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) ABSTRACT

The J-divergence is considered as a measure
of discrimination information in continuous-time
observation for a binary hypothesis testing prob-
lem. Relations between the sampling rate, the
observation time interval and the amount of in-
formation are discussed from a detection view
point. General asymptotic relations are obtain-
ed as well as some finite observation-time re-
sults for stationary Gaussian processes.

I. INTRODUCTION \

Studies on continuous-time waveform samp-
ling problems have becn focused mainly on the
reconstructionr of the origiral waveform accord-
ing to the minimum mean-~square-error criterion.
For detection purposes, however. where we are
interested in determining whether a signal is
present in the observation or not, the goodness
of the estimate of the waveform itself from sam-
ples may not be the most relevant aspect of the
problem. 1In [1}, for example, it has been shown
that for detection of weak signals in additive
noise the characteristic of the optimum quanti-
zer approximates the nonlinearity p'/p, where p
and p are the noise density function and its
derivative; p'(x)/p(x) may not be equal to x.
Therefore it is of interest to have recults on
the degree of degradation of detector perform-
ance due to sampling, results which would en-
able one to find a reasonable sampling rate af-
fording an acceptable compromise between the
reduction of volume of computation and data, and
optimization of detection performance. 1n this
paper we consider the relations between the sam-
pling rate, the cobservation-time interval, and
discrimination information in samples from a
continuous~-tine observation.

Consider a simple binary detection problem

of testing a null hypothesis "0 and an alterna-

tive "l' using uniformly sampled observations

from a stationary mean-square continuous Gaus-
sian process. A stationary Gaussian process is
considered since it plays an important role in
many types of problems, and allows analytical
results to be obtained. As a measure of discrim-
ination information in an obsexvation vector of
samples the J-divergence [2,3) will be employed.
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Denote by J(1,0) the J-divergence between the dis-

tributions of the sampled-observation vector urder

the hypothesis “0 and Hl. It is defined by

J(Q,0) = J{f) (x) - £,00 Hnlf (=) /€ (x)Jdx (1)

where fi denotes the probability density function

of the observation X under hypothesis Hj. 1t is

a measure of the degree of "closeness" of two dis-
tributions, and is closely related to the detec-
tion probability [4].

In the following section the problems of de-
tection of a constant signal and a time-varying
signal in additive noise are considered. TFor both
cases the J-divergence in some finite number N of

samples, denoted by JN, is obtained and compared

with the total J-divergence, denoted by JT, for
the entire continuous-time observation in the
finite observation time interval T. This enables
us, for instance, to pick a reasonable sampling
rate which will yield samples containing a cer-
tain percentage of the total information avail-
able. 1In the asymptotic case where both T and N
tend to infinity, with T/N remaining fixed at
some finite value, exact analytic expressions can

be obtained for JN/JT. Detection probabilitics
for some given probability of false alarm have
also been computed to give an example of the re-
lation between the J-divergence and the detection
probability.

It is interesting to note that the results
obtained indicate that when the problem is the
detection of a constant signal, for instance, and
the noise is bandlimited with bandwidth W, a num-
ber of samples which slightly exceeds WT is all
that we need for detection purposes, rather than
the 2WT samples taken at the Nyguist rate.

0 and H1

that we will consider for our continuous-time ob-
servation X(t) are defined as follows:

Specifically, the two hypotheses H

le X(t) = s(t) + N(t)

Hy: X(t) = N(t)

¢ =T/25L<T/2 (2)
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Here, s(t) denotes a known finite-energy signal we can easily see that JN is given by

and N(t) denotes a stationary Gaussian process N 2

with an autocorrelation function K(1), 1 being { £ 8, ¢_,}

the time difference between two observations. N B 3=1 b )

Components X. of the observation vector X are i ifl Ai (9

defined as

= : . : g gz e
xi+1 = X(iA - E)' £=0,1,...,N-1 (3) where sj is the signal component of the j-th sam
ple and °j1 is the ji-th element of Qh, i.e. the

where A denotes the time difference between any j=th component of the eigenvector ii'

two consecutive samples, so that

A = T/(N-1) - (4) B. Total J-divergence

Let us denote the Karhunen-Loeve (KL) expan-

S ot LA wy_ P A
We will use the term “"J-Ratio" to denote the sion of x(t) in the interval [-T/2,7/2] by

ratio of J-divergence, JN/JT. By total J-diver-

T w

gence, J , we mean X(t) = £ ¥, p, () (10)
¢ e
q i=1
J° = lim J (5)
N-o where the coefficients Yi are

for fixed T. T/2
Yo I x(t)wi(t)dt. (11)

