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SUMMARY

This report outlines a technique for deriving a set of initial
error states from an error covariance matrix. The need for an
ensemble of state errors arises in a Monte-Carlo error model for the
re-entry portion of flight of a ballistic missile. Typically the
boost and vacuum coast part of a trajectory is accurately modeled
with a covariance propagation scheme. During reentry, however,
errors become nonlinear in time and are highly cross correlated
with one another and interact strongly with the dynamics of the
vehicle flight. To accurately model the errors during reentry a
Monte-Carlo approach is often required. The interface between a
covariance propogation scheme and a Monte-Carlo model requires that
an ensemble of initial condition errors be extracted from an arrival
covariance matrix. The errors must be properly correlated and have
the proper distribution of magnitudes. The method described herein
is one technique for defining the interface between the two types
of error models.

Since the original draft of this report, the author has found that
a method with equivalent results has been used to determine wind
profiles from a matrix of wind correlation coefficients. (e.g.,
Hankerson, S. H., "Wind Profiles," NWL-TN-G-4/72, Feb 1972). 1It is
likely that other uses for the general method can be found, especially
in the field of system error modeling.

The present work was sponsored by\t Navy's Strategic Systems
Project Office, Mr. Roger Stanton, SP-R7232, monitor, as part of the
Improved Accuracy Program (IAP). Prog guidance of Dr. J. Goeller,
Acting Re-Entry Technology Co-ordinator,' Naval Surface Weapons Center,
is gratefully acknowledged.
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I. INTRODUCTION

Often it is desired to determine the performance of a
physical system in an average or statistical sense. That is, 1
for many repetitions of a phenomena, what are the operating E
limits within which a system may be expected to perform and how | 3
are deviations from nominal behavior distributed about the average | 4
of the many repetitions. A study of the statistical behavior of | 3
such physical phenomena is here referred to as system error
modeling.

There are two common methods of constructingsystem error
models. The first method is the deterministic or Monte-Carlo
method. This method attempts to mathematically model the
physical laws which affect a system and allow the parameters
within the physical laws to vary in a particular manner within
their limits of uncertainty. The parametric variations allowed
have a certain randomness associated with them since the exact
values of the parameters are never precisely known. Correlations
between the parameter errors are permitted if they can be
determined a priori. The system is allowed to operate within
the framework of the Math model for many realizations of the
event being studied. After exercising the model in this Monte-
Carlo mode, the system states for the many realizations of an
event can be analyzed and statistical variations of state
amplitude and distribution can be determined. This statistical
description of the system is the result being sought.

The second method of system error modeling is the
covariance propagation scheme or analytic model. This model
represents the uncertainties or errors in the state of a
system in a covariance matrix. The elements of this matrix
describe the magnitude of state errors and their correlations
with one another in a statistical sense. The analytic error
model propagates this covariance matrix with time to describe
how the state errors change. Since all of the desired statistical
information is available in the covariance matrix it need only
be propogated once for each event. This method has the advantage
of reduced complexity; however, it is not as versatile as

the Monte-Carlo method and determination_of the proper way of !
propagating a covariance matrix is not always a simple matter. §

1
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In some instance it may be desirable or necessary to mix
the two methods of error modeling for a given physical system.
If, say, the initial part of an event is modeled with the
analytic error model and the latter stageswith a Monte-Carlo
model, then how are the two models interfaced at the point of
transition? What technique will be used to calculate the
ensemble of initial deterministic state vectors from a terminal
covariance matrix in order to begin the Monte-Carlo process?
The following analysis describes one method of defining the
interface.

