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1. INTRODUCTION

In this report we discuss three problems associated with the

numerical solution of the transonic unsteady small—disturbance equation

+ ~~~~ — (K~~ — ~~~~ + (1.1)

For transonic aeroelastic and flutter calculations, Weatherill
et al. (1975) and Traci et al. (1975) have reported a numerical method

for computing small transonic unsteady harmonic perturbations to a

steady flow. The potential function is expressed in a series of increasing

powers of a small parameter which measures the amplitude of an unsteady

disturbance to the boundary (e.g., a thin airfoil undergoing harmonic

oscillation). This results in a sequence of boundary—value problems for

the perturbation potentials. The zeroth order is just the steady

problem and is solved by a type—dependent finite—difference scheme with

a line relaxation procedure. The first—order problem results in a

linear equation of mixed type for the perturbation potential. It is

solved by the same procedure.

The method of Weathemill and Traci is successful for only

small, reduced frequencies. Beyond a critical frequency (f or a given

Mach number), the relaxation solutions diverge.

In section 2 of this report we discuss several remedies for

this problem and present some computational examples.
The formulation of Weatherill and Traci does not account for

the unsteady motion of the shock wave. In section 3 of this report, we

discuss a method to account for this, and we present a calculated example.
The third problem we have studied is the solution of equation

(1.1) by finite—element methods. An extensive review of finite—element

and finite—difference methods for transonic flow was reported by Hafez ,
Weliford and Murinan (1977).* A finite—element method for solving equation

(1.1) was formulated, and it is presented in section 4. The proposed

method may be used for both steady and unsteady flow problems. For steady

*This study was partially sponsored by NASA—Langley Research Center under
contract NAS1—14246.

I



f low problems, the time t may be taken as an artificial time. Calcu—
lations for the steady problem are given in section 4. Calculations for
the unsteady problem have not yet been completed.

I
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2. NUMERICAL STABILITY OF THE HARMONIc APPROACH

2.1 Convergence Analysis

Weatherill et al. (1975) analyzed the convergence of the

relaxation procedure for the perturbation potential.* The finite—

difference approximation results in a matrix that is not always positive

definite (depending on the reduced frequency). Remedies for this problem

are presented in this section, and simple illustrative examples are
computed. Alternative methods for solving the problem are suggested.

The Helmholtz equation was suggested by Weatherill et al. (1975)

for studying the divergence of relaxation solutions that he and his

colleagues encountered when solving the unsteady transonic flow equation.

The Helmholtz equation

•_ +~~ + w 2+ — o  , O < x < L
~~ yy 1

O < y < L 2 (2.1)

with • given on the boundaries of a rectangle of length L
2 and

width L
1 , is simpler than the original equation, but produces similar

behavior when solving it by relaxation is attempted. That is, for

values of o~ greater than a specific value , line relaxation diverges. I 
-

The one—dimensional analog to Helmholtz’s equation produces the same

behavior , yet it is easier to handle. For numerical illustration we

shidl therefore consider the boundary—value problem

*
This linear equation is singular at the sonic line. The fundamental
solutions (and the Green’s functions) are different in the subsonic,
sonic, and supersonic regions, and constructing the solution along these
lines is a formidable task. Use of a Fourier transform in the latter
direction to reduce the two—dimensional problem to a one—dimensional one
will introduce convolution integrals (since the coeff icients K — 4?
and 4, are functions of x and y ). Hence, we are left with ffnite

differences.

—3— 
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, O < x < l  (2.2a)

— (2.2b)

•(l) — •R • (2.2c)

Defining a computational net with net spacings Ax and Ay

on the rectangle

0 < x <

0 < y <

and approximating the derivatives of equation (2.1) by central difference

formulas leads to a system of algebraic equations of the form

A~~— f  , (2.3)

where A is the matrix of coefficients, • is a vector for the unknowns
at the grid points, and f is a vector for the nonhomogeneous terms and
the boundary conditions.

Trying to solve equation (2.3) by a line relaxation procedure,

Weatherill et al. (1975) observed the frequency—dependent limitation on

the convergence of the relaxation method. They showed that relaxation

procedures converge if and only if A is positive definite. For fixed

values of L1 , 
L2 , Ax , and Ay , the eigenvalues of A are functions

of w , and a critical frequency 03cr for which the smallest eigenvalue

is zero exists. Above this value, relaxation procedures diverge. We

describe below two solutions to this problem.

2.2 Remedies to the Divergence Problem

2.2.1 The A*A Method

To solve eq. (2.3) by a relaxation procedure that converges

regardless of the value of W , we must modify the equation so that the

new system matrix is positive definite. Thus, we multiply both sides of

eq. (2.3) by A* , the conjugate transpose of A , to give

—4—
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A*A4, — A*f (2.4)

or

where A1 — A*A

and f 1~~~A*f .

• A
1 

is positive definite except when w is the natural frequency, in

which case A is singular. If A is not singular, eqs. (2.3) and (2.4)

are equivalent and have the same solution. Relaxation procedures will

always converge for the new system eq. (2.4) (as long as the relaxation

factor is positive and less than 2). The disadvantage of this remedy is

tha t the bandwidth of A*A is almost twice that of A , so that the

rate of convergence may be slow. In particular, if A is ill—conditioned,

A*A will be even more so. For high frequencies the grid size must be

quite small; hence, the number of equations is large, and the eigenvalues
are close to each other. The smallest eigenvalue of A*A will be very

close to zero . This causes the rate of convergence to be slow.*

We demonstrate that the method described above enables us to
solve the Helmholtz equation for values of to greater than tocr by
considering the one—dimensional analog to the Helmholtz equation (2.2).

To solve this problem numerically , we choose a set of J discrete points
with uniform spacing Ax in the interval of interest (0 < x < 1).

We write the finite—difference approximation to equation (2.2a) at each of

the points. Central—difference formulas are used to approximate the

term, and this approximation leads to the following system of
algebraic equations, whose solutions approximate the solution of problem
(2.2) at the set of discrete points X

j  
~

A 4 — f  . (2.5)

Here, A is a tridiagonal matrix of order J ,

*Least_squares methods for the solutions of indefinite equations may
accelerate the convergence significantly.

—5—
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A — []. —S 1.) ,

2 2S 2 - w A x

fT — [4,L 0 0 ... 0 R1

where fT denotes the transpose of f and where $ is the vector

whose ~~~ element approximates the solution of problem (2.2) at
the point

—

The system of equations that results from multiplying eq. (2.5) by A* is

— Af . (2.6)

When applying the Gauss—Seidel iterative method (point relaxation) to
eq. (2.6), we calculate the n+l~~ iteration with the relation

— + A4~ , j — 1, 2, ... J ,

where — ~~~~ (C~_2~~~~ — 2SC~_1$~~~ + aj$~

- 2SCj+1$
’
+i 
+ Cj+2+~+2 

—

j — 1, 2, •~~ • J

Here, A is the relaxation factor,

S2 +2 2< j< J — 1

2S + 1 , j — l ,.T

1 , l < j < J
C
i 

—

0 , ~~
< 1 , j > J

—6— 
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By numerical examples we demonstrated that relaxation, when
applied to eq. (2.6), converges for those values of to that cause it to
fail when applied to eq. (2.5). In each case we calculated the direct

solutions of eqs. (2.5) and (2.6). As expected, they were identical.

We also obtained the exact solution of problem (2.2), and, by comparing
it to the solution of eqs. (2.5) or (2.6), we were able to determine the

effect of the truncation error. We applied point relaxation with — 0 ,
— 1 , and 3 — 19 to both systems (2.5) and (2.6). For a value of

to below ir (to ff12) , we found that both cases converge. For a value
of to greater than iT (to — 3Tr/2) , we found that the iterative method

converges when applied to system (2.6), but diverges when applied to

system (2.5). Table I shows the results obtained for this case (to — 3ir/2).

The first column of the table gives the value of x
1 

at which the solution
is found. The second column shows the point—relaxation (Gauss—Seidel)

solution of eq. (2.6). Convergence was slow; it was achieved after 2937

iterations. Convergence is attained when the residual

4,
n

24,
n
+4,

n 
2max L1 LI + ~ 4,~J < 0.01 , j — 1, 2, ~~~~ 3

j Ax

The relaxation factor A is equal to its optimum value 1.82. The third

column of table I gives the solution of both systems (2.5) and (2.6) obtained

by Gauss elimination, and the last column gives the exact solution of
the boundary—value problem (2.2). The difference between the values in

the last two columns is attributable to the truncation error; i.e., it

is attributable to approximating the differential equation by a set of

algebraic equations. As the value of to decreases , the truncation
error decreases, and the rate of convergence increases. For

to — ir/2 the difference between the exact solution and the solution of

the approximating matrix equation is less than 0.02%. Moreover, conver—

gence was achieved after 1629 iterations when equation (2.6) was solved

by relaxation methods, and it was achieved after 44 iterations when

equation (2.5) was solved by relaxation methods. This result indicates the

—7— 
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slowness of the A*A method in comparison to the usual relaxation

method when it converges. In all the examples , the optimal values of
the relaxation factors were used.

The above method can be extended easily to two—dimensional
problems . The slowness of its converg ence , however , makes it nonpractical.
An alternative relaxation procedure for solving Helmholtz’s equation for
frequencies beyond the critical frequency is given below.

2.2.2 The Bisecting Method

For given values of to , Ax , and Ay , there is a family of

critical values L , L . For values of L and L outsideicr 2cr 1 2
this critical range, relaxation procedures diverge. Therefore, if we

wish to solve equation (2.1) in a rectangle having dimensions beyond the

critical range, we may divide the rectangle into smaller rectangles, each
having dimensions below the critical values. For given values of $ on.

the boundaries of the rectangles, iteration by relaxation is certain to

converge in each of them.
To solve the original problem (2.1) we are required to match

the solutions in the different subregions at the internal boundaries where

overlap occurs . These matches are achieved by iterating upon the bounda ry
conditions of the subregions (the outer iteration). The inner iterations
for each subregion are done by the usual relaxation method .

The above idea of dividing the original region into subregions
for values of to greater than tocr can be applied to the one—dimensional
problem (2.2). Equation (2.2a) is approximated by a set of algebraic

equations at J discrete points x
1
(jAx) , j  — 1, 2 , ~~~~ , J in the

interval of interest P . Thç original interval is divided into two

subintervals P1 and P2 , each having a length below the critical

length , where

P1 :

: X
~~~ N2_  1 < x < 1

