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SECTION I

INTRODUCTION

The accurate solution of fluid dynamics problems of practicalI

significance continues to comprise a challenging are-a of research

owing to the complexity of the differential equations and bounaary4

conditions encountered in the matliematical representation of

these problems. At the same time, the demands placed on technology

today require attacking problems of increasing complexity. Rapidj

advances in computing machines and the progress in the development

of numerical algorithms now allow the consideration of some

complex problems not heretofore solvable. However, the formulation

of the problem itself has a very significant role in the success

of its solution and in the efficiency with which the solution is

obtainable. The emphasis oi efficiency of a solution increases

with the complexity of the problem as it can frequently make the

difference between the practicality, or otherwise, of obtaining

the solution of the problem.

An essential step in the proper formulation of the problem

consists of the selection of an appropriate system of coordinates

for representing the problem. In order for a coordinate system

to be suitable, it must satisfy several fundamental requiremen~ts.

Primary among these is the requirement that the coordinates be

surface-oriented along all the boundaries of the problem, as this

leads to simple and accurate expressions for the boundary

conditions of the problem. For flow configurations with boundaries

having analytical shapes, surface-oriented coordinates may be

determined through analytical transformations. The technique of

conformal transformations has been recently used very ingeiniously



to formulate surface-oriented coordinates for some non-simple

(l)*geometries. The procedure developed by Ives using a sequence

of conformal transformations was later employed by Giossman and

Melnik(2) to successfully compute the transonic flow over two-

element airfoil systems. Moretti(3) has developed a transformation

technique, consisting of repeated applications of a simple

conformal mapping function, to generate surface-oriented coor-

dinates for complex geometries, such as a typical airframe

configuration.

Of course, it is always desirable to seek analytical trans-

formation techniques rather than numerical transformations

because, in the case of the former, the mapping as well as all

coordinate-derivatives are defined exactly. Nevertheless,

analytical transformations have certain inherent limitations.

The conformal mapping technique, which has been so successful for

two-dimensional transformations, is not defined for three-

three-dimensional problem to determine surface-oriented two-

dimensional coordinates in planes perpendicular to the third

dimension in the problem. This approach is useful when the

variations of the body geometry in this third dimension are only

gradual. Thus, it is clear that, for general thrce-dimensional

configurations as well as for arbitrary two-dimensional configura-

tions, the more general numerical transformation techniques need

* Superscript numerals denote similarly numbered references at
end of report.
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to be investigated.

Considerable progress has been made in the development of

numerical transformations f or determining surface-oriented

coordinates for complex configurations [~e.g., Refs. 4 and 5, as

well as the additional references listed therein]. While the

-fundamental procedure of these numerical transformations has

been well-known for more than a decade, it has been given wide

exposition only recently. Thompson et al. ()employed the

technique to formulate the coordinates for several external-flowI

configurations,. involving doubly connected regions. Ghia

et al. (5) developed the analysis for three-dimensio1ial rumerical

transformations, with the cylindrical coordJinate system as the

starting system; for geometrical similarity with respect to the

radial direction, the coordin~ate-transformation equaitions can be

made to resemble those for the two-dimensional case,

The procedures developed are applicable to arbitrary

geometries and, for two-d~imensional configurations, consist, in

principle, of solving elliptic equations of the form

V 2n =Q , V~= (1 R

after expressing them in their inverted forms, i.e., with the

roles of the independent and the dependent variables interchanged.

The boundary conditions needed for a unique solution of Equation

(1) consist of specified distributions of mesh points along all

boundaries of the solution domain, In Equation (1), the symbol ni

denotes the transverse coordinate, and ý denotes the coordinate

along the surfa'-ýe [Figure 1). The forcing functions 0. and R

3
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III
3erve to control the coordinate spacing in the interior of the

physical domain. The resulting solution can provide a more

optimumn distribution of a given number of mesh points than would

be possible wi'°.h a conformal coordinate system using

Q = R = 0. In the computational domain, tbh transformed coor.-

dinates are rectangular and uniformly spaced.

While the basic procedure is quite well understood, the I
transformation involves several areas of detail that need to

be refined and formalized. For example, considerations of

accuracy of the flow solution require that regions of I
large flow gradients be appropriat._.ly stretched in the compu-

tational domain. This is to be achieved by employing the proper

form, in magnitude and sign, for the forcing functions in the j
coordinate equations. Although it is simple to establish the

signs of the forcing functions, the magnitudes use. for the forcing

functions, in order to achieve a desired mesh-point distribution,

are frequently determined by a process of trial and error. It is

necessary to develop a systematic procedure for determining the

forcing function needed to provide the required spacing of the

coordinate lines. Moreover, when a nonuniform grid is desired

in the physical domain, the distribution of points along the

boundaries, prescribed as boundary conditions, must be consistent

with the forcing functions used for the solution in the interior.

Failure to maintain this consistency may lead to coordinates that

exhibit discontinuities in their derivatives near the boundaries.

Another area requiring further study deals with the question

ot the location of the far-field boundary for subsonic external

flow past a body. One answer to this question consists of locating

5



the far-field boundary infinitely far from the body. However,

this necessitates the use of an analytical transformation to map

the unbounded physical domain to a finite region. To the best

knowledge of the authors, this has not been done so far for

arbitrary bodies, in conjunction with a numerical transformation.

Frequently, the approach used for locating the far-field

boundary for flow past a body has consisted of repeating the

calculations with two or more different far-field-boundary

locations until the resulting differences in the normal or

tangential stress distributions on the body surface are within a

certain prescribed limit. As discussed later in the present

study, this process may not be necessary, especially for the

commonly studied bodies such as circular cylinders, airfoils, etc.

It is also necessary to recall that the basic approach for

numerical generation of surface-oriented coordinates does nothing

to maintain or ensure orthogonality for the new coordinates.

However, the use of an orthogonal or near-orthogonal coordinate

system is often advantageous as regards convergence rate of

the numerical scheme. An orthogonal system is also desirable

if one intends to make a direction-related approximation in

the flow equations, e.g., parabolization with respect to the

streamwise direction, at least in the viscous region near the

body surface. Therefore, it would be desirable to develop a

procedure for orthogonalization of a given numerical non-orthogonal

coordinate system. This may be included as an optional step at

the end of the main solution procedure.

The purpose of the present study is to optimize the numerical

transformation procedure for determin:ing a suitable system of

6
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surface-oriented coordinates for arbitrary geometrical con-

~ I figurations. The resulting coordinates are required to provide

appropriate stretching of the viscous region near the body surface,

in the computational domain, so as to be suitable for high-

r~eynolds-nuniber flow calculations. It is also desired that the

coord~inates be nearly orthogonal in the physical domain, at

least near the boundaries. Attempt is made to provide as much

formalism to the procedure as possible, so as to maintain

versatility and generality for application and minimize the

"N~v need for a trial-and-error approach. At the same time, this

should not be interpreted as de-emphasizing the significance of

good engineering intuition in the efficient solution of a

practical problem. In addition to analyzing those aspects of

the transformation discussed in the preceding paragraphs, effort

is also made to improve the numerical scheme itself. The major

steps used to achieve the objectives of this research are

discussed in the following sections of this report.

7



SECTION IIDESCRIPTION OF BASIC PROCEDURE FOR NUMERICAL
GENERATION OF SURFACE-ORIENTED COORDINATES

In order to provide the proper perspective for the optimi-

zation steps to be discussed in this report, a brief description

is first given of the basic procedure for numerical generationI

of surface-oriented coordinates for arbitrary geometries. The

analysis presented here is for two-dimensional geometries or ~o

cylindrical geometries with radial similarity. Therefore, in

the physical domain, the configuration is represented in terms

of the coordinates (,z) such thatj

J for two-dimensional configurations

1rO for cylindrical configurations.

Nevertheless, all steps in the analysis are either applicable

or extendable to three-dimensional transformations.

In principle, the numerical transformation procedure con-

sists of determining the boundary-oriented transformed coordinates

as the solutions of the following Poisson equations:

Ti + =z (2)

and
+ R (3)

where ni, are the transformed surface-oriented coordinate~s;

~,z are the physical coordinates;

QR are continuous functions of (n, r) or (0, z),

specified so as to provide desired control on

the coordinate distribution.



The boundary conditions for Equations (2) and (3) must be

specified on the basis of the particular geometry under con-

sideration. For non-simple geometries, they will generally not

be along constant values of * or z.

Therefore, it is necessary to derive a set of equations

equivalent to Equations (2) and (3), such that only n, 4
I• 4,5

'j appear as independent variables. This has been done previously

and results in the following 'inverted' equations:

an +2b) + c 0) + J 2 (Q 4) + R *) =0 (4)

and

2
az + 2b z +c z +J ( +(Rz) z 0 (5)a nn n• ¢ (QZ

where

2 2a=€ + z•

b = -(zn% +Z

C =2 + z2 (6)n n

and J = z - Z . (7)

It is noted that the quantity J defined by Eq. (7) is exactly

the Jacobian of the coordinate-transformation.

