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~~~~~~~~ ABSTRACT Denot e by 3(1, 0) the 3-divergence between the dis-

t r ibut ions of the sampled—observat ion vccto~ ur . Ier
~~~~~ The 3—divergence is  conside’ed as a measure the hypothesis H 0 and H 1. It is defi;ied by

of d i s ce imina t ion  i n f o rn a tj on  in cont inuous—time
~~~~~ observation for a b inary  hypothesis t e s t i ng  prob—

1cm. Relations between the sampl ing rate , the 3(1 , 0) f ( f 1(x )  — f
0 (x ) I f n ( f 1

( x ) / f 0 (x ) ) d x  ( I )
observation time interval and the amount of in-
formation are discussed from a dete~-t.ion view where f . denotes the probab i l i t y  densit y fittictionpoint.  General asymptot ic  re1ation~ are obtain— 1

~~~~~ ed as well as some f i n i t e  observa t ion—time re— of the observation X under hypothes is  H .. I t is
1

suits for stationary Gaussian proc esses.
a measure of the degree of “clooeness of two din—

~~ trihutjonu , and is closely related to the th tec —
I. TNThOOUCT!ON tion probability [4].

Studies on c o n t i n u ou s - t i m e  waveform samp- In thc following section the problems of de-
l ing  problems have becs fo~~~.cd r a i n iy  on the tection of a constant sign il and a t ime-vary ing
re c on s t r u c t i on  of the ori y ir . a I  waveform accord- signsl i n  additive noise are considered. For both
j og to the m in imum mear. --squ~cre-cr r or  cr it ~~rion. cases the 3—divergence in con e f i n i te number N of
For detection purposed;, however , where we are samples, denoted by 3N, is obtained and compared

~~ int ere sted in dcttrm ininy whe ther a si gnal is Tpresent in the observat ion  or riot , the goodness with the total J-divcrgence , denoted by J , for
of the es t imate  of the waveform itself f rom sam— the en tire cont inuous—time observation in the
pies may tic ’, be the most re levant  aspect of the fin i te  observation time interval ‘F. Thia enables
problem . In (1), for c-sen.ple , it has been shown us , for instance , to pick a reasonable samp1ir~
that for detection of weak sirinals in additive rate which will yield samples contain ing a ccc-
noise the characteristic of the optimum quanti— tam percentage of the total information avail-

La_i zer 9proxisiates the nonlinearity p’/p, where p able. In the asymptotic ease where both ‘F and N

• _,__J and p are the noi se den sity f u n ction and its tend to inf i ni ty,  with T/N remaining fixed at
derivative; p ’ (x)/pN) nay rot, be equal to x. some finite value , exac t anal yti c expressions can
Therefore it. is of interest to have results on N ‘F
the degree of degradation of detector perform— 

be obtained for 3 /3 . Detection probabilities
for some given probability of false a]srm have

ance due to suzn1 l in g, results which would en- also been computed to give an example of the re-
able one to find a reasonable sampling rate a~~ lation between the 3—divergence and the detection
fording an acceptable cosipronise between the

probability.
reduction of volume of computation and data , and
optimization of detection performance, in this

It is interesting to note that the resultspaper we consider the relations between the Sam-
obtained indicate that when the problem is thepling ra te, the observation-time interval , and detection of a constant signal , for instance, anddiscrimination information in samples from a
the noise is banUlin~tod with bandwidth W , a num—continuous—tiy .e observation.
bar of samples which slight ly exceeds MT is al l
that we need for dotectjor, purposes , rather  thanConsider a simple b in ary detection problem the 2WT samples taken at the Ny~~t i~~t rate.of testinq a null hypothesis H

0 and an al terna-

tive 
~~~ 

using uniformly sampled observations Specifically, the two hypotheses U
0 

and H
1

from a stat~ o1iiry moan—square continuous Gaus- that we will consider for our continuous-time ob-
Sian process. A stationary Gaussian process is servation X(t) are defined as follows:
considered since it plays an important role in
many type s of problems, and allows analytical. H

1
: X(t) aCt) + N(t)

results to be obtained . As a nicacure of discrim- • T/2<t<T/2 ( 2 )
iriatjon information in an observation vector of H0

: X (t) N (t)
sampled; the J—divcrgeoce (2,3] will be employed.
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Here , s(t) denotes a known f in i te-ene rgy  signal we can easily see that  is given by
and N ( t )  denotes a stationary Gaussian process N 2
with an autocorrelation function ECi ), i bo inq
the time difference between two observations. N ~ { 

j~~i~~ ~‘~
}

(9)Components X . of the observation vector X are A .1 — i=1def ined as

= x ( i A  — ~) ,  i=o,l, . .. , N—l where s. is the signal component of the j—th sam—
3

pie ~nd is the ji-th clement of 4
~N’ 

i.e. the

where ti denotes the time difference between any j—th component of the eigcnvector
twO consecutive samples, so that