and J M I N 2 - J M A X 1+ l .

—9— 
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For the nth outer iteration, the boundary conditions imposed on the
solution for interval P1 are

— (2 .7a)

n I :

and +(x 1~~+1) — *1 (2.7b)

The correspond ing boundary values imposed on the solution for interval
are

— (2.8a)

and ~~l) — R (2 .8b)

In interval P1 M relaxation sweeps are made towards solving equation
(2.2a) with boundary conditions (2.7). We then make M relaxation sweeps

for solving the same equation in interval P
2 , with boundary conditions

(2.8) imposed. The optimal relaxation factors are used in both cases.

The iterative solution at point j  at the mth inner iteration and the
~th outer iteration is denoted by 4~~’~ 

. The values for the inner
boundary conditions and are given below. They are chosen to

give the exact solution to our problem in two outer iteration steps,
provided the inner iterations produce an exact solution to the problems
in the subregions P1 and P2 . The linearity of the problem is there-

fore exploited:

~~~— C 1

where C1 and C2 are arbitrary unequal constants.

— ~n—1 
*~~

2 + (1 - ~
fl_1
)*

fll

n — 3 , 4, , N

-10-
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~~~~~~~~ , n — l , 2 , •’• , N

and M,n — n
a JM1N2

— 
,4Ln — 4 n~ — ,AM,n—l —
“JMIN2 “1’ “JNIN2 “1 /

th aThe solution after the n outer iteration is given by , where

— , j — 1, 2, ~ ••  , 3

- ~
n
~
M
~
n
~
l + (1 — u”)$~’~

j — 1, 2, , J

a — 2, 3, ... , N
In our numerical example we have made the following specific

choices

3— 1 9

JMAX 1— lO

JMIN2 — ll
Ax — 0 0 5

Cl — 0

C2 — l

The problem was solved for

(I) — 2 Wcr)

and the method was found to converge in a reasonable number of iterations.
We assumed convergence when the residue was less than 0.01, where the
residue af ter the ~th outer iteration ii given by

—11— 
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~~~~~~~~~~max 1—1 LI :1+1 + 2,n

Ax2 I

Table II shows the effect of changing N on the rate of con—
vergence. To compare the rate of convergence of this method with the
usual relaxation method, we calculated an example with to — 11/2 . The
results are given in table III. Convergence for the usual relaxation

method occurs in 44 iterations. The present method converges in only

40 iterations, when the number of inner iterations per outer iteration

is 5.

The bisecting method therefore seems to be suitable for solving
the problem of interest at frequencies beyond the critical value . The
fact that the rate of convergence increases by reducing the number of

inner iterations per outer iterations and the fast convergence demon-
strated by the one—dimensional example leads us to believe in the possibility
of the extension of this method to two— dimensional problems with no
serious obstacles.

2.2.3 The Transform Method
We mention briefly here that 3. R. Molberg (1968) developed , in

his thesis, a transform technique which yields solutions to problems for
which the iterative process is unstable. He used this method successfully

to solve problems (2.1) and (2.2).

2.3 Other Methods for Solving Helaholts’s Equation

We have described above two modified relaxation procedures for
solving the Helmholtz equation for frequencies beyond the critical

f requency. These methods were suggested as remedies for the divergence
problem. Other methods that can be used to solve Helmholtz’s equation

are described below.

2.3.1 The Shooting Method

Let us consider the one-dimensional problem (2.2). To solve

this problem by the shooting method, we obtain the solutions and •b ‘
each of which satisfies equation (2.2a) and initial condition (2.2b) .
In addition, • and b satisfy the initial conditions

—12—

_ _ _ _  • - --- •

_ _ _ _ _ _ _



— --.,-.— —‘-~‘-— . - - ,- .,---, - - - - - ‘—‘-------- . —,--- -  .— -.-- _~
_
~

_._,,..---.- ~
--_--- —,-.-‘—

.--
~
--—--- - --- --—-----— .—

_  _  _  --

(‘4 (‘1 N N 50 — ‘4 N ‘4 — (‘4 (54 (‘4 (54 (‘4
C - I l  I I I I I I I I I I I I I I

~ , 0 00 0 0 0 0 00 0 0 0 00 0 0
~ -4 -4 _4 -4 -4 — -4 -4 -4 -4 — -4 -4 -4 -4 —

M N  H H H N M  M M  K W H  K W H  N
4’S 00 Os ‘4 .4 .4 00 0 C-I .4 .~ m ‘~ N — c-I

I 
H

N . 4 . O i n0 0 0i nO O i n0 0 0 i n Q
H (*5 N 1.. 0 50 Os in N 50 00 .4 sO *14 sO ‘4 in

N —
z

C-I

I

114

a —~~‘~4 o
4.4 O~~~~~N N i n I n  0 O i n i n O O i n t f lO O i l Sin

(‘S (‘5 (‘5 (‘5 (‘5 C’S C-I N C-I N — — — -4•Ii
~~ .0 0k

Ia

~ O’I C - I N
Ia —1 4 50) 14

.00)
1-41

—13—

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



p.-

0 o o o o o o1o o 1
o

1
o

1
o

-4 -4 -4 -4 -4 -4 -4 -4 -4 —

N M M  H M N  N N M  H

.* 5 0 C-I (1 .* C - I C O N r n

e
. 4 . 0 0 0 0* f l 0 0 0in O

N N . .t .4. ’0 .1 s0 -* IFS (’S -.t

C-I

R —
4-4 O .rI -* -0 O O i n i n O Q * A In t

41 N (‘4 (4  C-I — — — ~ l
0’ 1 4 5

0 ) 1 4

~~ . 0 0)
5 4 1

~~

I
— 4 ’Z
4.4
4.4

W P44
~ O~~I — C - I N mrs .e .e in r- 00

$ 4 0

.
~~~IJ

—14—

_ _ _ _



— 8a

where 8a and 8b are two arbitra ry unequal constants . The desired
solution 5 of problem (2.2) is then given by

