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THE EDGE—FUNCTION METHOD (E .F .M. )
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: SCOPE - OP THE EDCE—F UNCTIO~ METHOD
The Ed ge—F~’nction Method as applied to two—dimensional problems is a pro—

- • cedure fo- obtaining exact solutions to acceptable Mathematical Models of
prac t ic~ i bouc !ary value prob’ems ic regular or irregular polygonal reg ions
w it ~- , or without , cavi ties . The method wac od~~ina l l y developed by Quinlan  [ 1)  I
f o r  ~~~ tore  or or pr~ n c  bars of pol ygcmai ~-o:~c — s c ct i on .

- In the  succeeding 12 years it has been successfull y app lied to problems
in the bonding of isotrop ic th in  p la tes  [2 ,3 ,4) ;  coup led l inear  systems in
e la sr os tat i c s  [4 .5 , 6 , 7]  and in modera te l y th ick p : .~L er -  ond shal low she l l s  [8];
cracks and stress concentrations in elastostatics [9];  vibrat ions of Thin
Plates [10) and vibrations of Shallow Shells [11). Selections from relevant
abstracts are:

“A general computer method is presented of solving a very wide range of
swept—back wing and skew bridge problems~ with any boundary conditions and load—
ings, with or without cut—outs and elastic column supports”. [2] -

- - “The Ed ge—Function Method may- be described as a p iecing toge ther of
“asymptotic” solu tions to a set of linear p .d.c. ’s for the several par ts of a

- domain D to sa tisf y the boundary conditions in a discrete least squares sense.
In the present paper , app lication is made to problems in elastostatics , where U

-
~ nay be mul t iply connoc ted ,”bounded externally by an irregular polygon and wi th

curved holes in the interior. The various “asympto t i c ” problems are solved for
(1) the infinite sector, for Vertex Functions , (2) the semi—infinite region,

- . leading to Edge—t~~nctions , and (3) a curved hole in an infinite region , leading
to Mapped Polar Biharmonics. [7]

“A new method for the numerical solution of Reissner—type plate and
- 

displacement—type snallow shell equations is developed. By deriving for an
- 

arbitrary edge of .i polygonal  p late or shallot-, sp i -n eal or rectongular
- - cylindrical , hype rbolic paroholoidal , or e l l i ptic araboloidal shell a set of

- - “edge—func tions”, it is possible to obtain ac c u r at L  sn i ut i o ns  to these
-- struc tural componen ts subjec ted to . various support and load conditions”. [8]
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“The presen t investi gation extends the method of Edge—Functions to the
determination of n a t u r a l  f r e q u e n c i e s  and assoc iatcd  mode ShapeS of free

- -. vibration of thin elastic p lates wi th a var i ety of boundary conditions . The
Edge—Function technique essen tia l ly associates an independent coordinate system-- with every edge of the p la te, and for every edge emp loys functions (satisfying
the governing plate vibration equations) that rap idl y decay with increasing
distance from the pla te boundary.  Appropria te superposition of solutions
stemming from all ed ges of the p late leads to an approximate representation of

- the time—dependent deflection surface”. [10]

“It can confidently be concl uded tha t the ed ge—function method , using
- - Edge—Functions and the newly developed “Shell Polar” functions , provides a

rapid means of determining accurate values for the frequencies of free vibration
and nede shapes. It ro-Tpu tes , as a routine , approximate root mean square

-- - - - - .  
- boundary residuals for each boundary function , thus providing a practical

measure for judging the acceptability of the solution proferred”. (ii]

- - FUNDAMENTAL S OF E .F .M.  VIA LAPLACE ’S EQUATION 
-

Section 2 of the paper aims to i l l u s t r a t e  as simp ly as possible the main
- algebraic and programming fe~~tu r o:~ o f !) .FJ-I . by app ly ing i t  to Lap lace ’s

equation , V2u ~- 0 , for  ~.- i v c ~c,na l r - ~- i o n ~ w i t h  ellip t i c a l  cav i t i e s .

On superposiob I harmonic solutions , u., that represent the main
- ~

- 
character is tics of the p rob lem , we obta ir l

-. 1 2
- . - u F A.u. V u. 0 , . (1)

i=l ‘‘  1 41ç)
where the I superposition constants A. --~ r’e evaluated numerically to satisfy,  in
an approximate way , the specified bou~ d~ ry condi t ions .

