identification procedure occurs repeatedly, each time a
discre te  mappe r outpu t signal occurs.  Using a star mapper system example ,
whenever a mapper signal occurs the signal processing scheme must  deter-
mine if the output is due to a true star being scanned by the FOV. This is
usually accomplished by consulting a star catalog that lists the probable
stars in the FOV at the tim e the signal occurred. Assuming that the proba.-
bility of false or misidentified sta r rejection is 100 percent , the fastest
converging mapper system is obviously the system with the highest  measure-
ment rate, and the convergence behavior would be strictly a function of the
f i l ter  t ransient  response. In reality, the probability of false star rejection

will be something less than 100 percent due to measurement and processing
uncertainties. The convergence time is then strongly influenced by the
possibility of accepting false or misidentified stars.  To determine this
effect adequately, a detailed simulation including the system truth model
must be exercised in a Monte Carlo fashion with randomly occurring false
measurements. Convergence time statistics would then be determined
based on ensemble averaging with various false measurement occurrence

rates  and initial conditions. Such an effor t  cannot be under taken unless a
specific system is defined in detail including sensors , processing electronics,
and estimation filter. For the purposes of this study, the effects  of the
signal  processing method upon system convergence have been ignored by
assuming that  all measurements, whether they are  discrete or continuous ,
arc  due to true , properly identified referenc e objects . Given this assump-
tion , the system convergence performance is str ict ly a function of the
attitude estimation fi l ter t ransient  response.

2. ESTIMATION FILTER TRANS IEN T RESPONSE

The t ransient  response of the attitude estimation filter used by the
conceptual desi gns in this study is a function of the initial attitude and rate
uncertainties as well as sensor noise parameters  and , for the mixed filter ,
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update rate. The effects of sensor noise and update rate upon the filter

transient response are presented using a double integrator example system

that operates with continuous and mixed continuous/discrete sensors. A

normalized set of initial attitude and rate uncertainties was used in gene rat-

ing these transient data. Actual initial conditions must be determined from
detailed mission analyses that consider such factors as attitude control

deadband s and booster dispersions. These considerations were not included

in this study because they are so highly mission dependent.

Referring to the description of the continuous, single-axis double

integrator system discussed in Section IV, the normali zed Ricatti
differential equation can be written as

4~~~= A E + E A
T
~~~E R I E + Q ~ (111-31)

where

/0 1\ Jo o\ /1 0 \

A = (  Q ’=(  ) R ’ = f  (111-32)

\o oJ \o it \o (Zc ) 2 
- 2/

Equation (111-3 1) indicates that the transient response of the continuous

double integrator system is a function of the initial normalized covariance

value E( t = 0) and the normalized parameter

(111- 33)
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The time in Eq. (111-3 1) has been normalized by the scaling frequency

/ \ 1/4
(111— 34)

~ 
r~ /

The foregoing ~ and (2 parameters can 
be interpreted for the steady-state

Kalman filter as the filter damping ratio and bandwidth, re spectively.

During transient operation, the filter bandwidth is initially large so that

the filter can rapidly converge to an approximate value of the system

state. As time progresses, the bandwidth is decreased to provide more

smoothing of the si g nal from hi gh frequency noise . In the stead y state,
the bandwidth approaches the value defined by Eq. (111-34). The parameter

C cannot be interpreted as a damping ratio during transient operation.

This may be seen from the fact that the minimum value of 
~ 

is 1/~/~~,
reached when the rate measurement noise r 8~ be comes very large

(r
6~ 

>> r8q). Moreover, the larger the value of ç, the faster the filter
response becomes. This may be seen from Figure 3-17, which represent s

an overlay plot of the nomi alized attitude e stimation error variance E(8 2 )

transient response versus normalized time T for various values of t .

The normalized initial condition used for the transient responses in
Fi gure 3— 17

/1 0

E(t = 0) =

0 1

Looking at Eq. (111-33), which defines ~ , the larger values of C a re  obtained

when the rate measurement  uncer ta in ty r
~ 

becomes very small . Under

thi s c i rcumstance the rate measurement  is very accurate , which tends to

inhibit growth of the estimation er rors  to a greater  extent than with less

accura te  rate measurements .  The result is fas ter  filter convergence as
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can be seen from Figure 3~~i7. Alternately, the larger the disturbance

environment, represented by q, the larger the valu e of C~ resulting in
fas ter  convergence. Thi s is because large values of q result in large
initial system bandwidths (2, which allow rapid initial convergence to an
approximate value of the system state.

Using the parameters listed in Table 15 , with a Continuou s attitude
-10 2sensor noise r

8 
equal to 10 (rad /sec), the appropriate transient

response curve for the example system is determined by calculating ~ from
Eq. (111-33). This results in a C value of 0 .725.  From Figure 17 , the
closest response curve is the transient response for C of 0 .741.  Fitting
thi s curve to an exponential results in a time constant of i = 0. 8. From
Eq. (111-34), using the example system parameters  results in a scaling

— frequency of 0 = io~~ ( i/ s ee) .  Hence , the time constant of the system is

T = i = 80 sec

It can be seen that such a system time constant is of negligible concern
com pared to the continuous sensor acquisition problem mentioned at the
beg inning of this subsection. Even an order-of-magni tude increase in the
fil ter time constant for the continuous system would have minimal effect
upon convergence requirements.

The transient response for a mixed system with continuous rate

sensor s and discrete atti tude sensors operating at three different  update
intervals is presented in Figures 3-18, 3— 19, and 3-20. As in the continu-
ous case, the initial condition used for the normalized attitude error variance

2 .  . . . .E(e ) is unity, and the time is normalized by Eq. (111-26) where the mixed system
bandw idth is defined by Eq. (111-25). The scaling factor for the transient

response is ~ = io~~, and the instrument quality used for the three runs
is r ’ = 0. 1 in order to match the example system parameters.  As in the
steady-s ta te  case, only the peak variance is indicated.
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The mixed system estimation filter transient response is shown in
Figure 3-18 for a normalized update interval of T’ = 0. 5. Using the example
system scaling frequency of 0~ = 10~~ (sec) 1

, the update interval is equal
to 50 sec in real time . It can be seen from this figure that the filter has
practically reached steady state by the twentieth update (t ’ = 10), which
results in a filter convergence time on the order of 15 m m .  Assuming tha t
all measurements are correct, the filter transient response for this system
is well within a convergence time of 1 hr.

Figure 3-19 is an illustration of the transient behavior for a mixed sys-
tem with an update interval of T ’ = 2 , or , for the example system, a time
of 200 sec between updates. At 1 hr (T ’ = 36) the system performance has
almost reached stead y state with a normalized attitude error variance of
0.6.  This level of performance is attained after  18 updates. The system
could, therefore, be marginal for a i -hr  convergence time requirement,
depending on how close the performance must be to steady state at the
convergence time limit.

In Figure 3-20, the transient re sponse curve is shown for a system with
update intervals of T’ = 10 or T = 1000 sec for the example. Because of
the scaling it is difficult to establish the exact nature of the response.
However , it appears that the error Is still decay ing at T ’ = 60 or an equiva-
lent real time of about 1.7 hr .  Such a system would obviously not meet a
1-hr convergence tim e requirement.

Usually, system.~ calling for fas t  conve rgenc e require high steady-
sta te  performance. Such system s, if relying on mappers , require short
update intervals to maintain steady_ s t a t e  performance.  Thus, systems
with average update intervals on the order of 1000 sec will probably not be
required to converge within 1 hr.
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F. ANALY TICAL PERFORMANCE RESULTS

Thus far , the approach taken in the ana lysis of the performance of the

attitude refe rence system conceptual desi gns has been a ‘~orute force ” covari-. ‘

5

ance analysis wi th computer programs to conduct covariance analyses of the

three major dynamic system types , i . e . ,  double integrator , triple integrator ,

and oscillator, identified in Section III. C as most representative of the behav-

ior of the conceptual designs . The somewhat idealized case of uniform update

intervals was assumed in the covariance analyses compute r simulation. Such

an assumption approaches reality for sp inning satellite configurations . How-

ever , its validity has not yet been established for the local vertical configura-

tions where the update interval may follow a random sequence.

Based upon the foregoing covariarice analysis computer program results ,

the following major performance conclusions have been drawn:

a. The effects of attitud e estimation filte r transient response upon
system convergence time are negligible comp ared to the sensor
signal processing effects .

b. Rate gyro bias in the form of a random walk degrades the per-
formance of a mixed system to a point approaching a pure dis-
crete attitude system for bias driving levels of 10 percent of
the r andom disturbance acceleration or greater .

c. The performance of a system with cross-axis coup ling in the
dynamic model (oscillator) is virtually the same as that of a
system with no cross coup ling (double integrator)  for cross-
coup ling levels up to 10 percent.

In addition to these major conclusions , a series of normalized steady-
state performance curves was generated that may be used to determine the

performance of mixed continuous ra te /discrete  attitude systems for various
sensor qualities and update intervals. The effects of cross coup ling may be
determined from the oscillator performance curves , and the effe cts of gyro
bias from the triple integrator performance curves.

To improve understanding of the sensitivities illustrated by these nor-
mali zed performance curves as well as to establish a relationship between
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the performance of the uniform update system and the r andom update system,

a series of studies was performed with the intent of deriving analytical per-
formance relations. These efforts , which were based primarily upon the
double integrator model , are presented in paragraphs F. 1 through F. 4.

Paragraph F. 1 is a discussion of analytical performance sensitivities

to various system and sensor parameters for the double integrator system
with continuous attitude and rate measurements or discrete (uniform update
interval) attitud e measurements only. In Paragraph F.Z , an analysis is
presented of the effects of random (Poisson) update intervals upon the per-
formance of a mixed system, and analytical performance bounds are derived
that may be used to define the average perforr~iance of the random update
system. The performance of a suboptimal (single integrator)  filter similar

to the SPARS filter is described in Paragraph F. 3, and its performance is
compared with the fully optimal (double integrator)  filter. In addition, per-
formance comparisons are made of the uniform and random update subopti-
mal fi l ters.  Finally, in Paragraph F.4, a discussion is presented of the
effect~ of measurement geometry on system performance, and two approaches
are d efined for the determination of op timal sensor configurations.

1. SPACECRAFT AT TITUDE ESTIMATION FILTER RESPONSE

a. Introduction

A description is presented in this subsection of the characteristics of
the Kalman filter that estimates attitude angles and rates from continuous
and discrete measurements of attitude angles. It is assumed that the space-
craft  axial cross coupling is neg ligible and the attitude ang les are simple
integrals of the attitude rates.  In addition , the vehicle is subject to random
dis turbance  torques and the attitude angle measurements are corrupted by
.,‘-iditive random noise.

The ilynamic characteris t ics  of the Kalman fi l ter are described using
n ~pt~ of f i l ter  gain , bandwidth , and damping ratio.  Since a Kalman

l i n e a r  f i l te r , it can be described in terms of a linear (time-varying )

8!
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system. In the steady state , it becomes a t ime-invariant (Wiener) filter.
This fil ter can be described by using linear system analysis techniques in-
cluding frequency domain methods such as Bode diagrams . Since the order
of the filte r (the number of poles) is equal to the number of state variables
estimated , in this example the filter is second order and may be described
by its gains , natural frequency,  and damp ing ratio .

The steady-state performance characterist ics of the continuous and
discrete angle measurement f i l ters and the continuous angle and rate mea-
surement filters are also presented and compared. Analytical expressions
for the maximum, minimum, and average mean - squared angle and rate-
estimation errors  of the filte r are provided and are shown graphically. Sen-
sitivity analyses of the Kalman fi lter performances are also presented , and
trade -offs between the sensor measurement errors  and the interval between
measurements are discussed .

b. Continuous Angle Measurement Filter Characterist ics

Fi gure 3-21 is an i l lustrat ion of the Kalma n f i l ter  when continuous
a t t i tude  ang le measureme nt s z 0 are taken (see Section IV). Physically,
these measurements may be obtained from star or landmark tracker
data.

In this fi gure , the filter input is measurement ze of ang le e corrupted
by additive white noise n , and the filter outputs e and w are the best esti-
mates of ang le 8 and its r ate w . The filte r natural  frequency (2 and the damp -
ing ratio ~ are time vary ing until the filter reache s steady state so, strictly
speaking, the filter model in Fi gure 3-21 is only applicable in the steady state .
However , one can imagine a filter with a time-varying bandwidth (and damp -
ing ratio). Initially, when very few measurements have been taken , the bar .d-
width is wide , thus allowing rap id changes in the output. This wide band-
width also passes considerable noise so the outputs are also noisy. Afte r 

- 
‘ -.

many measurements have been processed , the filte r output has almost con-
verged to the true rate and angle values so the bandwidth can be decreased ,
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Fi gure 3-2 1. Attitude and Rate Filter for Continuous Attitude Measurements
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reducing the noise on the outputs . Howeve r , the bandwidth cannot be reduced
to zero because the random torques acting on the vehicle cause changes in
the vehicle rates and angles that the filter must track .

Figure 3-22 is a Bode diagram of H 1, the transfer characteristic between
the angle measurements and the output rate estimate ~~~ . From this dia-
gram , it is clear that the filter differentiates the low frequency signal por-
tion of the spectrum while attenuating the high frequency noise portion.

The block labeled H2 in Figure 3-2 1 derive s the be st ang le estimate 8
from the best rate estimate ~~~ . Note that the best angle measurement is
not the simple integral of the best rate estimate ~~~~. If H2 were a simp le
integrator , it would indicate that the best rate estimate ~ could be derived
by simply differentiating the best ang le estimate 8. Since the process of dif-
ferentiating accentuates the noise , the t ransfer  characteristic H~~

1 between
the angle estimate 8 and r ate estimate ~ only differentiates the low frequency
signal portion of the spectrum.

In the steady state , the bandwidth (2 and the damp ing ratio 
~ of the con-

tinuous angle measurement filte r i l lustrated in Fi gure 3-2 1 are given by

(2 = ( q/ r ) ~~~~ (111-35)

= i / ~.T~ (111-36 )

where q and r represent  the hei ghts of the disturbance torque and measure-
ment noise in powe r spectral densities (PSDs). These PSDs are flat since
both the disturbance torques and noise are assumed to be white noise proc-
esses.  Physically, this implies that their  bandwidths are much wide r than
the fi l ter bandwidth . The bandwidth (2 increases as the disturbance torque
level q increases because larger disturbance torque levels cause the t rue
vehicle attitude to change more rapidly. The bandwidth decreases as the
measurement  noise level r increases , thus reducing the output noise.
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Figure 3-22 . Bode Diagram of Transfe r Function
from Angle Measurements z 9 to
Rate Estimates ~
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The steady-s ta te  mean-squared ang le and rate estimation e r rors  of
this continuous filte r are g iven by

p89 = “Th rC2 (111—37)

= ~~ r(2~ (111-38)

These errors  represent the average mean-squared differences between the
true angle 8 and rate w and the filter estimates 0 and ~~~ .

Equations (111-37) and (111-38) indicate that the rms ang le e r ro r
is only a weak function of the disturbance torque level q, because (2 = ( q/ r )

1/8implies that 
~ ee is proportional to q . The rms rate e r ror  p

~~, is pro-
portional to q 3/8 . The e r ror  dependence upon the sensor noise level r is
just  the opposite .

3/8The rms ang le e r ror  is proportional to r while the rms rate e r ror
is only proportional to r 1

~’8 . Basically, the system dynamics smooth the
disturbance torques so the ang le changes are not as strong ly influenced by
the disturbance torque levels (q) as are the rate changes.

Equations (111-35) throug h (111-38) not only indicate the sensitivities of
the e r rors  to the disturbance torque q and measurement noise r levels , but
they also allow the filter to be desi gned from a bandwidth viewpoint. In
most cases , the sensor measurement noise level q can be determined fairl y
accurately from laboratory test data . However , the disturbance torque level
q is generally much more difficult to determine because it represents the
orbital (zero g) spacecraft environment, which cannot be simulated accu-
rately prior  to launch. Therefore , in these cases where q is difficult to
determine, the filte r bandwidth (2 can be used to specify the fi l ter .  Equa-
tions (111-37) and (111-38) then indicate the ang le and rate e r r o r s  that result
from a choice of bandwidth . If the desired filter bandwidth produces unaccep-

S table e r ro r s , a t ime-varying bandwidth must be used . For examp le , if
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thrusters  are used for attitude control , the filter bandwidth could be
— increased when a thruster fires to achieve the required filter response time

and then decreased to attain the desired estimation error levels .

c. Continuous Angle and Rate Measurement Filter Characteristics

The steady-state performance for a Kalman filter with both continuous
ang le and rate measurements can be represented in terms of the bandwidth
(2 and damping ratio C by the relations

p89 r~ (2 (111-39 )
(2c) - 1

3 2~r e ~ 2 (111-40 )
(2c ) — 1

where r 8 is the angle sensor noise. Equations (111-39) and (111-40) are derived

in Volume III of Reference 1. The bandwidth for this system is identical to

that defined for the continuous angle filte r

1/4(2 = (q/ r 8
) (111-41)

The damping ratio for the continuous angle and rate system is defined by

H I J~~= 

~ 
V2 ÷ (111-42)

8w

where r 8 is the rate sensor noise. Note that , in the case of systems with

ve ry noisy rate sensors (r 6~~>> r 8q), the damping ratio approaches 1 f’~.J~ and
the angle and rate estimation e r rors  defined by Eqs. (111-39) and (111-40 )
approach those of the continuous angle fi lte r with no rate measurements

(Eqs. [111-41] and [111-42]).

1J. D. Gilchrist , Final Report  on Program STRETCH , TR-0066(5763)-1 ,
The Aerospace Corporat ion , El Segundo , California (31 July 1970).
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Substitution Qf Eqs. (111-41) and (111-42 ) into Eqs. (111-39) and (111-40 )
results in

p89 = (r~~)~~”~ (q) l /4~~ 8w (111-43)

p (r ) h / 4  (q) 3/4
\ /  (111-44)ww 9 v i

8w

Equations (111-43) and (111-44) indicate the ang le and rate estimation e r ro r
sensitivities to sensor noise and disturbance accelerations . As previously
indicated , systems with poor rate sensors (r 8~~>> r 9q) approach the per-
formance of the continuous angle filter. Hence , their sensitivities to r 9 and
q are the same as those indicated inParagraph l l l .F .1.b.  If the rate sensors
are very high quality (r 8~ << r 8q) ,  the ratios on the ri ght sides of Eqs. (111-43)
and (111-44) may be app roximated by

\J 
8w 1/2 -1/4

~~~(r ) (r eq)w
6w

Using this approximation in Eqs.  (111-43) and (111-44) results  in

p 99 ~ 
(r 9

) h / 2  (r 8
) h / 2  (111-45)

S ~ (r 5~~
) 1

~~ 
(q) i/ 2  (111-46 )
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Equation (111-45) indicates that , for  systems with low noise rate sensors , the
rms angle error  ~/~~~~ is proportional to r~~”~ and ~~~~~ The rm~ rate error

is proportional to the fourth  root of both r 9w and q. Comparison of
these sensitivities with those of the continuous ang le filter shows that the
presence of high quality continuous rate sensors improves the system capa-
bility to track the disturbance accelerations . The result is an rms ang le
error that is insensitive to q and an rms rate error  with sensitivity reduced

3/8 1/4from q t o q

d. Discrete Angle Measurement Filter Characterist ics

The continuous angle measurement Kairnan filter model in Figure 3-21
can also be used to characterize the behavior of the Kalman filter that results
when angle measurements are taken only at discrete times. This situation
occurs when strapped-down star mappers are employed. Here , the sighting
times are assumed to occur at equal time spacings T. The assumptions that 

S

the att itude angles are simple integrals of the vehicle rates and the angle
(star ) measurements are uniformly spaced are very good for zero -net-
momentum sp inning spacecraft  with strapped-down star mappers such as
those suggested for system B in Table 3-2 .

The assumption that the attitude angles are simple integrals of the
vehicle rates is also good for a spacecraft  stabilized to the local vertical.
However , for a local vertical stabilized spacecraft  such as system A in
Table 3-2 with strapped-down star mappers, the assumption that the ang le
(star)  measurements are uniformly spaced is not as realistic as for the
spinning spacecraft . For a spacecraft stabilized to the local vertical, a
better assumption is that the ang le (s tar)  measurements are randomly
(Poisson) distributed. When the average random si ghting rate >.. is large
compared with the continuous filter bandwidth C) (Eq. [111-39]), the estimation
errors  for the uniformly spaced and r andomly spaced measurement cases
are almost equal . In fact , the estimation e r rors  for the uniform update fil-
ter lie between upper and lower bound s derived for the random filter when
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the ratio of Q / X . is less than approximately 0.9.  Unfortunately, actual values

for the average estimation er rors  of a filter with r andom (Poisson) measure-

ment updates have not yet been obtained.

When the angle measurements occur only at discrete times uniformly

space” T sec apart , the filter model in Figure 3.2 1 must be modified by in-

cluding a sampler (and zero-order hold) on the angle measurement input.

Also , z-transforms instead of Laplace(s) t ransforms should be used to char-

acterize its response. However , the sampled data response of the fi lter can

S be modeled as a continuous system, providing it is understood that the con-

tinuous system response is only app licable at the sampling times. In .Appen-

dix E , the z-transform model of the discrete angle measurement filter is

derived and its response is characterized by a continuous system model.

The bandwidth 0 ’ and damping ratio ~~~
‘ of the discrete angle measure-

ment filter cannot be expressed in simple terms as can the bandwidth C) and

damping ratio C of the continuous angle measurement filter given by

Eqs. (111-39) and (111-40). The sampled-data filter bandwidth (2 ’ and damping
ratio C ’ depend not only on the disturbance torque level q and mean-squared

angle measurement e r rors  r ’, but also on the sampling period T. The com-

plex equations required to derive the sampled-data filter bandwidth (7 ’ and

damping ratio C ’ are presented in Appendix E.

Surprisingly, the damping ratio of the sampled-data filter C ’ and the

bandwidth 0 ’ of the sampled-data filter are almost exactly the same as the

damping ratio ~ i/ ~f2~ and the bandwidth C) = ( q / r ) 1”
~ of the continuous Lii-

ter , providing the sensor measurements are properly normalized.

The mean-squared measur ement error  of the sampled-data filter is

r ’ and its units are (rad) 2 . The measurement parameter r of the continu-

ous filte r represents the height of the measurement e r ror  PSD or the area

under the autocorrelation function of the continuous measurement e r ro r s .

The units of r are (rad ) 2 sec. If these continuous measurements are per-

fe ctiy correlated over T sec and uncorrelated thereafter , then
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r = r ’T (rad )2 sec (111-47)

where r ’ is the mean-squared measurement e r ror .  Substituting this expres-

sion into the equation for the continuous filter bandwidth (Eq. [111-39]) gives

(2 ’ = (q/r ’T)~~”~ ( r ad/ sec )  (111-48)

Here , the prime notation is used to indicate the sampled -data characteris-

tics of the measurement. Multiplying this expression for (7 ’ by T produces

the nondimens ional variable

‘~,J5i Q ’T = T(q/r  ‘T) 1”4 (111-49 )

A discussion of the significance of this grouping of parameters defined by y

is given in Appendix E -2.

There may appear to be some ambiguity in that the notation (7 ’ has been

used to denote the grouping of parameters indicated in Eq. (111-44) and it is

also used to denote the bandwidth of the sampled-data fi l ter .  Numerically,
however , the expression for 0 ’ in Eq. (111-44) and the resulting sampled-data

filter bandwidth calculated from the equations in Appendix E-1 of thi s report

are almost identical (within three decimal p laces) over the entire range of

parameters .  Similarly, the damping ratio C ’ of the sampled -data filter is
almost exactly the same as the damping ratio ~ = i / ~.f ~ of the continuous

fi lter for all ranges of parameters.  For values of ~~ (Eq. [111-45]) less than
1, C ’ and C are equal to four decimal places. Their difference increases as
s.Jj increases. However , for ~J ~T = 2. 3, the difference is only about 1 percent.

Again, the parameter ~~ = O ’T (Eq. [111-45]) represents (almost exactly)

the product of the sampled-data filte r bandwidth 0 ’ and the sampling period

T. For good filter performance, this parameter should be small because the

filter bandwidth 0 ’ should be small compared with the information rate l / T

S 
in order to smooth the data.
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Figures 3-23 and 3-24 are illustrations of the normalized steady-state
mean-squared position and rate errors  for the samp led-data filter as a 

S

function of the parameter ~J 7 Q ’T.

In Figure 3—23 ,

- peak mean-squared angle error
- 

mean-squared angle measurement error

p89 - average mean-squared angle error
- mean-squared ang le measurement error

p 98 - minimum mean-squared angle error
- mean-squared ang le measurement error

The peak angle errors  occur just prior to the measurements , and the mini - S

mum angle e r rors  occur immediately after the measurements. The average
angle error represents the time (integral) average of the ang le error  and not
simp ly the average of the peak and minimum e r ro r s .  The continuous filte r
angle error , with the continuous measurement e r ro r  parameter r rep laced
by r ’T (Eq. [111-43]), is also p lotted in Figure 3-23. This curve also repre-
sents a lower bound for the average error  when the measurements are r an-
domly (Poisson) distributed with an average rate of 1/T .

