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Thiectives of Research Frorrim

~~The research •j imed at f ! r~i i n :~ and ieveio~m inr metho ds for ~sti mat i n ~ the

main features c~f  resoonse o~ enr ineer~nr structures subiected to severe dvn .mmi c

1oadin~ o f :‘ntlse t ’yr ’e , wi th  enohasis nut on methods valid ~()t~ ter lar~e deflec-

tions and for structures o~ materials exhihitin.s strcnr strain rate sen~;itivitv

in the plastic range. Pro~1~2m types of nractical importance include explosive

loading, either external due to military attac~ or internal for examnie due to

disruptive accident in a pressure vessel or containment structure ; various types

of vehicular impact; ~;-ivo imnact on ship or offshore structures ; and ~ i c ~h ener~w

rate forming. Preliminary applications have been made of the methods us~cr ~n-

vestigation in the orogra~ nresont !v b e i n ~ r~’viewed in all but the 1~.st of t he

above areas.

The men for rel iable es t imat ion t echn iaues  ar ises in part  s imnlv  from the

need to extend basic knowledge , and ~n mart from t:ho inadocuacv ~ f ~ r reaches ~‘v

wholly numerical schemes. The latter have been ~-L’ eHec t  o~ rese~ rch and de-

velopment on a large scale over the past decade . mart icular lv  ~cr met~ cds of

f in i t e  element type.  :‘~~~~ te th is  er fo r t  examr~1.’s are I a mc l i ar  t~ n’est of us

of cases where a supposedly tested numerical code , ~imn1 ied in s1~~~h f l v  d : f f e rent

circumstances , has led to misleading or total ly nonsensical  results  • e~ t~’n af t~ r

substant ial  comput in~ cost. It  is not surmr isiug  tha t  t h i s  is the  -a :~e . The

problems concerned are intr ~nsiea11v d i f f i c ult  wh en ~n~proiched ‘~‘: numerical

methods. These ire necessarii . ’. af s t ep —  v — s ~ en na tu re , roceed in~ Irem i ve n

ini t ia l  surface t r act ions  and c o n t i n u i ng  w i t h  sneci t i e d  loading and constraint

condit ions . The initial nense consist s o: oronagat ion of variou s t v N ’s of

elastic wavs.s. Traverses of these waves 1’ad to p la s t i c  strain waves , which
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build up large deformations fr~ m a comolex interplay of strain rate dependent and

irreversible dissipative mechanisms . ?roblems of convergence and stability ire

a fundamental hazard in ill numerical schemes , which can probably never be

eliminated. The need for simple but reliabLe and rigorously based estimation

techni ques is obvious , both as an adjunct to Full numerical methods, and as a

means of ~aining better understanding of basic resoonse phencrnena that wholl i

numerical methods are incapable of providin~ .

The estimation methods investigated under the program here reviewed were of

two types : theorems c~ivincz bounds on deflections and response times , and methods

in which ‘natural ’ resnonses in simple nod e (separated variable) form are used

to amproximate the actual dynamic response history . These are based directly on

overall energy and momentum conservation princinles: the boun d theorems on the

minimum potential energy theorem , and the mode anproximation technique on a

“minimum error T levice which can be identified with a statement of momentum con-

servation. Such aporoaches can be expected to guide and strengthen the analyst’s

intuitive feel for the essential features of the response. While the numbers ob-

tained will not be exact or in some cases even ~ooJ approximations , th ey will he

cheap and will rarely be misleadin.~ or nonsensical , which cannot be said for

wholly numerical aoproaches. Although the nroblems ~ealt with so Far are proto-

tyne problems of fairly modest complexity , results from them generally indicate

that the objectives stated are realistic , even though they have not vet been fully

attained .

_ _ _ _ _ _ _ _  ~~~~~~ - — — - - — — - - _ _ _ _ _ _ _ _ _ _ _ _ _



Work Done Including Rerorts and Publications

The results obtained are described in nine reports. These are the First

nine items in the list of Reoorts and Publications , and referred to here by

number in Part A of that list. Some additional references cited are included

in Part B of the same list.

The two approaches investigated referred to as Deflection Bounds and the

Mode Approximation Technique, although conceptually distinct , are in fact linked

to each other. However, for convenience work is summmarized under the two

headings.

Deflection Bound

A new bound theorem was presented [1, 2] for a structure subjected to im-

pulsive loading. The theorem is applicable to structures whose material exhibits

strongly rate sensitive behavior in the plastic range, and applies to finite

strains and finite defloctions. The latter are of particular imnortance when

the structure ~eometry and constraints are such that substantial ~ual itat ive

changes occur in the stress field during the resnonse and the new theorem allows

cons iderat ion of these effects  together with viscoolastic behavior .

