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SUMMARY

This report outlines a technique for deriving a set of initial
error states from an error covariance matrix. The need for an
ensemble of state errors arises in a Monte-Carlo error model for the
re-entry portion of flight of a ballistic missile. Typically the
boost and vacuum coast part of a trajectory is accurately modeled
with a covariance propagation scheme. During reentry, however,
errors become nonlinear in time and are highly cross correlated
with one another and interact strongly with the dynamics of the
vehicle flight. To accurately model the errors during reentry a
Monte—Carlo approach is often required. The interface between a
covariance propogation scheme and a Monte-Carlo model requires that
an ensemble of initial condition errors be extracted from an arrival
covariance matrix. The errors must be properly correlated and have
the proper distribution of magnitudes. The method described herein
is one technique for defining the interface between the two types
of error models.

Since the original draft of this report, the author has found that
a method with equivalent results has been used to determine wind
profiles from a matrix of wind correlation coefficients. (e.g.,
Hankerson , S. H., “Wind Profiles,” NWL—TN—G—4/72, Feb 1972). It is
likely that other uses for the general method can be found, especially
in the field of system error modeling.

The present work was sponsored by\t1~ Navy ’s Strategic Systems
Project Office, Mr. Roger Stanton , SP—V232, monitor , as part of the
Improved Accuracy Program (lAP). Progi7~ n guidance of Dr. J. Goeller,
Acting Re—Entry Technology Co—ordinator, Naval Surface Weapons Center,
is gratefully acknowledged .
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t S

I. INTRODUCTION

Of ten it is desired to determine the performance of a
physical system in an average or statistical sense. That is,
for many repetitions of a phenomena , what are the operating
limits within which a system may be expected to perform and how
are deviations from nominal behavior distributed about the average
of the many repetitions. A study of the statistical behavior of
such physical phenomena is here referred to as system error
modeling .

There are two common methods of constructing system error
models . The first method is the deterministic or Monte-Carlo H
method. This method attempts to mathematically model the
physical laws which affect a system and allow the parameters
within the physical laws to vary in a particular manner within
their limits of uncertainty. The parametric variations allowed
have a certain randomness associated with them since the exact
values of the parameters are never precisely known. Correlations
between the parameter errors are permitted if they can be
determined a priori. The system is allowed to operate within
the framework of the Math model for many realizations of the
event being studied . After exercising the model in this Monte- H
Carlo mode , the system states for the many realizations of an
event can be analyzed and statistical variations of state
amplitude and distribution can be determined. This statistical
description of the system is the result being sought.

The second method of system error modeling is the
covariance propagation scheme or analytic model. This model
represents the uncertainties or errors in the state of a
system in a covariance matrix . The elements of this matrix
describe the magnitude of state errors and their correlations
with one another in a statistical sense. The analytic error

• model propagates this covariance matrix with time to describe
how the state errors change. Since all of the desired statistical
information is available in the covariance matrix it need only
be propogated once for each event. This method has the advantage
of reduced complexity; however, it is not as versatile as
the Monte-Carlo method and determination of the proper way of
propagating a covariance matrix is not always a simple matter.

1
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In some instance it may be desirable or necessary to mix
the two methods of error modeling for a given physical system.
If , say, the initial part of an event is modeled with the
analytic error model and the latter stages with a Monte—Carlo
model , then how are the two models interfaced at the point of
transition? What technique will be used to calculate the
ensemble of initial deterministic state vectors from a terminal
covariance matrix in order to begin the Monte—Carlo process?
The following analysis describes one method of defining the
interface.

II. LINEAR REGRESSION

A. Two Variable Regression

Given an (n x n) symmetric error covariance matrix:

S11 S12 S13 . . Sin

~21 ~ 22 ~ 23 52n

S l S~ 2 S 3 . . . S

The diagonal terms of this matrix represent the variance of
error in a state property. If a state property is quantified
by a known part 

~k plus an uncertain zero mean error in the
state property say Y~ , then the property Y may be expressed as :

Y = Y k + Y u Cia)

The S11 term of the error covariance matrix then represents
the statistical variance of Y~ for many realizations of the state.