In comparing the ang le error curves in Figure 3—2 3 it is clear that, for
large values of ~~ = T(7 ’, the average angle error  (~ 89 / r ’) is dominated by
the peak angle error  (m99 /r ’). This implies that the filte r response in this
region is more dramatically affected by changing the product ‘J~ = T (7 ’ than
by reducing the mean-squared sensor error  r ’. For examp le , assume
T (7 ’ = 2. Then , from Figure 3—23 , 

~ ee /r ’ is (approximately) 5.8. Reducing
the update interval T by a factor of 2 reduces ~~ to 1 . 19 , which corresponds
to a value of p88 / r ’ = 2 . 2  (approximately) .  Therefore , a factor of 2 reduc-
tion in the sampling interval T ’ reduces the average angle e r rors  by a factor
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Fi gure 3-23. Steady-State Angle Errors  for Sampled-Data Filter
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of 5. 8/2. 2 = 2 .64. If the values of ~Jj  we re lar ger , the reductions would be
more dramatic.

Continuing this example , assume that ~~ = 2 and consider a reduction

in the mean-squared sensor errors r ’ of a factor of 2. This, due to the s cal-
ing, increases “.J~j  from 2 to 2 . 38. From Figure 3—2 !, this new value of ~~
corresponds to pee/r ’ = 9. 3. However , since r ’ has been halved , the result-

ing angle error is 9. 3/2 = 4. 65. Therefore, halving the mean-squared mea-

surement r ’ error only has reduced the (normalized) mean-squared angle

from 5. 8 to 4.65 or only about 20 percent.

For large values of ~~ = 0 ‘T, by taking the proper limits of the equa-

tions in Appendix E-2 , it can be shown that

~ee~~’~i 
y2 k1 T

3
q ; (O ’T>> 1 ) (111-50)

where = (3 + Z~.f~) I36 0. 18. Therefore , the behavior of 
~ee 

for large
values of ‘. f j  = 0 ‘T is independent of the sensor accuracy r ’ and is strongly

dependent upon the sampling interval T. The reason for this behavior is

that the mean-squared angle error increases as qt3 between measurements,

so even if the angle errors were zero after the measurements (implying per-

fect sensors, r ’ 0), the average angle error would be governed by the

growth between measurements. This growth rate assumes that no rate sen-

sor data are available. The addition of continuous rate sensors , such as rate
gyros, would appreciably decrease this angle error growth rate.

A lower bound for the average mean-squared error when the angle
3measurements occur at random (Poisson) ~nterva1s is equal to 2 T q for

large values of ‘~s Jj7 O’T where l/T is the average measurement rate. The

upper hound for the average mean-squared error when the angle measure-

ments occur at random (Poisson) intervals and this lower bound are essen-
tially the same for the values of “.J~ greater than 10. Therefore, for lar ge
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values of ‘J~, the average mean-squared angle error for the random (Poisson)
measurement intervals is a factor of 2/k1 = 11. 1 worse than the average

mean-squared angle error for uniform measurement intervals.

As ~~ decreases to zero, the sensitivity of the angle error  to the
samp ling interval T decreases, finally approaching the sensitivity of the con-
tinuous filter (with parameter r = r ’T) given by Eq. (111-41).

= ~~~ r ’TU ’ ~~~~(r ’)31
~ T31

~ (q h / 4 ) ; (O ’T < <  1) (111-51)

In thi s limiting case , has the same dependence upon r ’ as T. Therefore ,
only as ~~ approaches zero does the sensitivity of p to sensor measurement

errors r ’ approach the sensitivity of p~~ to sampling interval T.

These sensitivities of to sampling period T and sensor errors  r ’

imply that, if the angle sensor can be designed to obtain more measurements
(T < T ) even if the measurement errors increase (r ’ > r ’ ), thenew old 

— 
new old

mean-squared angle error will decrease, providing

r ’ T ’ ~ r ’ ‘1’ ’ (111—52)new new old old

A more detailed deriva tion of this result is given in Section IV.

To interpret the consequences of this result on sensor desi gn, consider
the desi gn of a star sensor. As the FOV of the sensor increases , the average
time between star sightings T decreases while the sensor measurement error
r’ increases because the wider FOV necessitates decreasing the sensor focal

length and magnification. The previous analysis indicates that the mean-
squared angle errors  will be reduced if the wider FOV decreases the
average star-sighting interval (T) as much as (or more than) it increases

the mean-squared measurement errors  r 1.

The graphs in Figure s 3—23 and 3-24 also indicate the effects on the

steady-state error s of changing the sampled-data filter bandwidth. For example,
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assume a star measurement interval of T 1 sec and a bandwidth of C) ’ =

2 Hz , which gives ~Jj  = C) ‘T = 2. If this bandwidth was more than adequate
from a control standpoint , any slight reduction in the bandwidth would appreci-
ably decrease the steady-state errors . For example, a 10-percent reduction
in the bandwidth C) ’ would result in ‘s f j  = 1. 8, which correspond s to pee/r =
4. 4 or a reduction in the mean-squared angle error  of over 20 percent. Of
course , the bandwidth can not be arbitrarily reduced because it must be ade-
quate to track the vehicle attitude changes.

The mean-squared rate errors  are shown grap hically in Figure 3-24.
In this figure ,

2T 
~~~~ — T2 

~ 
peak mean-squared rate error

r ’ 
— 

mean-squared angle measurement error

2—
T 

~~~ - T2 
~ 

average mean-squared rate error
r 

- 

mean-squared angle measurement error

2T 
~~~ - T2 

~ 
minimum mean-squared rate error

r ’ mean-squared ang le measurement error

where T is the interval between the angle measurements . Again , the peak
rate errors occur just prior to the measurements and the minimum rate
errors  occur immediately following the angle measurements. The average

• rate error  
~~~ 

represents the time (integral) average of the rate er ror .
However , since the mean-squared rate e r r o r  increases linearly in time ,
the average rate error is also the average of the peak and minimum
rate errors

m + p
p = W W WW (111-53)ww 2

This result is derived in Appendix E— 2.
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The continuous filter rate error with the continuous ang le measurement
parameter r replaced by r ‘T (Eq. [111-471) is also plotted in Figure 3—24 . This
curve also represents a lower bound for the average mean-squared rate error
when the angle measurements occur at randomly (Poisson) distributed times

with an average rate of l/T. From Figure 3-24 the average sampled-data rate

errors are very closely approximated by the continuous filter errors for
small values of ~sJ~ C) ‘T. Therefore, from Eq. (111-42),

p~~ p = ‘~ff r ‘T(C) 1)3 (C) ‘T < 1)

or

~~ (r ’)~~~ T 114 q3/4 ; (C) ’T< 1) (111-54)

This relationship indicates that the average rate errors are equally sensi-~
tive to the angle measurement errors r ’ and sampling interval T and more
sensitive to the disturbance torque level q for small values of ~ff C) ‘T.

For lar ge values of ~~ = C) ‘T, by taking the appropriate limits of the

equations in Appendix E-2, it can be shown that

k2 q T ; (C) ’ T>> 1) (111-55)

• where

3 + ~~~~k 2 — 6 — 0 . 7 9

Upper and lower bounds for the average mean-squared rate error when
the measurement intervals are randomly (Poisson) distr ibuted converge to

• q T for large values of C) ’T where l /T  is the average measurement rate .

Therefore, over all ranges of C) ’T, the average rate error 
~~~~~~~ 

when the
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measurements occur at uniform inte rvals, closely approximates the ave rage
rate error when the measurements occur at random (Poisson) intervals.

From Eqs. (111-54) and (111-55), for all values of C) ’ T the average rate
errors are relatively insensitive to the angle measurement errors r ’, and
for small value s of C) ‘T, the average rate errors depend primarily upon the

• disturbance torque level q. For large values of Q ’T, the average mean-
squared rate errors are equally dependent upon q and the sampling interval T.

2. KALMAN FILTER PERFORMANCE WITH MEASUREMENTS
AT RANDOM POINTS IN TIME

As was indicated in Paragraph III.A in the discussion of the attitude

estimation method , the statistics of the estimation error are contained in
the system covariance matrix defined by

P(t)  = ~~[e( t) e T(t) J

where ~ implies the expected value of the bracketed quantity and the vector
e = (x - 

~ ) represents the estimation er rors .  It may be shown that the square
roots of the diagonal or trace elements of the covariance matrix represent
the rms estimation errors  for each state and , hence , the i -s igma perform-
ance of the system for zero-mean Gaussian e r rors .

It was shown in Paragraph III. D that the rms errors  for a mixed or

purely discrete system with uniformly spaced (in time ) atti tude updates varies
regular ly in a sawtooth fashion between fixed upper and lower bounds. The
errors  are at a minimum or lower bound just after each attitude measure-
ment and grow to a maximum or upper bound just prior to the next attitude
measurement. Thus , the 1-si gma performance varies regular ly with time
between the fixed bounds , which are solely determined by the update inter-
val, sensor qu alities , and disturbance environment.

For a mixed or purely discre te system with randomly spaced attitude
updates , the i-sigma performanc ~ecomes a random quantity . It no longer
varies regularly with time in that the maximum and minimum estimation
errors have random levels. Hence , statistical averaging of the 1—si gma
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performance or rms estimation errors  become s necessary to characterize
the performance of the random update system. As suming that the time of
occurrence of a random update is determined by a Poisson counting process ,
the matrix differential equation for the propagation of the expected value of
the random system covariance matrix may be found (see Appendix G). For
a time invariant mixed system, i. e., a system in which the dynamic co-
ef ficient s and measurement geometries are constants, this equation take s
the fo rm

~ ~‘[P (t , 
~

) ]  = A~’[P(t, ~
)] ÷ ~ [P(t , 

~
) ] AT + Q

- ~~[P(t , g) G T R 1 G P(t , 
~

)]

H — XeEP(t, ~) H T 
~H P(t , ~

) HT + R~~~
1 H P(t , (111-56)

where ~ indicates the expectation of the bracketed quanti ty, G is the continu-
ous measurement geometry matrix, H is the discrete measurement geometry
matrix, R is the continuous sensor noise , R is the discrete sensor noise ,U v
and X is the Poisson average upda te occurrence rate . The covariance matrix
P(t , ~ ) for the random Poisson update system is a function of both time t and
the particular realization ~ of update sequence. That is , the value of the
covariance matrix at any particular time depend s upon the particular upda te
time sequence (realization) experienced out of all possible update time

• sequences.

The solution of Eq. (111-56 ) is not possible with only a knowledge of the
• firs t-order statistics of the covariance matrix represented by the mean or

expected value of the covariance matrix c~’[P (t , 
~~

)] . Se cond-order statistics
• must be known to evaluate the two nonlinear terms on the right side of

Eq. (111-56). Simp lif ying assumptions can be made , however , that allow a
solution to Eq. (III-56 ) based only on a knowledge of the mean covariance
value . These assumptions result in bound s upon the mean or average values
of the random update system covariance matrix.
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In particular, the equations for one upper and two lower bound s were
obtained in Appendix G. Abbreviating the upper and lower bounds by

Upper bound on e[P(t , 
~

) ]  = Pu (t)

First lower bound on ~~[P(t , 
~

) ]  = PL, (t)

Second lower bound on ~~[P(t , 
~

) ]  = PL2 (t)

the differential equations propagating these bounds for time invariant sys-

tems are

PLI (t) = A PL, (t) + PL1 (t) AT + Q - X PLI (t) (111-57)

P L2 (t) A P LZ (t) + PLZ (t) AT + Q - X PLZ (t) HT R 1 H PLZ (t) (111-58)

~~~(t) A P (t) + Pu (t) AT 
+ Q - Pu (t) G T R ,~~ G P~ (t)

- X P (t) HT[H P (t) H T + R f 1 H P (t) (111-59)

The first  lower bound (Eq. [111-57]) represents the performance of a purely
discrete attitude system with perfect measurements and an average Poisson

• update rate equal to X. The second lower bound can be derived assuming

• imperfect discrete attitude measurements only with an average Poisson event
rate of X. It may be employed as a lower bound for the mixed system as well ,
providing proper scaling is used for the continuous sensor measurement noise.
The upper bound Eq. (111-59) represents the mean performance of the subopti-
mal system whose filte r gains are independent of the particular realization ~
of the time sequence of updates. That is , the filte r gains are precalculated
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based upon an average expected update rate X. It can be shown that the mean
performance of this suboptimal system is identical to the peak estimation
errors of an equivalent uniform update system operating with an update rate
equal to the average Poisson rate X . Thus , the upper bound on the random
system average covariance Pu (t) is equal to the peak value of the covariance
matr ix (identified as the M

~ 
matrix in Eq. (111-52) for the equivalent uniform

update system. Hence, ths~. peak estimation error  variance curves E(e 2)
MAX

obtained from the covariance analysis of the uniform update systems may be
used to determine the upper bound on the average estimation error  variance
for the random (Poisson) update system. This tends to support the validity
of using the uniform update assumption in determining the performance of
the concep tual designs for local vertical satellite configurations . Numerical
examples of these bound s for both simp le and double integrator systems can
be found in Appendix G. The sing le integrator and its performance bound s
are discussed in the following subsection.

3. SING LE IN TEGRATOR PERFORMANCE

The single integrator may be thought of as a subop timal attitude esti-
mator that directly integrates continuous rate measurements between dis-
crete attitude updates. Wheneve r an attitude update occur s , the measure-
ment is processed optimally to obtain an improved attitude estimate . The
SPAR S filte r is representative of the single integrator type. This filter is
suboptimal in the sense that only attitude measurements are optimally pro-
cessed in obtaining the atti tude estimate . Although the rate is measured ,
it is directly integrated without filtering to propagate the estimate between
attitude measurements. In contrast, the double integrator can be considered
a fully optimal fi lter in the sens e that both attitude and rate measurements
are processed optimally to obtain estimates of both states .

The detailed derivation of the single integrator filter is presented in
Appendix H. Only a brief description of this derivation is given in Section
III to aid in understanding the performance sensitivities of the system.
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A comparison of the single and double integrator systems is made to

illustrate the difference in performance between the fully optimal and sub -

optimal filters. Finally, the equations defined previously in Paragraph Ill. F. 2

are used to determine the upper and lower bounds on the average performance

of the suboptimal single integrator filter with random (Poisson) update

sequences.

a. Comparison of Single and Double Integrator Performance

The measurements for the single integrator system consist of continu-

ous rate measurements from rate gyros

z w + n  (111-60)w w

and discrete attitude measurements from mappers

z8 8 + n8 
(111-61)

where n and n9 are white measurement noises , and w and 8 are true rate

and attitude respectively. The sys tem covariance for the single integrator

fi lter is

= ~‘[(8 - 8) 2 ] (111-62)

where ~ indicates the expected operation and 9 is the estimated attitude .

Between discrete attitude measurements, the filter directly integrates

the rate measurements to obtain an estimate of attitude . Hence , the state

equation for the es timate is

8 = z  = w + n  (111-63)w
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The true attitude is represented by

8 = w (111—64)

Integrating Eqs. (111-6 3) and (111-64) and substituting the results into Eq. (111-62)
gives the equation

m8 = p9 ÷ r t  (111-65)

where m9 
is the system covariance between discrete attitude measurements,

p8 is the covariance at the last discrete attitude update , and r is the white

noise equivalent area under the actual gyr o noise autocorrelation function.

As is shown by Eq. (V-65) , the system covariance grows linearly with time

between discrete attitude updates.

At a discrete update time, the attitud e measurement defined by

Eq. (111-61) is optimally processed , and the system covariance is updated

us ing Eq. (111-52). For this single integrator system, the result from

Eq. (V-52)  is

Im r
(III—

~ m

where r~ is the discrete attitude sensor measurement noise and the measure-

ment geometry was assumed to be unity . Solving Eqs.  (111-65) and (111-66)

gives

r T /  I 4r ’\
= 1— (

s

_ i  + + ;~:-4) (111-67)

and
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r T /  4r ’
= 1— ~i + ~Ji + — 4) (111-68)

where T is the time interval between discrete attitude updates. Equations
(111-67) and (III-68)are the desired analytical solutions for the single integrator
steady-state performance. Equation (111-67) indicates the lower steady-state
limit on the attitud e estimation error  variance, and Eq. (111-68) indicates the
upper limit on the error variance.

Rescaling Eq. (111-68) using the previously defined scaling Eqs. (111-25),
(111-26), and (111-27), the maximum variance equation may be rewritten in
normalized form . Defining the normalized maximum variance by

E(8 2 )MAX ~ —4 (111-69)

the result is

E(9 2)MAX ~~~
. (
~ 

+ + (111-70)

where the single variable x is a function of the normalized measurement noise
parameter r~ and normalized update interval T ’ so that

x = r ’ T ’ (111-71)• w

Thus the steady-state performance of the single integrator system is a func-
tion of the product defined by Eq. (111-7 1). Equation (111-70) is plotted as solid
cu rves for various values of r~ in Figure 3-25. Also indicated in thi s illustration
are the normalized performance results for the double integrator mixed sys-
tem from the covariance analysis simulation. These results are presented
as dashed curves for the same values of r~ derived for the single integrator
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Figure 3-25. Comparison of Single and Double
Integrator Performance
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case . Recalling that the parameter r~ is directly proportional to the rate
gyro quality (from Eq. [111-27]), it can be seen from Figure 25 that the sub -
optimal (single integrator)  performance is considerably worse for poor gyros

• (r ’ = 1.0)  than the fully optimal (double integrator) system performance.
However , as the quality of the rate measurements improves , the suboptimal
system performance approaches that of the fully optimal system until there
is virtually no performance difference for systems with r ’ = 0.01 or less.

To further illustrate the use of Figure 3—25, a numerical example
may be worked using the example system parameters given in Table 3-4.
To compare the performance difference between the suboptimal and optimal
systems for an update interval of 1000 sec, Eq. (111-26) is used with C)

0 =

to determine T ’. The result is T ’ = 10. Since r~ = 0. 1. for the example sys-

• tern , the two middle curves must be used to determine performance. Then ,
for T ’ = 10, the suboptimal system normalized performance is

E(9 2 )MAX 1.65

and the optimal sys tem performance is

• E(9 2 )
~~Ax = 1.22

where an asterisk is used to identify the optimal system. De-normalizing
using Eq. (111-23) results in

9 =2.64 arc secrms

and

= 2. 27 arc secrm S

• for r~ = j o _ j o 
(rad) 2 . The pe rformance difference , therefore , between the

optimal and suboptimal example systems is 0. 37 arc sec in favor of the
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optimal system. It can be seen from this result that the performance
advantage of the fully optimal (double integrator) system is small for instru-
ments of Space Attitude Refe rence System (SPARS) quality or better.

The suboptimal system performance sensitivities may be investigated
using Eq. (111-68) and taking partial derivatives of m9 with respect to r~~, r

~~
,

and T. Thus the sensitivity to the attitude sensor noise variations is

72— / 4r~~ 
(III-

\ /1 + —
V r Tw

The sensitivities to update interval variations and rate sensor noise varia-
tions are

a~i~ am8
aT a(r T) r (111-73)

• and

• am9 8m

afr T) T (III- 74)

where

• I 
am (i+~ +~ 7

a(r T) I 4r ’ -
w 

4 / j ~~~~~~~8

V r
~~T
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Equations (111-7 3) and (111-74) imply that simultaneous variations in the gyro
quality and update in terval so that the product r~ T remains unchanged , re-
sults in no changes in m8. A comparison of Eqs. (111-72) and (111-75) shows
that

am
a(r T) ~ -~-—r for —f ~ 0 (111-76)

w 9 w

Thus the steady-state performance of the suboptimal (single integrator)
system is generally more sensitive to changes in the product of gyro noise
and update interval (r

~~T) than to change s in the attitude sensor quality. It
may be concluded , therefore , that improvements in the (r

~~T) product are
more beneficial to sys tem performance than improvements in attitude sen-
sor quality .

b. Single Integrator Random-Update Performance

To illustrate the performance of the suboptimal (single integrator) sys-
tem when the update interval is determined by a Poisson random process ,
the equations developed in Paragraph III. F. 2 are used to determine bounds
on the mean e r ro r  covariance at various average update rates. The upper
bound was described by Eq. (111-59). The steady-state upper bound value
may be obtained by solving this eq uation with P 0. Similarly, the steady-
state lower bound s may be obtained by solving Eqs.  (111-57) and (111-58) for

~~L1 = = 0. Figure 3-26 is an illustration of the variations in these bound s
• with the average normalized update interval T ’. The de-normalization rela-

tions for this plot are

= \Jr
I E(9 2 ) (111-77)rms 8

• and

= —
~~~ (111-78)
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Average Performance
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where 9 is the average value of the rms attitude error  for the randomrrn 5
update single integrator system, X is the average Poisson update rate with

dimensions ( i / s e c) ,  and r~ and are previously defined scaling parameters .
The single integrator average performance bounds are shown in Figure 3-26

for three different values of r ’ in terms of cross-hatched areas . The curves

defining the boundaries of the:e areas are the upper and lower bound8. Thus ,
the actual average performance for the random update suboptimal system

lies within the cross-hatched areas. It can be seen from the figure that the

upper and lower bound s are fairly close with the largest differences occurring

at ~f’ value s corresponding to

r ’ T ’ 1 (111-79)

F For f’ values when the product is less than 1, the second lower bound defined

by Eq. (111-58) provides a tighter bound . If the product is greater than 1, the
f i rs t  lower bound defined by Eq. (111-57) should be used. The tightness of
these bounds tends to support the validity of using Eqs. (111-57) through (111-59)
to define the average random update system performance.

• Comparing the solid curve s of Figure 3-25 with the upper-bound curve s

of Figure 3-26 , it may be seen that the maximum variance of the uniform update
system E(9 2 )MAX is the same as the upper bound on the average performance
of the random update system (the curves labeled Hu h I ) .  This is true for the
double integrator as well as the single integrator system as explained in
Paragraph V. F. 3.

4. OPTIMIZATION OF SENSOR CONFIGURATIONS

Thus far in this study, the effects of measurement geometry upon sys -

tem performance have not been discussed . The easiest approach to this
aspect of system performance is through the information matrix 3. It is
defined by the equation

J ~ H T R 1 H (111-80)
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where H is the measurement geometry matrix and R is the measurement
noise matrix. The significance of the 3 matrix lies in the equation

P~~
1 

= M 1 + J (111-81)

which shows that the 3 matrix contains all the information necessary to update
the system covariance matrix (M) before a discrete measurement to produce
the latest system covariance (P) immediately after the measurement . Equa-
tion (III-8 1)is an alternate expression for the discrete covariance update
equation (111-52), and can be derived by using a standard matrix inversion
formula on Eq. (111-52). It may be seen from Eq. (111-8 1) that maximizing
the information matrix results in maximiz ing p~

1 and , henc e, minimizing
the variance of the estimation error .  An obvious approach to maximizing

• J is to minimize the measurement noise matrix R, i. e .,  to use better quality
sensors. When this is not possible, the 3 matrix may still be maximized
through the proper selection of the measurement geometry matrix H by

• optimizing the sensor configurations.

The relationship between the 3 matrix and the actual sensor configura-
tion can be seen from the case of a multiple-slit attitude sensor (such as the
SPARS star sensor)  by rewriting Eq. (111-80) in the form

• J = HT R 1 H = E i-h . h?~ (111-82)
.

~~~~~ 

r .  —i —i

where m is the number of slits in the sensor , r . is the measurement noise
of the ~

th slit , and h . is a unit ve ctor normal to the 1th slit and lying in the
focal plane of the sensor.  Equation (111-82) assumes that : the measurement
noise matrix R is diagonal ( i . e . ,  noise is uncorrelated between slits); a ref-

= 
erence object transiting the sensor FOV crosses all slits ; and the time inter-
val between slit crossings for a trans it of the FOV is neg ligible . If there is
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more than one sensor , the total system information matrix would be the sum

of the individual sensor information matrices.

