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SEALED BID AUCTIONS WITh NQ~-ADDITIVE BID FUNCTIC~S
*

by

Richard Enge lbrecht -Wiggans~~

Abstract

A traditional sealed bid auction of a single item sells the item
at the high bid price to a bidder with the highest bid . Such an auction
may be used to auct ion several items ; each b idder submits a bid on each
item and each item is sold to a high bidder on that item. Implic it in
this traditional schema l.a the assumption that the bid for a set of items
is the sum of the bids on the individual items: there are instances where
this restriction appears unreasonable.

This paper considers a more general sealed bid auction in which
bids are submitted on all possible subsets of the items. The items are
partitioned among the b idders to maximize revenue, where each bidder pays
what was bid on the set of items actually received. In general, the set
partit ioning prob lem is an extremely difficult  integer prograutn ing prob-
lem, and there are two alternatives. The “greedy” and “sequential auc t ion”
heuristics are shown to result, at least for some examples, in very sub-
optimal solutions. However, a class of slightly less general auct ion
problems is presented for which optimal solutions may be calculated rela-
tively easily; suggesting that some for m of general sealed bid auct ions
may be appropriate in some situations.

~~~~~~ work relates to Department of the Navy Contract N000l4-77-C-0518’
issued by the Office of Naval Research under Contract Author ity NR 047-006 .
However, the content does not necessarily reflect the position or the
policy of the Department of the Navy or the Government, and no official
endorsement should be inferred.

The United States Government has at least a royalty-free, nonex-
clus ive and irrevocable license throughout the world for Government piw-
poses to publish, translate, reproduce, deliver, perform, dispose of , and
to authorize others so to do, all or any portion of this work.

~~Par ta of this research are based on portions of m y doctoral disserta-
tion (4], submitted to the Department of Operations Research at Cornell
University. I wish to thank my thesis advisor, William F. Lucas, for
his encouragement and Professor David C. Heath for stimulating my interest
in auction. with non -additive bid functions .
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The traditional sealed bid auction of a single item sells the item

to a b idder with the highest bid . Such an auction may be used to auction

several iteme ; each bidder submits a sealed bid on each item and each

item is assigned to a bidder with a high bid on that item. Implicit in

this traditional sealed bid auction is the assumption that a bidder ’s bid

for a set of items is the sum of the bids on ii~dividual items.

There are many instances where the restrict ion that bids be addi-

tive appears unreasonable . One examp le is a recent sale of offshore land

for oil and gas exploration and development. There is considerable un-

certainty about how much oil and gas is under any site and thus bidders

are subject to considerable risk.

It seems reasonable to expect smaller oil companies to be more

concerned about exposing themselves to a certain level of risk than a larger

oil company, and that smaller companies must therefore somehow “hedge”

their bide . Indeed, a recent Congressional Stud y [3] found that “it is

with respect to the low interest, unpromising tracts that the smaller

oil companies did the best” and that “in contrast , with respect to the

high interest tracts, small companies won out over the majors in only 5

of the 52 tracts.” This suggests that smaller companies “hedged” by either

bidd ing only on less promising (lower expected value) site. or by bidding

relatively small amounts for the more promising sites.

Any email company not “hedging” their bide subject. itself to the

possibility that it will be awarded “too many” sites. In the actual sale,

Conoco (which is cons idered a small  company) was awarded 1O.5Z of the

total lease area ; this is second only to the area awarded to E~ocon. How-

ever, soon thereafter, Gulf bought an interest in seven of the tracts

___________ ________ - -- ———-———— —.——. - - — —~—-- _________
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awarded to Conoco. This suggests that Conoco may have been awarded “too

many” sites, thus forc ing the sale of some of the award . This example

suggests that it is not so much that “sale to oil firms are ‘rigged ” as

one newspaper head l ine stated [9], but that the trad itiona l sealed bid

auct ion is not well suited for allocadng certain items .

One alternat ive is a very general sealed bid auction scheme sug-

gested independently by several individuals, including Heath (7] and

vickrey (14]. This scheme allows bidders to submit bids on each possible

subset of the collection of items being auc t ioned . The auctioneer assigns

items to bidders to to maximize the revenue resulting from the auction ;

each bidder pays the amount bid for the subset of items actual ly  assigned

to that bidder . This genera l sealed bid auction would allow small oil

