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ABSTRACT

This paper discusses the axiomatic and func tional models of the

semantics of structured programming . The models are presented together

with their respective methodologies for proving program correctness and

for deriving correc t programs. Examples using these methodologies are

given. Finally, the models are compared and contrasted .
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1. INT R O DU CT i ON

Programming methodology has centered around the use of a particular set

of program constructs , chosen because they prov ide the programmer with the

ability to maintain control of the program developr’ent. This control

involves the ability to break the program into small easily understood

p ieces using a few simple structures which permit the verification of each

step In the development process before golug on to the next step. Each step

involves the decomposition of the current set of pieces into another set of

simp le structures. This development technique is commonl y rcferred to as

stepwise refinement.

The guidelines for choosing these basic structures and the ability to

prove the correctness of the partial solution of a program are based on

formal models of the semantics of variot~s program constructs. Associated

with each of these constructs there is a rule for verifying the correctness

of the expansion from its specification or intended function. This paper

discusses two such models, the axiomatic model [Floy d , 1967; Hoare , 19691

and the functional model [Mills, 1972 , 197 5~ . In the next section, the

basic models will be given along with the methodology used for proving the

correctness of a program in each model. Section 3 gives the algorithm for

deriving a correct program and contains an example derivation using each

model. Section 4 compares the two models: their similarities, differences

and connec tions.

-
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2. BASIC MODELS OF PROGRAM CONSTRUCTS AND CORRECTNESS

In this section, the two models are defined and the semantic rules

given for each of the following program constructs where Si and S2 are

again constructs from this set:

1. Assignment: x:— f

2. Sequence: Si ; S2

3. Iteration: while b do Si od

4. Choice: if b then Si else S2 ft

if b then Si ft

For the purpose of this paper , a program consisting of only these constructs

will be called a structured program. These particular constructs were chosen

because they are representative, they are the most commonly used , and they

are sufficient for the example8 given in this paper.

Based on the semantic definitions of the individual constructs, we show

the standard correctness criteria for each construct and how to apply the

correctness criteria to a structured program. These program constructs

permit breaking the program into a hierarchy of structured subprograms such

that the correctness of each subprogram can be proved independent of the rest

of the program. In order to construct this hierarchy, we define a prime

program as a structured program with no structured subprograms consisting of

more than one statement. The following algorithm is used to construct this

hierarchy :

while the program consists of more than a single logical statement do

“find a prime subprogram in the current program;”

“reduce the prime program to a single logically equivalent

ii
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statement — this reduction is essentially a syntatic

group ing , i .e . ,  a compound statement (note that the

r e su l i t n g  program consists of fewer statements)”

od

This algorithm produces a hierarchy o t  pr im e  programs in which each iteration

of the loop produces a hi gher level in the hierarchy.

As an examp le , consider the program given in Figure 2.1. The hierarchy

of prime programs is the following , where statements are indicated by their

line number :

1— 2 3—4—5

A l
1 2

2.1 Ax iomatic Correctness

The particular model of axiomatic correctness that we use here is due

to [Hoare , 19691.

The intended function of a program , or part of a program can be
specified by making general assertions abou t the values which
the relevant variables will take after execution of the program .
These assertions will usually not ascribe particular values to
each variable , but will rather specif y certain genera] propert ies
of the values and the relationships holding between them .

In many cases, the validity of the results of a program (or
part ot a program) will depend on the values taken by the
variables before that program is initiated . These Initial pre—
conditions of successful use can be specified by the same type
of general assertion as Is used to describe the results on
terminat ion .

—
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FIGURE 2.1

SIMPLE MULTIPLICATI ON PROGRAM

1. Z :~ 0;

2. Y :~ B ;

3. while Y > 0 do

4. Y: =  Y — l ;

5. Z :— Z + A

od

I - -

t 
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The notation

IP} S ~Q}

Is used to  state the required connection between the input assertion P,

output assertion ~~~, and program (or part of a program) S. The program S

is partially correct with respect to P. Q if! for every substitution of - P
values which makes P true , then after the execution of S. Q must be

true. To prove (total) correctness, we must also prove that if P is true

then S terminates. In this paper , we ignore the problem of termination

since the techniques used are identical for both models.

To prove that S Is correct with respect to P. Q, the first order

predicate logic is used together with axioms for each program construct.

These latter axioms and rules of inference are given in Figure 2.2. A

complete explanation of these axioms and rules of inference can be found in

[Hoare , 19691. In the iteration axiom A3 , the assertion P is usually

called the 
~~~~ 

invariant.

To prove the correctness of a particular program , assume that every

program statement, as well as the program itself , has both a pre and post

assertion and the hierarchy of prime programs has been produced . Since each

prime program in the hierarchy has both a pre and post assertion, the

correctness of each piece is proved using the rules given in Figure 2.2

based on the form of the prime program. This demonstrates the partial

correctness of the program.

In practice, however , every statement in a program is rarely tagged

with both its pre and post—conditions . The minimum effective requirement is

j
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FiGUR E 2 . 2

HOAR E ’S RULES OF INFERENCE

Assignment

Al tP(f)} x :~ f { P(x ) }

where P(f) is obtained from P(x) by substituting

f for all occurrences of x.

Composition

A2 If (P1 Si (RI and (RI S2 (QI ,

then (P} Si; S2 ( Q i .

Iteration

A3 If (P A B .~ S (P1 ,

then (P1 while B do S od (P A .
~ 

B)

Condition

A4 If (P A B) Si {Q} and (P A -‘ B} S2 (QI ,

then (P1 if B then Si else S2 fi (Q’

AS If (P A SI Si (QI and P A .-, B Q,

then {P) if B then Si II 
~
Q)

Consequence

A6 If (P1 S (Q} and Q R, then (P1 S (RI.

Al If ( QI S (RI and P Q, then {P) S ( R I .  

— 
~~~~~~~~~~~~~~~~~~~~~~ —-~~~~~~ ,- -r~~~--~~~~~-~ 
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to be given the pre and p o s t — c o n d i t i o n s  for  t h e  e n t i r e  program and the loop

invariant for each loop. In this case , the pre and post conditions are

generated by a top—down process .

To produc e  the assertions , first produce the 1iierarchy of prime programs .

