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3. INTRODUCTION
In this report we discuss three problems associated with the
numerical solution of the transonic unsteady small-disturbance equation

By, + 20,0 = (KO, - WD)+ 0 (1.1)

Xt
For transonic aeroelastic and flutter calculations, Weatherill
et al. (1975) and Traci et al. (1975) have reported a numerical method
for computing small transonic unsteady harmonic perturbations to a
steady flow. The potential function is expressed in a series of increasing
powers of a small parameter which measures the amplitude of an unsteady
disturbance to the boundary (e.g., a thin airfoil undergoing harmonic
oscillation). This results in a sequence of boundary-value problems for
the perturbation potentials. The zeroth order is just the steady
problem and is solved by a type-dependent finite-difference scheme with
a line relaxation procedure. The first-order problem results in a
linear equation of mixed type for the perturbation potential. It is
solved by the same procedure.
The method of Weatherill and Traci is successful for only
small, reduced frequencies. Beyond a critical frequency (for a given
Mach number), the relaxation solutions diverge.
In section 2 of this report we discuss several remedies for
this problem and present some computational examples.
The formulation of Weatherill and Traci does not account for
the unsteady motion of the shock wave. In section 3 of this report, we
discuss a method to account for this, and we present a calculated example.
The third problem we have studied is the solution of equation
(1.1) by finite-element methods. An extensive review of finite-element
and finite-difference methods for transonic flow was reported by Hafez,
Wellford and Murman (1977).* A finite-element method for solving equation
(1.1) was formulated, and it is presented in section 4. The proposed

method may be used for both steady and unsteady flow problems. For steady

*
This study was partially sponsored by NASA-Langley Research Center under
contract NAS1-14246.
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flow problems, the time t may be taken as an artificial time. Calcu-
lations for the steady problem are given in section 4.

the unsteady problem have not yet been completed.

e

Calculations for
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2. NUMERICAL STABILITY OF THE HARMONIC APPROACH

2.1 Convergence Analysis

Weatherill et al. (1975) analyzed the convergence of the

relaxation procedure for the perturbation potential.* The finite-
difference approximation results in a matrix that is not always positive
definite (depending on the reduced frequency). Remedies for this problem
are presented in this section, and simple illustrative examples are
computed. Alternative methods for solving the problem are suggested. 3

The Helmholtz equation was suggested by Weatherill et al. (1975) i
for studying the divergence of relaxation solutions that he and his i
colleagues encountered when solving the unsteady transonic flow equation.
The Helmholtz equation

2
¢xx+¢yy+w¢ 0, 0<x<L
0<yc< L2 (2.1)

with ¢ given on the boundaries of a rectangle of length L, and

width L1 » 1s simpler than the original equation, but produZes similar
behavior when solving it by relaxation is attempted. That is, for

values of w greater than a specific value wcr » line relaxation diverges.
The one-dimensional analog to Helmholtz's equation produces the same
behavior, yet it is easier to handle. For numerical illustration we

shall therefore consider the boundary-value problem

This linear equation is singular at the sonic line. The fundamental
solutions (and the Green's functions) are different in the subsonic,
sonic, and supersonic regions, and constructing the solution along these
lines is a formidable task. Use of a Fourier transform in the latter
direction to reduce the two-dimensional problem to a one-dimensional one
will 18troduce convolution integrals (since the coefficients K - ¢

and ¢xx are functions of x and y ). Hence, we are left with finite
differences.




b twd=0 , O<x<1 (2.2a)
6(0) = ¢, (2.2b)
oQ1) = ¢ - ; (2.2¢)

Defining a computational net with net spacings Ax and Ay
on the rectangle

0<x<L1

0<yc< L2
and approximating the derivatives of equation (2.1) by central difference

formulas leads to a system of algebraic equations of the form

Ap = , (2.3)
where A 1is the matrix of coefficients, 9 is a vector for the unknowns
at the grid points, and f is a vector for the nonhomogeneous terms and
the boundary conditions.

Trying to solve equation (2.3) by a line relaxation procedure,
Weatherill et al. (1975) observed the frequency-dependent limitation on
the convergence of the relaxation method. They showed that relaxation
procedures converge if and only if A 18 positive definite. For fixed
values of L1 A L2 , Ox , and Ay , the eigenvalues of A are functions

of w, and a critical frequency wct for which the smallest eigenvalue
is zero exists. Above this value, relaxation procedures diverge. We

describe below two solutions to this probtlem.

2.2 Remedies to the Divergence Problem

2.2.1 The A*A Method

To solve eq. (2.3) by a relaxation procedure that converges

regardless of the value of W , we must modify the equation so that the
new system matrix is positive definite. Thus, we multiply both sides of
eq. (2.3) by A* , the conjugate transpose of A , to give




A*Ap = AX*f (2.4)

or A =f »
where Al = A%A
and 51 = A*E 5

Al is positive definite except when w 1is the natural frequency, in
which case A 1is singular. If A is not singular, eqs. (2.3) and (2.4)
are equivalent and have the same solution. Relaxation procedures will
always converge for the new system eq. (2.4) (as long as the relaxation
factor is positive and less than 2). The disadvantage of this remedy is
that the bandwidth of A*A 1is almost twice that of A , so that the
rate of convergence may be slow. In particular, if A 1is ill-conditioned,
A*A will be even more so. For high frequencies the grid size must be
quite small; hence, the number of equations is large, and the eigenvalues
are close to each other. The smallest eigenvalue of A*A will be very
close tc zero. This causes the rate of convergence to be slow.*

We demonstrate that the method described above enables us to
cr oy
considering the one-dimensional analog to the Helmholtz equation (2.2).

solve the Helmholtz equation for values of w greater than w

To solve this problem numerically, we choose a set of J discrete points

x, with uniform spacing Ax in the interval of interest (0 < x < 1).

wi write the finite~difference approximation to equation (2.2a) at each of
the points. Central-difference formulas are used to approximate the

¢xx term, and this approximation leads to the following system of
algebraic equations, whose solutions approximate the solution of problem
(2.2) at the set of discrete points x:l .

A¢- £ - (2.5)

~

Here, A 1is a tridiagonal matrix of order J ,

*Least-squares methods for the solutions of indefinite equations may
accelerate the convergence significantly.

S
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A=[1 -S : ¥ g
S=2 - szxz -

ET - (_¢L 0 0 e 0 -¢R] =

where gT denotes the transpose of f and where ¢ 1is the vector
whose jth element ¢j approximates the solution of problem (2.2) at
the point

= Ax .
xj 3
The system of equations that results from multiplying eq. (2.5) by A* is

adp=ac=g . (2.6)

A9

When applying the Gauss-Seidel iterative method (point relaxation) to
eq. (2.6), we calculate the n+1St iteration with the relation

n+l n n
¢j ¢j +A¢j ’ =12, ...J,
n A o+l nt+l n
where A¢j b b (Cj—2¢j-2 ZSCJ_1¢j_1 + aj¢j

n n P
= 25018541 * Craabiar £ o
J - 1' 2’ eee J

Here, A 1is the relaxation factor,

8242 ; 2<4 <31
a-
b
La+ 1, T e
8, 1<3<3J
C, =
3
o, J €3, 3>4




ET - [s¢L -, 0 0 0-py s¢R] ;

By numerical examples we demonstrated that relaxation, when
applied to eq. (2.6), converges for those values of w that cause it to
fail when applied to eq. (2.5). In each case we calculated the direct
solutions of eqs. (2.5) and (2.6). As expected, they were identical.

