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Appendix A. Implementations of Algorithms for Computing
the Sample Covariance Matrix on a Vector
Pipeline Processor

A1l the implementations are written in an easily understood, structured
programming language. These implementations are presented for operation
count purposes only and are not intended to be compilable code. For a
discussion of these implementations, please see Section 4.3.2.2 "Calculating
the Sample Covariance Matrix on a Vector Pipeline Processor."

In the following discussion, sample covariance matrix will be abbre-
viated to SCM and sample vector to SV. MR and MI will be the arrays
containing, respectively, the real and imaginary parts of the SCM and will
be floating-point (FP). XR and XI are FP arrays containing the real and
imaginary parts of the SV. In front of each implementation will be a Tist of
variables with their types (floating-point (FP) or integer (I)), their
lengths (as a function of the number of weights (N) and the number of
samples (NS)), and their contents and storage scheme (contents omitted
for MR, MI, XR, XI; storage scheme is vectorwise, componentwise, etc.).

Vectors are denoted by double subscripts 1ike MR(K,L), which means
the L-word-long vector starting at location K of array MR. Vector oper-

ations are denoted by

1) A(K1,L1) = B(K2,L1) * C(K3,L1)
2) A(K1,L2) = D(K2,L2)
3) X = SUM[A(K2,L3)]

which are equivalent to, respectively,
1) FOR LOC=0 to L1-1
A(K1 + LOC) = B(K2 + LOC) * C(K3 + LOC)
END FOR




e -

2) FOR LOC = 0 to L2-1
A(K1 + LOC) = D(K2 + LOC)
END FOR
3}y A=p
FOR LOC = 0 to L3-1
X = X + A(K2 + LOC)
END FOR

If a non-vector appears to the right of the equal sign in case 1) or 2),
it is treated as though it were a vector of the appropriate length con-
taining the constant value of the non-vector.

FOR-END FOR Tloops behave as they should: if the initial value is
greater than the final value and the step-size is positive (default = 1),
or if the initial value is less than the final value and the step-size
is negative, the loop is skipped and control passes to the first state-

ment following the END FOR.
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Implementation 1--Unpacked Storage

VARIABLE TYPE LENGTH
MR Fp N2
MI Fp N2
XR FP N
XI Fp N
ROW I 1
START I 1

BEGIN
START =1
UPDATE EACH ROW OF THE MATRIX
FOR ROW = 1 TO N
UPDATE THE REAL PART

MR (START,N) = MR(START,N) + XR(ROW)*XR{1,N) + XI(ROW)*XI(1,N)

UPDATE THE IMAGINARY PART

MI(START,N) = MI(START,N) + XR(ROW)*XI(1,N) - XI(ROW)*XR(T,N)

START = START + N

END FOR
END

A-3
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Implementation 1--Unpacked Storage

VARIABLE TYPE LENGTH CONTENTS
MR FP N(N+1)/2 rowwise
MI FP N(N+1)/2 rowwise J
XR FP N 1
XI FP N ‘
ROW I 1 current row of SCM ‘
START I 1 starting lTocation of current
row of SCM l

LENGTH I 1 length of current row of SCM

BEGIN i

START = 1

LENGTH = N

UPDATE THE 1% THROUGH N-2"9 ROWS OF THE MATRIX
FOR ROW = 1 TO N-2
UPDATE THE REAL PART
MR (START ,LENGTH) = MR(START,LENGTH) + XR(ROW)*
XR(ROW,LENGTH) + XI(ROW)*XI(ROW,LENGTH)
UPDATE THE IMAGINARY PART
MI(START + 1,LENGTH - 1) = MI(START + 1,LENGTH - 1)
+ XR(ROW)*XI(ROW + 1,LENGTH - 1)
- XI(ROW)*XR(ROW + 1,LENGTH -1)
START = START + LENGTH
LENGTH = LENGTH - 1
END FOR P
UPDATE THE REAL PART OF THE N-1“ ROW
MR(START,2) = MR(START,2)
+ XR(N=1)*XR(N-1,2) + XI(N-1)*XI(N-1,2)
UPDATE THE IMAGINARY PART OF THE N-1St ROW
MI(START+1) = MI(START+1) + XR(N-1)*XI(N) - XI(N-1)*XR(N)
UPDATE THE REAL PART OF THE Nth ROW
Eﬁ(START+2) = MR(START+2) + XR(N) *XR(N) + XI(N)*XI N)
D
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Implementation 2--Unpacked Storage