In  t h i s  case , a slight m o d i t i c a t i o n  (or n o r m a l i z a t i o n)  ot t he  proc ess  i l-i l f l t F O -

duced ; g i ve n  a sequence Si  ; ... ; Sn— i  ; Sn consider  it  as a c o m p o s i t i on

(Si  ; .. . ; S n — I )  ; Sn. Given the r - ’r c hy ,  the  p re—condit ion  of each

st atemen !  is generated by a top—down , recurs ive  a lgo r i thm from the  post

condition (note tha t the ou tpu t  asser t ion of the entire program is assumed

to be given):

1. Assignment : x:~ f .  if the post—condition is P(x) ,

then the pre—condition is P(f) as given in ru le  Al of

Figure 2.2.

2. Sequence: Si ; 52. It the post—condition is Q, then

the process is involved recursively to find the pre—condition

of s2, namely, R. this process is then repeated on Si given

R as Its post—condition.

3. Iteration: while B do S od. Note tha t it is assumed

that the loop invariant P is given. If Q is the post

condition , it must be proved (as part of the proof process) that

P and 7B -
~~ 
Q. P is the pre—conditlonof the loop. (P and B)

is the given pre—conditionol S and P the post—condition of S.

The process of finding pre— coudittons is continued on S.

4. Choice: if B then Si else 52 11. if Q is the post—

condition of the if , then the process is repeated on Si and S2
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w i t h  Q as t h e i r  post—cond ii ions , y i e l d  i i ~~ P1 and P2 as their

r e s p e c t i v e  p r o — c o n d i t i o n s .  The p r e— c o n d i t i o n  of the I i  Is

(B P t )  A (-.
~ 

B P 2 ) .  Note  tha t this con d i t i on  can normal ly

be greatly simp lified . For examp le , if Pt is of the form

P A B and P2 is of the form P A —1 B thcn the pre—conditlon is P.

The proof can then be carried out us before but much of the work has been

eliminated . Since the pre—conditionsaic generated from the post—condition ,

the associated program part must be correct wi th respect to these conditions.

Only when a pre—condition is given (e.g., in a loop body) must it be proved

that the derived pre—condition is imp lied by the given pre—condition .

In order to illustrate this method , the correctness of the program given

in Figure 2•3 is proven. This program computes the product of two natural

numbers A , B by repeated addition. Note that In order to be more precise

the output assertion should state that neither A r~ar B is modified by the

program; in the axiomatic model it is assumed that unless otherwise stated

no program modifies its input values (this restriction is important , as shall

be seen later).

To demonstrate that the program is partially correc t (i.e., that it

does compute A * B), a more formal argument than usual is given; this

formality is dropped in later sections. The proof of the program given in

Figure 2.4 uses line numbers to refer to program parts of more than one

statement.

2.2 Functional Correctness F

The model for functional correctness was developed by (Mills, 1972,

1975). Here , the intended function of a program is stated as a functiona l

___________ _ _~ _ -__~__ _,__t — 
_7_ 
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FI G URE 2.  1

AX LO~LVI !C CORRECTNESS OF SIMPLE: MULT I PL I CAT I ON

( A  -‘ 0 , B > 0 )

1. Z := I)

2. ‘1 := B

I Z  A * ( B _ Y) , Y 0 )

3. while Y > 0 do

4. Y :~ Y - l ;

5. Z :— Z + A

od

( Z  — A * B )

_ 
~~~~~~~~~~~~~~~~ 

- 
~~~~~~~~~~~~~~~~~~~~~ ~~~



-

~~~

11
0

‘JI a N r ~~~

N >4 
* + 

itt

0

I 0
r.4
r4 I~~o~~~

0
* ‘,

~• 0
.
~~~~ 

r~I 

~~t’f 4) .a V

~ ..—.~~~~ ~~ i II n r-I r-i
• U >4 4) 0 0

I ,-44) ~~~~~~~~~~~ 0 ~~ >.~ ~~~ 
04 0 I p-I 0 ‘.- N 4) 0 >4

.r4 1 ~~~~~~~~ - _ ‘ .~~~~~4

~ ‘! 
— .- • O ~~~-~ 0 -

~~ ~~~~~~~~~~~~~ > 4 . .~- 4 )~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
~~~~~~~~~~~~~~~A l .~ .~~

,. , 
~~) 4) N) 4) 4) 4) 4) 4) 4) 4)~~~ -~ 4)

~ ~~~~~
j

~J ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

~~~ 4)

‘g I
— —‘ c4~ c’. ~~

0

I-I

‘-I

• r-’ --~

A4) °

~~~~ > 4 0  “I >~~ 
>4

• >4

~. ~~~~ -. ..... I-.,
0 >4 *c.~ r .  - — ‘ *1-4 0 • ‘P 

~
—. 

*
>4 ‘- ..

>4 .( I ‘P II
Nr— ’ I II

~~ II N .~ .~ —

* - *P.. * * N II ¼ - J  + >43.—, .~ ~~ .0
o .o o

~ • ~~ I L—p-.? ‘.__._.J 4 - ’ -
~

1-4 II
_ 

V., + 0 — ~-~.0

o e~ I * I N ‘ N N

~

.4I tt’% C’J Ii) Cl) >4 >4

1-4 (“ 4 t3-
~ .~~ I

N 0 — 3—4

V N 
~~~~~~~ 

If 4) 4) N I
01 I I ~ — N -

I~~t r 4 r~~~~~~~~~~~ >4 
~~~r-’~ 

-
>4

0 0 >4 I
U) 0t 4) V f ~~~~~~~— - ~ N

~ 0 0 - ‘~~~~~‘ A) c-’--~ .—. ‘Po ~~~

~~~~~~~~ 
N 

~ 
>4 A
•

>‘ >4 —~~‘ Ir~~~r~~~~ > p  r i ~~~~~

1’~ Al _._. ,~~ ~
) ,—.‘ • m

~-‘ 
.—

• >4 >1 >1 ‘P >4 ‘P +
~) I ~~ I I

~~ 0 ~~— — *— ‘—•• — .— ..—.- ‘.— .
~~~ ‘—.-J

‘P * ‘P * ‘P N * Uo o 0
•0 .0 .0 .0 0 -0 •0 .0

A) A) ~ Pt) II II II + II +