~-T/2

II. J-DIVERGENCE AND SAMPLING RATE
PR 3 Y o i i
Ve wil) fitst show that JT cun BE given by The orthonormal basic functions Ji s satisfy the
the J-divergence of the coefficients of the following integral equation:
Karhunen-Loeve expansion of the process X(t).
Then the expression for asymptotic J-Ratio will T/2
be derived. P, () = J K(t-1)¥Y, (t)dr (12)
ivd i

-T/2

A. N-Sample J-divergence

We know that Yi‘s are orthogonal and thus inde-

pendent random variables, since they are normal-
ly distributed. Defining Si to be

We obtain first the J-divergence in N uni-
formly sampled observations in the observation
time interval of length T. We will assume that
the noise is a zero-mean process to simplify our
discussion. Let Ry be the covariance matrix of T/2

s, = J s(t) Y, (t)at, (13)

the N-samples. Then we can write -1/2

K(0) K(a) s K(T)

K(A)  K(0) -+  K(T-4)
: - : (6)
2 2 - w g R
K(T) K(T-A) --. K(Q) e

we get the J-divergence, JKL, in the coefficients
Yi, i=1,2,..., to be

=

™~ 8

- (14)
i=1 My
which is & symmctr%c Toeplitz matrix [5]. Let The integral equation, (12), holds for all t,
dh denote the matrix whose columns are the nor- ~T/2<t<T/2. We can approximate the integral in
malized eigenvectors of RN and let Ak denote the (12) by a finite sum and consider the equations
for t = -T/2,40-T/2,...,T/2. Then the set of

equations can be written as an approximate ma-
trix equation of finite dimensions,

eigenvalues of RN' k=1,2,...,N. We note that

Ai#; = Rty 7

(w7809, /A = R VE
i i
where ¢, is the i-th column of @ . By transform-

ing X to 5' such that where mi is a vector whose (j+l)-th component is
Wl(jA-T/Z) for j=0,1,...,N~1. This becomes the

3 same equation as we had in (7) if we let N« for
and boc.use(b; is an invertible mapping [6], fixed T. Therefore, with ¢31 the j-th component

pSTeIgyATRLE 0058 |

Dis*. Al o _SPEC

-1
X =«b“ X (8)




of ﬂi'

T 2

7\"{ 1
%,1[ : sjlbji/K]
T T SR £ o S

e Pl T
T fixed
T/2 2
& [f s(t) ug(t)dt]
R (16)
i=1 i

which is the J-divergence in the KL expansion co-
efficients.

C. Asymptotic Ratio of JN and JT

In many cases where T is finite, finding a

closed-form expression for JN may not be simple.

Numerical computations also have a limit with in-
creasing number of samples since they involve,

in general, a matrix inversion. However, in the

asymptotic case where both T and N tend to infin-
ity with A remaining fixed at some finite value,

c : T
we can examine the ratio of JN and J° as a func-
tion of A.

For T>>1, the eigenvalues and the eigen-
functions satisfying the integral equation, (12),
may be approximated by [7],

u Nc(nfo) (17)

and
P n=0yEl R 5200

V() = (1//T)exp(-j2mfynt) (18)

where fo=1/T and Nc(f) is the power spectrum of

the noise process given by

-JzndeT.

Nc(f) - I K(1)e (19)

(Note that, in (17) and (18), the eigendata are
indexed over both positive and negative integers
[7].) Also, define

-j2nft

Sc(f) = J s(t)e dt, (20)

o

the Fourier transform of the energy signal s(t).
For T>>1, using the approximation given by (17)
and (18) in (16), we get

. = lsg0r]?
lim J° = J _N-—(—f.)— daf (21)
Toreo -o ¢

A more rigorous derivation of (21) is possible
along the lines in the Appendix.