The new theorem is based on the principle of minimum potential energy . We

are considering a structure with specified kinematic constraints and in i t ia l

velocity field that corresponds to the applied impulsive pressures. The material

behavior may be of any type including time dependent inelastic as well as elas-

tic behavior. For such a material (nonholonomic ’
~ the potential energy minimum

principle is not valid , in general. It becomes valid and is available in

general form for our purposes when use is made of the concepts of “extremal paths ’

in strain and stress space which render minimum and maximum the specific work
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and specific complementary work , respect ively . Tho se concepts provide the

rigorous basis of the new theorem . A static load traction system is introduced .

The boun d on final deflection at any point , due to the dynamic loading, is ob-

tained in terms of the deflection s reached under t ’.e def ined static loads . The

total strain energy in the structure due to the static loading , computed ac-

cording ~~ extremal path material behavior , must be at least as great as the

initial kinetic energy corresponding to the specified initial velocity field .

In app ly ing the theorem to several prototyp e problems , as in [1, 2, 8], no

attempt was made to use constitutive laws expressing general time denendent be-

havior. (These are not well established , in any case, since the required ex-

perimental results are not available). The simniest forms appropriate for the

more important strongly rate sensitive metals such as mild steel, stainless

steel , and titanium , are ones of essentially viscous type , with strain rates

written as functions of stress only , and vice versa. Dther Parameters such as

plastic strain , plastic work , temperature etc. are treated as parameters. These

can easily be included or changed as may be necessa~~ for particular estima-

tion purposes. The use of essentially viscous const itutive relat ions in the

sense defined , implies tha t p lastic rate sensitivity is the primary material be-

havior. These relations include perfectly plastic behavior as a special case.

The situation is exactly analogous to the use of perfectly plastic behavior as

the basis for plastic limit analysis in conventional structural theory; without

this idealization the limit theorems would not exist , and this powerful tool for

analysis and design would not be available.

A further step in the application of the basic theorem is the introduction

of homogeneous relations of viscous type . Strain rate test data are conveniently

plotted as curves of stress at fixed strain levels as function of strain rate 
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on a l~~arithnic scale. For the three structural metals meuti~ nei , and some

others, the curves are concave unwarL The experimental curves then can be

represented ‘;er’.’ closely bi equations of the form

.110a ~ + bc or — 1 + ( -_—) (la ,b )

where a > ~ , ~ > 0 are a uniaxial stress and con~~i’ato strain rate, respec-

tively , and ~~, b , n (or equivalently a n)  are constants ror a given

strain level. ~1ore convenient for many purposes are hono~’eneous F or’-~~. 
(~‘or

examnle , the stress path for maximu m conolementary work takes a particularly

simple form when the stress-strain rate oelations are homogeneous.) If the

constants in kqs.(l) are determined from experiments , a homogeneous relation

can be derived from them in the form [ia]

. 1/n ’
(2)

1/n
where - - 1. ~~ 3 

- - 1 + ~ (3a .b)
a 1./n ‘ ~~~~ - U

and $ , ~ being the strain rate at which the expressions ~.l) and (2)

are “matched ’ , in the sense that the two curves touch with common tangent at

this point . The homogeneous form (2) always lies below the inhomogeneous form

(1): hence the replacement of (1) by (2) leads to a consistent error in J e F L ’c -

tion estimate of conservative type. comparison L)~~ solutions f~-r one and two

degree of freedom problems, and for the few cent m uons structures for which

solutions are available , have shown extremely small errors when the matching

strain rate ~ is representative of the h ighest strain rates occurring in the

response. he determination of the inhomor.eneous form (1) from test dat a

_ _  - - -~~~~~~
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• discussed in [2], together wi th  comnarison s between f inal  deflections and re-

sponse t imes from the two tymes of rerresentation. 3ot h are readily written for

general combined stress states and in terms of aporopriate generalized stress

and coniu~ate strain rates. This is don e in various forms in references [1-9].

Effects of strain rate history are , of course , not considered in either form .

The application of the theorem requires the solution of a problem of static

loading. To obtain an upper bound on the deflection at a certain point and in

a specified direction , a force at this point parallel to the stated direction is

required to induce total strain energy at least as large as the initial kinet ic

energy of the dynamic problem. This was approached by iterative schemes in

Cl , 2 , ~ ]. In [6] the equations of the bound calculation were written in forms H

identical to those of the equations involved in the ode iteration , with dif-

ferent meanings of constant parameters .