~~~ J ~~~~, ~~~~j  L~~~ L~~J t.2~ ~~~ J ~~~~i ~~~~~

04
w .~I r4 C\l C~~ .~~ C’. U) C’ 0 r4

I
— - —  — — - - 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



-—
~~~~~

12

abstraction which summarizes the possible outcome3 of the program part under

consideration independent of the internal control structure and data

operations. The goal is to produce loop—free , branch—free , and sequence—free

descriptions of the effects of programs on data . The question of correctness

reduces to the question of functional equivalence between the program under

consideration and the control—free functional version of the program with

respect to its intentional effect on data; i.e. , the high level function

abstracts out any local variables, etc . This functional abstraction is

meant to represent a funct ion  in the strict mathematical sense, i.e., given

a vector of inputs I and a vector of outputs 0 the function (program

segment) defines a rule for finding 0 given I, namely, 0 = f(I).

The program S is partially correc t with respect to f iff for every

substitution of values X such that f Is defined and f (X) — Y , then

if program S is executed with i—.itial state vector X, its final state

vector is Y. To prove (total) correctness, we must prove that if X is an

element of the domain of f then S terminates. (In this paper , we ignore

the problem of proving termination since the techniques used are identical

for both models.)

To prove that S is correct with respect to f , function composition

and equivalence are used together with functional definitions for each

program construct. These functional definitions and equivalences are given

in Figure 2.5. Note that the rule for assignment given in Fl is a

simple function. A function is a model of assignment in that it maps input

values into output values; however , it differs from an assignment in that the

inpu t and output spaces are always distinct. It is convenient to write the

intended function of a program segment as a generalized assignment , in which

the subscript “in” is attached to all input variables in order to emphasize

- 

~~~~~~~~~~~~~~~~~~~~~ .— -‘ :- 
_________



_ _  
_ _ _ _ _ _ _

FIGURE 2 . 5

FUNCTIONS COMPUTED BY PROGRAM CONSTRUCTS

Fl y — f ( x )

Composit lon

F2 1 (x) = [ g ; ii (x) = h(g(x))

I t e r a t i on

F3 f(x) [while p do g od ](x)

= ff(g (x) ) if p(x)

x if —
~ 

p(x)

Condi t ions

F4 f ( x )  = [if p then g else h fij(x)

= g(x)  if p(x)

if 
~ 

p ( x )

F5 f (x )  = [if p then g fi](x)

= ~~~ (x) if P(x)

~~~x if p (x )

- :! . - _ -



14

this  sepa ra t ion  of v a l u e  spaces. From the point of view of an assignment

~it a t em e n t , it is as though there is a d i s t i n c t copy of the input values.

As in the case of the axiomatic model , in order to prove correctness ot

a pa r t i c u l a r  program , assume tha t every  pr i m e prog ram Ii i  the  h i e r a r c h y  lid s

an intended function associated with it. Then merel y show the equivalence ~‘t

each prime program to its Intended function using the rules g iv en In

Fi gure 2 . 5 .  This y ie lds  the proof o Il partial correctness of the program.

in practice , however , every prime program is rare1-~ tagged with i t s

intended function. The minimum effective requirement is to be given t h e

intended func t Ion for the entire program and for each loop. In t h i s  &~~~~~~ ,

the proof is carr ied out by showing the functional equ ivalenc e of the

given Intended functions with their associated subprograms consisting of t he

top level prime program and Its subhi era rc h u y down to C h i c  l e ve l  ot . inv  g iven

intended functions , in this process the func t i ons  compu ted  by the sub—

hierarchy may be effectively created using a top-down recursive tractS

al gorithm through the levels of the suhhlerarchy as tollows :

1. Assignment: the value of the left hand side variable Is

symbol ical ly  repla ced by the function computed by the righ t  hand

side;

2. Sequence: trace through the first statement followed by the

second statement;

3. Iteration : use the given intended function in t he  t r ace;

4. Choice: split the trace process into two eases , the then

par t and the else part , and continue the trace process th roug h

each part separately.
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FIGURE 2 . 6

FUNCTIONAL CORRECTNESS OF S IMPLE MULTIPLICATIO N

[Z := Am * Bin , where Mn , Bin > 0]

[Z := OJ

1. Z := 0;

[Z := Zin + Am * Bin , where Bin > 0]

2. while B > 0  do

3. Z := Z + A;

4.  8 : — B - I

_________ ____
.~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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FIGUR E 2.7

FUN CTIONAL PROOF OF SIMPLE MULTIPLICATION

1. To prove
I—  Am * BinJ [z ~ 0 ; Z I~~ Zin + Airi * BmnJ

— L~~~s—
Zmn + Amn * BmnJ •/~Z s— 9•J

- s — 0 + Am * Bin = Am * Bi~7

2. The proof that ~~ t~~~ oJ is the function achieved by statement 1

is 0bV10U8.

3. To prove

/~~
‘ I zIn + A1n *B i ~~7— / 5h l1 e B > o  do Z s — Z + A

B I B - i

Case it B > 0 i must show

/ s —  Zin + Aj n * B~j7 — ~~~~ s— Zin + Ain

S 1 B in - i ;

Z & Z + A * ~~~ 7

Using a table, we get

Initially Zin Am Bin

3 Zin + Aim kin Bin

Zin + Aim Am Bin - 1

f Zin + kin + Aim * (Bin - 1)
Am Bi n - i

= Z i n + A i n ~~~Btn

Case 2s B ~~. 0 must show / Z :— Zin /
— Zin + Ain * Bin

— Zin + Aim * 0 since B > 0 • B ~~
. 0

— zi~7

~~~~~~~~~~~ -— -~~- _ - - — .—-______
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In order to illustrate th is me thod , the  p a r t i a l correctness  of t he

program given In Figure 2.6 is demonstrated in Figure 2.7. Note tha i this

program Es nearl y identical to the one given in Figure 2.3.

3. FORMA L PROGRAM D ERIVAT iON

in t h i s  sect ion , an al g o r i t h m  fo r  c a r r y i n g  out  a d e r i v a t i o n  of a

correc t program is given and an exanip le  presented for cu ~ hi model.