Equation (111-82) may be used directly to determine the relative per-

formance between the axe s of an attitude reference system given a par ticular

sensor configuration. This may be accomplished by determining the slit nor-

mal directions (
~~~~

) for each sensor in its own coordinate system and calcu-

lating the information matrix, using Eq. (111-82), for each sensor.  These J

matrices are then transformed into body reference coordinates and summed

to form the total system information matrix. The resulting information

weighting on each axis ( i . e . ,  the relative values of the diagonal elements of

the J matrix) can be used to define an effective measurement noise for each

axis. When used with the normalized performance curves in Paragraph III. D,

these effective measurement noise values will determine the relative

fo rmance between each axis of the particular system.

With the relationship between the sensor configuration and measure-

ment matrix identified , optimization of the sensor configuration can be dis -

cussed. In many applications , the orientation of sensors used for estimating

the s tate variables ol a system is not ri gidly specified by hardware con-

straints , but may be chosen to minimize (in some sense) the estimation
er rors .  Occasionally, additional sensor s may be employed if necessary
for redundancy or if their use will appreciably reduce the estimation e r ro r s .

In the remainder of this section, techniques for optimally orienting
sensors are described and illustrated with s imple examples. Improvements

• that will result from using optimally oriented redundant sensors are also
presented (See Appendix I for the derivation of these results).

In many estimation app lications , it is desirable when possible to choose

the sensor orientations to minimize the worst case measurement e r ro r s .  In

• the discussion that follows , a description of the sensor orientations and the
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performance that results from using this criterion are given along with some
illustrative examples and applications to spacecraft atti tude estimation.
Te chniques for extending this criterion are also discussed .

a . Optimal Sensor Orientations

Minimizing the worst  case measurement errors  is a reasonable policy
when measurement accuracies on all axe s are equally important. However ,
when the accuracies are not equally important the numerical procedures out-
lined can be used to calculate the sensor configurations that give the desired
mix of measurement accuracies. Applying the criterion of minimizing the
worst case measurement errors  produces the sensor orientations and per-
formances described in the following discussion.

(1)  Nonredundant Sensor Orientations and Performance

If there are no redundant sensors , the sensor measurement axes are
oriented so that they are orthogonal even if the sensor accuracies are not all
equal. In this configuration , the measurement e r rors  along each axis are
equal to the individual sensor e r rors .

(2) Redundant Sensor Orientations

If there are redundant sensors, the sensor axes are skewed according
to their accuracies. A numerical procedure for calculating the optimal sen-
sor configurations is provided in Paragraph 111. F. 4.d, page 3-109. In the opti-
mal redundant sensor configuration, two cases arise.

a. If any one sensor is not as accurate as 1/’~f~ times the rss
accuracy of all sensors when n is the number of axe s (dimen-
sions ) measured , then the measurement accuracy in all

• direc tions is the same and equal to i/ ~.f~ times the rss accu-
racy of all instruments combined.

b. If one (or more)  sensor(s ) is more accurate then 1/ ’f ~ times
the rss accuracy of all sensors , orient these superior sensors
orthogonally to each other and skew the remaining sensors over
the remaining I directions (dimensions). The measurement
accuracies along the axes containing the superior sensors are
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equal to the individual sensor accuracies. The measurement
accuracy in all other directions is the same and equal to i/~JT
times the rss accuracy of all the remaining instruments com-
bined where I is the number of axes measured with the remain-
ing instruments.

The combined accuracy of an optimally oriented set of sensors is

unique . However , there may be more than one optimal sensor configura-
tion that produces this maximum performance.

b. Optimal Sensor Orientation and Performance Examples

Some different optimal sensor configurations and their performance
for the cases of nonredundant and redundant sensors are illustrated in the
following simple examples.

( 1) Nonredundant Sensor Orientation Examples

Perhaps the simplest example of nonredundant sensors is the case of
three gyros measuring the three-dimensional vehicle rates. In this example,
the optimal gyro confi guration is one where all three gyro axes are orthogonal
even if the instruments are not of the same quality .

It is intuitively appealing that , if there are just  enoug h sensors to mea-
sure each direction separately and the sensors are of equal quality, the sen-
sor axes should be orthogonal . However , it is not obvious that the sensor
axes should still be orthogonal when the sensors are not of equal quality .
Why this is true is shown in Figure 3-27.

Ve ctors 5 j and in Figures 3—27(a) and (b) represent the directions of
the sensor measurement axes , and the lengths of and are proportional
to the sensor measurement accuracies .  Here , the Instrument associated
with is more accurate than that corresponding to j 1. The measurement
accuracy in any direction v is proportional to the rss of the vecto r dot prod-
ucts of v with j 1 and j2 (i.e., J(vxj1)

2 
+ ( v xj 2 ) 2 ).

The two Instrument axes in Figure 3-27(a ) are orthogonal, and the poorest
measurement accuracy occurs along the x-axis and is equal to the magnitude
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Figure 3-27. Nonredundant Sensor Configurations (n-i n 2)
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In Figure 3—27(b) , the most accurate instrument is canted by angle

~ in an attempt to increase the measurement accuracy along the x-axis. In
this case , however , the smallest measurement accuracy occurs in the x ’-axis
di r ection and is equal to U1 cos ~~~, which represents less accuracy than the
worst case of Figure 3—27(a). Therefore, even though all instruments are not
of equal quality, if there are not redundant sensors the worst case errors are

minimized by orienting the sensor measurement axes orthogonally.

- 
The vectors and in Figures 3-27(a) and (b) could repre sent the LOS

vectors of two star t rackers .  When the stars being tracked are at right
angles , as illustrated in Figure 3—27 (a), the worst—case attitude (and rate)
estimation uncertainties are minimized.

(2 )  Redundant Sensor Orientation Examples

Now consider situations where there are redundant sensors. Assume

that three sensor measurement axes j1, j2, and 33 are to be oriented to mea-
sure two directions. The j vectors could represent rows of detectors in a
star detector , for example , or normal vectors to the slits of a slit-type star
detector .

The optimal sensor configuration when all sensor measurement axes
are of equal quality is illustrated in Figure 3—28.

When there are m equal quality sensors measuring n directions (dimen-
sions ) and m is equal to or greater  than n , the accuracy of the combined set
is the same in all directions and is equal to ~Jm/n  times the accuracy of a
single instrument. The combined accuracy of the m = 3 sensors measuring
in n = 2 directions (in Figure 3—27(a) is ~.fl7? times the accuracy of a s ingle
instrument. Note that two instruments of equal quality measuring in the
same direction have only ‘~J ~ times and not twice the accuracy of a single
instrument. If the m sensors are not of equal quality , the measurement

• accuracy of the optimally oriented set is still the same in any direction and
• equals the 11./n times the rss accuracy of all instruments, providing thi s

combined accuracy does not exceed the accuracy of a single instrument.
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Figure 3-28. Redundant Sensor Configurations (m = 3 , n = 2)
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If the sensors in Figure 3-28(a) are not of equal quality, but the sensor
along 

~~ 
has T~ times the accuracy of either sensor along 1~ 

or J 3~ the opti-
mal configuration would appear as illustrated in Fi gure 3-2 8(b). Here , the
accuracy of the sensor along j 1 just equals 1 /~.Jii = 1 /‘..J~ times the rss  accu-
racy of all the sensors. These optimal sensor orientations would not change
if the accuracy of the instrument along j 1 exceeded 1/ ~Jii tim es the rss accu-
racy of all sensors. However , the measurement accuracy of the combined
set would no longer be the same in all directions.

(3) Optimal Sensor Orientation Nonuniqueness Example

In general , the combined measurement accuracy of an optimally ori-
ented set of sensors is unique along any axi s, except for a rotation of relabel-
ing of axes. However , the optimal sensor orientations are not necessarily
unique . For example , consider the set of four equal quality sensors measur-
ing in two dimensions as shown in Figure 3-29. In this figure, instruments
along j 1 and and those along 13 and 14 are perpendicular. However , the
combined set of instruments gives the same optimal measurement accuracy
for all values of ~~~ .

c. Applications to Spacecraf t  Attitude Estimation

When this criterion of minimizing the worst case measurement errors
is applied to certain examples of spacecraft attitude estimation, the following
sensor orientations and performances result .

a. Configuration 1. This confi guration consists of an inertially
fixed spacecraft with two equal quality star t rackers .  For this
configuration, the optimal sensor orientation is one where the
two stars being tracked are 90 deg apart. This orientation in
addition to minimizing the worst case measurement e r rors  also
minimizes the worst case attitude and rate estimation
uncertainties.

b. Configuration 2. This configuration consists of spacecraft
stabilized to a local vertical frame that contains two body-
mounted star sensors. Again , the optimal orientation for

• these sensors is 90 deg apart and in the orbital plane to
maximize the number of star sightings . This sensor
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orientation minimizes the worst-case measurement errors  as
well as the wors t—case attitud e and rate uncertainties.

C.
’ Configuration 3. This configuration consists of a zero net-

momentum spinx Jng spacecraft  stabilized with its spin (yaw )
axis along the local vert ica. . ihe spacecraft contains two
equal-quality body-mounted star sensors. The optimal ori-
entation for these star sensors is 90 deg apart in the pitch-
roll plane , assuming there are frequent star sightings. This
sensor orientation also minimizes the ~~orst~-case measure-
ment, attitude , and rate errors .

d. Extension of Optimization Criteria

In the following discus sion the numerical techniques are described
that are used for calculating the optimal sensor configurations which can be
applied to calculate the sensor configurations that minimize some weighing
of the estimation uncertainties. Determining these sensor configurations is
a two-stage procedure . The first stage consists of an iterative search pro-
cedure to dete rmine the measurement accuracies along each axis that are
necessary to achieve the desired mix of estimation uncertainties. The sec-
ond stage uses the numerical procedures outlined in this study to determine
the sensor configuration that will achieve the necessary measurement
accuracies .

In the f i rs t  stage , the measurement accuracies are determined that
• are necessary to provide the desired estimation uncertainties. In general,

this requires an ite r ative search because there is not a simp le correspon-
• dence between the measur ement accuracies on each axis and the resultant

estimation uncertainties. When there is appreciable dynamic cross coupling
of axes, improving the measurement accuracy along one axis will consider-
ably reduce the uncertainties along other axes. In addition , even if there is

• no axial cross coup ling , improving the measurement accuracy by some fac-
tor does not usually reduce the estimation uncertainties by the same amount.
Therefore , in general , determining the desired measurement accuracies
along each axis involves a search procedure where the estimation uncertain-

• ties are calculated for a trial set of measurement accuracies on each axis.
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If the resulting estimation uncertainties are not in the desired ratios ,
improvement perturbations to the original measurement accuracies are cal-
culated , and then the process is repeated for the new accuracies. The new
measurement accuracies cannot be arbi tra r ily chosen since the rss of the
measurement accuracies on all axes must equal the rss accuracy of the sen-
sors . Thi s process is considerably simpler , of course , when graphs have
been precornputed relating the estimation uncertainties to the measurement
accuracies. In such a case , the desired ratios of the measur~ rnent accura-
cies can be determined graphically. Once the measurement accuracies
needed to achieve the desired ratios of estimation uncertainties have been
determined, the sensor orientations that will produce these accuracies can
be calculated from the numerical procedures in Append ix I.
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IV. IMPLICATIONS FOR TECHNOLOGY DEV ELOPMENT

In this section , the conceptual design performance results derived in
Section III are used to define performance trade-off curves and sensitivities
to various sensor and system parameters. Current sensor technology is

used in conjunction with the trade-off curve s to estimate the conceptual de-
sign performance capabilities with current technology instruments. The per-
formance sensitivity data is then used to make recommendations on sensor
development goals and guidelines.

A. CONCEPTUAL DESIGN PERFORMANCE TRADE-OFFS
AND SENSITIVITIES

It was shown in Section 111 that the six attitude reference system con-
• ceptual designs may be modeled using three basic attitude estimation filters

(see Table 3-2), namely the double integrator, the triple integrator ,
and the oscillator. Covariance analysis simulation runs made on these filters
indicate that the performance difference between the double integrator and the
oscillator systems is negligible for 10-percent cross-axi s coupling or less
and that the triple integrator performance approaches that of the discrete
atti tude double inte g rator for rate gyros exhibiting unbounded low frequency

• d r i f t  behavior of the random-walk type. Thu s the performance of a large
number of attitude reference systems for fu ture  missions may be predicted
using the double integrator estimation filter with various combinations of

• d iscrete  and continuous sensors .  Although the double integrator model will
not be exact in predicting the performance of oscillator-type systems with
cross-axis  coup ling greater than 10 percent , it will provide a conservative
bound on the oscillator performance. This bound is considered sufficient
for the purposes of thi s stud y where the intent is to define general perfor-
mance capabilities and trade-off s rather than a detailed attitude reference
system design for a particular mission. Hence , the approach taken in the
remainder of thi s subsection is to determine conceptual design performance
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t rade-off s and sensitivities based on the results of the double integrator
filter covariance analyses and simulations.

In addition, performance trade-off s for discrete attitude and mixed

discrete attitude and continuous rate systems with random (Poisson) up-
date intervals are determined from the uniform update system performance
resul t s .  It was shown in Paragraph III. F. 2 that the peak estimation errors
for the uniform update system are equal to an upper bound on the average
or mean estimation errors  for a Poisson update sequence system with
average update rate X equal to the reciprocal of the uniform update interval
T. Hence, the uniform update system peak rms errors represent an upper

bound on the average rms er rors  of the random update system.

1. CONTINUOU S SYSTEM TRADE-OFFS AND SENSITIVITIE S

Two classes of continuous systems are under consideration he re ,
namely, systems with continuous attitud e measurements only ( trackers)
and systems with both continuous attitude and rate measurements
( t rackers  and rate gyros) . These systems are suitable attitude refer-
ence system desi gns for inertially stable and nonspinning local vertical

• stable satellite confi gurations.

• The steady-state  performance of the continuous attitude double inte-
• g ra tor  system was derived in Section III. F as a function of the t racker

noise r
9 

and system steady-state bandwidth Q. The tracke r noise para-
me te r  represents the area under the actual tracker noise autocorrelation

• func tion . Assuming that the tracker output is sampled periodically and

the t racker  noise is uncorrelated from sample to sample , the noise para-
meter  r e is equal to the product of the tracker noise varianc e and the
sampling period . Then the steady-state rms attitude estimation error
e rms for the continuous attitud e double integrator system may be written,

• from Eqs. (111-37) and (111-41), in the form

e rms = 2 1 “4 (q) 1 “8Ts
3’8(NEA) 3 ’

~
’4 (IV- 1)
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r
where  the noise equivalent ang le (NEA) or tracker noise equivalent ang le
is taken to be the rms angle measurement error of the instrument and
T5 is the sampling period . Equation (IV- 1) shows that tracker ac curacy
or NEA has the greatest  influence on the continuous attitud e system per-

• formance w ith a three-fourth’ s power sensitivity. Increasing the sampling
rate or decreasing the period T5 has much less influence due to the three-
eighth ’ s power sensitivit y. As indicated in Section III. F, the system per-

• formance is only weakly influenced by the disturbanc e level q.

The rms rate estimation error  W rms may be defined in terms of the
tracker NEA from Eqs. (111-38) and (111-4 1) as

W rms = (2) h / 4 (q) 3/8 (T5) 1l8 (NEA) 114 
(IV_ 2 )

The influence of the tracker accuracy and sampling rate on the rate e r ror
= is much weaker than on the ang le e r ror.  The disturbance torque level q

is of primary influenc e with a three-eight’ s powe r sensitivity.

Equation (IV- 1) has been plotted in Figure 4-i to illustrate the system
att i tude error  as a funct ion of t racker  accuracy  or NEA. The sampling
period is 0 .2  sec , equivalent to a 5-Hz sampling rate which should be
sufficient for most satellite applications. The performance curves are
plotted for four dis turbance levels rangin g from a fair l y severe level

• (q 10 12 rad2/sec~ ) to a low level of q = 2 . 5  x 10 15rad 2 /sec~~, which

can be considered as an average disturbance level equivalent to an rms
disturbance torque of approximately 5 x i0~~ f t - lb  acting on a ~~~ slug -ft 2

vehicle . Thi s level will be used as a standard di sturbance noise fi gure
for  performance comparisons .

It is shown in Figure 4- i that for the average disturbance level the
continuous attitude , or tracker only, double integrator system is theoreti-
cally capable of two-tenths to 1 arc sec attitud e estimation perfo rmance
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Figure 4— 1. Continuou s Attitude Double Integrator
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with tracker NEAs ranging from 1 to 10 arc-sec. Due to the sensitivities ,
the most promising area of technology development from the system per-
formanc e standpoint is to improve tracker accuracy or decrease the
tracker noise equivalent angle. This includes decreasing random sensor
misalignment s as well as sensor noise that contribute to the angle measure-
ment uncertainty.

The addition of continuous rate measurements to the continuous

attitude measurement system alters the system performance sensitivities
as a function of the rate measurement noise. Recalling the discussion in
Section Ill . F. 1, the steady-state angle and rate estimation error  sensitiv-
ities are approximately the same as those for the tracker system with poor
rate sensors.  As the quality of the rate sensors improves , the perfor-
manc e sensitivities from Eqs. (111-45) and (111—46) become

8 rms E 2
(T&

114
6~~

) 114 (IV -3)

w ~~(r ) 1”4 (q) 1”4 (IV— 4)rms 6w

This change in performance sensitivity with changing rate sensor
quality can be seen in Figure 4— 2 where the steady—state attitude estimation

• =~• 
error  e rms is plotted as a func tion of rate sensor noise r 6 . Perfo r-
mance curves for three different  tracker NEAs , sampled at 5 Hz , and
two disturbance acceleration levels are depicted . It can be seen that the

• 

• 

perfo rmance of continuous systems with p ’ior quality rate sensors
• (r

5 > 10 2rad2/sec) is insensitive to changes in r
6
. Thus, rate sensors

are of no benefit to the system performance unless their quality is bette r

than r 6 = ~~ _ 12~ The sensitivities for systems with poor rate sensors

(r
6 > 10 _ 12

) are the same as those for the tracker system and, henc e,
their perfo rmanc e is described by Eqs. (IV-i)  and (IV_ 2) .  Changes in

disturbance acceleration level q for these systems influence their perfor-

mance as shown by the dashed curve segments in Figure 4-2.
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As the rate sensor quality improves , the performance sensitivities
shift to those described by Eqs. (IV-3) and (IV-4). It can be seen from
the fi gure that the attitude estimation performance for  systems with high
quality rate sensors  (r 6~ 

< 10~~~
3rad 2 /sec)  is insensitive to disturbance

acceleration and exhibits a one-fourth power sensitivity to r 6 . It may
also be seen from Figure 4-2 that the continuous attitude system when

augmented by high quality continuous rate information from low noise gyros

• is theoretically capable of attitude estimation e r ro r s  of less than one-tenth

of I arc-sec. The performance sensitivities (Eqs. [IV- 3] and [IV_4]) indi-
cate that , from a perfo rmance standpoint, maximum benefit is gained by
improving tracke r NEA. However , it is shown in Figure 31 that develop-
ment of rate sensors with noise levels (r ) on the order of 10~~~~ to io~

16
2 6w

(rad / sec) could be an alternative technology effort that would yield large
performance improvements.

The physical inte rpretation of the rate sensor noise r 6~ 
in terms of

rate gyro parameters is discussed in Paragraph IV. A. 2 where system
performance capabilities with current technology sensors are presented.

2. DISCRE TE SYSTEM TRADE-OFFS AND SENSITIVI TIE S

The discrete system s under consideration in this discussion include
systems with d iscre te  attitude measurements  (mappers) only and systems
with discrete attitude and continuous rate measurements (mappers and
gyros).  As in the case of the continuous systems, performance sensitiv-
ities will be based primarily upon the double integrator filter capabilities.
The discrete systems are suitable attitude referenc e designs for any

spinning satellite configuration as well as for  nonspinning local vertical

configurations where the vehicle pitch rate may be used to scan the mapper.

The steady-state performance of the discrete attitude (mapper only)

sys tem was derived in Section 111. F. 1 as a function of the product 0’ where

0 ’ represents  the di3crete system bandwidth and T represents the uniform
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update interval of the rnappers. It was shown in Section III . F. I that , for
small values of the O ’T produc t, the performance sensitivities of the dis-
crete attitude system approach those of the continuous attitud e system.
The reason for this effect is that small values of the Q ’T product imply
update rate s that are much faste r than the system bandwidth. Henc e, the
“discrete” measurements beg in to look continuous to the filter , resulting
in the same perfo rmance sensitivities as those described by Eqs. (IV-i)
and (IV-2) . Mapper systems mounted on spinning vehicles tend to have low
Q ’T products because of the higher scan rates. The sensitivities indicate
that for  such systems the technology improvement necessary to increase
perfo rm anc e is to decrease the mapper measurement noise or NEA. How-
eve r , thi s is not necessari ly the case for systems where the Q ’T product
is large . Mapper systems mounted on nonspinning local vertical satellite
conf igurations with low pitch rates due to hi gh orbital attitudes exhibit J.arge
O ’T products .  It was shown in Paragraph III . F. I that the average perfor-
mance for such systems is dominated by the attitude estimation error  growth
between discrete mapper updates. Hence their  performance is strong ly
inf lu enced by the update interval and the disturbance acceleration level.
Fur thermore, the average performance sensitivities are such that perfo r-
mance improvements may be gained by decreasing the update interval at
the expense of mapper accuracy, provided that

(r e T) NEW (r ê T) OLD (IV-5)

where

re IA~NEA)

Therefore, system performanc e can be improved by increasing the number
of referenc e sightings per scan of the mapper while allowing the accuracy
of each sighting to degrade.
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The t rade-off  between system performance in terms of peak rn-is
attitude error e rms versus update interval and mapper NEA is presented
graphically in Figure 4-3. To generate this plot, the standard dist urbance
acceleration level of 2.5 x 10~~

5rad2/ sec3 was used along with the peak
normalized er ror  curve (m88 /r ’) of Figure 4—3. The performance curves

for  two different mapper accuracy levels are illustrated. Both curve s
exhibit an increasing performance sensitivity with increasing update inter-
val. As the interval increases so also doe s the Q ’T  product , resulting in
the increasing sensitivity to T. Refer r ing  to Figure 3-3, it can be seen that
the 1 arc-sec NEA system exhibits an 8 a rc-sec  performance capability
at an update interval of 100 sec . Decreasing the inte rval by a factor of
5 to 20 sec yields improved system perfo rmance even if the mapper accu-
racy degrades by the same factor to an NEA of 5 arc sec. Therefore , it
may be concluded that , for discrete systems operating with large update
interval s, greate r performance improvements can be obtained by decreas-
ing the update interval than by increasing the mapper accuracy. The oppo-
site is t rue  for systems operating at high update rate s as can be seen from
the flattening out of the performance curves in Figure 4-3 with decreasing
update interval.  Thus , for the fas t  update systerx ~s , it is desirable to im-
prove accuracy rather than to decrease the update interval.

The steady-state performance of discrete  attitud e double integrato r
systems augmented with continuous rate measurements  (mapper and gyro
sy s t e m s )  cannot be derived analytically. Rather , the perfo rmance capa-
bilities of this class of system must be determined from the covarianc e
anal ysis compute r simulation curve s (see Figure 3-9). These capa-
bilities are  presented as attitude error  e rms curves plotted versus update
interval  for two d i f f e ren t  rate sensor qualities (r 6 ~~~~~ and
10 rad / sec)  in Fi gure 4-4 . Comparison of the slope s of the dashed and
solid curves in this fi gure indicate that discrete systems augmented with
lower noise rate measurements  result in less sensitivity to the update in-
terval. This is a result  of the fact that the presence of continuous rate
measurements  inhibits the attitude error  growth between updates. Since
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the discrete system perfo rmanc e is generally dominated by this error

growth (at least at large c2 ’T products), the system with the higher quality
rate sensor can tolerate larger intervals between discrete attitude measure-

• ments than one with poorer rate sensors while still delivering the same

level of performance.

Although the exact steady-state performances of the discrete attitude
• and continuous rate system cannot be derived analytically, some insight

into the behavior of the system with changes in update interval and sensor

quality may be gained by examining the performance sensitivities of the

s ingle integrator suboptimal system discussed in Section III. F. 3. It was

shown in this section that the pe rfo rmance of the discrete attitude and con-

tinuous rate single integrator system approaches that of the ful ly optimal

double integrator system as the quality of the rate sensor inc reases.

• Refer r ing  to Figure 3-Z~ it can be seen that the differences in performance

between the s ingle and double integrator systems is neg ligible for rate

sensor qualities , so that the normalized parameter r , ~ 0. 1 . Recalling

the example system parameters calculated in Section III. D , a normalized

parameter of r , = 0. 1 corresponds to a. gyro quality of r
6 ~ 10 13rad2/

sec. Hence , the discrete attitude, continuous rate , double integrator

perfo rmance sensitivities may be inferred from the single integrator

performance sensitivities for systems with gyros of r 6~ 
= 10 13rad 2 / sec

quality or better .  These sensitivities were derived in Section III. F. 3 and
are presented as Eqs. (111-72) through (111-75). These equations indi cate

that there is a direct  trade-off  between the rate measurement quality r 8
and the update interval T. Consequently, doubling T while halving r 5~
resul ts  in no change in performanc e since the product of r 6~ 

and T remains

constant.  Fu r the r , the performance sensitivity to change s in the r 5 T
product is greate r than to changes in the mapper quality re , . Maximum

pe rformance improvements, therefore, can be gained by inc reasing the

number of mapper reference sightings per scan (i . e .,  decreasing T) and /
or improving rate sensor quality.
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To further  illustrate these performance trade-offs , a hypotheti cal dis-
crete attitude and continuous-rate system is examined in the following dis-
cussion . The satellite configuration for this sytem is a three-axis , s table ,
local vertical vehicle in synchronous equatorial o rbit. Due to the low
cross-axis coupling (quarter-orbit kinematic coupling) for  such a satellite,
the double integrator model can be used to predict system performance.
In addition , the attitud e reference perfo rmance for each axis can be treated
independently. Looking at the single-axis performance , assume that the
mapper is a strapped-down star sensor with a sing le slit that sweeps out a
swath of angular width y around the celestial sphere on each orbital revolu-
tion. Then , the ave rage time interval between star si ghtings is equal to
the orbital period (24 hr)  divided by the number of stars seen by the mapper
over one orbit. The numbe . of ~tars seen by the mapper depends , in turn ,
upon the area swept by the mapper over the celestial sphere and the sensi-
tivity of the slit . This number can be determined using a star density versus
visual magnitude graph such as is shown in Figure 4-5. Thi s graph is based
upon a reduction of data contained in the Smithsonian Astrophysical
Observatory Sta r Catalog. The data reduction is described in Volum e III of
Reference 1 , and Fi gure 4-5 is a duplication of Figure 24 of that document.
An approximate anal ytical relationship between star density and visual
magni tude may be obtained by fit t ing a strai ght line to the graph in Fi gure 4-5.

• U s i n g this re la t ionshi p and de te rmin ing  the area swept by the mapper as a
funct ion of the slit  FOV y, the number of stars seen by the mapper over one
revolution may be represented by the equation

K M
N = K 1( 10 2 v ) sin (~y / 2 )  ( IV_ 6)

where the mappe r sensitivity is described in terms of the dimmest visual

• magnitude Mv star tha t can be seen by the mapper , and the constants K 1
and K 2 are determined from the curve fit to be 3.0024 and 0.5296 respec-

• tively . Equation (IV -6) is plotted in Figure 4-6 as a function of various
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sensit ivi t ies.  Calculating the average star transit  interval and plotting

the results as a function of mapper FOV yields the series of curve s on

the left side of Fi gure 4-7. The curve s on the right side of Figure 4-7 are

the same as those of Figure 4-4 , but are replotted to conform to the new

axes. Curves labeled TGG correspond to a rate sensor quality of

r = 10~~~
6rad 2 /sec while the curves labeled GG-334 correspond to

r 5 = 10 13rad 2 / sec.  Figure 4-7 is an illustration of the major system

t rade-offs  for the example discrete attitude and continuous rate system.

If it is desirable to know the attitude performance for  such a system,

given that the mapper FOV is 10 deg with a sensitivity of 6 Mv and an
NEA of 5 arc sec , the dashed line at 10 deg is followed up to the M

~ 
= 6

curve. The corresponding average update interval can be found on the

vertical scale to be 200 sec. Following the dashed line to the NEA =

• 5 arc-sec curve, it may be seen that the system is capable of approximately

0. 4 arc-sec performance with high quality rate sensors . Degrading the
• rate sensors to r

8 
= 10 ’3rad

2
/sec (GG-334 curves) results in an attitude

• error of approximately 2.2 arc sec.

B. CONCEPTUAL DESIGN PERFORMANCE WITH

CURRENT TECHNOLOGY SENSORS

The lowest NEAs presently available are on the order of 2 arc sec.
These numbers account only for random noise sources within the sensors
and do not include the corrupting effects of sensor misalignrnents on attitude
measurement . As was mentioned in Paragraph III. B in the discussion of the

study assumptions, such misalignments must either be ignored (assuming
complete precalibration of these e r rors )  or included in the sensor measure-
ment error (NEA). Since the exact misalignment error variance can be
determined only by detailed analysis of each attitude sensor design , it was
decided that degrading the NEA of current  technology t rackers  and mappers
from 2 to 5 arc sec should be sufficient to account for the effects of most
sensor misalignments in thi s study. Additional parameters assumed for
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cur ren t  technology mappers include a sensitivity of 5 M
v 
and an FOV of

5 to 10 deg. A tracking bandwidth of 5 Hz was also assumed for the current
technology tracker.

Of the current technology gyros, the lowest noise instrument con-
sidered is the Charles Stark Draper Laboratories (CSDL) third-generation

-16 2gyro (TGG) with an r6 of 10 rad /sec. This gyro is essentially a proto-
type and cannot be considered as off-the-shelf hardware. A gyro that is readily
available as a single unit or in a three-gyro strapped-down package con-
fi guration is the Honeywell GG 334 wi th an r

6 of ~~~~~ rad2 /sec. Thi s noise
level is used to represent the performance of current technology rate in-
struments. The parameters defining the current technology baseline sensors
are summarized in Table 4-1.

The performance of the continuous attitude system (tracker only
system) was presented in Figure 30 as a function of tracker rms noise or
NEA for a bandwidth of 5 Hz and variou s di sturbance acceleration levels.

Table 4- i .  Current Technology Sensors

Mappe r NEA — 5 arc sec

Sensitivity — 5 M~
FOV — 5 to 10 deg

Tracker NEA — 5 arc sec

Bandwidth — 5 Hz

-13 2Gyro r 8~ 
— 10 rad / sec

Assuming the average disturbance level of 2.5 x io~~~ (rad 2 / sec3), the

perfo rmance with a current technology tracke r is 0 .7  arc sec. Since this

is an rms error , it is a 1-sigma performance level . Referr ing to

• Figure 4-2 , tncl.uding the current technology gyro measurements in the

attitude estimator results in a i -s igma perfo rmance of 0 .4  arc sec.

140

a ~~~• •• _~~~~~~~~~~~ -~~~~~~~~~~~~~
---

