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ABSTRACT

[t is shown that there exists a new class of surface waves with polari-
zation parallel to the surface, like Love waves, that propagates along the
free surface of a half-space consisting of a periodically layered composite
§ with layers parallel to the free surface. A method is presented for deriving
these horizontally polarized shear wave solutions from plane wave solutions
obtained by applying Floquet's Theorem to an infinite periodically layered
medium. The different types of surface wave dispersion relations obtained

in this way are discussed and the physical significance of two critical points,
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the conical point and the turning point, is noted.
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1. Introduction

Figure 1 shows a small section of a periodically layered medium, with
two kinds of material layers (shaded and unshaded in the figure) lying per-
pendicular to the y axis. We will be concerned with wave motion in the
yz plane, invélving only an x-component of particle displacement. The mo-
tion is uniform in the x direction. That is, the waves are of anti-plane
strain type (or horizontal shear in seismological terminology). Alternating
layers of the medium have different properties, such that a mechanical imped-
ance discontinuity exists at each interface. Because of these impedance dis-
continuities a time-harmonic wave progressing through the medium experiences
multiple reflections. It is well known in many branches of physics that
this situation leads to the existence of certain frequency bands (called
stop bands) where progressive wave motion normal to the layers does not exist

and the displacement amplitude decays exponentially along the normal direction.

The dispersion relation for the waves just described has been discussed in
some detail by Delph, Herrmann, and Kaul1 and exhibits the expected existence
of multiple stop bands. However, because the problem in Fig. 1 is 2-dimensional
and the stop-band behavior relates only to field variations along the y axis,
wave solutions within a stop band exhibit progressive wave motion along =z
and exponential decay along y . Solutions with exponential decay toward ei-
ther +y or -y are obtained. This behavior, somewhat reminiscent of a sur-
face wave traveling along 2z , prompts one to ask the following question. Under
what circumstances can a horizontally polarized shear surface wave (analogeous
to a Love wave on a substrate with a single slow velocity layer on the surface)

exist on the layered substrate obtained by cutting the medium in Fig. 1




along some plane normal to the y-axis and removing the material on one
side of this plane? The purpose of this paper is to show that such sur-
face wave solutions always exist, no matter where the traction-free plane
is placed within the structure, and to describe a simple method for ob-
taining these solutions from solutions for the infinite periodic medium.
To our knowledge the existence of these surface waves has not previously
been described theoretically or observed experimentally.

It will be seen in what follows that these surface waves on periodic
substrates have interesting and unusual properties that are quite unique
and distinct from those of Rayleigh and Love surface waves. Significant
implications of this fact come readily to mind, as will be discussed in

the conclusion.

2 Horizontally Polarized Shear Waves in an Infinite Periodically

Layered Medium

It is known from Floquet's theorem that any spatially periodic medium
admits wave solutions in which the field distribution along the direction
of periodicity is a periodic function multiplied by an exponential. In Fig.

1 this statement applies to the y variation of u, o where g(y) 1is the

required periodic function with period d equal to that of the structure.

The unit cell of a periodic structure is the basic element that repeats
to make up the structure. It may be defined in a variety of ways. 1In Fig. 1,
it is chosen to extend from the left-hand end of one shaded section to the
left-hand end of the next sha .d section. 1In the coordinate system chosen
th

the N unit cell extends from y = Nd to y = (N+1)d . A basic conse-

quence of Floquet's theorem is that the elastic field components u, and




o in one unit cell differ from u and o in the next unit cell only

g iK_d - o

by the factor e Y . This follows from the expression for u in Fig. 1
and the corresponding stress

du iK'y iK z
X -iwt .
SR s R R — g(y) + iK g(y)} e 7 v E, oA
y dy dy i

where the expression in curly brackets is also periodic in y with period 4 .

From the Floquet property stated above and the continuity of u and

oxy at the cell boundaries, we find that the field at the right-hand end
of the unit cell is related to that at the left-hand end by the multiplica-
iK d
th

tive factor e 7 . This is stated at the bottom of Fig. 1 for the N

unit cell, where a "local" coordinate = y-Nd is used. An important

N
result is that the dispersion relation may be obtained by considering only
the field equations within the Nth unit cell.

Figure 2 gives general expressions for the displacement field in layers

I and 1T of the Nth unit cell, expressed in terms of local coordinates.