companies to “hedge ” by bidd ing relatively low on large sets of sites

even though they may bid competitively on smaller sets.

As appealing as the scheme sounds, there are several difficulties.

The first is that b idders must specify a large nuther of bids. However,

th is prob lem may be reduced if bidders let ~heir bid s be a function of

bids on very small sets ; for example, a b idder might apec ify bid s on large

sets by using the sum of the bids on individual items and then correcting

thi, value by some fraction which reflects the size and /or riskiness of

the large set . Thus, this d i f f i c u l t y  seems surmountable.

A more serious d i f f i cu l ty  is that the auctioneer must solve a set

part it ioning (or , alternatively, a subset selection) problem wh ich is 1a~own

to be , in general , an ex tremely difficult mathematical problem. Although

branch and bound algor ithms have been studied [1], there is no I~~own tech-

nique for solv ing large problems of th is class in a reasonable nwther

of calculations. For small pr ob lems (for example, five b idder. and twenty

— - 
-.--- -. ~~~~~ -“—.-~~~—-- —----— ---.~-— ~~ - - — — -,~~--~-~~~~- —
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items) it may be cons idered feas ible to solve the integer program us ing

dynamic progranining . For larger pr oblems , such an approach is impossible

since the number of calculat ions required increases exponentially with

the number of items to be auctioned .

The mathematical problems are not necessarily insurmountab le .

No alternatives exist . One might cons ider an approximate solution to

the integer program by some relatively simple heuristic if the heur istic

a lways results in a solut ion with a value relat ively c lose (with respect

to the particular set of items being auctioned) to an optimal answer.

In such cases , the inefficienc ies of the heuristic may be smaller than

the “inefficiencies” of alternative auct ion schemes .

A second alternative is to use any structure which might be present

in a given situation. For exa mple, in an auction for treasury bonds, it

may be reasonable to assume that bidders are concerned only about how

many (rather than which specific ) bonds they are awarded ; the bid s should

be a function only of the s ize of the subset of bonds . Us ing such struc-

ture, it m ay be possible to calculate optimal assignments relatively simply.

The first  section of this paper introduces the notation used later,

and defines the prob lem and the generalized auct ion scheme . The scheme

is illustrated by a s imple example .

No heuristics for solving the integer program are defined and

considered in the second section. The “greed y” heuristic is a commonly

applied heurist ic  for solving integer programs and results in opt ima l

solut ions to knapsack problems related to the coin changing problem [2],

(8], (10), [ i i ].  However , the greed y heur istic is quite poor at obtain-

ing opt ima l solut ions to set -part i t ioning problems of the type ar ising

from th, generalized auction (4),  (5], [6], [12], [13]. Even if the bid 

—. - -V-..-- — - —- -  — — —~~ —-- ~~--—~--— - - — -  — _______
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functions are of a somewhat restricted form, the greed y heuristic may do

as poorly as 1/rn of the opt ima l solut ion va lue (where m is the number

of goods to be auctioned). Thus, the greed y heuristic is in general an

unlikely cand idate for ob taining “good ” approximate solutions.

An alternative to the greedy heur ist ic, is the very similar ‘se-

quent ia l auction .” However, an example illustrates that this heuristic

is too inefficient for serious consideration. This result has implica-

t ions beyond the schemes usefulness in solving set partit ioning problems;

the result suggests that certain auctions wh ich are currently conducted

sequent ially would res ult in a greater total revenue if cond ucted as

generalized sealed bid auctions.

Although the heuristics considered are not in general satisfactory

for solving the set partition ing problem arising from the generalized

sealed bid auction, the third section g ives some more encourag ing results

for cases in wh ich the bids funct ions have certain specia l struct ures .

If each b idders bid funct ion is a function only of the number (rather

than which specific) items, then an opt imal assignment may be calculated

quite simply using d ynamic programing. If in addition, the bid func-

tions are such that each addit iona l item has a decreasing marginal value

to each bidder , then the greedy heuristic results in an opt imal solut ion .

Thus, there are relatively simp le solut ion techniques for solv ing the

set parti tioning problem aris ing from auc t ions of homogeneous sets of

items ; possibly includ ing treasury bonds , gra in futures, j unked cars,

and prod uction capac it y of a mach ine shop. The section conc ludes by men-

t ioning a s lightly more general case of bid functions where dynamic pro-

graming may be used to solve problems ‘with some divisible items .

- . 
~~~~~~~~~~~~ ~~~~~~~~~~~