2

_ _ _ _ _  
(1)

~ll N

N is the large number of realizations of Yu. Similar definitions
exist for the other (N - 1) states implici t in the covariance
matrix. The off-diagonal terms of the matrix are the covariances
of the (N) states defined by:

— 
E~

ui 
Y
~

N

2 
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The magnitude of the covariances indicate the degree to which
state errors are dependent on one another. To put this deDendence
in a nondimensional form a correlation coefficient can be written:

S
r —

11 22
In this nondimensional form, a correlation of ±1 indicates perfect
correlation between errors ‘~U1 and Yu2, and a correlation of 0
indicates no correlation exists. This definition of correlation
coefficient is applicable only for linear correlation analysis.
A non linear correlation may exist for r12 = 0. The present
method assumes only linear correlations exist among the state
errors.

If the state errors of two state variables are known for
many realizations of the two states, then a least square regression
line (see Figure (1)) can be described by

Y \, u1 u2~~ ~
.

(u) 
= 

~ ~E~ u 
2 ) (~1) actual (4)

est. 1

The mean values of the errors are clearly assumed to be zero
(i.e., no biases exist).

FIGURE 1. LEAST SQUARES REGRESSION LINE.

3 
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For a given actual value of Yui, an estimate of ~~~~ can
be made from the equation of the leas€ square regression line
according to equation (4). The “goodness ” of the estimate depends
on how well Y~2 is correlated with Y~1. If the correlation were
perfect (i.e., r12 = 1) then there would be no scatter in the data
points in Figure Tl). All the data would be directly on the linear
regression line. Conversely , a poor correlation would be seen as
much scatter of the data about the regression line in Figure (1),
and the estimate of Y~2 from the regression equation would not beexpected to be very good.

Equation (4) can be rewritten in terms of the covariance
from equations (1) and (2) as:

— 

S12 /Y\
~~u 2) es ~ 

u~, actual (5)

A quantitative measure of the data scatter about the
regression curve is defined as a “Standard Error of Estimate” :

a21 = 

(L(~
t1
?)a : ~~~~~~~ 

2) 
(6)

The difference of the two terms in equation (6) is the difference
between each data point and the regression curve approximating the
data. The standard error of estimate is similar to a deviation of
the data about the regression curve. If lines are constructed
parallel to the regression line of Yu2 regressed on Yul at vertical
distances ~21, 2ci~ 1, etc., from it , then for large N there would be
included between these lines approximately 68%, 95% etc .. of the
data points. Hence G 21, j~ analogous to the standard deviation ofnormally distributed data. The Y~~ data mean for any given
~ui and very large numbers of sample data li es on the
regression curve.

A generalized form of the correlation coefficient given in
equation (3) is:

= 
(Predicted va ria tion\ ½ 

+ fE~~
u2 e 

2

21 \Total Variation / — I I~ 2 1
\ ~~U 2 a I

and for linear regression it can be shown that

- (Yu2)e ] ~ 
2 

E(~ ) 2 
(8)

4
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hence with ( 8 ) ,  (7)  and (6)

= s22
½ (1 — r21

2 ) ½

B. Multiple Linear Regression

When multiple correlation exist among a set of random
variables as is the case when given an N x N covariance matrix ,
multi—dimensional regression equations can be constructed .
Generalizing equation (5) to the multi-dimension equation:

C))e = a
i(;i~~)a

+ 
a(;~~~~ a

+
~~ 

+ 

~~~C(~~~~~(n-l)) a 
(10)

Where the a~ coefficients are found from simultaneous solution ofthe algebraic equations:

a1r11 + a2r 12 + a3r 13 + • . . + an.. lr l ( n—l)  =

a1r 21 + + a3r 23 + . . . + an_lr (n l) = r 2n

a1r( 1)1 f a2r ( n_ l ) 2  +a 3r ( 1)3 + (n l) r (n i) (n_ l)  = r ( 1 )

and the standard error of estimate about the multiple regression
line is an expanded form of equation (9):

— Snn
l/2 

(1 — rn ,1 a1 — rn,2 a2 
— • • r~ ,(~ _1) ~n_l) (]2)

III. INVERSE REGRESSION

A. Method Descriptipn

If it is desired to find an ensemble of state vectors
which include random errors and if it is also necessary that the
random error s included in the state vectors have the proper
statistical cross correlations , then it may be possible to
construct such an ensemble, given the covariance matrix of errors.
The process would be an inverse regression scheme as follows.

j  Making the assumption that all errors are normally
distributed about linear regression lines it is possible to
construct a set of regression lines and then statistically

_ 
~~~~~~~~~~~~~~~~~~~~~~
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- 
. “ scatter” the errors about the line using a zero mean normally 2distributed random number generator with a variance equal toe

(equation 12). The errors so generated would be added to the ~
mean value of the state vector and repeated many times to build
an ensemble of state vectors with properly correlated errors.

A consistent scheme of selecting the order of regression
should be used. One such scheme would be as follows:

1. Select the two elements of the state vector that
are least correlated (i.e., smallest ISumt , N/M).

2. Continue selecting elements in a monotonically
increasing order of correlation.

3. Choose the selected initial two elements (from
step 1) and construct a regression curve from equation (5)
similar to Figure (1).

3a. Find the so—called actual vaiue(~
..1].)a from

a zero mean normal random generator (NRNG) with variance S11.

3b. Solve for the estimated value of ~~U2

4. Introduce scatter to~~ 12)e by adding an error
term found from (NRNG) using variance a2 as found from equation (9).

Solve for the so-called actual value of

(Y) =(Yu2)e 
+ (NRNG ) a2 (13)

5. Repeat the process to calculate actual values
for all the state errors.

Equation (13) is a defined value of a single realization of
the error in the Y2 element of the state vector. When this process
is repeated for each element of the state vector, it is necessary
to use the expanded multiple regression equation (10) and variance ,
equation (12).

For example when finding the third error term , (Yu3)
from (10): ‘ /

fY u_\ _ _ _  

(Y\
___ = a l\ S iiya 

+ a
2\5221ja (14)

6
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where (Yuj ) a  and (Yu2)a are the same values as found in the• precedina steps. The variance used to introduce “scatter” into
the (Yu3)est. of equation (14) is:

a3
2 
=[s33

1
~
’2 

(i — r31 a1 
— r32 a2) 

l/2]
2 

(15)

The process is complete when ali N values of the state vector have
been altered by an error term as in equation (la).

For a given covariance matrix of errors, the AN coefficients
of equation (11) need only be calculated once. They change
only when the covariance matrix changes. However, the value of
the “AN” coefficient are different for each value of N in
equation 10. A set of coefficients correspond to each value
of N which is the order of the given covariance matrix. As
many realizations as desired of the state vector can be generated
for a given covariance matrix. Each new realization is constructed
from a new (NRNG) value for the first error term Yul.

B. Proof of Proper Correlation

It remains to show that the order chosen for regressing the
variables does not affect the statistical cros s correlations of
the errors in the final ensemble of state vectors. If we accept
equations (13) as a valid method of introducing “scatter ’1 or random-
ness to regression generated errors , then it is sufficient to show
that cross correlations of error states are correct, independent of
the order of their regression.