A diff icul ty arises because of the presence of the response time of the

dynamic problem in the basic inequality of the method . This can be replaced by

an upper bound on this time . Although both upper and lower bounds on response

time can be calculated by known methods , these are valid under assumpt ions of

“small deflections” and hence not strictly applicable to the present problems .

However , the deflect ion estimate is extremely insensitive to the value of re-

sponse time , which appears in the form ~~~~~ where n ’ for the structural

metals of interest here is at least 5 and may be as large as 15 or 20.

Exneriments are necessary to investigate the practical validity of cotn-

puted deflection bounds; the calculation is not exact, but the signs of errors

due to the idealizations and simplification s made can be assessed. Experiments

were therefore made on small frames of mild steel and titanium, inoluding H
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material behavior tests at moderately hi~h rates . These experiments are de-

scribed in detail in reference C71. The tests were fairly comprehensive . ror

both materials two tvnes of Frame were tested , corresr’ondin~ to impulsive 1~ad-

Lag, concentrated or distributed over the beam me~ther .  For each material and

frame 1oadin~ type , impulses were applied of magnitudes over a wide range , so

that the maximum permanent def lect ions r-m c~ed f rom e .astic magnitudes to about

a third of the span ( L ~0 or more thicknesses) .

The calculated deflect ion bounds were found in all cases to lie above the

observed final deflections of the tests, The ma~or idealization s and simp lif i-

cat j~~ s were deliberately of a cor~sistent1’i conservative nature ( i .e .  such as

to increase the deflection boun d ’~. The bound ma~ni tude s were found to exceed

the test values by factors as larc~e as 30 to 75 nercent . In view of the sin-

plicit’t and cheapness of the calculation compared to a ful l  numerical solution ,

over—estimates of this extent would he entirely acceptable for most ~rjctic~ l

purposes.

.1lthou ~h the calculation required is certainly “relatively simple ’ , in

its form as i l lustrated in references Ci , 2 , ~‘] the hasic simmlici tv is to some

extent obscured by man ipulations . work is now proceedin~ ( under other sponsor-

ship ) to make the calculation more d irect and systematic , in order to enhance

the practical u t i l i ty  of the method .

• •i• -
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Mode A~ ’roximations

The so-called “mode approxi mation techni~ ue ’ was proposed by Martin and

~vmon~s C 1 ]  for i:mulsivelv loaded otructures . The basic theory was es-

tablished for rigid-merfectlv plastic behavior and for small •Ieflections.

was later shown by Lee and !art in [12 , 13] and ~oe [1~ , 15] that structures of

other —aterial behaviors , in particular viscoolastic , could be treated i~ the

same scheme . The concept of “instantaneous mode solution ’ was shown to be

availib ..e for viscorlastic behavior which because of the constitutive e~iuaticns

are r.cnhomogeneous , does not permit mode form solutions to ~ersist. i’he oro-

ced~re was 1i-~ited to small deflectitns , and even for these was rather len~thv.

::~itial contributions under the present research program [2] showed a way

of appl,’ the basic concepts of the mode approximation method to im~ulsivelv

loaded structures reaching lar~e deflections , including the important cases

where the response changes qualitatively at finito deflections, and with a

sibilit~, of extension to more general pulse 1oa~in~ and material behavior . At

the same t ime  tae handling of stron~lv rate sensitiv~ plastic behavior ~:as

shortened b.’ the use of the homogeneous “matched viscous” representation [13].

As already pointed out above, this simpli fication is not only realistic but

consistently conservative.

The proposed new approach makes use of special “natural motions” in

separated-variable (mode) form. These satisfy the full system of field equa-

t ion s ( dynamics , compatibili ty,  constitutive equations ) but do not in general

agree with specified initial velocity values due to impulsive loading . The

existence of persistent (~‘permdnent ”) solutions of this form requires certain

conditions to be met , in particular linearity of the equations of dynamics and

compatibility and homogeneity of the constitutive equations . When these con-

ditions are not satisfied , as in large deflection problems, instantaneous node

• 
... ____
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for-i solutions can s t i l l  be identified for a particular deflection field and

measure of veloc!t.’ —agnitude . The am~1itude of ~~e in i t ia l  mode form solut ion

is chosen , as in :ne ari~ inal  ~m a u l - d o f i ect ion vers ion , so as to mi ni:ii:e the

ini t ia l  ‘ia ce .~° of the functional

— •~~(x ,t ) ]  = ~~
- ; o (i~i. — — ~~~d’~’ (i.)