Let us now define

M) = © Kaye I2TERA (22)
n=-—m
then 3_
K(mA) = A IZA Nd(f)ejznfmAdf. (23)
1
= PR

Similarly, define Sd(f) for signal s(t). After

some manipulation we can show that

- ;A |sd(f)12
lim J = A '——m* af | (24)
N, Too J AL
A fixed N

The derivation of (24) is outlined in the Appen-
dix. From (21) and (24) we get tae asymptotic

ratio of JN and JT,

1

2
a5
e[ =i e

Asymp. J-Ratio = —20 (25)

Isc(f’li
f:, W o

In the constant signal case, assuming finite en-
ergy by letting s(t) = s»0 as T, the asymptot-
ic J-Ratio reduces to

N (0)

Asymp. J-Ratio = A N.(0) (26)
d

By the Poisson sum formula [8] we cai write

Nd(f) -

S|

L Nc(f + n/b). (27)
ns=w

Therefore, if the noise spectrum has a bandwidth
W, the ratio given by (26) remains unity as long
as 1/A6>W. In other words a sampling rate higher
than half of the Nyqpist rate should yield sam-
ples which contain full discrimination informa-
tion in terms of J-divergence. 1In time-varying
signal cases if the signal is frequency limited
with a bandwidth ws and with ws<w, then a sam-

pling rate of (W+W ) should be sufficient for the
detection problem.

From this asymptotic characteristic of J-
divergences with respect to sampling rate we can




see that the degradation of detector performance
due to sampling at a rate below the Nyguist rate
could be insignificant. If we plot the J-Ratio

for a specific detection problem of interest, we
can use it as a guide to picking a sampling rate.
We would then have a reasonable theoretical jus-
tification for this choice in terms of the per-

centage of full discrimination information it pre-

serves in the samples.
III. NUMERICAL EXAMPLES

In the following examples we assume until
energy signals for convenience.

Example 1. Constant Signal and Ideal low Pass

To see if we have characteristics for the
J-Ratio in a finite number of samples similar to
what we noticed in the asymptotic case, we con-
sider an example for constant signal detection
where the additive noise has the power spectral
density as shown in Fig. 1. 1In order to obtain
the finite-T J-Ratio and the probability of de-
tection, the observation time duration T is as-
sumed to be 15. Thus the number of samples
taken at the Nyguist rate is 31. The detection
probability, PD, is computed for PFA = 10~4 where
PFA denotes the false alarm probability. In Fig.
1, the asymptotic and the finite-T J-Ratio and PD

arc plotted. We note that both J-Ratio and PD

show a jump to their maximum values as N exceeds
16 and remain at the value for N>17.

Example 2. Constant Signal and Gauss-Markov
Noise

When the noise is Gauss-Markov where the co-
variance function is of the form

2 |
k(1) = Kge™'T, (28)

analytic derivation of JN, JT and the asymptotic
J-Ratio is possible. We list the results below.
For convenience, we let Ko=1.

N = (Na-p) + 200740 (29)
ot = ar/2 + 1 (30)
Asymp. J-Ratio = (1-e 2%)/[an(14e728)]  (31)

where
P S (32)

For a=2 and T=15, these are plotted in Fig. 2.

It shows the close relationship between the J-
divergence and the detection probability. Sup-
pose we are to find a sampling rate such that the
samples obtained at the rate preserve 90% of the
total discrimination information, we can read it
from the asymptotic J-Ratio curve which is, in
this case, A=0.56.

Example 3. Time-varying Signal and Tdeal low
Pass Noise

As an example for the time-varying signal
case we consider a signal whose Fourier trans-
form is of a triangular shape against the ideal
low pass noise as in Ex. 1. The asymptotic J-
Ratios for Ns = 0.3 and 0.4 are plotted in Fig.

3, where ws denotes the bandwidth of the signal

frequency spectrum. As we mentioned in Part C,
Sec. I1, the J-Ratio remains at one for 1/A>W+W .

APPENDIX. Derivation of (24)

From (6) and (23), R, can be written as

N
L
28 ;

Ry = A J lNd(f) @, af (A1)
T2

where Q% is a N»N Hermitian symmetric matrix

whose ij-th element is exp[-j2uwAf (i-3)].

For N>>1, we can approximate R;I, the in-
verse of RN,by
1

_ 24 '
= A J ——@_df (A2)
Ry W e

25

It can be shown that RNR;1 = I, the identity
matrix, by using the Poisson sum formula in the
intermediate stages.

Let S be the signal component vector, i.e.

£ SR Sy
s = {s(JA)}i=_N/2.

Then JN can be written as
J =SR'S. (A3)

We can then see that, for N>>1,

t t, (2
s®s = |s'gl
2
2 Isd(f)l (ad)
where
1 N/2-1
JonEA }
{ )
if =)je .

i==-N/2

Thus we get (24).
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