VARIABLE TYPE LENGTH CONTENTS
MR FP N2 rowwise
MI FP N2 rowwise
XR FP N
XI FP N
TR1 FP N2 temporary ar@ay containing

a stretched form of XR

TR2 FP N2 temporary array containing
a stretched form of XR
TI1 FP N2 temporary array containing
a stretched form of XI
TI2 FP N2 temporary array containing
a stretched form of XI
ROW I 1 current row of SCM being
stretched
START I 1 starting location of cur-
rent row of SCM
LENGTH I 1 length of whole SCM
BEGIN
€ STRETCH OUT SAMPLE VECTORS
START = 1
FOR ROW =1 to N
c STRETCH THE REAL PARTS

TR1(START,N) = XR(1,N)
TR2(START,N) = XR(ROW)

& STRETCH THE IMAGINARY PARTS
TIT(START,N) = XI(1,N)
TI2(START,N) = XI(ROW)
START = START + N
END FOR
C UPDATE MATRIX '
LENGTH = N*N
MR(1,LENGTH) = MR(1,LENGTH) + TR1(1,LENGTH)*TR2(1,LENGTH)

+TI1(1,LENGTH)*TI2(1,LENGTH)
MI(1,LENGTH) + TR1(1,LENGTH)* TI2(1,LENGTH)
- TI1(1,LENGTH)*TR2(1,LENGTH)

MI(1,LENGTH)
END

A-5
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Implementation 2--Packed Storage

VARIABLE TYPE LENGTH
MR FP N(N+1)/2
MI FP N(N+1)/2
XR FP N
X1 FP N
TR1 FP N(N+1)/2
TR2 Fp N(N+1)/2
T FP N(N+1)/2
TI2 FP N(N+1)/2
ROW I 1
START I 1
LENGTH I 1

BEGIN

STRETCH OUT SAMPLE VECTORS
START = 1

LENGTH = N

FOR ROW = T to N-1
STRETCH OUT REAL PARTS
TR1(START,LENGTH) = XR(ROW,LENGTH)
TR2(START,LENGTH) = XR(ROW)
STRETCH OUT IMAGINARY PARTS
TI1(START,LENGTH) = XI(ROW,LENGTH)
TI2(START,LENGTH) = XI(ROW)
START = START + LENGTH
LENGTH = LENGTH - 1

END FOR

TR1(START) = XR(N)
TR2(START) = XR(N)
TIT1(START) = XI(N)
TI2(START) = XI(N)

UPDATE MATRIX

LENGTH = N*(N+1)/2

MR(1,LENGTH) = MR(1,LENGTH) + TR1(1,LENGTH)*
TR2(1,LENGTH) + TI1(1,LENGTH)*TI2(1,LENGTH)

CONTENTS

rowwise
rowwise

temporary array con-
taining a stretched
form of XR

temporary array con-
taining a stretched
form of XR

temporary array con-
taining a stretched
form of XI

temporary array con-
taining a stretched
form of XI

current row of SCM
being stretched

starting location of
current row of SCM

length of current row
of SCM, then length
of whole SCM

MI(1,LENGTH) = MI(1,LENGTH) + TR1(1,LENGTH)* TI2(1,LENGTH)

- TI1(1,LENGTH)*TR2(1,LENGTH)
END
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Implementation 3--Unpacked Storage

VARIABLE TYPE LENGTH CONTENTS

MR FP N° rowwise

MI FP N2 rowwi se

XR FP N*NS real parts of NS SV's stored
componentwise (i.e., Ist
component of all NS samples,
followed by 2nd component of
all NS samples, etc.)