II. LINEAR REGRESSION
A. Two Variable Regression

Given an (n x n) symmetric error covariance matrix:

S11 S12 Si3 + - ¢ Spj
837 S22 833 - - ¢ 8oy
i nl Sn2 Sn3 ARl an_ g

The diagonal terms of this matrix represent the variance of
error in a state property. If a state property is quantified
by a known part Y plus an uncertain zero mean error in the
state property say Y,, then the property Y may be expressed as:
Y = Yk + Yu (1a) 3

The S;; term of the error covariance matrix then represents
the statistical variance of Y,; for many realizations of the state. :

2
4 PN (1)
N

N is the large number of realizations of Yy. Similar definitions
exist for the other (N - 1) states implicit in the covariance
matrix. The off-diagonal terms of the matrix are the covariances
of the (N) states defined by:

511

2 Tu
e 2, 2)
N
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The magnitude of the covariances indicate the degree to which
state errors are dependent on one another. To put this dependence
in a nondimensional form a correlation coefficient can be written:

S
LY (3)

(853 27
In this nondimensional form, a correlation of +1 indicates perfect
correlation between errors Yul and Yuy, and a correlation of 0
indicates no correlation exists. This definition of correlation
coefficient is applicable only for linear correlation analysis.
A non linear correlation may exist for rj; = 0. The present
method assumes only linear correlations exist among the state
errors.

*12

If the state errors of two state variables are known for
many realizations of the two states, then a least square regression
line (see Figure (1)) can be described by

Y Y
() -(Bg) 0 o
VY p actua

2 }E: u,

The mean values of the errors are clearly assumed to be zero
(i.e., no biases exist).

est.

FIGURE 1. LEAST SQUARES REGRESSION LINE.
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For a given actual value of Yyy, an estimate of Yy,, can
be made from the equation of the least square regression iine
according to equation (4). The "goodness" of the estimate depends
on how well Yy, is correlated with Yyj;. If the correlation were
perfect (i.e., r;o = 1) then there would be no scatter in the data
points in Figure }1). All the data would be directly on the linear
regression line. Conversely, a poor correlation would be seen as
much scatter of the data about the regression line in Figure (1),
and the estimate of Yy, from the regression equation would not be
expected to be very good.

Equation (4) can be rewritten in terms of the covariance
from equations (1) and (2) as:

LSy (Yul)
(YUZ)est. 11 actual (5)

A quantitative measure of the data scatter about the
regression curve is defined as a "Standard Error of Estimate":

o z((‘uz)a; (2)e) ) *

The difference of the two terms in equation (6) is the difference
between each data point and the regressioncurve approximating the
data. The standard error of estimate is similar to a deviation of
the data about the regression curve. If lines are constructed
parallel to the regression line of Yy, regressed on Yyj at vertical
distances 021, 2037, etc, from it, then for large N there would be
included between tﬁese lines approximately 68%, 95% etc. of the
data points. Hence 021, is analogous to the standard deviation of
normally distributed data. The Y_,, data mean for any given

Yuj and very large numbers of sample data lies on the
regression curve.

0

6)

A generalized form of the correlation coefficient given in
equation (3) is:

‘ it %
z . (Predlcted Varlatlon) - & E u,

- Total Variation 7 z: B
2

and for linear regression it can be shown that

g - (] B0 B W

(7)




55 i 53 NSl L R A e 1 A5 5 T 5255 T

NSWC/WOL TR 77-183

hence with (8), (7) and (6)

g, =8 % (1 - r212);i

2 22

B. Multiple Linear Regression

When multiple correlation exist among a set of random
variables as is the case when given an N x N covariance matrix,
E 3 multi-dimensional regression equations can be constructed.

E ] Generalizing equation (5) to the multi-dimension equation:

I
i

Y Y 2

1 u u u

N A 1 2 n-1
——gs = al —-;S + a : i =l A aN_ 2 : (10)
NN /e 11 /a 22/ a (n-1) (n-1)/ a

Where the a, coefficients are found from simultaneous solution of
the algebraic equations:

a.r + a

1591 o533 T Rakys Fae W B ¥y ) *Ein
LD + 45722 + a3%53 d s At an—la(n-l) =Ton

. . . a . =
-l T % taety2 TP etia T Y e D=1 " Yin-lin s

and the standard error of estimate about the multiple regression
line is an expanded form of equation (9):

& 1/2 £ 1/2
%n Snn (1 rn,l n,2 g2 SR rn,(n-l) 9n-1.) (12)

III. INVERSE REGRESSION

A. Method Description

If it is desired to find an ensemble of state vectors
which include random errors and if it is also necessary that the
random errors included in the state vectors have the proper

" statistical cross correlations, then it may be possible to
construct such an ensemble, given the covariance matrix of errors.
The process would be an inverse regression scheme as follows.