~~Un~ a = 
~~un)e + (NRN G ) an (16)

The term (NRNG ) an is a single realization of a normal random number H
generator with standard deviation, a~ .
Let us arbitrarily choose two elements of an error state vector
Yu1 and and regress 

~u2 
on Yu1:

f~
, \ Sl2 /y \

\ U
21 

— 

~ 
u
11 a (17)

3 Where~ Y~~
) 

is chosen from 
~~~~~~~11~~~~

2

Then (Y \ = 1~u \ + (NRN G )
\ u 2/a \ 2 1e a2 (18)

a2 being found from ( 9 ) .

7
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The cross correlation between (
~ ui) a and (Yu2 )a  for a large number

• of realizat~ions of equation (18) is:

(CC ) 12 =E(~1) (~u 2) a  /N

from (17) and (18)

(CC) 12 ~~~
( Y ) [

~~ L2 
~ 1) + (NRNG)

] 
/N

= s12 +~~~~(~u 1) (NRN G) /N  
( 19)

The term on the right is equal to zero in the limit since each
term of the product has zero mean and the terms are uncorrelated .
Hence as expected :

(CC) 12 
= 

~12 E (u])a (‘~2) a I N (2 0 )

From (10) the regression equation for a thu d variable is:

1/2 1/2 
- 

-

(YU 3) e  
= 

:ii
l/2 

A1 (Yu i) a  
+ 

S33 A2 (Yu 2 ) a  (21)

(Yu 3)a =(Yu 3)e + 
~~~~~a3 ( 2 2 )  - 

-

Ii
Now c)ieck to see if (Yu~ a generated by (22) is properly correlated
with(Yui a

:

(~u i)a (~) 
= 

(23)

s 112A S 112AE~
) 1

~
Yu l~ a +

s::l/ 2 
2 ~ + (NRNG)

]

N

L~~~~~~~~~~~~~~~~~~~~~ . -~~~- -. 

8



r T ~~
Ti ——- ‘—--—- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

N SWC/WOL TR 77-183

This quickly reduces to:

S11
112 S33

1’2 A1 + 
~~~~ 

12 A2 

~~~~~~~U
1~ (N RNG )a 3 (24)

S22 N

Since the last term is zero in the limit for a product of
uncorrelated zero mean variables, (24)  is:

v’(~ \ (y \ s 1/2 (25)
L.I~

UlIa~~
u3/a — 

~ 
1/2 S 1/2 A + ~l2 A

N ll 33 1 1/2 2
~22

The A1 ari d A2 coefficients are found from (10) to be:

A1 = 

r13 — 
r 12 r 23 ; A 2 = 

r23 — 
r12 r13 (26)