~~~~~
• • - 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



• ~~~~~~~ ~~~~~~~~~~ • •  ~~~ .-__ ~~~~~~~~~~~~ 
•

The performance of the discrete attitude system (mapper only system)

depends on the update interval as well as the mapper NEA. Assuming that

the mappe r only system is on a spinning vehicle of som e kind (sp inne r ,
dual-spinner, or yaw-spinner), the update interval would be a function of

the sensitivity of the mapper and the spin rate of the vehicle. For the

purpose of defining a baseline performance, it is assumed that the mapper
sensitivity is sufficient to obtain one sighting per revolution of the vehicle

and that the spin rate is 20 revolutions per mm (rpm).  The resulting up-

date interval for this example is 3 sec. Using Figure 4-3, the 1-sigma

perfo rmance for the current technology discrete attitude system is 2
arc sec .

As an alternate example, it is assumed that the discrete attitud e

system is mounted on a local vertical stable vehicle in a 24-hr orbit. The

scan rate in this case is equal to the orbital rate. It is also assumed that

the FOV is 10 deg and the sensitivity is 5 Mv as indicated in Table 4-1.

Then, using the left side of Figure 4-7, a 700-sec update interval result s

in a 1 -sigma performance much greate r than 10 arc sec for the current

technology discrete attitude system. It can be seen from this figure that

• the update interval must  be reduced by at least an order o.f magnitude down
• to 70 sec before the cur ren t  technology system can deliver a performance

of less than 10 arc sec. For a single-slit  sensor , the trade-off between
FOV and sensitivity to obtain thi s reduction in update interval is illustrated

on the left side of Figure 4-7. Thus , the sensitivity must be increased to
7 Mv for a l O-deg FOV to obtain an order of magnitude reduction in update
interval . Alternately, allowing the FOV to increase to 30 deg permits a
reduc tion in sensitivity to 6 Mv for an update interval on the order of
70 sec.

These demands on the mapper sensitivity and FOV may be alleviated
by the addition of rate information. Referr ing again to Figure 4-7, a dis-
crete attitude and continuous rate system operating at an update interval
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of 700 sec with current technology gyro information (r
8 

10~~~
3rad 2 /sec)

results in a i - s igma performance of 3 .2  arc sec. Thus , the addition of
rate info rmation has reduced the attitude error below 10 arc sec without

• having to reduce the update inte rval.

In summary, within the limitations imposed by the study assumptions
and constraints, the i-si gma pe rformance capabilities of the various concep-
tual designs with current  technology instruments are estimated to be:

a. The continuous attitude system is capable of 0. 7
arc sec for the average disturbance environment.

b. The continuous attitude and rate system is capable
• of 0 .4 arc sec.

• c. The discrete  attitude system for the 20-rpm spinner
is capable of 2 arc sec , assuming one sighting per
revolution .

d. The discrete attitude system on the local ve rtical
24-hr orbit vehicle delivers a perfo rmance worse
than 10 arc sec for a lO-deg FOV, S_ M

v sensitivity
mapper.

e. The discrete attitud e and continuous rate system for
the same vehicle and mapper as that in case d above is
capable of 3. 2 arc sec .

C. ATTITUDE REFERENCE TECHNOLOGY DEVELOPMENT

The attitude reference system performance sensitivities vary with the
type of system, i .e. , discrete  or continuous , as well as the operating point
about which the system is designed , e. g . ,  the Q ’T value for a discrete
system or the r

6 value for a continuous system with gyros. Hence , the
technology development necessary  to imp rove future system performance
varies to some extent depending on the system type.

Discrete systems without gyros will probably be used to provide the
attitude reference  on spinning or dual-spin confi gurations.  The attitude

• sensors  for these configurations will be mappers to tak e advantage of the
body spin to scan the sensor LOS. The bandwidth and update interval (O ’T)
product , defined in Paragraph IV. A for the discrete system, will probably
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be less than 1 due to hi gh spin rates. As long as the mapper sensitivity is
sufficient to obtain at least one or two sightings per spin r evolution, the
technology development effort should concentrate on improving the mapper
NEA. Such impr ovement involves the reduction and/or precalibration of
mapper misalignments with respect to the vehicle reference frame as well
as the minimization of signal processing and detector noise contributions
to timing error. Assuming that the current technology mapper is capable
of a 5 arc-sec NEA , a reasonable technology improvement goal would be
an NEA of 1 arc sec.

Discrete systems with gyro information will probably be used on local
vertical , earth- oriented satellite configurations. Gyro information is nec-
essary in these configurations to inhibit the growth of the estimation errors
between discrete mapper updates. The performance sensitivities indicate
that improvements can be realized by advancing gyro technology and/or
mapper technology.

Gyro technology imp rovement refers to the reduction of the rate mea-
surement  noise or uncertainty parameter r

~~~
. Present off-the-shelf hard-

ware in gyros is capable of r = i0 13 rad2 /sec . Developme nt programs
to improve this fi gure to at least 10 rad /sec should be conducted .

Mapper technology advancement ef for ts  for d iscrete  systems with gyros
should be concerned with decreasing the time interval between discrete up-
dates. This may be accomp lished by increasing the FOV , adding more detector
slits , or increasing the mapper sensitivity . An area that was not explored
but which has a major impact on system performance (especially convergence
time) is the false up date problem. Since the analysis of this problem is
highly dependent on sensor design , it was not included in thi s study. Mapper

• parameters  such as sensitivity have a major influence on this problem since
• the p robability of a false update is , in many cases , a function of the signal-

to-noise ratio. Thu s, improvements in performance due to increasing
mapper sensitivity (decreasing update interval) may be offset by the increase
in the false update probability. Such a trade-off must be explored as part of
the technology advancement effort.
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ntinuous sys tems  with or without gyro s are necessary  on all in-
ertiall y stable configurations . They may also be employed on earth-
oriented , local vertical satellites as well as on the despun platform of a
dual - spin configuration. The sensitivities for the continuous system are
such that the greatest improvement in system perfo rmance is obtained by
reducing the tracker NEA. Thi s reduction must includ e minimization of
misalignments such as gimbal runout errors for  gimbaled trackers as well
as reduction of detector and signal processing electronics noise. Assuming

an NEA of 5 arc sec as representative of current  tracker technology, a
reasonable technology goal would be a reduction of the NEA to I arc sec.
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APPENDIX A. ATTI TUDE ESTIMATOR EQUATIONS

This appendix is devoted to the derivation of the equations that define the
attitude estimation filter implemented in the conceptual designs investigated
by the HAADS effor t . The mathematical development of the satellite dynamics
follow s the de rivation presented by Beard 1 and is contained in Paragraph 1.
A brief discussion of the s t ructure  of the Kalrnan fi l ter used to estimate the
satellite attitude and rate is presented in Paragraph 2. Paragraph 3
is a discussion of the sensor  measurement geometries .

1. ATTITUDE DYNAMICS

The rigid body rotational dynamics of a satellite under the influence of
external disturbance torque s r can be written as

h + ( w x ) h = . r  (A-i)

where h is the total satellite angular momentum, h is its time derivative , w
is the satellite angular velocity with respect to inertial space , and ( w x )  is
represented by the matrix •

0 -w wz y

( w x )  w 0 
~~~ (A-2)

-w w 0y

Assuming that the spacecraft contains a momentum wheel , the total
angular momentum in Eq. (A-i) can be written as

h J w + h  (A-3)— — —w

1R . V . Beard , Unobservability in Attitude Estimation, TOR -0059(6472)_ 35 ,
The Aerospace Corporation, El Segundo , California (16  March 197 1).

A— i
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where J is the satellite moment-of-inert ia matrix and h is the onboard

wheel angular  momentum . Substituting E q. (A-3) into (A-i)  and assum-

ing that the whe el angular momentum is constant result in the expression

~~~~~= -J 1 w x ( J w + ~~~ ) + a  (A-4)

where a is the external disturbance angular acceleration (a J 1 r) . Equation

(111-4) is the nonlinear vector differential equation describing the satellite ’s

angular velocity.

Representing the vehicle angular velocity as

w - w 0 + 6  (A-5)

where is the nominal angular velocity of the undisturbed satellite defined

by the equation

= -J~~~~~ x ( J~~~ + h )  (A-6)

and 6w represents the pe rturbation due to the presence of external disturbance

angular accelerations a in Eq. (A-4), the desired linearized description can

be obtained by substitution of Eqs. (A-5) and (A-6) into (A-4) and negle cting

hi gher order terms. It will be assumed in this study that the nominal angular

acceleration in Eq. (A-7) is zero. He nce , any external angular accelera-

tions act to perturb the satellite from the mominal attitude . The result is

6 c , = F ( w , h ) 6w + ôa (A-7)
— O — w -- —

where

F(~~~, h )  J~~ [ -(
~~~~~ 

x) J + (J~~ + h )xJ (A-8)

A—2
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with the cross-products  defined as

0 -w w
Oz Oy

(~~~x) = w
0 0 -w0,~ (A—9)

-w w 0
Oy Ox

and, letting Jw + h v,—0 -w -

0 -v vz y

[(J~~ + h )xl = v 0

-v v 0y x

The satellite ’s attitude may be represented in variou s ways including
Euler angles , quaternions , or direction cosines. Regardless of the particular
rep resentat ion chosen , the attitude time his tory may be obtained from a
nomina l  a t t i tude  h i s to ry  and a set of i n f i n i t es i m a l  rotat ions 0 , between the
n o , i u i n a l  and actual  bod y a l t i t u d e s , which a re  d r iven  by the perturbed angular
velocity 6w . This may be seen from the following derivation ( obtained from

• Ref. 1) for a direction cosine representation.

Define the following orthogonal coordinate frames:

B - body-fixed f rame

B 0 - nominal bod y reference frame

I - inertial reference frame

F1Let CF denote the direction cosine matrix from coordinate frame F2 to
coordin2âte frame F1. Further , let 8 be a small angle rotation vector from
B 0 to B expressed in the B 0 frame . It is a three-component vector whose
direction is the axi s about which the rotation is to be made , with magnitude

A— 3

• - -- ~~~~~~~~~~ • ~~~
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equal to the angle of rotation in radians . Now for small 8 the direction

cosine matrix from B0 
to B is

= I + [8x]

• where

0 -o 0z y

(Ox) = 0 0 -0
— z x

-e 0y x

Then the attitude of the satellite with respect to inertial space can be
• represented by

= C~~~ C~~° = [ I + ( e x ) ] C 1
0 (A-1O)

B B
where C

1 
~ represents the nominal attitude of the body (satellite). If C

1 
0

• is known , the actual attitude C~ may be estimated by estimating 8. Let

be the inertial  angular velocity of the nominal bod y (B 0 - f rame)  expressed

in the B0 - f rame and w be the inertial angular velocity of the B - frame

expressed in the B 0 - frame . Then, the nominal body attitude may be

obtained by integrat ing the equation

B
C
1 

~ = -(w 0x ) C 1 
0 ( A — I l )

where the cross-product  is defined by Eq. (A-9). In gene ral, O i s  not a

true vector quantity since it does not obey the commutative law , but if 0

is small it may be treated as a vecto r quantity. For any arbi t rary vector v,

A~ 4 
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= + ( w  x)v (A— 12)
\d t  ‘inertial \dt  1 relative to B0 

— O —

Then for O ,

/ d O \
= - 

~o 
= (A— i 3)

inertial

from Eq. (A-5) and

(~~~~~~

.) 
= 8 (A—14)

relative to B0

Substitution of Eqs. (A—1 3) and (A~~14) into the form of Eq. (A-12) and
rea r rang ing  the result produce the desired differential  equation for 8 ,

8 = -(~~~ x ) 8 +  6w (A-15)

An equivalent derivation of Eq. (A-IS) starting with Euler angle
representation of the satellite attitude is supplied by Dixon .

2 Equations (A-8)
and (A-15) together represent the desired linear descri ption of the satellite ’ s
attitude dynamics.  These two equations may be combined into a single l inear
vector differential  equation by defining the state vector x (0 , 6w) . The state
equation is then

k Ax + w (A-i6)

2M V. Dixon, Spacecraft Attitude Estimation with Motion Perturbation
Equations, TOR-0066(5763)-f 3, The Aerospace Corporation , El Segundo,
California (22 May 1970).
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where the dynamics mat r ix  A and the disturbance vector w are defined by

I f O \
A =  — w = ( - - -~ 

(A— i7)
0 F(w 0 , h )  

—

with I , which is the identi ty matrix, and F(~~~, 
~~~~~

) defined by E q. (A-18).

Since the state x represents only the pe rturbations in satellite attitude
and angular rate from the nominal attitude and rate of an undisturbed satel-
lite , the actual satellite behavior must be determined from the equations

(A-18)

C~ = [I + (8x)J C1
0 

(A-19)

which combine the nominal and pe rturbed states of the satellite . The nominalB 0rate and attitude (w 0 and C1 ) ,  in turn , satisf y the equations

-J~~ [w 0~~(J~~ + 1-i ) ] (A-20)

B
C1 

~ = -(w 0 x ) C 1 
0 (A-fl )

The attitude est imation f i l ter  implemented in all conceptual des igns  of
this  stud y will estimate the perturbed state x of the actual satellite . These
es t imates  must then be combined with the nominal attitude and angular rate
states , in the manner of Eqs. (A- is)  ari d (A-19), to obtain the total esti-

• ma ted  attitude and rate . The nominal attitude and rate of the satellite are
the solutions to Eqs. (A-20) and (A-fl) , which may be solved analytically
or precomputed , thu s requi r ing  only integrat ion of the l inearized perturbation

A- 6
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equations in the form of Eq. (A-16) by the estimation filter. This

approach can result in considerable computational advantages as discussed

in Reference 2.

2. ESTIMATION FILTER

The s t ruc ture  of the continuou s Kalman f i l ter , which generates a

m i n i m u m  var iance  est imate  of the actual state x , is illustrated in Figure A— I.
R e f e r r i n g  to the block d iagram shown in Figure A-I , the measurement vector

~-~e’ ~6w~ 
is generated from measurement s of the actual bod y attitude

and rate obtained by the onboard sensors . The nominal atti tude arid rate

obtained f rom Eqs . (A-20) and A-2i)  and transformed into the sensor

f rames  are  subtracted f rom the att i tude and rate sensor outputs to produce a .
Th ese measuremen t s are no t pe r fec t  in that they are corrupted by sensor

noise 
~ ~~~~~~ ~ 8w~ 

and may be affected by the sensor measurement geometry

matr ix  H. These imperfect  measurements  are inputs to the Kalman filte r

that generates  an estimate ~ of the actual state . The portion of the f i l ter

enclosed in the dashed outline in F igure  A-i is the dynamic model of the actual

system . The output ~ is used to generate an expected measurement  ~~~. The

d i f f e rence  between the actual measurement  a and the expected measurement

is  mult i plied by a t i m e - v a r y i n g  gain K . The resu l t an t  is used to drive the
• d ynamic  model to follow the actual system . The m a t r i x  K is the Kalman

• gain and is a funct ion of the observation noise covar iance  mat r ix, measure -
• ment geometry ,  d is turbance  accelerat ion s ta t is t ics , and the system state

e r r o r  covarian ce mat r ix .

The sensor  noise  and dis turbance accelera t ion  can be c h a r a c t e r i z e d

by their  autocorrelat ion funct ions . Assuming  that the sensor noise and
d i s tu rbance  accelera t ion are white gaussian processes , their  autocorrelation
functions are impulses and they can be represented by

~~[n(t )  n T(t + ~r) 1  = R 8( T )  (A—22 )
/

• A— 7
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and

e[w(t) wT(t + r ) ]  = Q6(.r) (A—23)

where t~~ implies the expected value of the bracketed quantity, 6 is the Dirac
delta function , and the matr ices  R and Q dete rmine the areas of the sensor
noise and disturbance acceleration impulsive autocorrelation functions
respectively. In actuality, the sensor noise and disturbance acceleration
are not perfectly white , with the result that their autocorrelation functions
are  curve s rather than impulses. In most cases , howeve r , they can be
adequately approximated by the band-limited white noise assumption. In
such cases , their autocorrelation functions are approximated by impulses
of area equal to the areas under the actual sensor noise and disturbance

acceleration autocorrelation functions . Let the area unde r the attitude

• sensor autocorrelation be represented by the parameter r5 with dimensions
• [r a d 2 . seci and the area under the rate sensor autocorrelation funct ion be

represented  by the parameter  r ô~~ with dimensions [rad 2/sec] .  Then , under
the white noise approximation, the R matr ix  in Eq. (A-22) can be written as

r
el 0

R = (A— 24)
0 r II 6w

where I is the identity matr ix . Thi s form for the R matrix assumes that
the att i tude measurements  as well as the rate measurements are corrupted
by the same noise level on each axis ( i .  e . , all attitude sensors  are of equal
quality and all rate sensors are of equal quality) . Assuming that the stat is t ics
of the disturbance accelerations affecting each vehicle axis are equal and
us ing  the white noise approximation results in the Q matr ix  of Eq. (A-23)
expressed as

fo 0
= 

I (A—25)
qi

A.9
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the parameter q represents  the area under the actual autocorrelation

function of the disturbance acceleration with dimension (rad 2/sec3).

Note that , although E qs . (A-24) and (A-25) assume equal quality
sensors and equal accelerations on each axis , the performance analysis

• results presented in the later sections of this volume are not constrained

by these assumptions. It will be shown that the individual axi s performance

for most attitude reference systems envisioned for future missions is unaf-
fected by the performances of the othe r axes , i. e .,  there is little or no

cross-axis  coupling. Unde r such conditions , each axis can be treated
• independently. Hence , the equal-quality assumption is used only as a

convenience in deriving the filter equations and should not be considered
as a constraint  on this study.

In addition to the R and Q matrices, the system covariance matrix P
must be calculated to determine the Kalman gain matr ix  K for the filter in
the block diagram of Figure A-I. The system covariance matrix is defined as

TP(t)  =~~ [e(t ) e (t) ]  (A—26)

where J defines the expected value and e(t) is the estimation er ror  defined by

e(t) = x(t) - x(t) (A-27)

The t race elements of the P matrix defined by Eq. (A—26) are the mean-
squared estimation e r rors  about each axis of the satellite , and the square

root of each trace element give s the root mean square ( rrrls) estimation

e r r o r  about each axis. Assuming the estimation e r ror  to be zero mean and

gaussian , the rms e r ror  is equivalent to the I -sigma estimation error  about

each axis.

If the measurements a coming into the filter are continuous, the

system covariance mat r ix  P sat isf ies  the Riccat i  equation

P = AP + PA T 
- pH TR~~l~~~ + Q (A-28 )

A. 10 
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where the initial value P(t = 0) is determined by the a priori  uncertainties
in the system states x. The A matrix in Eq. (A.28) is the dynamics matrix
defined by Eq. (A-17). Equation (A.28) must be integrated to determine
P(t ) .  The Kalman gain matrix  is then calculated for the continuous measure-
ment system using the equation

K( t) = P(t) HTR
_ l  

(A—29)

It is this gain that weights the input to the estimation filte r dynamic model
as shown in Figure A-i.

When processing both continuous and discrete  measurements, as is
the case when the attitude sensors are mappers and the rate sensors are
continuous rate gyros , the continuous filter illustrated in Figure A— i is used
between discrete measurements. The information gained from the discrete
measurement at time t . and the estimate of x immediately before the mea-
surement x(t .) is used to obtain an improved estimate :

~~(t~ ) =~~~( t T ) +  K.’(z~ - H’~~ (t T))  (A—30)

where

= H ’ x(t .) + n~ (A— 3 1)

represents the discrete measurement at t 1, and n~ is the gaussian noise
sequence associated with this discrete measurement . The measurement
noise matr ix  R ’  is defined by

~ 1n~n~T 1=R ,6 . .  (A—32)
L J  J 13
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where  6 . .  is the discrete  Kronecker  delta function . The Kalrnan gain
ii

matrix satisfies

K ’ = P .H , TR ! 1 
(A— 33)

where the covariance matr ix  after  the discrete measurement P . is related
to the covariance matrix before the measurement M. by

P. = M. - M.H~
T(H I M .H S T + R ’)

t H ’M. (A-34)

Between discrete measurements, the covariance matr ix  is propagated using
the Riccati differential equation (A—28). Thi s differential equation is initial-
ized from M. to P. after each discrete measurement.

1 1

3. SENSOR MEASUREMENT GEOME TRIES

The H matrix in the Riccati  equation (A..28) as well as the H’ matrix
in the discrete covariance update equation (A— 34) represents the continuous
and d iscre te  sensor measurement  geometry matr ices respectively. Mathema-

• t icaf ly ,  the measu re inent  mat rix  is a sensitivity matr ix  evaluated about the
no , ’, i in al  ,1)casurell lent t ha t  re la tes  the changes in the system states 0 and 6w
to changes in the attitude and rate measurements a 0 and 

~~~ 
by the relation

/ !~ \
(A—35)

—6 w

• where n = (~~ , n )  is the measurement noise and x (8 ,  6w) is the system
state vector. The H matr ix  can be partitioned to represent the attitude
sensor  measurement  matri x H and the rate sensor measurement matrix H8 w
by the equation

A— 12



tHe o \
H= ( J (A—36)

t o  H
0)

For a system with continuous attitude and rate measurements (i .  e . ,
t rackers  and rate gyro information) , both H

e and H are nonzero matrices.
If only continuous attitude measurements are available , H is the zero
matrix . For a system with discrete attitude measurements (mappers) and
continuous rate measurements ( rate gyros),  the continuous and discrete
measurement mat rices used in Eqs. (A-28) and (A-34) become

/ 0  0 He 0\
H = (  ; H’ = J (A—37)

t O  H 0 0W

with nonzero values for H0 and H . ~f only discrete attitude measurements
are available , then H is the zero matrix and the H’  matr ix  above is usedw
to update the covariance through Eq. (A-34) . Between updates, the system
covariance is propagated using a linear fo rm of Eq. (A-28) obtained by
dropping the negative term on the right side of this equation due to the fact
that H and , hence , H are equal to zero matrices .