The boundary conditions for Equations (4) and (5) can now

be specified as the prescribed values of ý and z, along the

boundaries n=nr, T2 and =i ; (see Figure 2]. However,

when a non-uniform spacing of the transformed coordinates is

desired in the physical plane, the boundary-values of 4 and z

II
' z. 19~'
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FIG, 2, REPRESENTATION CF BOUNDARIES OF ARBITRARY
GEOMETRI CAL CONFIGURATION.
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may no longer be prescribed independent of the forcing functions

Q and R used in Eqns. (4) and (5). Until now, the situation was

handled by giving up the Dirichlet boundary conditions for

Eqns. (4)-(5), in favor of Neumann boundary conditions consisting

of zero normal gradients of 0 and z at the boundaries. The

drawback of this approach, as well as the present improved

approach for treating this and several other aspects of the

general transformation procedure, are discussed next. It is

important to note that improvement in the analysis also leads,

frequently, to improvements in the finite-differeince method

for the numerical solution of the transformation equations.

ll
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SECTION III

OPTIMIZATION OF NUMERICAL COORDINATE-

TRANSFORMATION PROCEDURE

1. REPRESENTATION OF VISCOUS REGION NEAP BODY OR OTHER HIGH-

GIUZDIENT REGIONS

As the Reynolds number Re for a flow problem increases, the

thickness of the viscous region near the body surface decreabes,

so that the flow variables exhibit large transverse gradients

in this important region. Therefore an accurate computation of

the flow solution requires that this region be appropriately

stretched in the transformed domair so as to provide a reasonable

number of computational points within this region. As mentioned

in Section 1, this is achieved by using the proper form for

the function Q in the coordinate-transformation equations. The

proper sign for Q can generally be determined on the basis of the

theory of harmonic functions. However, no formal theory is

available for determining the magnitude of Q. It is only known

that the magnitude required for Q generally increases with the

degree of stretching requi.:ed and, hence, with increasing Re. A

procedure has been developed, in the present work, for determining

Q(n) such that a prescribed number of computational points are

located in a Blasius boundary layer at a body surface. Before

describing this procedure, it is necessary to consider some of

the adverse effects of the use of a non-zero Q on the computational

efficiency of the solution of the coordinate-transformation equa-

tions. As the following analysis and discussion shows, most. of

these adverse effects have been minimized in the present work. In

fact, the analysis has shed light on some very useful aspects of

the probler-.

12

il



a. Boundary Conditions for Coordinate Transformation with

Forcing Function

It had been observed that the convergence rate of the

j Icoordinate bolution was usually retarded by the use of a non-

zero Q, even if only moderate magnitudes were used for Q. One

of the causes for this seems to bo the following. In order toSII
avoid discontinuities in the transformed--coordinate derivatives,

*i it is necessary that the distribution of points along the end

boundaries AB and CD [Fig. 1] be consistent with the function I
Q used in the interior. The method used so far to achieve this

consisted of specifying conditions only on the coordinate

derivatives rather than on the locations of the points along

AB and CD. This leads to slower convergence rate for the

solution, especially if an explicit numerical scheme is employed.

Moreover, when derivative boundary conditions were used at both

boundaries PB and CD, the solution was sometimes reported 6 to

violate the maximum principle, resulting in cross-over of the

coordinates.

In the present work, use is made of the limiting form of

the coordinate equationsat the end-boundary (e.g., AS) to

determine, prior to the complete solution, the point-distribution

at this boundary, consistent with the Q used in the interior.

The end boundary is generally a straight line, though not neces-

sarily a vertical straight line. However, the required point-

distribution may be determined for a vertical line and then

transformed to yield the distribution along a general line

such as A'B'.

13



0 0=maxB ~n=_1
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C=0 curves of
n=constant

A A (0=0) Z

FIG, 3, TREATMENT OF BOUNDARY CONDITIONS ALONG A STRA!GHT
BOUNDARY$

Along the boundary AB, where 4=constant, the coordinate equa-

tions (.) reduce to

= Q(n) (8)

if the (n-C) system is required to be orthogonal along AB.

Since Q will not, in general, be a simple linear function of n,

Eqn. (8) cannot be integrated directly. However, in its

inverted form, this equation becomes

3
+ Q 0 (9)

with the boundary conditions

0(0) = 0 ; *(1) = (10)

Equation (9) is a nonlinear differential equation for @, with a

varying coefficient, and can be easily solved numerically, using

the boundary conditions (10). A simple trid3iagonal scheme, with

linearization or quasi-linearization of the term 3 , was usedn

14
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to solve this equation, with the nonlinearity being restored

through an iterativc procedure. Figure 4 shows the solution,

hence the point-distribution along AB, obtained with Q(n)

given by the following analytical form:

2 1 2 2 (Q~q) -a[•k exp[-(n-nk)22b k](i

k=l k

where a < 0 , jal=a 2

bI b -0.1
.1 1 2

=

= 1 . (12)
i2

This form for Q(n) provides a fine mesh near n as well as

near n 2 .

The resulting distribution is then transformed to a corre-

sponding distribution along line A'B' such that incremental

distances along A'B' are the same as the corresponding increments

along AB. Thus, between the two points i and (i+l),

2 (i+l -;i)2 = - i) 2+ (z - z)2 (13) i

where ; denotes the solution of Equation (9) along AB. Denoting

the slope of line A'B' by m, Equation (13) can be rewritten as

S(•i~l •i)2 -(I + M2 Hzi+ zi)2
-2 - + (14)

where m = i~l- *i)/(zi - z.)
(4. i+l

15
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Equation (14) yields the z-coordinates of the required point-

distribution along the actual end-boundary A'B' as

Zi+1 Zi -i i (15)

where the sign to be used depends upon the sign of m. If

m > 0, the positive sign must be used, while the negative sign

is needed if m < 0. Therefore, Eq. (15) must be represented

as follows:

(m~ i (16)

Thereafter, qi+l may be determined from the slope m as

i - i + m(z - z.) . (17)
1~ i+l1 31

Thus, starting with the coordinates of A', the value of

Sand z for the required points along A'B' can be computed using

the solution of Equation (9) and the relations (16)-(17). It

must be noted that, if m = 0, Eqns. (16) and (17) must be replaced

by
zi+1= z1 + (ýi+l 1i

i~ =* " (18)

i+l i '

Also, if m ÷ -, the proper relations are

zi+1 =zi

-=~+(- -•. ) . (19)
Oi+l i i+l (

17
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It is important that the length of AB along which Eqn. (9)
ia solved must be exactly equal to the length of the actual

boundary A'B'. If this is not maintained, the nonlinearity

of Eqn. (9) leads to a point-distribution along A'B' that

corresponds to an effective function Q', whose values are related

to Q by the square of ratio of the lengths of AB and A'B'.

b. Determination of Forcing Function from Specifi(ed

Dirichlet Boundary Conditions

In another situation, the distribution of the points along

the boundaries of an arbitrary geometrical configuration may be

prescribed on the basis of some independent physical considera-

tions for the flow problem. In order to obtain the transformed

coordinates satisfying these boundary conditions, it is now

necessary to determine the forcing function, which is con-

sistent with the specified boundary-point distribution. In

doing so, it is also desirable to maintain local orthogonality

for the coordinates. Though applicable in general, the

procedure described below discusses the determination of the

forcing function R in Eqn. (3) from a known point-distribution

along the surface n=constant.

Using the condition for local orthogonality (see Appendix A),

i.e.,

z = 0 , (20)

18
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the traw;sformation equations (4-7) can be written as

2

a@n+ c # +J2(Q + R ) = 0 (21)

a z + c z 4, J( z + R z = 0 • (22)

At the surface ,=constant, all derivatives with respect to 4 are

easily evaluated from the given point-distribution. Therefore,

if the n-derivatives appearJ-g in the transformation equations

can be estimated along this surface, then these equations can

be used as algebraic eq'iations for the forcing functions. For

a reasonably fine grid in the n-direction, as would normally be

used in a viscous region near the surface n=constant, it

appears reasonable to assume that

z 0 . (23)

A good estimate of * and 4n is obtained by linear interpolationn nnl

between their corresponding values at the end-boundaries where

these quantities are known from the specified boundary-points.

Finally, z is determined from the orthogonality condition (20)

as

z =/Z (24)nn

With all the coordinate derivatives evaluated along the surface,

Q is eliminated between Eqns. (21) and (22) to yield the

following expression for R:

R - 1 -az +c(z -z +)] . (25)

J 2 (@ z_ z ) [azi nn n • nzi

19



The denominator in Eqn. (25) has intentionally not been repre-

sented as j 3 in order to adrnit the possibility of employing

different finite-difference representations for the derivatives

in j and in (4nz - 4)z ) in Eqn. (25). T'ihis will be discussed

further in the next section.

Thus, the function R can be determined at both boundaries

represented by n=nI and n=ni. Denoting these values of R by

R and R2 (c), the complete function R(n,4) to be used in

the interior may be determined as

R(n,C) = 1 + (R2 - R1 ) f(n) (26)

where f(d) is a normalized monotonic continuous function of n,

used to provide a smooth variation for R in the solution domain.