—
~~~~~~
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1. Pr ob lem Statement

Let a set N ~ (1, 2, ... , ml of m items be auctioned among

n bidders by the following scheme . Each bidder i submits a sealed

b id vi(si) for each subset s~ of N • The auctioneer then assigns

(or “sells ”) the items according to a partit ion a 
~~i’ ~2’ •• •‘  s~ )

of N wh ich maximizes Z
~~~

vi(si) over all possible partit ions . Finally,

each b idder I pays the correspond ing vi(si) for receiving the goods

S
i

Numerous minor mod ifica tions to this scheme are possible . An ar-

bitrar ily negative bid v~~(s~~) migh t be used to ind icate that player

doe s not wish to bid on the subset s~ ; or the auctioneer may specif y

reservat ion pr ices (below which an item will not be sold ) by partic ipa t-

ing as a bidder and submitting appr opriate bids. The results will be

independent of many possib le such minor modifications. It should be noted

that this paper completely ignores the question of how the bidders decide

what bids to submit ; the paper assumes that the bids exist and studies

the resulting set partitioning problem to help determine for what classes

of real pr oblems the generalized auction scheme is practicab le .

The following example illustrates the auction scheme.

Examnpl. Let there be two b idders for three items , and let

s — 0 (11 C21 C31 (l,2j [1,31 [2,31 (1,2,31

v1(s) — 0 10 11 12 17 18 22 28

v2(s) — 0 9 12 13 18 19 20 28

The unique revenue maximizing partit ion in example 1 is ((2 ,3), [11)

selling items 2 and 3 to the first b idder for 22 units and selling item

— — ‘-- . .— _,-~~~~
__

~~~~
__•

~ 
-- . 

- ~
—.- - .- -

~
-- ___ ___&_~~~~
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1 to the second bidder for 9 units results in a total revenue of 31.

Although the reven ue maximizing assignment is unique in this example,

in general there may be several revenue maximizing assignments; this

paper makes no attempt to decide wh ich non -unique assignment should be

used.

2. The “Greedy” and “Sequent ia l Auct ion” Heur ist ics

A heurist ic  often cons idered in solv ing integer programs is the

“greedy” heuristic. In the context of the prob lem being discussed , the

greed y heur ist ic assigns items one by one until  all items have been as-

s igned . The heuristic first assigns the single item j to a player i

such that vi(j )  is maximized over all poss ib le pairs of I and j

The heuristic next assigns the item wh ich has the maximum marginal value,

where the marginal value of item j  to player i when player I has

alread y been assigned the items in s~ is v j (siU J )  - v1(s1) . This

las t step is repeated unt il all items have been assigned ; the step is

repeated a total of m t imes .

The greed y heuristic may result In a suboptima l solution . For

examp le, apply the greed y heuristic to example 1. First, item 3 is as-

signed to the second bidder . ~~. ~~, s ince v
1
(2) exceeds v

1
(l) ,

v
2
(l,3) - v3(3) , and v

2
(2,3) - v2 (3) , the heuristic assigns item 2

to the f i rs t  bidder . Finally, since v 1(l , 2) - v 1(2) is equal to

v2 (1,3) - v2 (3) , item 1 may be assigned to either bidder . Either assign-

meat results in a total revenue of 30 units ; this is less than the opt ima l

31 units .

In general, the greed y heur istic may do much worse. If the v1(1,2,3)

of example 1 1. lncreaaed to 1,000,000 wh ile all the other b ids are as 

~~~~~~~~~~~~~~~~~~~~~~~~~ 
- - -- — .— -— -—-—. - 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ — 
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before, then the opt imal assignment is to assign all three items to the

f i rs t  b idder , with a result ing revenue of 1,000,000. The greed y solutions

remain uneffected by this modification of the problem, but the ratio of

the greed y solution va lue to the opt imal is now only 3/100,000. Clearly,

this can be carried to further extremes.