$(x) — 

~~~~~ 
+ (1 - a)Sb (x)

— b”~where a — $~(1) —

The numerical scheme used to solve eq. (2.2a) is given by

— (2 — w2A.x2)5
1 

— , I — 1, 2, , 3

where —

and $_
~ 

— — 2Ax ~~(0)

The solution obtained for 5 by shooting is equal to that

obtained by direct inversion except f or round—off errors. It would

appear therefore that the shooting method, which requires no iteration
for the one—dimensional example , is the most attractive of all methods
suggested. We point out that although the shooting method is superior
to the A*A method and the bisecting method for problem (2.2), it loses

some of its attractiveness in the case of the two—dimensional probl em
(2.1).

The two—dimensional generalization of the shooting method for
solving two—point boundary value problems is only useful for small
ar rays becaus e, in this method it is necessary to invert a badly ill—
conditioned matrix, and the degree of ill—conditioning increases with
the array site (see McAvaney at al. (1971)). A method which overcomes
this difficulty was devised by Dietrick at .1. (1975). It conaists of

dividing the region of computation into a number of small subregions.

Certain boundary conditions are assumed on the interior boundaries, and

-1~~



solutions are obtained in each subregion by using the generalized shooting

method . An iterative process is then defined, and the values at the
interior boundaries are modified after each iteration.

2.3.2 The Direct Method
We note that the finite—difference approximation to equation

(2.1) may be written in the form

D $ — f  , (2.9)

where D is the coefficient matrix and a block tridiagonal matrix. The

auperdiagonal and the subdiagonal blocks are the identity matrix, and

the diagonal blocks are tridiagonal matrices. A direct solution of
equation (2.9) may be obtained easily by the method described by
Isaacson and iCeller (1966).

2.3.3 Extrapolation Method

This method avoids the unstability problems by solving eq.

(2.1) for values of to below the critical frequency. Approximate

solutions for values of to greater than the critical frequency are
obtained by extrapolation. A description of this method is given in

appendix A.

2.4 Concluding Remarks

Methods for solving the unsteady harmonic small—perturbation

transonic flow equation have been discussed. Remedies for the divergence

problem at frequencies beyond the critical frequency have been proposed,

and these are shown to work by testing them on one—dimensional examples.
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3. SHOCK MOVEMENT FOR THE HARMONIC APPROACH

3.1 Introduction

In this part, we investigate the problem of the shock movement

caused by unsteady perturbations . In Weatherill’s and Traci’s work, the
shock is not perturbed from the position calculated from the steady

solution. For some problems, however , the shock motion is important and
affects the whole flow field. To account for these effects, we derive,

from a perturbation expansion for the shock—jump conditions, an equation
representing the shock movement. The appropriate jumps at the unper-

turbed (steady) shock position are obtained by an analytical continuation

of upstream and downstream conditions. To account for the shock movement,

we impose the appropriate jumps on the perturbation potential with a shock—

fitting procedure. A two—dimensional example is computed to illustrate

the procedure.

For steady perturbations calculated by an Integral equation

method, Nixon (1971) has reported an alternative approach using the ¶

method of strained coordinates. In this paper we adopt the same ap—

proach for small harmonic perturbations computed by finite—difference

methods. In this approach, the coordinates are strained in such a way
that the shock is always fixed at its steady—state position. The per—

turbation of the jump conditions (in the strained coordinates) yields

- • 
the same equations as the weak solution of the (linear) perturbed equa-

tion; hence, no shock fitting is necessary. The perturbed equation,

however, is more complicated because it has nonhomogeneous terms ac-
counting for the shock movement. Also, the boundary condition for the

perturbed potential is altered (the airfoil is distorted so that the

shock location is unchanged by the perturbation).

Finally, we show that the strained—coordinate method is

equivalent to the direct method of transferring the jump conditions to

the steady—state shock location.

3.2 Basic Governing Equations

The unsteady transonic small—disturbance equation can be

written in the form

+ 25X~ t 
— (K$

~ 
— 

4 ~~~~ 
+ (Sy)y (3.1)

— 17—



where the term is neglected for low frequencies. The jump con-

ditions, admitted by the weak solution of eq. (3.1), are

(axD \ 2  - 24xD’\_  <K - ,  > + (3.2a)
B

\a t j  x

11.11 — 0 , (3.2b)

where <5> and 
~~ 

denote the average and the jump of 5 across the

shock x — XD(y;t). To complete the formulation of the problem, we must
include the tangency boundary condition, a far—field behavior, and a
Kutta condition for lifting airfoils.

For small harmonic perturbations, we let*

5 — 5°(x ,y)  + ERe[eimt5
l(x,y)I

+ ~2 Re ($2~O + e2imt 5
2~2) + • •  (3.3)

where the oscillating airfoil has the following boundary condition: ) -:

5~(x~O) — f0(x) + cRe [e
imtf (x) J . (3 .4 )

The zeroth—order problem is given by

(3.5a)

•;(x .o) — f’(x) , (3.5b)

and the first—order problem (where the B term is neglected) is

(K - 4~~~~
)5

~~~~~ 
+ — — (3.6a)

$~ (x ,0) f~ (x) . (3.6b)

5This form is equivalent to 5 — 4? + c(5~eimt +
+ ½c 2($2 ’0 + ~2~O* + ,2,2~2i~t +

—18—
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The boundary conditions (3.5b) and (3.6b) are applied in the airfoil mean

surface. Note that eq. (3.6a) is linear with discontinuous coefficients.

Its solution admits jumps only at that place where the steady shocks

occur. We discuss this problem below.

3.3 Equation for Shock Movement

3.3.1 Derivation of the Equation

The problem can be examined in two ways. First, we perturb

the shock and transfer the perturbed jump conditions to the old position
(the steady state). These transferred conditions are imposed on the

perturbation potential.

In the second approach, following Nixon (1977), the method of

strained coordinates is used. The coordinates are strained so that the
shock is always fixed at its steady—state location (in the strained

coordinates). The differential equation governing the perturbation

potential, in the strained coordinates, contains nonhomogeneous terms

that account for the shock movement. Also, the boundary condition is

distorted. This approach is presented in section 3.4.

Following Cheng and Hafez (1973)*, the shock Is perturbed in

the same way the flow field is perturbed; namely, let

XD(y; t) — X°(y) + £Re[e~~
tX1(y)J

+ Re (X2’0 + e2imtX2~2) + .s. (3 7)

The jump conditions (eqs. (3.2a) and (3.2b)) are given in terms of the

averages and the jumps across the unknown perturbed shock XD(y;t)
The appropriate jumps at the unperturbed shock X°(y) may be obtained
by analytical continuation of upstream and downstream conditions. For

e~*~ple, consider the jump in a quantity U at , namely ilull 
~Up to first order, this j ump can be expressed in terms of (lull x°

and , as shown in figure 1.

*14. Hafez would like to thank Prof. H. K. Cheng of U.S.C. for an interesting
discussion. A similar approach is studied in Cheng and Hafez (1973), where
it is applied to a lift perturbation problem.
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U + eX1(IJ ) +

—

(Ud .U d~~~~~~ 
+ eX1(U )4 + ••.

Figure 1. Perturbatio n of a Discontinuous Function
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We can write

EIUIxD — Ud + E:X
’(UX)d + 

... - (u + cX1( U )  + •..)

— 

~ d — U
~

) + cx1 
[(Ux)d 

- (U
~
)
~ ~ 

+ ...
— Iluixo + cx’ + ...

Similarly, we have <U> — <U> + eX1(U > +
x°

Now, consider condition (3.2b)expanded in terms of c

f(~~0 + + ...~~j  
— + ~~~ + •‘•ll 

~ 
+

+ cX’IS° + c$’ + ..‘
~~ ~

o + •“ — 0. (3.8)

The zeroth and first—order relations are given by,

for c~ C5°JJ~o — 0 , (3.9)

for ~~ (l~
1~~ — ~xl 1I4~I~o . (3.10)