We also obtained the exact solution of problem (2.2), and, by comparing
it to the solution of eqs. (2.5) or (2.6), we were able to determine the
effect of the truncation error. We applied point relaxation with ¢L =0,
¢R =1, and J =19 to both systems (2.5) and (2.6). For a value of
w below m (w= m/2) , we found that both cases converge. For a value
of w greater than 7T (w = 3m/2) , we found that the iterative method
converges when applied to system (2.6), but diverges when applied to
system (2.5). Table I shows the results obtained for this case (w = 37/2).
The first column of the table gives the value of xj at which the solution
is found. The second column shows the point-relaxation (Gauss-Seidel)
solution of eq. (2.6). Convergence was slow; it was achieved after 2937
iterations. Convergence is attained when the residual
n n n

R |¢L1 8 2¢% AT 5 it

h) Ax 3

n

20,01 , Jim31, 2, wes, ¥,

The relaxation factor A 1s equal to its optimum value 1.82. The third
column of table I gives the solution of both systems (2.5) and (2.6) obtained
by Gauss elimination, and the last column gives the exact solution of

the boundary-value problem (2.2). The difference between the values in

the last two columns is attributable to the truncation error; i.e., it

is attributable to approximating the differential equation by a set of
algebraic equations. As the value of w decreases, the truncation

error decreases, and the rate of convergence increases. For

w = m/2 the difference between the exact solution and the solution of

the approximating matrix equation is less than 0.022. Moreover, conver-
gence was achieved after 1629 iterations when equation (2.6) was solved

by relaxation methods, and it was achieved after 44 iterations when
equation (2.5) was solved by relaxation methods. This result indicates the
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slowness of the A%*A method in comparison to the usual relaxation
method when it converges. In all the examples, the optimal values of
the relaxation factors were used.

The above method can be extended easily to two-dimensional
problems. The slowness of its convergence, however, makes it nonpractical.
An alternative relaxation procedure for solving Helmholtz's equation for

frequencies beyond the critical frequency is given below.

2.2.2 The Bisecting Method

For given values of w , Ax , and Ay , there is a family of
Ra s 1 and L
this critical range, relaxation procedures diverge. Therefore, if we

critical values L LZcr . For values of L 2 outside
wish to solve equation (2.1) in a rectangle having dimensions beyond the
critical range, we may divide the rectangle into smaller rectangles, each
having dimensions below the critical values. For given values of ¢ on
the boundaries of the rectangles, iteration by relaxation is certain to
converge in each of them.

To solve the original problem (2.1) we are required to match
the solutions in the different subregions at the internal boundaries where
overlap occurs. These matches are achieved by iterating upon the boundary
conditions of the subregions (the outer iteration). The inner iterationms
for each subregion are done by the usual relaxation method.

The above idea of dividing the original region into subregions
for values of w greater than w,. can be applied to the one-dimensional
problem (2.2). Equation (2.2a) is approximated by a set of algebraic
equations at J discrete points xj(-ij) s J =1, 2, °°¢ , J in the
interval of interest P . The original interval is divided into two
subintervals P1 and P2 , each having a length below the critical
length, where

P, : 0<x<x

1 JMAX1 + 1
P ' Xpapp .  S221,
and JMIN2 = JMAXL + 1 .
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For the nth outer iteration, the boundary conditions imposed on the
solution for interval Pl are

6(0) = ¢, (2.7a)
and O nage1) " w; (2.7b)

The corresponding boundary values imposed on the solution for interval

P2 are

n
¢(xJMIN2-1) = wz (2.8a)
and ¢(1) = ¢R R (2.8b)

In interval Pl M relaxation sweeps are made towards solving equation
(2.2a) with boundary conditions (2.7). We then make M relaxation sweeps
for solving the same equation in interval P2 » with boundary conditions
(2.8) imposed. The optimal relaxation factors are used in both cases.
The iterative solution at point j at the mth inner iteration and the

nth outer iteration is denoted by ¢m,n

. The values for the inner
boundary conditions w? and w; are given below. They are chosen to
give the exact solution to our problem in two outer iteration steps,
provided the inner iterations produce an exact solution to the problems
in the subregions P1 and P2 . The linearity of the problem is there-

fore exploited:
1
. Gl
2
Y
where C1 and 02 are arbitrary unequal constants.

n

¢1 - an-l w:—z e an-l)w;-l

ne=3,4, s¢ , N

-10-
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W;'¢§;,:x1. n=1, 2, °°* , N

and ¢M,n i wn
o = JMIN2 "1
O o S (s
th

The solution after the n~ outer iteration is given by " » where

1

1
o

-¢j A J-l’z’cco’J

n n,M,n-1 P, - ,N
Oj a ¢j + (1 o )¢j

3-1’2’ ooo’J
ﬂ-2,3,"',N

In our numerical example we have made the following specific
choices

b, =0
bg = 1
J=19
JMAX1 = 10
JMIN2 = 11
Ax = 0.05
c,=0
C,=1 .

The problem was solved for
3n
w=3" 0Cu,) »

and the method was found to converge in a reasonable number of iterations.
We assumed convergence when the residue was less than 0.01, where the

residue after the nth outer iteration is given by

-11-
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oF . - 20T + o7
1-1 1, 20

Ax? 3

3

Table II shows the effect of changing M on the rate of con-
vergence. To compare the rate of convergence of this method with the
usual relaxation method, we calculated an example with w = 7/2 . The
results are given in table III. Convergence for the usual relaxation
method occurs in 44 iterations. The present method converges in omnly
40 iterations, when the number of inner iterations per outer iteration
is 5.

The bisecting method therefore seems to be suitable for solving
the problem of interest at frequencies beyond the critical value. The
fact that the rate of convergence increases by reducing the number of
inner iterations per outer iterations and the fast convergence demon-
strated by the one-dimensional example leads us to believe in the possibility
of the extension of this method to two-dimensional problems with no

serious obstacles.

2.2.:3 The Transform Method
We mention briefly here that J. R. Molberg (1968) developed, in
his thesis, a transform technique which yields solutions to problems for

which the iterative process is unstable. He used this method successfully
to solve problems (2.1) and (2.2).

2.3 Other Methods for Solving Helmholtz's Equation

We have described above two modified relaxation procedures for

solving the Helmholtz equation for frequencies beyond the critical

frequency. These methods were suggested as remedies for the divergence
problem. Other methods that can be used to solve Helmholtz's equation
are described below.

2.3.1 The Shooting Method

Let us consider the one-dimensional problem (2.2). To solve

this problem by the shooting method, we obtain the solutions 0. and ob ’
each of which satisfies equation (2.2a) and initial condition (2.2b).
In addition, ¢a and ¢b satisfy the initial conditiomns

12~
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0@ =8, ,
d

where Ba and Bb are two arbitrary unequal constants. The desired
solution ¢ of problem (2.2) is then given by

¢(x) = ap, (x) + (1 - 0)¢b(x)

¢p _ 9 (1)

where Q= W 5

The numerical scheme used to solve eq. (2.2a) is given by

I R T A A

where ¢0 - ¢L

and 6y =6 - 28x S0y .

The solution obtained for ¢ by shooting is equal to that
obtained by direct inversion except for round-off errors. It would
appear therefore that the shooting method, which requires no iteration
for the one-dimensional example, is the most attractive of all methods
suggested. We point out that although the shooting method is superior
to the A*A method and the bisecting method for problem (2.2), it loses
some of its attractiveness in the case of the two-dimensional problem
(2.1).

The two-dimensional generalization of the shooting method for
solving two-point boundary value problems is only useful for small
arrays because, in this method it is necessary to invert a badly ill-
conditioned matrix, and the degree of ill-conditioning increases with
the array size (see McAvaney et al. (1971)). A method which overcomes
this difficulty was devised by Dietrick et al. (1975). It consists of
dividing the region of computation into a number of small subregionms.
Certain boundary conditions are assumed on the interior boundaries, and
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solutions are obtained in each subregion by using the generalized shooting
method. An iterative process is then defined, and the values at the
interior boundaries are modified after each iteration.

2.3.2 The Direct Method
We note that the finite-difference approximation to equation

(2.1) may be written in the form

DQ = £ ~ (2.9)

where D 18 the coefficient matrix and a block tridiagonal matrix. The
superdiagonal and the subdiagonal blocks are the identity matrix, and
the diagonal blocks are tridiagonal matrices. A direct solution of
equation (2.9) may be obtained easily by the method described by
Isaacson and Keller (1966).