3.1 Al gorithms for Forma l Derivation

The algorithms used for c a r r y i n g  out a forma l derivation are sui: p uus i n g l v

similar In the two models. In each case , t h e  st epwise  ref  I n enuent  m e t h u dL 1~~’gv

Is applied generating possibly bot h new sub problems to be solved and I emluas

to be proved . The p r i m a r y  d i f f e r e n c e  between the two methods  is in stating

the prob l em requirements of the problem at each level oi the decomp osition

process.

The al gorithm for carrying out an axiomatic derivation can be stated as

follows (note sets are denoted as [[ ... ]] ) :
/* (;Iv~n the specifications , organize them into a function I

to be computed . Let P be the relations (assertions)

necessary to restrict the input domain of f. Let Q be

the assertion which “captures” the output of f. *1

P :~ “assertion of input specificatIons”

Q : “assertion wh ich ‘captures ’ the output of f”

problems—to—be-solved : IN t’ l S [Q } , for unknown Sfl

while problems—to—be--solved ,~ empty do

“using some strategy, choose a specific problem 

—_--‘~~ - — 
_
~ 

—_ - - 
~~~~~~~~~~~~~~~~~~~~~~~~~ 
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TABLE 3.1

AXIOMATIC LEMMAS AND SIJBPR OBLEMS

FOR PROBLEM (P1 S {Q}

Lemma to NewConstruct Chosen be Proved !~~ prob 1ems

1. x :— f P --

~ Q where

Q is obtained from

Q by repl aci ng al l

occur rences of x

by f —-

2. S
1 

; S
2 —— Determine R

(P1 S1 {R)

(RI S
2 

IQ}

3. if B then S1 else S2 fi  — — (P A B) S1 ( Q I

(P  A — B }  S
2 

(Q~

4. while B do S1 ad P A -
~ 
B Q

loop terminates (P A B )  ( P 1
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to be solved , denoted (P1 S {Q } ”

“choose an appropriate program c o n s t r u c t  f o r  S’

“prove any assoc iated l emma ( C t .  t ab l e  4 . 1 ) ”  ;

“ add any  new sub problems genera ted  (c i  . table 4.1)

to problems—to—he—solved ”

od

Depending on the program structure chosen f o r  S , zero , ot ie  or two new

~ubprobiems m ay be generated . As indicated by the above algorithm , the

process cont [nues until all subprohlems have been solved .

The above discussion would appear to m d  Icate tha t the oni v “invent i~~’ti
”

required in the process ot deriving a program is In the choice of the

appr oprIate construct for S. Untortunatei y, this is not t ime case . Use

of the ~oimiposi tion rule (i.e., rep lacing S by S1S2
) requires the Invention

of the Intermediate assertion R . Furthermore , it Is usuall y the case that

when S Is to be rep laced by an itera tion , the inpu t asser ti on P is

unsui tab le , either because it is not a loop invariant or because it is not

true that P A 
~~~ B —~ Q or both. Thus, P must often be strengthened by

means of the consequence axiom , A? , or Q changed by means of axiom A6.

A more comple te discussion of the pr oblem o t 
invention of loop assertions and

the derivation of ioop bod ycode is given in [I)ijkstra , 1976; Cishen and

Noonan, 1978).

The algorithm for carrying out a func t ional derivation can be stated as

follows :

1* GIven the specifications , organize them into a tunctional

form where I represents the set of Inputs , 0 represents

- -. ~,--.—-—— .—— ,.—— . ~~~~
------— —



20

TABLE 3.2

IiIJNCTIONAL LA~1MAS AND SUBPROBLB~ S

NewConstruct Chosen Lemma Subproblems

1. Assignment —- --
2. Sequence f Cg; i~J g, h

3. Choice 1’ fg if p g, h

(~~ P~~~~~g ~h if -~ p

else h ft

~l. Iteration f E 
~~

g; (7 
~~~~~ 

p 
g

(while p do g ~
) (identity ~~ —‘ p

I 



~~~~~~ 

2]

the set ~ f outputs and f represents the mapping f rom the

inputs to the outputs. ~/

1, 0, t : convert—to—function—format (specifications)

func t ions—to—be—decomposed  := [[ f il

while functions—to—be—decomposed # emp~~ do

“choose a function from the set and decompose It into one

of the acceptable program constructs” ;

“prove the decomposition is correct (cf. Figure 4.2)”

“add any n o n p r i m i t i v e  func t ions to f u n c t i o n s — t o — b e —

decomposed”

Note that the functional model always generates a lemma to be proved and at

least one new subproblem except when the function can be achieved directl y

by an assignment (i.e., is alread y pr imitive). As Indicated by the above

algorithm , the process continues until all subproblems have been solved ,

that is, all func tions have been fully elaborated . Like the axiomatic mode]

“invention” is required in order to choose the appropriate decomposition

for f.

3.2 An Examp le: The Pr imes Problem

In the sections wh ich follow , these algorithms are applied to the same

problem , namel y,  the problem of finding and pr in ting all primes less than or

equa l to a particular integer , n. For both the axiomatic and functional

mode ls, the development of the appropriate specifications and the derivatio n

of a correct algorithm are shown .

Infcrmally, che program is to compute the set called primes ilpi ,

p2, ... , pm jJ where each pi is a prime number less than or e iual to n m-  fl.

- - - -
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More specificall y , each p1 is a positive integer and satisfies the condition

that there does not exist an integer x , 1 c x -
~ 
p, such that pl/x is an

Integer. Also , there are no prime numbers less than or equal to n that

are not i:1 the set primes.

In develop ing a solution , the following observations can be made. First ,

2 is the first prime number and the ou]y even prime . All o the r  primes are

odd and therefore it is necessary to test only odd numbers as additiona l

prime number cand idates. Second , any number that has a factor has a prime

factor; therefore , it is necessary to divide the current candidate only by the

pr imes already calculated . This means, however , that the primes must be

saved as they are calculated .

In the specifications , primes will be treated as a set, a convenient

choice for high level specification , but implemented as an array. The

necessary properties that the implementation is valid could be stated and
I

proved but is irrelevant to the purposes of this paper.

3.3 Axiomatic Derivation of Primes

In the axiomatic model a program to be derived always starts out in the

form

(F )  S ( Q )

wher e P g ives the required assumptions on the inpu t and Q the intended

function to be computed by S. Thus , the primes problem can be stated

(3.3.1) (2 <. ul S (primes [[p p < n , p is prime ]
~ I.