Similarly, condition (3.2a) gives,
J

for c°, <~ — 

~~~ 

— _( .~2c~.)
2 

, (3.11)

0 1
for c~, 2UaX’ — + X~5~~ )~~ 

— 2 ~~~— ~~~ (3.12)

Equation (3.12) is an ordinary differential equation in X’ . Together

with eq. (3.10), it imposes the proper jump conditions on •~ . A shock—

fitting procedure is necessary since the weak solution of the (linear)

perturbed system (3.6) admits discontinuities other than the conditions

that result from perturbing the jumps admitted by the fully nonlinear

system. (3.1) To calculate the pressures in the region of the shock, we

must take into account the motion of the shock as discussed in appendix B.

L - - -“— ~~~~~~~~ -



3.3.2 Si~plification for Normal Shock* ~
For a locally normal shock, the term in eq. (3.12) is

neglected; hence,

2itoX’ — + XI 
. (3.13)

Eliminating X1 between (3.10) and (3.13), we have

<s~>~ (ls~JJ 
~~
° 

+(2 iw — 4
~
x>

~
o 11,111 

~
0 

— 0 . (3.14)

Equation (3.14) Is the jump condition to be imposed on . Alter

is calculated, we can evaluate X1 from eq. (3.13) or (3.10).

3.3.3 A Shock—Fitting Procedure for the Problem
First, we solve the steady problem 5~ , using, for example,

Murman’s fully conservative schemes. From the 5~ solution, we let

11 s~1J 
~~ 

— a and <2im — 5
~ >~

o — b , where X0 is considered part of

the 5° solution. The first point downstream of the shock K° is

identified by S.P. in figure 2. At this point, we replace the finite—

difference equation for by
the following relation:

~ (.~+~
_ 

i + ~~~~~~~~ 
j2 ) + b(5~ - $~~ ) 0 . (3.15)

Equation (3.15) is a first—order approximation of eq. (3.14).

The shock is treated as an internal boundary with a boundary
condition in the form of

+ +a
15 

+bl$ c 1,

where a1 , b1 , and c1 are constants, (+) denotes the conditions just
downstream of the shock, and c1 contains the conditions on the upstream

side of the shock.

*For normal shock, <,‘!~>. 0
-22-
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Figure 2. Shock Points and Sh.ck Location
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3.3.4 Computational Example
Using the above theory, we can compute a two—dimensional example

of a pulsating parabolic arc airfoil. The airfoil is placed on the line

y — 0 , and its upper surface is governed by the equation

— 0.2 x (1 — x)(1 + 0.1 sin wt)
where w — 0.818

We now solve the problem in the rectangular domain

- 1 < x < 2 ,

0 < y < 2

We set the freestreain Mach number M~ equal to 0.818 and solve the lowest
order steady—state problem

[(1 — 14
2

) — (y + 1)l4~5°J$° + .;~ — 0 -

— 0 , $°(1,y) - 0

5° (x , 2)  — 0 

1

0 x < O -

0 x > 1  
- 

-

0.2(1—2x) 0 < x < 1 _ -

by using the Murman type—dependent relaxation scheme. A plot of the
solution is shown in figure 3. The unsteady perturbation equation ~

- 

-

— M~
) - Cr + 1)l4~$J5~~ + I - -

-

— •‘ + 1)M~$~~ + i2w .10 (3.16) -

—2 4—
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with the boundary conditions

— 0 .
1(1,,) — 0

- 

5’(x,Z) — 0

0 x < 0
0 x > l
.02x(l — x) 0 < x < l

can then be solved by using central differencing in subsonic regions and
backward differencing in supersonic regions. At the shock point, the
double derivative appearing in eq. (3.16) can be expressed as

1 1
A’ .L i + 1 — i  A+

~xx ~x
2 2

We then approximate the term by ~~~~~~ from eq. (3.15) and set
it equal to

1 1
— 

~x a i  i— I.

This is necessary to satisfy both the boundary condition and the shock

jump relation at the base of the shock.

Figure 4 shows the shock position obtained from the present

calculation. Also shown in the figure is the shock position obtained by

solving the unsteady small—disturbance equation (Balihaus). The shift

in the shock mean position is caused by higher order terms which are

unaccounted for in this calculation *

3.4 An Alternative Approach Using the Method of Strained Coordinates

3.4.1 Formulation

Instead of eq. (3.3), we use an expansion of 5 in strained
coordinates (s,r) as follows:

*A modified quasi-steady approach may be used where the unsteady (4 ) term
is evaluated by using the first—order perturbation solution. This ~~proach
leads to a nonhomogeneous equation of the form

(K — + 5 — (Re 2iwM~l e ~~
t

L 
-26- 
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Let 5(x,y ;r )  — $0(s,y) + ~Re 1
~ iwr, (s,y)j + ••~~ , (3.17)

x — s + cpa 
~ 

‘~x1(s)J + , (3.18)

t — r  . (3.19)

In particular , the shock location in the physical plane xD is related

to the shock location in the strained coordinates by the following

relation:

— sD 
+ cRc Ie

iwtXi(SD) 1 + ••• . (3.20)

That i8 , X1(S
D) is the shock movement .

The transformation derivatives are given by

(1— eRe 1e ’~~
X, I + •••  ) , (3.21)

— — (eRa jiiue~~~x1J + ~~~~ 
).

~~~
— . (3.22)

Using (3.17) and (3.18) in eq. (3.1) (with K — 1 and neglecting the ~
term) yields

(1 — ~~~~~~ + — 0 (3.23)

and lss + l~~ 
— 

~ os la~s 
+ 2iw(51 — X1$05

)5

+ JX 1 ($ — $
2

)J + X1 ($ — ½5~~) , (3.24)

while using (3.17) and (3.18) in eqs. (3.2a) and (3.2b) yields

— 1 
~ 11$~J — 0 ~ (3.25)

and < ls> — x15( s )  + 2im~~($
D) 11s~ll — 0 . (3.26)

—28-



-_ - - --—- -——-.--- -- ---- ------ - ---~ - - --
~~~
-

~~
—-

Note that eqs. (3.25) and (3.26) are the jump conditions admitted by the
weak solutions of eqs. (3.23) and (3.24), respectively. The boundary conditions
in the physical plane are transformed to

— W0(s) on the airfoil, and (3.27)

— W1(s) + X1(s)W05
(s) on the airfoil . (3.28)

Equations (3.23), (3.25), and (3.27) determine the steady state, while eqs.
(3.24), (3.26), and (3.28) determine the perturbation potential in the strained
coordinates .

3.4.2 Difference Equations

For the steady—state problem, centered differences are used in
the subsonic region, backward differences in the supersonic region, a
parabolic—point operator at the sonic line (to exclude expansion shock),
and a shock—point operator at the shock point to impose the right jump
condition (conservation of mass).

For the perturbation potential, a parabolic—point operator and
a shock—point operator are needed. Also, X1(S0) is unknown.

We fi rst consider the parabolic—point operator. In (x ,y, t)
coordinates, — 1 at the sonic line. To guarantee finite acceleration

4 at the sonic line, eq. (3.1) reduces to

yy — 2 xt (3.29)

Parabolic—point operators in (s,y,r) coordinates are given by

(3.30)

lyy — 2ii~($15 — X15405
) (3.31)

In eqs. (3.30) and (3.31) centered differences are used everywhere.
Equation (3.24) at ~~~ — 1) reads

— os~~lss 
— oas l l s  — 

~ is + 2iwX1) ). (3.32 ) —

-29- 
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To keep 
~~~ 

finite at the ~~~ — 1), we must satisfy the following —

condition:

ls — + 2iwX
1 , 

at — 1 . (3.33)

Equation (3.33) is used to determine the shock movement A (assuming , for
example,

X1(s) — As(l — )/5D(1 — SD)

as in Nixon ’s work (1977)). Note that eq. (3.33) is consistent with eq.
(3.26) when the shock strength vanishes.

We next consider the shock—point operator. Equation (3.24) is

written in a conservative form . A fully conservative scheme that admits
the appropriate jumps eq. (3.26) is written as follows :

(Shock—Point Operation)1 
— (Elliptic 0perator)~ + (Hyperbolic 0perator)~

(3.34)

The y terms are central differenced.

Af ter algebraic manipulation, eq. (3.34) reduces to (neglecting
y terms for a locally normal shock)

+ -
U + U 

— X15(S
D) + 2iwX1(S

1
~) (3.35)

+ ].,i+l — 1,iwhere U —

— I — —AX

Equation (3.35) is a first—order approximation of jump condition

(3.26).

3.5 Equivalence of the Two Methods

Finally, we want to show that these results are consistent
with the previous approach and that the two approaches are equivalent.

—30—
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We substitute eq. (3.18) into eq. (3.3), together with a Taylor series
expansion for •~ around the point x,y , and collect terms of equal
orders. The result is

$(x,y,t) — 4°(s y) + eRe Je
imt 

[51(s,y) + X1(s)5° (s,y)J J + ‘~~~•

(3.36)
Comparing eqs. (3.36) and (3.17), we f ind

— $0(s,y)

+ X1(s)$ (s,y) — •1(s,y) . (3.37 )

The equation for 4
3(s,y) reads

+ — ( 5 4 ~
) , (3.38)

with the boundary condition

4~(s,0) — W1(s) (3.39)

on the airfoil and the shock—jump conditions

1,
1
0 — _x1 s~ o.:ii , (3.40)

+ X1 (S
D) <‘:~> — 2iwX1(SD) . (3.41)

Equations (3.38), (3.39), (3.40), and (3.41) were used before with a shock-
fitting procedure to determine . Hence, the two systems are equivalent.

3.6 Conclusions

We have derived an expression for the perturbed shock position
for unsteady transonic calculations. This result provides us with a
consistent method for predicting the shock motion of small unsteady
harmonic purturbatjons. A two—dimensional example has been calculated.
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4. FINITE ELFIIENT METHODS FOR STEADY AND UNSTEADY TRANSONIC FLOWS

4.1 Introduction

For isentropic, irrotational, transonic flows, Euler ’s equations
reduce to the mass conservation equation. Evaluating the density from

the Bernoulli (energy) equation, we find the flow is governed by a single

second—order nonlinear hyperbolic equation in terms of a velocity potential.

The steady equation, however, is of mixed type (i.e., locally hyperbolic
(elliptic) for the supersonic (subsonic) region. The change of the type

of the equation and the existence of a discontinous solution (shock

waves) are attributable to the nonlinearity). It seems that the unsteady

problem is more amenable to analysis. In fact, the steady solution is

obtained as the steady—state limit (for large times) of the unsteady

problem.

The controlling parameters, in general, are the Mach number,

geometry parameters (angle of attack, thickness ratio, aspect ratio,

etc.) and the unsteady disturbance parameters (frequency and amplitude).

With standard limit procesaes, different approximations can be obtained.

The most famous of these is the transonic small—disturbance theory. For

the high—frequency range, the nonlinear terms can be neglected, and the
equation is linear. For the low—frequency range, the nonlinear term is

important, and other linear terms like the term are not. Although

the approximations lead to great simplification, some mathematical

difficulties are associated with the resulting governing equation in

this range (a parahyperbolic equation with one real characteristic).