If the forcing function Q is known and is monotonic with

respect to n, then f(n) may be chosen as

- Ql
f(T) = (27)

Q2 - 1

Another suitable choice for f(O) consists of the sine function

or the exponential-sine function.

This approach has been used to determine the function R

from the specified distribution of points along the boundaries.

The resulting solution for the transformed coordinates confirms

that the required consistency has been properly maintained

between the boundary conditions and the forcing functions.

20

* i



c. Effect of Increasing Magnitude of Forcing Function on

Solution Convergence Rate

It has been reported that the use of very large magnitudes

for the forcing functions leads to numerical difficulties in

terms of instabilities and oscillations. However, forcing

4, functions of large magnitudes become necessary when a highly

non-uniform coordinate spacing is required, such as in a

boundary layer for a high-Re flow. A solution to this situation

frequently consisted of obtaining the required coordinates by

approaching the large forcing functions in a stepwise increasing

manner. In the present work, it became possible to analyze

the cause of this adverse numerical behavior by examining the

limiting form of the inverted equations at the boundaries.

In its simplest form, this ltmiting equation is given by Eqn.

(9) for a vertical straight-line boundary represented by

A ý=constant. Figure 5 shows the solution of Eqn. (9) for

increasing values of Q(n) as given by Eqn. (12), with €iax

equal to the length of the boundary AB in Fig. 1. Second-order

accurate central finite-differences have been used to

represent all derivatives in order to obtain these solutions.

It is seen from Fig. 5 that a sati.sfactory solution is

obtained with 1Q1 max_< 10 3 . For 4Q'max > 104, the solution

begins to violate the maximum principle and shows a clear

oscillatory behavior for IQmax = 105. It must be noted that

this oscillatory solution is truly the correct converged solution

of the finite-difference equation use,. This behavior is due,

in principle, to the increasing stiffness of Eqn. (9) with

increase in Q. The situation may be remedied in one of two
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7
,P i ways: the use of a finer mesh in the transformed coordinate n

or the use of directional differencing. The use of a finer

mesh leads to an increase in the computer storage and time

required for the solution of the completa coordinate equations

(4-7). Therefore, the use of directional o,, upwind differences

is adopted here to obtain the proper solution, with large 0.

For this purpose, Eqn. (9) is represented in its linearized

form as

+ C 1  0(2)

and C 2 (29)

The ter'm n in Eqn. (29) is represented by a central-differencei:Ti

approximation, while in loqn. (28) is represented by an

upwind difference such that a backward/forward difforence is

used when C1 is negative/positive. This is easily accomplished

by the foilowing generalized ruprosentation:

- (1.-u) 1Oj + 1, [C1 "I I , + 1TI (0

( it- central difiorencing ib to bu used,
where u =

11 for upwind d itfftl'rIencing;

-4

C- C C C1

t, denotu Lwo-po:.iit co)It ]- , i:ol'wtvr3.- And
C V J'•"':• backw;ardo-diff'k, runce i.(-,prusontations, reLupoctivcly,uf r

Viyure 5 shows the effect of usinly uppwind diffeL:eLnciylg in the

Tio.ution of FAz . (28). WiAth IQ I in the I::angje where ar

23
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acceptable central-difference solution was not obtainable,

upwin6 differencing leads to a completely well-behaved solution.

Some differences are also observed in the two solutions even

for IQIm - 103, when an acceptable central-difference solution
'max

was readily obtainable. Because of the second-order accuracy

I;• of the central-difference solution, versus the first-order

accuracy of the upwind-difference solution, the former may be

preferred. However, the usefulness of upwind differencing,

with larcge Q, indicates a more general applicability of the

upwind-difference scheme.

In working with this limiting equation (28), it was also

observed that the central-difference scheme converged very

efficiently, even when the resulting solution was not monotonic.

Por those values of Q for which the limiting equation (9) leads

to a non-monotonic solution, the solution of the full equations

(4-7) exhibits instabilities when central differences are used

for all the derivatives. On the other hand, upwind differuncing

led to an acceptable solution very ufficiuntly, even though the

convurgunce critorion was not satisfied. Efforts were made to

improve the convergence propurtius of the solution by employing

quasi-linurization in Eqn. (9), i.e. , by representing it as

~ * ~ 2 (31ýjvl + (3Q •2TJ)0•1 - (2Q 0 * 0 (31)

where the quantiLies in parentheses are evaluated at a previous

iteration. Quailint:al..Jtion was tound to increase the con-

vorgunce rate of the euntral-difference scheme, but had 1itt e

influence on the upwind scheme. The following table uumiuarizeu
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the effect of the difference scheme on the convergence behavior

of the solution.

Error (E) after 20 Iterations
of Quasilinearized Equation (31)

' max Upwind Central

103 10-7 10-14

105 10-6 10-14 - oscillatory solution
1C6 10-4

IMAX n+1 n

The error was defined as e - 7 j ~ -•ij where n denotes
i~1

iteration number. It should be pointed out that, even with

1- 0-, the upwind-difference solution was a completely

acceptable solution for #. Therefore, it appears that appro-

priate use of upwind differencing constitutes an efficient

scheme for tho solution of the complete transformation equations

(4-7) also. In the interior of the solution domain, it is

important that, if upwind differencing is used for ' it

should also be used for z similar remarks hold for * and z.

It is now clear that upwind differences may be needed to

represent the first-order derivatives appearing explicitly in

Eqn. (25) for the determination of R. Due to the different

origin of the term J2 in ).qn. (25), the derivatives appearing

in J 2 may be represented by central-difference approximations.
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d. Determination of Forcing Function Q for Boundary-Layer-

Dependent Mesh System

The basic numerical transformation procedure provides a

means for generating surface-oriented coordinates, with the

forcing functions providing control on the spacing of the

coordinates in the physical domain. However, a systematic

procedure is not available for setting up the variable spacing

of the coordinates or for determining the forcing function

necessary to achieve that spacing. In the present work, a method

has been developed to compute the forcing function Q(n) that leads

to a mesh-point distribution along a ;-constant coordinate such that

certain prescribed criteria are satisfied. The boundary layer

theory is used to establish an important one of these criteria; j
hence, the resulting mesh system Is referred to as a boundary-

layer dependent coordinate system.

The discussion presented here is with reference to flow

past an airfoil. However, the concept is general and can be

easily adapted to other flow problems. Based on experimentation

with an inviscid subsonic flow solution for an airfoil at

incidence of up to 300 and an analysis of truncation errors of

the finite-difference transformation equations, the desired

spacing of the ri-coordinates is required to satisfy the following

criteria:

a. A minimum number K of n-lines must be placed in the
boundary layer on the airfoil surface.

b. The maximum step size (AW)max adjacent to the far-
field boundary should be approximately unity (in
non-dimensional variables) except when this boundary
is placed at infinity.
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c. The grid spacing in the boundary layer should corre-
spond to constant increments in the flow variable
with the largest normal gradient.

d. Second-order derivatives of the mesh spacing must
be minimized.

The first two criteria serve to provide appropriate resolu-

tion of the boundary-layer region near the airfoil as well as

the far-field region of the flow field. Presently, the flow in

the boundary-layer region is being represented by the Blasius

series, foz the purpose of the mesh generation. Although a more

accurate representation of this flow is easily obtainable, the

simple Blasius soluti.on was used in developing this procedure.

The far-field boundary is located at approximately ten chord-

lengths from the airfoil surface and is circular in shape;

a more appropriate shape for the outer boundary is described

later in this report. A total of 44 points is used along the

n-direction.

The last two criteria are used to minimize the truncation

errors in the finite-difference solution. Difference approxi-

mations for the Navier-Stokes equations are usually second-order

accurate in the transformed coordinates. Therefore, the trunca-

tion error in these approximations is proportional to third-

and higher-order derivatives of the flow variables. In the

boundary-layer region, normal gradients of the streamwise velo-

city w are larger than most other gradients. Therefore, if

the consecutive n-coordinates are placed at constant increments

4of w, as suggested by Thompson , then

aw
= constant

2 w 33
and 0 aw -

an 2  an 3
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Furthermore, if the same w-increment is employed for the n-lines

at each streamwise location, then

2 3

The spacing of the n-coordinates within the boundary-layer can

thus be determined from the velocity profiles for a boundary-

layer solution, such that the truncation error is minimized.

Since the analysis essentially optimizes the r-line spacing

with respect to the gradient of one variable in one direction,

the validity of the analysis depends on the validity of the

boundary-layer approximation for the problem under consideration.

The need for minimizing the second-order derivatives of the

coordinates is explained as follows. For a simple stretching trans-

formation in the physical plane, the truncation error associated with

a central-difference approximation for a first-order derivative is

obtained as
Wn [nn w +

= [Wn/n]c - 2-- c w) ...

where c denotes central difference. Therefore, the truncation

error introduces an artificial-viscosity term proportional to

n' so that 4)n must be minimized. Moreover, the transformation

of the second--crder derivative as

w 2 w +4 ww n Wnn nI n nIT

"together with central-difference representations for wn and w

shows that nn has an adverse influence on the diagonal dominance

of the finite-difference equations. This, again, indicates that

must be minimized.
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All of the above criteria must be satisfied simultaneously.