1 — r 12 1 — r12

Substituting (3) and (26)  into (2 5 ) :

~~~ 
(~~l)a 

(Y) 
= S~ 3

Hence, even though Yu3 was the third variable chosen it is
properly correlated with the first variable. In a similar fashion ,
the third variable can be shown to be properly correlated with the -

second variable. This process can be continued for all subsequent
elements of the state vector regardless of their order of
regression. Therefore , the order chosen to regress the state
vector errors is arbitrary and has no adverse effect on the
cross correlations of the ensemble of state vectors so generated .

IV. CODE DESCRIPTION H

The inverse regression method described has been coded for
use in a trajectory program. If a state error covariance matrix is
available at some point in a vehicle ’s trajectory and it is

~ - - - - - - - --
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desired to complete the trajectory with a Monte-Carlo error
analysis, then it is necessary to determine an ensemble of ini t ial
state vectors . One state vector from the ensemble is used as an
initial condition for each trajectory of the Monte-Carlo
series.

A listing is enclosed as Appendix B. for the subroutines
that read in the covariance matrix and then determine the
coefficients and standard deviation required to solve for state
error vectors. Subroutine COVSET (M) stores in common the “A” . 3coeff icients and “5” variances of equation (10) . Also stored are
the standard deviations of equation (12) for the M-dimensional
square covariance matrix . These stored parameters along with
a normal random number generator are sufficient to form a state
error vector by repeated ly solving equation (10) for M values of
the state tY~ est. This error state determines the initial condition
for one trajectory realization . Additional realizations of the
Monte—Carlo series can be found with the same stored coefficients
(i.e., these need not be calculated again). The normal random
number generator with previously calculated standard deviation
supplies the required variation of the state vector for subsequent
trajectories.

Subroutine FILL uses a system supplied function (MAN ) to
solve the set of simultaneous equations (11) . Any simultaneous
algebraic equation solver may be substituted here . Subroutine
IMOD actually generates the desired error vectors.

V. CONCLUSIONS

A method has been described which allows mixed modes of
error modeling for a single event. The method defines the
interface between a covariance propagation error model and a
Monte-Carlo deterministic error model. Given an arrival
uncertainty covariance matrix for a physical system at some point -

in time , it is possibl~ to construct an ensemble of stateerror vectors which may be used as ini tial conditions for the
error state in order to exercise a Monte -Carlo model of the system .
The error states so generated have been shown th be properly
cross correlated with each other and have the correct distribution -
of magnitudes. A FORTRAN computer program has been written
to facilitate implementation of the method within trajectory codes.

10
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APPENDIX A

SYMBOLS

a Regression coefficients

cc Error covariance

N Number of samples or summation index

NRNG Zero mean normal random number generator

r correlation coefficients

S~~ Variance of error

Sjk Covariance of errors

- 

- 

Y Element of state vector

Known part of state vector element

Unknown part of state vector element

a Standard deviation for gaussian distribution

E Summation symbol

Subscripts

est. or e Regression estimated value of an error

actual or a Determined actual value of an error

A-]/A-2

‘I-

_ _ _
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COMPUTER CODE LISTING

SLIBPOUTP’~F C OV S FT U.)
C f~Ptf Ncve LO .~5Y •77

C
C FOP A G IV FN ~~~~~ ~~~~~~ ~ ~~~ S~~T 1 T~4F ~ OLL~~~ING
C NFEO ‘~E CDt .. fIll ~~ f - ; -  ( t v f Y  O~”CF
C

• C CA LCULA T E C FP T ~t T ~ I COF~~F 1CTf l~T S FPOM A~~~j V A 1  Uf~CF~~T 6 T NT Y
C COV AR IAN CF ~ A T U I X  ( T P T T I A L  r(~NI, ITIfl ?¼ S f - O w f~ACrf P~~p.j)

C
C STO RA ( , E IN THF ( f~P~- A V  ~E( I~~ t i X ( 1 )  DNf) Is OPEN FNOEO
C ST0RA~ E LO CATTO Is S = *A *  ST ,-~A~~ • S1(~HP STO~ A6f - . • S ( t J ) ST OOAC ,F
C = ( (1 ,—I )  + (M— 7 ) •...,. + (~~) ) • ( t~ —~ ) •~— C X ARRAY Wfl ’~ S”~ FIC7~~~T T( i -4.AN PL E ~‘ 1~ A 1?
C

CnMMOA . % ( ~~~)
OI~~F~.J c I O N  M(3).c P ( ~~.~~).4..~fJAy (2 .?),7C(?)

200 FO MA T (5F16 .T. S X )
201 FORP~’ A T ( 1l4 ,F l c .7.c~()
?fl~’ FOPP’A T ( Ihl)

X ( 7 ) F L O A T ( M )
C REA O T N C O V A P T A N C F  MAT ~~T .X

PEAfl (c ,?0f l )S MM
W w I T F ( f ~,2O2)
W P ITF U.~,~~fl1)S” M

C TO SIMPLIFY C O M Pt )TA TTONS ,  ~ JA (~()NA L F Lf - W E N 1S Of- 5MM MA T PIX  4RF
C SORT oF ORIGINAL COVA PIDNC F ~ IA G L EL EMf - NTS.
C C DLCULAT F COPP~ LA T IO N C~ FT C T F” ,T- , MLip~ j X  F~~0.A A~~w T V A t  C O V A W T A N C F

00 10 K 1 , M
00 10 J 1 , M
IF ( K .( E.J ) ( ’O  Tn 10

C CALC I-I LA IF iwi *a*  vi~ ,ic- ç (C0I-? I~~L~~T I0~. CO~- FF t C T F N T S )
C C0~ PF.LAT T O~ COF FFTCIF ~~T ~ ‘T~~IX HFCU’~ES s~~ AS ~f ~.PT Tf-. ON TOP OF
C OPTC,INAL C OV A P IA NC F r A T ~~T Y  TO S A ~ !~~ ST(~~A~~~.

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~SMM( K,J ) SMI~(J ,k)
It) CONTINUE

DO 11 J 1, M
C PUT THE S ( t i )  ~‘A LUFS T~’ c Tr~~~r,F, THESE ~~ E THE BIA (0 1”A L ELF~4~ NTS OF
C THE C OV At ~1ANC F M~ TI~IX FnUI’I T O THE S T A t ~f lA~ I) t~~V I A T T O W .  F IPST
C LOCAT ION T~ 

Y ( 1)~~
X (?+J) St~M (J.J)

C SF1 THE OTA r ,ONA L rLFMF~~T~ ~if- T r-f F COI~PELAT ION W~~T P T Y  TO J, I~
11 SMM(J ,J ) 1.

C X ( 2 )= M ANt) x ( f l = c ( 1 , f l /c ( 1 ,J ) .  t~ Pf Cnf-~~F ICIENTS F(Q Y 1I c~ F~~T IMAT F
x ( 1)=sMM( 1.?)* ~ ( 4 ) / X ( 3 )

~=1 I~B MC=~i.? ~
. M~~~~P~- - _

~

