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: 1
SUMMARY OF RESEARCH PERFORMED

I The purpose of this research was to determine if favorable interference

effects could be obtained from a wing-rotor Interaction system. It was

theorized by the fifth author, J. J. Murray, that when this system is In

-~~ forward flight the oncoming stream would sweep the wake from the rotor over

is the top of the wing which would increase the velocity on the wing. the

additional velocity passing over the top of the wing would decrease the

pressure and increase the lift. This additional velocity would also delay

boundary layer separation, increase the stall angle of attack,. and decrease

- the drag.

i. This final report covers the research performed from September 1, 1973

to December 31, 1977. The first two years was devoted to an experimental

investigation in the North Carolina State University Subsonic Wind Tunnel .

A wing which spanned half of the test-section width was mounted in a canti-

lever fashion from a side wall , and the proprotor was positioned above the

wing tip on a shaft which ran through the ceiling. The wing and proprotor

were instrumented separately to measure their lift and drag, and one wing

model was constructed to measure the pressure distribution . The test re-

suits showed significant increases in lift and decrease in drag for both

-- the wing and the proprotor due to favorable interference effects. Measured

~ I
t ~~• pressure distributions on the wing revealed that the inpingement of the

proprotor’s wake delayed separation and thus in~reased the stall angle of

+ the wing . A complete description of this investigation is given In the

• Master’s thesis (ref. 1) of S. 1. Griffith, fourth author. A condensed

version was presented at the AIAA 3rd Atmospheric Flight Mechanics Conference

held in Arlington , Texas, June 7-9, 1976 and appears in the proceedings of

-~~ that conference (ref. 2).

- ~~~~~~~~~~~~~~~~~~ •-~~~ . . • -.- •~ -~--- -~~~~~~ -- ~~~~~ -— -—-- .--~~~~~~~~~-— ~~~~~~~~ -. ---——— -~~~~~~ -~~~~ -.. ~~~~~~••
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The experimental investigations showed that the concept of favorable

interference with the wing-rotor system was feasible and prompted an analyti- j 
-

+ 1 cal investigation. In order to calculate the combined flow field of the
. -rotor and the wing , It is necessary to have a method which will calculate
- 

subsonic wing properties accurately and expediously. The last two years

of this research was devoted to this task.

The first author (ref. 3) developed a new lifting surface theory for

rectangular wings. The solution can also be interpreted as a vortex lattice

method; however, the optimum locations of horseshoe vortices and control

points are determined in the solution. It properly locates the tip vortices

to be inset from the wing tips which other investigators found empirically.
4.

- 
The method of solution properly accounts for the leading-edge singularity ,

• Cauchy singularity , and Kutta condition . Results were found to be more

-. accurate and converge faster than conventional vortex lattice methods. In

addition , the accuracy was found to be comparable to other lifting surface

theories, but with much smaller computational times. This method was pre-

-- sented at the Vortex Lattice Utilization Workshop held at NASA Langley

Research Center, May 17—18, 1976. A description of the technique used to

extract the leading-edge suction parameter from the solution is given In

reference 4, and it was also presented at 13th Annual Meeting of the Society

F of Engineering Science, Hampton, Virginia, November 1-3, 1976.

The first three authors extended the lifting surface theory to skewed

and swept wings (ref. 5 attached to this report). The extension to skewed

wings was straightforward; however, the midspan point of swept wings presented

a problem. A “kink” In the spanwise vortex occurs there, and the theory must

be modified in a fashion similar to that used by Multhopp In order to get a
-. 

good solution. The spanwise variation of vorticity was calculated by two 

.-~~~~~--— --~•-- .+ •• ---.-—~~~- ,~~~ -- - . - .~ — •--- -- -~ ~~~ +~~ —------ - -— •~~~~~~~-•
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1 methods, a Fourier sine series and a direct solution for the vorticity at H

• 
• T 

specific spanwise locations. Both methods yielded essentially the same

IL results for rectangular wings, but the Fourier sine series gave oscillatory
• results for the swept wing. In general , the direct method gave satisfactory

results which compared well with other methods. A condensed version of

reference 5 will be submitted to the Journal of Ai rcraft.

I ~; RECOMMENDATIONS

• It is reconinended that the analytical investigation be extended to in-

clude a rotor passing over the wing. A more accurate mathematical model of

• 
. - the wake should also be included .
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~5. I 1. SUMMARY

A new method Is developed for solving the lifting surface equation

for thin wings. The downwash equation is transformed into double inte-

• L, grals invol ving Cauchy-type singulari ties in the chordwise and spanwise

- directions. A technique developed by Lan for airfoil theory is used to

~

• reduce both integrals to a double sunination. This method properly ac-

. 

counts for the leading-edge singulari ty, Cauchy singularity , and Kutta

- 
condition . The circulation is determined by solving the matrix equation

• 
~~~. formed by requiring the downwash equatioi~ to satisfy the tangent-flow

boundary condition at specific control points on the wi ng. Two methods

were used for the spanwise variation of the circulation : a Fourier-sine

series and a di rect matrix solution which determines the ci rculation at

- - 
specific spanwise locations. These two methods were found to yield essen-

tially the same results for rectangular and skewed wings. However, the

direct matrix method gave more satisfactory results for swept wings . The

differences are attributed to the infinite downwash caused by the ‘~kink”

• in the spanwise vortices at the mldspan of swept wings. The solutions

- 

general ly compared well with other lifting—surface theories, but w ith

much smaller computational times, and the method was found to be more

- - accurate and converge faster than conventional vortex lattice methods. 

,~~~~• -+~~~~~- - - ~~~~~~~~~~~~~~ 
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2. INTRODUCTION

The motivation for the research described in this report stemed from

an experimental Investigation of a wing-rotor interaction system for heli-

copters. A complete description of this investigation is given in reference 1 ,

and a condensed version appears in reference 2. Subsc~iic wind tunnel tests

were performed to determine the interference effects of a wi ng and proprotor

on their lift and drag characteristics. A wing which spanned half of the

test—section width was mounted in a cantilever fashion from a side wall , and

the proprotor was positioned above the wing tip on a shaft which ran through

the ceiling. The wing and proprotor were instrumented separately to measure

thei r lift and drag, and one w ing model was constructed to measure the

pressure distribution . The test results showed significant increases in lift

and decrease in drag for both the wi ng and the proprotor due to favorable

interference effects. Measured pressure distributions on the wing revealed

that the impi ngement of the proprotor’s wake delayed separation and thus in-

creased the stall angle of the wing. These features made the concept attrac-

tive for future design considerations and prompted the present analytical

investigation of subsonic wings.

An analytical investi gation of a complete wing rotor flow field requires

computational methods for both the wing and the rotor. In order to calculate

the combined flow field efficiently, it i s necessary to have a method which

will calcul ate subsonic wing properties accurately and expediously. It is +

the purpose of this report to develop such a method .

Aerodynamic characteristics of wings at subsonic speeds are generally

calcula ted by vortex lattice or lifting surface methods. In the conventional

vortex lattice method (VIM) the planform of the wing is divided into a nuither

of elemental panels , and a horseshoe vortex is pl aced at the local quarter—

hr...... -- ,~~~~.. -  ~~— - •  
• - 44
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chord of each panel . The boundary condition is satisfi ed at the local three-

quarter chord of each panel by requiring the flow to be tangent to the surface

there. The strengths of the horseshoe vortices are determined by solving the

matri x equation formed from the boundary-condi tion equations. Then the aero-

dynamic characteristics , such as lift , induced drag, pitching moment, and

rolling moment are calculated by suming the results from each panel . A

• complete description of the vortex lattice method is given in reference 3.

• Vortex- lattice methods are simp ler and easier to apply to complex configura-

tions than lifting surface methods, but they are generally less accurate

(ref. 4).
• In lifting surface theories, a continuous loading or circulation in

both the spanwise and chordwise directions is used to determine the aero-

dynamic characteristics of the wing. Here, singular integral equations must

be solved which cause numerical difficulties . The load distribution is

generally represented by a double series and the coefficients of these

series are determined by solvi ng the matrix equation which results from

applying the tangent-flow boundary condition at specific points, called con-

trol points. Lifting-surface theories are discussed in reference 5.

Lan (ref. 4) developed an ingenious method for thin , two-dimensional

airfoils by using the midpoint trapezoidal rule and the theory of Chebychev

+ polynomials to reduce the downwash integral to a finite sum. This method is

simpl e to apply and gives an accurate solution to the airfoi l downwash equa-

tion. A more detailed description is given below. Lan also developed a

quasi-vortex lattice method for finite wings by using his airfoi l method

for a continuous chordwise vortex distribution in the spanwise direction .