2.3.3 Extrapolation Method
This method avoids the unstability problems by solving eq.

(2.1) for values of w below the critical frequency. Approximate
solutions for values of W greater than the critical frequency are
obtained by extrapolation. A description of this method is given in
appendix A.

2.4 Concluding Remarks

Methods for solving the unsteady harmonic small-perturbation
transonic flow equation have been discussed. Remedies for the divergence
problem at frequencies beyond the critical frequency have been proposed,

and these are shown to work by testing them on one-dimensional examples.
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3. SHOCK MOVEMENT FOR THE HARMONIC APPROACH
3.1 Introduction

In this part, we investigate the problem of the shock movement
caused by unsteady perturbations. In Weatherill's and Traci's work, the
shock is not perturbed from the position calculated from the steady
solution. For some problems, however, the shock motion is important and
affects the whole flow field. To account for these effects, we derive,
from a perturbation expansion for the shock-jump conditions, an equation
representing the shock movement. The appropriate jumps at the unper-
turbed (steady) shock position are obtained by an analytical continuation
of upstream and downstream conditions. To account for the shock movement,
we impose the appropriate jumps on the perturbation potential with a shock-
fitting procedure. A two-dimensional example is computed to illustrate
the procedure.

For steady perturbations calculated by an integral equation
method, Nixon (1977) has reported an alternative approach using the
method of strained coordinates. In this paper we adopt the same ap-
proach for small harmonic perturbations computed by finite-difference
methods. In this approach, the coordinates are strained in such a way
that the shock is always fixed at its steady-state position. The per-
turbation of the jump conditions (in the strained coordinates) yields
the same equations as the weak solution of the (linear) perturbed equa-
tion; hence, no shock fitting is necessary. The perturbed equation,
however, is more complicated because it has nonhomogeneous terms ac-
counting for the shock movement. Also, the boundary condition for the
perturbed potential is altered (the airfoil is distorted so that the
shock location is unchanged by the perturbation).

Finally, we show that the strained-coordinate method is
equivalent to the direct method of transferring the jump conditions to
the steady-state shock location.

3.2 Basic Governing Equations

The unsteady transonic small-disturbance equation can be
written in the form

(B8, +20,), = (Ko = 309+ 0, (3.1)

i

A e e A i s s



where the ¢tt term is neglected for low frequencies. The jump con-
ditions, admitted by the weak solution of eq. (3.1), are

© . (
2:: i 3 ’ 3.2a)
[¢] =0, (3.2b)

where <¢> and |¢| denote the average and the jump of ¢ across the
shock x = Xp(y;t). To complete the formulation of the problem, we must
include the tangency boundary condition, a far-field behavior, and a
Kutta condition for lifting airfoils.

For small harmonic perturbations, we let*

[eiwt

¢ = ¢°(x,y) + €Re ¢1<x,y>]

2

SO T i i

2:2y 4 oo (3.3)

¢
where the oscillating airfoil has the following boundary condition:
] iwt ]
6, (x,0) = £,(x) + eRe [o £ (3.4)
The zeroth-order problem is given by
0, ,0 o
il Ml R (3.5a)
$5(x,0) = £10x) (3.5b)

and the first-order problem (where the B term is neglected) is

(K - 69065, + 00 - 02,01 = 204] (3.6a)

45 (x,0) = €100 (3.6b)

1t | o1y -tot,
2,2% -24ut

*This form is equivalent to ¢ = 0° + %e(¢

> %82(¢2,0 + ¢2,0* % ¢2,2e21wt + 6 ).
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The boundary conditions (3.5b) and (3.6b) are applied in the airfoil mean
surface. Note that eq. (3.6a) is linear with discontinuous coefficients.
Its solution admits jumps only at that place where the steady shocks

occur. We discuss this problem below.

3.3 Equation for Shock Movement

3.3.1 Derivation of the Equation

The problem can be examined in two ways. First, we perturb
the shock and transfer the perturbed jump conditions to the old position
(the steady state). These transferred conditions are imposed on the
perturbation potential.

In the second approach, following Nixon (1977), the method of
strained coordinates is used. The coordinates are strained so that the
shock is always fixed at its steady-state location (in the strained
coordinates). The differential equation governing the perturbation

potential, in the strained coordinates, contains nonhomogeneous terms

that account for the shock movement. Also, the boundary condition is
distorted. This approach is presented in section 3.4.

Following Cheng and Hafez (1973)*, the shock is perturbed in
the same way the flow field is perturbed; namely, let

XD(y;t) = x°(y) + eRe[ewtxl(Y)]

2

+ €” Re (x2’° + eZiwtxz’2

) + oo (3.7)
The jump conditions (eqs. (3.2a) and (3.2b)) are given in terms of the
averages and the jumps across the unknown perturbed shock Xp(y;t) .

The appropriate jumps at the unperturbed shock xo(y) may be obtained

by analytical continuation of upstream and downstream conditions. For
example, consider the jump in a quantity U at XD » namely ﬂUﬂ xD .

Up to first order, this jump can be expressed in terms of ﬂUﬂ x° °

[anxo and X!, as shown in figure 1.

*M. Hafez would like to thank Prof. H. K. Cheng of U.S.C. for an interesting
discussion. A similar approach is studied in Cheng and Hafez (1973), where
it is applied to a 1lift perturbation problem.
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Figure 1. Perturbation of a Discontinuous Function

-20-




We can write
fulp - u, + ele(ux)d 4 eoe - (uu + s;xl(ux)u + o0
- (U, -U) + ex! [(ux)d = (ux)u]+
= [u)go + ex? ﬂux]xo Govaed |

Similarly, we have <U> = <U> + ex1<U D T aleiellE

xD xo b4 xo

Now, consider condition (3.2b)expanded in terms of € :

s PO CEETEES I

1 o 1 L N ] e =
+ eX [[q>x +ep, tooe] ok 05 (3.8)
The zeroth and first-order relations are given by,
for €°, [¢°Jo =0, (3.9)
1 1 l1q.0
for €7, [¢ Do = -x" [o )0 - (3.10)

Similarly, condition (3.2a) gives,
J
2
o o ax°
for e, <K - ¢x>x° -(ay ) 3 (3.11)
ax® axt
dy dy

1 P 1o -3
for €7, 24wX' =(¢, + X0 >x° 2

(3.12)
Equation (3.12) is an ordinary differential equation in xl . Together
with eq. (3.10), it imposes the proper jump conditions on ¢1 . A shock-
fitting procedure is necessary since the weak solution of the (linear)
perturbed system (3.6) admits discontinuities other than the conditions
that result from perturbing the jumps admitted by the fully nonlinear
system. (3.1) To calculate the pressures in the region of the shock, we
must take into account the motion of the shock as discussed in appendix B.
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3.3.2 Simplification for Normal Shock¥*

ax°® axt
For a locally normal shock, the term E;—-E;— in eq. (3.12) is
neglected; hence,
1 1 1 0
210’ = (o} + X ¢’°‘>x° . (3.13)
Eliminating xl between (3.10) and (3.13), we have
1 0 o 1
<¢">x° [¢3] 0 + 21w - ¢xx>xo (4] L 0. (3.14)

Equation (3.14) is the jump condition to be imposed on ¢1 . After ¢1
is calculated, we can evaluate Xl from eq. (3.13) or (3.10).

3.3.3 A Shock-Fitting Procedure for the ¢1 Problem
First, we solve the steady problem ¢° , using, for example,

Murman's fully conservative schemes. From the ¢° solution, we let
ﬂ¢;n x° =2 and <:21w - ¢:£>xo = b , where Xx° 1s considered part of
the ¢° solution. The first point downstream of the shock X° is
identified by S.P. in figure 2. At this point, we replace the finite-
difference equation for ¢1 by
the following relation:
1 1 1 1
2 <¢1"1Ax T8 ¢1‘1Ax Y ) +b0; - ¢ ) = 0. (3.15)

Equation (3.15) is a first-order approximation of eq. (3.14).
The shock is treated as an internal boundary with a boundary
condition in the form of
+ +
a1¢ + b1¢x - cl >
where a; b1 , and ¢, are constants, (+) denotes the conditions just

downstream of the shock, and ¢y contains the conditions on the upstream
side of the shock.