~~~

C CALCUL ATE T~~F *A * S  A’v fl PUT T MT ’~ STO~ A r-F , A ( L )  A~~I, & ( ? )  FWST .
C TWF S E AN E THE tJNK~

,’(W N vA ~~1A ~ LF c OF t~- F S IwU lTaw EOt ’c
C EQ UA TIONS . SI)H~ OU TJ ~”F FT LL SO L V E S  T H FSF FU I IA TT ( i~’c .
C BMP4 SCILUT TON %lFCTO PS *~~*S., c’AP 4 CUPPELA T J O , I  C O FF f - T C1 FN T W A T p 1~~,
C M=0Rl)F~ OF S”~~ NU~~ F’~ OF ‘ TMUI . T LNFO US I,~ T T 0 h~ To t~F S(,LVcI ’
C If-’ THIS P~SS THPOUGH FILL. A~-~ flY Abs 1~ 1C ( UMMY MA T t ~TX T HAT MItsi  HF
C fl T M E N ~~I0NFO t~’ rOVcE T . 01’ f~S ION ro •‘— i

B-i BESTJA VAIL kBIE COPY 
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CALL FTLL (RMM ,SMM .M,N .APRAY .IC)
DO 13 TLO I.N
MM=IL O+M~

C STOPE SOLUTIO N VFCTOPc FQOw FILL . Eli-cT LOCA T1O~” 1c Y ( ~~ +~~~) .
X (MM )-MMM( TLO )

1~ CONTINt E
-• IF (N.Et~.Ml)c-O It)  14

— 

M H= MM
GO TO 12

:- C CA LC ULAT E H—] PFMt~ANF~-T V AL’)F s OF c!~~~i, SI~~
u~~(?) ic ~ ie~sT UI

C LOCAT ION x(VM+1) x (~~+I~
+ (M_fl.(.-.i_7)+ .. +?)

C CA L CULA TE ~~~OM A (~~ )
14 x ( MH+ 1 ) = x ( 4 ) * ( 1 . _

~ M M( 1 . n * * ? )* * .c
C CALCULATE SIGMA(~~) TO SI6”A (”)

00 21 f( 2,M ]
PFST= fl.
DO 2 L=1~~

(
PEST=SMM (V+1.U*X (MC+L)+PFST

2? CONTINUE
MC = MC + ~

C PUT CALCULATE’) STf~Mi~ c INT(i X A— ~-4Y
X (M~ +K)~~~(t (+3)*(1 .