The method of harmonic fittin~ is developed , by expanding the boundary
- . identi ty ,  say u~O, on a typical sidAej ,  O<x ’<a ’, ir~ a Fourier sine series

o u(x’) F C1~ siriThx ’ ; C~ = -f-, J~ u(x ’)sin ro~’dx ’ (2)
- ~=j a 0 -

-: The series can , in practice , 1be- t runcated :~t N ’ t e rms  g iv ing  the a p p r o x i m a t i o n  I
N ’ ‘—‘

O u(x ’) 
~ N= 1 

CN sin mx ’ ; 0 < x’ ‘ a ’ ; n = Ne/ a ’ (3)

provided that the series has convergence of order 1/N3 to ensure continuity of
• 

- 
u(x’), which requires the two paint, or vertex, equations -

u(x’) 9 ; x’ = 0 and x’ = a’ 
- 

(4 )
Approximation (3) then leads to the harmonic equations .

CN 0 ; N 1 N ’ (5)
- , On writing a pair of vertex equations and N’ harmonic equations for each side of,

the pol ygon , a system of I linear equations resu l t s  for  the unknowns ~~~ which
- equations may he written as

(6)
- where K is the coefficients matrix , and b the right hand column vector.

The in tegra l  for  CN in (2) may require numerical integration. A better
approach is to interpre t (3) as the f i t t i ng  of a t r i gonometr ic  expression to

- 
- 

u(x’), and on using a discrete least squares crit~rion of fit , we obtain

CN ii~~i M’=l 
u(x~1)si n nx~ ; i-I’ > N ’ (7 )

where x~ are N’ interior equidistant points on side x’. No t e  t h a t  the series
Lot C~4 is f o r m a l l y obtained by e v a l u a t i n g  i n t e g r a l  (3) numer ica l ly by t he

• - trapezoidal rule  w i t h  M ’+l segmonts .

The bas ic  pr ob lems  — for  the  b a s i c_ reg ions :  i n f i n i t e  sector , semi—
infinite stri p and a hole in an i n f i n i te p lane — encoun te red  in p u t t i ng  together i  -

- - a s u i t a b l e  s o l u t i o n  mix  (1),  ar e then  so lved.  The r e su l t i ng  f u n c t  ions , ca l l e d

— - 
basic f u n c t i o n s , are called the V e r t e x , Ed ge ~nd Mapp ed P o l a r  f u n c t i on s

- —~~~ — — ? ,  -

— - - -— — -  — 
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respectively. Extension is made to mix ed boundary  c o nd i t i o n s , and to p o l y g o n s  -

- 
- with e l l i p t i c a l  i n d e n t a t i on s  by the  use of confo rma l  mapp ing .  A s imp le c om p u t e r

program is available t~ illustrate the basic f e a t u r e s  of E . F .U .  for  V2 u 0 for
a pol ygonal  reg ion , wh en u is specified on all boundary segments.

- 

- 
- Fourier Cosine s and f u l l  Fourier  series , arc developed as alternatives to

- expansion (2) , as these are requi red  when deal ing  wi th  E l a s t ost a t i c s  and
- - Ortho t rop ic Thin  P lat e s .  F i n a ll y ex t ens ion  is made to a region divided Into a

- - series of elements , as in F in i t e  Element  work , and to cases where singularities-:
-

- 
occu r e i t h e r  wi th in  or on the boundaries  of the  region .

A comprehensive computer  program for  Lap lace/Poisson problems is available 
-

with illustrative examples , to act as a program pro to type  f or  the E . F . M .  when
• applied to other areas — elastostatics , thin p la tes , vibrations etc.

- _ - _ _ Re cent Research A largely self—contained paper [91 is due for publ ica t ion. This I
: sets the basis for dealing with coupled linear systems through the medium of
: elast ostat ics , and follows the general l ines of section 1 to obtain the basic

~ func t i ons .  Examp les a~o given involving fracture and reentrant angles and a
~ comprehensive program is available.