*For normal shock, <¢oxx>' 9.
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Figure 2, Shock Points and Sheck Location
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3.3.4 Computational Example
Using the above theory, we can compute a two-dimensional example

of a pulgating parabolic arc airfoil. The airfoil is placed on the line
y = 0 , and its upper surface is governed by the equation

. M 0.2 x (1 ~x)(1 +0.1 sin wt) ,
where w = 0.818 .
We now solve the problem in the rectangular domain
-l <x<2,
0<y<2.

We set the freestream Mach number M_ equal to 0.818 and solve the lowest

order steady-state problem

[a -9 - o indefol + 60 =0
°CLy) =0,  ¢°U,y) =0
¢°(x,2) = 0

0 x<0
¢;(x,0) ={0 x>1
0.2(1-2x) 0<x<1

by using the Murman type-dependent relaxation scheme. A plot of the
solution is shown in figure 3. The unsteady perturbation equation

[ - %D - o+ al]or, + 0y,
o} or + 032, + 120 <o (3.16)
24
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with the boundary conditions

ol (-1,y) = 0 oty =0
ol(x,2) = 0

0 x <0
¢;(x,0) = 0 x>1

.02x(1 - x) 0 <x<1

can then be solved by using central differencing in subsonic regions and
backward differencing in supersonic regions. At the shock point, the
double derivative ¢;x appearing in eq. (3.16) can be expressed as
1 1
R G T T
xx Ax Ax X

2 2
b1y - ¢

We then approximate the term ¢: by —-——Z;-—i from eq. (3.15) and set

it equal to

ol - ol
i-1 i-2 2b 1 1
AR TR 8 )

This is necessary to satisfy both the boundary condition and the shock
jump relation at the base of the shock.

Figure 4 shows the shock position obtained from the present
calculation. Also shown in the figure is the shock position obtained by
solving the unsteady small-disturbance equation (Ballhaus). The shift
in the shock mean position is caused by higher order terms which are

unaccounted for in this calculation.*

3.4 An Alternative Approach Using the Method of Strained Coordinates
3.4.1 Formulation

Instead of eq. (3.3), we use an expansion of ¢ in strained
coordinates (s,T) as follows:

*A modified quasi-steady approach may be used where the unsteady (¢_.) term
is evaluated by using the first-order perturbation solution. This §§proach
leads to a nonhomogeneous equation of the form
2.1 iwt
(K - ¢x)¢xx + ¢yy (Re 2iuﬂn¢xe
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Let G, y3T) = 0, (8,y) + eRe [0 (a,3) | + +o0 (3.17)
x = s+ che ["Tx ()] 4 oo, (3.18)
tay., (3.19)

In particular, the shock location in the physical plane XD is related
to the shock location in the strained coordinates by the following
relation:

X« 5P+ eRe lei‘“xl(sn)] +oeee (3.20)

That is, XI(SD) is the shock movement.

The transformation derivatives are given by

-g;- (1 - €Re [ei““xu] + oo )3—, , (3.21)
%F - %? -(eRe liweinxll + oo )%;— y (3.22)

Using (3.17) and (3.18) in eq. (3.1) (with K = 1, and neglecting the B
term) yields

Q=-¢ )¢ _+¢. =0, (3.23)

os’ "oss oyy

and b6 t ¢1yy = (¢ )g + 2dw(e, - X0 )

os¢ls os’s

+ %000 - 620], + %, 0, - 7)), (3.24)

os’ls 1ls ""o8
while using (3.17) and (3.18) in eqs. (3.2a) and (3.2b) yields

=1, o =0, (.25)

and <09 = X, D + 20k 8", [o,] -0. (3.26)
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Note that eqs. (3.25) and (3.26) are the jump conditions admitted by the

weak solutions of eqs. (3.23) and (3.24), respectively. The boundary conditions

in the physical plane are transformed to
Ooy(a,O) - Wo(s) on the airfoil, and (3.27)
¢1y(a,o) - Hl(a) + xl(s)wbs(c) on the airfoil . (3.28)
Equations (3.23), (3.25), and (3.27) determine the steady state, while eqs.

(3.24), (3.26), and (3.28) determine the perturbation potential in the strained

coordinates.

3.4.2 Difference Equations

For the steady-state problem, centered differences are used in
the subsonic region, backward differences in the supersonic region, a
parabolic-point operator at the sonic line (to exclude expansion shock),
and a shock-point operator at the shock point to impose the right jump
condition (conservation of mass).

For the perturbation potential, a parabolic-point operator and
a shock-point operator are needed. Also, xl(so) is unknown.

We first consider the parabolic-point operator. In (x,y,t)
coordinates, ¢x = 1 at the sonic line. To guarantee finite acceleration

¢

ot at the sonic line, eq. (3.1) reduces to

bpy = 20y, - (3.29)

Parabolic-point operators in (s,y,T) coordinates are given by

Oogy = O » (3.30)

¢1 - 21m(¢1‘ 5 x1.¢ ) . (3.31)

yy os

In eqs. (3.30) and (3.31) centered differences are used everywhere.
Equation (3.24) at (¢°. = 1) reads

(1= 0,5)0146 = ¥oge [$15 = X;, + 21uX)) ]. G.32)
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To keep ¢1” finite at the (¢°. = 1), we must satisfy the following

condition:

¢1 - xl. + 2iwX

" at ¢°' =1. (3.33)

1 ’

Equation (3.33) is used to determine the shock movement A (assuming, for

example,
X,(s) = 8s1 - 8)/s°(1 - V)

as in Nixon's work (1977)). Note that eq. (3.33) is consistent with eq.
(3.26) when the shock strength vanishes.

We next consider the shock-point operator. Equation (3.24) is
written in a conservative form. A fully conservative scheme that admits
the appropriate jumps eq. (3.26) is written as follows:

(Shock-Point Operat:lon)i = (Elliptic Operator)1 + (Hyperbolic Opetator)1 .
(3.34)
The y terms are central differenced.
After algebraic manipulation, eq. (3.34) reduces to (neglecting
y terms for a locally normal shock)

U+ U

D D
2 = xls(s ) + zmxl(s ) 3.35)

0y 41 - 9
) ot -t 2 g

T B W

U AX »

Equation (3.35) is a first-order approximation of jump condition
(3.26).

3.5 Equivalence of the Two Methods
Finally, we want to show that these results are consistent
with the previous approach and that the two approaches are equivalent.
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We substitute eq. (3.18) into eq. (3.3), together with a Taylor series
expansion for ¢° around the point x,y , and collect terms of equal
orders. The result is

¢(x,y,t) = ¢°(s,y) + eRe Iemt [o'ery) + X, ()62 (s.y)]l e

(3.36)
Comparing eqs. (3.36) and (3.17), we find
¢°(SIY) - ¢°(B.Y) ’
01 (8,9) + X, (8)43(s,3) = ¢, (8,y) @.37)
The equation for ¢1(s.y) reads
1 1 o,1
Vge + byy = (4309, (3.38)
with the boundary condition
1
¢y(s.0) = Wl(s) (3.39)
on the airfoil and the shock-jump conditions
[o'] = %, [62] . (3.40)
(0D + %D {83 = 2ux, 8% . (3.41)

Equations (3.38), (3.39), (3.40), and (3.41) were used before with a shock-
fitting procedure to determine ¢1 . Hence, the two systems are equivalent.