The actual form of the H
8 and H matrices depends upon the numbe r

of degrees of measurement  freedom for each sensor and the sensor orienta-
tions with respect to the vehicle reference coordinate system. Looking at
the rate sensor measurement  matrix H

~
, it may be written in the form

T• ~ø — h  —*

T
H ~~

— h 2 (A-38)

T
~~— h —.m

A. 13
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where the vectors h . are unit vectors defining the measurement axe s of the
rat e sensors and rn is the number of measurement degrees of freedom. For
example , an l

~
I
~ 

equal to the 3 x 3 identity matrix is indicative of a package
of three s ing le -degree-of-f reedom rate gyros with measurement axe s aligned
along the body reference axes.

To illustrate the de rivation of the attitude sensor measurement  matrix
H0, consider a star t racker  example . The actual measurement  defined by
the t racker  is

(A— 39)

where S is the unit vector to the star in the sensor coordinate frame
( s- f r a m e ) and is the t racker  measurement noise . Since the attitude
information desired by the Kalman filter is a measurement of the pe rturba-
tion in satellite attitude f rom nominal (where nominal imp lies the attitude
of an undisturbed satellite) , the actual measurement (E q. (A—39) must be
compared to a nominal measurement defined by

soz u (A—40)-n -

S

where ~ 
0 is the unit vecto r along the star LOS in nominal sensor coordinate s

(s 0 - f rame).  Equation (A-40) represents a perfect (noiseless) star tracker
measurement  from a nominal ( undisturbed) satellite . The desired attitude
information is then contained in the difference equation

S
5 0

~~~~a~~~ n~~~1! 
-u )+n O (A-4i)

A. 14 



Defining the actual satellite reference coordinate system as the B -frame and

the nominal satellite reference coordinate system as the B0 -frame, the LOS
vectors in Eq. (A-4 1) may be written as

us 
= C~~j~~ (A-42)

and

= C~ °u ° = 

B0 (A-43)

where C~ is the direction cosine matrix t ransforming a vector in the

B- f rame  to one in the sensor or s - f rame.  It is assumed that no misalign-
0 Sment s exist between the bod y and sensor f rames , 1. e ., CB CB. Substitu-

tion of Eqs. (A-42) and (A-43) i nto Eq. (A-4 1) results in

z = c~~uB 
- 

B 0 + 
~ e (A-44)

The actual bod y reference  f rame is related to the nominal by the direction
cosine matr ix  C~~~ . Then may be rewritten as

B BB 
= CB ~ 

0 (A-45)
0

B . .It is the CB matrix that contains the attitude perturbation information in
th e form

C~~ = I + (8x) (A-46)
0

A. 1S 
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where 8 is the vector of infinitesimal angular rotations about the bod y
reference axes . Substituting Eqs. (A-.46) and (A-45) into Eq. (A-49),

• collecting terms, and reversing the order of the cross-product  result in

B
a = -C~~(u 0x) 0  + (A-47)

B
where u 0 is the unit vector of the star LOS in nominal body coordinates,
and the cross-product  is writ ten as

0 -u uz y

0 u 0 -u(u x ) =  z x (A—48)

-u u 0y x

Thus , the star tracker measurement geometry matrix takes the form

B
H0 = -C~~(u O X) (A-49)

To give some physical interpretation to the cross-product  relation-
ship in Eq. (A..49), consider the two-axe s star sensor example illustrated
in Figure A-2 . Here the sensor frame , defined by the unit vectors 

~~~ j~~
, k s),

is aligned with the body reference frame , defined by the unit vectors (
~B’1B’

H S . . . .so that CB is the identity matrix. Let the sensor optical axi s be along
k so that the attitude measurements are taken along the i and 1 axes . It
can be seen from Figure 2 that a small rotation 8 about the 1B axi s will
produce an output measurement z along the l axi s and a small rotation

• 8 ,~ about 1B produces a signal Z
y 

along the~j5 axis . Since these rotations
are in te rms of infinitesimal rotations , they may be treated as vectors and
the cross -product of the unit LOS vector with the rotation vector produces
the desired result .

A.16
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The form of the, measurement  matr ix  H8 given by Eq. (A-49) is

applicable to slit-type mappers with slits located at right angles as well as

to t rackers .  For mappers with slits oriented in alternate configurations,

the measurement matrix takes the form

T B
H0 

~~~
— (h 2) —

~~~ C~~(u 0x) (A— 50)

~ ( h ) T 
~

th . .where h . is the unit vector normal to the i slit lying in the sensor focal
plane and n is the number of slits transited by the image of the reference

object on each sighting. The unit normals h
~ 

are resolved in the sensor

coordinate frame in Eq. (A-50).

The measurement matrix has a majo r impact upon system performance

in that  it determines the nature of the attitude and rate information available

to the estimation filter . For the performance analyses conducted on the

conceptual designs of this study, the attitude and rate sensor measurement

matrices H0 
and Hw will be identity matrices. Recalling Eq. (A-35), the

measurement  a is directly related to the system state x when the H matrix

is an identity. In other words , measurements of linear combinations of
states due to skewed sensor configurations and/or  sensor misalignments

• will not be modeled in the following performance analyses since such
modeling would be highly mission dependent and , hence , too specific for

this study.

A.i8
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APPENDIX B. NORMALIZATION OF EQUATIONS

The normalization procedure involve s a transformation of the covariance

matrix P of the form

E = S P ST (B-i )

where the scaling matrix S is of the general form

= (B-2)

The parameter r ’ is the discrete attitude sensor measurement noise
8 2

parameter with units (rad ) ,  and the Q
Ø parameter is a scaling frequency

with units of ( 1/ sec) .  The R(~~) matrix is an orthogonal transformation

matrix resulting from a rotation , ~, about one of the satellite body reference

axes . Thus ,

1 
= [R(~ )] ’

~
’ (B— 3)

The normalization proceeds by differentiat ing Eq. (B-i ) ,  sub stituting

Eq. (B-28) for P, and employing the definition of E from Eq. (B-i)  in the

resu lt. Collecting terms and simplify ing using the property of Eq. (B-3)

results in the expression

E = {SS~~ + SAS 1] E + E[SS 1 + SAS !}T

• - E(HS~~~) T R
1 (HS~~~) E + SQST (B-4)

Defining the normalized time by

‘r = Clot (B — 5 )

B-i
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it is easily shown that

F = Q ~~~~~ (B-6)

Substitu ti on of Eq. (B-6) int o Eq. (B-4) yield s

= AE + EA T 
- 

1 EH’
~ R 1 HE + -~- SQST (B-7)dT °o

where the normalized dynamics matrix A is defined by

~~ E L .  [SS~~~ + SAS~~~} (B-8)

and the normalized measurement geometry matrix I~~ is defined by

H HS~~ (B-9)

Let the measuremen t  noise , measurement  geometry,  and disturbance
acceleration matrices take the form

R = 

~~~~ 
, H = 

(~~
o) , Q = (.gi_°~) 

(B -b )

where I is a 3 X 3 identity matrix . This particular H matrix , when substituted
into the Riccati equation , represents  a continuou s rate measurement system.
The baseline system confi gurati on mechanized in the covariance analysis
program is a mixed system with continuou s rate measurement and discrete
attitude measurements. Using  this baseline system , the performance of a
totally continuous system may be approached by increasing the discrete
measurement  rate , while the performance of a totally discrete attitude mea-

• su rement  system may be analyzed by setting the rate measurement uncer-

B-2 
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I

tainty r 8~ 
to a very large value. Thus , the measurement geometry matrix

defined above will be used in thi s derivation of the normalized Riccati equation

• implemented in the covariance analysis program.

• Using the definitions of Eqs . (B-2) , (B-9), and (B-j o)  to simplify

Eq. (B-7), the desired normalized form of the Riccati equation is

= ~~E + E~~
T 

- ~~ El22 E + 122 
( B-l i)

whe re

~ 
_ / O I O

22 \0 I I

and the normalized dynamics  ma trix .~~~ was de fined by Eq. (B-8). The

parameters r , r ’ , and c, are dimensionless variables defined as

r = (B —1 2)w r8
Q

0

(B— 13)

with

1/ 3

(
~

...
) 

(B-b4)

and ~ , an arbi t rary  scaling constant introduced to improve the numerical

stability of the Riccati equation. Adjustment of c~ simply rescales the normalized
• Eq. (B - l I )  so that numerical instabilities encountered in integration over

initial transients may be avoided.

B-3
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The normalizat ion of the discrete covariance update equation proceeds

by pre_mul t iplying and post-multiplying both sides of Eq. (B-14) with S and

sT res pectively. Using the definition of E in Eq. (B - i)  and defining the
normalized covariance prior to the update by

N~~~SMST 
(B-15)

the result ing normalized update equation can be written as

(B- 16)

where the normalized discrete  sensor measurement geometry matrix is

H’S 1 
~B-17)

Equations ( B - I l )  and (B-17)  are the relations used to propagate the
normalized covariance matrix E in the covariance analysis program. The
m a j o r  parameters va ried dur ing the covariance analy s is are r ’ and the
d i sc re t e  update interval in te rms of the normalized time T as defined by
Eqs . (B-12 )  and (B-13).  De-riormalization of the re sults may be accompli shed
by so l v i n g  Eq. ( B - I )  for  the covarian ce matrix P. For sca ling mat r ices o f
the form defined by Eq. (B-2), the re sult is

P = S I ES I T 
(B-18)

with

/ T ’
s’ =s 1 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (B-19)
~~0R(~~) /

B-4
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APPENDIX C. N ORM A LI Z E D  CONCEPTUAL DESIGN DYNA !VilCS

1. SYSTEM A DYNAMICS

This system is designed for a three-axis stabilized , local-vertical

oriented satellite . As illustrated in Figure C— i , the sateLlite body axes remain
aligned with the local vertical axe s throug hout the orbit. Henc e, a pitch
rate equal to the orbital angula r velocity and acting about the 3 B axi s is

required to maintain the desired orientation. Thi s rate is identified as c~y
• in the f igure . It was shown in Appendix A that, in general, the linearized

satellite atti tude dynamics can be described by the A matrix of Eq. (A 17).
For this system ,

0

h =0—o —w —

0

as a result  of the presence of pitch rate and the absence of momentum bia s .
Subs t i tu t ing these relat ions

i l& I _p.....\ (C-i)

~.ri
T ~ i

i

i)o

the normalized dynamics matrix , from Eq. (B-8) , for this system is

o o -p I
0 0 0 1  I

~~~ p O O i  (C-2)
I ~ ~ kp

0 1 0 0 0
i 0 0  0

C-i
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DYNAMIC CHARACTERISTICS :

1. BODY REFERENCE AXES ALIGNED W ITH LOCAL VERTICAL AXES
2. ORBIT RATE ABO UT PITC H AXIS

SCALING MATRIX :

f~~~~~0~~~~~~I

NORMALIZED DYNAMICS:

/ 0 O - p ~b o o  i

A =

\ ~ o o o
DYNAMIC PARAMETERS:

• k - i  j
~

1j
~

Figure C-i. System A Dynamics  (Local Vert ical ,
Three-Axis  Stable Confi guration)
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where the normalized dynamic parameters k and p are defined by

k = I - 
1z/J  (C-3)

= (C-4)

and it is assumed that the pitch and roll moments of inertia are equal
• (3 = 3 ) or nearly so.x y

2 . SYSTEM B DYNAMICS

Thi s system is characterised by a spin about the yaw axis , indicated by
in Figure C-2. The yaw axi s is maintained pointing toward the center of the

earth by a pitch rate Q .  A momentum wheel is aligned with the yaw axi s and

• ope rated to cancel the spacecraft ’s spin momentum. For this system ,

~~~~~~~. .

where  the superscript L indicates that the vectors are resolved in the local
vertical coordinate f rame.  Defining the sp in angle ~ by

= Q
zt

the transformation between the local vertical and the body reference coordinate
system (B-frame)  is given by the rotation matrix

cos ~ sin ~ 0

zT(~) = -sin ~ cos ~ 0
0 0 1

C-3
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f z c ~ 0

S = IrT•~ia 
~ 0 ~~L z ( 4 )
\ ~ o

WHERE
(cos~ -s in4 o \z ( 4 )  = 
I sin4 cos 4’ 0 J , 4 =  fl t

-
• \ o  o 1 / Z

NORMALIZED DYNAMICS:
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I 0 ‘ 0 0 0
\ ~o o o

DYNAMIC PARAMETERS:
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Figure C-2. System B Dynamics  (Local Ve rtical,
Yaw-Spin Configuration)
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Thus , the nominal angular  velocity and the wheel angular momentum may be
resolved in the body axe s as

= z T(~ ) w~ , = z T(~ ) hL

Substituti on of these equations into Eq. (A-9) results in the dynamics matrix

_ z T (~ ) (w~~x) Z(~ ) i  I
A —1 (C-5)

o i z T (~ ) F(u1
~, hL) Z(~ )J

The scaling matrix used in normalizing the dynamics for System B
wi ll be defined by

= 
I f~~~~~~~ j _ _  (C-6)

~~~ ( O ~~~ i
~ 1~~- Z ( ~~)

0

Use of thi s matrix in Eq. (B-8) eliminates the dependence of the dynamics
upon the rotation angle ~, which is a functi on of time . The resultant normal-
ized dynamics matrix represents  the effective rigid body dynamics in the local
vertical frame and is time invariant. The expression for  ~ is identical to
the normalized dynamics of System A (Eq. [C_2] ) when it is assumed that
the pitch and roll inert ias  are nearly equal , as in the previou s case .
3. SYSTEM C DYNAMICS

The orbital configurati on of System C is simila r to that of System A
with the addition of a momentum wheel on the pitch axi s to provide gyroscopic
stability in roll and yaw. The confi guration is illustrated in Figure C-3. The
nominal angula r velocity and wheel momentum resolved in the body reference
frame are

C-5
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A A 1 , 1
if B L

B ’ L

l B. IL

DYNAMIC CHARAC TERISTICS:
1. BODY REFERENCE AXES ALIGNED WITH LOCAL VERTICAL AXES
2. ORBIT RATE ABOUT PITC H AXIS
3. MOMENTUM WHEEL ALONG PITCH AXIS WITH BIAS h

SCALiNG MATRIX:

~
=k (

~ ~NORMALIZED DYNAMICS:
0 -p

10  0 0 I
( P 0 0  
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I 0 0 0 0
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DYNAMIC PARAMETERS:
- 

~ y~~ 0
a - h

~
I(J 2 fl~

)

b - k +

k = 1 —

Figure C-3. System C Dynamics ( Local Vertical ,
Momentum-Biased  Configuration)
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/0
w = Q , h = I h—0 y —w

0

Using these relations to form the dynamics matrix (E q. [4_ 17J )
• s ubs t i tu t ing  the resu l t  alon g with the same scaling matrix as System A

(E q. [C_I into Eq. [B_83 )  yields for the normalized dynamics

o O - p l
0 0 0 1  I

A = .2 2 ._ Q
’ 

(C-7)

~0 0 pb
O ~ 0 0 0

~-pa 0 0

with the normalized parameters

a = h
~~

/(J z ~ y )

b = k + h 1(3 QW x y

The pa rameters k and p are defined by Eqs.  (C-3) and (C..4) , re spectively.
The assumption is again made that the roll and pitch moments are nearly
equal.

4 . SYSTEM D DYNAMICS

Referr ing to Figure C~ 4, System D maintains a fixed orientation with
respect to inertial space and has no momentum bias . Hence , both the nominal
angular  velocity and wheel momentum in Eq. (C— 9) are zero vectors. The
scaling used to normalize thi s system is
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DYNAMIC CHARACTERISTICS:
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SCALING MATRIX:
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NORMALIZED DYNAMICS:
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Figure C-4 . System D Dynamics (Inertiall y
Stable Confi guration)
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= ~ ~L~
_ 

(C-8)
‘~,Jr

9 cl0~~ 
~~~~

The result ing normalized dynamics matrix become s

= ~~~~~
—

~~
--

~~~~ (C-9)

5. SYSTEM E DYNAMICS

System E is designed for an inertially stable vehicle with an onboard
momentum wheel. Hence , the nominal angular velocity is zero , but the
momentum bias may be oriented along one of the three body axes. Referring
to Figure C— 5 , let

0
h = h
-

~~~~ w
0

Then , from Eq. (C-9),

0 0; !

F(w o, hw) = 0 0 0

~~~~ o o
3z

Using the scaling matrix defined by Eq. (C-8),  the normalized dynamics
matrix is

C-9
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= 2_ L~~~_~~~~ (C-b )

0 0 0 0

I - d  0 0

with the normalized parameters

c = hw /(J Qo ) ( C — l i )

d = hw /(J Oo ) (C-12)

If an axis of ine rtial symmetry were chosen along the j o
_axis , these

parameters would be the same, resulting in symmetric cross-coupling between
the 1B and k B axes.

6. SYSTEM F DYNAMICS

System F is app licable to either a sp inning or a dual-spin configuration.
Referr ing  to Figure C-6 , the spacecraft is assumed to be spinning about the
pitch axi s 

~~~ 
- axis). Written in the local vertical frame , the nominal

angula r velocity is the sum of the spin and orbital angula r velocities so that

0
L

= 

~~spin 
+ 

~ orbit = Q
y (C- 13)

0

Defining the body spin angle y about the j B~
a

~~
5 by the expression

y = ( w  .spin

C- i l
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then the transformati on between the local vertical (L-fr ame) and the body
refe rence (B-frame) coordinate systems is the rotation matrix

cos y 0 -sin y
0 1 0

sin y 0 cos y

Hence , the nominal angula r velocity is the same expression in both the body
and local vertical frames; tha t is ,

B T L L• -~? o = “ 
~~~~~~~~~~~~~~ ~~±~o

The resulting dynamics matrix , with no wheel momentum, becomes

0 0 -Q
y

l
O 0 0 1  1

c~ 0
A -  I

- 

y
0 

~~
0 0 0

~kQ 0 0y

The kinematic cross coupling due to the -(~~ x) matrix can be eliminated by
transforming the dynamics fr om the bod y to the local ver tical frame in a
manner simila r to that used in the derivation for System B. With the scaling
matrix defined as

~ 
‘

~~~~~
‘Y

~~~
1 0

M

C - i 3  

~~~~~—~~~~~~~~ - -• ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -• -~~~~~
=

~~~~~~~



the normalized dynamics for System F is

A — I -  (C-14)

0 1  0 0 0

-p ( l -k )  0 0

whe re the parameters k and p are defined by Eqs. (C-3) and (C~ 4),
respectively.
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APPENDIX D. POWER SPECTRAL DENSI TY ESTI MATES

A. IN TRODUC TION

The various power spectral density (PSD) estimates that were utilized
to establish present  day s ta te-of - the-ar t  rate sensor performance are docu-
mented in this Appendix. For this program , the rate sensors were assumed
to be high performance gyros of the sing le-degree-of-freedom, rate inte-
grating type equipped with hydrodynamic gas spin bearings . Data were col-
lected for the following five gyro designs of this type :

Gyro Model Gyro Designer/Manufacturer

TGG 
CS25-IRIG Mod 3 DL

GI-T 1-B I

GI-K7G Northrop

GG 334 Honeywell

Most of the data were obtained from Reference I. However , some addi-
tional information was obtained from other sources and is presented for com-

• parison in the following discussion.

B. DISCUSSION

Data for all of the units are contained in Reference 1. These data
were obtained by CSDL in support of the Orbiting Astonomical Observatory
(OAO) program for the National Ae ronautics and Space Administration (NASA)
Goddard Space Flight Center. In this effort , the data were generated by caging
each gyro in a very low-gain loop so that , for frequencies above the loop break
frequency, the pickoff output represented angular position sensed about the
gyro input axi s desired for the OAO program. The loop gain between pick-
off and torque r was selected to provide a 40-sec time constant or equivalent

Reference 1. A. Truncale, W. Koenigsberg, and R. Harris, Spectral Density
Measurements of Qvro Noise, Report No. E-264 b , Charles Stark Draper
Laboratories, Cambridge, Mas sachusetts (February 1972 ).
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to a break frequency of 0. 004 Hz. The demodulated pickoff signal was passed
through a second-order ZOO-Hz filte r to reduce high frequency folding in the
PSD extraction.  The gain in the pickoff signal channel was adjusted to pro-  -•

vide a sensitivity of I V/ arc  sec at the recorder input. This s ignal was re-
corded on a frequency-modulated (FM ) magnetic tape recorder at the test
Site , and the recorded data were subsequently digitized and processed by a
computer to PSD form.

The resulting spectra were simplified by linearizing the computer-
generated plots , and the results are presented in Reference 1. Since these
spectra were plotted in power density units involving ang le , i . e. ,  (arc sec) 2/Hz ,
but gyro noise expressed in units of angular rate was desired for the HAADS
s tudy, it was necessary to convert the data from one form to the other. This
was accomp lished by multiplying the ordinates of the positional PSD by
where w is the frequency associated with each ordinate . To do this , the
ordinate for the lowest value of frequency was multip lied by to 2 

expressed
in ( rad/sec) 2, and all other values were corrected by increasing the linear-
ized s lopes by +2 decades/decade proceeding from left to right. The power
density units are then

(a rc sec)
2

/H

or , equivalently,

( d )
2

• The curves shown in Refe r ence 1 begin at a frequency of 0 .0 1  Hz and , for
the purposes of the HAAD S study, are terminated at 50 Hz. Where possible ,
the total area under each curve over the frequency region from 0.01 to 50 Hz
was computed and converted to an rms noise value . The equations used to
compute these areas are summarized in paragraph D . E .
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Data from a low noise version of the GG 334, taken in The Aerospace

Corporation Guidance and Control Laboratory, are also presented. The Low

Noise GG 334 A6 is the same unit as that described in the CSD L report and

has been undergoing evaluation testing there for some time . A typical PSD

result is p lotted . A PSD for the “standard” GG 334 (as opposed to low noise),

based on some data taken on a Honeywell GG 2200 attitude reference pack-

age , is also included . This package has an orthogonal set of GG 334 A6

gyros that are the attitude sensors. Some low frequency data taken on a

standard GG 334 for the SPARS Program are also included for purposes of

comparison.

The rms noise amplitude for each gyro and test situation over the fre-

quency range of 0.0! to 50 Hz is listed in Table D -i .  A figure of merit was

also computed for each gyro. This fi gure of merit  is the rms noise ampli-

tude for 0. 01 to 1 Hz and give s a relative indication of the performance of

an attitude determination system that utilizes the gyro in question. The fre-

quency range was selected on the basis that a suitable Kalman filter would

remove noise components below 0. 01 Hz and the spacecraft  inertia would

remove frequencies above 1 Hz. Note that these numbers do not , in general ,

correlate with the rms noise values taken to 50 Hz. This is because all of

the PSDs exhibit relati vely high power densities at the higher frequencies
• (above 1 Hz), and these values heavily influence the rms value ove r the

50-Hz range but obviously have no influence on the rms value for the lower

• range. Thus , for example , the 25-IRIG had one of the higher rms noise
values over a 50-Hz range but also exhibited one of the lowest fi gure s of

• meri t .

It should be noted that these fi gures of meri t  are based on very limited
data samples taken under diffe rent test conditions . Hence , conclusions
based on such data concerning the perfo rmance of one gyro in relation to

anothe r are probably erroneous.  An example of this is the almost I -orde r-

of-magnitude spread between the re sults for the two TGG gyros .  The
associated linearized PSD s are presented in Fig u r esD - i  t h r o u g h D-5 .
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Table f l-I .  Summary of the rms Noise Levels for the Gyros

rms Noise Figure of Merit PSD0. 01 to rms Noise Test Location and .Gyro Fig .50 Hz 0 .01 to 1 Hz Comment N(deg/hr)  (deg/hr )

• TGG 0.84 0.003 CSD L, Prototype S/N 212 , A-i
LA Down

TGG 1. 3 0 .01 9 CSD L, Preprototype S/N A-i
204 , OA Up

25-IRIG 5.4  0.019 CSDL, O A U p A-2
Mod 3

GI-T1-B 6. 2 0 .037 Northrop , Norwood , MA , A-3
O A U p

GI-K7G 0. 48 0. 004 Northrop , Norwood , MA , A-4
OA Up

CC 334 0. 18 0 .002  Honeywell , Minneapolis , A-5
LA Up, Low Noise Gyro

GG 334 0. 30 ~_ a Aerospace Corp . ,  OA A-5
Down, Low Noise Gyro ,
25-Hz Loop

GG 334 - -  0.007  Honeywell , Minneapolis , A-S
Standard Gyro

GG 334 1. 3 0 .032 Honeywell , Florida , A-5
Package Test , Standard
Gyro

• aR l ~ considered erroneous . See text for discussion .
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Figure D-1. Linearized Power Spectral Densities for
Preprototyp e and Prototype Versions of
the TGG Developed by CSDL
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Figure D-2. Linear ized Power Spectral Densit ies for the Honeywell
GG 334 (Data were derived by Hone ywell , CSDL, and
The Aerospace Corporation .)
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• Figure D-3. Linearized Powe r Spectral Densit y for the Northrop
GI-T i-B Gyro (The data were taken with the gyro
O A U p )
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Figure D..4. Linearized Powe r Spectral Density for  the 25 IRIG
Mod 3 Gyro . (The data were taken with the gyro
O A U p .)