The results showed an Improvement over the conventional vortex lattice

method . An additi onal improvement was found emp i rically by Hough (ref. 6)

when the lattice was inset 1/4 of a lattice width at the wing tips .

- ~•-~~~~~~ • • • —~~ -_ •-- ——•- • ---- ~~~~~ - _ ——~~--~~~~~~ - • -- -~~ ~-~.-_ —- ~~-•
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I DeJarnette (ref. 7) developed a new lifting surface theory for rectan-

gular wings which uses Ian’s continuous chordwise vortex distribution but,

I unlike Lan, a continuous spanwise vortex distribution also. Although the

vortex distributions are continuous, the method is easily interpreted as a

vortex lattice method in which the arrangement of horseshoe vortices and

I ~ control points are determined from the solution rather than chosen like the

conventional vortex lattice method. It properly locates the tip vorti ces to
1. be inset from the wing tips like Hough (ref. 6) found empirically. The re-

• sui ts were found to compare very closely with other lifting surface theories ,

but the computational time was only about 1/10 of the other methods. The

results were more accurate and converged much more rapidly than the vortex

- - lattice method of reference 3. A description of the method used for ex-

tracting the leading-edge suction parameter from the solution is given In

• reference 8.

The lifting surface theory given in references 7 and 8 apply the down-
- 

wash integral in the form involving Cauchy singularities rather than the

- 
Mangler singularity form which is usually used in lifting surface theories.

i. Consequently, difficulties are encountered when the same method is applied to

- non-rectangular planforms. This report develops a generalized lifting sur- +

face theory which can be applied to wings which are skewed, swept, or tapered,

• 
~: yet it retains the same accuracy and simplicity as the method given in

references 7 and 8.

~ 1
~ 1



1 3. SYMBOLS

A parameter defined by eq. (7.13)

F A’ parameter defined by eq. (7.26)

unknowns in the downwash matrix

A5 parameter defined by eq. (6.10)

• Ask parameter defined by eq. (6.14)

A1 parameter defi ned by eq. (8.12)

‘ X.~ parameter defi ned by eq. (B-3)

• A2 parameter defined by eq. (8.19)

• -  AR aspect rati o

7 b wi ng span

B parameter defined by eq. (7.14)

B’ parameter defined by eq. (7.27)

- • .  B
~ 

parameter defined by eq. (6.11)
- Bsk parameter defined by eq. (6.15)

B1 parameter defined by eq. (8.13)
- 

parameter defined by eq. (B-4)

82 parameter defined by eq. (8.20)

c wing chord

mean chord of wing

CR wing root chord
- • 

cT wing tip chord

~. 
CTL left wing tip chord

• - cTR right wing tip chord

I. CL sectional lift coefficient

• C1 wing lift coefficient

• • “~~ -•-—-- — 

_
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I 6

I C1 lift curve slope, per radian

1 Cm sectional moment coefficient

C,,~ wing pitching moment coefficient, about leading edge
-- at midspan

C~ leading edge sucti on parameter

d parameter defined by eq. (7.10)

parameter defined by eq. (7.23)

e parameter defined by eq. (7.11)

e’ parameter defined by eq. (7.24)

- f parameter defined by ew. (7.12)

f’ parameter defined by eq. (7.25)

G parameter defined by eq. (5.8)

F KjjkL parameter defined by eq. (6.13)

KL parameter defi ned by eq. (8.18)
• ijk L

parameter defined by eq. (8.16)
• - ijkL

f 1. KR parameter defined by eq. (8.11)
ijk&

• KR parameter defined by eq. (8—2)

KRC parameter defined by eq. (8.9)
ijkL

mLE tan ALE +

mTE tan JLrE
tan ~~ - tan ALE

M number of spanwi se vortices

n sunmiational integer

1. N number of chordwise vortices and control points

$ wing planform area

- 

u,v parameters for Integration by parts, see eq. (7.4)

VIM vortex lattice method

_ _ _
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J VI, freestream velocity

w downwash velocity , positi ve upward

WL downwash velocity induced by the vortices on left wing panel
-. WLC downwash velocity induced by the left vortex filament at the

wing midspan

I i WR downwash velocity induced by the vortices on right wing panel

WRC downwash velocity induced by the right vortex filament at
- - the wi ng midspan

- x chordwise coordinate measured from leading edge in direction
of V

~- . 
X parameter defined by eq. (6.9)

Xac wi ng aerodynamic center location
1+. y spanwi se coordinate on right wing panel , positive to the right

spanwi se coordinate on left wing panel

Y parameter defined by eq. (7.8)

parameter defined by eq. (7.21)

parameter defined by eq. (7.9)
F Y~ parameter defined by eq. (7.22)

z~ verti cal coordinate of mean camber line

a angle of attack
+ 

r I. y non-dimensional circulation per unit chord

F ci rculation

4 parameter defi ned by eq. (9.18)

ii non-dimensional chordwise coordinate, see eq. (6.2)

e transformed chordwise coordinate

F A wi ng taper ratio

• 

A
LE leading edge sweep

A
TE trailing edge sweep

• transformed spanwi se coordinate on right wing panel

I 1 -
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1 8

transformed spanwi se coordinate on left wing panel

— •~ transformed spanwise coordinate for entire span, see eqs. (8.2)
and (8.3)

- Subscripts

I chordwise control point, see eq. (4.7)

t 
~~~
. j  spanwise control point, see eq. (5.14)

k chordwise vortex point , see eq. (4.6)

£ spanwise vortex point, see eq. (5.13)

j • LE leading edge of wing

TE trailing edge of wing

- 1.

! !i
I

I ~~

-
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1 4. LAN’S NO-DIMENSIONAL THEORY

For thin ai rfoils , the dcwnwash equation is

~~~~~~~~~~~ c
j S. wi = _ . f ’ ~~~_~~~ . (4.1)

The Integral on the right side is of the Cauchy type, and the integrand

has a singulari ty at x1 = x1. Transform the x coordinate by

- 

x/c = (1 - cos 0)12 (4.2)
+ 

and use the following resul t from airfoi l theory (ref. 9)

do

.. J cos e1
!cos o 0 (4.3)

to wri te eq. (4.1) asI a.

— 1 ~ ~~°1) 
sin 01 do1 ~ 

‘~ [y(e 1) sin 01 — 

y( o) sin 0] do1w1 — 

~~ 
j cos 01 — cos e — 

~~ 
j cos 01 

— cos o
0 0

Now the singularity In the integrand has been removed because the numerator

- approaches zero at the same position (ei 
= e) that the denominator

approaches zero.
.. Lan (ref. 4) used the theory of Chebychev polynomials to show that

-N2 for 1 = 0
N 

_ _ _ _ _ _ _— =  0 for I ~ 0, N (4.5)
k_1 CO 0k I

N’ for I = N
when the vortex positions are

= 
(2~~ 1)ii 

, k = 1, ..., N (4.6) 

- -——~~~~~~~ •• -~~~~~~ •~~~~~~~ ~~~~~~~~~ - + • -- -‘-•-~~~ 
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1 and the control points are located at

T O
i *. , i = 0, 1, ... , N . (4.7)

T~ Then the integral in eq. (4.4) can be reduced to a finite sum by using the

• t 
midpoint trapezoidal rule (ref. 4) and eq. (4.5) to obtain

1 ~ 
N rk sin 0k - sin

• 
Wi 

= - 

~~~ k~l 
C05 0k - COS

• 
• - ~ lim -y(e) sin 0 , I = 0

040

N Yk sin O
= - 

~k k~1 ~~ 0k - ~~ 
+ 0 , I ~ O,N (4.8)

lim y(e) sin 0 , I = N

However,
- 

lim y(o) sin 0 = 4 CS (4.9)
040

where C~ is the leading-edge suction parameter and since the Kutta condition

• I 
requires that y (w) = 0,

lim y(o) sin 0 = 0. (4.10)

Unlike the conventional vortex lattice method, the Cauchy singulari ty,

leading-edge square-root singulari ty and the Kutta condition are properly

accounted for in this method. Equation (4.8) can be solved wi th I p~ 0 to

I. obtain the N values of 1k’ and then the leading—edge suction parameter can

be computed by using eq. (4.8) with I 0 (control point at the leading

edge). Figure 1 illustrates the positions of the vortices and control

points by the “semi-ci rcle method” for N = 2. Wi th only one vortex

(N — 1) on a flat plate, the exact lift and leading—edge suction are ob-

I tam ed, and the Kutta condition is satisfied. With two or more vortices

___ _ _ _ _ _ _ _ _ _  - •--- ~~ - -- — - -~~~~~
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the exact pitching moment is obtained in addition to the above properties

and the calculated y are exact . It can be shown that the remarkable

accuracy of this method Is due to eq. (4.5), whIch is similar to the inte-

gral result given by eq. (4.3) and used in exact thin aIrfoil theory.

— 7 5. PRANDTL’S LIFTING-LINE THEORY

Before developing the lifting surface equations for skewed and swept
— 

~~. wings, the technique for performing the spanwise integration will be

tested with Prandtl ’s lifting-line equation. The lifting-line equation

is given by ref. 9 as

b/2
r n v c [a~~ 4

i
v j  

