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VARIANCE V~:UU CTIoN TECHN IQUES FOR S LHU LATIN C ~~A~~KUV CHAL:: S

P h i l i p  Heidclber~er

Department of Operat ions Research
S Stanford LJni~~ raJty

\~ ABSTRA CT t ion techniques in the special case when the sto-
chastic process being s imula ted  is a Markov pro—SimuLators f requent ly  wish to estimate p aram—
cess .ete rs of the l im i t i ng  dis t r ibut ion of stable sto-

chastic  processes. Several new methods for reduc— The mcthods are all control variable tech—

ing the variance of such estirnatea will be proposed niques (see 151). yet they d i f f e r  from most other
and di~ cu~sed. The methods are app licable to re— control methods in the important respec t that the
ge.’erat ive Marko v processes in both d i scre te  and neans of the cont ro ls  nccd not be exp l ic i t ly  known .
cont inuous t ime as well as to eemi— ~1arkov process— This is because the controls  are chosen in such a
us. The methods are similar to the tech nique of way tha t  the i r  means ac tual ly  equal the parar.~ter
m. i l t i p lc  con t r o l  variables yet d i f f e r  in th~ irn— of i n te r e s t .  The methods r equ ir e  a ce r t a in  amount
pottant respect that it is not necessary to ca lcu— of computat ion to be done both before and during
late the means of the cont rols. This is because the simulation but hopefully their cost will not be
the control s are chosen in such a way that their so great as to prohibit rho use of the ~eth~ds.
nea ns ac tual ly  equal the parameter of in teres t .

I I .  MARKOV CHAINS
The r.~ thods do require a certain amount of corn—

We begin by in t roduc ing  n Ot a t i o n  anti s tat in gputat ion to he done before  the s imula t ion  begins ,
al t ’uiu~ h th e i r  cost should be r e l a tive ly  minor corn— some p re l imina ry  r esu l t s  for  Na rk ow chains . The

reader should consult I i ) ,  12 1.  or 131 f~.,r a normp are d  w i t h  tha t of  the s imulat ion .  Numerical  re—
deta i led  a n a l y sis of these stochastic processes.s ui t s  de mons tr a t ing  the effect iveness of the tech-

niques for a simple queueing model are presented. Let IX .n > 0) b~ a Mar kov chair wi th ccunt—
able s t a t e  s;ace E (0 .1, 2 , .  . .)  and n -s tep

I. IN TRODUcTION - -, t ransi t ion m a t r ix  P~~. We asaume th e c h a i n  is

irreducible, aperiodic and positive recurrent.In recent  years  computer simulation has become
Under these conditions the fellowin; Prnpccit inna “ery impor tan t  tool for  anal yzing the behavior of
is t rue .stochastic processes. As the s t ruc tures  of widely

used processes become increasingly comp lex ana ly t i c  (1) PROPOSIT iON . There ex i n t s  a probabil ity  d i s —
resu l ts become more difficult to obtain so that trjbution ii on E and a random variable X with
f i u q ~ en t ly  s i m ul a t i o n  is the only computa t i ona l ly  d i s t rib u t i o n  s such that
f eas.~blc method to study  a process. U n f o r t u n a t e l y  it > 0 fo r  all j  ~ £ ( 2)

si nu t a t i on  can be a very expensive tool to use. It
X X (3)is the r e f o r e  desirable~ to develop nethods t ha t  n

ca n reduce the run length~ (and hence cost )  of a — nP, i.e. s — 

~ 
. (61j  i—ocinulation yet still give ac r u r a r e  e s t i m a t e s .  Such

The ’ ‘ in (3) denotes conver;cnce in di~ t r i b u—t~~tliods arc called variance reduction techniques.
t ion .  Now let f ho a real valued f u n c t i o n  oni h i s  p dp er w i l l  propoce several  new v ar i a n c e  r educ — j

1

r.:: 
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V i t  i .~~~ ~~~~~~~ it’ll ( t u i t  inucd)

E and d e f i n e  the rui l t ivariate normal distr ibution w i ~~li i i ej , i - . 0