The greed y heur istic does quite poorly even when applied to a class

of problems restr icted to exclude the modification sug gested above .

Letimia 1. Consider the class of set partit ioning problems arising fr om

auctions where the bid functions v
1 

satisfy the following three conditions:

1. v~(~ ) — 0 for all I

2. vt(S) < v1( T )  for all I whenever $ C T ; and

3. v
t(S) < T~~5

v
1(J) 

for all I and for all S

When app lied to s uch prob lems, the greed y heur is tic resul ts in a solu tion

with a value of at least 1/rn of the optimal value and there are examp les

which give greedy solution values arbitrarily close to this lower bound.

Proof. The proof appears in (5] and the details will not be repeated

here. The idea of the proof, howeve r, is relatively simple. The low~

bound is established by using the fact that the first item assigned by

the greedy heuristic must have a value of at least 1/rn of the optimal

s olution value, and noting that because of condition 2, the greed y solu-

t ion va lue mus t be at leas t the val ue of the fir s t item. The “tightness ”

of the bound is established by considering the following example.

- - ~~ -. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~~~~~ - -. —~~~~~~- -  - ‘  _________
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Example 2. Let n > 2 , t i>  2 , 0 < d < 1 , and

v
1
(l) — 1+d , v

1(s 1) — d - 1+ I~ l~ 
if s~~ > 1. and I • s~ ,

and v 1(s 1) = k1j if 1 
~~~ 

(where I S I  — the number

of elements in S );

v
2

(s
2) 

— d Is 2I if 1 
~ ~2 

~ and v2 (s 2) — 1 - d + d I s 2 ) if

~ ~~~~ 
; and

v1(si) — 0 for all whenever i > 2

The revenue maximizing assignment for this example is

— (2, 3, ..., ml and 
~2 

(11 with a value of m • The greedy solu-

tion is a
~ 

— (11 and 
~2 ~ ~2, 3, ..., m 1 with a value of 1+md

Thus the greedy solution value is arbitrarily close to 1/rn of the op-

timal value. Notice that in addition to satisfying the three conditions

of the leum*, the b id func tions sa tisf y a more restrictive version of

the th ird condit ion ; na me ly v
t(S) + 

v
1(T) < vi

(SU T) for all S and

T and for all I . Thus, the bound in the lemma applies even to a more

res tr icted class of set partitioning problems .

The poorness of the greed y sol ution in example 2 is due to the

heur istic ma king a “bad” choice in what item to assign f i r s t .  An alter-

native heuristic would be similar to the greedy heuristic but would not

use the bid functions to determine the order in wh ich items are assigned.

In the “sequential auction ” there is a predetermined order in wh ich the

items are assigned . This corresponds to a sequence of trad it ional sealed

bid auctions for single items ; at each stage a single item is sold to

a highes t bidder. Presumab ly, the bidi at each stage reflect wh ich (if

___________________________- ______-_
~~~~~~~

_
~~_•,-- __ ~~~ __ _ _  

~~~~~~~~~~~~~~~~~~~~~~~~~~ 
-“ — —.————--.

~
-—— —- - —--  — —
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any) items a bidder has been assigned in previous stages . The auct ions

may actually be conducted sequentially in real time, or the bidders might

submit the ir bid functions v~ and the auctioneer pretends that the auc-

tion was conducted sequentially.

For example, reconsider example I and assume the items are auctioned

in numerical order. In the first auction, item 1 is sold to the first

bidder for 10 units. In the second auction, the second b idder ’s bid of

v2 (2) — 10 outbids the first b idder ’s bid of v 1(l , 2) - v 1(l) 7

item 2 is sold to the second bidder . Finally, since v
1
(l,3) - v 1(l) = 8

= v2(2,3) - v2(2) , the third auction sells item 3 to either of the bidders.

In the above example, the total resulting revenue from either of

the two sequential auction assignments is 30 units ; the optima l value is
- - 31. Thus , the sequential auction need not result in an optimal assign-

ment. Indeed, it is easy to verify that regardless of the order in which

items are auct ioned , the sequential auction will a lways sell the f i rs t

item to the “wrong” bidder in example I; thus there is no order which

results in an optimal solut ion .

The following example is one in which no possible order of auction-

ing items sequentially results value exceeding R(n/m + 1/n) , where

R is the optimal solution value.

Example 3 • Let n > 1 , m >  1 , and partition N into a sets

~~ ~2’ • • •~ S~ in any manner which equa lizes the car dinali ties of the

as much as possible. Thus, if T.nt (x) denotes the integer pert of

x , [nt (m/n) < j S~) < Int (m/n) + 1 for all  i • Let 0 <  e < 1/rn ,

and cons ider the following bid funct ions .

- - - -~ - — — ---a- - .— - * -- - - - *— - - _a
___

~-_ , -~~~~ -- —— - -a-— - - - - -
~~~ 