~~~~~~~~

(

dy
1

)] 
(5.1)

1 ~~ b/2 
1 1

This equation has a Cauchy type integral on the right side , and therefore

+ 
the method used by Lan for the airfoi l is appl i cable. In reference 7 the

+ Ii • 
spanwi se coordinate was transformed by the “semi-circle ” method

.~~ 
y = - ~- cos • (5.2 )

and the ci rculati on r(~) was represented by Multhopp ’s interpolation formula

which is a Fourier sine series. Then Lan ’s airfoi l technique was used to

solve equation (5.1). The results were found to be identical to the classi-
.• cal solution of Prandtl ’s lifting-line equation (ref. 9).

When using the Fourier sine series for r In eq. (5.1), the series

must be differentiated and the accuracy of the resulting series is ques-

tionable. Instead of using a series for F, values of the derivative of r 
•

at discrete spanwise locations will be calculated here. When treating

swept wings in Chapter 7, It will be necessary to divi de the spanwlse

~
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.1 integratIon range into a left-wing panel and a right-wing panel . There-

fore, for the analysis here the spanwl se coordinate wi ll be transformed

by applying the “semi-ci rcle” method to each wing panel separately. As

I ~ shown in Appendix A, the transformation given by eq. (5.2) is replaced
• by the following:

1. y = 
~~ 

(1 - cos •) for y > 0 (rIght-wing pinel) (5.3)

L and

. • 

= - 
~~~ 

(1 - cos ~
) for y < 0 (left-wIng panel) (5.4)

The downwash integral in eq. (5.1) can be divided Into a contrIbutIon

from the left-wing panel and right-wing panel .

w~~~w,, + w
- j  ,

~~ 
L~

and for Yj > O~
i.

WR = - 4irV 
~~2 

~~ ( y y j  = - 4~y (cos 
~~~~~~ ~

) (5.6)

and

0 — 0 —
— 1 1 dr 

_ _ _ _ _  
1 4 ( d r d~1

:1 
WL~ 

- - 4w~V,0 -b32 ~ j Yi~ 
* - 4~V , ~ J dij (2 - cos - cos ~ y

Note that eq. (5.6) has the Cauchy-type singulari ty but eq. (5.7) does not

I have a singularity In the integrand because yj > 0 and the Integral covers
the left-wing panel where < 0. With

drG(s) — (5.8)

a wing syninetrically loaded about the midspan line (y — 0) will have 

- •~~- — ~~~~~---~~ • -



and thus equation (5.7) can be written as
1

= 
.

~ 

G(~1) d~1WL wV~b 
~ 

(2 - cos - cos +1) (5.10)
S. U

Now replace eqs. (5.6) and (5.10) with the midpoint trapezoidal rule

-

+ sunination to get

1 
_ _ _ _ _ _ _ _WR 

- V~,bM &l (cos & - cos +~) 
(5.11)

I . and

V~bM 1 (2 - cos - cos ~
) (5.12)

These two equations represent the downwash due to trailing vortices located

at

= •~ 
= 
(2& 

;14
1)1r 

, ~ = i, .. ., N (5.13)

with control points located at

= 
~~~~~~~, 

j = 0, 1 , ... , 14-1 (5.14)

Since the downwash is expressed In terms of the unknown G
~ 

= (dr/d$)
~
,

it is necessary to express r In terms of G before a solution to eq. (5.1)

can be obtained. Noting that r = 0 at the wing tips, replace r by

ii r (s) • J ~~~~~
— d~1 (5.15)

,

-- -- —-- •—-••——~~-•-a—~~~ • - -  -
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j and approximate the integral by the midpoint trapezoidal rule to get

-r

- -

Finally, substitute eqs. (5.11), (5.12), and (5.16) into (5.1) to obtain

~ 
G~ cos - cos - cos - cos

= -ctVj L (5.17)
I_ i

Apply eq. (5.17) at the spanwise locations •.(j = 0,1, . . . ,  14—1 ) to obtain
3

a matrix equation for the M values of GL(L = 1, ... , M). Then the aero-

- - dynamic coefficients can be calculated by reducing the spanwise integrals

to a finite sum through the midpoint trapezoidal rule. For example, the

lift coeffi cient Is given by

- -  
2 

bf2 b 11

CL = ~~ J 1’  ~y1 = j— J F sin •i d~1 (5.18)

~ i. Integrate the right side by parts to get

V,,,,b r dr 1
CL = —s-- [r.0  - J ~~~~~

— cos •l d$
1j 

(5.19) -
•

Replace the right side by the midpoint trapezoidal rule to get

ii 
~~ 

[ j1 G~ 
- GL cos (5.20)

Other aerodynamic coefficients can be calcul ated in a similar fashion.

_ _  ~~~~~~~~~ - - ~~~~~~- •  —~~~~~ -••- -~~~~~ - - -- - - - - 
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1 6. LIFTING SURFACE THEORY FOR RECTANGULAR AND SKEWED WINGS

1 The downwash equation from lifting surface theory (ref. 10), in

- 
the Mangler integral form, Is

S. 
—

1 
y(x 1,y 1) I x-x1 1w(x ,y) = 

~ (y-y1)2 [
~ 4~~x1)2+(y-y1)2 j dx1 dy1 (6.1)

Eq. (6.1) can be generalized to include skewed wings with taper by trans—

forming the Independent variables from x,y to n,y where

x-x (y)
, ~~~~~~. LE

- is the nondimenslonal chordwIse variable (0 < r~ < 1). Thus ,

x = x~~(y) + n c(y) (6.3)
.L.

and eq. (6.1) becomes

+ t I
_______  

x-x1 1— w(~ ,y) = 
~~ 

2 ~~~ dn1 dy1 (6.4)

- .  where x = x(n y).

Equation (6.4) Is not a Cauchy—type integral due to the term (y-y 1)
2

in the denominator. In order to apply Ian’s two-dimensional method for

~

- the chordwise integration and the lifting-line method for the spanwise

• • integration, eq. (6.4) must be transformed Into a Cauchy-type integral

form. To make this transformation, it is necessary to define the geometry
- • 

and coordinate system of the skewed wing as shown in figure 2, and then

integrate eq. (6.4) by parts In the spanwise di rection.

- •  ~~~~— -~~~~~~~—— --•~~~~ - ‘—-—S-— - - -——s- -- -
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I T
Defining mLE tan ALE. mTE tan ATE, and Am vn.~ - mIE, the geometry

is descri bed by

x.
~~

=y m.
~~

+ c R (6.5)

c(y) = xTE - xIE

= yAm + CR (6.6)

where CR = I A~ = AR~~~X+1~~~ 

, and A =

Substitute eqs. (6.5) and (6.6) into eq. (6.3) to get

x = y m ~~+ flIyA m + c~] (6.7)

Substitute eq. (6.7) into eq. (6.4) and integrate by parts In the spanwise —

direction. The downwash equation then becomes

1 b/2
w(~,y) = - 

~ ~b~2 

[a(-rc)) 
~~ [i + 4-] 

dy1 dii1 (6.8)

where

X= (A~ + 1) (y..y1)
2 

+ 2A
~ 

B
~ 

(y-y 1 ) + B2 (6.9)

and A
~ 

= mLE + n1Am (6.10)

B
~ 

= (n
~

fl1)(CR + yAm) (6.11)

Equation (6.8) contains Cauchy-type integrals , and it is therefore

in the form to apply Lan ’s technique . Wi th y = —b/2 cos $ and n = ( l — cos 0) 12 ,
replace both integrals In eq. (6.8) with the midpoint trapezoidal-rule sum

to get 

--~~~~•~~~~~~~~- - -- - - - - - -
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- 

- I
— M N ~cj K •sin e• -1 n w  R lj kz k (6 12W1 j 4wM H 

~~~~~ k l  k,t •~~05 $
j

T where

1 + 
/(A~k+1)(cos +t COS •~)2 + 2Ask B$k (cos •~ - cos •)~ +

- 
(6.13)

and

I. Ask = mLE + (1 - C05 Ok ) (6.14)

Bsk = (cos 0k - cos oj)( A~ — cos •~
) (6.15)

S.