Also, for maximum usefulness, the procedure must be as automated

and as simple as possible. Approximating the body surface

locally as a flat plate, the transformation equation for the

normal coordinate is given by Eqn. (9). With a forcing function

of the form

Q = -A eDn (31)

Eqn. (9) can be integrated once to yield

Dn 2 A e-Dn (32)

Here, the constant of integration has been set to zero by

assuming that 3n/30 + 0 as @ ÷ *.. Evaluating Eqn. (32) at

the body surface n = 0 yields an estimate for A/D, in terms of

the step size AOmin required near the body surface, as

A 1 2 (33)

Evaluating Eqn. (32) at n = (nmax - f) yields an estimate

for D, in terms of the step size A4max near the outer boundary,

as

D 12 . )2 1/[n -
D Ama max 2

To place K points within the boundary.layer, the forcing

function used is
K -DI ","-nk I

Q = - A k e (35)
k=2
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where - (k-l)An. With this Q, inteyzation of Eqn. (9) leads

to

dn 2 K Ak -Dp(nnk) -Dln-nkI
)- 2F- {e +[sgn(nk-r) ,0] [1-e ] I
kl 

(36)

where
{ 0 for k

1Ifn-nk)for n > nk

f+l for > 0;+ ~~~sgn (nk-)-- -i for k-n < 0.

Evaluating Eqn. (36) at ni = (i+l/2)An for i 1, 2, ... , (K-1),

leads to (K-1) simultaneous equations for Ak/D for k = 1, 2, .*, K,

with D determined from a modification of Eqn. (34) as

' ~2-AAn An
D- f Xn[2 D (L..x ) max - 2- (37)

max

where f is a weighting factor, = 1.1. The system of equations

for Ak/D is completed by a constraint relating Eqns. (32) and

(36) so that

K
A -- g A (38)

k=l

where g is a constant, = 0.4.

The (K-1) values of A~i required in Eqn. (36) are determined,

so as to minimize aw/ýn, using a Newton-Raphson iteration with

the Blasius series solution for the velocity P(;) in a flat-plate

boundary layer. Here, n is the boundary-layer ordinate, determined
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,
4

iteratively by the relation
•(s+l) -(s) 'I

1i - (Fi - 2wi)/(Fi + 0.01) (39)

where i = 1, 2, ... , K,

234

F. a lla3 7 375a -10I - -- i 71 " i 10 • i

a 1.32824 , F = 3F/3 , wi = i/(K+l) ,

and s denotes iteration number.

The physical ordinate is then given as

i,B ni z/(W e) (40)

where We is the velocity at the edge of the boundary layer. If,

instead of prescribing K, it is desired to specify the constant

increment Aw, then the corresponding value of K is detenmined,

by integer arithmetic, using the relation

K = (We/Aw - 0.01). (41)

The procedure described above was erployed to generate the

forcing function, Q, tor various values of the parameters for a test

case. The corresponding 0-distribution is then determined by nu-

merical solution of Eqn. (9). The second-order derivative @ was

approximated by a central difference, while upwind differencing

was used for the unknown 0 " A quasilinearized tridiagonal

scheme of solution required about 20 iterations, whereas a

linearized successive over-relaxation (SOR) scheme with optimized

acceleration parameters required about 40 iterations. Figure 6

shows the results obtained for Q, 0, 40 and # for z = 1.0,

1 nn
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'I
Re =2 x 106, nmax =43, An 1, and W e 1.2, Aw 0.15 so i
that K = 7. The computed values of q are compared with the '
desired values of Oi in Table I which also lists the corresponding

values of Qi. It is seen that the procedure leads to a very

satisfactory mesh-point distribution.

The procedure has also been applied at various streamwise

locations, downstream of 5 percent chord, on a NACA 0018 airfoil.

For simplicity, a Blasius profile, with a constant velocity

at the edge of the boundary layer, has been used. The first

20 n-lines in a (71 x 44) boundary-layer-dependent mesh

system are shown in Fig. 7 for Re = 2 x 106, n = 43, An =, 1

We = 1.2, Aw = 0.15, with K = 7.

Some improvements can be made in this automated procedure,

for example, by using the appropriate inviscid velocity We and

then specifying the correct boundary-layer profile from a

boundary-layer solution. However, the improvement would be I!
limited by the extent of validity of the boundary-layer

solution. Therefore, difficulty may be encountered in regions

of large surface-curvature where the transformed coordinate

;=constant may not be orthogonal to the body surface.
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TABLE I
i3

SOLUTION OF 0 + Q3 = 0 WITH BLASIUS BOUNDARY-LAYER DEPENDENT

Q(n) FOR NACA 0018 AIRFOIL AT Re = 2x10 6, z = 1.0

Qi x10-6  i,Blasius ,i computed

0 0.72603 0.000243 0.000248

1 -0.19147 0.000487 0.000500

2 -0.27910 0.000736 0.0007156

3 -0.67778 0.000996 0.001024

4 -1.1501 0.001280 0.001316

5 -1.7853 0.001610 0.001.660

6 -1.8412 0.002077 0.0023.03

7 -1.1115 0.002672

8 -0.67517 0.003402

9 -0.40885 0.004342

10 -0.24758 0.005548

11 -0.14993 0.007099

12 -0.09079 0.009092

13 -0.05498 0.011653

14 -0.03329 0.014945

15 -0.02016 0.019174

16 -0.01221 0.024609

17 -0.00739 0.031593

18 -0.00448 0.040568

19 -0.00271 0.052100
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TABLE I (contirued)

,1 Qi x10- 6  OiDlasius iacomputed

A•,: 20 -0.00164 0. 066920

21 -0.00099 o0l s 9 3

22 -0.O00bO 0.11043

23 -0. 000U36 0 .14183/

24 -,0.00022 0. 1l IfU(,

25 -0. O000.1 3 0. 2 I14

* -Q0.0l 0OU~ . 100i) (

"27 -0.00005 0.311628

28 -.0.00003 0.4V,0

29 -0.00002 0.,360

30 -0.OUOI 0,81•51

31 -0.00000 1.0461

32 -0.00000 1. 3381,

33 -0.00000 ,.I

34 -0.00000 2.1696

35 -O.00000 2.7416

36 -0.00000 3,4370

37 -0.00000 4.2631

38 -0.00000 5.2183

39 -0.00000 6.2904

40 -0.00000 7.4596

41 -0.00000 8.7033

42 -0.00000 10.0000
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Z. LOCATION 01' FAP-FlELD 130LTNDAIZY FOPI S3UBSONIC P'XIThN)L PLOW

a. par-riuld Boundary at Inf inity

A major question that ariaos in the atudy of subaonic flow

pamlt a body concurns the a~hapui and locnLion of the far-tiieid

boundary Ior tile volution domain. PrTom tile viowpoiiit of analytical

ri'.or, thin bounda(I.ry im idually locatud infinitely Lar froill tileI

body. Thu Unboundud phtysical domain must theun Lhu iapp"ud to a1

[mi Lu lonlaill by .4n appr~opr iiltts Anal yltikli I an tilloi'rnlation bagud

ont Lhu asymptotic buluavi or of the~ flow lat- I romi I h. body. Thliss

anialyt~ical LL'anc urination can -LA rst nI'I'1 vit) pI'ov(I di, at 14oa.40

L.11 iI .411 1y , I1110 HI it vol Ii I llJ o1 1410 01m oth t-Wk citA.&~I 1:0q buslf inl th"

[low Liuld. rliu romultiny coordiniatum canl bu madw to bu murt.acu-

or lunt-m ialIonsj all houndarium uxcopt. aluniy tho wul Adcu ot tUiL

arb1itrarly :"O'ily. T1'luwu COOrdi naous aru thijo transfitnitud mnuuri-

cally to achiuvc coiiplutu muutacu-oriuntatiou and thu iiinai

domirud utrutuhlly of: thu vrio~usd oio:uisll of thu- lprubluuil dowAinl.

Thin cuaidildL ioni ot mnalyt ickl. 1 and nunl01in ica 1 txanms[oit . ionsium al~uo

cunsidwrably ruliw.vum thu burdun of thu muiuvuoical tranniormatiuiu.

Au ruyardw thu shapu ot thu tur-tiuld bounldary, it appJUaru

that, ioy a lanyu clabm oi. t~wo-dimwuinullal 01r axiupyrunutric ilowti

p.aut tinite bodicu, a jp~rubolic sliapu may bu uuitable tor anl

outur bounidary. Thiui confiiquratimi purinits onu of the traiiufornL'd

coordinlateu to be Oriented Iln Ih Inm youa diHtona

thU ma1inl floW, UO thilt thU UUSOCiatUd nIumIUriCal UolUtiOnl caI hadve

better converguiicu propurticu. Therefore, it muay be more appropria.to

to uuot up thle numerical tralutfoninationl ill toxr1i~ of parabolic

coordinatuu rather than carteuian or cylindrical coordinateoi,
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after mapping them to a ifinite domain. Thus, the total trans-

toximation procudure would consist of thu following utopo:

1lhynical coordinate ayutuni: (0,z)

I parabolic transformation
(analytical)

finlito-XUyion Ifla))pifl'J
anaytialcontraction

(N, t,),)

nuiiiurical transformiation

coordiiato mywtum:

TLwo approachum p)rumunL Lhuitiuulvruu aL this ut..yu, iruyardiny thu

Uuatd i unt4 IA) bo lltd t~o acc-omtpl iuli thu nuuuturical tvanuforitiatiuii

ilx thu uquaLioxxv umud uo Lai:, tlu ulliptic opurator u111jluyud haw

buuzx thu L~aplacian1 opuiiat~ol. Il ui'dur to conform to this, it would

iiow bu iiucujuuaxy to tormulatu the Laplaciani opurator iln turxitt ol.