— uf  — n~~ ( t )  - 1 ( f  (x)  I (~ ) and a t - O v .1r~~. I t l c c  m a t r i x  wit h clt,ir.ciits 0
1

i 0  The ~o l i o w i n k ;  p [O p O S i L i O f l  i s  the k’~y r - ~.i~lt  for

I t  I c  frequently of i ter .~~t to know t
,
~ f o r  ~ 

o b t a i n i n g  point est m a r e s  and c o n f i d e n c r ~ i n t e r v a l

of function s f~ . It the  s t a t e  space is t h , - r
1
’s. 

-

~~~~~~ large (perhaps in finit e ) the set of s ta t i o n a r y
(9) PROPOSITION . If ~If f for all

eq uations (6) nay tic very dif ficult to solve so 4
j — 0.1... .k and I f  10 ‘ for all i and

t ’~jt r tiust be estimated via simulat~ on. It is ij
1 — 0 ,1 k then

the effic ient estimation of such quanti ties that we

wi ll concern ourselves with. We now develop an r~ — E LY m ( i ) J / EL t ml (10)

alternate expression for r~ which wtll be useful

in simulation. ~~(M) r
1 

as. (almost surely) (11)

Pick some sate in E (called the return — 2,J N (~~(M) — r) N(O,~~/F (t )) . (12)
s ta t e )  whLh will be desi gnated by 0. Let X

0 — 3 - — 1

and let T be the mth time the process e n t e r s  As a corollary ~o (12) if we letin
state 0 (T 0). Let r — I — I . For — (13(0) B ( k ) )  an d let

O in m m -j
-, 0,1,... ,k define o2(i~) — B (1 1)

I-I

~~~~ 
f ( X ) then the following centra l limit theoreta is true ;

rn— i 
~/ M(B?(~~) — Br)

~;,. ~~y that the process is in the mth cycle be— C~ (~~) /E(~ ;) N ( O , i )  (14)

tween t imes T and T -l and that T is the 
-

• m—l in in
length of the inth cycle. Ilecause the process re— where N (O ,l) denotes a norma lly ti~st rthiite d

generates itself at the t imes 
~
‘
m (see (21) we can random variable with mean U and var Iance 1.

conclude t h at  (cf (0) ,...,y (k), t ) ,  n > 1) are

i .i .d. (independent ard identical l y distribut ed) I I I .  ~U!~~~ 1’LE_EcU~~ ITF~
raodon vectors. The importance of this in a S~~t lU— W~ now turn to the first ~‘f t h e  vat-iance

l a tion  context is that the simulation run can then reduction rochni qiies for Matkov cha ins . L~ t us ~~~
he broken up into randoml y spaced i . i . ’J. b l ocks  so a function and let r — ITI W’ arc interested
t ha t  t h e  t e ch n i q u e s  of classical statist ics can he jn ohtainin~ short con fidence interv.ils for r.
used to analyre the  output (see 14) ) .  To do this we form new fu n ct i on s  t

1 
so that

Suppose now that we simulate the process for r
1 

— r f
1 

— r for each i. .\s out first candidate 
S

M rvclcs. For vich j define ?~ (~l) by for f
1 

let

ii H f — I b r  j 0,1 k. (IS)

~ ~~~~~~ ~ 
(7)  1

m 1
We the n hiec

Uefi~ c r and ~(H) to lie the  (i.+l) dimen~ innal r — uf — 1;(~ J f )
col u i  vectors with Jth entries r

1 
and ~~Ot) ~

r~~cp ctivel y .  Le t ~ be the syr ietric oatrix — r ( I ’~~~ f )  (nineC t’ —

w~i(I ’
,-’ (i .j)rh entry is

~~mf . • r .
~— l j.-1

— E~~~~~(i) — r
i

b )(Y (j) — r
1~~~

)). (R)
so t ha t  r

1 
— r lot a l l  j . 0~ i ii,’ r (~t) as In

Wv a • .sunc tha t each element of ~ j~ f i nit e  and (7). fly ~Il) ~~(H) r for each j. Now ~ct
is positive d e f i n i t e .  l.~ t N (0 , ~f f 2 

~ (~ he some ve c t o r  so hat
.1 (l~+I) d i m n i i s i n n a l  r.indna vCctor h i v i n g