- - The control points are located at

01 , I = 1 , ..., N (chordwi se) (6.16)

- - 
and

= 4
~
,f , 3 1 , ..., 14—1 (spanwise) 

• 

(6.17)

i• and the integration or vortex points are located at

= 
( 2k- 1)~r k = 1, ..., N (chordwise) (6.18)

• 
(2&~l~)w 

, ~~ 1 , ... , M (spanwi se) (6.19)

The spanwlse variation of 
~~~ 

at the chordwise point 0k is represented

- 
by a Fourier sine series

y C  M-1L~~~ Ak f l s i n n $  (6.20)
CR n=l



-~ _ -  ~~~~~~~~~~~~~~~~ - ~~~— -  —.~. ,-~~ —: 1 
18

~
. I where Ak,,~ are unknown parameters.

I Substitute eq. (6.20) Into eq. (6.8) to get the final form of the down-

I -

-
+ N N M-1 A, •n.cos (n+ ) K  sin e

- 
= 

-11 ,
~n L ij kt k

• 1. 1 ,3 4ARMN t - 1 k 1  n—I cos $~—cos •~ 
.

F ~
- The tangent flow boundary condition for thin wings requires that

= (
~

) - a (6.22)

where z~(x ,y) Is the shape of the mean canter line. The N(M—1) values of

- -  
Akfl are calculated by applying eq. (6.21) at the chordwise and spanwise

control points given by eqs. (6.16) and (6.17) and solving the resulting

- • matrix equation. For rectangular wings , only the odd values of n are

needed because synmietry properties make the even coefficients zero.

However, it Is necessary to calculate the Ak,n for both odd and even values

- 

of n for the skewed wing since the spanwise variati on of circulation is

not syninetric. After the Ak are calculated , the circulation Tk are

determined by eq. (6.20). Regardless of the number (N) of chordwlse vor-

tices used, there is always a control point at the trailing edge whi ch

satisfies the Kutta conditi on.

The sectional and wing aerodynamic characteristics may now be calcu-

lated by using the midpoint trapezoidal rule to reduce the integrals to

finite sums, as shown below.

(CL) = = y
3

(x 1) dx1 
~ k~1 ~~~ 

sin 0k (6.23) 

~~~~~~~~~~~~~~~~~~~~~~~~ •. • ~~~~~•~~~~~~~~~~~~~~~~~ • 
••

~~~~
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I b/2
= C~ C dy/S “

~~~~~~ ~ 
(Ce ) [1 - cos +~

] sin (6.24)
I -b/2

C N
(Cm) 

= y
3 (x 1) x1 dx1 

~~ k~1 ~k ,3 (1 - o~) sin 0k (6 25)

} b/2 
2 14-1

= 1 Cm c~ dy/Sc ~~ ~l 
(Cm) (1 - cos °k~ 

sin 0k (6.26) —

-b/2

( ~~~ 
(Xac /c)3 

= 

~
(Cm/c,) (6.27)

Xac/~ 
= _CW CL (6.28)

~

7. LIFTING SURFACE THEORY FOR SWEPT WINGS

The downwash equation for tapered wings , eq. (6.4) , is

w(n,y) = 

~ 
c(y1) [+ 4X1)2+(Y~Y1 )~

] 

d~1 dy1 (7.1)

where x = x 1~(y) + qc(y) . (7.2)

It is important to note that eq. (7.1) is restricted to planforms with con-

- 
ttnuous vortex lines . The geometry of the swept wing does not allow con-

— 
- tlnuous vortex lines in the spanwise di rection because of a kink at the

- mldspan, as shown in figure 3. Therefore, for the swept wing , eq. (7.1)

is applied separately to the right wing panel and left wing panel.

Eq. (7.1) is of the Mangler integral form and must be integrated by parts

to obtain the Cauchy-type integral forms which Is necessary to apply Lan’s

j

- - —-_--—•- -  -~~~ ----rn + - 
_
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rnanerlcal method. The total downwash at (n,y) on the swept wing is, there-

fore, composed of the contribution from the left and right wing panels.

i~ b~2 y(ri ,y ) r x-x 1• w(n,y) = 
1 1 1 c(y ) Ii + 1 

1 dy dn

~ L / x_ x1
2+ y_y1 2j 

1 1

1 ~ ~ ~
( 
~ ~~ — r

+ 2 c(y1) I~ + I 

~~l 
d~ (7~3)

‘ 6 -b/2 (yy 1) [ [(x_ xi)
2+(y_~1)2j

where x = x(n,y) and x1 = x1 (n 1,y1). Note that y1 and are the spanwise

integration points for the right and left wing panels , respectively, and

y is the spanwise position of a control point. Due to syninetry, control

points are needed on one wing panel only, and the right wing panel is used

here.

Considering the integrals in eq. (7.3) separately, the first integral

is integrated by parts in the y1-dIrection , holding n constant, with y1 > 0
. . and y > 0, as follows:
• b/2 b/2 b/2
- • udv = uv - vdu (7.4)

where

u yc and du = dy1 (7.5)
1

1 1 x-x 1 1
dv 2 ~ + — I dy1 (7.6)

&
~~1) [ /(x-x1)2+(Y_Yi)2J
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V = y1y1 L~4] (7.7)

I ~ The intermediate parameters are defined as

- • 

V = d(y-y1)2 + e(y-y1) + f (7.8)

I Y0 =dy2 + ey+f (79)

• 
d = A

2 + 1  (7.10)

e = 2 A B  (7.11)

1. f = B 2 - 

- 
(7.12)

A = mIE + Am (7.13)

- -  B = (n_ri l )(cR + yam)) (7.14)

mLE = tan ALE (7.15)

I -.
AM tan ATE - tan ALE 

- 

(7.16)

. • 
Therefore, the spanwise part of the first integral is

b~2 
udv = ~~ 

Y(nl’Y~~y;
(Y l) 

[1 +

- ~ 
b~2 E~1 y~y1 [ + 4~j dy

1 
(7.17)

The ci rculation y at the wing tip, y1 
= b/2, is zero. Integrate eq. (7.17)

In the chordwise direction to obtain

-j 

- - - - - - •  ~~~~~~~~~~ - - - ~~~~•-~~~~~~~~~
_ • _ + - -~~-— —-— - -- + • - _ • - - - _ - _ - - - - - - -~~~- - - - - - - 



fl ~-~~ - •v -.~~ r f l T %T’ • - t  — ~~~~~~~~ -••“•+--••—••-_ .— —•— .—— -•-—- •_ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~ - - . _.

r ~~~~~~~

- -— -— - - — -- ---
~~~

——— -- - - - -

1:1 22

I j  
WRC(flIY) + w~(nPy) - 

~~~~~ ~ 
C R [+ 

~~
- 

1 

~ 
b~2 

@~c)1 y1y1 [ 
+ dy1 dn 1 (7.18)

I • - 
where W

RC and are the downwash components for the right wing panel

- corresponding to the first and second integrals on the right side of

- 
eq. (7.18). The term WR is the downwash from the vortices distributed

- over the right wing panel , while the term wRC is the downwash from a
- 

vortex filament positioned at mid-span (y = 0).