- _r --. .~~~~~~~~~~~
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vi(s j ) — 1 + (M\S~ ) fl 8 1.1 if Si 11 — ~ , and

v
1

(s
1) 

— e I ( M \Sj ) fl 
~i

1 + I s 1 fl s1 j if Sj fl s
~ ~ 

G

The sets S
i 

may be interpreted as “bidder l’s “ items ; b idder 1. is

willing to pay one unit for each item in S1 . The b idder is will ing

to pay l+e units for any s ingle item not in S~ , but add it iona l items

not in are worth only e units addit ional. It may be verified that

the revenue maximizing assignment awards each bidder i the correspond-

ing set S~ ; the resulting revenue is in units.

Regardless of the order in which the items in example 3 are sold

in a sequential auction, the first n-i items will be 8: .:. -~ to the “wrong ”

b idders ; more precisely, for the f i r s t  n-l  items soH , if item j  is

in S~ , item j  wil l  not be sold to bidder i • Notice that after

the first n-i items have been sold, the resulting marginal bids are

such that as soon as some player I is sold an item from the correspond-

ing S1 , 
then all the items auctioned subsequently will be sold to this

same bidder i

Thus, the best possible resulting assignment a has S~ a subset

of for some one bidder i , and S~ fl empty for all other i

This implies that the maximum revenue is obtained when the ~th item to

be auctioned is sold to the “correct ” bidder (and even this possibility

occ urs onl y for more than two bidders) and all the remaining items ate

eold to this same bidder . The ma x imum revenue is (n-l)(l+e) for the

f i r s t  n-l items auctioned and ls 1.1 + e(m -n+l- S
~~

) for selling

the remaining items to a single bidder . Since, by assumption, l S~I < m/u+ 1 ,
the total revenue is less than n+m/n+ em ; and thus, by the assumpt ion

— -__________ — - - -— - — - . . -  - - 
- - ~~~~~ - ,-,, --- -- - * - .~~~~- -- ~~~~~~~~~~~~~~~~~~~~~~~~~
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on e , is less than n+-!n/n — m(n/m+ 1/n ) (recall that in is the op-

t iina l solut ion va lue). This proves the following lelTina.

Lemma 2. A sequential auc t ion may result in less than n/rn + 1/n of

the optimal solution value regardless of the order in which the items

are auctioned .

If there are many more items than bidders, then this ratio tends

to I/n ; a rather small fraction of the optimal. For in not much larger

than n , it is possib le to construct examples in which n* < n of the

b idders have btd~ as in example 3 and the remaining n - n* bidders are

dummies (bidding zero on every set). The resulting ratio is then

n*/m + ]./n* . Thus , a corollary of lenina 2 is the following.

Corolla~ y l .  A sequential auct ion may result in less than

minimuinl<n*<n fl* integer (n*/m + l/n*) of the optimal solution value

regardless of the order in which items are auctioned .

For more than four items and at least two bidders, this ratio is

less than one • It is substantially less than one for more than ten items .

Thus, in genera l, it can not be expected that even the best possible order

of auctioning items in a sequential auction is close to opt imal. This

not only limits the sequent ial auct ions usefulness as a heuristic for

solv ing the set partit ion ing prob lem, but also sug gests that there are

actual situations where sequential auctions are used but should be replaced

with a more general auction scheme .