3.6 Conclusions ;

We have derived an expression for the perturbed shock position
for unsteady transonic calculations. This result provides us with a
consistent method for predicting the shock motion of small unsteady
harmonic purturbations. A two-dimensional example has been calculated.
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4, FINITE ELEMENT METHODS FOR STEADY AND UNSTEADY TRANSONIC FLOWS

4.1 Introduction

For isentropic, irrotational, transonic flows, Euler's equations
reduce to the mass conservation equation. Evaluating the density from
the Bernoulli (energy) equation, we find the flow is governed by a single
second-order nonlinear hyperbolic equation in terms of a velocity potential.
The steady equation, however, is of mixed type (i.e., locally hyperbolic
(elliptic) for the supersonic (subsonic) region. The change of the type
of the equation and the existence of a discontinous solution (shock
waves) are attributable to the nonlinearity). It seems that the unsteady
problem is more amenable to analysis. In fact, the steady solution is
obtained as the steady-state limit (for large times) of the unsteady
problem.

The controlling parameters, in general, are the Mach number,
geometry parameters (angle of attack, thickness ratio, aspect ratio,
etc.) and the unsteady disturbance parameters (frequency and amplitude).
With standard limit processes, different approximations can be obtained.
The most famous of these is the transonic small-disturbance theory. For

the high-frequency range, the nonlinear terms can be neglected, and the

equation is linear. For the low-frequency range, the nonlinear term is
important, and other linear terms like tle ¢tt term are not. Although
the approximations lead to great simplification, some mathematical
difficulties are associated with the resulting governing equation in
this range (a parahyperbolic equation with one real characteristic).

The solution procedures for the unsteady problems are numerous.
On one hand, the straightforward, quasi-steady approach, where time is
considered a parameter, may be justifiable in the low-frequency range,
if we have an efficient method for solving the steady problem. On the
other hand, direct time integration of the unsteady equation allows for
the full unsteady effects to take place. In between these two methods
are the linear perturbation methods for small unsteady disturbances,
namely, the frequency and indicial response methods. In the frequency
decomposition method, a sequence of steady-like problems (for different
frequencies) are solved; while, for the indicial method, the response of
a linearized time-dependent equation to an impulse is calculated. As men-
tioned earlier in this report, perturbation of a system with a discontinuous
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solution must be treated with a special consideration. Nonlinear finite-
amplitude effects can be included if the main flow is allowed to interact
with the disturbance leading to a coupled system of nonlinear equations
for the main flow as well as the perturbations.

Numerical methods are needed to implement these procedures.

In the following sections, application of the finite-element method to
the steady and unsteady transonic problems is studied.

In recent years various finite-element techniques have been
developed for steady small-disturbance transonic flow problems. Chan,
Brashears, and Young (1975) presented the first application of finite-
element methods in transonic flow. They resorted to a least-squares
model after discovering that Galerkin formulations, in conjunction with
an iterative scheme based on a sequence of Poisson solutions, did not
converge for supercritical flows. Wellford and Hafez (1976) constructed
a workable Galerkin model by introducing a mixed variational principle
and an appropriate direct-gradient solution algorithm. Hafez, Murman,
and Wellford (1976) developed a Galerkin model that accounted for the
change in type of the differential equation in a manner similar to the
technique used in Murman's original work. Glowinski, Periaux, and
Pironneau (1976) introduced an optimal control formulation for transonic
flow. The finite-element method has not been used for unsteady transonic
flows however, there is some work in the literature on the solution of
shallow water equations, which are similar to the transonic equation
(r=2).

In the present study, we have constructed an alternate Galerkin
model for the small-disturbance transonic problem and have developed a
solution algorithm for the resulting equations. The problem is formu-
lated in terms of velocities, and an implicit finite element is constructed
by using the time-dependent model of Magnus and Yoshihara (1970) for both
steady and unsteady problems. Because the resulting algorithm is essen-
tially independent of the type of the flow (subsonic or supersonic), it
is well suited for finite-element models. Curved boundary shapes and
irregular meshes can be used. The advantages of the finite-element
method in modeling highly irregular domains and in incorporating higher
order accurate elements can therefore be utilized.
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In the following sections the physical problem is posed, the.
iterative solution algorithms are introduced, the convergence criteria
for the solution algorithm are determined, and numerical results are

presented.

4,2 The Physical Problems
We consider the flow of an inviscid, compressible fluid about

a thin airfoil. We adopt here the small-disturbance theory (see Landahl
(1961)). Let Q be an infinite domain composed of points (x,y) . Let
Q be the upper half plane defined by y >0, for all x . We consider
non-lifting symmetric flows, and thus we model domains  such that
Qc Q. Q is the same as except for the region occupied by the
airfoil. We describe the boundary 891 of the upper half plane of the
symmetric airfoil by y = g(x,t) where y = 0 1is the chord of the
airfoil. The boundary anz of the flow is the boundary (y = 0) of
the halfplane'ﬁ for points outside the airfoil. The boundary 393 of
the flow is the boundary of the halfplane at « in the y direction.
The boundary 394 of the flow is the boundary of the halfplane at
x=® and x = -o, The boundary 3R of N 1is 3N = aﬂlLJBQZLJaﬂ3LJ896 .
Let ¢ be the perturbation velocity potential, M be the

free-stream Mach number, and Y be the ratio of specific heats. Then
the problem is described by the following set of equations:

2 2
ML (147)
(1-14:,)43,x el 4’,” - 2“:%: + M°2°¢tt in Q

’
X

Bt (1+6,08, -6, =0 on M =

¢’y =0 on 392

V$p = 0 on aanana

For steady flows, suppose that the x and y velocity components are
defined by u = ¢,x and v = ¢,y . Then (4.1) can be written in the
following form (a system of first-order equations):

ST T ——




K 2
Kl“-T“ ,x+v,y-0 in Q
(l+u)8.x-v-0 on 301
(6.2)
ve=0 on aﬂiJBQ3
u=0 on ana
“2 2
where K, = 1-M and K, = 1+ Y)M_ . Irrotationality is imposed
by requiring that ;
u,y - W™ 0 in Q . (4.3)
The low-frequency unsteady equation (omitting the ¢tt term) is a
system of first-order equations in the form of:
K
2 2
(Klu -5 u )x + vy = ou,
(4.4)

uy o N 0

The high-frequency equation (4.1), can be written, however, in the form
of a system of first-order equations if we use three variables u, vand w
where w = ¢t ; namely,

R 2
(Klu -—3u )x + vy - 2awx -,

x t (4.5)

where Kl- 1- q: and Kz = (1+7)q: . Irrotationality is imposed
by requiring that

4.3 Tentative Solution Algorithms
To construct a workable solution algorithm, we introduce time-

dependent and explicit artificial viscosity terms as follows:

K
- o 3
o= (%3 uL”,,
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+ Yoy XU (4.6)

Bv,t = “’y W + Xv,yy - Fv .
Of course, the second~order terms in (4.6) can be associated with
viscous dissipation. The terms involving u and v are more difficult
to explain physically. Lee and Kim (1976) have introduced such terms as ‘
a correction to the inviscid KdV equation occurring in free-surface |
hydrodynamics. In their theory the term accounts for the no-slip boundary %
condition of the viscous theory. However, it is not necessary to have a
physical argument :o justify the perturbation of the original problem
introduced here. It suffices to say that the attached terms are mathe-
matical in nature and produce a convergent algorithm for supercritical
flows. Presumably, as the artificial viscosity parameters are reduced
to zero, the correct approximate solution is retrieved. ]
Introducing a finite-difference model for the time variation in :
(4.6) in association with a time step At , we obtain the first iterative
scheme to be studied here, which takes the following form:

K
%E (un+1 - u“) = [Klun+k - ia unun+k . v,“+k + n+s nis

X y Yuoxx = Xu ’
%{(vn+l - vn) = u?;l - v,::...;i + Xv,;;k - Fvn+k y (A.7)

where, for example,

1,
s

Algorithm (4.7) has a linearization that is stable and second-order
accurate. However, the nonlinear algorithm is not unconditionally
stable. Certain minimum amounts of artificial viscosity as well as
restrictions on the time step At are required to stabilize the algorithm.
Note that the use of (4.7) requires the solution of an asymmetric linear
system at each iteratiom.