The solution procedures for the unsteady problems are numerous.

On one hand, the straightforward, quasi—steady approach, where time is

considered a parameter, may be justifiable in the low—frequency range,

if we have an efficient method for solving the steady problem. On the

other hand, direct time integration of the unsteady equation allows for

the full unsteady effects to take place. In between these two methods

a~.e the linear perturbation methods for small unsteady disturbances,

namely, the frequency and indicial response methods. In the frequency

decomposition method, a sequence of steady—like problems (for different

frequencies) are solved; while, for the indicial method, the response of
a linearized time—dependent equation to an impulse is calculated. As men-
tioned earlier in this report, perturbation of a system with a discontinuous
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solution must be treated with a special consideration. Nonlinear finite—

amplitude effects can be included if the main flow is allowed to interact

with the disturbance leading to a coupled system of nonlinear equations
for the main flow as well as the perturbations.

Numerical methods are needed to implement these procedures.

In the following sections, application of the finite—element method to

the steady and unsteady transonic problems is studied.

In recent years various finite—element techniques have been

developed for steady small—disturbance transonic flow problems. Chati,

Brashears , and Young (1975) presented the first application of finite—
element methods in transonic flow. They resorted to a least—squares

model after discovering that Galerkin formulations, in conjunction with

an iterative scheme based on a sequence of Poisson solutions, did not
converge for supercritical flows. Wellford and Hafez (1976) constructed
a workable Galerkin model by introducing a mixed variational principle

and an appropriate direct—gradient solution algorithm. Bafez, Murman,
and Wellford (1976) developed a Galerkin model that accounted for the

change In type of the differential equation in a manner similar to the

technique used in Murinan’s original work. Glowineki, Periaux, and

Pironneau (1976) introduced an optimal control formulation for transonic

flow. The finite—element method has not been used for unsteady transonic

flows however, there is some work in the literature on the solution of
shallow water equations, which are similar to the transonic equation

In the present study, we have constructed an alternate Galerkin

model for the small—disturbance traneonic problem and have developed a
solution algorithm for the resulting equations. The problem is formu-

lated in terms of velocities, and an implicit finite element is constructed

by using the time—dependent model of Magnus and Yoshihara (1970) for both
steady and unsteady problems. Because the resulting algorithm is essen-

tially independent of the type of the flow (subsonic or supersonic), it

is well suited for finite—element models. Curved boundary shapes and

irregular meshes can be used . The advantages of the finite—element

method in modeling highly irregular domains and in incorporating higher
order accurate elements can therefore be utilized .
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In the following sections the physical problem is posed, the
iterative solution algorithms are introduced, the convergence criteria

for the solution algorithm are determined, and numerical results are
presented.

4.2 The Physical Problems

We consider the flow of an inviscid, compressible fluid about
a thin airfoil. We adopt here the small—disturbance theory (see Landahi

(1961)). Let 12 be an infinite domain composed of points (x,y) . Let

~ be the upper half plane defined by y > 0 , for all x • We consider
non—lifting symmetric flows, and thus we model domains 12 such that
12 C ~ . 12 is the same as 12 except for the region occupied by the

airfoil. We describe the boundary 312
k 

of the upper half plane of the
symmetric airfoil by y — g(x,t) where y — 0 is the chord of the

airfoil. The boundary 3122 of the flow is the boundary (y — 0) of

the halfplane ~7 for points outside the airfoil. The boundary 312
3 

of
the flow is the boundary of the halfplane at ~ in the y direction.

The boundary 3124 of the flow is the boundary of the halfplane at

x ~ and x - -
~~~ . The boundary 312 of 12 is 312 - 3121U 3122U 3123U 3124

Let 4 be the perturbation velocity potential, M0 be the

free—stream Mach number, and y be the ratio of specific heats. Then

the problem is described by the following set of equations:

2 M~ (1+y)$2 2 2
- 

2 
‘x + , - 2M~,ft~~ + Mj tt in 12

+ (1 + — 41), 
— ~ ~~~

(4.1)

°~~

V$ .O on

For steady flows, suppose that the x and y velocity components are
defined by u — $ x  and v — 4,y . Then (4.1) can be written in the

following form (a system of first—order equations):
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[K1u 

— 
~~~~ ~~~~ + v~y — 0 in 12

(1 + u)g,~ — v 0 on

(4.2)

v - 0  on 312
~k~~

812
3

u 0 on 3124

where K1 — 1 — M~~ and K2 — (1 + y)M~ . Irrotationality is imposed
by requiring that

— v,
~ 

— 0 in ~ (4 3)

The low—frequency unsteady equation (omitting the term) is a
system of first—order equations in the form of:

K
- —

~~~~ u
2)x + V -

(4.4)

u -v -0y x

The high—frequency equation (4.1), can be written, however, in the form
of a system of first—order equations if we use three variables u, v and w
where w — 

~ 
; namely,

(K1~~~~~~~u2)x + v y _ 2 o wx
_ w

t

V — U~ (4.5)

V — vy t

where 1 — and K2 — (1+y)M~ . Irrotationality is imposed
by requiring that

‘1y~~~~x o in 12

4.3 Tentative Solution Algorithms

To construct a workable solution algorithm, we introduce time—
dependent and explicit artificial viscosity terms as followi :

au,
~
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Fl 
+ yu, — xu (4.6)

- ~~ - v,~ + Av,~~ - Fv

Of course, the second—order terms in (4.6) can be associated with

viscous dissipation. The terms involving u and v are more difficult
to explain physically. Lee and Kim (1976) have introduced such terms as

a correction to the inviscid KdV equation occurring in free—surface

hydrodynamics. In their theory the term accounts for the no—slip boundary
condition of the viscous theory. However, it is not necessary to have a

physical argument ~~ justify the perturbation of the original problem

introduced here. It suffices to say that the attached terms are mathe-
matical In nature and produce a convergent algorithm for supercritical

f lows. Presumably, as the artificial viscosity parameters are reduced

to zero, the correct approximate solution is retrieved.

Introducing a finite—difference model for the time variation in

(4.6) in association with a time step At , we obtain the first iterative

scheme to be studied here, which takes the following form:

~~~~ (u’~~ - u~) - [Kiu~~~ 
- ~~~~ ~~~~~~~~ + vi~~~ + 

-

- v’s) - u~~
1 

- v,~~~ + Av,~~~ - Fv’~~ , (4.7)

where , for example,

.n+½ _____W — 2

Algorithm (4.7) has a linearization that is stable and second—order

accurate. However, the nonlinear algorithm is not unconditionally

stable. Certain minimum amounts of artificial viscosity as well as

restrictions on the time step At are required to stabilize the algorithm.

Note that the use of (4.7) requires the solution of an asymsetric linear

system at each iteration.

We can obtain a second algorithm by treating the nonlinear

term in (4.6) differently, as follows:
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~~.- (u°~~ - U5 - EK1u
n
~~ 

X2(ufl4½)2 } ‘
~~ 

+ v?~~ + yu~~ - xu’~~ , (4.8)

- vS - u~~ - v~~~ + Xv~~~ - Fv~~~ .

Algorithm (4.8) is unconditionally stable; however , it requires the
solution of a nonlinear system at each time step ; thus, eomputationally

is not as attractive as (4.7).
The third algorithm to be considered is obtained by constructing

an explicit form of (4.6). It takes the following form :

- u5 — 
[K1u

n 
— j.&(un)2] ‘x + V~y + ~~~ - xu’~ • (4.9)

L. n+l n n n n n
At~~ 

_ v ) u,
,

_ v ,
~~

+A v ,
~~~

_ F v  .

This algorithm is only conditionally stable. In addition, certain

minimum amounts of artificial viscosity are required to stabilize the
nonlinear term . However, in some cases the computational simplicity of

this algorithm may be advantageous.

The characteristic feature of these algorithms is the introduction
of explicit artificial damping terms in both space and time for stability
and convengence considerations. The accuracy of the solution depends,
of course, on the size of these additional terms. For example, the
inviscid solution can be retained only if the viscous term is of the

same order as the truncation error . Similarly, the steady—state solution
— is accurate only if the term. proportional to u and v , which were

introduced to dampen the iterative solution, are small. (These terms
can be varied with iteration and gradually vanish when the solution
reaches the steady state.) The explicit introduction of these terms
facilitates the analysis and implementation of finite elevents .* Moreover

the coefflelent of the damping terms may be chosen to optimize the rate of

convergence.

*For example , instead of searchin g for a finite—elsmsnt analog for the
backward differencing of u~ , we explicitly add to it and use the
usual Galerkin method (equivalent to centered differences for rectangular
elements). 37
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For unsteady problem., however, the transient solution is of primary
concern, the same algorithm can b~ used with proper choice of different
parameters. For example, if we wish to simulate the transonic low—frequency

equation, ~ must vanish or at least be of the same order as the truncation

error, namely (At)
2. The damping terms in time will harm the solution and

theref ore must be minimized. The main objective in the choice of these
different parameters is, in this case, to minimize the phase error.