D-8

Ih. _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  

-



— 1 1 1 1  I I I I (  I 1 1 1 1  I I I I...

1~~~~ -
:

—1r-,l 10 — 
-

c.,J - - -

a, -• a).
~~10 - —

U, 
- -

-

—

LU

o

i O .  -

10~~ 

— 

I I I I I I I I I I I I I I I

0. 01 0.1 1 10 100
FREQUENCY, Hz

Figure D-5. Linearized Power Spectral Density for the Northrop• GI-K7G Gyro . (The data were taken with the gyro
O A U p .)
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Little effor t  has been expended in attempting to reconcile differences

among the various PSD s presented for the TGG and the GG 334 . While the
PSD shapes were different , the rms values were reasonably consistent, and
the HAADS s tudy did not require the leve l of detail that would have necessi-
tated justification of one resul t  relative to another.  It should be noted that
the test data were  taken in d i f f e ren t  locations and with d i f ferent  test equip-
ment . In each case , the test data were unavoidably corrupted with base
motion, an angular input appearing on the output ( i . e . ,  the truly desired
output from the sensor)  that is not distinguishable from noise generated

within the gyro. In this type of testing, the base motion is unrealistically
assumed to be zero at all frequencies and , accordingly, it is hoped to be
low. The presence of base motion serves to increase the apparent noise
output of the instrument by adding to that produced by the gyro itself . Test
techniques do exist that allow estimation of the components of the apparent
noise caused by base motion , but these were not utilized for this ef fort .
Thus , the results presented are conservative in that the true noise levels
should be somewhat less. It is estimated in Reference  I that base motion

may be responsible for  as much as one half of the observed noise. Possible
causes for the PSD dif ferences  are discussed in somewhat more detail in
the following paragraphs.

C. THIRD GENERATION GYRO (TGG)

Two PSD plots for the CSDL TGG are shown in Figure I D - i .  One plot
is derived from data taken on a prototype unit  (S/N 2 12)  tested in CSDL’s
gyro test  laboratory at Cambridge , Massachusetts , and the other is based
on data obtained from a preprototype unit te sted at CSDL ’ s test facility in
Bedford , Massachusetts. While the PSD shapes are quite similar , the
levels diffe r on the average by about 1 order of magnitude where the pre-
prototype data are noisier , and the rms values diffe r by a facto r of 1. 5 .
While the causes for this discrepancy can only be conjectural , one can cite
the dif ferences  in the gyros , test locations , and , possibly, in the test
equipment.

D-10
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D. GG 334

The data presented from CSDL and Aerospace in Figure D— 2 were
obtained from low noise version s of the GG 334 . This unit , designated the
Low Noise GG 334 A6 unit , is similar to the other versions of the GG 334
except that the wheel is shrouded with beryllium covers to minimize gas
turbulence inside the float. This modification has demonstrated improved
performance with regard to output noise.

While the rms value s for the PSDs obtained by CSD L and Aerospace
agree quite well , i. e . ,  0. 2 compared with 0. 3 deg/hr , the noise levels at
lower frequencies diffe r by several orders of magnitude. As noted previ-
ously, one can cite ground noise and test equipment to explain the discrep-
ancies. The Aerospace data exhibit a 20-dB /decade rolloff at frequencies
above 10 Hz. This is probably caused by the loop dynamics associated with
the test setup . In this case , the gain of the loop rebalance electronics was
adjusted to provide a bandwidth of approximately 25 Hz. Therefore , the
loop dynamics would attenuate noise from any source with frequencies above
this value . In this respect the CSD L test method was quite different.  They
adjusted the loop gain to have the f i rs t  break frequency at 0.004 Hz so that
the gyro/loop combination would respond as a position sensor from this fre-
quency on up to the break frequency of the demodulator filter , which was set
at 200 Hz. (The frequency associated with the gyro gimbal time constant is
not involved becaus e it is higher , in this case , 350 Hz .) Thus , the fre-
quency response of their setup when measuring angular position was flat
over the frequency range from 0. 004 to 200 Hz , and the positional PSD
obtained was unaffected by sensor/loop dynamics over this range. In con-
ve r ting their PSD to one involving angular rate ( i . e . ,  multiplying by w 2 ),
the result  was also unaffe cted over this frequency region. This may help
to exp lain why the Aerospace data droops relative to the CSDL result in the
upper frequency region . This effect  is also suggested in the other PSDs
derived from CSDL data where the s lopes in the upper frequency region all
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are approximately +2 decades/decade. Coupled with their sensor/loop
bandwidth, this situation would occur if the noise were white in this region.
A conventional rate sensing implementation would attenuate the noise at

frequencies above the fi rst break frequency (usually in the 1 to 50-Hz
region).

The fi gure of merit computed from the Aerospace GG 334 data seemed
unreasonably high (0.02 8 deg/hr ) and was rejected . The cause for the dif-
ficulty is unknown; however , it may have been associated with seismic dis-
turbances or test equipment problems . Some additional data from the SPARS
Program were obtained from Jacksona 

in order to provide another estimate
of this quantity . The data were limited in frequency from 0. 01 to 0. 35 Hz
and , hence, it was not possible to show the complete spectrum or to obtain
a value for the rms noise over the range from 0. 01 to 50 Hz. However , the
power density was extrapolated to 1 Hz and was used to compute a figure of
merit, the result being 0. 007 deg/hr. These data were taken from a stan-
dard CC 334.

Honeywell has presented some PSD data that were also obtained from
a low noise version of the GG 334. Since the data were presented as a
linear plot on both axes , it was not possible to develop a log -log form accu-
rately for di~ ect comparison with the other results. However , the dotted
line in Figure D -2 represents the average value of the PSD obtained over a
frequency range of 0 to 25 Hz. Agreement with the other results is quite
good . If the p lot is extrapolated to 50 Hz and the rms noise value computed ,
the result is 0. 54 deg/hr , which compares reasonably well with the similar

results from CSD L and Aerospace (0. 18 and 0. 30 deg respectively).

aD B. Jackson , Gyro Test Results and Model Verification, Report No.
TM-20959-4 , Honeywell, Minneapolis , Minnesota (2 6 January 1968).

b Low_Noise Gyro Testing, Final Report, Report No. 21594-FR ,
Honeywell, Minneapolis, Minnesota (31 July 1971).
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An additional curve is plotted in Figure D-2 that is based on data

from one channel of an attitude reference package designated the GG 2200

produced by Honeywell . This unit contains standard GG 334 A6 gyros and
exhibits generally higher noise levels. Each gyro is held at pickoff null
by a ternary pulse rebalance loop that has a pulse weight of 0. 06 arc 5Cc!
pulse and a bandwidth of 10 Hz. The output of the unit was not filtered in
obtaining the data presented in Figure D-2.

E. CALCULATION OF THE RMS NOISE VALUES

The equations us ed to compute the areas under the linearized PSD
curve s plotted on log-log scales are listed below for reference. The area
under the PSD represents the statistical variance associated with the fre-
quency range over which the area is computed . The tota l variance is ob-
tained by summing the areas under each region of constant slope , and the
rms value is the square root of this quantity.

On a log-log plot the area under a straight line with slope m is:

~~1 ~1 r/f 2\m ÷ 1 1Area = I l— I - iim + I L\ f j /  J

where

f 1 = the lower frequency of the reg ion of interest,
f 2 = the upper frequency of the region of interest,

= the abscissa of the line associated with f 1, and
m = the slope in decades/decade , m / 1.
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These parameters are illustrated in the sketch below

y

yl

Note that this equation computes the area down to y = 0 and that the equation
is indeterminate when m = -1. For the case where m = -1 , the equation
becomes:

f 2Area = y1 
f
1 
in

1

As noted before , this equation computes the area down to y = 0. The
equation of a strai ght line on log-log paper is:

I f ’t m
Y Y i~~~~)

and , hence ,

~~~~ ~m1 2y2

Note that these equations are valid for all values of in and that y2 for one
region of constant slope becomes y 1 for the next region.
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APPENDIX E. KALMAN Fl i~~~ER ME Th ODS

1. Z-TRANSFORM INTERPRETATION OF THE STEADY -STATE
KALMAN FILTER

In the following discussion, the Z-transfo rrn model of the discrete

angle measurement Kalman filter is de rived and its response characterized

by a continuous system model.

The Kalman filter equation s for a discrete measurement process are :

~~i+1 = 
~~

‘i+1 + K ( z
~ ÷i - H~~~~1) ( E - i )

~ ~ i ( E-2)

whe re the two- dimensional state ~ represents the estimates of attitude and

rate and

- /~+~\•~~i+1 =(  . J (E-3)

\ 1+1

are the best estimate s of the ang le ~ and rate w at time t~~~1 
just afte r the

measurement at t~~ 1, and 
~~~~~~~~~~ 

denotes the best estimate just prior to thi s

measu rement. The state transition matrix $ for this system , where angle
q represents the integral of rate w , is

/1 T\

J ( E— 4)
1/

E~~i

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~—- - --~-~-. ~~~~~~~~~~~~



The measurements z • consist only of angle measurements B corrupted

by a random noi se sequence n~

z. = + (E—5)

where

E(n.)=0

E(n. n .) = r ’5 .. (E— 6)

and E ( .)  denote s the expectation operator. The Kalman filter gains are

denoted by

/Ke\
K=~ ) (E-7)

\KU)

Substituting these equation s into Eq. (E- 1) produces diffe rence equation s

for e. and ~~~..I I

~i+ 1 = + T~L + K
9 
[z.~~1 

- (0 . + T~ .)1 (E-8)

~ i+i  = 
~~~

. + K~, [z.~~1 
- (g

1 + Ti.)] (E-9)

Taking the Z-transform of these differential equations yield s

/~\ 
/‘<e\

A(Z)t ) =1 )z (E-iO)
\w/ \K~/

E-2

~

.-

~
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~
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whe re zero initial conditions have been assumed , and the matrix A(Z) is

given by

Z - ( i - K )  - ( 1 - K ) T
A(Z) = ( K 

~ 
- (1 - K~T)) 

(E-11)

The characte ristic equation of matrix A(Z) is its dete rminant det[A(Z)1 .

det[A( Z )J = Z 2 
~1 - [(1 - K9

) + (1 - K ) 1  Z 1 + ( 1 - KB ) Z 2
~ (E-12)

The standard form for thi s equation is

det [A(Z)j  = z2(i - e
_ aT 

cos bT Z~~
1 + e ZaT z 2) (E-13)

where the continuous filter characteristic equation is given by

det lA(s)J = (s + a) 2 
+ b2 (E- 14)

The time response of the continuous system is e_at cos bt, and its band-
width Q’ and damping ratio ~~

‘ are given by

= ~~a 2 + b
2 

(E- 15)

~~~
= 

a 
2 (E-i6)

\Ja + b

E-3
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Comparing the coefficients of Z in Eqs. (E -12) and (E -13) give s

e
ZaT 

= ( 1 - K9 ) (E-17)

• and

e
_aT 

cos bT = -
~~ [(1 - K 9

) + ( 1 - K~T)) (E-18)

Once steady-state Kalman gains K
9 
and K have been determined and a

sampling period T chosen , coefficients a and b of the sampled- data filte r

can be dete rmined from Eqs. (E_ 17)  and (E- 18), and the equivalent con-

tinuous filte r bandwidth 0’ and damping ratio 
~~~

‘ can be calculated from

Eqs. (E_ 15) and (E- 16). The prime notation has been added to distinguish

the bandwidth and damping ratio of the sampled-data filter from those of

the continuous filter.  In the limit as the sampling period T approache s

zero , the sampled-data filter bandwidth and damping ratio 0’ and C ’

approach the bandwidth and damping ratio C) and ~ of the continuous filte r

given by:

0 = (q/r ) ~~~ (E-19)

C = 1!v’i (E-20)

The steady-state Kalman gains K 0 and K~ can be calculated from

3 2 ( 2 - K  ) _ \ r 3K2 _ 3 6 K + 3 6
y

2
~~~.L.S = ~ V ~ (E— 21)

VF K
9
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and

TK~ = ~
/i_- ç = y - K8 (E-22)

Note that the steady- state gain K8 and the product T K~ depend only on
the grouping of parameters T, q, and r ’ denoted by y. Parameter q
repre sents the (white ) disturbance acceleration PSD level, and r ’ repre-
sents the mean-squared angle sensor measurement error  in Eq. (A-6).
The steady-state value s of K9 and K~~T can be calculated using paramete r y
in Eqs. (E-2 1) and (E-22).  With these value s, using Eqs. ( E- 1 7 )  and (E-18),
the products aT and bT can be dete rmined. From Eqs. (E-15) and (E-16)
the products aT and bT specif y the sampled-data filter steady-state
damping ratio C ’ and the bandwidth samp ling-period product 0 ’ T.
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2. CALCULATION OF STEADY-STATE PERFORMANCE FOR THE
TWO-DI MENSIONAL STATE ANGLE MEASUREMENT FILTER

Equation s are derived in this appendix for calculating the expected
steady-state attitude and rate errors and Kalman filte r gains for the discrete
ang le measurement Kalman filte r .

Let

(E~ 23)

denote the filte r estimation error whe re i is the filte r estimate of the
- • state

/ e\
~~~~~~ 

) (E_24)
U)

whe re ang le 9 and rate w are gove rned by:

9

= a (E-25)

and random (white noise) disturbance accelerations a satisfy

E Ia(t) a(r ) 1 = q ~(t - i~) (E-26)

where E ( .)  denote s the expectation opera tor.
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Assuming that measurements of the state are available at constant

time intervals T, the Kaiman filter for the continuous system above can be
formulated in the discrete form. The standard discrete Kalman filte r
equations for computing the covariance matrix

P = E ( T) (E_27)

are given by

M.~~1 - M.÷j  H T 
(H

T M~+i H + R ) 1  H M.+j  (E-28)

M.+j  $ P. $T 
+ W (E_29)

1 3  1 2
3 T 2 T

W = q (E-30)

~~T
2 T

where M. represents the cova riance matrix just prior to a measurement
and P. represents its value just afte r the measurement. The state tran-
sition matrix $ for the system is

/1 T\

) (E—31)
\o 1/

whe re T is the measurement interval.
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When only discrete angle measurements z. are taken,

z. = 9 .+n . =Hx . +n . (E-32)

where

H = (1 0) (E_ 33)

• and the measurement e r ro r s  i~~ satisfy

E (n. n.) = R r ’5.. (E— 34)

Substituting these equation s into Eqs. (E -28) and (E-2 9)  and set t ing

= P and M. = M for the steady- state values give s the following scala r
equations:

M2
P 11 = M 11 - 

M 11 + r ’ (E-35)

P 12 = M 12 - 

M + ’  (E-36)

M2

P22 = M22 - M 11 + r ’ ( E- 3 7 )

M 11 = P 11 + 2 P 12 T + p 22 T2 +~~~~ T3 
(E-38)

E-8
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M 12 = P12 + P22 T + -
~~ T2 q (E-39)

M22 = P22 + q T (E-40)

The solutions to these equations are:

= 
V (E-41)

~~12 
=

~~~~ ~‘1-~~ (E-42)

r
h
s
2 

= (E—43)

~~22 
= j~~ _ _  - (E-44)

M22 
= ~ i ____ + Xl (E-45)r T2 L~’~

_ V  zi
whe re

P 11
~~~~~~~ r ’ 

O~~~v~~~ I (E—46)

E-9 



must be computed from

y ~~ = 
3(2 - v)~~~~~~ v

2 
- 36~ + 36 (E-47)

The dimensionless parameter v represents the ratio of attitude estimation

accuracy (P 11 ) to sensor measurement accuracy (~~~)• Note that a value of

~ can be chosen , y calculated from Eq. (B-25) ,  and M 11/r ’, P12 /r ’,

M12!r
’, P22~’r

’, and M22 / r ’ determined from ~ = P 11/r ’ and y.
Equation (B-25) represents the trade-off between system accuracy repre-

sented by the paramete r v and the measurement rate that is contained in

the parameter y .

The average value s of the covariance matrix elements,

= 1

T 
P(t) dt (E-48)

whe re T is used due to the steady-s ta te  condition , can also be dete rmined

from parameters  y and v.

~~ii  = P11 + T P 12 + -
~~ T2 P22 + -

~~~~~ T 3 (E~ 49)

p
22 = P22 + .~~~ T (E-50)

• Substituting the previously de rived values for P 11, P 12, and P22 into

Eqs. (E_49 ) and (E_50 ) gives

= V + ( 3 ~
)

2)~~~~ y - - ~~~~~ y2 
(E-5i)

E -iO
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and

= 
V 

V 
(E_52)

The Kalman filter gains K and K are also related to the covariance8 w
elements by

fP
K = = P H R = —

~~ 
(E~ 53)

K J  ~Pj 2

The refore ,

P
K8 = = V (E_54)

and

K = = V (E-55)

E-ii
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APPENDIX F. DERIVATION OF UPPER AND LOWER

PERFORMANCE BOUNDS FOR THE RANDOM
MEASUREMENT FILTER

This appendix contains a derivation of an upper and lower bound for

the Kalman filter covariance matrix when the measurements occur at random
times.

I .  THEOREM

Consider a Kalman filter with fixed initial covariance matrix P0
in which measurements may be taken only at a sequence of fixed decision
times. Whethe r or not a mea surement is made , such a decision time is a
random event with a probability p of making a measurement and probability
( 1 - p) of not making a measurement (0 ~ p ~ 1). Then , 

~ u and are
upper and lowe r bounds on the expected cova riance matrix in the sense that

P -E[P1u

and

E(P 1 - P1

are positive semidefinite. Except at decision time s, P and 
~~L satisfy

the normal covariance propagation equations with

P . . .  . = P  . .. .u Initial time L initial time 0

At a decision time, P and are updated by the formulas

F - i



P = P  - p P H T(H P H T + R ~~
i H Pua ub ub ub / ub

~~La = 
~~Lb 

- 
~‘ 

PLb H (P H PLbH + R)~~ H P Lb

where the subscripts a and b denote value s afte r and before the decision

time respectively, H denote s the observation matrix, and R is the measure-

ment noise covariance. That is ,

m = H x + r

TR = E [ r r  I
whe re rn is the measurement vector and r is the measurement noise

• vecto r .

Taking the limit as the interval between decision times that goes to

zero gives

p = V dt

where V is the expected number of measurements per sec of a Poisson

measurement process. Then ,

d P v ~~~~~~~~ P H T + R ) ’  H P
~ 

dt

and

d 
~~L = ~~ PLH R  H “L dt

F-2
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for  the effects of the measurements. If the state satisfies

~~~~F x + n

where

E [n(t) T~~~1 = N (t) 6(t - s)

then

d P = ( F P + P F T
+ N ) dt

d P L = (F PL + P LF + N ) dt

for the effects of plant dynamics and process noise , and the continuous limit
of the discrete equations is -

(IP
—~~~= F P  + P F T + N ~~~v P } 1 T ( H p H T

+ R )
1 H pdt ii u u u u

and 

dP
L

dt = F P L + P LF T + N ~~~V p LH TR 1 H p L

If a continuous measurement is also being made (1. e.,  if star sight-
ings are random and rate gyro data are always available), the terms

-P H
T R H Pu d  d d u

F-3
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and

~
PL H

~
’

R
~~

1 Hd PL

where Hd and Rd correspond to the continuous measurement, should be added
to the continuous equations .

If m different measurements are being made with observation and
noise matrices Hk and Rk and measurement mean rates vk, then the measure-
ment terms in the continuous equations take the form

- 

~~~i 
Vk PU~~~~~(Hk P H

~~~+~~~~) 1 Hk P

and

_

~~~ 1 
Vk PL HK R

~~~ Hk PL

2. PROOF OF THEOREM

In the proof , the in equality notation

A � B

will be used to denote the fact  that (A-  B) is a positive semidefinite sym-
metric matrix. Two matrix inequality lemmas are used in the proof. Their
statements and proofs are given following this main proof.

The proof will be by mathematical induction. Assume that before a
filtering phase

F-4 
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P ?E [PJ
U

Then it will be proved that this relationship still hold s afte r the filte ring

phase is completed.

The desired inequality holds initially since

= P0 = E[PQ]

Between decision time s, everything is deterministic and linear and , there-
fore , if the inequality hold s just afte r one de cision time , it will hold just
before the next decision time.

Now , let the subscripts b and a denote value s before and after a
decision time and let

= HT R 1 H

Then ,

E[P ] = E [P  Imeasu remen t]p+  E [Paln o measurement] ( 1_ P )  ( F - i )

For the expe cted value with a measurement, let

A =  Pub

B = P  B ’ = Pb a

C = J

F- 5 
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in Lemma (1), Paragraph F. 3. Then

P 4p_ 1
+ J ~

_ i + ( j + p  J)~~~ (P - P  ) ( I + J Pa \ u b  ,‘ ub b ub ub

and, taking expected values,

E[P lmeasurement] ~ ~ + - (I + 
~~~~~ 

~ (P~~ - E 1
~~b

1
~ 
(I + ~~ 

~ub~

But , by hypothesis ,

~ub - EEPb] > 0

and, thus,

E [P fmeasurement ] s(P~~~ + J)_ 1 (F-2)

If no measurement occurs ,

P = Pa b

and

E[P Ino  measurement] = E
~~~b j 

~ ub

Inserting Eqs. (F-2) and (F-3) into ( F - i )  yields

E[P l ~ p(P~~ + J)_ 1 + (1 1~ ~ ub

F-6
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Thus we will take

“ua = ~ + + (1 1’) 
~ ub

This expression may be rewritten as

P = p ~~P - P  HT(H P H T + R ~~
1 H P  ~ + ( i - p ) Pua ub ub \ ub / ub’ ub

and, finally,

P P - p P  H T(H P HT + R \ m H Pua ub ub ~ ub ub

which complete s the upper bound proof.

I 
- Let

be the true information matrix and let

SL = P ~~
’

be the information matrix corresponding to the lower bound. It will be
proved by mathematical induction that

E [ S I S S L (F-4)

F-7
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Using Lemma (2), Paragraph F. 3, with

A = S L

B

it follows that

P � P L~~~
PL (S

~~~
SL) P L

and taking expectations

E [ PJ  
~ 

1’L + PL (S L - E [S]) 
~~L

and using Eq. (F-4),

E[PI �P L

which is the desired result. To prove Eq. (F-4), note that at a de cision
time

S = S  + 8 Ja b

where

I if a measurement occurs

8 =
0 if no measurement occurs

F-8
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and taking expectations,

E [ S 1 = E [ S bl + P J

Now, let

SLa 5Lb + p J (F-5)

Then,

SLa E[S
a] = 5Lb - EI Sb]

and the right-hand side is positive semidefinite by the induction hypothesis.
Thus ,

S~~ - E [Sal 0

or

S~~~~?E [ S J

Also,

~~L0~~~~~0

so

SLO = S0 = E[S0]

F-9 
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and the induction hypothesis is true initially.

Using Eq. (F-5),

PiJ~ = PiJ~ + p J•

~~La = ~ + p H T R 1 H)- 1

and by the matrix inversion lemma,

~~La = 
~~Lb - ~~Lb H T 

(H PLb H T + H P~~~

or

~~La ~~Lb - 

~ P LB H (P H PLb H ~ R)~~ H

State update (multiplication by the transition matrix ) is a linear
ope ration on the information matrix so that Eq. (F-4)  holds after a state
update if it hold s before the update .