Finally, it should be noted that the reve~ue result ing from a se-

qusnt ia l auc t ion may be very sensit ive to the actua l bids . If , in example

3, v j (a i ) is set equa l to I + eI((M\S1
) fl - 2e , then the

—-

~

---- ——a---— -a-  - . - — —~~*~~~~~~~~~~~
_ - _ _ _ _ _ _ _ _ _ _
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sequential auction will always (regardless of the order in wh ich items

are auctioned) produce an optimal solution. An arbitrarily small change

of 2e in the bid s changes the revenue resulting from the (best possible )

sequential auction by a factor of rn/n + 1/n . Thus even in some situ-

ations in which bidders ’ true values are such that the sequential auction

is efficient, any small variation from these true values (either from

uncertainty in estimating the value or from not bidding actual values)

may result in a substantial ly smaller revenue.

The above discussion illustrates some of the difficulties in solv-

ing the set partitioning problem arising from the general sealed bid auc-

tion scheme. Basically, either the prob lem is small enough to be solved

directly us ing dynamic programing, or the prob lem is d iff icult  to solve

and even two common heur is t ics are not satis factory. In particular, se-

quential auction schemes may be inappropriate.

3. Solutions for Structured Bid Functions

The previous section hints that the general sealed bid auction

scheme may be infeas ible in actual situat ions because the associated set

partit ion ing problem is too d i f f icu l t  to solve . However, for any part ic-

ular s i tuation there may be sufficient structure to the bid functions

such that there are solut ion proced ures to solve the problem in a reason-

ab le amoun t of time. This section presents several examples of c lass

of bid functions whose structure result in set partitioning problems which

are relatively easy to solve . Even though some of the examples may be

cons idered applicab le in themselves, the main point of this section is

that there are cases of the genera l sealed bid auction wh ich are pract ical,

sugges t ing that there may be many actual problems where general auc t ions

~ 

~~~ - - —
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are applicable.

There are many examples where bid funct ions depend only on the size

of the set being bid on; this may happen whenever the collection of items

to be auct ioned consists of many s imilar items. Possible examples include

stock tenders, treasury bonds, whea t fut ures, junked cars , corporate re-

sources, hours of machine shop capacity, and temporary help in secretary

pools . The calculation of exact solut ions for bid funct ions depending

only on the number of items is relatively simple using the dynamic program-

ming algorithm presented below .

A slightly more general case than the above is when there are a

number of different types of items • In particular, let there be k types

of items and in
1 

items of t ype j  for j  — 1, 2, ..., k • If N
1 

de-

notes the set of in
1 

items of type j , then each bidder mus t specify a

bid funct ion fr om the points in N1 x N2 x ... x M.K to the real numbers .

Not ice that the or iginal g~~ eral sealed bid auction prob lem La the case

when there is only one Item of each of in types; the case when all items

are of a single type was mentioned above . Thus, this model includes a

number of special cases .

The following dynamic programing algor ithm may be used to calcu-

late exact solut ions for prob lems where the bids are functions fr om

N1 x N 2 x ... x to the real numbers .

Aig~ rithrn .  1. Let i — 0 and let V1(~) V 1(x 1, X2, ..., Xk)

— v 1(x 1, x2, ..., X
k

) for all ~ in N 1 x N2 x ... x

2. Increase I by one;

3. For each ~ a N 1 x N2 x ... x ~ let

Vi(
~

) - maxO < <  ~1 ,*I • .zMk 
j (Z + Vi..i(~-x)) and

let T ( ~ ) be a x which maxim izes V i(
~ )

-. - - a -- - - -- - - ________________ —
—---- — 

- -
~~ -- 4-- ~~~~~~~~~~~~~~~~~~~~~~~~~~~ - _________________________________
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4 . Repeat steps 2 and 3 until i is equa l to n

5. Construct a revenue maximizing assignment by letting

~~~~~ ~~~~ ...
~ 

t~~~ ) ~~(~) where

(m1, m2, •.., ink ) . For i — n—i, n—2, ..., 2 let

- ii~~ 
- ; and finally 

~-l 
= -

Any assignment which assigns t items of type j
i, j

to b idder I for all pairs of I and j  Is a revenue

maximizing assignment.