We can obtain a second algorithm by treating the nonlinear
term in (4.6) differently, as follows:
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K
g_(un+1 - P - Klun'!"s 2 Eg(un+k)2] et v?;k H Y“?:: 4 xun+k ., (4.8)

= v -
g . iy *yy

%E(vn+1 -V = u?+k oy, A o+ l"v»:“’“5 .
Algorithm (4.8) is unconditionally stable; however, it requires the
solution of a nonlinear system at each time step; thus, computationally
1s not as attractive as (4.7).

The third algorithm to be considered is obtained by constructing
an explicit form of (4.6). It takes the following form:

K
%E(un+1 - un) = lxl““ - iz(un)Z] 'x + v?y + Y“?xx - x“n . (4.9)
P B e . U R
At(v v) L + Av.yy N .

This algorithm is only conditionally stable. In addition, certain
minimum amounts of artificial viscosity are required to stabilize the
nonlinear term. However, in some cases the computational simplicity of
this algorithm may be advantageous.

The characteristic feature of these algorithms is the introduction
of explicit artificial damping terms in both space and time for stability
and convengence considerations. The accuracy of the solution depends, ]
of course, on the size of these additional terms. For example, the
inviscid solution can be retained only if the viscous term is of the
same order as the truncation error. Similarly, the steady-state solution
is accurate only if the terms proportional to u and v , which were
introduced to dampen the iterative solution, are small. (These terms
can be varied with iteration and gradually vanish when the solution 1
reaches the steady state.) The explicit introduction of these terms
facilitates the analysis and implementation of finite cla.nnto.* Moreover

the coeffieient of the damping terms may be chosen to optimize the rate of | |
convergence.

*

For example, instead of searching for a finite-element analog for the
backward differencing of u, , we explicitly add U to it and use the
usual Galerkin method (equivalent to centered differences for rectangular

elements). -37-




For unsteady problems, however, the transient solution is of primary
concern. the same algorithm can be used with proper choice of differeat
parameters. For example, if we wish to simulate the transonic low-frequency
equation, B must vanish or at least be of the same order as the truncation
error, namely (At)z. The damping terms in time will harm the solution and
therefore must be minimized. The main objective in the choice of these
different parameters is, in this case, to minimize the phase error.

The explicit introduction of thesde "artificial" terms enables
the algorithm to cope with completely different requirements. Obviously,
this flexibility is advantageous in the study of unsteady transonic flows.

4.4 The Weak Formulation
Let LZ(Q) be the space of square integrable functions on

2 . An inner product involving the functions of Lz(ﬂ) is defined as
follows:
u,v = uvdxdy .
1)
The natural norm associated with L,(Q) is llullz = uu .
Let L () be the space of functionl with the follow{g& norm:

| u] |L¢,(Q) - el;.elgp. l“(§)|

In addition, let HI(Q) be the Sobolev space with norm

12,
H™(Q)

A weak form of the system of partial differgntinl equations

2 2 2
= ll“'le(n) + ““9,‘“1'2(9) + ““'y“Lz(Q) .

(4.7) can be defined as follows: Find un"'1 ntl €H (Q) such that
K
2
%E un+1 - u“,w = Klun+k - i—unun+k ,x,H
+ v?;k,w +Y u,::k,w -y un+k,w »
At v =V ,§ = (“py »S) - (V’x »S) .10)

+ X V!,H;;,S o F Vnﬂ,s 'Y

for arbitrary W,S € B:(ﬂ) s where Hi(ﬂ) is the space of functions in
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BI(Q) that are zero on the boundary 3Q . Integrating by parts in
asgorted terms on the right in (4.10) and using the fact that W and
S (=2 zero on the boundary, we obtain the following expression:

B G B
W> yQu :wn >- X<u >
B ™. P s)- (.;‘,‘;“’.s) 4 <,,g:k’s> (4.11)
V?;I’osoy>

- F vn+k,s:>

for all W,S ¢ H:(O) . Equation (4.11) represents the weak form of (4.7)
in a conservative form, which is appropriate for the problem (4.1) and
which naturally involves shocks.

A veak form of the system (4.8) can be developed using similar
techniques. The following form is obtained:

2t - e ™ - 2,y
(D <, > XG0,
& - -<u‘-’§”-8> - GRS
- GRS, D - FE™Ls ),

for all W,S € H:(Q) + A weak expression of the same form can also be
developed for (4.9).

(4.12)

A stability and convergence proof for the iterative techniques
has been studied in detail by Wellford and Hafez (1977).

4.5 Finite-Element Models

In the numerical results to be presented here, we use algorithm
(4.11). To implement this weak formulation, we subdivide the domain
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E

R 1into finite elements Qe . Then Q418 U Qe , where E 1s the total
e=1

number of elements in the domain. On each domain Qe the velocity

components U and V are approximated by a finite-element model of the

following form:

Ue - Wi(x.Y)Ui ’ ‘
(4.13)

ve - wi(x:Y)vi 1

where wi(x,y) are finite-element interpolation (shape) functions, and

Ui and V1 are the values of u and v at the nodes of the elemei.t.

Of course, u and v could be interpolated with different shape functions;
however, this procedure does not seem to present any advantage in this
application. In the numerical results to be presented here, the eight-
node serendipity element was used. In particular, the mesh used in this
study is shown in figure 5. While, in this mesh each element has two

sides parallel to the y coordinate axis, the method demonstrated here

should also be valid for more general mesh configurations because the

e e e s

governing equations are hyperbolic at all points in the domain.

An approximate version of the weak formulation (4.11) is obtained by
replacing u and v by Ue and Ve from (4.13) and setting W= S = wj .
This technique is simply the Galerkin method with the finite-element
interpolation functions as trial functions. The following equations are

obtained for a single element Qe:

tK

e ———

XAt . At 1 o+l _ At +1 , YAt . .o+l
(@ + 559K U 1 g xinjiu“' cuju“'u : Dijv‘i‘ +1—2 E; Uy
AtK AtK
- 1 n 2 n At _ YAt n
(& - )Kij -3 LY PPy ckuu:"i *+2 Dijv: R )

gl At o ndl At . ool Ate 1, Aed 1
@+ )Kij AR s AR S o A Al EijvT‘ b F:l.jvlr
.- AeE R A S N Y
(B - S5O0 VY + 55 Dy Uy - 55 By Vy - 5 €By Vi - 3 ARy,Vy

wvhere
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Kij - f“e wiwj dxdy
0 fﬂe by, ¥y dxdy
Ciae = .lhe ¥iVp,xVy dxdy
Dy, = j“e ¥y ¥y dxdy
By ™ fﬂe Vg, x¥y,x 9xdy

Py ™ fﬂe Vi,y¥y,y 94Xy -

We note that in early phases of this work an alternate version of (4.11)
was used. In this alternate form, the first term on the right-hand side
in (4.11) was integrated by parts to produce a nonconservative form. The
nonconservative finite-element scheme produced an unreasonable answer.
The computed velocity profiles were in error at and downstream of the
shock. We therefore recommend that a weak formulation of the form of
(4.11) be used rather than the alternate formulation described above.

The boundary conditions on 0R are applied in the standard way by
setting specified model values of velocity on the boundary either to be

zero or to take on prescribed values while allowing other model velocities

on the boundary to be unknowns. This method works satisfactorily except
at the leading and trailing edge of the airfoil. Here the specified
velocity v i1s discontinuous. For example, it is zero in front of the
airfoil but has a nonzero value at the leading edge. The finite element
model naturally assumes a continuous value of velocity everywhere. This
discrepency can be minimized by putting in very small elements just
before the leading edge and just after the trailing edge. Then, for
example, the nodal value of velocity v on the leading edge in the
small element is given a prescribed value, but all other nodes in the
small element and on 0 are set to zero. Thus, while the finite-
element velocity model s continuous, it approximates a step function.
Hopefully, the small elements before the leading edge and after the
trailing edge will not affect the conditioning of the system.