Ulu M"") courdiliatum dM indupunduxil vai~iabluu. The corespondingt

I'uitition Uq.uationlm Lour thu. Courdinatetwu q, L thon nued to ho inivoitod

to muake ij, e the ixudupundunL variabIlut; and N, L; thfo dependent

variabluti. 'Vwru turu, ill thili approach, the uiulleii m tranll ioruxa-

tion would uxuploy thu true Laplaciani, tit) thIat thu uqu;Ati ont; to N!

invurtud arm

2 and v, N - i (42a,b)
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where V 2.is the Laplacian in (N,S) coordinates and isNos

obtained as

V2 1 '2 0 22

N,S h- [(N) N"+ N + (S) 2  S (43)
"h 5N aS

with primus donoting diffuruntiation of a variablo with ruspect to

its argumunt. Also, Ii is the scalu factor for the parabolic

tranw formation

S4. iO - I-(z + iý ) 2 , (44)

wo that

h 2 2 4 z 2 (45)

Thu invursion oi Equ. (42a,b) luads to tho following uquations for

tho nwi•urically transutormud coordinatus:

•IN 4. 21, N c N -N + I2I 2 (QN +1IN) - 0

aS 2SS4 C - +1 2 d2 (QS +

(46a,b)

whuru

N 2 S 12 . S2 N1 2

- (N 2 ~SSN' 2 )
-- (N N S 2 4. 8 S 1 2

C '2 8j2 2 N'2
II fl

= N S - N S (47)
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h2 ,
It should be noted that h as well as the quantities N , N , S ,

'S I
S must be expressed in terms of N and S in the above equations.

The details of the derivation of Eqs, (46a,b) are described in

Appendix B.

In an alternate approach, it seems that, for the

coordinate equations, perhaps it is not essential to work with a

true Laplacian operator. Another elliptic operator that satisfies

the maximum principle would also be satisfactory. Of course,

the choice of the Laplacian was guided by its similarity to the

equations for the corresponding inviscid-flow stream function I
and potential function. For reasons of mathematical simplicity,

the following system of equations for the numerically transformed

coordinates may be preforable:

tINN + •ss " QNN + •SS " . (48a,b)

The corresponding inverted equations for the N,S coordinates are i
of the mune form as Eqs. (4-7).

Boundary conditions specified in the (ý,z) domain must be

expressed in terms of the (N,S) variables, through use of the I
parabolic transformation, followed by the analytical contraction

trans formation.

Before describing any results obtained with these combined

transformation procedures, the discussion presented in the following

section must be taken into consideration.
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b. Far-Field Boundary at Finite Distance From Body

In many practical situations, it may not be essential to

locate the far-field boundary at true infinity. For axample,

analyses of flow over a cylinder have frequently employed a far-

field boundary located at about 10 cylinder-radii from the

cylinder 9 . As shown below, this is the location where the free-

stream pressure is disturbed by less than one percent due to

the presence of the cylinder in the flow. For incompressible j
inviscid flow past a cylinder of radius re, the pressure coef-

ficient C is expressed as
p

P - P. 1 2
Cp = 1 = -( - V) (49)

p 2 T _
P U00 UG

where the subscript - denotes free-stream conditions. Here, V is

the local total velocity in the flow given as follows, in terms of the

radial and tangential velocity components ur and u,, respectively,

where2 r

0 2 =-u(1 + ur 2  (51)
Ur = U (i - ro) cose I

r

uG = -Uw(i + 0) sinG (51)

Substituting Eqs. (50-51) in Eq. (49) gives, after simplification,

cop 20 1p (r/re 2 (r/ro 4520~ 0

This implies that

IC = 0.01 when r/rO 10 . (53)
p maxo
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Therefore, an appropriate far-field boundary for the flow past

a cylinder would encompass at least the region shown in the fol-

lowing sketch.
A A!

U00  r
0

0

C C'

FIG, 8, LOCATION OF FAR-FIELD BOUNDARY FOR FLOW PAST A CIRCULAR

CYLINDER.

For viscous flow calculations, it would be more desirable to have

a far-field boundary such that the distance A'C' increases

approximately as the square-root of the streamwise distance.

The above analysis can also be employed to estimate the extent

of the region in which the inviscid pressure for flow past an

airfoil is disturbed by less than one percent. A symmetric

Joukowski airfoil is considered here for this purpose. With a

Joukowski transformation, a cylinder of radius (r + a), with
0

center at (-a, 0), transforms to a Joukowski airfoil of chord

22 = 4r (l+6 ) and thickness ratio t /Z = (3v//4)e, where e is
o max

the eccentricity defined as c = c/rO. Since the inviscid flow

past the airfoil is obtainable by transformation of the flow past

a cylinder, the region of disturbed inviscid flow for the airfoil

is also obtainable by transformation of the region of disturbed

inviscid flow for the cylinder. Accordingly, it is necessary to
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transform a larger circle of radius (10r° + 10a) with center at

(-10a, 0) using the Joukowski transformation. This results in

2a larger Joukowski airfoil of chord L - 40 r (1 + e ) and
0

maximum thickness T 30VS a. The eccentricity and the
Tmax

thickness ratio of the larger airfoil are the same as those for

the original ai-:foil. With reference to the chord of the original

airfoil, the ý3oundary of the region of disturbed inviscid flow

past the airfoil is obtained as a large Joukowski airfoil of

chord L/1 = 10

maximum thickness T/a/9 15 V- e 13c (54)

Therefore, for a 10-percent thick airfoil at zero incidence, a

far-field boundary based on the region of 1-percent inviscid-

pressure disturbance would appear as shown in the following

sketch.

A A

U

5

C C

FIG. 9, LOCATION OF FAR-FIELD BOUNDARY FOR SYMMETRIC FLOW PAST

A JOUKOWSKI AIRFOIL.

Again, for viscous-flow calculations, it would be desirable to

have the dimension A'C' increasing with streamwise distance. For

an airfoil at angle of incidence 0, T /A should be incremented
max
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by (10 sina) to account for the increase in effective frontal area

of the airfoil.

It is necessary to observe that the above analysis only

provides the location of the contour of [C plinviscid = 0.01.

This serves as a useful guideline for the location of the far-

field boundary. However, by employing the undisturbed free-stream

conditions at the location of 1-percent disturbance, the error

introduced in the results at the body surface mey exceed 1 percent.

A study was made to assess the inferences of this analysis

by computing the inviscid flow past a symmetric Joukowski airfoil

of approximately 9-percent thickness ratio (i.e., ta/& = 0.09),max/=00)

at various angles of incidence. The outer boundary for these

calculations was an ellipse of major axis 2z and minor axis 2¢=,

with the major axis aligned with the free-stream direction. The

results of these calculations are summarized in Table II. Compari-

son is made of the coefficients of minimum pressure Cp(min)I

drag CD, lift CL and moment about the leading edge CM(LE), for

various values of z. and . For each value of a studied, the

last row corresponds to the values of z. and 4. obtained on

the basis of the above analysis. It is seen that, with the far-

field boundary located in accordance with the prediction of the

foregoing analysis, the maximum error in CL and CM(LE) is about

1 percent. The maximum error in CD is about 0.02. However, the

maximum error in Cp is almost 2.7 percent and occurs forp(m.n)

0= i0 and 300. But it should be noted that, when Cp(min) has

this large error for the smallest z., ý. investigated, a major

part of this error has been already incurred at the largest

Z", €investigated.
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TABLE II

EFFECT OF OUTER-BOUNDARY LOCATION ON SURFACE COEFFICIENTS

FOR INVISCID FLOW PAST A SYMMETRIC JOUKOWSKI AIRFOIL

z./C #o/C cp,min CD CL CM,LE

OD co -0.34513 0.0 0.0 0.0
-3 5 -. 5xO

20 20 -0.34610 -0.205 xl0 -0.820 X10- -0.05 xl0

00 a 0 -0.34616 -0.196 x10- -0.083 xl0-5 +0.21 xl10"5

10 10 10 -0.34640 -0.180X07 0.06 108 0.16924

-3-5

10 4 -0.34700 -0.179 x10 -0.290 x10 _0.05 x2 0

5 2 -0.35060 -0.159 x10- 3 -0.163 x105 _0.22 xl0-

S-9.2250 0.0 1.1667 -o.2917

20 20 -9.4196 -0.0028 1.1700 o.2922

100 10 10 -9.4190 -0.0027 1.1708 o.2924I

10 6 -9.4200 -0.0024 1.1727 0.2932

10 4 -9.4390 -0.0022 1.1770 0.2949

5 4 -9.4750 -0.0029 1.1780 0.2948

co -75.550 0.0 3.3593 -0.8398

300 20 20 -77.606 -0.0186 3.3790 0.8448

10 10 -77.594 -0.0187 3.3800 0.8451
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"This indicates that, at least from inviscid-flow considera-

tions, the far-field boundary may enclose a considerably smaller

region than employea so far (z. = 1= 0 for s= 0), without

significantly affecting the accuracy of the results. The con-

clusion arrived at in Ref. 9 for the proper values of z.,

must be because of the considerably larger values computed

there for ACD and ACL for 8 = 0. With the general procedure

very similar to that in Ref. 9, the present results show much

smaller ACD and ACL. A closer examination reveals a difference

in the manner C is integrated along the body surface, to compute
iP

CD and C1 . Considering the trapezoidal rule, the integral of

C around the body contour was represented in Ref. 9 as
p

IMAX
C Ids = C g d - [f. + f (55)

P p i=2

where fi = C gi and g consists of the scale facotrs

of the transformation evaluated at the body surface s.