B. Total J—divergen~eA = T/(N—l) . ( 4 )  — -—________

Let us denote the Karhunen—Loevc (XL) expan—We will use the term “3-Ratio” to denote the sion of x (t )  in the interval I—T/7,T/21 by
ratio of 3-divergence, J

N
,J

1’
, by total 3-diver-

Pget-ice, .3 we m an x ( t )  = ~~ ~~~. ~~~~~~~~~ ( 1 0 )

1=1
T . N

.~ = l~~ t 3  (5)
where the coefficients Y . are1

for fixed P. T/2
Y = f x (t ) i4 , (t)dt. (11)

—P/2 ~
IX .  3-DIVE RGENCE AND SAMPLING RATE

The orthonorisal basic functions ~ ‘s satisf y th~We will first show that .7 can bc given by i
the 3—divergence of the coeffici..~nts of the following integral equation :
Karhunen-Loeve expansion of the process X (t).
Then the expression for asymptotic 3-Ratio will P12
be derived . 1~.t j . ( t )  = J K ( t _ l ) l j

i ( 1)dT ( 12)
Tf 2

A. N—Sample 3— divergence
We know that Y~ ’s are orthogonal and thus indo—

We obtain first the 3-divergence in N uni- penden t random variables , since they are normal—
formly sampled observations in the observation ly distributed. Defini
time interval of length T. We will assume that 

ng S. to be

the noise is a zero—mean process to simplify our
discussion. Let R

N be the covartance matrix of P12
S. = I s(t)IP. (t)dt, (13)

the N—samples. Then we can write 1.

r K(0) K(A) ... K(T) 1 EL
we get the 3—divergence, .3 , in the coef f i c i e nts

I 

K( A ) K( O ) ... K(T~~~) j ~~ ~~~~
‘ ~~~~~ to be

K (T ) K (T- A ) ... K(0) XL S 2

-~~- (14>

which is a symmetric Tooplitz matrix (5]. Let The integral equation , (12) ,  holds for all t ,
denote the matrix whose columns are the nor- —P/2<t~T/2. We can approximate the integral in

nialized eigenvectors of RN and let 1k denote the (l2) by a finite sum and consider the equations
for t = —P/2,A—T/2 T/2. Then the set ofeigenvalues of R

N, k”l
,2 N. We note that equations can be written as an approximate ma-

trix equation of finite dimensions,
A jjj = R Njj

S R~ 3~~/~ , (15)
where is the i-th column of t~N By transform—

ing X to such that where is a vector whose (j+ 1)-th component is

X , (8) *L (JA_ T/2 ) for j =0 ,l, . . ., N — l .  This becomes the 
-
~~~~

same equation as we had in (7) if we let N-’~ for
and because~~)~~ is an invertible mapping 16 1, fixed P. Therefore, with the j .-th component

2 ______

~~~~~ .i.~n. ~n4/o~



of ~~, A more rigorous der iva t ion  of (21) i~; possible
along the lines iii the Appendix.

2

!4 1 ] Let us now 

~= lim = Urn ~~ [ j 1  
— j 2 s fn A

A-’O 1=1 u i/A = F. K(nA)e (22)
n=—~

T fixed
then

I
T/2 2 j 2n fm/ i

[ J s ~t~ ~i(t)dt] 

(1.6) 

K(mA ) = A 
~~~~~~~~~~ 

df. (23)

j=i li
i

Similarly, define 
~~~~ 

for signal s(t). After

which is the 3-divergence in the EL expansion co— some manipula tion we can show tha t
efficients.

C. Asymptot.ic Ratio of and 3
T ~

hi s = ~ f~7~ ________

In many cases where T is finite , finding a N,T-~ 1 Nd
(f) 

df (24)

N A fixed 2d
closed—form expression for .7 may not be simple.
Numerical computations also have a limit with in-
creasing number of samples since they involve , The derivation of (24) is outlined in the Appen-
in general , a matrix inversion. However, in the dix. Fron (21) and (24) we get tie acylnptotjc
asymptotic case where both P and N tend to infin— ratio of and
ity with A remaining fixed at some finite value ,

N P
we can examine the ratio of 3 and 3 as a func—

~tion of A. 

N
d
(f) 

df
For T>>l , the eigenvalues and the eigen-

fun ctions satisf ying the in tegral equa tion , (12), Asymp. 3—Ratio —- (25)

~ 
2

I c  df
may be approximated by [7], r= 

N ( f )
Cp C N ( n f )  ( 17)n C 0

and In the constan t signal case , assuming finite en—
n=0,±l,±2... ergy by letting s(t) = s-tO as ~~-to~, the asynptot—

(l/1~f)exp(—j27Tf0nt) (18) 
ic 3—Ratio reduces to

N (0)Cwhore f
0’~
l/T and N (f) is the power spectrum of Asymp . 3-Ratio = A Na

(0) (26)

the noise process given by
By the Poisson sum formula (8) we cui write

N (f) — j2sf~K(t)e dT. (19)
N
d
(f) 