In order to develop an axiomatic solution to this problem , definition of

the set of primes is needed . In order to distinguish program variables from
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tuuct ion definitions , ti me latter will be underlined . Thus , the set 01

prim es may be defined:

(3.3.2) p r i m t  (K) empty it K < 2

pr i rn es (K—i) U [~K ~~pr Ime (K)1J otherwise

(3.3.3) ~~p~ ime (K) (Vp)  (p prIme s (K—i) - K rem p ~ 0)

Using these definitions , the pr imes problem can be restated as:

(1 .3.4) (n > 2} S (primes prime s (n)}.

The program can be refined by decomposing it into a sequence using axiom

A2 in order to compute the even and odd pr imes separately. Then using axiom

Al on the first of the two statements , we arrh’e at the following progr mm:

( 3 . 3 . 5)  {n -> 21

primes (1) := 2; size :~ 1;

ipr imes primes (2)1

Si

(pr imes  pr ime s (n)  I

The program part Si computes only odd primes; furthermore , Sl must

contain a ioop. Following [Dijkstra , 1976) and [G ishen and Noonan , 19781,

the  necessary ioop Invariant  is developed . Note that  for  a given y > 3,

if y is even then ~~~~~~~ (y)  = primes ( y — i ) .  Since n may be e i the r  even

or odd , the following ioop invar iant  is used :

(primes primes (y—l), odd (y), y n+2}.

Thus , the loop (Si)  can be f u r t h e r  r e f i ned  using axioms A2 , Al , and A3 to

arrive at:

(3.3.6) (pr imes = primes ( 2 ) 1

y := 3;
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(prime s — pLirnes (y—l), odd (y), y mm f 2 1

w h i l e  y n do

52

Ip r imes — ~r i m & ~s (n)  I

Note tha t proving th~ eon cc t ness o t thi s elaboration requIres the

proot ot the t o~ L owing  l emmas:

I .  pnime~ — p~~ime8 (2) - (prImc ~ ~nimes (3—1), odd (3),

I n + 2)

The pron is  obv I a i i s  si ne  e I t Is known that n 2.

2. (prIm es — ~~~ mes ( y — I ) ,  odd (y ) , y - n 4- 2 , y n)

- prime s pr imes ( n ) .

Two cases ar ise . i i  n is even , th en y — n + 1 and

primes — p!Imes ((a  + 1) — 1) — prim e s (n) . I t  n is odd ,

t h e n y — n + 2 a u d

primes — 2~~ mes ( ( n  + 2) — 1)

— ~~~~~~~~~~ (a + I)

— primes (n) since n + 1 is even and

hence , not prime .

In a s i m i l a r fash ion , ti me code shown below is produced proceeding

bac kward through S2:

(3. 3 .7 )  Ip r lm e s — p~~j~ m s ( y — I ) ,  odd ( y ) ,  y —

isprtme : true ; j  :— 2

( p r i m e s — primes (y—J), odd (y), v ml

isprime — (YK) (l-K- j • y rem prime s (K) # 0)

- .—---
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II!. LIC i ~ SIZE and ispr inie titi

I apr  nat- : (y  i eta p r i m es ( j  ) ) ~ 0)

I 1

I pt I tnt-s — p m - I me s ( y —  1 ‘t , odd (v  ) • v — n • I sp r I nit- —

t ine ( y )  I

i i  I spi- jine t h e n

-t I .:c :~~- size 1

pi ’ t uics (size) :— y

Ii

lprimes p n i n m t ’s (y +l)  p r im e s (‘) , odd ( y ) ,  y — ml

y :— y + .~

(primes — p r t t n e s  (y—l) , odd (y )  , y a + 2 1

The I inn 1 p r o g r a m  with I t s  I n t e r m e d i a t e  assert tons as documeniat Ion Is shown

tim FIgure 3.3.

I .-) l - m i n c t  iona l Derivation of Primes

In  time func  t tona l approach , time problem mu st  be spec It ied as a tun e  t ion

I t  om a set of inp u t s  to  a set ot outputs. As bet ore , t i m i  s can be s t a ted :

( L 4 . I )  p r i m e s — [I p I P U, P is prime 11

As w i  t im the p rev ious  so I u t  ion , t he even and odd p r i mes a re con m pmi t  ed

~ i-p.i r at  e I v and t ime prime number eand hint es ate divid ed oni y by p m I nto

nmimbe ra . Under t. hese conditions , t 1w I t in e t loan I spec I l l  cem t ions may  Ito

rt-wr It ten as:

(1.4.2) prIme s — [1 2 11 U odd~ rime s (3 , a)

us tag time - fund ions:

~
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FIGURE 3.3

AXIOMATIC SOLUTION OF PRIMES PROBLEM

I a 2 1

primes (1) :— 2 ; size : I

(primes — primes ( 2 ) )

y : 3

(prime s primes (y—l ), odd (y), y n + 2 1

while y ‘- a do

isprlme :— true ; j 2

(primes primes (y—i), odd (y) , y — a

isprime = (VK) (1 — K -. j  y rem prime s (K) $ 0 ) 1

while j ‘- size and isprime do

isprime : (y rem primes (j) ~ 0)

:— j + I

od

(primes — primes (y — 1), odd (y), y ‘- n ,

isprime — isprime (y) 1

if isprime then

size :— size + 1.

pr inmes (size) :— y

fi

(prime s p~imes (y) - primes ( y  + 1), odd (y), y —

Y :— Y + 2

(primes — primes (y — 1), odd (y), y n + 2)

od

(prime s — primes (n)}
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oddprim es (t ,u) — [(L j~p~ ime ~m ’ )JJ U oddprimes (f+2,u)

It 2. - a

= e~pty i f  i - u

Isprime (x) (V p) (p oddprinmes (3 , p — 1)

x rem p~~~O)

The functional specification (3.4.2) can be decomposed into two functions ,

the first of which initializes the basic data and the second defines time

iteration tha t does the bulk of the calculation .