The explicit introduction of these “ar tif icia l” terms enables
the algorithm to cope with completely different requirements. Obviously,

this flexibility is advantageous in the study of unsteady transonic flows.

4.4 The Weak Formulation

Let L2(12) be the space of square integrable functions on
12 . An inner product involving the functions of L2(fl) ii defined as

follows:
u,v — uv dx dy .

12

The natural norm associated with L (12) is I)u j I
2 

— u,u .

Let L
~,,(12) be the space of functions with the fo11ow~~~ norm:

555. SUp .
I IU I I L (Q) x c f l  k(x)I

In addition, let H1(12) be the Sobolev space with norm

— II Il L (12) + II~1~x II L (12) + 
~~~‘y ’’ L (12) ‘

A weak form of the system of partial differential equation.
(4.7) can be defined as follows: Find ~~~~~~~ C H~ (fl) such that

~~ ~n+l 
- ~~~ - K1u

fl1½ 
- ~~~n~n4½ 

~~~~

+ v~~~,W + y u ,~~~ ,W - x ~~~~~ ,

fr ~~~ — v~,S — (u~~
1
1S) — (v~~

½,S) (4.10)

+ A v ~~~,S - F v ~
’
~~,S

for arbitrary W,S C H~~(12) , where B~(12) is the space of functions in
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that are zero on the boundary 812 . Integrating by parts in
assorted terms on the right in (4.10) and using the fact that V and
S • ~~ zero on the boundary, we obtain the following expression:

%IU ,W) - 
4(1u

’~~ -

+<v~~~,W)- y<u~~~
,W ,>- x<u~~~.W),

- v
~
,S>-<u?~~

,S)- <~~~~,s> (4.11)

-

-F <v’~~~,S>

for all V S  C H~(12) . Equation (4.11) represents the weak form of (4.7)
in a conservative form, which is appropriate for the problem (4.1) and
which naturally involves shock..

A weak form of the system (4.8) can be developed using similar
techniques. The following form is obtained :

— 
~~~

>_ _< [~~
n
~
i -

(4.12)
.L~ n+1 

- ~
n, 

~> - ~~~~ ~> - <~?~
½, 

~>
- A<v~~~

,S,
~>_ F <v~~~ ,S> ,

for all V,S C H1(12) . A weak expression of the same form can also be
developed for (4.9) .

A stability and convergence proof for the iterative techniques
has been studied in detail by Weliford and Rafez (1977).

4.5 Finite-Element Models
In the numerical results to be presented here , we use algorithm

(4.11). To implement this weak form ulation , we subdivi de the domain
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~
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- -

E
12 into finite elements 12 • Then 12 is U 12 , where E is the total

C c_i C

number of elements in the domain. On each domain 12e the velocity

components U and V are approximated by a finite—element model of the

following form:

Ue 
— ~1

(x~y)U~
(4.13)

V —

where *i
(X ,y) are finite—element interpolation (shape) functions, and

and V~ are the values of u and v at the nodes of the element.

Of course, u and v could be interpolated with different shap. function.;

however, this procedure does not seem to present any advantage in this
application. In the numerical results to be presented here, the eight—

node serendipity element was used. In particular, the mesh used in this
study is shown in figure 5. While, in this mesh each element has two
sides parallel to the y coordinate axis , the method demonstrated here
should also be valid for more general mesh configuration. because the
governing equations are hyperbolic at all points in the domain.

An approximate version of the weak formulation (4.11) is obtained by
replacing u and v by U~ and Ve from (4.13) and setting W — S

This technique is simply the Galerkin method with the finite—element

interpolation functions as trial functions. The following equations are

obtained for a single element

(a + X
~~

)K
~~
Url + 

~~~~ 
IC
~

B
~1.Ur’ - ±~~~1. C U ~~U~~

+’ - 
~~~~ 

D
~~J

Vr’ + 
~~~~~ 

E1.~~
Ur’

- (a - )Kij U~ 
- ~~~~~1 + ~~~~~~~~~ 

~~~~~~~ 
+ 

~~~~ 
D~~

J
V~~ - :r4~ E~J

U~

(I + ~~~)K~~vr1 - 
~~~~ 

D
1~~ U~~~

’ + ~~ B1~V~~
’ + 

~~~ 
EI~Vr 

+ 
~~~ 

F
ij~~~

”

— (B — ~~L)K~~V~ + ~~~~ 
DJ~U~ 

— 
~~~~ ~~~~ 

— ~~~~ eE~~V~ — 
~~~~ 

AF~JV~ I

where
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r 
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K1~ — 
~~~~~~ 

dxdy

— 
112 ~i,x*j 

dxdy

Cijk 
— *i*k x *j dxdy

D
ii 

— 
112 ~~~~~~~~~~ dxdy

— 
1
~e 

*11~ P1,~ 
dxdy

~iJ 
— f12~ ~

j,y*J,y dxdy

We note that in early phases of this work an alternate version of (4.11)

was used . In this alternate form , the first term on the right—hand side
in (4.11) was integrated by parts to produce a nonconservative form. The

nonconservative finite—element scheme produced an unreasonable answer.
The computed velocity profiles were in error at and downstream of the
shock . We therefore recommend that a weak formulation of the form of
(4.11) be used rather than the alternate formulation described above.

The boundary conditions on ~12 are applied in the standard way by

setting specified model values of velocity on the boundary either to be

zero or to take on prescribed values while allowing other model velocities

on the boundary to be unknowns. This method works satisfactorily except
at the leading and trailing edge of the airfoil. Here the specified
velocity v is discontinuous. For example, it ii zero in front of the
airfoil but has a nonzero value at the leading edge. The finite element

model naturally assumes a continuous value of velocity everywhere. This

discrepency can be minimized by putting in very small elements just
before the leading edge and just after the traili ng edge . Then , for
example, the nodal value of velocity v on the leading edge in the
small element is given a prescribed value, but all other nodes in the
small element and on 812 are set to zero. Thus, while the finite—
element velocity model s continuous, it approximates a step function.
Hopefully, the small elements before the leading edge and after the
trailing edge will not affect the conditioning of the system.

We also tried an alternate procedure in this work. In assembly

of the elements just upstream and downstream of the leading and trailing
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edges , a special procedure was used . The compatibility of model velocities
v at tha leading edge and trailing edge was never enforced. Then, for
example, in the element to the left of the leading edge, the nodal value

of v at the leading edge was set to zero while, in the element to the
right of the leading edge, the nodal value of v at the leading edge

was given a prescribed value. This method did not produce satisfactory

results. Apparently, the lack of compatibility in the four elements

involved distorting the solution near the leading and trailing edges.

Test calculations were performed to determine the flow about a

6—percent parabolic arc airfoil. The mesh used is shown in figure 6.

In the results to be presented here , M,~,, — 0.875 and y — 1.4 while

a — B — — x — A — F . The viscosity parameter a was given several

values to demonstrate the convergence of the solution with decreasing

viscosity. In figure 3 the approximate C~ distribution on the airfoil

is pictured for a — 0.01. The finite—element calculations are compared

with the finite—difference results of Murman (1971, 1975) for 1( — 1.8

Table IV shows the convergence properties of the solution for a — 0.07

The pointwise value of model velocity u at the point on the airfoil of

maximum model velocity u of the converged solution is shown for the

iterative steps. A variable time step was used, and this time step is

indicated in the table. Convergence occurs after five iterative steps.

After the fifth step , the algorithm seems to oscillate slightly about

the solution. Depending on how strict the convergence criterion is,

this oscillation may cause an increased number of iterations. Incor-

poration of a damping term involving a time derivative should eliminate
this oscillation, although this method has not been used in this work.
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TABLE IV: CONVERGENCE PROPERTIES OF TUE APPROXIMATION FOR a - 0.07.

Iteration u Velocity Time Step
Step Component

1 0.07714 0.025

2 0.10730 0.025

3 0.11309 0.025

4 0.12995 0.1

5 0.13476 0.1

6 0.13409 0.1

7 0.13461 0.1

9 0.13481 0.1

11 0.13496 0.1

Note: u velocity components represent the velocity at the ninth node

from the leading edge on the airfoil.

_ - 
- 
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4.6 Conclusions

A hyperbolic system (in time) of first—order equations is used

to calculate both steady and unsteady flows in a manner similar to

Magnus and Yoshihara’s time—dependent method. First, the time derivatives

are discretized by using finite-differences of implicit Crank—Nicholson
type. The resulting equations are linearized with Newton’s method.

Regularization techniques are needed for stability, as well as for the

treatment of shock waves. Different artificial viscosity terms are

added. Then, the space derivatives are discretized with a Galerkin

finite—element procedure. Stability and convergence of the algorithm

are analyzed, finite—element implementation of the transonic small—
disturbance case is discussed, and a numerical example of flow around a

parabolic arc airfoil is compared to Murman ’s finite—difference calcula-
tions. Preliminary results indicate that additional work is needed to

assess the validity, applicability, and efficiency of the algorithm.

-
I
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APPENDIX A: PARAMETRIC EXTRAPOLATION METHODS FOR THE SOLUTION OF THE
HELMOHOLZ AND TRANSONIC HARMONIC PERTURBATION EQUATIONS

In this appendix we consider the frequency appearing in the
perturbation equation as a parameter and approximate the behavior of the
solution depending on this parameter.

Consider the one—dimensional exaaple :

(with the exact solution ~ — sin wx).

For small values of w , the solution can be obtained by relaxation, say
$(w1), •(w2), and •(w3). If we assume an expansion of ~ in w ,

(w— w ) 2
— ~~O)o) + ~~~~ 

~
>O

)
~~~ 