Now, integrate the second integral term in eq. (7.3) by parts In

the ~1-directIon, holding n constant, with < 0 and y > 0, as follows
• 0 o 0

+ 
.. udv = Uy ( - f vdu (7.19)

• -b/2 -b/2 -b/2

where u yc and du 
[
~..(Yc~
] ~~

- 1 x-x1
• 

- dv E 2 Il + 
______________  I dy1 (7.20)

~~~~ L /(x-x1)
2+(~-ST1)2]

v= — 1 +
y-y1

The Intermediate parameters are defined as
- 

V = d’(y-~1)
2 + e’(y-~) + f’ (7.21)

- •  Y~~= d ’ y2 + e ’y + f ’  (7.22 ) 

-— --• -~~~~—~~•• _-~~~~~~~~~ -- - • - - _ -
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= (A ’)2 + 1 (7.23)

e’ — 2A’B’ (1.24)

-~~ f’ (B ’)~ (7.25)

A ’ — - Afl
~~~l 

- m~ (7.26)

B’ - [2mLE + Am (n+~1)] y + (n-n 1) CR (1.2 7)

Therefore, the spanwise part of the second integral term is

0 , —
‘ ~~~~~~~~ ,— .—,0

- I — 1 y’.n1 ,y1~ ~~~ ~ 
judv y-~1 

+

- 

~J2 
[~&~ ~~~~~~ 

[i + 4~] ~~i (7.28)

Again , the circulation at the wing tip, 7~ = -b/2, Is y = 0. Integrate

- 

eq. (7.28) in the chordwise di rection to obtain

w1~(n~y) +w~(n,y) = +~~~~~~~~~~~~~~
C

R ~~ + “~
] dn1

- 

~~~ ~J2 
[a(~

c)] 

~~ l 
[+c ~ ~~ 

dn1 (7.29)

- 
where WIC and WI are the downwash components for the left wing panel corres-

- pondlng to the first and second integrals on the right side of eq. (7.29).

The term WI Is the downwash from the vortices distrIbuted over the left

wi ng panel , while the term wIC is the downwash from a vortex filament
positioned at mid span.

• • •

~ 

____ ~~~~~~~~~~~~~~~~•. .•
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1 The total downwash at (n,y) for the swept wing is now determined

by substituting eqs. (7.18) and (7.29) Into eq. (7.3):

-- w(n ,y) wRC(n,y) + WR(fl$y) + WLC(fl,Y) + WL(fl,y) (7.30)

It should be noted that the two integrals at mid span have the property
~~~

. 
that

u r n  (W RC + w1~
) = _°‘

y + 0

ThIs infInIte downwash at the mid-span of a swept wing is a result of

the kink In the vortex lines across the center line. Treatment of this

problem as pertaining to the present method will be discussed in Chapter 9.

- - The solution for the swept wing was performed by two different methods

which are described In Chapters 8 and 9.

8. SWEPT WING SOLUTION WITH SERIES FOR y DISTRIBUTION

Similar to the skewed wing , the spanwlse circulation distribution Is

- 

represented by a Fourier sine series. The circulation at the chordwise

• position Xk = ~ (1 — cos Ok) is defined as

- - = 

M~l Akfl sin n$1 (8.1)
R k n—l

where y1 - -~ cos $ , and from Appendix A, for the right wing panel ,

• $1 
— cos~ 

[.
~
. (cos l 

- 1)] - (8.2)
R

and for the left wing panel

$1 = cos~ [
~- (1 - cos i.~

) (8.3)
- I

_ _ _ _ _   - - -
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I and Akfl are the unknown coefficIents.

Defining “‘LE :~ 
ALE. ‘STE tan ATE, Afli 11

~TE - n1LE

C
R ~~ 

. and A ~ — , consider each wing panel separately. The

1.
- 

downwash integrals for the right wing panel are given by eq. (7.18).

Substitute eqs. (8.1), (8.2) and the transformed variables (see Appendix A)

— 
~~~ (1 — ~~ ~l

’
~ 

y1 > 0 (8.4)

y = 
~~~ (1 - cos •) y 0 (8.5)

= 
~~ (1 - cos Oi) - (8.6)

11 = .
~
. (1 — cos e) (8.7)

- .  

into eq. (7.18) and apply the midpoint trapezoidal rule to get the downwash
from the right wing panel as

— —1 N M-1 Akfl sin f~ Jsin 0k K
• - 

wRC — AR(l+~)N k=l n—i (1—cos $~) RCijk (8.8)

I.. /~ 
(A2+l)(l-cos $ )2+A1B1(1-cos •where 

~RC 1 + B (8.9)

C 
13k 1

and

- - 
14 N 14-1 Ak n.Cos L I I1. wR1 3  

= ZAR(1+X 111 L*1 k~l nL ~~~ L~~
°S 

n;k :~ 
KRIJk

R

(8.10)

[

_________ -



I I  
_ _ _ _ _ _ _ _ _ _

/~ (A~+l)(cos ~L...COS • )
2+A181(cos •~

-cos • )+B~
— 

~ 1 with KR 1 + (8.11)
IjkR. 1

and

-

~ 

A 1 
— “LE + (1 - cos ek) (8.12)

B1 
= (cos 0k - cos ei) 

[~
(~+A) 

+ (1 - cos .j)] (8.13)

The downwash Integrals for the left wing panel are given in eq. (7.29).
- .  

Substitute eqs. (8.1), (8.3) , (8.5)-(8 .7), and the transformed variable

j i (see Appendix A) -

= 

~ ( cos 
~ 

- 1) < 0 (8.14)

~ 
~~

- into eq. (7.29) and apply the midpoint trapezoidal rule to get the downwash

from the left wing panel
-

-~ I
- 

.. 
N 14—1 A .sinl!!!.).sin e

wLC1 3  
= AR(1+A)N kL n~1 

kn
(l .C05

2
,) 

k KLCIJk 
(8.15)

/ ~ 
(A~+1)(1-cos •.)

2+A2B2(l-cos qi~j )+B~- where K,, 1 + B (8.16)
~ Ij k 2

~ 1.
- .  and
I ~ N N 14—1 “kn fl Cv~ ‘Vt sin e sin $

~WI 2AR(i+A)NM t~l k~l n~1 
(2-cos 

~~~
c0s (

~~) sin

K1 (8.17)
ij kt

- • - - -— •- - ~~~~~~~~~~~ - - ~~~~~~~~~ - - - - -~~~~~~~~~ - - --~~~~~~~~~ 
- - -- -
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I where K.L
j  ljki. B2

r (8.18)

- - and

A2 - + 
~~ 
(1-cos Ok)] (8.19)

B2 = EmLE + ~~ (2-cos 0k~~
05 01)](l—cos •.)+ AR(i+X) (cos Ok~COS e~)

(8.20)

L !.
- - . The control points are located at

= 4j. ~ I = h ...~~~ N (chordwise)
, L

and

= , j = 1 , .. ., M—l (spanwise) (8.22)

and the “joint” In the horseshoe vortices are located at

I. 0k 
= 
(2k-l)n 

, k = 1 , ..., N (chordwise) (8.23)

and

•
~ 

= 
, A = 1 , .. ., 14 (spanwise) (8.24)

- The downwash equation for the enti re swept wing is then

wRC1 3 
+ WR1 3  

+ wlci 3 
+ wLi j  

(8.25) 

~~~~~~~~~~~~~ - -- —-~~~~~~~~~~~~~ - - - -~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -- -~~~~~ -~~~~



F- -—-

~~~~~~~

-_. - - , •_— -

~~~~~~~

-

I 28

I Using the tangent flow boundary condition for thin wings given in eq. (6.22),

N(N-l) val ues of A
kn 

are calculated by solving the matrix equation formed by

-
• applying eq. (6.22) for the chordwise and spanwise control points given by

eqs. (8.21) and (8.22). It is worth noting that there Is always a control

- 
point at the trailing edge which satisfies the Kutta condition . The sec-

tional and wing aerodynamic coefficients can be calculated by using the

- 

midpoint trapezoidal rule to reduce the integrals to finite sums as shown

- in Chapter 9.