(3.4.3) [ primes :— [[211 U oddprimes (3, a1
)

primes (1) := 2 ; size :— I

y :~ 3

[primes := primes
1 

U oddprimes (y. , n
1~

fl

The implicit loop In computing odd primes can now be made explicit:

(3.4.4) [primes :~ primes111 U oddprimes (y 1 , a1
)

while y ~~n do

[primes := primes
1 ~ 

~~in 
isprime (y~~)]J

y : y~ + 2 1

od

As with all expansions , time associated lemmas given in Table 3.2 must be

proven . Since this refinement is not obvious, the expansion is verified .

Since the refinement is a loop, three lemmas must be proved .

1. Does the loop terminate? Yes , since y is incremented by 2

for each iteration and is bounded above .

2. Whenever the loop test is true (y -
~ a), Is the loop body

composed with the Intended function of the loop equivalent to

~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~ i___ - ~~~
S_ _

~~ —I - ‘- -
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the intended function of the loop. This is demonstrated using

a trace table.

primes

initially Primes1~

loop body primes1 
U [[y ~ Ispr ime (~~~) J)  + 2

loop function Primes~ U [(y
1 I isprime (y1 )]l

U oddprimes 
~~ 

+ 2, a1 ) ——

— ~rime s
1~ 

U oddprimea (y 1,  n1
)

Since the final value for primes Is the same as the intended tunction

of (3.4.4), this case is proved.

3. Whenever y > a, is the intended function of the loop an

identity? Yes, since y a, the set oddprimes ~~~~ a) is empty.

Thus,

primes — primes
~

and this case is proved .

Although the correctness of each successive expansion is not verified , it

should be clear that it Is both possible and often helpful to do so.

The solution process 18 continued by expanding the loop body given in

(3.4.4).

(3.4.5) (prIme s :— Pr ime 81~ U t
~~in 

Ispriome (y
1 )fl

y : y~ + 2)

(ispr ime : isprime (y
1

) )

if isprime then

size :— size + 1

primes (size) :— y

_________________ ____
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fi ; - -

y :— y + 2

Tim e f inal expansion Is the loop necessary to calcu!ate Isprime.

(3.4.6) [isprlmne : isprime (y
1

) )

isprime := true ; j : 2

while j  -
~ size and i spr ime do

isprime :— (y ream primes (j) ~ 0)

j  :— j + 1

od

The complete program with its intermedialt- functions as documnentat ion

is given in Figure 3.4.
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FIGURE 3.4

FUNCTIO NAL SOLUTION OF PRIMES PROBLEM

[primes : [12fl U oddpr imes (3, n)]

primes (1) :~ 2 ; size : — 1

y : —  3;