However, since g enters this integrL through the relation

ds = g dý , it has been found more appropriate to represent the

integral in the following form:

I MAXIC ds =IMA [C + C 1[gi + gi(56)

i=2 ' [ +C.
10 !

Experience with other problems has also indicated that the

product of terms in integrands be represented as the product of

the average values of the terms, rather than as the average 1
II

of the product.

* Here, the prefix A denotes deviation from the theoretical values.
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3. ORTHOGONALIZATION OF COORDlINATES

As mentioned in the Introduction, it is frequently desirable

to work with an orthogonal or near-orthogonal coordinate system.

Non-orthogonality 'Leads to a non-zero coefficient of the mixed-

derivative terms in the coordinate equations as well as in the
flow equations. Most numerical schemes available, even implicit

ones, treat mixed derivatives in an explicit manner. This tends

to retard the convergence rate of the numerical solution.I

Mitchell 11has discussed a second-order accurate finite-difference

representation for treatment of the mixed derivative. The

representation takes different forms depending on the relative

values of the coefficients a, b, c in the governing equations

(4-5), The further analysis of Greenspan and Jain1 relaxed

some of the conditions obtained by Mitchell. However, implementing

these representations in the implicit alternating-direcztion

numerical scheme presently emFiloyed did not lead to a gain in

computational efficiency. It is possible that this implementa-

tion of the Anixed derivative was still not fully implicit;

further work is indicated in this area. These considerations

do not arise in the case of nearly orthogonal coordinates, wihen

the mixed-derivative terms have coefficients that are nearly

zero.

An effort is made in the present work to develop a pro-

cedure for obtaining a system of orthogonal or near-orthogonal

coordinates, starting with a given non-orthogonal coordinate

system. The starting system is~ determined as the solution of

the coordinate equations (4-7) using the appropriate forcing
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function Q for the end boundaries, with consistent distribution

of the points along these boundaries. The forcing function R

must be consistent with the desired distribution of points on

the lower and the upper boundaries. Also, the boundary

coordinates must be rrthogonal at the corners.

This solution generally yields a good set of body-oriented

coordinates. However, the cobrdinate-system will not necessarily

be orthogonal because the distribution of points on the far-

field boundary may not be consistent, as regard orthogonality,

with the point distribution on the lower boundary containing

the body surface. Therefore, the coordinates must be adjusted

so as to produce an orthogonal system. For this purpose, the

streamwise coordinates, i.e., the curves of n=constant, are

retaincd. The ý-coordinates are altered so as to satisfy the

condition of local orthogonality, Eq. (20), i.e.

S+ z z =0 . (20)

Starting at the lower boundary, the r-curves are altered in a

step-by-step manner, over each An step, as illustrated below.

a •c' n'nmin +An

t=mi 1 z d ~ n

FIG. 10. STEP-BY-STEP ORTHOGONALIZATION,
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The above sketch shows two coordinate curves n = nI and

711 + An, with dots denoting the starting position of the

points obtained from the solution of the coordinate equations.

It is required to determine the positions of points such as

b , c , d , etc., such that the resulting coordinate system is

orthogonal. To locate b, for example, * and z are computed

as the average of their values at points '2' and b, using the

non-orthogonal solution along n, and (nl+A~l). Thus,

=1 (3-11 + a

f[2b

and

1 (z 3 -zl)+(z -Za)

I25b=2 2A] (57)

Next, * and z are computed from the known non-orthogonal

solution as

Tb-02 -ZbZ2 (58)I2b 1 2b A n

Then, the left-hand side of the condition of orthogonality,

Eq. (20), is evaluated to yield 62b as

6 =+ .(59)12b nj2b z 42b

If 62b • 0, the calculation proceeds to the next point along the

(nl+An)-curve, to evaluate 6 2c' 6 2d, etc., until a change in sign

is encountered by the left-hand side of Eq. (20). For the sketch

shown, this would occur between b and c for point '2'. Then, b
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is located between b and c, using linear interpolation, yielding

6 2b, = 0 and, hence, a locally orthogonal coordinate system

in the vicinity of point '2'.

The procedure is repeated for point '3' on the n 1-curve,

beginning with point b on the (nl+An) curve and, similarly, for

all points up to (rmax- A) on the nl-curve. The procedure is

then repeated for the pair of n-coordinates given by (nl+An)=
S I $

constant and (nl+2An)=constant, using the points b , c , d ,

etc., on the (nl+An)-curve. Continuing successively for all

the n-coordinates until the upper boundary n=nmax is

encountered, this will result in a coordinate system that is

locally orthogonal at all the grid points. It is to be

noted that only two-dimensional configurations can be considered

by this approach, at present.

The procedure performs best when the n-coordinates have

only convex curvature or minimal concave curvature and, in

these cases, o restriction is required on the degree ot non-

orthogonality of the starting coordinate system. However, when

the n-coordinates contain regions of large concave curvature,

the procedure may lead to cross-over of the new C-coordinates

unless the local mesh aspect ratio (Az/Af) in the physical plane

equals or exceeds unity. This requirement may be related to

the Cauchy-Riemann conditions which are more restrictive than

the condition of orthogonality [see Appendix A].
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a. Partial Orthogonalization

Situations may arise where the surface coordinate n n,

may contain a point of discontinuous slope, e.g., near the

trailing edge of an airfoil. For these configurations, it is

desirable to require the altered coordinate system to be

orthogonal everywhere except in the vicinity of the point of

discontinuous slope. In this vicinity, the coordinate curves

are required to intersect at a specified angle related to the

angle in the surface coordinate at this point. This may be

achieved by a procedure described below.

The following sketch shows a portion of the surface

coordinate n I which has a discontinuity at point C. This

discontinuity may be represented by the angle y, which differs

from W.

/nmnl~n

B C-constant

Az C D

FIG, 11. ANGLE BETWEEN COORDINATE CURVES,

In terms of surface points immediately adjacent to point C,

y = - tan-i IA/AzI • (60)

For partial orthogonalization near the point C, the angle between

the n-coordinate line through C and the n1 -coordinate should
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be y/ 2 on either side of the discontinuity. Now, the angle

of intersection between the n- and C-coordinates can be obtained

from the relation

tans - tans
tana m tan(cn-cs) -a-- - . (61)C anca tana

Noting that tana, z /z n adtnn /Zn
Eq. (60) becomes

Crz,- * /I
tana - n

t TI - Cn
i.e., tanc z z + (62)

Using Eqs. (6-7), this can be expressed simply as

tans = J/b .(63)

Since b is a measure of non-orthogonality of the coordinates,

Eq. (63) implies that b approaches zero where the coordinates are

nearly orthogonal. On the other hand, the Jacobian J is never

zero or infinite for a one-to-one transformation. Therefore, it

is better to work with coto expressed from Eq. (63) as

coto = b/J . (64)

Therefore, the partial-orthogonalization procedure consists of

defining ai,j' for each computational point (i,j) as
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f - II,j
cotcij- -[sgn(j-jc)](cot J3 eafitj Cos c fj 1 Cos fgiU

(65)

where

( -1 for (j-ic) < 0
sgn(j-jc)

+1 for (j-jc) > 0

fi,, - _1T !
i " [Imax,J z ljc

gi,j 2 (z ' z
ijo l,jc

with

1 for j < jc

{JmaJmax for j > jc (66)

The cosine functions have been included in Eq. (65) in order to
ensure comple:e orthogonality near the remaining three boundaries

of the problem. Use of the function [sgn(j-jc)]ensures that the

curves of r=constant are nearly parallel in the vicinity of the

point c. Here, jc represents the value of j at the point c.

// ,Hereafter, the procedure is similar to that described in

the preceding section for complete orthogonalization, with Eq.