Making the assumption that all errors are normally

distributed about linear regression lines it is possible to
construct a set of regression lines and then statistically

5
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"scatter" the errors about the line using a zero mean normally ,
distributed random number generator with a variance equal too
(equation 12). The errors so generated would be added to the
mean value of the state vector and repeated many times to build
an ensemble of state vectors with properly correlated errors.

A consistent scheme of selecting the order of regression
should be used. One such scheme would be as follows:

1. Select the two elements of the state vector that
are least correlated (i.e., smallest |Sppl, N#M).

2. Continue selecting elements in a monotonically
increasing order of correlation.

3. Choose the selected initial two elements (from
step 1) and construct a regression curve from equation (5)
similar to Figure (1).

3a. Find the so-called actual value\"“1)a from
a zero mean normal random generator (NRNG) with variance Sjj.

3b. Solve for the estimated value of Yu2

4. Introduce scatter to Yuj Je by adding an error
term found from (NRNG) using variance o, as found from equation (9).

Solve for the so-called actual value of Yuz

(Y“z)a =€fuz)e + (NRNG) o, (13)

5. Repeat the process to calculate actual values
for all the state errors.

Equation (13) is a defined value of a single realization of
the error in the Y3 element of the state vector. When this process
is repeated for each element of the state vector, it is necessary
to use the expanded multiple regression equation (10) and variance,
equation (12).

For example when finding the third error term, (Yu3) ,
from (10):

Y Y
u u u
3 e .7 N 2
533%) 1\S117a ~2\5227a (14)
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where (Yy;), and (Yuy), are the same values as found in the
precedincg steps. The variance used to introduce "scatter" into
the (Yu3)est. of equation (14) is:

2
P S 1/2 Z] i 1/2
Oy —[833 (l rs; 2 riy, a2) ] (15)

The process is complete when all N values of the state vector have
been altered by an error term as in equation (la).

For a given covariance matrix of errors, the Ay coefficients
of equation (11) need only be calculated once. They change
only when the covariance matrix changes. However, the value of
the "Ay" coefficient are different for each value of N in
equation 10. A set of coefficients correspond to each value
of N which is the order of the given covariance matrix. As
many realizations as desired of the state vector can be generated
for a given covariance matrix. Each new realization is constructed
from a new (NRNG) value for the first error term Yu; .

B. Proof of Proper Correlation

It remains to show that the order chosen for regressing the
variables does not affect the statistical cross correlations of
the errors in the final ensemble of state vectors. If we accept
equations (13) as a valid method of introducing "scatter” or random-
ness to regression generated errors, then it is sufficient to show
that cross correlations of error states are correct, independent of
the order of their regression.

(Yun>a = c{un)e + (NRNG)on (16)

The term (NRNG),, is a single realization of a normal random number
generator with standard deviation, op.

Let us arbitrarily choose two elements of an error state vector
Yy; and Yu2 and regress Yy, ©On Yulz

T ) s %
e "B \ M (17)

Where(Yul)a is chosen from (NRNG)(Sll)l/Z

= + (NRNG)
u2)a é“Z)e 02 (18)
0, being found from (9).

Then (Y

ottt o i i S 8, i il

e b o il

ST R 2y
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The cross correlation between (Y, )a and(Yuz)a for a large number
of realizations of equation (18) }s:

(B<)ya =Z<Y“1)a (Yuz)a /N

from (17) and (18)

S
(CC) 45 —E ‘Yul)a -glg- ul)a + (NRNG) /N

11 2

P Y (19)
&- - sy (), o, [

The term on the right is equal to zero in the limit since each
term of the product has zero mean and the terms are uncorrelated.
Hence as expected:

o Y b'd
(CC)12 = 512 -ﬂ u])a (uz)a /N (20)

From (10) the regression equation for a thim variable is:

5331/2 & S331/2 A5

Y 7 1 [y v

(us)e‘ s, 1/2 (u])a : 5,5 (uz)a oy
11

Y [y

(u»a—<uge+ mmm%3 (22)

Now c eck to see if (Yug a generated by (22) is properly correlated

3)a 153
1/2 1/2
- i Yu) +S33 A2 Yy.) + (NRNG)
S 1/2 1/ a s 2 3
11 22
N
8
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This quickly reduces to:

" By gy Ay

R 5 ol a)
3 [ s 1/a (NRNG)o (24)
1/2 1/2 + 33 12 2 5 3
S 2 N
22

Since the last term is zero in the limit for a product of
uncorrelated zero mean variables, (24) is:

Y 1/2 (25)
Z(Yul)a(%)a AN T W f3n .. i3
Lt =S s A, # a
” 11 33 ST .02
22
The A, and A, coefficients are found from (10) to be:
sk S . Wiskid > (=SB e ek I g I (26)
B B s e ey o
12 12

Substituting (3) and (26) into (25):

z(y"ga S{%)a i

Hence, even though Yuj3 was the third variable chosen it is
properly correlated with the first variable. 1In a similar fashion,
the third variable can be shown to be properly correlated with the
second variable. This process can be continued for all subsequent
elements of the state vector regardless of their order of
regression. Therefore, the order chosen to regress the state
vector errors is arbitrary and has no adverse effect on the

cross correlations of the ensemble of state vectors so generated.

IVv. CODE DESCRIPTION

The inverse regression method described has been coded for
use in a trajectory program. If a state error covariance matrix is
available at some point in a vehicle's trajectory and it is

9
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desired to complete the trajectory with a Monte-Carlo error
analysis, then it is necessary to determine an ensemble of initial
state vectors. One state vector from the ensemble is used as an
initial condition for each trajectory of the Monte-Carlo

series.

A listing is enclosed as Appendix B. for the subroutines
that read in the covariance matrix and then determine the
coefficients and standard deviation required to solve for state
error vectors. Subroutine COVSET(M) stores in common the "A"
coefficients and "S" variances of equation (10). Also stored are
the standard deviations of equation (12) for the M-dimensional
square covariance matrix. These stored parameters along with
a normal random number generator are sufficient to form a state
error vector by repeatedly sclvingequation (10) for M values of
the state U est. This error state determines the initial condition
for one trajectory realization. Additional realizations of the
Monte-Carlo series can be found with the same stored coefficients
(i.e., these need not be calculated again). The normal random
number generator with previously calculated standard deviation
supplies the required variation of the state vector for subsequent
trajectories.

Subroutine FILL uses a system supplied function (MAM) to
solve the set of simultaneous equations (11). Any simultaneous
algebraic equation solver may be substituted here. Subroutine
IMOD actually generates the desired error vectors.

A CONCLUSIONS

A method has been described which allows mixed modes of
error modeling for a single event. The method defines the
interface between a covariance propagation error model and a
Monte-Carlo deterministic error model. Given an arrival
uncertainty covariance matrix for a physical system at some point
in time, it is possible to construct an ensemble of state
error vectors which may be used as initial conditions for the
error state in order to exercise a Monte-Carlo model of the system.
The error states so generated have been shown to be properly
cross correlated with each other and have the correct distribution
of magnitudes. A FORTRAN computer program has been written
to facilitate implementation of the method within trajectory codes.

10
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APPENDIX A

SYMBOLS

Regression coefficients

Error covariance

Number of samples or summation index
Zero mean normal random number generator
correlation coefficients

Variance of error
Covariance of errors

Element of state vector

Known part of state vector element
Unknown part of state vector element

Standard deviation for gaussian distribution

Summation symbol

Regression estimated value of an error

Determined actual value of an error

A-)/A-2
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APPENDIX B
COMPUTER CODE LEISTING