9. SWEPT WING SOLUTION BY DIRECT MATRIX SOLUTION FOR y

— As will be di scussed in the results , the Fourier sine series for yC/CR
has instabilities in the soluti on which resul t from an infinite downwash

- 

at the wing centerline . To obtain a more stable solution , an alternate

method Is developed which sol ves directly for the spanwise derivative

• of circulation at the integration points. Thus , the unknown parameters

in the matrix equation are defined as

H
R~ (9.1)

and similar to eq. (5.16) the circulati on at mldspan is

M

Tk ,4=0 - 
ii J1 Ak,L (9.2)

- 

The matrix equation will now contain N(M—1) equations with NM unknowns. Wi th

N(M—l) control points of eqs. (8.21) and (8.22), N more control points are

- needed to obtain a solution. It Is known that -~~— is finite at y = 0, +

3y1
- 

thus since y1 ~
. (1 - cos 

~~~ • ---~~~--—- - ----~~~~----~~-- - -~~~• - -
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I 
____________________= u r n  lim fL b = finite (9.3)ay1 y=0 •~ 

+ 0 l y1 +1 
-
~ 0 1 sin l

.~~ therefore, = 0 which gives N more boundary conditions.

- 

Define mIE tan ALE) mTE tan ATE, ~~ = ‘8TE - mIE = AR~A+1 ~

C
R 

= , and A -
~~-- . Each wing panel is considered separately. The

- 

Cauchy singulari ty resulting from a control point being applied on the

- .  
wing centerline is treated in Appendix B. The downwash integrals for

- - the right wing panel are given in eq. (7.18). Substitute eqs. (8.5)-(8.7)

and eq. (9.2) into- the right wing center integral term, and replace the

integral with the mi dpoint trapezoidal-rule sum to get

N M A sin o
wRC1 3 AR(l+A)NM k~l ~ 

(1...cos K~~13~~ (9.4)

/ ~- 
(A~+l)( l—cos •4)+A181(l—cos +4)+B~where KRC 1 + (9.5)

• u k  B1

and A1, B1 are defined in eqs. (8.12) and (8.13) respectively. Substitute

eqs. (8.4)-(8.7) and eq. (9.1) into the right wing panel integral term,

and replace the integrals with the mi dpoint trapezoidal—rule sum to get

M N A sin e
wRu j  AR(i÷A)NM L~l k~l co~

t
.t_cos

k
+j 

KR13,~ 
(9.6)



,/ ~~ 
(A
~
+1)(cos-$

~
-cos p4)2+A181 (cos • -cos

where K,, ~ 1+  .‘
“Ij kt B1

(9.7)

and A1, B1 are defined in eqs. (8.12) and (8.13), respecti vely.

Considering the downwash terms of the left wing , eq. (7.29), substi-

tute eqs. (8.5)-(8.7), and eq. (9.2) into the left wing center Integral

term, and replace the integral wi th the midpoint trapezoidal-rule sum to

get

N TM A 
~
51tI O

k
WIC = 

AR (i+x)NM k~1 Ji (i cos •) 
K1c (9.8)

here K = 1 + ~~ 
(A~+l)(l-cos q~.)

2+A2B2(l-cos •~)+B~

+ - 

W IClik B2 (9.9) 
•

( 1. and A2, B2 are defi ned in eqs . (8.19) and (8.20), respectively. Substitute

eqs. (8.5)-(8.7), eq. (8.14), and eq. (9.1) into the left wing panel inte-

gral term, and replace the integrals with the midpoint trapezoidal-rule

sum to get

M N A ~~~~~~~~~~~~~

W1 
= 

AR(1+x)NM L~1 ~ 
(2 cos~~~cos~~] 

KL (9.10)

/~.(A
2+l)(2...cos • -cos • )2+A2B2(2_cos • -cos •where K, 1 + — -j 2.

‘ij kt B2
(9.11)

- —~~~~~~~~~~-•~~~~~~~~ -- —--- -~~~ - .- — - —  - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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and A2’ B2 are defined in eqs. (8.19) and (8.20), respectively.

j The control points are now located at

61 
= 

~~~~~~~~ , I = 1 , ... , N (chordwise) (9.12)

and

• . = , j = 0, .. ., 14—1 (spanwise) (9.13)