(59) now being replaced by the following for partial orthogonali-

zation:

6 P,2b (cotaic )2 - (b/J (67)

where 6 is the error in Eq. (64) if the c-coordinate at point
P,2b
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'2' also passes through point b. In fact, Eq. (59) may be viewed

as a special case of Eq. (67) when cotciaj = 0, so that the

complete-orthogonalization procedure is a specialization of the

partial-orthogonalization procedure.

Finally, it should be recognized that the complete-

orthogonalization procedure outlined in the preceding section

is equivalent to that of Potter and Tuttle13 who achieve

orthogonalization by solving a Neumann boundary-value problem

between each two pairs of n=constant curves. It should be

possible to generalize the work of Ref. 13 to include partial-

orthogonalization by modifying the homogeneous Neumann boundary

conditions to nonhomogeneous Neumann boundary conditions involving

cotrj. as defined in Eq. (65).

SECTION IV

OPTIMIZATION OF NUMERICAL METHOD OF SOLUTION

The discussion in all of section 3 was directed towards

obtaining a suitable coordinate system, using as much formalism

in the procedure as possible, so as not to unduly increase the

overall computer time required for generating the desired mesh.

For example, the use of upwind differencing in generating highly

non-uniform mesh spacing, as well as the consideration of an

analytical coordinate transformation simultaneously with the

numerical transformation, may be also viewed as optimization of

the numerical method of solution of the transformation equations.

In addition, however, some measures have also been taken to
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directly optimize the numerical method itself. Two such measures

have been used previously and are described elsewhere5 These

consist of the use of an implicit numerical scheme and thej

simultaneous solution of the coupled equations (4) and (5) for

the transformation. Another important factor contributing to

the efficiency of the numerical solution is the starting

solution used for these nonlinear equations; this is described

here.

1.INITIALIZATION PROCEDURE

Frequently, no special. care is taken to formulate the

starting conditions used in an iterative numerical solution

procedure. This is based on the argument that initial errors

decay with exponential rapidity and have no significant

influence on the solution convergence. However, for complex

problems with severe nonlinearities, this has been often found

to be untrue. In these situations, true nonlinear instability

has been observed, i.e., small initial errors decay whereas

large initial errors amplify and cause the solution to become

unbounded. Therefore, in these cases, the starting solution

employed plays a significant role in the success of the overall

solution14 in general, the solution of some simplified

limiting form of the governing differential equations provides

15
a good starting solution .However, for the coordinate

equations, even this may not be necessary. The following simple

geometrical considerations lead to a suitable initial distri-

bution for the coordinates.

55



If the initialization proceeds in the direction of ih-

creasing counters i and j, the increment along a coordinate at

a given station can be madc to have the same ratio to the total

interval along that coordinate at that station as the corresponding

ratio at the preceding station. This permits explicit calculation

of the initial condition. Thus, with reference to the sketch

shown in Fig. 12,
@ij- i- iZ. - Zz- z

,j - ,J-i - ifj zi,j-1 = i-ji Z i-lj-i

IMAXj -01,j OIMAX,j-I 1,j-l zi,JMAX -Zi,l i, -zi-l

(68a,b)

Similarly, it is possible to formulate analogous expressions for

initial values based entirely on information at a station following

the station under consideration and set up the initialization to

proceed in the direction of decreasing counters i and j. Accordingly,

i•i - oi+l,j i ,j+l - oi+lj+l zij - zij+ 1  zi+lj - zi+l I+l

'OIMAX,j -1l,j OIMAX,j+l -l,j+l zi,JMAX -Z i,l zi+l,JMAX - Zi+l,l

(69a,b)

Ideally, the initial values used should be based on informa-

tion at stations preceding as well as following the station under

consideration. Thus, Oi,j should be initialized using a suitable

weighted combination of relations (68a, 69a) and z. using

relations (68b, 69b). However, only one of the right-hand

quantities would be known in this combination, depending on the

direction in which the initialization proceeds with respect to

i and j. To maintain the initialization procedure non-iterative,

the unknown quantity must be approximated in a suitable manner.
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This leads to the following simple expressions, written here for

increasing i and j.
¢iw - il0=w[i,•-i - Oi-lj-l] + (1-w Ori IJMAx - i-ltJMAX]

I•\X,)j - 01,j 0IMAX,j-1 -1l,j' 1  + (IMAX,JMAX - 0,JMAX

(70)
and

Z. -z. z -z z -z
1-z 1-3- +MAXrj IMAX,j1_1

zi• z'•i w [ziij-z-'-]- + (1-Wz[MA'-ZMX'--

z i,JMKAX -zi,1 z z i-I,JMAX z -Zi 'l, z IMAX, 7MAX -ZIMAX,I

(71)

where
'Ki-lJMAX - €i-lj z IMAX,j-I - zij-i
_ _i-I,JMAX_- _i-i,-i z IMAX,j-_- Zi-l'j-I

(72)

This procedure has been employed to provide the starting

solution for a variety of configurations, in order to test it for

versatility. For a configuration involving a simple rectangular

domain but requiring non-uniform grid-point distribution, Eqs.

(70-72) provide the final solution exactly, consistent with the

grid-point distribution specified at the boundaries. Therefore,

for this configuration, the converged solution of the transfor-

mation equations is obtained in one iteration (Fia. 13).

For a typical turbine-cascade configuration, the starting

solution provided by Eqs. (70-72) is shown in Fig. 14a; the

corresponding converged solution is shown in Fig. 14b. The

striking resemblance between the starting solution and the final
solution is responsible for the rapid convergence of the numerical i

method. In fact, this particular configuration was used as a 'I
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IMAX,

ljj i1,JMAX

FIG, 12. INITIALIZATION PROCEDURE
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test case to confirm the nonlinear-instability phenomenon caused

by large initial errors. With starting conditions consisting of

"constant values of c ana z in the interior, the solution failed

to converge.

The usefulrass of Eqs. (70-72) for an external flow con-

figuration is indicated in Fig. 15 which shows the starting

solution for the coordinates suggested for analyzing the symmetric

flow past an airfoil. Other configurations have also been i
tested by Plant 6 .

It is important to note that, in certain limiting situations ,

involving vertical or horizontal straight-line boundaries, care

must be taken to avoid possible division by zero in Eqs. (70-72).

For example, if the denominators of w or wz vanish, Eq. (72)

is appropriately replaced by

JMAX - IMAX - i
SJMAX j-l ad IMAX - (i-l)
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SECTION V

CONCLUDING REMARKS

In summary, the present study represents a closer analysis

of the numerical coordinate-transformation technique and pro-

vides important refinements in the procedures involved in

determining surface-oriented coordinates for arbitrary geome-

trical configurations. These refinements lead to a more

desirable distribution of mesh points for the finite-difference

solution of the corresponding fluid dynamics problem. The

resulting procedures are general, are applicable for internal

as well as external flow problems and become increasingly

useful for high-Re flow calculations. Thus, the study leads

to an efficient method for generating suitable surface-oriented

coordinates for arbitrary geometries.

Nevertheless, possibilities for further improvement con-

tinue to present themselves. For example, even though the

coordinate solutions converge quite rapidly for the configurations

tested, increased computational efficiency is possible with the

use of variable time-steps in the ADI method of solution for

the coordinate equations (4-7). Finally, attention is drawn to

"MA, a concern that arises in the use of a numerical coordinate

transformation in the analysis of turbulent flows. Since a

numerical mesh--generation procedure represents the body surface

by segments of straight lines, the sharp corners formed by

these line segments may lead to a distortion, in the resulting

turbulent flow solution as compared to the true turbulent flow.
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ransifrpation can serve to

numerically transform the multi-sided polygon representation

of the body surface into a single straight line1 7 . Since the

Schwarz-Christoffel transformation i

mation, the resulting coordinates may not, in general1,

"provide appropriate resolution of certain critical regions

of the flow. Use of a further numerical transformation may

SII":*" be necessary to achieve the desired resolution.

has led to significant improvements in the convergence rate of

the numerical solutions of the coordinate-transformation

equations. Most configurations tested (Fig. 1) required about

20 seconds on a CDC 6600 computer for an (11 x 41) grid to

AY satisfy a convergence criterion of less than one percent change

in the relative value of the solution at each grid point, per I
unit time. The maximum time required for any case tested in •

this study is about 80 seconds for obtaining a satisfactory

coordinate system. These computing times represent an order-

/ii of-magnitude reduction in the computer time required prior to
"'Ii,;: the present refinements.

Optimization of the grid-point distribution is necessary

in order to reduce truncation errors in the numerical solution,

especially in regioiu,; where the flow variables undergo large

"712, "gradients. For complex flows, these regions are not known

,L, aiori. Adjustment of the grid with the development of the

flow field is then necessary. A self-adjusting grid generating

procedure is therefore a desirable feature for further study.
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APPENDIX A

LOCAL ORTHOGONALITY AND LOCAL CONFORMALITY

This appendix outlines the implications of setL•Ij to

zero the coefficient b of the mixed-derivative terms in the

coordinate equations ( 4-7), i.e.,

n% + zz = 0 (A-1)

This condition can be rearranged as follows:

an D4I anaz a

or

"(Wan) [az/a
1;~~ n

Using the chain-rule for differentiation enables rewriting

Eq. (A-2) as

J/Dij(A-3)a z a n

This clearly implies that the curve 4=constant is orthogonal to

the curve n=constant. Therefore, Eq. (A-1) implies local

orthogonality of the (n,ý) coordinates.