For incorporation of process noise ,

P = P ’ + N ’a b

where P~, and N ’ are gene ra ted from linear nonsingular t ransformations
of and N. Therefore ,

S= (S~-’ + N ’)-~

F - I O
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By Lemma ( I ) ,  Paragraph F. 3, with

A = S L

B = S

we have (note that SL uses the regula r Kalman formula for process noise)

5La = (s~~ +

S 
~ 

SLa + (I + 
~~~~ 

N ’) ~ (S~ - S
~~b

) (I + N’ SLb ) I

and taking expected values ,

E[Sa] 
~ ~ La - (I + S

~~b N ’) 1 
(Sib - E [S~ ]) (I + N ’ SLb )

~~

However , by the induction hypothesis and linearity,

S
~~b � E[s~ ]

and , therefore ,

E[S ] ~~~~

This completes the proof.

F - Il  
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3. LEMMA

a. Lemma (1 )

If A, B , and C are symmetric po Ative definite n X n matrices and

A and B are nonsingula r and

A’ = ~A
1 

+

B’

then ,

B’ ~ A’ ÷ (I + ACY 1 (B - A) (I +

Proof

Now ,

A’ = A ( I + CA)~~

and

B’ (I + BCY 1 B

and thu s

B’ - A’ = (I + BCY 1 B - A (I + CAY 1

= (I + BCY 1 
~B(I ÷ CA) - (I + BC) A} (I +

= (I + BCY 1 (B - A) (I + CAY 1

F- 12



and

B’ - A’ - (I + AC) (B - A) (I + CA)

= ~(I + BC) 1 
- (I + AC)~~~ (B - A) (I + CA) 1

-
~ : = (I + AC) + AC) - (I + BC) (I + BC) 1 (B - A) (I + CA)

B’ - A’ - (I + ACY 1 (B - A) (I + CA) 1

= (I + AC) (A - B) C (I + BC) (B - A ) ( I  + CA)

= -(I + AC) 1 (B - A) (I + CB) 1 (I + C B ) C ( I  + BC) 1 (B - A) (I + CA) 1

= ~M
T (C + C B C ) M  ~ 0

whe re

M = (I + BCY ’ (B - A) (I + CAY 1

and the inequality follows because C ? 0 and CBC ~ 0. This proves
the lemma .

b. Lemma (2)

If A and B are nonsingular , positive, definite symmetric matrices,
then

B 1 
� A~~ - K

1 (B - A ) A 1

F- 1 3
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Proof

- K
1 

= B 1(A - B)K 1

B 1 
- K

1 + A 1 (B - A )K 1 
= (K

1 
- B 1) ( B  - A )K 1

= A 1(B - A ) B ’(B -

which proves the lemma.

F-14
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APPENDIX G. KALMAN FILTER EQUATIONS FOR MEASUREMENTS

AT RANDOM POINTS IN TIM E AND NUMERICAL EXAMPLES

Measurements for Kalman filters sometimes arrive at random points
in time. An example would be sta r sensor measurements. A measure of
the filter performance in this situation is the error covariance expected
value taken over all possible random-point sequences.

In this appendix, a discussion is presented of the case where the random
points in time are determined by a Poisson counting process. The matrix
d ifferential equation for propagation of the error  covariance expected value
is found. Sinc e the arrival times of the measurements are not known a priori,
the Kalman filter gains depend on the particular random-point sequence. That
is , they depend on the particular realization of the Poisson counting process
in the set of all possible realizations . The matrix differential equation for
the error  covariance expected value requires  at every time -point knowledge
of additional error  covariance statistics; therefore, it is not directly solvable.

If a suboptimal filter is implemented where the gains are independent

of the particular random-point sequence , the matrix diffe r ential equation for

the error  covariance expected value is directly solvable . This is because the

only statistic entering in the equation is the e r ror  covariance expected value .

Since the filte r is suboptimal, its error  covariance expected value is an upper
bound on the Kalman filte r er ror  covariance expected value . The suboptimal
fi lter is worthy of cons ideration and study as a possible pract ical  alternative

to the Kalman fi l ter .  The suboptimal filter realization independent gains are

chosen so as to minimize the e r ror  covariance expected value.

A lower bound to the er ror  covariance expected value is found directly
from the exact error  covariance expected value matrix differential equation ,
and turns out to be close to the upper bound for low intensity Poisson count-

ing processes. A second lower bound is derived in Appendix F and turns out

to be close to the upper bound for high intensity Poisson counting processes.

1S. M . Melzer, Satellite Attitude Estimation with Measurements at Random
Points in Time, TR-0076(6 111)- 6, The Aerospace Corporation, El Segundo ,
California ( 10 December 1975).
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Intensity is the average number of points per unit time. Thus, at both ends

of the intensity spectrum, the upper bound is an excellent approximation to
the actual error covariance expected value . When the upper bound is close
to the maximum of the two lower bounds, the suboptimal filter is almost as

F good as the Kalman filter.

By simulating the upper bound error  covariance expected value tran-
sient , an approximation of the convergence time of the Kalman filter is ob-
tam ed. Again , it should be noted that the derived upper bound is the exact
erro r covariance expected value for a suboptimal filte r of realization inde-
pendent gains . The Kalman filte r is different in that its gains are realiza-
tion dependent.

1. THE KALMAN FILTER WITH DISCRETE AND
CONTINUOUS MEASUREMENTS

The plant is modeled by

x(t) = A(t ) x(t)  + w(t) (0—I)

where x(t) is the state vector and w(t)  is white state noise

E[w(t) w T(t l)J = Q(t) 8(t - t ’) (G-2)

A ve ctor of measurements

~ (t) = H(t) x(t) + v(t)  (G-3)

is available only at discrete samp ling instants t
1 < t 2 ... . Here , v(t) is

finite variance measurement noise

E[v(t) V T(t l)} = 0 t / t ’

= R~~
(t) t = t ’ (0—4)

G- 2 
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A second ve ctor of measurements

z(t) = G(t) x(t ) + u(t)  (0-5)

is available continuously, and u(t) is white measurement noise

E[u(t) uT (t~)] = R 8(t — t ’) ( G—6)

Let t~ denote the ~
th time that y ( t )  is available, and define t~ = t. + c,

tT = t. - c with e arbitrarily small . For the time period during which y~(t)
• is not available , i . e . ,  t~~ 1 ~ t ~ C , the state estimate ~c(t) is updated by the

linear filter

= A(t) ~ (t) + K (t) [z(t) — G(t) ~c(t)} (G-7)

with initial condition a(t~~~1
). At time t~ when ~ (t) is available , the correction

made to the state estimate is

= ~~(C) + K (t :) [y~(t1) - H(t
~

) ~ (t~ )] (G-8)

The error covariance is defined by

P(t) ~~~ E[[~c(t) — x(t)] [~c(t) — x(t)]T]

For t~~1 ~ 
t ~ C, the error covariance propagates by

P(t) = A(t) P(t) + P(t) AT (t) — P(t) G T(t) R 1(t) G(t ) P(t) + Q(t) (G-9)

w i ’i initial condition P(t~~ 1). At time t~, the error covariance reduction

resulting from the new information ~ (t1) is given by

P(t~ ) = P(C) — P(t~~) H T(t1) [H(t m P(C) H T(t1) + R ( t )] 1 H(tm ) p(C ) (G 10)

G- 3
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Equations (G-9) and (G- 10) are only true when the gains Ku (t) and Kv (C)
are chosen in order to minimize the trace of the error covariance. The

choices ar e

K (t) P(t) GT(t) R 1(t) (G- 11)

K (C) P(C ) HT (t. ) [H(t .)  P(tj ) HT(t1) + R
~
(t.)F ’ (G-12)

2 . THE ERROR COVAR IANCE EXPECTED VALUE FOR
THE KALMAN FILTER

For the specific sequence t 1, t2 .. . of points at which ~ (t) is available ,
P(t) is deterministic. However , if the t 1, t

2 ... occur at random points in
time , then the error covariance is a random process.  Let C index elements
of the probability space S of all possible realizations of random points in time .
Thus , t . ( ç )  means the time of the 1th instant of realization 

~ at which 1(t) =

~ (t. ) is available . P( t ;c)  is the error covariance at time t for realization C,
and E[P(t;ç)] is the expected value of the error covariance.

We assume that the sequence t
1

(C) ,  t2 ( C )  is determined by a Poisson
counting process N(0;t;C) where N(0,t;C) is the number of points on the inter-

val (0,t) for realization 
~~~
. The point t

1(C) occurs when N(0,t;C) changes from

i - i  to i. Given the interval (t , t+~~J, then (with the C argument understood )

t+~~ k t+~~P [N(t , t -i-A) = k J  =
~

1- (f X(n ) dn) ex~~(_f  X(n) dn) (G-13)

where X(t)  is the intensity of the Poisson counting process , i. e . ,  d/dt
E[N(0 , t) } =

With N(0 , t ; C) a Poisson counting process , the numbers of points on
disjoint intervals are independent random variables , and the placement of
points on (0 , tJ  is independent of their placement on (t , t+A}. It follows that
P(t;C) is independent of N(t , t+~~;C) and , therefore,

0-4 
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E[P(t ,c ) 1N ( t , t+~~;C) = k] = E[P(t;C)], k = 0, 1, 2, . . . (G- 14)

We proceed to derive an equation for d/dt  E[P(t ;c)J .

~
4

~ E[P(t;C)] = 
~~~~ 

E[P(t+A ;~~) - P(t ; C)]

= lim 
~~~~ ~~~ {E[P(t+~~;C) - P ( t ; C ) JN ( t , t+ A )  = kJ]

x P[N (t , t+~~;C) kJ (G-15)

From Eq. (0- 14 ) and Eq. (G- 15) it follows that (the argument C is under-
stood when not used )

~~~E[P(t~ j = ~~~~ j~~~~~[E[P(t+~~) f N ( t , t+~~) = k] - E[P(t)}]

x P[N(t, t+~~) = k} (G-16)

Since P[N(t , t+~~)} = k is of the order only the k = 0, 1 terms of Eq. (G-16)
affect the limit.

From Eqs. (G-9 , (G- 14), and (G-15), [O(~~) means order~~J

E[P(t+~~) lN ( t , t+~~) = ol - E[P(t)] = [A(t) E[P(t)] + E[P(t)] AT(t)

— E[P(t) GT(t) R
1
(t) G(t) P(t)J

+ Q(t)] ~~+ 0(~~
2 ) (G- 17)

P[N(t, t+A) = 01 = 1 - X (t)~~ + 0(A2) (G-18)

G— 5 
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From Eqs. (G-10), (G-13), and (G-14),

E[P(t÷~~)IN(t, t+~~
) = 1] - E~P( t )J  = _E [P (t) HT(t) [H(t ) P(t ) HT(t)

÷ R (t)]
1 H(t) P(t)] + 0(A )  (G-19)

P[N(t , t + A )  = 1] = X(t )  A ÷ 0(A 2 ) (G- 20)

Substituting Eqs. (G- 17) through (G-20) into (G- 16) and taking the indicated

limit gives

a~i~ 
E[P(t;C)] = A(t) E[P(t;C)]  + E[P(t;C)] AT(t) + Q(t)

- E[P(t;C) G T(t) R 1(t) G(t) P(t ;C)]

— X(t) E[P(t;C) H
T(t) [H(t) P(t ; C)  H T(t)

+ R (t)F 1 H(t) P(t ;C)]  (0-21)

We note in passing that E[d/dt P( t ; C)]  is not defined because

2

~~~—~E[P(t+~~;C) P(t ; C) ]

is discontinuous at A = 0.

Given E [P(t;C)], Eq. (G-2 1) is not sufficient to compute

~~ E[P(t;C)]

as we require knowledge of the expected value of two nonlinear functions of
P(t ;C) .  In Appendix G. 3 we propose a suboptim al linear filter that will

G-6



provide an upper bound for E[P(t;C]. A solvable case of Eq. (G-2 1) is
G(t ) = 0 , H(t ) of the same rank as P(t) and R (t) = 0. Then , letting 

~~~~ Lj  
=

d/dt E[P (t;C)], it follows from Eq. (G-2 1) that

PLI (t) = A(t) PLI (t) + PLI (t) A T(t) + Q(t) - X(t) PLI (t) (G-22)

For the case G(t) = 0 , R (t ) � 0 PL1(t) is a lower bound for E[P(t;C)]; that is ,
PL1 ( t )<  E[P(t;C) }. A second lower bound for E[P(t;C)] is derived in Appen-
dix D.

~~L2 = A(t)  PLZ (t) + PLZ (t) A T(t) + Q(t)

~~L2 GT(t) R~~
1(t) G(t) PLZ (t)

- X(t) PL2 (t) H T(t) R 1(t) H(t) PLZ (t) (G-23)

3. AN ERROR COVARIANCE EXPECTED VALUE UPPER BOUND
USING A SUB OPTIMAL FILTER

From Eqs. (0-11) and (G-12)  we see that the Kalman filter gains are
dependent on the realization C .  A clas s of suboptimal filters is characterized
by choosing K (t ) and K ( t ) independent of the realization C . This means
that, for each realization, the gains are functions only of the time t that they
are used.

K (t;C 1) = K (t;C 2 ) = K (t) (G-24)

and , when t. (C 1) = t .(c 2 ) t,

K (t :(C 1);C 1) = K (t (C 2 );C 2 ) = K (t) (G-25)

~ B me ans trace [A] ~ trace [B].

G- 7
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with K (t) a continuous function. Assuming the filter structure of

Eqs. (G-7) ,  (G-8), (G-24) , and (G-25) , then for t~~ 1 ~ t ~ C, the
error  covariance propagates by

= [A(t) — K (t) G(t) ]  P(t ;C) + P( t ; C)  [AT(t) — G T(t) KT (t)]

+ K (t) R
~~

(t) K T (t) + Q(t) (G-26)

At t. the error covariance reduction is

P(t~ ) = P(C ) + [1 - K ( t 1) H(t .)]  P(C ) [1 - HT (t . ) K T(t. ) ]

÷ K (t. ) Rv (ti ) K T(t.)  — P(t ) (G_ 27)

where P(C ) means P (tj (C) ; C)  and K
~,

(t
~

) means

As in Paragraph 2 of Appendix G, consider the interval (t , t+A) . From
Eq. (G- 26),

E[P(t+~ N(t , t+~~))= 0] — E [P(t)] = [[A(t) — K (t) G( t ) ]  E[P(t)]

+ E[P(t)]  [AT (t) - GT(t ) KT(t)]

+ K (t)R (t)KT(t)  + Q(t)]]~~~+ 0 (~~) (G-28)

From Eq. (0- 27),

E [P(t+~~) I N(t , t+~~) = i ]  - E[P(t)] = [1 - K (t) H(t)]  E[P(t)] [1 - HT (t) K T(t)]

+ K (t) Rv(t) K T(t) - E[P (t)] + 0(a)

(0- 29)

0-8
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Substituting Eqs. (G-28), (0-29), (G-18), and (G- 20) into (G-16) and taking
the limit as fr~O gives

~~ 
E[P(t;C)] = [A(t) — - K (t) G(t) } E[P( t ;C)]

+ E[P(t ;C)]  [AT(t) - G T(t) K T(t)] + K (t) R (t) K T(t) ÷ Q(t)

+ X (t)  [_K ~~
(t) H(t) E[P(t ;C)]  - E[P(t;C)] H T(t) K T(t)

+ K (t) [H(t) E[P(t ;C)]  HT (t) + R (t) ] K T
(t)] (G-30)

which is sufficient to propagate E[P(t;C)] . To utilize realization independent
gains , they are chosen to minimize the trace of d/dt E [P(t;C)], which mini-
mizes at every time point the trace of E[P(t;C)] .  It is straightforward to

show that the best choices of realization ( C )  independent gains are

K (t ) = E[P(t;C)] G T (t) R 1(t) (G-3 1)

K
v

(t) = E[P(t;C) 1 HT (t) [H(t) E[P(t ;C)]  H T (t) + R (t)] 
-i  (0-32)

• Substitution of these gains into Eq. (VI-53) gives

= A(t) E[P(t;C)] + E [P(t ;C)]  AT (t)

+ Q(t) — E[P(t;C)1 G T (t) R 1(t) G(t) E[P(t;C)I

— X(t)  E[P( t ;C)]  HT (t) [H(t) E[P(t ;C)]  H T(t) + R (t)]

x H(t) E[P(t;C)] (G-33)

as the propagation of the suboptimal filter error  covariance expected value .

G-9
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Equation (G-33) is sufficient to propagate E[P( t ;C)J .  Denote the error
S 0covariance for the suboptimal filte r of this sect ion as P ( t ; C )  and let P (t , C )

denote the optimal filter (Kalman filter) er ror  covariance. It follows that

P5(t;C) ~ P
°(t;~~) for every C € S (0-34)

E[P5( t ; C ) ]  ~ E[P°(t;~~)] (G-35)

Abbreviating P (t) ~ E[P
5
(t;C)], then

= A(t) P (t ) + P (t) AT (t) ÷ Q(t) - P (t) G T(t) R 1(t ) G(t)  P5 (t)

- X(t )  P (t) HT (t) [H(t) P5 (t) H T(t) + R (t) ]~~ H(t)  P5 (t) (G-36)

Equation (VI-59) is the same upper bound found in Appendix D by a different
method.

Concerning the suboptimal filter , Eqs. çG-3 1)  through (G-33) provide
the filte r gains K

~~
(t) and K (t) .  The gain K

~~
(t) is app lied continuously to the

continuous z ( t)  information , while the gain K (t)  is used at the random points
in time t = t. at which ~ (t) is available . If A(t) ,  Q(t) ,  0(t), H(t) ,  R (t) ,  R (t),
and X(t) are all deterministic , then the gains K (t) and K

~~
(t) can be

precomputed.

Equation (0-36) is a nonstandard matrix differential  equation that has
yet to be studied for global and local behavior. However , for now , consider
the linear time-invariant, i . e . ,  (A(t) etc ... all time-invariant) case and
examine the behavior of Eq. (0-39) about the stationary point P where

A P + P~ AT + Q - P G T R 1 0 P
~ 

- X P 5 H
T[H P5 H

T + R F 1 H P = 0

(0-37)

0- 10
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The requirement needed in order for the stationary point P5 to be stable is
that the linear matrix diffe rential equation in 8P , given by

= [A -. P G T R 1 G - X P HT[H P HT ÷ R f
t 

H] OP

+ OP [A
T 

- G T R~~
l G P5 - X HT[H P HT + R

~~F
’ H P5]

+ X ~~ H T[H P
~ 

HT + R ] ~~ H OP HT[H p
5 H T 

+ R I 1 H P5 (G- 38)

be asymtotically stable .

4. FIRST-ORDER EXAMPLE

Consider the plant and measurement models

r ‘ ix = w ; E jw( t )w( t  ) j  qO (t  — t

r , i  Iy x + v; E iv(t) v(t ) j r , t t

= 0, t 1L

The measurements y(t)  are available only at random points in time deter-
mined by a stationary Poisson counting process of intensity X. From
Eq. (G-2 1),

~~~E[p(t;C) ] q - ______

where p (t ; C)  is the scalar error  covariance. Let p denote the steady-state
u r nerror covariance expected value , then p = 
~~~~ 

E[p (t ;C)] .  The two steady-
state lower bounds on p are from (G-22) and (G-23) [abbreviate 

~ L1 
by P1J

G- 11
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q - X p 1 = 0; p 1 q /X

2p 1/2

The steady-state upper bound on p is from (G-36)

A test , which demonstrates that p5 is a good approximation to p, is to

compute (p1/p 5)
h / 2  when p 1 ~ p2 

and (p2/p 8)~~
2 when p2 ~ p 1. If in either

case the ratio is near 1, then p is a good approximation to p. The bounds
1/2 

S

on ~p /p~ ) are

max E(~~)
112

~ 
(P 
)

l/ 2

] 

1/2

If neither of the ratios is near 1, then we cannot say whether or not p5 
is a

good approximation to p without further  analysis .

To parameterize the numerical work , let

1/2

Xr

Then

P j 2 2 \  
~

ZJ

p8 ~.1 I 4 \ I / 2

~
-; =

~
-

G- 12



A listing of the ratios versus 0. is given in Table 0-1.

Table 0-1. Erro r Covariance Expected Value Bounds
f o r  the First-Order Filte r

0. (~~~~1/2 
(P i)

1/2 
(P 2)

1/Z

\Xr / p 5 p

0 0

0. 2 0.42 5 0 9 6 a

0.5  0 .625 0 8 8 a

0~ 785a 0 785a

2 0 9 1 a 0.645

4 0 9 7 a 0.485
a1 0

a 1/2 1/2Next to max (p 1/p 5 ) , (p 2 /p 5 )

For this problem , 
~~ is a reasonable approximation to p over the whole

parameter range and is especially good for small and large 0.. Also, since

P S 
is the error  covariance expected value for the suboptimal filte r , imple-

ruentation of the sub optimal filter is a practical alternative in this examp le.

A point of interest is how the average error covariance of a uniform

sampled system compares with the error  covariance expected value of the
randomly sampled system. Let the uniformly sampled system have a sam-

pling rate of X samples/sec and let denote its average error  covariance

(including the time between samp les). It can be shown that

-

~~~d~~~~ s 2 X

G- 13 
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It follows that

~d 
1 ( ( ) 2 

+ 4(~~ .))

Forming the ratios 
~ d’~~1 and 

~d’~~2’ we have

~ d 1 /  4 \ 1/2

p 1 2~~ 
~~
,

~
‘ 4 \ 1/2

— = +—p 2 2~~ 0.

F For 0<  o’< 1, p2 is the greater (better) of the two lower bounds , and

over this range p2 < 
~d < p 5 . For o’ > 1, p 1 is the greater of the two lower

bounds and for 1 <0 < 1 . 1 5 , P 1 < Pd < Ps Since p is for both parameter
ranges just discussed (also nested between the lower bound and PS),
it follows that for 0 < 0 <  1. 15 the uniformly sampled error covariance ave r-

age value is a fair representation of the randomly sampled error  covariance

expected value p.

For o’> 1.15 , 
~d < P j and the uniformly sampled filter average error

covariance drops below our best lower bound for p. Note that

1/2 1/2
lim(Pd\  iirn(Pci\  0. 707o•_•

~~\p  /

1/2 1/2
lim (~ d\  - lim/~~d - 1

0-14



5. A SECOND-ORDER EXAM PLE

Given the plant and measurement model described in Paragraph 0. 1

with 
-

10 ii 10 01
A = I  I’ Q 1  I’ G = 0

LO oJ LO q J

R = 0 , H [ 1  0 1, R = r , X(t ) X

The plant can be thought of as a vehicle with attitude and rate as state vari-

ables. The vehicle is subject to white angular acceleration noise. Only

attitude measurements are available at random discrete points in time . The

random points in time are determined by a stationary Poisson counting

process.

The error covariance of the Kalman filter P°(t;C) and the suboptimal

filter P (t ; C)  are 2 x 2 matrices.

Let

= 
hrn  

E[P?1 (t ;C)]

p = 
lirn 

E[P~~j (t ;C)]

m = 
lirn 

E[P~ 2 (t;C) ]

m = 
lim

E[P
s (t ;C) ]

Thus p is the steady-state expected value of the attitude estimate error vari-

ance of the Kalman filter and p5 is the same quantity for the suboptimal filter.

0- 15 
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Similarly, m and m5 are steady-state velocity estimate error variances for
the Kalman and suboptimal filters respectively. Let p 1 and p2 be our two
lower bound s for p and let m 1 and m2 be the two lower bound s for m. Then ,

~~1 ~~~ 
m 1, and m2 are found from Eqs. (G-22) and (G-23) while p5 and m

are found from Eq. (0-36).

The bound on position estimate error variance expected value is

max 
[

1/2 

( P )

l” Z

] 
(_n_)

1~~1

and the velocity estimate error  variance expected value is

1/2 1/2
max

[(~
2!) , (T1) ]<.ia < i

It turns  out that p 1/ p ,  p
2

/ p ,  m 1/m 5 , and m 2/m 5 are all fixed by
the parameter

i ~1/4
~~
,-  

X~~ r

The relevant ratios as a function of 0 are listed in Table G-2 . Note that ,
for both small and large 0, p5 and m are excellent approximations to p
and m.

0-16
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Table G-2. Error Covariance Expected Value Bounds
for  the Second-Order Filte r

1/2 1/2 1/2 i/ 2
0’ 

(p
1/p 5) (p2/p 8) (m

1
/m

5
) (m

2/m 5)

Attitude Attitude Rate Rate

0 0 1 0 a 0 1 0 a

0.0316 0.004 0 983a 0. 148

0.1  0.035 0 946a 0.261
0.316 0 .175 0 828a 0.44 5
1.0 0 565a 0.47 5 0.656 0 780a

2 .0 0 692a 0.205 0 702a 0.590
4.0 0 707 a 0.074 0 707 a 0 .420
8.0 0 707 a 0 .026  0 707a 0.297

0 0 707 a 0

aOperable ratio with the greatest lower bound .

6. A THIRD LOWER BOUND

There is a third lower bound 1 which is better (higher) than both

and 
~~LZ but only applies for the case of no continuous measurements (0(t) = 0 ) .

PL3 (t) = A(t) PL3 (t) + PL3 (t) AT(t) + Q(t) - X(t)  PL3(t)

+ X(t)[PL~
(t) + HT(t) R;~ (t) H(t) J~~ (0-39)

Note that PL2 (t) must first  be computed.

1S. M. Meizer , Kalman Filter Performance with Measurements at Random
Points in Time, ATM-75(7433-07)-i , The Aerospace Corporation, El Segund o,
California, dated 29 January 1975 (not available for external distribution).

G- 17
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APPENDIX H. EQUATIONS FOR THE SINGLE

INTEGRATOR SYSTEM

The single integrator may be thought of as a suboptimal estimator that

directly integrates continuous rate measurements between discrete attitude

updates. Whenever an attitude update occurs , the measurement is processed

optimally to obtain an improved attitude estimate. The rate integration

between attitude updates is usually accomplished by rate integrating gyros .

The SPARS filter is representative of the sing le integrator type . This filter

is suboptimal in the sense that only attitude measurements are optimally

processed in obtaining the attitude estimate . Although the rate is measured,

• it is directly integrated without filtering to propagate the estimate between

attitude measurements. In contrast , the double integrator can be considered

a fully optimal filter in the sense that both attitude and rate measurements

are processed optimally to obtain estimates of both states .