SUBROUTINF COVSFT (M)
BRUNSVOLD oy 77

FOR A GIVFN MONTEF=CLRE D HUMN SFTe THE FOLLONING IMFNARMATIOM
NFED RE CALCIN ATHI: OGNLY OMCFE,

CALCULATE CFPTATIN COFFFICIFATS FROM ACPIVAL UNCERTATNTY
COVARTANCFE MATRI Y (THMITIAL CONLITIONS FOW FACH QUN)

STNRAGE IN THF X LREAY RECIMNS AT x(1) AND TS OFFN FENDED
STORAGE LOCATTONS = #A# STORAGRF + S16Mp STORAGE + S(N) STORAGE
ST((M=]1)+(M=P) 40000t (?))+(M=])en

X ARRAY NOw SHFFICTIFMT TO HANDLE % 12 x 1?7

COMMON X (Qn)
nrnFNSIOM AMM(3) e SMM(e3) e ARKFAY (2e2) e JC(2)
FORMAT (5F15,745X)
FORMAT (1H 48F1S,.7+5X)
FORMAT (1h1)

X(2)=FLOAT (™)
READ IN COVARTANCF MATRTX
READ(S54200) SMM
WRITE (6+202)
WRITE (69201) SMM

TQ SIMPLIFY COMPUYTATINNSe DIAGONAL FLEVENTS OF SMM MATRIX ARFE
SQRT oF ORIGINAL COVARTANCF NIAGONAL FLEMENTS,
CALCUILATF CORPFLATION COEFFICIFNTS MATRIX FROw ARRTVAL COVARTANCF
PO 10 K=1eM
DO 10 J=1e*

IF (KeGELJ)GO TO 10

CALCULATE THF #R# VAL 1IFS (CORRELATION COFFFICIFNTS)
CORRFLATION COFFFICIFMT MaTSIX HECUMES SUMM AS WE ¢RTTE ON TOP OF
ORTGINAL COVARIANCFK MATEIY TO SAVF STCRAGF,

SMM (J oK) =SUM (JaK) /(SMM (Je) #SNMMA(KeK))

SMM (KeJ) =SMM (JeK)

CONTINUE

DO 11 J=lem

PUT THE S(N) VALUFS TN STNRAGFe THESE aFE THE DIACOMAL ELEMENTS OF
THE COVARIAMCF MATRIX ENDAL TO THFE STAMDARD DFVIATTONe FIFRST
LOCATION IS ¥(3),

X(2+J)=SMiM(JeJ)

SFT THE DIAGONAL FLFMFNTS OF THE CO%RELATION MATRIY TD l.0
SMM(JeJ)=1.

X(2)=M AND X(1)=S(1¢2)/S(1el)e 8PF COLFFICIENTS FCQ Ylig FSTIMATF
X(1)=SMM(]le?2)®X(4)/X(3)

=] § MB=MC=M+? & M]l=na]

="+]

CALCULATE THF #aA#S AND PUT TNTD STORAGEs  A(L) AN A(P) FIRST,
TUYFSE ANE THE UNKNOWN YVARTARLFS OF THF SIVMULTANEOUS ALGFRRAIC
FQUATIOMS, SURROUTINF FTLL SNLVES THFSE FOQUATIOMS,
BMM=SOLUTTINON VFCTORS=#4#S,4 SUM=COPRELATION COFEFFTICIFNT MATPIX,
M=QRNDFR OF SMMye  N=NUMRFR OF STMULTANFOUS FAUATINMS TN RF SGLVED
IN THIS PASS THHOUGH FTLLe ARKFAY AND JC=(UMMY MATORTX THAT MIIST BF
NTMENSTIONFN TN COVSETe DIMENSION TO “=]

" BEST_AVAILABLE COPY
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CALL FILL(RMM SMMeMoNoARRAYWIM)

DO 13 TLO=].MN

MM=TLO+M8B :

STORE SOLUTION VFCTNRS FROM FILLe FIWST LOCATION TS X (Me3),
X(MM)=RMM(TLO)

CONTINUVE

IF(NeEQeM1)GO TO 14 "
MR=MM

GO TO0 12

CALCULATE M=] PFRMANFNT VALUES OF STGMLe SIGMA(?) TS FLIKST AT
LOCATION X(¥M¢1)=X(3+N¢(M—])¢(m-?)+..m¢?)