[primes :— Primes1~ (I oddprimes 
~~~ 

, n 1 ) J

while y~~~~n do

[primes := Primfles1~ u 
~~
‘in isprime

y :~ y1 + 2]

[Isprime : Isprime (y
r

) ]

Isprime := true ; J : 2

while j  ‘ size and isprime do

isp r ime :— (y rent primes ( j)

~~O)

j  :—  j  + 1

if isprime then

size :— size + 1 ;

primes (size) :— y

y :— y + 2

od

L.
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4.  COMPARISON BETWEEN THE TWO MODELS

In what  t o i l o w s , sonic of the similarities and differences between the

t wo models and t he i r  associated correctness and derivation approaches are

discussed .

4 . 1 S i m i l a r i t i e s

Formal Models of Ind iv idua l  P rogram Cons t ruc ts  — !~etIi approaches are

based upon tormal, tractable mathema t i ca l  models fo r  s p e c i f i c  sets of p rog ra m

const ruc ts  In I so la t ion  (not as opera t iona l  models of the i n t er r e l at i on s h i ps

of program ~-otms tru t-ts at runtime) . The models for t h e Individua l i-ous t  muc t s

give an Indication of t he  comp l e x i ty  of t ime semantics of time c o n s t r u c t s  and

thus yield a good mno l ivat Ion for t ime choice of a set of p rog ra mming  l anguage

const ruc t s  for  use in w r i t i n g  provably  correct  programs . They bo th  deal w i t h

pa r t  lal c o r r e c t n e ss  onl y; proof of termination is a separate issue and

Identical tecinmiques can be used in both models .

Ste  wi se  er i v a t l on  and Correctness - Rules f o r  d e r i v a t i o n  and

co r r ec tne s s  are  based on t ime ap p l i c a t i o n  of the particular ~on st  rudis as they

are decomposed in time deveio pnm ~m nt  p rocess and composed In time ahst racL ion

process. The techniques are app l icabl e in a stepwise manner , at various

levels in the  correctness  and development process , dealing wh im o n l y  small

segments of code , expanding subspecitications in a step by step manner . in

this way , they also make exc e l l en t doc umen ta tion techn iques , each subspecili—

cat ion be ing  u s e f u l  as a h igh  level comment about the code expanded b e low

it.

invent ion  — As me t hodolog ies  fo r  p r o v i n g  cor rec tness , both  approaches

require some lnvemm t iomm in the creation of the loop Invariant and the intended

- - 
~T1U)W. 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - — -
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ioop func t ion , if timese are not given , there is no practical way of

generating them which is guaranteed to succeed in a reasonable amount 01

time . A great deal of work has been done on heuristics for finding loop

invariants (Wegbrelt , 1974]. Some results have recently been published in

generating intended loop functions [SlikIe , 1977].

4.2 Differences

Underly ing Mathematics — The underly ing mathematics of m~.ach of time

models is different. The axiomatic approach uses the predicate calculus

while the functional approach uses the concepts of function composition

and equivalence. Consider the rules for correctness given in Section 2.

One set of rules uses logical consequence ama . the logical operators of

the predicate calculus, while the other uses function composition

(decomposition for derivation) and function equivalence.

Statement of the Specification — The functional approach states time

specifications and subspecifications as functions from the input value space

to the output value space. It is a mathematical function in the strict

sense. The axiomatic approach organizes the specifications and subspeeif I—

cations into Boolean functions represented by assertions on program variables

where the input assertion is a set of status relations among the input

program variables and the output assertion yields true or false depending

upon whether the output variables satisfy the appropriate intended function .

In illustration, consider the following simple program :

I :— 1 ;

I : — I + 1

The format for the axiomatic and functional approaches are given be low:
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true } [-1 = 2]

I :— 1 [I = I]

(I = 1) I : 1

I : = I + l  [ 1 = 1  +1]
in

(I = 2} I := I + 1

In the axiomatic approach, each assertion shows what is true about the

state of the variables at the particular point in the program where the

assertion appears. The assertion is given in terms of a relationship between

the variables involved, e.g., {I = 1). In the functional approach, the

function defines the effect a particular set of statements has with respect

to its set of input and output values, e.g., the statement I : I + 1 is

defined by the function [I — 1
in 

+ 1] (shorthand for f = [F 
~~
1in’ ~~ ~

I I~ + 1]] ) and this is true independent of where that statement is

imbedded in the program. It defines the ef fec t  of that statement in a

variable—free way , i.e., I represents the output value space of the function

and ‘in 
and 1 represent the input value space.

The variable free aspect of the functional model versus the variable

dependent aspect of the axiomatic model is demonstrated by their model of the

assignment statement. Consider the axiomatic rule for assignment given in

Figure 2.2. In the assignment x := f, if f is any expression not involving

the program variable x then there can be no way for the post assertion Q

to capture the old value of x. Thus, in the multiplication example, in

order to assert that Z A * B, neither of the values of the input variables

A or B can be destroyed . Since the algorithm used destroys the value of B,

a copy of this value (Y) must be made in order to prove correctness. This is

so the relationship can be written in an invariant way, even though the value
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of Y is changing dynamically. The output assertion requires the variable B

be unchanged as a reference point.

In contrast , the functional model handles assignment “naturally” since

a function, like an assignment , is a mapping of input values to output

values. The functional specification is not in terms of the variables at

all but the values of the variables; i.e., Z and Zin represent different

value sets of the same program variable , at point of input to the program

segment specified and at point of exit. The function gives the relationship

between the two value sets.

Scope of Specification — A functional specification defines the state

of affairs of only the program part for which it Is the intended function .

For example, the function ~ ~ ‘in 
+ 1 1 describes only the behavior of the

statement I : I + 1. However, in the axiomatic model, the assertion

II = 21 depends not only on the statement I := I + 1 but also on the

previous history of I.

Any change in a program not affecting a particular program segment

implies that the functional specification for the segment need not be changed

and no new proof of functional correctness is required for that segment. In

addition, a different implementation of a functional specification can be

substituted without changing any proofs of correctness in the remainder of

the program.

This cannot be done in the axiomatic model . An assertion about a

variable depends on the history of the use of that variable and on its inter-

dependence on other variables. In addition, assertions contain global

information about nonlocally affected variables. Thus changes in a program
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affecting a particular variable are not necessarily Independent of the

remainder of the program and will usually require new procfs of all

assertions containing that variable .

Bottom Up Correctness — An added effect of this difference is that

given a program without any functional specifications, the Intended function

for any prime program can be defined depending only on the subhierarchy of

the prime program, i.e., functional correctness can be approached bottom up.

Suppose the functional correctness of the program in Figure 4.1 is to be

proved bottom up. The functional equivalent of the loop body is

1
1n + 1

and the proof is trivial. The functional equivalent of the loop in

[ I := max (Ii .  Ni
)

or

[ I : N if I < N
in In in

: I  if l > N  1.in i n —  in

The proof that the loop is equivalent to the above function requires proving

that the loop body is equivalent to its function.

Now consider the case for the axiomatic method ; given

(P1 I := I -4- 1 (QI

P and Q must be found. Given Q, P can b.~ found from Q via the assignment

axiom (Al). Unfortunately, there is no way to determine Q; in a sense

Q must contain a great deal of historical information about the use of the

- .4_ _~.•_.. 4- — - - 4 ~~~~~~~~~~~~~~~~~~~~~~~~~~~ 4-”~ - -
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FIGURE 4.1

PROCRAII TO COMPUTE I = N

[N O }

I : 0

[I ‘- N }

while I N do

I := 1 + 1

od

(I = NT
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variable I as well as ILs relationship to the nonlocally referenced N.

Suppose , however , the straightforward approach adopted for the functional

method was tricd:

itrue~ I : 1 + 1 (I I + 11.In

However , given time invariant for the loop IL < N}, a proof of corr ectness

req ui res show ing

[P A B~ I := I + I ( lfl

or

(I  < N , 1 — N} I := I + 1 {I c N!.

Thus , without considering the loop as a whole , there is no prac tical way of

de term ining the corre ct loop body post—condition , that is, there is no

practical way to assure that the choice of the post—condition Is sufficiently

strong to be of value in the proof of correctness of the loop body.

In the functional approach , any such bottom—up process is guaranteed

to be relevant to the larger construct. In fact , in the program in Figur e

4.1 , given the program as a whole , the Intended function of the loop is

actually

F I — N  i f l  N 1.in in — in

Note that this is weaker than the one found in the bottom—up process. This

is necessarily so, since the top—down process can consider only the relevant

Input domain (N - 0) instead of the entire input domain (N an integer).

However, it should be noted tha t even in the f unc tional model , top—down

proofs are easier. Because the intended function is more specific than the
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I mi ne - t I omm .m I equ I vim I emm t o t the program , time a I gebra It’ man I pu tat tons are great I y

simp i If ted tim prov lug time mwee ’ssary fuimct tona l equl valences. For exaum p i e ,

consider t 1w pmoi ’ tern of  I h i d  tu g  t im e int ended I unction of a binary search

p 1- t i g m a u m  ii von do im ot know In’ tn p u t  array is ordered .

4 .  4 1 imie t i e  I at I nimshm ip

l ime e is aim t n t  c L e s t  I ng coimnec t ton bet ween t he two mode I a. Time tnt ended

ul m e - I. Ion .‘I a I oop may 1w eas 11 y converted to a loop i n v a r i a n t  ; imamne I y

I ( x )  — (x  t i m )  is t ime m o p  invariant I Mt I I s , 1915 1 . In t ime mmii t 1 p 1 teat loim

exam~’Ie , f ~~~~~ I uiwt t onal spot’ [[teat toim for the 100)) 1 s ‘1. : Z in -+ Al U ~~ 11 1 mm

Imm is t he’ loop Invariant is

I (x~ — I (xlii)

Z f A ‘~ B — Z in4 Am * Bin

I Zin 4- At.n * Bin — A * B

— Z I n  I- A * (B i n  — B), s ince  A — Aiim

A * (B u m — 8), sIn ce’ liii — 1) I ron tIm e thU hml assem- t lou

and the u ’onmposl t Ion ol I he’

st8teniemmt s i)recedtimg f lue

1 oop

lii t Im e ’ pm ogrnm in Fl gure 2. 3 , the vat-t able B plays time role ol 1% in  antI I he

v a r i ab l e  Y p l a y s  the role nt  8.

5. CONCI.US ION

It simon Id be clear from the imrev ions dl scuss Ion I fiat I’al Ii flitlete ’ i s  v ie’ I ~l

a methodo logy of program de r I vat t on and c - u i  ted imes a . rim .’ a ppm o.u. - lies Im a ye a

great deal In common hut, they 810 dii Iem’ent ; time axloimmt he app i  oai - lm empl m .m u I ’ .’:-
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time relations between the variables and the funct ional  approach emp has izes

the independent variable—free functions performed by the various program

subpieces.

It is not clear which approach is more e f f ective in an opera tiona l

environment. It  may, in fact depend upon the particular environment , and

the problems that arise . Enough is still not known about the kinds of errors

designers and programmers make in different environments and therefore whether

a variable—free or variable—dependent approach is best. One possibility is

for the developer to be aware of both and use both in the development d

programs. Certainly, one could be used in formally deriving the progranu •umd

time other as a commenting aid ; e.g., use the func tional approaci m in t im e

development to aid in time partitioning and modularization of the iimdepeimdent

program parts and use assertions as comments to aid the programme r in under—

standing the rela tionships between the variables. In either case the models

appear to complement each other in the insight they provide to time developer.

1

~~— 

- ~
j4- -
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- - - . - -  — — - —~~~~~~~ -~~~~~~~

40

REFERENCES

I. C. A. R. Hoare. An axiomatic basis for computer prngtsmrnlimg .

CACM , 12 (October 1969), pp. 576—5814.

2. H. D. Mills. The new math of computer progt -arnmiumg. t l teCM , 18

(January 1975), pp.

3. B. Wegb re i t .  The synthes i s  of ioop p red ica tes .  CACM , 17 ( F eb r u a r y

1974), pp. 102—112.

4. E. W. Dijkstra . A4Q!~~~i i In e of Pro~ ri1tmmnm I~~~. Prentice—Hall (197b) .

5. J. S. Gishen and R. E. Noonan . Toward a methodology for t ime forma l

derivation of programs. IEEE Transactions on Software ~~~Iimeeriu ~

(to appear).

6. A. Blikle. An analytic approach to time verification ot iteratIve

programs. Information Processing 77, (1977), pp. 285—290.

7. H. D. Mills. Mathematical foundations for structured programming .

IBM Federal Systems Division , FSC 72—6012 (1972).



— - 4 -

SECur V CLAS~I~ I( A L ION OF TH IS PAGE (Wh.n l i s t , .  !~u uiere l 
____________ __________________________________________

REA L )  INSTRUCTIONS
~~~~ ~~~~ PORT DOCUMENTATION PAGE 