2
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TA 1iL~~ 1k

~ 
t i (j )  - 1 (16) 

V i i  iance R~~d i i c r i ozus  for Fini te CJji.!C Lt1
~ M / M / l Q u e u e U h~~~~p I e ~~ iizsu tea

ii - ’ ~ t ~~ (~~) be ~~~ m e d  by

k
~ (‘11 — ~ l~~j ) r lh ) (17) .25  .1168 .0292 .0073S 

j-O .50 .23/el  .1121 .0524
.90 .6050 .2659 .1148

Th e n  ?~~(M) r a . s . as H ~ . ~ aw u si n g the .95 .6880 .3425 .1607
central limit theorem in (I~~) .zud equat ion i16) wc .99 .7~ O4 .i056 .204 7

have MATRIX ITERMIVE TE CHN IQUES

~~N ( O , l) .  (18) a t t e m p t  to  obtain g rea t e r  variance reductions for

W* now examine several other methods in an

ok(3)/E(t l)
a fixed amount of computation done before the size—

We pick ~ — 8~ to zein~~ize the variance te~~ in ulation. The basic idea here is to partially solve
(13) (this gives us the shortest confidence inter— a system of linear equations (with some matrix
val possible). If we let • be a (k+l) d inien— iterative techni que) -and then estimate the differ—
sional row vecto r with each entry equa l to 1 we ence between the partial and true ~o1utioti~ via
then have ; simulation .

S
* 1 —1B — F /s ~ (19) We now assume tha t E is finite. L~ t y be

a vector  w ith  components y(i) defIned by

0 2 (3*) — 1/c r
1
e ’ (20)

Il
_ I S

Let R~ — O~~(S * )fO
00. co~h f n i n g  ~~~~~~~~~~~~~~ in y(i) — E .[  ~ f ( X  ) )  (2 1)

S fln-0
the above manner moans that to obtain confidence

i n te r v a l s  of  equal length we need simulate  only where E~ f I denot es the expectation vhen
as many cycles than we would need if we used no X0 — i. Let be a m a tr i x  defined by

var i ance  reduction technique . ç ~~ if j  ~ 0

This  method can be extended to cont inuous  time O~ ij  
— ),, 0 

- 

if j - 0 . 
(22)

~:. i tkx . v chains and semi—M arko v  processes by trans-
it ca n then be shown (see ( 7 ) )  t h a t

t o~- n i n g  them into d isc re te  time Markov chains u s i ng
a

the techniques of (7). Table 1 lists the variance
— L 0pfl f (23)

reductions for estimating the expected queue ii

length . E(X). in a finite capacity M/~1/l queue . and that y satisfies

~e let  ~ - A/ ~i where A is the arrival rate and
y ’~~f + 0P y .  (24)

~i is the service rate. For ease of computation —
t h ~ capacity was ehosen to be 14. It should be Recall that r y ( O ) / L ( t

1
’ . Let y~ be our

emp hasized that these figures are actual calcu— approximation to y after j iterations of the
lat~ons of variance reductions (based on the Matrix iterative method . We then seek to find a
methods of (7)) and not simulation results. function f

1 
such that.

T-1ACCESSION for in
y ( 0 )  y 1(0) + F.0) ~ f (X ~NTIS White Section 

~~ n—T 
(25)