~ ~ N (f  + n/ti). (27)
n=-~

(Note that, in (17) and (18), the eigendata are
indexed over both positive and negative integers Therefore, if the noise spectrum has a bandwidth
(7 1.) Also, define W, the ratio given by (26) remains unity as long

as 1/A>W. In other words a sampling rate higher
than ha l f  of the Ny~~Jist rate should yi eld sam-

S
~~
(f) J —j2i,ft

= s(t)e dt , (20) pies which contain full discrimination infornia-
—~~ tion in torms of 3—divergence. In time-varying

signal cases if the signal is frequency limi ted
the Fourier transform of the energy signal s(t). with a bandwidth W and with W <W, then a Sam—
For P>>1 , usin g the approximation given by (17) S S

and (18) in (16), we get pling rate of (W-t W ) should be sufficien t for the

~ IS~(f) I~ 
detection problem.5

Urn 3 1 df (21) 
From this •s~~ ptotic characteristic of 3-

~~~ J , ,  N~
divergences with respect to sampling rate we can

3



see that the degradation of detector performance example 3. Time-va~yIn~~~ iqnal and Ideal Lew
due to sampling at a rate below the Nyguist rate Pass Noi&e
could be insignificant. If we plot the 3—Ratio
for a specific detection problem of in terest, we As an example for the tine-varying signal
can use it as a guide to picking a sampling rate, case we consider a signal whose Fourier trans-
We would then have a reasonable theoretical jus— form is of a triangular shape against the ideal
tification for this choice in terms of the per— low pass noise as in Ex. I . The asymptotic 3-
centaye of full discrimination information it pre— Ratios for W = 0.3 and 0.4 are plotted in Fig.Sservos in the samples.

3, where W denotes the bandwidth of the signal
.5

III. NUMERICAL EXAMI’LES frequency spectrum . As we mentioned in Part  C ,
Sec. IT , the .3—Ratio reruiajns at one for l/i~> W+W .

In the following examples we assume until
energy signals for convenience.

APPENDIX. Derivation of (24)Example I. Conntant Signal and Ideal 1.ow Pass —

From (6) and (23), R
N 
can be written as

To see if we have charactet-istjcs for the 1
3—Ratio in a finite number of samples similar to
what we noticed in the asymptotic case, we con— RN A J N

d
( f )  

~~ 
df (Al)

sider an example for constant si gnal detection
where the additive noise has the power spectral 

— 
2ti

density as shown in rig. 1. In ordor to obtain
the finite-P 3—Ratio and the probability of de- where is a NsN Ihermitian symmetric matrix
tection , the observation time duration T is as-

whose ij—th element is cxp [—j2irtif(i-j)).sumed to be 15. Thus the number of samples
taken at the Nya~iist rate is 31. The detection
probability, P0 , is computed for 

~FA 
lo—~ ~~~~~ 

For N>>1 , we can approximate R
N
’. the in-

verse of RN,bydenotes the false alarm probability. In Fig. 
1

1, the asymptotic and the finite—P 3—Ratio and

are plotted . We note that both J—Ratio and P
0 

~~l 
~ J 1 N (fl~~~f 

df (A2)

sliow a jump to their maxImum values as N exceeds
16 and remain at the value for N)17.

It can be shown that R
N
R
N
’ I, the identity

Example 2. Constant Signal and Gauss-Markov
matrix , by using the Poisson sum formul a in theN~~se intermediate stages.

When the noise is Gauss—Markov where the co—
Let S be the signal component vector, i.e.variance function is of the form

= {s(iA)}N~
’
~~

1 Then 3M can be w r i t t ( t as
i=-N/2’K (T) = K

0
e , (28)

anal yt ic  derivation of 3N , 3T and the asymptotic 3N 
= ~t~ — l 5 (Al)

3-Ratio is pOssible. We list the results below.
For convenience, we let K

0
=l. 

We can then see that, for N>>l ,

(N (l—p) + 2pJ/ (l+p) (29)
S
t
~fS 

— t 2

= aT/2 + 1 (30) 
— — 

- 
~~

Asyinp. 3—Ratio = (1_e
_aA

)/LaA (1+e~
’
~~ )) (31) 

5 Is~~nI 2 (A4)

where
where

p = ~~~~~~~~~~~ (32) N/2—l

For a=2 and 1=15 , these are plotted in Fig. 2. = ~e 

1 fA
i}

It shows the close relationship between the 3— i=—N/2
divergence and the detection probability. Sup-
pose we are to find a sampling rate such that the

Thus we get (24).samples obtained at the rate preserve 90% of the
tot~ 1 d iscrimination information , we can read it
from the asymptotic J—Ratio curve which is, in
this case , A”O.SG.

. 4
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Fig. 3. Time—Varying Signal and Ideal Low Pass Noise. Asymptotic 3—Ratio .
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