where 
~~~

. ,  (i  1,2 , 3) is the actual velocity field and ~i. is tha t  of a

mode form solution : c is mass density , and the integral covers the structure.

The convergence ~ro~erty (d~/dt ~ 0) can no longer be proved for lar~e deflec-

tions , but it may still be postulates that the ‘best” initial mode field re-

mains the one which minimizes the initial mean scuare difference between the

specified and the moce field , with mass density as a weightin~ function . his

provides a simp le and advantageous start in ~ condition , wh ich is generally better

than others , for examole natch in~z in i t ia l  kinetic energy .

The new ~~~~~ac.i was applied first to a simple discrete structural model

[2]  and then to  a circular plat e [3 , 3] and rectan gular frame [6]. The main

problem in these applications is the determination of the mode velocity field

from the field equations , together with the associated acceleration mac~nitude .

This nonlinear eigen problem was solved by iterat5.ve schemes. In [3] this was

done makin~ use of a finite element format.

Comparisons with experiments are essential to test the validity o: such

an approach , which makes use of idealizations and simnlifications and which in-

volves also a definite ‘intrinsic ’ error (in determining the startin~ velocity

amplitude by the “minimum ~°“ technique.) ~ence tests were carried out on

circular plates and frames , designed to investL’ate both tv~es of error. The

tests on frames [7] have already been mentioned. Those on plates were also

-~ — —.4
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quite comprehensive . Two rate sensitive metals were used (mild steel and ti-

tanium), and three loading conditions , differing in the degree of concentration

of the im ulsive pressures . The specimens were “ful L’ clamped” circular plates.

For each of the six cases a range of total impulse magnitudes was applied so

that final permanent displacements ranged from elastic magnitudes to about

ei ght plate thicknesses . Full details of the tests are given in C9 ]~ including

the deternthation of constants for strain rate sensitive behavior and tech-

niques for measurement of impulse and time history of displacement. The ap-

proximate determination of response by a secuence of instantaneous modes is

described in [3]. Here the calculation is somewhat improved in efficiency over

the earlier version [3], by making use of “master response curves” for struc-

tures of given geometry and class of material behavior. An iterative scheme

to determine instantaneous mode velocity fields was still employed , but this

was cast in finite element format for convenience . Convergence difficulties

were encountered at large deflections, but from emp irical observations these

are believed to be of no importance as Far as f inal  deflections are concerned.

The commarison of test results (final maximum deflections , deflect ion pro-

files , and response times) with predictions of the mode approximation technique

are discussed in [8). Here emphasis is put on identifying the main sources of

error . The agreement between test deflection magni :u des and those predicted

is in general quite good , although not so close as found in the frame tests ( see

[6 , 7] ) .  This agreement is less important for present purnoses than understand-

ing why good agreement should , or should not , be expected . In both the frame

and the plate tests , some anomalous results remain to be explained , as discussed

in [6] and [8]. Although the “clamped plate” test is a prototype of the type



11

of structure whose response changes qualitatively as large deflections are

reached, the full clamping condition is experimentally difficult to achieve.

It should be emphasized that the “mode techni que ” is not merely a device

for treating dynamic plastic structural response by one degree of freedom models

and ad hoc short-cuts. The engineering literature is full of approaches of

this nature; by far the most rational and general such approach is that of

Kaliszky [16, 17]. The concepts of mode form response for structures of certain

classes of inelastic behavior are as fundamental in dynamic plastic theory as

are the concepts of limit load and plastic collapse in static structural analys is .

Close links exist between limit analysis and dynamic plastic mode response.

Some of these were suggested by Lee [114] and Martin [18]. Our research program

included contributions to understanding these links , both from a direct point

of view illustrated by structural examples [53 , and from that of general varia-

tional-extremal properties which characterize mode form responses [~ 3. The

latter discussion was motivated by the hope of improving practical computational

schemes by the availability of well understood variational—extremal theorems

of both kinematic and dynamic type.

~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ •
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Summary

The research completed and described in the nine reports or publications

of Ref erences ~~~ has made a contribution to the development of a branch of

basic theory underlvinp response of structures to severe pulse ~r impact load-

ing [2, 4 , 5]. This theory has direct application to rigorously based general

methods for obtaining estimates of the final maximum deflections and response

times, as exemplified by [1, 2, 3, 6, 8]. Rather comprehensive series of ex-

periments were carried out [7, 9] on structures of tvnes chosen to exhibit dif-

ferent large deflection behaviors of particular interest. The generally close

agreement between predicted and observed deflections and times was critically

discussed in [6, 8] with emphasis on the sources of error.

A considerable increase in understanding of some fundamental features of

dynamic plastic resoonse, as contrasted with facility in producing sheets of

computational print-outs , may be said to have been achieved .

A number of important questions remain unsolved , concerned particularly

with implementing the approximation technioues in a more standard and systematic

fashion. These are now being pursued under new auspices with  more adeot~ate

funding.
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