XI FP N*NS imaginary part of NS SV's
stored componentwise

1 FP 2*NS temporary array to be used
with SUM

ROW I 1 row of current element of SCM

COLUMN 1 1 column of current element of SCM

STARTM I 1 location of current element
of SCM

STARTMT 1 1 location of transpose of cur-
rent element of SCM

STARTXR I 1 starting location of ROWth
components of SV's

STARTXC I 1 starting locations of COLUMNth
components of SV's

NS2 I 1 2* number of SV's

BEGIN

COMPUTE THE INNER PROODUCT OF THE DATA FOR
EACH ELEMENT OF THE MATRIX

NS2 = 2*NS
STARTM
STARTXR
STARTXC
FOR ROW

1
1
1

1 to N-1

COMPUTE DIAGONAL ELEMENT

T(1,NS) = XR(STARTXR,NS)*XR(STARTXC,NS)
T(NS+1,NS) = XI(STARTXR,NS)*XI(STARTXC,NS)
MR(STARTM) = SUM(T(1,NS2))

STARTMT = STARTM + N

STARTM = STARTM + 1

COMPUTE OTHER ELEMENTS

FOR COLUMN = ROW + 1 to N

END

STARTXC = STARTXC + NS

CALCULATE REAL PART

T(1,NS) = XR(STARTXR,NS)*XR(STARTXC,NS)
T(NS#1,NS) = XI(STARTXR,NS)*XI(STARTXC,NS)
MR(STARTM) = SUM(T(1,NS2))

MR(STARTMT) = MR(STARTM)

CALCULATE IMAGINARY PART

Ti],NS) = XR(STARTXR,NS )*XI (STARTXC,NS)
T(NS+1,NS) = -XI(STARTXR,NS)*XR(STARTXC,NS)
MI(STARTM) = SUM(T(1,NS2))

MI(STARTMT) = -MI(STARTM)

STARTMT = STARTMT + N

STARTM = STARTM + 1

FOR

STARTM = STARTM + ROW
STARTXR = STARTXR + NS
STARTXC = STARTXR

END FOR
COMPUTE LAST DIAGONAL ELEMENT
T(1,NS) = XR(STARTXR,NS)*XR(STARTXR,NS)

T(NS+1,NS
MR (STARTM
END

= XI(STARTXR,MNS)*XI (STARTXR,NS)
= SUM(T(1,NS2))




VARIABLE

MR
MI
XR

XI

T
ROW

COLUMN
STARTM

STARTXR
STARTXC

NS2
BEGIN

Impiementation 3--packed Storage

TYPE

FP
FP
FP

FP

FP

LENGTH CONTENTS
N(N+1)/2 rowwise
N(N+1)/2 rowwise
N*NS real parts of NS SV's stored
componentwise (i.e., the 1st
component of all NS SV's,
followed by the 2nd component
of all SV's, etc.)
N*NS imaginary part of NS SV's
stored componentwise
NS temporary array used with SUM
1 row of current element of SCM
1 column of current element of SCM
1 location of current element of
1 starting location of ROWth com-
ponents of SV's
1 starting location of COLUMNth
components of SV's
1 2* number of SV's

( COMPUTE THE INNER PRODUCT OF THE DATA FOR EACH

( ELEMENT OF THE MATRIX

NS2 = 2*NS
STARTM = 1
STARTXC = 1
STARTXR = 1

FOR ROW = 1 to N-1
C COMPUTE DIAGONAL ELEMENT
T(1,NS) = XR(STARTXR,NS)*XR(STARTXC,NS)
T(NS+1,NS) = XI(STARTXR,NS)*XI(STARTXC,NS)
MR(STARTM) = SUM(T(1,NS2))