The corresponding stress is calculated by noting that

Sux(y) Bux(yN)
Oxy N L R Sy Rl . (2)
dy Yy
The shear velocities in layers I and II are V and V and K is the
sl sII z

wave number appearing in the Floquet solution. By satisfying the continuity
conditions on u, and oxy at the interface between layer 1 and layer II,
we can express BII and AII in terms of BI and AI . The periodicity
conditions at the bottom of Fig. 1 then give two linear equations in the

latter variables. Solution of the secular equation gives the dispersion

relation between frequency w and the wave number components Ky and Kz .




This is the problem solved by Delph, Herrmann, and Kaul in reference 1.

A typical dispersion surface is shown in Fig. 3, where the shaded
vertical '"steps' are stop bands. On these parts of the surface the real
part of Ky (shown in the figure) is constant but the imaginary part of
Ky (not shown) varies from zero at the stop band edges to a maximum near
the middle of the band. It is this imaginary part of K that accounts
for the exponential decay of the stop band fields in a direction normal
to the layers. Solutions exist with decay in either the positive or
negative y directions.

Within the stop bands of Fig. 3 the wave fields decay exponentially
along y and, by conservation of energy, the averuge power flow along vy
must therefore be zero. From this fact we can draw conclusions about the
distribution of u for a wave in one of the stop bands. Since power
flow density is the time average of ﬁxoxy , zero average power flow means
that u and Oxy are in time phase (Fig. 4). It is then easily shown
that the coefficients A and B in the field expressions must satisfy
the conditions stated in Fig. 5. To understand the significance of this
result it is necessary to examine more closely the stop band structure of
Fig. 3.

Figure 6 shows the first two stop bands of Fig. 3 graphed in nor-
malized w and Kz coordinates. Also shown are straight lines correspond-
ing to the shear wave velocities in the fast and slow layers of the unit
cell. The real or imaginary character of k in Fig. 5 is determined by
position on the graph relative to these fast and slow velocity lines. For

fields within the fast layer k is real for values of w and Kz to




the left of the fast velocity line

in Fig. 6. Values of w and Kz to the right of this line correspond to

imaginary k in Fig. 5. This means that the particle displacement distri-

bution ux(yN) in the fast layer is sinusoidal in the first case and a
combination of cosh and sinh in the second. A corresponding statement
relative to the slow velocity line

w

FIR
ulo =

can be made for the displacement distribution in the slow layer.

Let us now pose the following question. For values of w and Kz

within one of the stop bands in Fig. 6, are there values of YN for which

the stress oxy is equal to zero? Since

du

=u-—

Oxy
ayN

frou Eq. (2) such traction free planes clearly exist when the displacement
u, is a sinusoidal function of y — that is to say, in the fast layer for
points to the left of the fast velocity line of Fig. 6 and in the slow layer
for points to the left of the slow velocity line. It will be seen below
that such traction-free planes may also exist when the displacement is a
hyberbolic function of position. So far we have established only that

traction-free planes exist for pairs of values of w and Kz within a

——————r




stop band. This is not yet evidence for the existence of a surface wave.
However, in the following section a procedure will be demonstrated for
selecting pairs w , Kz such that the traction-free plane remains at the
same position in the structure. The relationship thereby obtained be-
tween w and Kz is then the dispersion relation for a surface wave
traveling along a free boundary at that particular location. Under these
conditions the infinite medium solution satisfies the equations of elas-
ticity and the correct boundary condition at the free boundary, and

therefore provides a valid solution to the surface wave problem.

3. Horizontally Polarized Shear Surface Waves on a Layered Substrate

Returning to Fig. 6, select initially a value of KZ lying in that
part of the first stop band to the right of the fast velocity line. 1In
this region the variation of u is hyberbolic in the fast layer and

trigonometric in the slow layer. This is illustrated in Fig. 7. Now,

consider the variation of the displacement distribution within the unit
cell shown, as KZ is kept fixed and w is varied. It is known from
reference 1 that the distribution in the slow layer is symmetric at the
lower edge of the stop band and antisymmetric at the upper edge. Within
the fast layer the symmetries are reversed. This permits one to sketch
qualitatively the graphs at the bottom and top of the figure. Then,
imposing continuity of u, and u(BJx/ayN) at the slow-fast interface

and supposing that the fast layer is stiffer than the slow (ufast > ) i

Uslow
one easily arrives at the other displacement distributions shown. The
traction-free planes can then be identified as the points of zero slope of the

function ux(yN) . It is seen that such planes exist in both layers and

that there may be more than one in each layer.