It may be verified that each iterat ion of step 3 requires a total

of Tt~~~ (m
1

+ 1)(m
1

+ 2 )/ 2  elementary function evaluat ions and comparisons

if the maxima are calculated by enumerating all possibilit ies. By stor ing

the values of the computat ional var iables appropr iately, step 1 requires

no computat ions ; steps 2 and 4 each require one add ition or comparison

for each of the iterat ions . Step 5 requires calculating k coord inates

for each of n vectors, or a total of on the order n .k operations .

It is clear that essentially all the computations required occur in step

3, and thus the total of (n-1)n~:~ (m
1

+ l ) ( w
3

+2),2 computations is a

reasonable measure of the d i f f icul ty  of solv ing a problem us ing this

algorithm.

It may also be verified that a total of (n-l)fl~~~ (m
1

+ 1) vectors

, each with k coordinates, must be recorded and n vectors

each with k coord inates, must also be recorded . Thus, as ide from any

storage required to record the bid functions, the algor ithm requires

storage for approximately (n-l)(k4-l)tt~
”

~ (m
1

+ 1) numbers .

Us ing these measures of the computat iona l and storage requirements,

it is possible to ob ta in some idea what s ize prob lems may be solved on

a.—— — - _.~~~~~~~~~ ~~~~~~ -~~~~ - - — - ~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
—
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a computer . For example, a prob lem with ten b idders and thir ty  items

3of each of three d ifferent t ypes requires approximately 9. (31.32/2 )

or about l0~ e lementary arithmet ic operations and approx imately 9~4~ 3l~

or about two million numbers to be stored . A prob lem of this size may

be solved in a few hours on a large computer .

No special cases of the algorithm are of special interest. The

first is where there is only one item of each of in t ypes ; there are

m different items . This corresponds to the completely general sealed

bid auction described in the first section. In this case, the algorithm

requires approximately (~_1)3
m computations and 2n2’1’ storage locations.

While problems of assigning f if teen items among f ive b idders may be solved

in a reasonable amount of computer time and storage, the d i f f icu l ty  grows

exponentially with the size of the auction problem. Problems of assign-

ing more than twenty items among more than ten bidders are essentially

impossible to solve us ing this algorithm. It is this di f f icul ty  that

prompted the cons ideration of the heuristics in the second section and

the cons ideration of s light ly less general auctions in this section.

One less than completely general class of problems is when there

are a moderate number of items , but only a few different  types ; the com-

plexit y of the set-partitioning prob lem is very dependent on the number

of different  t ypes . As previously ment ioned, prob lems with n — 10 ,

k — 3 , and in
1 

— m2 rn
3 

— 30 can be solved on a computer • The extreme

case, a second special case, is when there is only one type of item.