A companion wor 1- ( 141 on isotrop ic plates upda tes and ex tends cons iderabl y~
-~~ the ea r l i e r  work [2], while [15] a P h . D .  thesis , to be represented  in June , does~

a comprehensive job on aelotrop ic and orthotrop ic t h in  p la tes  for pol ygonal
- regicos with or without elliptic holes. This latter presents a general method

-y for determining vertex functions directly ~rcn their  ci gOnvalue determinant.

TH REE— DIM ENSION A L _ELASTICITY

s ect  ot~ 2 is a progress  r epor t  on the d~ vo1c~~~::~t f E . F . M .  for  thr ee—
- 

• 
dimens i~~-~a~ ~~ t~~op~ c o~ a st i c it y  The ~~~~~~~~~~~~~~~~~ ~~ te~,t ia ls  [15] for  the
class of d i sp laces~en t - ~ — —

s = B + V X  ; V B 0 , • (8)
-
- are the key to obta in ing  (1) P lane  Functions  that  decay expon ent ia l ly inwards

- from each p lane boundary  area , and (2) Wed ge Func t ions  t ha t  model the s i ngu l a r  -

behaviour between two intersecting p l ane faces — the respective analoges of the
-- Edge and Vortex Functions in (9].

- The boundary  cond i t i ons  on each p lane face (x ’,y’) lead , analogous to (2), 
-

-
~~ to a p lane boundary  i d e n t i t y  

-

q (x ’ ,y ’) = 0 , . (9)
and a d~~~ci -~- t ~ - 1 e as t - - ~~u w ~ -~ ~-~ n I~~- e f i t t i n g  c r i t e r ion  gives a double ser ies fo r

-
- h i ruen i  f i t t i n g ,  -

~i - t e  ( 7) . ThUS the funct ions  and methods for 2—U have -

their counterparts in 3-U and coaparative results are expected before the
Symposium for  the prob l ems solved by Peak [16] using Boundary Integral .

The ~~~ t E i - i~ i t r t ~ ~ a r i s ing  in (6) can be decomposed into
-

~~~ b — K2A , (10)
-~~~ whe r e , iI’~~ nI l e  t - ; r - 7 - ;  Y Il uf  L-~r s i o n i f i c a n c e , t h e i r  e f f e c ts  cart be

- 
1 obtained by i t e r a t i o n  on the  banded m a t r i x  for  k th — it e r a t i o n :

~~ -~ - -~ I i~ A ~~ g(k) 
- (11)

-~~ Usuall y three iterations provide an acceptable solution , the time spent on the
- jterations being only a few pe r ce n t of tha t  required to solve the banded ma t r ix

K 1. Thus E . F . M .  is now f i r m l y w i t h i n  the banded m a t r i x  f i e ld , and is capable of
dealing with any number of connacted clemcnts as in Finite Element work.
1IAIN ADVANTACES

The e f f e c t i v e  a~ g on i t I i m i c  method t ha t  has been developed for  c o n t r o l l i n g
the al gebra (9), allied to a sys u o - . app ro ach adopted to programming,
facilitates the extension of E.F.M. into new ari as.

Solutions for up to four diff erent sizes of matrix are computed .is a
- routine. Each solution vector prov ides an exact sohit ion to the specified

—- —-
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I OLLOVIING

•1 I. problem but  wi th  sli ght ly d i f f e r e n t  tl000dary values , uhich are comp uted as a
1 routine , the d i f f e r e n c e s  be ing  termed the b o un d a r y  re - ;idu .-ti s. If the residuals

- are w i t h i n  the  l i mit s  w i t h i n  wh i ch an en g in e e r  can sp e c i f y  the boundary values ,
then E . F .U .  u f f e~~s as “exact ” a solution as can be obta ined to tho  problem .

• Derived quan t i t i e s  e.g.  moments , shears , are obtained as accurately as the
Tlriniary eu er~r i t y ,  and are quickl y computed fo r  several t runcat ion levels.

Perhaps the greates t  advantage of E.F.M.  is that  no pro—computer process—
- - ing of the problem is required. Only the geometrical ) load and mater ia l  data are

required and an E.F .N .  program can be operated as a “black box” without the user
- 

- 
having any knowled ge of E.F.N.
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