The figure shows displacement distributions for a single unit cell;

but recall that the distribution in successive cells differs only by

iK d

multiples of the factor e 2

» Where Ky is complex within a stop band.
Referring to Figs. 3 and 6 we see that, within the first stop band con-

sidered here,
Kd = m+ i (&mK) d
> y

Accordingly, the multiplicative factor relating displacements from cell

to cell is

—('ﬁml( )d
o y

where d?me is zero at the edges of the stop band and reaches a maximum
within the band. From continuity of u at the left- and right-hand edges
of the unit cell ir Fig. 6 we see that the distributions shown correspond
to a wave in which the displacement decays from cell to cell toward the
left, as indicated by the undulating arrow.

Another feature apparent from Fig. 7 is that, at fixed Kz , the
positions of the traction-free planes vary with w . Suppose we consider
the left-hand traction-free plane in the second diagram from the bottom.
This corresponds to the second dot from the bottom in the small insert
at the upper left of the figure. If we choose a different value of Kz
the traction-free plane will have a different position at this same value

of w but, since the position varies continuously, we can always find a

new W such that the plane remains fixed. This procedure can then be
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repeated step by step to construct a dispersion relation
= f (K
w < (K,)

for the surface wave traveling along the selected traction-free boundary.

Figure 8, taken from reference 2, shows two surface wave dispersion
curves obtained by implementing numerically the procedure described in
the preceding paragraph. These correspond to two cases, one with the
traction-free boundary at an edge of the slow layer and the second with
the boundary within the slow layer. As shown, this simple change in
structure produces a radical change in the surface wave properties. 1In
case 1 the wave exists for all values of Kz down to Kz = 0 , but there
is a gap between points A and B . The second case has surface wave
propagation only to the right of point A . Figure 6 illustrates the
physical significance of these c¢ritical points. Point A, where the stop
band width reduces to zero, is characterized by the fact that the slope of
the dispersion surface in Fig. 3 is not uniquely defined. Tt is called
the conical point and is discussed in reference 3. Point B lies on the
fast velocity line in Fig. 6 and is therefore the point at which the fast
layer distribution at the upper stop band edge changes from trigonometric
to hyperbolic.

Figures 9 to 13 give a general classification of the different types
of surface wave behavior occurring in the first stop band for different
positions of the traction-free surface. Surface waves with other kinds of
dispersion characteristics will exist in the higher stop bands of Fig. 3.
Families of surface wave dispersion curves with similar features are seen
to occur for free planes located in certain regions of the periodic struc-

ture. These families are more complete when the top layer of the substrate

T —



is slow than when it is fast, as would be expected from the fact that
Love-type surface waves exist in a single layer only when it is slow
compared to the substrate.

Figure 9 shows the type of curves obtained when the free boundary

is in the lower half of the slow layer. Case 2 of Fig. 8 is a member
of this family. All curves start at the conical point A , some terminate
on the upper stop band edge at a finite value of KZ , as shown by the top
curve in the figure, and some do not. The sequence of changes is indicated
by the arrow on the curves and on the traction~free plane in the insert. The
direction of decay into the substrate is denoted by the undulating arrow.

The case of a traction-free plane in the upper half of the slow layer
is illustrated by Figs. 10 and 11. When the free boundary is at the upper
edge of the slow layer the dispersion curve in Fig. 10 starts at the turn-
ing point B and extends to KZ » o , This is the outer part of Case 1

in Fig. 8. As the position of the boundary plane is moved into the slow

layer, the starting point of the curve moves to larger values of KZ .
This set of curves corresponds to a free boundary located within the upper

quarter of the slow layer. By contrast, the curves in Fig. 11, which corre-
spond to the inner part of Case 1 in Fig. 8, correspond to a free boundary
located within the upper half of the slow layer. These curves all extend

from Kz = 0 to the conical point A .

Figures 12 and 13 correspond to traction-free planes within the fast
layer. 1In Fig. 12 the curves terminate on points A and B and the
bottom member of the series (free boundary on the lower edge of the fast
layer) corresponds to the top member of the series in Figs. 10 and 11.