— + —4(w0) 2 
° 

+ ~~~~

— •(w3) W
3 + 

U
1where 

8w (w) — I Uo — — 2

~~~ (w) ~[~~w3) 
- 2$(w2

) + ~ w1)J/[(w1 - w3)/2]
2

Hence, an approximate solution ~ may be calculated at higher values of
w in terms of 

~~~~ , and •(w3
)

A better approximation can then be calculated from (*)

For this a~amp1e, we have

IIote tha t the iterative procedure
n+1 2n
,xx ~~~~~

is divergent for U > wcr (since it can be described by the time—dependent
equation $ + w2~ — w~$ )
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$ — — w
2 

lain w x  — x [cos(w0x)](w 
—

+ x2 [sin (w0x)] 
( — w )2/2

Obviously, the polynomial approximation (Taylor or Chebyshev) of the

sinusoidal behavior is valid with some restrictions, which may not ex-
clude using this method for the practical application of relaxation pro-

grams beyond the critical frequency.

An exponential approximation may be preferred; namely (Shanks Formula):

~~w) = $
o
$
2 

— ($l)2 
1 

where •
l 

— • ( )  + 
~~~~~~~ 

—

$°+$ 2$

•(~~~~) + $
~

(w
0

)(w — w )

- + $ ( ~~)~
°
~ 

2

The harmonic (Fourier) approximation gives the exact answer in this

case if we use three sets of data to determine the amplitude, phase,

and frequency; i.e., $(w) — A sin (aw
’ 

+ B) , I — 1,2,3.

For the two-dimensional, transonic harmonic perturbation, we can obtain the
solution of the following equation for different (small values of to by

rel3xation techniques:

(K - $°)$~ + $~~ 
— ($° + 2iw)$

1 
— 0 .

Then, we obtain an estimate of the solution 4’ for the required (high)

value of to by using a polynomial, exponential, or Fourier approximation.

The final answer can then be obtained from the solution of

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
.
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APPENDIX B: PROCEDURE FOR CALCULATING PRESSURES IN TUE SHOCK REGION

Assume form of solution

$(x ,y t) — $°(x ,y) + Ee~~t$l (x ,y) (A2.1)

— $~(x,y) + ce t~0t4~~(x ,y) (A2.2)

X~(y,t) — X°(y) + ce~~tXl (y) (A2.3)

We assume that the solutions for the steady problem and perturbation problem

are known. The pressure in the region of the shock must now be calculated.

,
0 A ,
xu ~~~~~~~~~ 

._ .- 

I

4 I

— _ _ _  :
h1t

~
__

~.
xo xA xD

We consider a point A on the downstream side of the steady shock. If

the perturbed shock at time t is upstream of , the velocity is given

as:

— $ ( X A ,y) + ceimt$~ (X&,y) (A2.4)

for

If the perturbed shock at time t is downstream of , the velocity is
given as,

— $~ (X ,y) + ce~~
t
4~ (X~,y) + (]ê_X0)$~~ (X

u
,y) (A2 5)

49
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for X0 <X A < X D

Similarly, for a point B on the upstream side of the steady shock

$~ (X3~y~t) — 4~~(XB ,y) + ce~~t$~ (XB ,y) (A2 .6)

for < xD < x °

and

— $° (X~,y) + ce~0t$~ (X~,y) + (XB_X0),~~ (X~ ,y) (A2.7)

for XD < X B < X 0 ,

— 
where X~ and X~ denote positions on the upstream side of the shock and

the downstream side of the shock, respectively. Thus, to calculate the

pressure in the shock region, we must specify a value of c so that we

can calculate the excursion of the shock. We note that the last term in

eqs. (A2.5) and (A2.7) is 0(c).

At any point A (or B) the pressure integrated over a cycle is

a weighted sum of the two equations, while the unsteady pressure is given
as:

for < (A2.8a)

- $ ( X ~ ,y) + ~~~~~~~~~~~~ + (X A _X0)$~~ (X~ ,y) (A2.8b)

for XD > X~

Thus, when the shock passes over point A , there is a dramatic jump in

the pressure, as would be expected.

Now, we compute the equivalent unsteady pressure at by

integrating over one cycle of oscillation of period T .

,~(XA ,y, t)dt - J$ (XA ,y)dt + cJ e
imt

$~ (XA,y)dt I - -
f 
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O(xA y) + se~~t$~ (XA ,y)
J 
dt (A2.9)

+ J2 [+°(x°Y) + ce~~
t
$
l(X0,y)

+ (XA _X0),~~ (X~,y)~ dt

+ 

T~ 

1$
A 7) + ceimt$~ (XA,y) 

~ 
dt

where during the time T1 to T2 the shock is downstream of point A.

Rewriting this equation, we get

+ c$1(X~’,y) (Z~~) —

+ f 4 (x~.7) - $~
(XA,y) + (Xk.X0)$~~(x0,y)J (T2 - T1)

+ cl$’(XA,y) (1~) + ($~ (X ,y) — ,~(X~,y)1 (1~).~0(T2 — Tl) l  (~~~~• ‘°)

Note that

— $ (X~.y) + CX
A 

— X°)4~~(X~,y) , (A2. 11)

so the middle term becomes

I— 141  
~
° 

— (~A — ~O) 
~~~~~~~ 1(T 2 — T

1
) . (A2.12)

Thus, dividing through by T , vs obtain

- efr~~(X~,y) — * ( X A,y) - 
T2 ; 

Ti)
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- 4~ + [~(x~) ,y) — $~ (X~ ,y) J e
1
~

(T
2
T
i
)

— i2ir (x
A X

°)1,
o

0 (T
2 T

1)J (A2.13)

and we see that,

$
0 (XA ,y) - $~ (XA,y) - 

x0 
(T2 

-_T
i) (A2.14)

— 4’
1 (XA,y) + [~~(x ,y) — d

~~
(XA,y) J e~0(T2

Ti)

— ~2~(t 
; Xe

)14’
0 o 

~
0 (T

~ 
T 

T
i) (A2. 15)

The movement of the shock from the unsteady perturbation alters the mean

or steady—state solution! It smoothø out the discontinuity. A simple

model of this was predicted by Tijdeman.

steady mean

~~~~~~ 
~~~~~~~~~~~~~eady shock

xo

In addition, the unsteady pressure is altered by the shock motion.

The question is whether or not the second term belongs to
the unsteady pressure contribution. It is formally of order (c°)

but it arises out of the unsteady motion. We conclude that the lowest

order unsteady solution is of order (c°) in a narrow region surrounding

the steady—state shock position and of thickness 0(e)
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APPENDIX C: HARMONIC PERTURBATIONS OF UNSTEADY

FULL POTENTIAL EQUATIONS

In this appendix, the problem of an oscillating airfoil is
analyzed by using the full potential equation.

Governing Equations

A. Quasilinear Form:

(a2 — u2)4 — 2uv$ + (a2 — v2)$

— 2U$
t 
+ 2v$~~ +

where u — cosa+$

V~~~s i n a + $ y

a2 _ L~~~~~~
1 
[2$t + u 2 + v 2 _ 1]

M
c0

and where u, v, and a have been normalized by the free—stream
velocity U~,

B. Fully Conservative Form:

-~~~ -~~~~(pu)+~~j(pu)

where p [1 - ~~~ ~~ M
~

(2$t + u
2 + v2 - 1)] ~

and where the density p has been normalized by the free—steam
density p

~,

_ _  -
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Boundary Conditions

A. F(x, y, t) — 0 o~ y — B(x , t) — 0

or uP + v F  — oDt x y

+ sin a — t
~4’x~B 

+ cos ci) B~ + Bt

Let B(x, t) — E°(x) + B’(x, t) ,

then (*y)B +9inaa [(*x)B + c08 ci)(B
~~

+ B
~

) +
~~ ;

moreover, 
~ y~B 

($y)B0

($x)B0

B. In the far field, the mean steady—state value of $ is given in

terms of the steady circulation

4’ — — ~~~~ tan ’f’Ji — M~~ tan (0 — ci))

The unsteady far—field formula may be obtained in terms of

Kirchoff’s formula. (Asymptotic expansion leads to a pulsating

vortex for oscillation airfoils.)

Weak Solutions

The jump conditions admitted by the weak solutions are:

A. Shock Relations

B. Contact Surfaces (Wakes)
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_ D~~gP~~_ D~~~PUJ+D7 frPJJ (43. !)

D(x , 7; t) — x — x5(y; t)

Ip J - 1pu1I -~~~ IJ pv1

(Conservation of mass across the shock)

From irrotationality conditions:

A“tx “xt

A — t h
‘ty ‘yt
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Hence Dt : D : D
7 

— tj 4 ,
~JJ : :

(A3.1) becomes -

II +
~ 
II

- 
~J~~~ UI1 + 

~[4’x#~~~

s II4y I
where Dx

(Tangential velocity along the shock is preserved.)

(B) Across the wake, pressure is continous and so is p ; i.e.,

p flDt + u D
~~

+ v D
7
l l _ O

(The relative velocity normal to the wake surface is zero.)

i l p il —0.

In other words, ll~ O — 0 or lla
2 IJ — 0

+ ‘.~~~~~~ 
ct)2 

+ (4’~ — sin ct)2JJ — 0

21,t IJ+ ll$~ll + 2 cos a 
~~~ 