rn-iODC Buff SectIon 0
UNANNOUNC ED 0 We can thea set

1 -1
_______ ________ Is

- y 3 (O) + 
~ 

f (X ) ( 2 6)

~~~~~~~~~~~~ n 1

______ 
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I
V..: t i~i i (continued)

and det In (H) as in (7) we have ~~ffl) r ~~~~~~~~~~~~~~~~
a s .  W~ ~an then proceed exactl y au before to 

The’ author wishe’ ; to  thank P ro fes so rs  Donald L.
obtakn variance reductiou~ . Due to space limit a— 

I gl.-har t and ;,rie ~ordijl. for their valu.ible
d ons the derivations of y

~ 
and f~ for specific 

sugge.tian s dur Ing rh~s research. The author would
m atrix itcrativ e te’chni quoc are omitted here but 

also like to thank I’~ t Rospendowaki for her expert
may he found in (6). T.zhle 2 lists the calculated 

typing of tI.~ rianeis cript . This research was
variance reductions for the finite capacity ~I/?i/1 supported by NSF grant number HCS7S—23607 and ONR
using the Causs—Seidel iterative technique . 

~‘ntract number N00014—76—C—0578.

TABLE 2

B I BLIOG RAPHYVariance Reductions for Finite Capacity
H/H/i Queue Using Causs—Seidel 

~~ CHUNG , K.L. (1967). Markov Chains

p R~ R
2 Stationar y Transition Probabilities , 2nd edo.
3 Springer-Verl ag, Berlin.

.25 .0099 .0015 .0002 
(2) cINL AR , E. (1975). Introduction to Stochastic.50 .0720 .0408 .0207 
Processes. Prentice—Hall , Inc.. Englewood Cliff s ..90 .5939 .3881 .1834 
N.J..95 .6789 .4794 .2414

.99 .7321 
.~~±~~~~~~~

2
~6L_ — (3]  CRANE , H . A .  and 1CLE1IART , D.L. (1974). S~mu—

lacing stable stochastic systems , 11: Markov
chains. J. Assoc . ~~~ put. Mach. 21 , 114—123.V. CONCLUSIONS —

14) CRANE , H.i’e . and ICLEHART , D.L. (1975). SImu—By viewing Tables 1 and 2 it con be seen that 
lading stable stochastic systems , III: Regenera—

neither nethod dominates the other. T h e  variance tive processes and discrete—event simulations .
Operat . Res. 23. 33—45.reductions will , in general , depend on the transi-

tion natr ix P and the function f. The first (5) CAVER , D.P. and THOMPSON , G .L.  (1973) .
Programming and Probability Models in ~perat Ionsmethod has the advantage that the variance re— 
Research. Brooks/Cole Pub. Co., Monterey , Calif.

ductions are independent of the return State
(6] HEIDELBERCCR , P. (1977). Variance reductionwhereas v;t1~, the other methods care must he taken 
techniques for the simulation of Markov processes.

to pic ’~ a return state that yields good variance Ph.D. Dissertation , Stanford Univers ity ,
(To appear).reductions . It is antici pated that frequently

occurring st5tes will produce the best variance (7) HORDIJK , A., ICLEHART , D.L., and SCIIASSIIF.RCFR,
R. (1976). Discrete time methods for simulatingreductions. Causs—Seidei l has the advantage that
continuous time Harkov chains. Adv. 

~j!j~~ 
Prob .

any nay he used to initiate the iterative 8, 772—788.
0procedur e . Ce •~r a l l y speaking the closer v

is to y the better the variance reduction will

be. Th~~ suggests that one could sirsulare .1 small

number of cycles to obtain ,an initial and

then co rnence the Causs—Seidel iterations .

In order for any of these methc.ds to be
compuratien ,-,lly efficient the simulator must be

able to conputc (and store) the functions f ..

The aOount of work involved in thIs could be con-

siderable unless the transition matrix is sparse .

It is for these types of processes that the methods

arc reco—~ended . h’ittbe r de ta lic on the methods,

i n c lu d i n g  more extensive numerical testing , may be
found in (6).
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Variance Reduction Techniques for Simulating Markov Chains,
by Philip Reidelberger

Simulators frequently wish to estimate parameters of the limiting

distribution of stable stochastic processes. Several new methods for

reducing the variance of such estimates will be proposed and discussed.

The methods are applicable to regenerative Markov processes in both discrete

and continuous time as well as to semi—Markov processes. The methods are

similar to the technique of multiple control variables yet differ in the

important respect that it is not necessary to calculate the means of the

controls. This is because the controls are chosen in such a way that their

means actually equal the parameter of interest. The methods do require a

certain amount of computation to be done before the simulation begins,

although their cost should be relatively minor compared with that of the

simulation, Numerical results demonstrating the effectiveness of the

techniques for a simple queueing model are presented.

SECURIT Y CLAU IPI CA TION OF TWIl PASE( ~~~~ Des. ~~~~~~~

:4,