and the “joint” in the horseshoe vortices are l ocated at

~~~

. 
0k = 

L )  
, k = 1 , .. ., N (chordwise) (9.14)

- and

- .  •2. = , £ = 1 , ... , M (spanwise) (9.15)

- The downwash equation for the entire swept wing is then

- W
1 3  

= wRC + WR + WLC . 
+ wL (9.16)

• .3 ‘3 1 ,.) .3

Using th.e tangent flow boundary condition for thin wings, given in eq. (6.22),

N(M-1) equations are generated for control points corresponding to

I = 1, .. ., N and 3 = 1, ..., 14 - 1. When 3 = 0, eqs. (9.4) and (9.8)

are singular. The limit of (W RC1 3  
+ WIC1 ~

) as •~ + 0 is approximated by,

(see Appendix B)

- 

- 14 N k 1
~~”’LE~ 

4
~¼i-cos °i~~ 

1
(WRC + w

IC
)
1 3,,0

= 
~~ ~~ 

~~ 61 sin 0k L ~~ ok
_cos 0i 

- 
amj

(9.17)
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~ +1 if (cos o - c o s O )> O
where 61 = (9.18)

1. —1 if (cos Ok~COS Oj) < 0

~

- - 
This limi t is actually infini te when ~m ~ 0 and flIE ~ 0, and zero when

Am = 0 and mIE = 0. Equation (9.17) generates N more equations if applied
- 

- when I = 1 , ... , N and S = 0. Thus, having NM equations and NM unknowns,

- the A~ are calculated by solving the matrix of NM equati-ons. It is ctgain

- 
worth noting that there is always a control point at the trailing edge

which satisfi es the Kutta condition.

The sectional and wing aerodynamic characteristics may now be cal-
- 

- culated by using the midpoint trapezoidal rule to reduce the integrals to

-: •• finite sums as shown below (for swept wings)

t ~~

.

vu - I Au (9.19)
-- ,

~,J ‘-‘ t=j+1 ~
X TE N

- - (C 2.) 
= ~~ J y

3
(x 1 ) dx1 = 

~ k~1 
1k,j sIn 0k (9.20)

• - XIE

- - 

CL 
= 

~ 

(C2.) c(y)dy 
(ARAm + th) ~ C2.) + 

~ k~1 i1 Akt sin ek cos
+ An~R 

~~ k—
fl Jl 

Akt sin 6k sin (9.21)

XTE N
(Cm) = - c(y} 

x[E 

y
3

(x 1 )x 1dx1 ~k k~1 ~k3~
1 cos Ok) sin 0k (9.22)



= 

~~ 
_::: 

(Cm) c2 (y)d ,y 
[

~~R + (l+Ai] [(Cm)

— 2 ’ I  k~1 ~~ 
Akt (1—cos Ok) sin 0k COS si]

- 
AmAR 

NM k~1 ii 
A.,(2.(l-cos Ok) sin 0k ~~“ - 

-

(9.23)

- - 
10. RESULTS AND DISCUSSION

10.1 Prandtl ’s Lifting line Equation

Figure 4 illustrates the convergence of this method compared with

the Multhopp series (Fourier sIne series) method of reference 7 and the

conventional VIM (ref. 3) for C1 of a rectangular planforms with an as-

pect ratio of 2w. Prandtl’s lifting lIne theory requires trailing vor-

ttces and spanwise control points , but no chordwi se control points are

j U needed because the theory assumes the downwash Is constant in the chordwlse

di rection. Therefore, the control points are placed on the “bound” vortex

for both methods . In this way , the accuracy of the spanwise vortex arrange-

ment can be observed without the infl uence of the location of chordwise

control points . Figure 4 shows that the present method converges very

quickly and approaches the correct limit as does the Multhopp series

-

‘ - method. Figure 4 shows that the conventional VLM converges slowly and C1
does not appear to approach the correct limit when the curve Is extrapolated

to an Infinite ntiiiber of trailing vortices, 14 + (1/14 + 0).

-— - - - - - - - - --•-- ~~-- ‘ ---—--~~
-
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Figure 5 shows the distribution of circulation over the span for a

variation of the number of traIling vortices . The circulation distrIbution

remaIns virtually unchanged as the number of vortices increases from 14 = 2

t o M = 1 O .

— 

j 10.2 Skewed Wing

Table I gives a comparison of the results of the present method wi th

the conven tiona l VLM , (ref. 3), for two skewed wi ngs with ALE = 30° ,

A — 1.0 and AR = 1.0 and 1.5. The vortex lattice method is applied for +

4 chordwise and 12 spanwise integration points . The results for the VIM

- - are linearly interpolated to correspond wi th the present method results.

This table shows that the spanwise variation of the sectional life co-

efficient compares reasonably well wi th the VIM. The spanwise lift

distribution Is illustrated in Figure 6 for AR = 1.5. The distribution

is non-syninetrical which is characteristic of skewed wings.

The lift-curve slope is slightly lower than the VIM although the two

are In good agreement. The moment coefficient and aerodynamic center

location compares reasonably well wi th the VIM for the AR = 1.5 wing ,

but the compari son Is poor for the AR = 1.0 wing.

10.3 Swept WInq

The downwash equation for the swept wing yields an infinitely large

downwash at any spanwise location where a discontinuity, or kink , exists

in the spanwise (bound) vortex lines (ref. 11). For the linear taper

swept wing , a kink exists at the centerline ( y = 0) resulting in an in-
fini tely large dowewash at y = 0, which is unrealistic. This infinite

downwash at the centerline causes computational problems wi th the di rect- 

•
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I matrix method because control points are located at y = 0. As di scussed

-r In ref. 11, the mathematical model of eq. (9.1) is not accurate at the

mtdspan of the swept wing. One way to resolve this problem too Is to round

~ the leading and trailing edges near the midspan point. However, the

infinite downwash does not appear directly with the Fourier sine series

- .  method since no control points lie on the wing centerline. On the other

hand, It does cause serious instabiliti es in the solution as the number
- of spanwise control points increase because control points are approaching

y = 0. The rectangular wi ng presents no problems for the method wi th

respect to the infinite downwash at y = 0 since no kinks exist in the

- 
spanwise vortex-lines and hence no infinite downwash.

Table 2(a) and Figure 7 give a comparison of the results of the

Fourier sine-series method to those of the direct-matrix method for a
- 450 swept wIng of AR = 2.0 and ~ = 1.0. Figure 7 shows an increasing

- 

oscillation of the sectional lift coefficient in the spanwise direction

- 
for the Fourier sine-series method. This oscillati on is attributed to

- the control points near the centerline of the wing being affected by the

• - infinitely large downwash at the centerline , thus introducing a numerical
- instability into the solution . It is signifi cant to note that the direct-

matrix method yields a very reasonable spanwise variation of sectional

- lift coefficient. Table 2(a) shows that the lift curve slope for the

sine-series method and the direct-matri x method compare very closely,

but both values are slightly lower than the l i f t  curve slope calcul ated

by the VIM (ref. 3).

Table 2(b) gives a comparison between the lift curve slopes for the

di rect-matrix method and the VIM for a 450 swept wing with taper ratios

of 0.0 and 0.5 and aspect ratios of 2.0, 4.5, and 7.0. The present method 

- - - - - --
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j gives very unsatisfactory results for C~ for swept wings with taper.

The error In C1 increases as the taper ratio decreased from 1 to 0.

The error is attributed to the infinite downwash at midspan, and a
satisfactory solution would require rounding the leading and trailing

-
~~ edges near midspan as done in reference 11.

10.4 Rectangular Wing

The terms in the downwash equation which causes the infinIte down-

wash at y = 0 for the swept wing vanish in the case of constant taper

and zero sweep. This result Is expected since the rectangular wi ng has
- 

no kinks In the vortex lines. Table 3 presents the results for a

rectangular wing, AR = 2. Table 3(a) gives a comparison of the results

of the Fourier sine-series method to those of the direct-matrix method

- - for the variation in the spanwi se sectional lift coefficient. The two

-. methods are In very close agreement. This adds basis to the hypothesis
- that the spanwise oscillati on of the swept wing sectional lift coefficient

using the Fourier sIne-series method is attributed to the infinIte down-

- 
wash at y = 0, which causes numerical instability in the solution.

- - Table 3(b) shows that the direct-matrIx method yields a variation of

sectional lift coefficient very close to that of reference 7. Some di f-

ference in the two methods may be as a result of the quadratic Interpola-
- .  

tion method used to obtain the comparable sectional lift coefficIents.

Table 3 also shows that the direct matrix method gives the same overall

- aerodynam ic coeff icien ts a~ those in reference 7. The results for the

overall aerodynamic coefficients for the Fourier sine-series method do not

compare as well as the direct matrix method. The major difference between

the present methods and the method of ref. 7 is that the present methods

L 
- _ _ _ _ _
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I I I apply the semi-circle distribution of control points and integration

points over the two half spans and the method of ref. 7 applIes the semi-

circle distribution over the whole span.

10.5 CompressibIlity Effects

A1.1 of the results given in this report are for incompressIble flow.

- - 
Subsonic compressibility effects may be incl uded very simply by applying

.~~ the Prandtl-Glauret rule (ref. 3).

1 . 10.6 Computational Requirements

The examples computed herein were all performed on an IBM 370/165

computer. Typical cases for the lifting surface theory required about 
I 

-

~H
t 20 seconds of CPU time.

1~
11. CONCLUSIONS

The following conclusions are drawn from the present Investigatton;
- 1. The new liftIng-surface method developed herein was found to compare
- well wi th other lifting-surface theories , but wi th much smaller
1 computational times.

2. This new method is more accurate and converges faster than conven—

tional vortex lattice methods.
— 3. For skewed and rectangular wtngs, the results using the Fourl er—slne

series for the spanwise varIation of cIrculation are essentIally the

same as those using the direct matrix solution .

4. For swept wi ngs , considerable differences were found in the results +

- 
using the Fourier-sine series as compared to the di rect matrix solution.

The Fourier-sine series method was found to give an -oscillatory solution

_ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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J for the circulation, and the ampl itude Increased as more terms were

T Included in the series. The direct matrix solution was found to

give more satisfactory results.

5. The basic equation used In lifting surface theories gives an infinite

I 
downwash at the mldspan of swept wings. This singulari ty in the

~ :. equation is caused by the “kink” at mldspan in the spanwlse vortices,

and the effects of It can be minimized by positioning control points
I away from the midspan position. Another alternative is to round I

the leading and trailing edges near midspan , thereby elimi nating the

kinks in the spanwise vortices .

L

- I -
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APPENDIX A

— I Transformations for Swept Wings

— The present method uses the “semi-circle” coordinate system for the

spanwise and chordwise direction. The “semi-circle” method is applied
1-.

- - 

separately to the right and left wing panels for the swept wing because

of a kink at the midspan, (see figure A-i). The transformation from

(~ ,y) to (e ,+) Is made by introducing the transformations:

- Chordwise Direction

n = ~(1 - cos e) control point (A-l)

-.  
-~-(l - cos 01) vortex point (A-2)

where

e 0 at n = 0 (leading edge)

- 
0 11 at n = 1 (trailing edge)

Spanwise Direction -

i_ .

- 

Right—Wing Panel : - y 
= 
~.(1 - cos •) control point (A-3)

- y1 
= ~.(1 - cos vortex point (A-4)

where

- - •=0 at y = O

$ = w  at y = ~~ 

-~~~- — - -.------- -—- --
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~~~~~

-•

~

-- -

~~~~~~~~~~ 

~~~~~~~~~~~~~~~ 
•- - - 

~~~~
- - —

~~~~~—- ~~~~~~—~
--- —~~~-~~~

Left-Wing Panel : 37~ = ~.(cos •l 
- 1) vortex point (A-5)

where

- at

at

The control points are only applied to the right wing panel because of

I syninetry, thus, eq. (A-3) appl ies for the left wing panel integration

-
, also.

.! For the case where circulation is represented by a Fourier sine

series, it is necessary to transform the half—span “semi-ci rcle” coordinate
+ 

- . system into a full span “semi-circle” coordinate system. This is accom-

pu shed by defining for the right wing panel

~

-

. 

cos~ [~~cos ~ 
- 1)] (A-6)

where

- •~ 
=
~~~~ at ‘ l °, y = 0

= it at +1 
= ~ y = + 

~~
.

I -  R

and for the left wing panel

+1 COS (~(l ~~ 4k,)) (A—7)
I

where

at 1 0, y 0
I

0 at ~ 1
- i r, y = - ~~

I
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I ~ APPENDIX B

Singulari ties at Midspan of Swept Wings

- 
1 - Singularities occur in eqs. (6.21) and (6.33) when y +y1, y

- 
and y + 0. These Cauchy singularities are treated using Lan ’s approach

(ref. 4). The downwash equation for the right wing panel in integral

I
w w If ~j l 

-

WR 
= - ~ 

•~ 
do1 ~~ (B-i)

,,4(~~+1)(cos +1-cos •)
2+K1~1(cos +1

_cos
where ç~~~i+  

~ . (B-2)
Dl

+ 
and

- .  A1 = 01IE + 1 (1 - cos O
i
) (B—3)

I ~ ~l 
(cos o1-cos e)[AR(~+A) +— (1-cos (B-4)

• ~~
- Integrating (B-i) In the spanwise di rection

ra~ 11
1 

_ _ _ _  

KR(
~
,
~i

) d+1 
~~~~~~~~~~~~~~~~~~~~~ 

d
- ~~ [~~~~~i ] (cos •1—cos s ) = 

cos •1—cos + 
+1

Ii [a(~~)]

..K
R 2wM [~,~~ -1k ~ 

=

M 3+

I - 
P1 L 1  t~~°~ •~ 

+ 0 i 0 (B-5)

0 , j z M

I 
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where

t2

~~

l)w 
, £ = 1 , ..., M (spanwlse) (8-6)

and

= i.! , j = 0,1, .. ., 14 — 1 (spanwise) (B—7 )

It Is known that ~L_ is finite at y = 0, thus since y = 
~
. (1—cos • ),

3yi

(