We also tried an alternate procedure in this work. In assembly
of the elements just upstream and downstream of the leading and trailing

-42-
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edges, a special procedure was used. The compatibility of model velocities
v at the leading edge and trailing edge was never enforced. Then, for

example, in the element to the left of the leading edge, the nodal value
of v at the leading edge was set to zero while, in the element to the
right of the leading edge, the nodal value of v at the leading edge 1
was given a prescribed value. This method did not produce satisfactory '
results. Apparently, the lack of compatibility in the four elements
involved distorting the solution near the leading and trailing edges.
Test calculations were performed to determine the flow about a
6-percent parabolic arc airfoil. The mesh used is shown in figure 6.
In the results to be presented here, M_= 0.875 and Y = 1.4 while
0=f=y=y=)A=sF ., The viscosity parameter o was given several
values to demonstrate the convergence of the solution with decreasing
viscosity. In figure 3 the approximate Cp distribution on the airfoil
is pictured for o = 0.01. The finite-element calculations are compared
with the finite-difference results of Murman (1971, 1975) for K= 1.8 .
Table IV shows the convergence properties of the solution for o = 0.07 .
The pointwise value of model velocity u at the point on the airfoil of
maximum model velocity u of the converged solution is shown for the
iterative steps. A variable time step was used, and this time step is
indicated in the table. Convergence occurs after five iterative steps.
After the fifth step, the algorithm seems to oscillate slightly about
the solution. Depending on how strict the convergence criterion is,
this oscillation may cause an increased number of iterations. Incor-
poration of a damping term involving a time derivative should eliminate

this oscillation, although this method has not been used in this work.
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TABLE IV: CONVERGENCE PROPERTIES OF THE APPROXIMATION FOR o = 0.07.

Iteration u Velocity Time Step
Step Component :

1 0.07714 0.025

2 0.10730 0.025

3 0.11309 0.025

4 0.12995 0.1

5 0.13476 0.1

6 0.13409 0.1

7 0.13461 0.1 :
9 0.13481 0.1 :
11 0.13496 0.1

Note: u velocity components represent the velocity at the ninth node
from the leading edge on the airfoil.
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4.6 Conclusions

A hyperbolic system (in time) of first-order equations is used
to calculate both steady and unsteady flows in a manner similar to
Magnus and Yoshihara's time-dependent method. First, the time derivatives
are discretized by using finite-differences of implicit Crank-Nicholson
type. The resulting equations are linearized with Newton's method.
Regularization techniques are needed for stability, as well as for the
treatment of shock waves. Different artificial viscosity terms are
added. Then, the space derivatives are discretized with a Galerkin !
finite-element procedure. Stability and convergence of the algorithm
are analyzed, finite-element implementation of the transonic small-
disturbance case is discussed, and a numerical example of flow around a
parabolic arc airfoil is compared to Murman's finite-difference calcula-
tions. Preliminary results indicate that additional work is needed to
assess the validity, applicability, and efficiency of the algorithm.
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APPENDIX A: PARAMETRIC EXTRAPOLATION METHODS FOR THE SOLUTION OF THE
HELMOHOLZ AND TRANSONIC HARMONIC PERTURBATION EQUATIONS

In this appendix we consider the frequency appearing in the
perturbation equation as a parameter and approximate the behavior of the
solution depending on this parameter.

Consider the one-dimensional exmaple:

¢xx + m2¢ =0

(with the exact solution ¢ = sin wx).
For small values of w , the solution can be obtained by relaxation, say

¢(w1), ¢(w2), and ¢(w3). If we assume an expansion of ¢ in w ,

2
2 (w-w)
8@ = 0w + 2 W)W -u) + :—g(wo)__z_*)_ S
w
dp(w,) - ¢(w,) W, + W
3 wiznad 3 S taaraie ]
where 3% (wo) = w - o, s W, = W, e
% 2
ol o) =[6wy) - 20(w)) + 0(w))]/ [(w, - wy)/2]* .

Hence, an approximate solution 5' may be calculated at higher values of
w in terms of ¢(w) , $w,) , and ¢(w3) .

A better approximation can then be calculated from (*)

2_
¢xx - W ¢ .
For this example, we have
*Note that the iterative procedure
¢n+1 ¥ 2¢n
- -w

is divergent for w > w., (since it can be described by the time-dependent
2 2
equation oxx +wo=uw ot) .
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¢

LR wl |sin wx - x [cos(wox)](m -w)

+x? [atn (wa] @ - w2 .

Obviously, the polynomial approximation (Taylor or Chebyshev) of the
sinusoidal behavior is valid with some restrictions, which may not ex-
clude using this method for the practical application of relaxation pro-
grams beyond the critical frequency.

An exponential approximation may be preferred; namely (Shanks Formula):

(6° = oG,
ity o 0045 §¢1)2 | v vhere 0" = $w,) + 0, (0) @ - w)
¢° + ¢ - 2¢ ]
0% = (W) + & ()W - w)
(o] w o) o
L w-w )2
+ ¢ww(w°) o

2

The harmonic (Fourier) approximation gives the exact answer in this
case if we use three sets of data to determine the amplitude, phase,

and frequency; i.e., ¢(w) = A sin (awi +8) ,1=1,2,3.

For the two-dimensional, transonic harmonic perturbation, we can obtain the
solution of the following equation for different (sqall values of w by

relaxation techniques:

0,,1 1 0 1
(K = 00)0 . + 0y = (g + 29, =0 .

Then, we obtain an estimate of the solution ¢ for the required (high)
value of w by using a polynomial, exponential, or Fourier approximation.

The final answer can then be obtained from the solution of

o,,1 1 o 1 =
K= 00, + 6 =6 0 = 2ub .
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APPENDIX B: PROCEDURE FOR CALCULATING PRESSURES IN THE SHOCK REGION

Assume form of solution
0(x,7,t) = ¢°(x,y) + ceX¥Cp} (x,y) (A2.1)

0, (x,3,6) = $2(x,y) + ee'“%o] (x,) (A2.2)

iw

L(y,t) = X°(y) + eel®xl(y) (42.3)

We assume that the solutions for the steady problem and perturbation problem

are known. The pressure in the region of the shock must now be calculated.

o) -1
u I

|

|

I

|

|

°x |

- X

xB LA L

We consider a point A on the downstream side of the steady shock. If
the perturbed shock at time t 1s upstream of xA » the velocity is given

0, (M y,0) = $20h,y) + el ity (A2.4)
for X <X’ <xb .
If the perturbed shock at time t 1s downstream of X* , the velocity is
given as,
0y y,t) = 0200,y) + ee® %ol x,y) + (Ax®)02 (% ,y) (A2.5)
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forxof_fo_xD .

Similarly, for a point B on the upstream side of the steady shock
0, (X°,y,8) = 620%,3) + ee™Cor(x,y) (A2.6)

for xb < X < x°
and
6 (5, 7,0) = 203,y + eeSol(x3,y) + (P-x"92 (x3,y) (A2.7)

for © <x2<x°,

where xﬁ and X: denote positions on the upstream side of the shock and
the downstream side of the shock, respectively. Thus, to calculate the
pressure in the shock region, we must specify a value of € so that we
can calculate the excursion of the shock. We note that the last term in
eqs. (A2.5) and (A2.7) is O(e).

At any point A (or B) the pressure integrated over a cycle is
a weighted sum of the two equations, while the unsteady pressure is given

as:
Eewtcb,l‘(l&d) for x” 5XA (A2.8a)
0202,y) - 620 ,y) + e ol (x0,y) + (X262 (X,y)  (A2.8b)

fol:'xb?_ltA .