CALCULATE < GMA(?)

X(MM+]1)=X(4)#(] q=SMM(]2) #%D) %% &

CALCULATE SIGMA(R) TGO SIG™a (M)

DO 21 K=2M])

RFST=0n,

DO 22 L=1lsK

REST=SMM (K+]1 el ) #X (MC+|)+RFST

CONTINUE

MC=MC+k

PUT CALCULATED STGEMA S TNTH X AwxEAY
X(MM+K)=X(K+3)# (] ,=-REST) #% 5

CONTINUE

WITH SIGMA Se #A%#Se AND S(M) Sy FRrQOF VECTURS MAY BF GEMERATED
WITH NORMAL RANDOM NUMHER GEFMERATOR, & SURROUTINF FQw THIS
CA*LEH “wIMOD" IS INCLUDFD,

RE 'Uny

END

SURROUTINF FTILL(ReRPMMeMgNgLERAYQTC)
BRUNSVOLD mMay 77
THIS SURROUTINF FINDS THE SGLUTIOM VECTOR FOw THE wan COEFFICIFNTS

DIMENSION RMM (MeM) g ARDAY (MelN) e (M)« IC (M)

DO 15 K=1eN

GFNERATE RTGHT SINE OF BALGFRKAIC EQUATICNS FROM COQCELATION MATHTX
B(K)=RMM(KeN+1)

DO 15 J=1eN

GENERATE COEFFICIENTS OF ALGFRRATC FAUATICNS FRPOM CORVELATTION

MATRIX AND PUT INTO ApRAY,

ARRAY (JoeK)=RPMM (JoK)

ARRAY (Ko J)=ARRAY (JeK) o
CONTIMHUE

MAM IS SYSTEM SURROUTTIMF THAT SOLVFS | INEAK SFT OF ALGERKATC FONS,
CALL MAM(ARRAYosNoeNoRealeICeIN)

IF(IDLEQ2)GN TO 20

GO TO 16

WRITE (Ahel0N)

FORMAT (1H #2AHFATLUVRE TH SURKQUTINE FILL)

STOP

RETURPN TO COVSET WITH SOLUTIOM VFCTNR B,

RETURN § FND

B-2
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SUBROUTINE TmMOD
THIS INITIAL MODULE SOLVES FOR THF INITIAL FRPORS TN THE STATF VFC

COMMON X (90)

DIMENSION Y (9)

M=IFIX(X(2)) ¥ NA=0,

FIND THF PROPFR TWDEX IM THF ¥ ARRAY
Jd=0 ¢ M]l=Ma]

DO § [=2M

J=1+J

CONTINUE

MM=J+2

GENERATE A NOPMALLY ODISTRTIRUTED RANDOM NUMRFKHs (RM)o OF
SIGMA=1., AND MEAN=0,

CALL RANNUM(NAs)l ee0e9sReRN)

GFNERATE THE FIRST STATE FPROR Y(1)e.
Y(1)=RN#X(3)

CALL PANMNUM(NDAg) e90eoFeRN)

GFNERATE THF SELOMD STATE FRR(P.
Y(2)=X(1)#Y(1)+ N#X(MvMs+])

MC=M+2

SOLVE FOR THF RFMAINING Y FPKROPS

DO 10 K=2«M]

RFST =0,

NN 20 L=1leK
REST=(X(MC+L)#Y (L) /X(L+2)) +RFST
CONTINUF

CALL RANNUM (OB e oeNeokePN)
Y(Kel)=X(K+I)#RFST+RN#X (MN +K)
MC=MC+K

CONTINMUFE

THE Y VECTNwK GRFNFRATEN IS ONF FikROR VFCOTOR RFALIZATION TO RE ADDFEN
TO MFANSe ADNITINNAL RFALTZATIONS CoM WE GFNMERATEN WITH CTHER SET
OF RANDOM NIIMAFRG, RMNS,
WRPITE(ARelDN)Y

FORMAT (1H0.GF1N,A)

RFTURMY & END
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