_PEST)**._

21 CO NTI NUE
C WTTH SIGMA S. *A*s, A~’~o 

S(~~) ~~, ~~~~~ ~‘F C 1 u ~~s ~~~ ~r
C WITH NORMAL RANO OM NtI~A~~fj4 (~FNf-~~~TOP. ~ Su oi T I’4~ ~~~ THT~
C CALLEr) ‘SIP-lop” IS INCLIJOFI).

RF ’t
~RN

ENI)
C
C

SUBRO (STINF FJLL (P.PMM.H,N,A~~~A Y .TC)
C BRUNSVOLD MAY 77
C TH IS SU~ POI.ITINF FIM)S THE cOLhT1n~ vEr TO~ FO~ THE “f l”  CO~ FFTCI~~’T~
C

D I M E N S I O N  PPM(M .M ) .A~.”-’~~Y ( N , N )  .‘—U ) .lCU.)
DO 15 K 1.N

C GENERATE Plc-HI SIDE OF A Lc - F .~~~ IC E ’~U~ T1O’~S fP)~- C~~~~tt 4TIn’ I~AT ’—T x
B (K)~~~ MM (f(,N+l)
00 15 J 1 , N

C GENER ATE COEFFICIENTS OF ALOFP~~~TC FQIt~~TI (~ ’S f-POM Cf-~~ tt..DTT flN
C MATRI X AND PUT INTO A p~~A Y,

A PPA Y (J,K)=PMM (J,i()
APRAY( Pc,J)=APPAY(J .f )

15 CONT IPU E
C HAM IS SYSTEM SIJwwO (JTPF TI-sAT S0LVF~ I I~~EA~ SF1 fl1~ AL (~~~ t .vA TC F (i’~S.

CALL MAM (APP~ y,N,~~,p,1 eI C e JO )I F ( I D .E Q . 2 ) G O  TO ?O
GO TO 16

20 WPITE (F~,1flfl )
100 FOPMAT (1H ,2~ H FA It t .fP~ T’I Jf~~(IlI T JM - FI (.L )

STOP
C RFTUPN TO COVSFT WITH ~OLItTI (W VF(T~~ ~~.

1(~ RETU RN ~ FNO
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SSJBPOUTINF THOO
C THIS IN IT I A L MOn ti t E SOLVE S FO~ THE IN IT IAL F~ POPS T~ T~ E ~TATF vEr

cOMMON X U.)fl)
DIM ENSION Y (Q)
M = T F IX (X (?)) c OA=fl.

- C FIND THE pq~ pr~ lIjUEX ~~ 
TwF ~ A~ PAY

J=t) ~• DO 6 I=?.P~
J=I+j

~ CONTINIJE

C GENERATE A NOPHALLY OISTRTPUT !~
) PAP-JDOP~ NU~~ FI~, ( R P ; ) ,  OF

C S IGM A 1. AN O MEA I’=O.
26 CALL PA NN L I M (QA ,i. .O.,P,PN )

C GENERATE THE FIRST STATE FPQ0~ Y (i ).
Y CI ) PN*X (3)
CALL PAPINUM (QA ,l .,fl. ~~ ,PN )

C GFNE P~~TE THE SE~~O~~0 ST AT E FPP(-P~
Y(? )=X (1)*V (])+ ~J *X ( ,~M + J )

C SOI .VE FOR THE PFMA INTN(~ Y F PRC P S
DO it ) f<=2.M 1
RE ST =0 .
00 20 L 1,K

— 20 CAMTD L IF
CALL PA NNI IM (OA ,i. , fl ..l-. PN )

MC = MC
10 CONTI N u E

C THE V VFCTOW ~FP-’Fr?ATFr . IS ()~ F F~~~~nQ vFrTo~ PFA L I7A TTON TO RE APOFO
C TO MF~ NS. AOr )ITIrn-IAL PFA L IfltITONS CA~ HE (,FNfT~~ATF :0 WITH rTHFP SET
C OF PA s SOO M P’UM °FPS, ‘~~“c.

WP ITE Cd ” . 100) V
]flA FORMA T (lHfl .gF ]0 .F)

PFTUJP ~’ S FNI~
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