To illustrate the derivation of the single integrator filter , consider a

single axis examp le. The output of a single-degree-of-freedom rate inte -

grating gyro may be considered as the continuous attitude estimate e satis -

fying the equation

8 = w  + n ~ 
( H - I )

where w is the angular velocity measured by the gyro and n
~ 

is additive white

noise with strength r
~ 

defined by

~~{n (t) n (T)} = r 8(t - T) (H-2)

Equation ( H - i)  is a model of the rate integrating gyro , which assumes that

the only corrupting influence on the output of the gyro is an additive white

rate noise that results in a random walk-type attitude estimation e r ro r .

Other error sources such as bias and scale fa ctor are assumed to be
precalibrated.

H-I
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Attitude measurements will be assumed to occur on a discrete time

basis modeled by

z. = 9 . + n (H-3)
1 1 8.

1

where 9. is the true attitude at time t. and n9 is white noise of strength

r~ defined by

8{n9 n9 } = r~ 6 (H-4)
1 J

The symbol 6~~ is the discrete delta function defined by

1 , 1 = j
6.. =

13 0 , i~~~j

The estimation error for the single integrator system is

5 = 8 - 9  ( H — 5 )

where 8 satisfies Eq. (H - I )  and 8 , which is the true attitude , satisfies

8 = w  (H-6)

The behavior of the estimation er ror  (Eq. [H-5]) may be determined

analytically by deriving the expressions for the system covariance in two

regions , namely, between discrete updates and at a discrete attitude update .

Let t0 be the time of the last update and t 1 be the time just prior to the next

update . Then the covariance at the last update is defined by

= = - eo )2} (H -7)

H-2
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• The covariance just prior to the next update is given by

m8 ~!{(~ - 8~~)2 } (H-B)

Integration of Eqs. ( H - i )  and (H-2)  and substitution into (H-8) yields

= S{(~~ - 6o )2} + f
ti 
j

t j 
d~ d~ (H-9)

where it has been assumed that n~ over the interval [t0, t 1] is uncorrelated
with and 80. Substituting Eqs. (H-2) and (H-7) int o (H-9) and per-
forming the double integral results in

m 9 = p
8 

+ r (t 1 - t
0
) ( H — b )

1 0 W

Thus , the single integrato r filter covariance grows linearly with time
between discrete attitude updates .

At the time of the next discrete update (t 1), the covariance obeys
Eq. (A-34). For this single axis example the result is

2
• m~ m8 r 9

p8 
m8 

- 

m9 :r~ m9 + r~ 
( H - f l )

where

H = 1 , R = r~

H- 3
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Assuming constant update interval

T = (t~ — t0 )

and solving Eqs . (H- 10) and ( H - l i )  simultaneously yields

r T /  4r ’
P g = 4— ~..i + \Ji ÷ (H - 12 )

rn e _r.
(i

+ \Ji + _4) (H-13)

The time subscript has been dropped in these equations since , for a constant

update interval, the filter reaches steady state when

p 8 = p 9 = p g
i i+1

and

m8 = m9i i+ 1

H- 4
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APPENDIX I. METHODS FOR SENSOR OPTIMIZATION

1. MATHEMATICAL FORMU LATION OF SENSOR OPTIMIZATIO N

a. Notation

In this  subsection , the problem of determining the sensor orientations
to minimize the worst case measurement e r rors  is mathematically formulated ,
and the optimal confi gurations and their performances are g iven. A simp le
derivation of the optimal sensor configuration is also presented.

To convert the problem of minimizing the worst case measurement
er rors  into mathematical terms , define a covariance matrix

P = E(e eT )

where the n-dimensional erro r vecto r

e = x  - x

is the d i f ference  between the true state variables x and their  estimates ~ and
E(y)  denotes the expectation of the random variable y.

Let 
~
‘b and 

~~a be the values of the covariance matrix P just before and
just  af ter  a measurement.  They are related b y

~,_ i  ~~~~~~~~
a b

where

M = H TR I H

is the “ information” matrix of the measurement. The (m x n) matrix H
linearly relates the m sensor measurements z to the n state variables x by

z = H x + n

I— 1



where the sensor measurement errors  n are assumed to be a white noise
sequence. For continuou s measurements, they satisf y

E(n( t ) ner ) T) = R 6 ( t - T )

For a discrete measurement process ,

E(n. ~~T ) = R 6 ..—i —i ‘3

b. Optimization Cri ter ion

Mathematically stated , the problem is to choose the sensor directions
(represented by the H mat r ix)  to maximize the measurement information
matrix M for prescribed sensor accuracies (denoted by matrix R).  Since
the sequential change in the inverse of the covariance matrix and the infor-
mation matr ix M is related by

P 1 
= P~~

1 + M  ( I — I )a b

as the elements of the information matrix M increase , the covariance matrix
after the measurement P decreases for a given value of the covariance

matrix before the measurement ‘~b~ 
Therefore , maximizing (in some sense)

the measurement information matrix M minimizes  (in the sam e sense) the
covariance matrix after the measurement ‘~a for a g iven initial condition
before the measurement

In order to determine a reasonable cr i ter ion for  maximizing the info r-
mation matrix M , f i r s t  diagonalize M. Then the diagonal elements of the
diagonalized M matr ix, i. e . ,  the eigenvalues of M, represent the measurement

information provided on each axis. Therefore , a reasonable cri terion for
maximizing M is to maximize the smallest eigenvalue of M. This is equiva-
lent to minimizing the measurement e r rors  in the worst case direction.  When
it is possible to mak e all eigenvalues of M nonzero , this policy also maximizes
the determinant of M , which minimizes the volume of the measurement error
elli psoid .

1-2



c. Relationship between Sensor Orientat ions and
I n f o  ri~~at ion Mat rix

This criterion of maximizing the smallest (nonzero) eigenvalue of M
will now be used to calculate the optimal sensor direct ions .  In order io
relate the information matrix to the sensor orientations , rewrite the equation
for M , i .e .

M = H TR 1 H (1-2)

in the form

M = H TR 1H ~~ (1-3)
i= 1 i

where matrix R is assumed to be diagonal with elements r 1. (If it is not
diagonal , it may be diagonalized. ) Here the rows of (in x n) matrix H are
f ormed by the m n-dimensional vectors h~.

I h~~~~

h T-.,

T-,

Physically, the h 1 vectors represent the sensor axis directions.  For example ,
if the sensor is a rate gyro , the vecto r would correspond to the unit vector
along the input axis. In a slit-type star sensor , h. is a unit vecto r perpen-
dicular to the slit direction , lying in the focal plane.

In sensors that measure in more than one direction simultaneously, such
as star trackers , all of the h . vectors are not independent. For example , let

and h 2 be the sensor directions associated with a star tracker.  Then , h 1

1-3
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and are perpendicular and lie in a plane normal to the star sensor LOS

vector u. Let

M =~L h h1 r
1 — 1—b

and

M2 
~ h h T

be the measurement information provided from sensor axes and
respectively. Then , from Eq. (1-3) the total information provided by
the star tracker is

M M 1 + M 2 ~ ( h h T ÷ h h T ) (1-4)

where the axes of the sensor have been assumed to be of equal quality so
r 1 = r2 = r. Multiplying Eq. (1-4) by orthogonal unit vectors h1, h2, and

u gives

M h 1 = -!.h
1 = X 1h1 M h 2 =!h2 =X 2h2 M u = O = X ~~ 3

Therefore , h 1, h 2, and U are eigenvectors of M with eigenvalues X 1 = =
and X 3 = 0. Since matrix

1 T
M = — ( I - u u ) (1-5)

(where I is the identi ty matr ix ) has the sam e ei genvectors and eigenvalues
as mat r ix  M in Eq. (1-4), the two matrices are equivalent . Equation (1-5)
is the expression for  the informat ion matr ix  of a two-dimensional sensor
whose LOS is along u. These vectors u are to be chosen to maximize the
smallest eigenvalue of the total information matr ix, which is comprised of
the sum of all individual sensor information matrices.
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The f i r s t  term in Eq. (1-5) is independent of the sensor orientations

and , hence , does not enter into the optimization procedure. The second term

in Eq. (1-5) is of the same form as the expression for M in Eq. (1-3).

Therefore , the following analysis will consider only the expression for M

given by Eq. (1-3).

d. Optimizing the Information Matrix

The sensor axis directions h. are now chosen to maximize the smallest

eigenvalue of the information matrix M. From Eq. (1-3), vectors and
matrix M are related by

M = ~~ 
l h h T

i=i i

Since M is a symmetric matr ix , it can be diagonalized by a similarity

transformation.

x 1 0 0 . . .

T 1M T 1 A = : • (T h . )  ( T h . ) T 
(1-6)

- K
• . rn

• where K 1 is the eigenvalue o~ M and T T 
= T

1 
is an orthonormal transforma-

tion matrix. Now , defining new unit vectors

v. = T h. (1-7)
— 1 —,

and substituting them into Eq. (1-6) gives

• I-S



K 1 0 . . .
A - 0 K 2 = ~~ i T  (1-8)

1=1 1

. ) ‘
m

Taking the trace (the sum of the diagonal elements of a mat r ix)  of both
sides of Eq. (1-8) give s

m m

E K. =~~~~
1 (‘-9)

i= 1 i

where the trace of a sum of matrices equals the sum of the traces and ,
since the v. are unit vectors , the trace of ~~~~~ is unity. Equation (1-9)
indicates that the sum of the ei genvalues of the information matrix M must
always be the same regardless of the orientations of the sensor vectors h 1.

The volume of the measurement e r ror  ellipsoid is inversely propor-
t ional  to the determinant  ‘f  the information matrix det (M),  which equals
the product of its ei genvalues

de t (M) = K 1 
. K2 

. . . .  . K (1-10)

Choosing the sensor direct ions to minim ize the volume of the measurement
e r ro r  ellipsoid or , equivalently, maximize the determ inant of M , subject to
the cons t ra in t  that the sum of the eigenvalues is fixed , result s in all the
ei genvalue s of M being equal .

K. = K  ! 
~~~~~ 

( I - l i )

Similarly, maximizing the smallest eigenvalu e of M would give the same
r e suit.

1-6



This relationship is true providing the sensor axis .!a~ 
can be chosen

so that none of the eigenvalues is zero . This is always possible when there
are at least as many sensors as there are directions to measure (m ~ n ) ,
since each sensor can be oriented along a different  axis. However , when
there are fewer sensors than direct ions to measure (m < n ) ,  there must be
at least (n - m) zero eigenvalue s of M because there are insufficient sensors
to measure all axes.

Even if there are more sen sors than axes to measure (m ~ n ) ,  it still
may not be possible to make all eigenvalues of M equal. To derive this
additional condition , which the sensor accuracies 1 /‘.f~ must satisf y in order
for the eigenvalues K 1 of M to be equal , assume the eigenvalues are equal at~dTcalculate hk M h .K .

M h
~K = K ~~~~~~ = > ..L ft~ Th ) Z

Noting that hk is a unit vector and expanding the ri ght-hand side of this
equation g ives

K =_ L ÷ 
~~ 

l
(~~~

Th ) Z > I 
(1-12)

i/k

The equality in Eq. ( 1-12) occurs when all the remaining instrument axe s
(1 / k )  are orthogonal t o h .K . Using Eq. ( I - l i)  as a substitute for K in

• Eq. (1-12) give s

~~ 
L~’_ 

(1-13)

This condition must be satisfied in addition to there being more sen-
sors than axes (m ~ n)  before all the eigenvalues of the information matrix
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• can be made equal. Actually, the inequality in Eq. (1-13) can only be
satisfied if m ~ n , and when m = n it can only be satisfied when all the r.
are equal. Physically, when this inequality is satisfied , any one instrument
is not superior to all the remaining instruments combined. This situation
for n = 2 and m = 3 can be illustrated by the case where two colinear sensors
along the axes~~2 and j3 are perpendicular to a third sensor along 

~~~ 
Let us

assume that the sensors along j 2 and have the same accuracy so f / r 2
• = 1 /r 3 = 1 / r  while the sensor along -~1 is more accurate , so 1 / r 1 = b / r

• where b is greater than unity. If b equals 2 , the inequality in Eq. (1-13) is
• just reached , and the sensors along j2 and combined have the same accu-

racy as th e sensor along~~1, so the eigenvalues of M are equal . Howeve r , if

• parameter b exceeds 2 , then the combined accuracy of the sensors alongj 2
and cannot achieve the accuracy of the sensor along 

~I1 so the eigenvalues
of M , which represent  the measurement accuracies in the different  directions ,
cannot be equal. These arguments  show that the inequality in Eq. (1-13) is
a necessary condition for all the eigenvalues of M (and, hence , the measure-
ment accu racies in each direction) to be equal. It may also be shown that
this condition is sufficient. The numerical technique s for calculating the
sensor axis orientations are presented in Paragraph 1. 2.

When the inequality in Eq. (1-13) is not satisfied and rn < n, then all the
sensor axes h. are orthogonal.

When the inequalit y in Eq. ( 1-13) is not satisfied and m � n, then the
sensors are ordered so that

J > J  > J  � . . .> J  ( 1-14)• 1 2 3  — m

where

J.~~ h r .

1-8
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This ordering implies that the most accurate sensor is along h 1, the second

best along h2, etc. Then , find the smallest integer k so that

n-k+1 i~ k ~~ 
(1-15)

The f i r s t  ( k - i)  instruments (the superior instruments)  with axes along h 1,
are mounted orthogonally to each other and all the remaining

sensors.  The (k - I )  eigenvalues of M associated with these instruments ,

i . e . ,  ~~~ X~~~1 . . .  K (fl k+2) .  equal J1, J2 J~~~ 1~ respectively. The
remaining n-k+1 instruments are mounted orthogonally to the (k-I) superior

sensors so that the remaining n-k+i  eigenvalues of M are all equal and

satisf y

K. = K = n-~~+I 
~~k 

; j  = 1 , 2 . . .  (n-k+1) (1-16)

When k = 1 , thi s case reduces to the case where all eigenvalue s of M are
equa l .

e. Properties of the Optimal Information Matrix

In this subsection the previously described characteristics of the optimal

information matrix are summarized and additional prope rties presented. First ,

define vectors ...i 1~ ~2 J m so that

i 1 , 2 ...

where h. represents unit vectors , so

1-9 
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. 2 1
~~~~ . = — = J. ; i = 1 , 2 . . .r nr. i

Order the vectors1. so that

J � J  ~~J ? .  � J• 1 2 3

Also order the n eigenvalues of M , i. e . ,  K ., so that

K � K  ? K  � .1 2 3

Substituting the vectors for the vectors in Eq. (1-3) for M gives

M = ~~~ .1J
T 

(1-17)

The optimal M matrix has the following properties:

a. The smallest cigenvalue of the optimal M matrix, namely, K 1,equals or is larger than the smallest ei genvaluc of any other
matrix M in the form of Eq. (I-h 7).

b. If the k smallest ci genvalucs of a nonoptimal matr ix  satisf y ing
Eq. ( 1-17) equal the k smallest eigenvalue s of the optimal M
matrix , then the remaining (n-k) eigenvalues of M must equal
or be greater than the corresponding (n-k)  ei genvalues of the
nonoptimal M matrix.  Mathematically stated , if the eigenvalues
of the nonoptimal matrix 

~~ 
satisf ying Eq. (1-1 7) are ordered

so that

~~~~~~~~~~~~~~~~~~ ~~~~~

and the eigenvalues of the optimal M matrix K. are similarly
ordered , then 1

K ~~ K ~~K ~~.. . 5 X1 2 3

I-j o

_ _ _ _  ~~~~~~~~~~~~~~~~~ :~~~~~~• • - • •  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
-
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Then ,

a.

and

b. If the f i r s t  k eigenvalues are equal ,

K . =~~ . ; i = 1 , 2 ...

so

K . 
~ 

~i. i = k , k+ 1 , . . .  n

Physically, this implies that , if an information matrix is as good as
the opt imal information matrix on the kth worst axe s , it must be
poorer than the optimal matrix on one or more of the remaining axes.

The optimal M matrix has the property that all the vectors J j ’  ..j 2
are eigenvectors of M and the eigenvalue corresponding to is greater  than
or equal to J~. Note that if m > n , there will be more eigenvectors of M than
eigenvalucs (M always has n cigenvalues) so several .1• vectors will correspond
to the sam e cigenvaluc . A similar situation occurs in the case of the identity
matrix where any vecto r is an eigenvecto r with a unity eigenvalue .

ni ~ n, then the vectors of the optimal M matrix arc all orthogo-
nal to each other and the eigenvalue of M corresponding to .1. equals 

~~
The optimal M matrix is a scalar multiple of the identity matrix if ,

and only if ,

J I ~:

I— i i



In this case , the optimal M is unique , except for a rotation or relabeling of
axe s, and is given by

M = ( !~~~~~~J.)I

2 . NUMERICAL METHODS FOR CALC ULATING THE OPTIMAL
SENSOR ORIENTATIONS

In this subsection, numerical methods for calculating the optimal
sensor orientations are pre sented along with simple numerical examples.
These numerical method s anc~ their proofs have been provided by Professor
J. E. Potte r of Massachusetts Institute of Technology . These numerical
technique s have been generalized to calculate the sensor configurations that
will produce assigned accuracies along each axis. These gene ralized
techniques and examples are also illustrated.

a. Sensor Orientation Construction: Case I

First, consider the case where

m
~~ J. (1-18)n 
k=i ‘

• where the J . have been orde red so that J ~ J 2 3 2 ... 2 3 . In this case ,1 2 3 m
• the optimal information matrix M is given by

M = KI ( 1- 19)

1-12
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where I is the identity matrix and scalar K satisfies

I m
K 

~~ 
(1-20)

To start the numerical procedure , let

h. = ,/X . e. , i = h , 2 .. . , n (1-21)

and

.1• = 0 i = n+h , . . .  , m (1-22)

where

6 .
I ’

= 
6 2i (1-23)

6 .n i~

and 6 .. is the delta function (6 .. = 1 for i = j  and zero o therwise) .  Set the
13 11.

values of K 1 in Eq. (1-2 1) equal to the desired eigenvalues of M . For the
optimal M matrix given by Eq. (1-19), all the K

~ 
are equal and are given by

Eq. (1-20).

Initialize the indices I and u by setting

1 = 1
( 1— 24)

• u = m

1-13
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The procedure increases I and decreases u until u = I , which terminates
the procedure.

The iteration procedure consists of the following steps:

a. If Li1 ,
2 

= J1, set I = 1+1 and exit from the step.

b. If

U1 , 2 
- ~ 2 

~u 
- I~u I2 

( 1-25)

denote this as Case a and set

i .  23 - u
I L -  . 2  

~~~

. 2 ( 1-26)
- Liu l

Otherwise, denote it as Case b and set

. 2
~.lj  - J 1

= u . t Z  - 2 (1-27)
I~.II I - 

~
lu

Now define

= 
. 2 i . ~2 (1-28)

.11 - Uu I

and calculate

= 
- Z y - (2~,- 1) 

(1-29)

1-14
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= 
1 + x  (1-30)

“2 ( i + x 2 )

1 - x  ( 1— 31 )
V’

2 ( l+ x 2 )

Note that C and S are analogous to cosine and sine functions
in that

C2 + S 2 = i  (1-32)

When y = 0 , Eqs . (1-30) and (1-31) reduce to

C (y=o) = ( 1-33)

S (y = O )  = ‘~J~i (1-34)

Now , replace11 andj ~ by new values:

(.1,) new = C11 + Sj~ ( 1-35)

Uu~ 
new = -S.11 + C.1 (1-36)

Note that the sum of the squares of the magnitudes of the new
.11 and1~ is equal to the sum of the squares of the magnitudes

of the old.1, and~~~.

PU,) new + I (~~) new 1
2 

= 
~~ 1 p 2 + I.1u 12 

= J1 + 3u 
( 1-37)
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Finally, in Case a , set

u = u — I  ( 1-38)

and exit from the step.
In Cas e b , set

I = 1+1 ( 1— 39 )

and exit from the step .

b. Construction Example: Case I

Consider the case where n = 2 and m = 3 and the J~ satisf y the inequal-
ity in Eq. (I — 15):

~ 1 = 4 ; J 2 = 3 ; J 3 = Z

Then , in the optimal M matrix, all the eigenvalues are equal and are given by
Eq. (1-20) .

K. = K

From Eqs. (1-21), (1-22), and (1-23), initialize the procedure with

0 0

_12 —

-
~~~ 0

and indices

1 1  ; u = 3

[- 16
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First Iteration Step

Since

(Ij~ 1
2 

- 

~ h = ~~) <
~~~3 - 113 1 = 2)

the inequality in Eq. (1-25) is not satisfied, so this is Case b where

1 2 ’T~C =  ; S = . ~

and

• 
~~~~~~~~~~~ 2

new = (
~~~) new =

0 L o

Vector12 is unchanged. Since this is Case b , the I index is augmented as

j = 2 a n d u = 3

comp leting the i terat ion step.

Second Iteration Step

Since

. 2  3 . 2 3
• - = 2 (33 - 3 3 =

the inequality in Eq. (1-25) is satisfied, so this is Case a where

3 I~; ify = O  , C = \ / .~ ; S = V .~

1-17
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~~~~~~~~

and

-4_ 
~~

vfU

- new = U~
) new =

3~~~ 3~~
_

Vectorj1 is unchanged. Since this is Case a , the u index is decremented

and

1 2  , u 2

Since I = 2 , this completes the iteration .

• Checking the results , the final values of.1. have the correct magnitudes

• i .  iZ  i .  2 .

i-~h i = 4 =
~~ 1 i..,~2 t = 3 = J 2 ...~ , i = 2 ~~• J 3

• and the matrix M is correct .

• 3 1 0
M = ~~~~ .1~J.?~~=~~~ [ 1]

c. Construction Example: Unequal X~

The following example will illustrate the construction when unequal

measurement accuracies are desired on each axis. The procedure is exactly
the same as that described before even when the inequalit y in Eq. (I -h8)  is

not satisfied, except that the procedure is initialized with the desired eigen-

values in Eq. (1-2 1). These desired eigenvalues , i.e ., K ., must satisf y

• the constraint

I- 18
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K . = (1-40)

Consider the f rom the previous example

J 1 = 4  ; J2 = 3  J3 = 2

and suppose the desired accuracy ratios are

K 1 2
K 2 

- 1

Since the eigenvalues K 1 and K2 must satisfy Eq. (1-40), the desired
eigenvalues of matrix M are K 1 = 6 and K 2 = 3.

Therefore, to start the numerical procedure, using Eqs. (1-21), (1-22),
and (1-23), set

r~
, 101 0

and indic es

1 = 1  u = 3

First  Iteration Step

Since

(l.1~ 
p
2 

- j  = 2)  � (33 - 113 = 2)

1- 19
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the inequality in Eq. (1-25) is just satisfied, so this is Case a where

= “JT7~ y = 0 ; C = ‘~J i7i S = ‘~.JT7~
and

2 -~k

Li~ ~new = 
0 

U3~new = 
0

Vectorj2 is unchanged. Since this is Case a , decrement the u index

• I = l a n d u = 2

completing the iteration step.

• Second Iteration Step

Since

• t . i - = 0

the index I is immediately increased so

I = 2 and u = 2

completing the entire iteration procedure.

Checking the results , the final values of j. have the correct magnitudes

i .  12 i .  i .  i 2
U1 I = 4 I~1~ I = I~13 I = 2
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and the matrix M

3 6 0
M = ~~~~~1~11 =

0 3

• also has the desired eigenvalues.

d. Sensor Orientation Construction: Case II

Now , consider the case where

1 n k~~h ~~ ( 1—41)

In this  case , the eigenvalue s of the optimal information matrix M
are given by

K~ = K = n-l~+j 
~~k 

3
~ 

i = 1 , 2 , ..., (n-k+1)

K.  = ; j  = ( n-k+2) ,

where k is the smallest integer so that

n-1 +j  
~~k 

~

Using the construction outlined, find a set of (n-k+ 1) dimensional
vectorsj~ , ... , so that

m
~~~ = K I
I =k

1-2 1
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and convert these to n-dimensional vectors 1~ 
by adding (k-I )  zeros at the

top.

~~k-1)
.11 = i = k , k+h , . . . , m

~ 1

Then , set

..i~ = 3~ .
~~~~ 

i = h , 2 , . . .,  ( k- I)

F where

!~ 

:~

o
i l

This  completes the construct ion .

Physically, the f i r s t  ( k - i)  vectors.11 (orienting the superior sensors)
are all orthogonal to each other and the remaining (n_k+ 1).1~ vectors. These
remaining vectors are distributed over the remaining (n-k+ 1)  dimensional
subspace according to the numerical procedure outlined so that the smallest

n-k+ 1 eigenvalues of M are all equal.



GLOSSARY

AIRS Advanced Inertial Reference System

B LIP B ackg round Limited Performance

CMG control moment gyro

COMSA T, comsat communications satellite

CSDL Charles Stark Draper Laboratories

dc direct current

ESG electrostatic gyro

ESP Eclectic Simulation Program

FM frequency modulated

FOV field of view

HAADS High Altitude Attitude Dete rmination Study

IR infrared

IRIG inertial rate integrating gyro

LOS line of sight

NA not available

N.A.  not applicable

NASA National Aeronautics and Spac e Administration

NEA noise equivalent angle

OAO Orbiting Astronomical Observatory

PM -RIG permanent magnet rate integrating gyro

PSD power spectral density

Gl— i
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GLOSSARY (Continued

rf  radio frequency

rms root mean square

rpm revolutions per minute

rss root sum square

SARA Sin gle-Axis Reference Assembly

SPARS Space Precision Attitude Reference System

• TOG Third Generation Gyro
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