~~~

)
y=

~ 
= 
,~:m0 ~~~~~ 

= 

.~~
m
0 k b s~n +~ = finite

therefore

(B—8)

This shows the extreme right side term of eq. (B-5) to be zero when j = 0,

thus eq. (8-5) becomes

~ çi~ii I ~~~ K
1’ 1 I ~R~I ~~~~~~~~~ — ~ L~ +~ J RljkL (B-9)

- ~~~~~~ J (cos $1-cos +) — M cos +L~
COS •~

where 
_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

/
l(A~+i)(cos •~-cos •~)

2+A1B1(cos +,-cos +~)+B~
- 

KR ~~1 +  B (8-10)
ij kL 1

Therefore, replacing eq. (B-u ) by the midpoint trapezoidal-rule sum to get

the downwash from the right wing panel

L _____________
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1
14 N A •sin o

WR — —11 ~
. 

~ 
k& k (B 11)

i,i 
— 

AR (i+X)NM £ l  k~l cos +~~
cos +~ Rfj kL 

-

U where
1~Ii.cfi

ii Ak 
L~~

R
ij (B-12)

The signi ficant result is that eq. (B-li) applies for control points

j = 0, .. ., M - 1, giving NM equations with NM unknowns.

It can be shown similarly by using Ian’s method for treating Cauchy

singularities that the downwash from the left wing panel is

-- M N A sin e
= AR(1+XJIIM J~ k~l 

(2-cos +L-cos •~ 
(B 13)

where ~ + 

4(~~+i)(2-cos •~-cos $~)
2+~~B2(2_cos +L-cos

- ijkL 2
(B-l4)

and the integration points and control points are given in eqs. (8-6) and

(B—7) respectively.

The center integral terms of eqs. (6.21) and (6.33) have a singul arity

as y + 0. Add the center Integral terms to get

wIC + wRC 1 ~~~~~~~~~~~~~~~~~ 

~~~~ 

- d~1 (B-15)
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The limi t of this equation as y + 0 is

+ u [ In— n~I In n11 1... u r n  (WIC+WRC) = ~;f 
i(~i,0)[2Mi ( J  - 2 IE

.IMI
~

) 
(~_~ )2J 

Ii
i 
(B-i6)

where rj = ~(l—cos o), dn~ 
= 

~~
- sin 01 do1

Consider the integral

- ~ In—T 11 1 ~ I cos 81—cos e~
(~~ u )

2 d~1 = (cos 01-cos e)~ 
Sin 0 1 do1

sin 0~ ~ sin 01 do 1
= lim Ll C05 01-cos ~ 

do1 - cos e1-co~ oJ

= lim 
~ ~ og sin (o — 

~-~) - log sin

- si~ 0 fto~ 
sin ~-c - log sin (e +

= -
~~ (B—17)

Thus, the downwash at the center y = 0 is infinite for a swept or tapered
A wing. Note, however, that when mILE 0 and Am = 0, i.e., a rectangular

wing , the limi t of eq. (8-16) is zero.

j  
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I For computational purposes, eq. (B-l6) Is replaced by the midpoint

trapezoidal rule sum to get

(w RC~~IC) 
~~ 

Z 
~ 

Ak~ 
6~ sin 0k 

[2(~~~
+ 
~~~

1-co: Oi )) 
-

where

- ~+i if (cos 0k - cos e~) > 0 (B-iS)

- 
L— 1 if (cos 0k - cos o~) < 0 (8—19)

L

~

I

I-
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I TABLE 1. Results for Skewed Planforms
ALE 3O , A l.O, AR=1.5 and 1.0

* Values of CL/CL

- AR=l.5 AR=l.0

VLM VIM
- 2y/b Present (ref. 3) 2y/b Present (ref. 3)

-

- 
. 

- N=4, 11=12 N=6, 11=40 
________- N=4, 11=12 N=6, 11=40

0.9659 0.3517 0.4032 0.9659 0.3390 0.3884

1 + 0.8660 0.6742 0.6908 0.8660 0.6528 0.6683
- 

0.7071 0.9416 0.9423 0.7071 0.9184 0.9185
0.5000 1.1339 1.1258 0.5000 1.1172 1.1085

+ 0.2588 1.2408 1.2276 0.2588 1.2363 1.2227
- - 0 1.2620 1.2464 0 1.2698 1.2544

- -0.2588 1.2032 1.2003 -0.2588 1.2186 1.2042
- -0.5000 1.0718 1.0608 -0.5000 1 .0880 1.0778

-0.7071 0.8748 0.8719 -0. 7071 0.8869 0.8850
- 

- - 
-0.8660 0.6209 0.6331 -0.8660 0.6274 0.6406

- 

—0.9659 0.3230 0.3682 -0.9659 0.3252 0.3715

- 

Overall Values

Present VIM Present VIM

C1 1.9629 2.0057 CL 1.4399 1.4736

-CM 0.4120 0.4417 -C14 0.2581 0.1546

Xac/c 0.2048 0.2202 Xac/c 0.1793 0.1049

I
L. - ~~ 
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TABLE 2. Results for 450 Swept Wing

AR=2.0, x=l.0

I Values of C~/C~

— 
_______ 

11=4, M= 12 _
(a) 2 ‘b Sine Series Non-Series

Method Method

0.0170 1.1515 1.1550

- - 
0.0670 1.1595 1.1623

+ ~

- 
— 0.1464 1.1699 1.1719

0.2500 1.1794 1.1775
0.3706 1.1547 1.1660
0.5000 1.1557 1.1250
0.6294 0.9611 1.0430

i_~ 0.7500 1.0740 0.9130
- .  0.8536 0.4839 0.7349

0.9330 0.7937 0.5152

- - 
0.9830 0.0749 0.2655

- Overall Va lues of CL

Sine Series Direct Matrix VLM
Method Method (ref. 3)

1. 2.2544 

- 
2.2586 2.265

- (b) Swept, Tapered Wing
IE

11=4 11=12 CL

Direct Matrix VLM
• 

AR A Method (ref. 3)

2.0 0.5 2.6463 2.4408
4.5 0.5 3.6774 3.3690
7.0 0.5 4.0393 3.7013
2.0 0.0 9.3418 2.3606
4.5 0.0 11.7134 3.4779

~ 

— - ~~~
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1 TABLE 3. Results for Rectangular Wing

I 

AR=2.0

t Values of CL/CL
L.

- a) Comparison of Fourier Sine-Series b) Comparison of Direct Matrix Method
Method to Direct Matr ix Method to Method of Reference 7

I 

- 

11=4, 11= 8 

______ 

11=4, 11=8 
_________

- Direct Matrix
2 ‘b Sine Series Direct Matrix 2y/b Method Method ofy, Method Method (Interpolated) ref. 7

0.0381 1.2535 1.2539 0 1.2543 1.2543
0.1464 1.2424 1.2437 0.1951 1.2301 1.2335
0.3087 1.2000 1.2023 0.3827 1.1640 1.1706
0.5000 1.1028 1.1059 0.5556 1.0576 1.0651

- 0.6913 0.9324 0.9358 0.7071 0.9126 0.9171
0.8536 0.6820 0.6850 0.8315 0.7237 0.7290

- - 0.9619 0.3618 0.3636 0.9239 0.4997 0.5084
. 

0.9808 0.2575 0.2618

- Overall Val ues

- 

Sine Series Direct-Matrix Method of
Method Method ref. 7

C1 2.4733 2.4732 2.4732

I -C14 0.5143 0.5187 0.5187

- xac/C 0.2079 0.2097 0.2097 
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-b/2 -b/4 0 b/4 b/2

[1 FIGURE A-I. Chordwise and Spanwise “Semi—Circl e” Transformations.
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Figure 1. Lan’s vortex arrangement for airfoils.
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t- i:

Q VLM (ref. 3)
- - 0 Fourier-Sine-Series (ref. 7)

~~ Present Method
- 14 No. of Spanwise Control Pts.

4.6

4.4

4.2 
0 0.1 0:2 0.3 0.4 0:5

1 /M

- 

FIGURE 4. Convergence of C1 Predicted by Three Methods of Solving

Prandtl ’s Lifting-Line Equation , Rectangular Wing , AR 2w. 
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