Curves for a free boundary in the upper half of the fast layer are very

limited in extent. They extend between points A and B , but barely
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break away from the stop band edge (not visible on the scale of the
figure). Since the infinite medium waves that were used to construct
all surface wave solutions have very slow decay rates close to the band
edges, this particular family of surface waves has very deep penetration

into the substrate.

4. Conclusion

The existence of horizontally polarized shear surface . waves on a
periodically layered substrate has been demonstrated. As illustrated in
Figs. 8 — 13, these waves have very distinctive dispersion curves compared
with horizontally polarized shear surface waves of the Love type on a sub-
strate with a single slow surface layer. Unlike Rayleigh waves, but like
Love waves, these new surface waves have nonlinear frequency versus wave
number relations.4 However, whereas each member of the Love wave spec-
trum propagates at all frequencies above some critical frequency charac-
teristic of the mode in question, the Floquet surface waves treated here
are, in some cases, restricted to a limited frequency range and can exhibit
both bandpass and bandstop filter characteristics.

It is not claimed that the solutions presented here are the only pos-
sible horizontally polarized shear waves that can exist on a periodically
layered substrate. They are however valid solutions, even though developed
by first applying Floquet's theorem to the infinite periodic medium, be-
cause they satisfy all of the required elasticity equations and boundary
conditions.

Since layered composites are finding increasing use in structural
applications, these new surface wave solutions are of current importance

with regard to vibration problems in layered structures. If, for example,
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one is concerned with protecting a delicate instrument from the vibrations
generated by a motor mounted on the same structure, one would clearly wish
to avoid direct transmission of surface waves from the motor to the instru-
ment. This requirement would therefore impose constraints on the compo-
sition of the layered structure so as to avoid efficient surface wave
excitation and transmission within the frequency spectrum of the vibrations
generated by the motor.

Another fruitful area of potential applications is in electronic fil-
tering and signal processing. Since 1967 both Rayleigh and Love surface
waves have been extensively used in various devices of this category,
ranging from elaborate processing systems for radar to inexpensive selec-
tion filters for TV sets. In many of these devices the surface wavcs are
excited by an array of electrodes deposited on the surface, with spacing
equal to one-half of the surface wavelength. These electrodes are then
driven electrically with suitable phasing so that they radiate waves con-
structively along the surface. The electrode spacing, being equal to a
half-wavelength, decreases with frequency. This poses a fabrication
problem for devices operating at frequencies above 1000 MHz, where one-
half of a Rayleigh wavelength is less than one micron. The surface waves
of interest in this paper have a unique feature relevant to this practical
problem. It will be noted in Fig. 11 that there is wave propagation at
finite frequency for all values of Kz down to zero. This is a property
not shared by any other type of surface elastic wave. In potential elec-
tronics applications its importance stems from the fact that the wavelength
A= (2ﬂ/Kz) , becomes larger as Kz becomes smaller. One therefore has
a means for obtaining increased surface wavelengths at high frequencies and

thereby relieving the fabrication problem noted above.
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Furthermore, one may note that the k2 = 0 point is a cut-off for the
surface wave; that is, the solution does not exist as a propagating wave
below the frequency corresponding to k2 = 0 . An extremely interesting
question concerns the behavior of the solution at frequencies below this
critical frequency. In an ordinary closed waveguide, a propagating mode
becomes decaying (or evanescent) at frequencies below cut-off. This type
of behavior has never been observed in a surface wave solution and, if it

occurs in this case, would constitute another unusual property of this new

class of surface waves.
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Figure Captions

Floquet solution for propagation in the infinite periodic
structure.

Displacement field distributions in the Nth unit cell, expressed
in terms of the local coordinate O Nd .

Dispersion surface for x-polarized shear wave propagation in
an infinite periodically layered medium.

The phase relationship between u and ny in a stop band.

General particle displacement distribution functions in a stop
band.

Detail of the first two stop bands in Figure 3.

Shift in position of the traction-free planes oxy =0 as a
function of w .

Two examples of surface wave dispersion curves for a layered
substrate.

Surface wave dispersion curves for a free boundary in the lower
half of the slow layer.

Surface wave dispersion curves of the first kind for a free
boundary in the upper half of the slow layer.

Surface wave dispersion curves of the second kind for a free
boundary in the upper half of the slow layer.

Surface wave dispersion curves for a free boundary in the lower
half of the fast layer.

Surface wave dispersion curves for a free boundary in the upper
half of the fast layer.
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