When there are in items of a single type, the bid functions depend

only on the number of items in the set being bid on. In this case, the

algorithm requires approximately (n-l)(m#1)(m+2)/2 computations and

— — ---—--- __st _-_-_ -S-- 
__ .S.A.. t — — 

~~~~~~~ — —
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2n(n*l) storage locations . Thus even relat ively large problems of as-

signing 3000 items among 30 b idders can be solved on a computer . Un l ike

the previous case, the amount of computat ion and storage does not grow

exponentially with the size of the prob lem; if all items are of one t ype,

quite large prob lems may be easily solved .

If there is only one type of item and the bid funct ions are restr icted

yet a lit t le fur t her , then the greedy heuristic will give optimal solu-

tions. In particular, a bid function is defined to have decreas ing mar-

g inal va lues if it depends only on the number of items in a set and

vi (k+l) - v~ (k) < v ~~(k) - v1(k-l) for k — 1, 2, ..., m-l

A corollary of the following lemma is that the greed y heuristic

yields opt ima l solutions when all bid funct ions have decreas ing marginal

values . In such cases the number of computations required in calculating

an optimal solut ion is on the order of n .m ; problems with over a million

items may be easily solved .

Lemma 4. If the bid funct ions depend only on the number of items in the

set being bid on, then a solution assigning ki items to b idder i (for

i — 1, 2, ..., n ) is optimal (or, equivalently, revenue maximizing)

if there exists a real number v’~ such that the followin g conditions

are sa t is f ied.

1. v* < (v~~(k~ ) _ v j ( j ) ) / ( k i
_ j )  for j — 0, 1, ..., k1 - l

and i — 1, 2, ..., n ; and

2. v* ~ 
(v 1C1 ) _ v ~~(k~) )/ (i  - k ~) for all J — kj + l , ..., in

and i — 1, 2, ..., n

a- _-_~~~~ ~~~~~~~~~~~ — - — - —~~~~~ —-~~~~~ -_l___
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Proof. Assume tha t there is an assignment satisfying the above cond it ions .

Now consider any alternative assignment wh leb assigns k~ to b idder

i (for I — 1, 2, ..., n ), and assume the bidders are numbered such

that ki 
< id for i — 1, 2, ..., n1 ; k1 > k~ for i — n1+ l , n1+ 2 ,

..., n~ + n 2 ; and k1 — k for the remaining i

For the first  n1 
bidders, the first condition of the lemma implies

that v1(k1) > v~ (k~) + (k~ - kI)v* . Likewise, the second condition im-

plies vi (ki) > v 1(k~) - (k~ - ki) for b idders n 1+ 1 through n1+ n2

However, since 4~~ k~ — , it follows that 4(k~ 
- k~)

i’n +n
— 

_
~ i_~~+l

2
~~~~

-k i~ 
; summing the above inequalities for v1(k~ ) and

simplifying gives tha t 7~~~v~ (k1) � ~E~~~v j (k
~) . ~~~~~~~~ assigning k1

items to b idder i (for i — 1, 2, ..., in ) mus t be revenue maximizing .

The following corollary states conditions under wh ich the greed y

heuristic gives optima l solutions .

Corol1ary.~~ If all b idders have bid functions with decreasing marginal

values, then the greedy heurist ic yields revenue maximiz ing assignments

of the items.

Proof. Let j be the b idder receiving the last item to be assigned, and

then let v* — v
1
(k
1
) - v

1
(k
1 

- 3.) where k is the total number of items

assigned to bidder j  . Clear ly, this v* satisfies the conditions of

lesme 3 for bid functions with decreasing marginal values when the items

are assigned us ing the greedy heuristic.

Unfortunately, there does not appear to be any similar restriction

for problems with more than one type of item so that the greedy heuristic

- —a - - - — - ..- --- . - . r a -  — — - - -
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results in optimal solutions. This conclusion results from a quick exami-

nation of example 1 in which there is one item of each of three types .

Although it is not certain how the concept of “decreas ing marginal values”

should be extended to items of different types, example 1 makes it c lear

that it is not sufficient to assume subadd itivity in order to ensure the

optima lit y of greed y solut ions .

Finally, it should be noted that although all the above assumes

that the m items to be auct ioned are ind ivisible items, a similar gen-

eralized sea led bid auction scheme may be defined for cases where some

of the items are f inely div isib le . If items one through k are divisible,

then the bid functions must be functions from [0, x (0, ~~~~~ to the

real numbers .

A “cont inuous greed y” heuristic may be defined , and the recurs ion

equation (step 3 of the dynamic programming algorithm) must be generalized

to rea l numbers rather than j u s t  integers . Conceptually, this more general

view does not cause any difficulties. From a computational point of v iew,

however, it is quite possible that the functions involved are not suffi-

c iently “nice ” for it to be possible for a computer to solve step 3 of

the recursion.

Alternatively, if all the items are indivisible, and the bid func-

tions are sufficiently “nice,” it may be able to solve the recursion equa-

tion without explicitly enumerating all possible integer values. Such

a situation would further simplify the calculation of optimal solutions.

Hopefully, fur ther wor k will  identify addit iona l c lasses of bid

functions correspond ing to actua l auc t ions for wh ich satisfactory assign-

ments may be easily calculated . Such results would provide additional

support for the cons ideration of generalized sealed bid auctions .

—-. — ,-~~~~~~ - a. - - - - -- - - __________
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