+

+ 2 sin a 
~4 JJ — 0y

Simplifications:

1. Assume the wake vorticlea are located on the x axis.
2. Asssume •y is continous across the wake.

The Kutta and wake boundary conditions that) become

II4’~IF~ I4~ 9
(l + < x

>
~ 

— 0 ; x~~ 1 (y — 0)

(a << l) .

I
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An interesting problem would be to trace the wake and to use both relationships
derived before.

Harmonic Perturbations

Let $ — 4’°(x, y) + c ReIe t
~~ $~(x, y)J+ • .

X — X°(x, y) + c Re 1e~~
t X ’ ~~ +

where the boundary condition is

B(x , t) — B°(x) + c Re1ei~
t B~(x)1

If we aubsitute the expansion for 4’ into the differential equation and the
jump conditions the zero—order problem is exactly the steady problem. The
first—order problem is the perturbation, where is the shock movement.

A shock fitting method for •
l is needed; otherwise we may use a fully conservative

scheme in strained coordiantes as in the small—disturbance case.

Zeroth—Order Problem

Differential Equation: (a0 — u02
)4 ’

0 
+ 2u°v~4’° + (a0 — — 0

where u° ’ c o s c i + 4 ’°x

u°” sin ci+4°

i y~~~~ [ ~
2 

~
2

a 
~~~

— 
2 

u — v  — l

Boundary Conditions: (4 ) Bo + sin a — ($)~o + cos czJ B°

Wake: 0 s J i 
~ 

— 0 — 0 , II•°~ — r° ; x > 1
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Far Field: — ~~ tau~~ (iI T~~ tan (0 - a)J

Jump Conditions: [Jp
0
u011 s[[p°u°j} ~ 

— 0

II4’01L”o

*Jameson’s Fully Conservative Schemes or rotated schemes with shock

fitting may be used to solve this problem.

First-Order Problem

Differential Equation: (a° — u
0
2
),

1 + 2u0v~4~~ + (a° — v0 )4~~ — N.H. ,

where N.H. stands for nonhomegeneous terms, which will not change the type of

the equation.

Boundary Conditions: 
B~ 

— R4’)
Bo 

+ cos ~ ] B~ (x) + [(4’
~
)B01~ 

+ lxoB1 (x) 

i:

Wake : lliw$’1 + l l ~
’ll +[.

~
]

y — 0  y — O  y — O

+ -0

Par Field: 0 (for the present time)

Jump Conditions: 1) ~~~ 
— — z1 ll$~1 ~

2) ito I :J 0X — llp
ouu ll 

° 

~~ 
~]p°v°~J + ~p

1v°JJ

+ I[p’u°JJ — IEp°y°! .

These jump conditions must be imposed on the $~ problem. A shock fitting

procedure is necessary, where an ordinary differential equation in X~_ is

this case multiply the equation by p0/(a0) Z 
.
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simultaneously with the partial differential equation of •
] ., given

4’ and X

An alternative to the approach based on the method of strained coordinates
may be used here, as in the small—disturbance case.

-1
59

- -  - -~~~~~ -— a --- -—- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - --—--- -_ ~~~~ ---
-. - -

~~
——— 

~.4



- - - :~~~~-u—.- - ---~~~~.-~ - - ---~~ — - - -———.~- -——-— ——- -,-~ ----— ----- - — ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

REFERENCES

Balihaus, W. private communication.

Chan, S. T. IC , Brashears, M. R., and Young , V. Y. C., (1975) “Finite
Element Analysis of Transonic Flow by the Method of Weighted
Residuals,” AIAA Paper No. 75—79.

Cheng , H. K. and Hafez, M. M. (1973) “Equivalence Rule and Transonic
Flows Involving Lift,” AIAA Paper No. 73—88.

Dietrick, D., McDonald, B. E., and Warm—Varnas, A. (1975) “Optimized
Block — Implicit Relaxation,” Journal of Coinputational Physics 18,
421—439.

Glowinski, R., Periaux, J. and Pironneau, 0. (1976) “Transonic Flow
Simulation by the Finite Element Method Via Optimal Control,”
2nd Intl. Symp. Finite Element Methods in Flow Problems, Rapallo,
Italy, June.

Hafez, M. M., Murman, E. M., and Weliford , L. C. (1976) “Application of
Finite Element Approach to Transonic Flow Problems,” 2nd Intl. Symp.
Finite Element Method in Flow Problems, Rapallo, Italy , June.

Isaacson, E., and Keller, H. B. (1966) Analysis of Numerical Methods,
John Wiley & Sons.

Landahi, M. T. (1961) Unsteady Transonic Plow, Pergamon Press, Long Island
City, N.Y.

Lee, J. J. and Kim, S. T. (1976) “A Viscous Model for Dispersive Long
Waves,” Abstracts of Papers at Fifteenth Conference on Coastal
Engineering, July 11—17 , 1976, Honolulu, Hawaii, pp. 692—694.

Lees, M. (1960) “A Priori Estimates for the Solution of Difference
Approximations to Parabolic Partial Differential Equations,” Duke
Mathematical Journal 26, pp. 297—311.

Lions , J. L., and Mageres, E. (1972) Non—Homegeneous Boundary Value Problems
and Applications, Springer—Verlag, New York.

Magnus, R. and Yoshihara, H. (1970) “Inviscid Transonic Flow Over Airfoils,”
ALAA Paper No. 70—47.

McAvaney, B. J .  and Leslie, L. M. (1971) “Comments on a Direct Solution
of Poisson’s Equation by Generalized Sweep—Out Method,” Journal of
the Meteorological Society of Japan, vol. 50, no. 2.

Molberg, J. R. (1968) “Numerical Solutions to Maxwell’s Equations” Ph.D.
Thesis, University of Washington.

Murman, E. N., and Cole, 3. D. (1971) “Calculations of Plane Steady Tran—
sonic Plows,” AIAA 3. 9, pp. 114—121.

60

--

~

- - -~~~~~~~~~~ - -



~ - ---- --

-

REFERENCES (CONT.)

Murman, E. N. (1975) “Analysis of Fzibedded Shock Calculated by
Relaxation Methods,” AIAA 3. 12, pp. 626—633.

Nixon, D. (1977) “Perturbation of a Discontinuous Transonic Flow,” —

ALAA Paper No. 77-206.

Oden, 3. T. and Reddy, 3. N. (1976) Mathematical Theory of Finite Elements,
Wiley—Interscience, New York.

Traci, R. N., Abano, E. D., and Parr, J. L., Jr. (1975) “Perturbation
Method for Transonic Flows About Oscillating Airfoils,” AIAA Paper
No. 75—877.

Weatherill, W. H., Eblers, F. E., and Sebastian, J. H. (1975) “Computa-
tion of the Transonic Perturbation Flow Fields Around Two— and
Three—Dimensional Oscillating Wings,” NASA CR—2599.

Wellf ord, L. C. and Hafez, N. M. (1976) “Application of Finite Elements
to Transonic Flow Problems,” 2nd Intl. Symp. Finite Element Methods
in Plow Problems, Rapallo, Italy, June.

Wellford , L. C. and Hafez , M. M. (1977) “An Implicit Velocity Formulation
for the Small—Disturbance Transonic Flow Problem Using Finite Elements,”
Flow Research Report No. 81.

61
Printi ng omc.s 2575 — 757-050/339 

— - -- - -----— -rn—- —-~~ —------ —-------- “— -~~--~~- - - - - -  ----- ‘--~~~~~ 4