_______ vvom* coKu ’i u•:-rusc. FORM

AF~SB~ R .7  8 — ~ 7 3iJ / 11. 
9OVT ‘CCESSION NO. 3. R E c u p u E N r s  C A T A L O G  N U M B E R

4- T i T LE  (and SubtHl.) 5. TYP Dr~~~~~~ £ 
~~~~ COVE RED

— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -4 .-—- - 
~~~~~~~~~~~~~~~~~~~~~~ _.

~ - -.- - --- - .( ~ \ ~~~ OMPARISON OF THE~~XIOMAT IC A~~ 

J 

~~~~~~~ rim ~~~~~~~
ODELS O}~~STRUCTURED ~ROGRAMM INC. 

~~. PERrORMI _______
.....4 PI~TCTI ONAL 1~ 

______ 

~~~~ . Tech R
7. AUTHOR (s) 8. CONTRACT OR G~~~~

”r~~~~I~~ER( .)

~ iTt~~~~Ori./Basii~~~~~ Robert E./Noonanj (
~ 

R 7 7 ~ 3l8~~(

9. PERFORMING ORGANIZATION N A M E  A N D  ADDRESS tO . P R OGRAM EL E M E N T. P JECT . TASK

_ _ _ _  ~~~~~~~~~~~~~~~

AR EA 4 W9?*.~lNIT ERSUniversity of Maryland 
(~2~c)Department of Computer Science

College Park , MD 20742 61102F L?~fr~ —

II.  CONTROLL iN~~ OFF ICE N A M E  A N D  ADDRESSAir Force Office of Scientific ResearchfN1(~~f Feb 78 /
Boil ing AFB , DC 2 0332 ‘

~~~~ — 
‘
~~~

•

~~~~~~13. N U M B E R  9P t’AGE

40 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ /
1 4. MONITORING AGENCY N A M E  & ADORESS (iI differen t from Controllina Office) IS. SECURITY ~~~~~~~ (of this raplrt) -

UNCLASSIFIED

ISa. OECLASS IF ICATION/D OWNGRAD ING
SCHEDULE

16. D I S T R I BU T I O N  S T A T E M E N T  (of thu Report)
Approved for public rclease~ distribution unlimited .

17. DISTR i B u T ION S T A T E M E N T  (~ f th, abstract ente red In Block 20. if different from Report)

16 S U P P L E M E N T A R Y  NOTES

19. K E Y  W O R D S  (Continue on reverse aide II n.c.a.ary and identIfy by block number)

-‘3
/ .USTRAC T (ContI~~ e On revere, aid. If necessary and Identify by block number)

Tnis paper discusses the axiomatic and funct iona l models of the semantics
of structured programming . The models are presented together with their
respective methodologies for proving program correctness and for deriving
correct programs. Examples using these methodologies are given. Finally ,
the models are compared and contrasted

\

FORM 1473DD I J A N  73 ~ 
EDITION OF I Nov 65 I~ OBSOLETE 

— 
UNCLASSIF]10

~~~ SECURITY CLA SS iFI CAi’ I1.~? T’l iS PAGE (iThpn 0.,. Ent.i.d)
/

- - - -~~~~~~~~~~~~~~~~~~~~~~ -‘~~~- -~ -- 4—