Thus, when the shock passes over point A, there is a dramatic jump in

the pressure, as would be expected.
Now, we compute the equivalent unsteady pressure at XA by

integrating over one cycle of oscillation of period T = ‘%1 .

T T T
J o y0de = [e20Aae + ¢ [ Mtolat yrar
o

o o
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T
f/ 1[¢;<x‘.y> + el y] ac

T
o

2
+ [ [snexgem + ee™For e,y

+ (Ax)92 10,y ae

T
+ [ [t + eyt | e
2

where during the time Tl to T

Rewriting this equation, we get

T + o' y) (5) = 0201

2 the shock is downstream of point A.

+[ 2009 - @y + x| (1, - r,)

+efolamyy (SZ) ¢ [olaliy - olatn] (FZ

Note that
20ty) = 02y + &t - x92 %y

80 the middle term becomes
0 o 0
|- 162 s o - x% 62 ) 2 |ex, - 7

Thus, dividing through by T , we obtain

050ty - oy = 20,y - [02) 4 (
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(A2.12)
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e es b el

2
o A=
- 127 ("A%)M:’mn O(Z—T%l (A2.13)
X

T Thi=eT
020h,y) = 02%,.y) - [63] 4 (—ZT—‘) (A2.14)
o

<ok |¢;<xA.y> + [0k - s | T

and we see that,

oLty = olex,y + [olam - olex,y | 202D

T, - T
= 12{%—"3 [0 . (Z_'r_l') (A2.15)
X

The movement of the shock from the unsteady perturbation alters the mean
or steady-state solution! It smooths out the discontinuity. A simple
model of this was predicted by Tijdeman.

, "//,r-.teady mean
9 \<-uncteady shock

xO

In addition, the unsteady pressure is altered by the shock motion.
The question is whether or not the second term belongs to
the unsteady pressure contribution. It is formally of order (eo) $
but it arises out of the unsteady motion. We conclude that the lowest
order unsteady solution is of order (eo) in a narrow region surrounding

the steady-state shock position and of thickness O0(eg) .
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APPENDIX C: HARMONIC PERTURBATIONS OF UNSTEADY

FULL POTENTIAL EQUATIONS

In this appendix, the probiem of an oscillating airfoil is
analyzed by using the full potential equation.

. Governing Equations
A. Quasilinear Form:

2 2 2 2

(a -u)¢n-2w¢xy+(a -V)clbW
= 2u¢xt + 2v¢yt + ¢tt

where us=cosa + ¢x

= gin o +

v = gin ¢y

az-l—-u[m +u?+v?-1]
M2 2 t

and where u, v, and a have been normalized by the free-stream
velocity U_ .

B. Fully Conservative Form:

- 2L e+ ow

1
where o = [1 _j]__;__l_-)_ui(“t 40" 2t o e e

and where the density p has been normalized by the free-steam
density p_ .
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Boundary Conditions
A. F(x,y,t) =0 or y~-B(x,t)=0

DF
Dt 0 or uF + va 0

(4))p + sin a = (0 )g + cos a] « By + B,

Let B(x, t) = 8%x) +8l(x, t)

then (¢y)B + sinq = [(d)x)B + cos a] (B: + Bi) + B:

moreover, (¢y)B ) (¢y)Bo .
{ 1

(¢x)n° . i

~
©-
-
-]
R

B. In the far field, the mean steady-state value of ¢ 1s given in

terms of the steady circulation r° . H

o= - -— ta llVI - M tan (6 - a)l

NN B 5
%

The unsteady far-field formula may be obtained in terms of
Kirchoff's formula. (Asymptotic expansion leads to a pulsating

vortex for oscillation airfoils.)

Weak Solutions

The jump conditions admitted by the weak solutions are:

A. Shock Relations |

B. Contact Surfaces (Wakes)

!

1

|

ﬂth+pqu+vayﬂ-0; D(x, y, t) = 0 f
4'

{

L
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e

- o, [o] = o, [leu] + D [ov] (43.1) ¥

D(x, yi t) = x - x°(y; t)

ax® ax®
oD = [ou] - 2 lov]

(Conservation of mass across the shock)
\

From irrotationality conditions:

¢tx ¢xt
¢ty ¢yt 8
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Hence D, :D D = ﬂ¢tﬂ : [[¢x]] :ﬂ¢yﬂ ;

(A3.1) becomes :
, 4,0
ox - + 5
a2 o] ~es] + ool
$
where _3"_s - n y]
3y (¢,]

(Tangential velocity alcng the shock is preserved.)

(B) Across the wake, pressure is continous and so is p ; i.e.,

o [, + qu+vDy|] =0

(The relative velocity normal to the wake surface is zero.)

l»]) =o. !

In other words, fe] =0 or ﬁazﬂ =0

caa 2 - 2 -
[[24>t + (¢, = cos 0)” + (¢y sin a)°] =0

200, 1+ ez +2 cos a o ] + [o2]

+231na|[¢yﬂ =0

Simplifications:

1. Assume the wake vorticles are located on the x axis.
2. Asssume ¢y is continous across the wake.

The Kutta and wake boundary conditions tth become
lo D+ fo K2 + <> =0;x>1 (y=0)

(a << 1) .
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An interesting problem would be to trace the wake and to use both relationships
derived before.

Harmonic Perturbations

Let ¢ = 0°Cx, ¥) + € Re[el¥F olex, |+
X=x(x, y) +¢ Relewt x'(y)l+ AR
where the boundary condition is

B(x, t) = Bo(x) +c Releimt Bl(x)] .

If we subsitute the expansion for ¢ into the differential equation and the
jump conditions the zero-order problem is exactly the steady problem. The
first-order problem ¢1 is the perturbation, where Xl is the shock movement.

A shock fitting method for ¢1 is needed; otherwise we may use a fully conservative
scheme in strained coordiantes as in the small-disturbance case.

Zeroth-Order Problem

2 2 2 2
Differential Equation: (a° - u° )¢:x + 2u°v?¢:y + (ao -v° )¢;y =0
where u® = cos a + ¢:
v’ = sina + ¢°
y
2 2 2
a® = ;% e 1—§—l [ W -0 - ll
[ -]
" o & o o
Boundary Conditions: (¢y)no + sin a I(¢X)B° + cos ale
o o o
Wake: |]¢yﬂy_o-o,[|¢[] r‘ ;x31
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Far Field: ¢= - —- tan [\/l':—l;—tan e - a.)] .

Jump Conditions: ﬂp°u°B Pl (’57) sﬂpouoﬂ o =0 ;

[4°0 ,

* ‘
Jameson's Fully Conservative Schemes or rotated schemes with shock ]

fitting may be used to solve this problem.

First-Order Problem

2 2 2 021

4 o 0,1 o 0,1 o 21
Differential Equation: (a u )¢xx + 2uv ¢xy + (a v Myy N.H. ,

where N.H. stands for nonhomegeneous terms, which will not change the type of

the equation.

Boundary Conditions: (¢;;) o- [(¢:) 5 + cos a] Bi(x) + [<¢i) O]B; + wBl(x)
B B B
Wake: ﬂmlly.°+ﬂ¢iﬂy_o+[¢§]y_o.<¢i>y_o

+ ﬁ¢iﬁy_o<¢;>y_o -0

1

Far Field: ¢ = 0 (for the present time)

Jump Conditions: 1) ﬂ¢1]] e x! ﬂ¢:ﬂ "
x x

0 1 o1l ax° 0.0 lo i
2) dw [o°] X =[ou R []pv]]o-'-l]pvﬂo |
x x x x

T ——

1
| lo _ = 0_0
‘ +|[pul]xo 5 ﬂpY!lxo

These jump conditions must be imposed on the ¢1 problem. A shock fitting
t procedure is necessary, where an ordinary differential equation in xl_ is

&
% In this case multiply the equation by p°/ (ao)2
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solved simultaneously with the partial differential equation of ¢1, given
¢° and Xx° .

An alternative to the approach based on the method of strained coordinates

may be used here, as in the small-disturbance case.
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