Next, it is shown that the condition for the (n,•) coordinates

to be conformal is a special case of Eq. (A-1). Since a mapping

defined by an analytic function is conformal, z+iý and ý+in are

considered to be complex variables related by an analytic trans-

formation as
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z + io = f(ý+in) . (A-4)

Then, by definition of analyticity, the real and imaginary parts

of the mapping function satisfy the Cauchy-Riemann conditions,

so that

z = 4 and z = - 4 . (A-5)

Satisfaction of these conditions implies the satisfaction of

condition (A-i), but the converse is not true. Conditions (A-5)

place greater restriction on the transformation than does

condition (A-l). This can also be seen by observing that conditions

(A-5) imply, further, that 4 and z are harmonic functions

satisfying the Laplace equation. In fact, use of conditi~ns

*. (A-5) in Eqs. (6-7) leads to

a = c J and b = . (A-6)

Furthermore, the inverse transformation corrc-sponding to Eq. (A-4)

is also analytic and conformal. Therefore, • and n satisfy the

Cauchy-Riemann equations.

ýz TZ 1 and • z .(A- 7)

Hence, n and must be harmonic functions, so that the forcing

functions Q and R in Eqs. (1-2) must be identically zero. With

zero Q and R and with Eqs. (A-6), the inverted coordinate equations

(4-5) reduce to simple Laplace equations. This is clearly more

restrictive than desired for a general configuration where

computational efficiency and accuracy may require a highly non-
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uniform mesh-point distribution in the physical plane and,

hence, non-zero Q and R in the numerical coordinate-transfor-

mation.

68

-, , "Uj



S... .. _ -_ i J • i7 • - _ jL Mi[ -• i i• .. . .- = . .

APPENDIX B

INVERSION OF EQUATIONS (42a,b)

This appendix presents the details of the derivation of

Eqs. (46-47) which represent the inverted forms of the equations

2 2VN,s• Q VNs = R , (B-i)

where
2 1 N2 a2a2a + ,, 2 $2 a

S-S TN I + N --N DS 2 + S ý_ (B-2)

These are Eqs. (42-43) in the text. The symbols used in this

appendix have been defined in Section 3.2.1 of the text.

Starting with the functional relationships I
SN = N(n,i) and S = S(n,') (B-3)

for the numerical coordinate-transformation, the various derivatives

2appearing in the operator VN,s can be expressed in terms of their

inverted forms, as follows:

nN = S /J , N = -Sn/J ' nS = N/J S = N , (B-4)

SNN =(NA -SA)/J A = (-NnAI + SA)/J

"NN 1 - 2 NN n 2

n (NB 1 - S B2 )/ S = (-NoB1 + S B2)/J , (B-5)

where
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2 2 -/2A = (S S +S S -2S Ss)/2

A2 = (N S2 + N S2 - 2N S -S)/32

B = (S N2 + SS N2  N 2

72 2 -/2 S2 = (N n N + N N - 2N N N )/ J (B-6)

and

N n - NSn (B-7)

The derivation of Eqs. (B-4 - B-7) parallels that described in

Refs. 4 and 5. Substitution of these equations into Eqs. (B-I -

"PIT B-2) leads to the two equations given below:
,2 ,, ,2 ,,

N (N Al - S;A2) + N S + S (N Bl - S;B2 ) - S N = J hQ

and

,2 i 2 ,2
N (-NA 1 + SA 2)- N S n + S (-NnB 1 + S B2)+ S N = J h R

(B-8)

These are rearranged to yield the following form:

2 S to ,2 ,2 -A + h2
(N A1 + S B 1 - S )N• - (N A2 +S B 2 -N )S% JhQ

and
,• ,. , , 2 ,2 ' 2 B 9

.2 
-1 2

-(N A1 + S B S )Nn +(N A 2 + S B 2 - N )S h R (B-9)
2 2 n

Equations (B-9) can be viewed as two independent equations for the

two quantities in parentheses. Therefore, Eqs. (B-9) yield

2 ,2 2
N A 4S B N Jh (QN 4- PN )/(N S NS (B-l0)

2 2 T t
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and

I + B - = J h2( + RS )/(N S - N S ) . (B-lI)

Use of Eqs. (B-6 - B-7) in Eqs. (B-10 - B-11) leads to the inverted

equations corresponding to Eqs. (B-i - B-2) as follows:

,2 2 2 ,2 2 2
N (N S + N -2N s )+ S (NN + NN -2NNN)

-Ne +J h(QN + RN) 0 (B-12)

and

,2 • 2 ,2 N2 + 2 -2
N (SnS 2 + - 2SnSnS )+ S (S N + S 2Sn n N)N

fi ~ n n~ nI n Cn TI n

-2 2 i-S + J h2(QS + RS) = 0 (B-13)

The inverted equations (46a,b) in the text are simply a rearranged

form of Eqs. (B-12 - B-13) as

' h2 -2

a N + 2b N + cN -N N + hJ(QN +N) = 0 (B-14)
TInnnn

and

S + 2b S + c S S + h2  2 (QS RS) = 0 (B-15)

where a, b, c are as defined in Eq. (47) in the text.

71

~ - -



REFERENCES

1. Ives, D.C., "A Modern Look at Conformal Mapping, Including
Doubly Connected Regions," AIAA Paper No. 75-842, presented

at the AIAA 8th Fluid and Plasma Dynamics Conference,

Hartford, Connecticut, June, 1975.
2. Grossman, B. and Melnik, R.E., "The Nimerical Computation of

the Transonic Flow Over Two-Element Airfoil Systems,"

Lecture Notes in Physics, Vol. 59, Springer Verlag, 1976.

3. Moretti, G., "Conformal Mappings for Computations of Steady,

Three-Dimensional, Supersonic Flows," Numerical/Laboratory

Computir Methods in Fluid Mechanics, Editor: A.A. Pouring,

ASME Publication, 1976.

4. Thompson, J.F., Thames, F.C. and Mastin, C.W., "Automatic

Numerical Generation of Body-Fitted Curvilinear Coordinate
Systems for Field Containing Any Number of Arbitrary

Two-Dimensional Dodies," Journal of Computational Physics,

Vol. 15, 1974, p. 299.
3. Ghia, U. and Ghia, K.N., "Numerical Generation of a System of

Curvilinear Coordinates for Turbine Cascade Flow Analysis,"

University of Cincinnati Report No. AFL 75-4-17, 1975.

6. Plant, T., Private Communication, Air Force Flight Dynamics

Laboratory, Dayton, Ohio.

7. Roache, P.J., "Computational Fluid Dynamics," Hermosa

Publishers, 1976. I
8. Warsi, Z.A.U. and Thompson, J.F., "Machine Solutions of

Partial Differential Equations in the Numerically Generated

Coordinate Systems," Engineering and Industrial Research
Station, Mississippi State University Report No.

MSSUEIRS-ASE-77-1, August 1976.

9. Thompson, J.F. and Thames, F.C., "Numerical SLAution of

Potential Flow About Arbitrary Two-Dimensional Multiple

Bodies," to appear as NASA Contractor's Report.

10. Ghia, U., Ghia, K.N., and Studerus, C.J., "A Study of Three-

Dimensional Laminar Incompressible Flow in Ducts," to
appear in International Journal of Computers and Fluids,

1977.

72



S.... .. e.., ,, X 1 ... al.. ..

Equations, John Wiley and Sons, 1969.

12. Greenspan, D. and Jain, P.C., "On Non-Negative Difference

Analogues of Elliptic Differential Equations," Tech.

Report 490, Mathematics Research Center, Madison,

Wisconsin, 1964.

13. Potter, D.E. and Tuttle, G.H., "The Construction of Discrete

Orthogonal Grids," Journal of Computational Physics,

14. Ghia, K.N., "Streamwise Flow Along an Unbounded Corner,"

AIAA Journal, Vol. 13, No. 7, July 1975, pp. 902-907.
15. Davis, R.T., "Numerical Solution of the Navier-Stokes

Equations For Symmetric Laminar Incompressible Flow Past

a Parabola," Journal of Fluid Mechanics, Vol. 51, Pt. 3,

1972, pp. 417-433. 4
16. Mikhail, A.G. and Ghia, K.N., "Study of Compressible Flow

Along an Axial Corner," AIAA Paper No. 77-685, presented

at the AIAA 10th Fluid and Plasma Dynamics Conference,
Albuquerque, New Mexico, June, 1977.

17. Anderson, O.L., "User's Manual for a Finite-Difference

Calculation of Turbulent Swirling Compressible Flow in

Axisymmetric Ducts with Struts and Slot-Cooled Walls,"

USAAMRDL-TR-74-50, U.S. Army Air Mobility Research and

Development Laboratory, Virginia.

73
*U.S.Governmn.t PrIntIng Officet 1978 - 757-080/428