STARTM = STARTM + 1
C COMPUTE OTHER ELEMENTS

FOR COLUMN = ROW + 1 to N
STARTXC = STARTXC + NS
c CALCULATE REAL PART
T(1,NS) = XR(STARTXR,NS)*XR(STARTXC,NS)

T(NS+1,NS
MR (STARTM

= XI(STARTXR,NS)*XI(STARTXC,NS)
= SUM(T(1,NS2))

c CALCULATE IMAGINARY PART
T(1,NS) = XR(STARTXR,NS)*XI (STARTXC,NS)
T(NS+1,NS) = -XI(STARTXR,NS)*XR(STARTXC,NS)
MI(STARTM) = SUM(T(1,NS2))
STARTM = STARTM + 1

END FOR

STARTXR = STARTXR + NS

STARTXC = STARTXR

END FOR

c COMPUTE LAST DIAGONAL ELEMENT
Til.NS) = XR(STARTXR,NS)*XR(STARTXR,NS)
T(NS+1,NS) = XI(STARTXI,NS)*XI(STARTXI,NS)

MR(STARTM) = SUM(T(1,NS2))

END

S ——
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Appendix B. Implementations of Algorithms for Direct Methods of

Solving MW = S on Vector Pipeline Processors

For an explanation of the symbols and abbreviations used in this appendix,

please see the introduction to Appendix A and the discussion of Section 4.3.2.
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Gauss-Jordon (GJ)
Variables Type Length Contents
MR FP N*(N+K) the ith group of N+K words contains
the real part of the ith row of the
SCM followed by the ith real compo-

nents of K steering vectors.

MI FP N*(N+K) imaginary counterpart of MR
SR
contained in MR and MI
SI
ROW I 1 current row of SCM
A
DIVID RP 1 scale factor to normalize ROWth
row of SCM
SUBROW I 1 row from which multiple of current

row is subtracted

STARTR I 1 ROW+1st location of ROWth row of SCM

STARTS I 1 ROW+1st location of SUBROWth row of SCM

LENGTH I 1 length of current row of SCM

DELTA I 1 N+K; used to update STARTR and STARTS
B-5




DEGIN
DETLTA = N+K
IE" TIl =~ DELTA

TARTR = 2
Cc ELINIDATE ROWTIH COLUMN SO ONLY ROWTI PROW IAS 1 ’IH T,
(o AlID TIIE REST IIAVE 3LEROS

FOR ROW? = 1 TO N
. LENGTH = LLNGTI-1
. DIVID = 1./MR(SYARTR-1)

C i PUT A 1 IN THE ROW-TIH ROW
. MR(STARTR,LENGT) = MDR(STARTR,LENGTI) *DIVID
. i(Su'\Q T, LUNGYI) = MI{STARTR,LELCTH) ®*DIVID
. STARTS = ROVt
C L CLIMIITATE I'ROI TIIN OYIINR ROWS
. FoR SUnDnO? = 1 T0 M
. . IF SUBROW .MME. ROW
. . . IIR(STARTS , LENGTI) = MRS NGTI)
+. . . - M STAI!..:J ”,L""""""!)
+. . . + MICGSTARYS PRGTIH)
. . . MI(STARTS,LEIGTIN) =
. . . - MR SPARTG- TETI)
+. . - Mi( '..‘I\-T.’" l) 103 TH)
. . T}H') ir
. STARYS = STARTS+DELTA
. L'L') FOR
. STARTR = SYARTR+DELZA+L
END I'OR
BT
(109D TIIAD IR 1 THR VICTOn Qur*rn""rn*"‘, "’r:"v‘ noW = 1 VILL
I 0] TS G D ¥ IR

.,LI\I AR 01 mru\"'-'\‘m... 15 IMDPLEMIIY A "‘C‘ ] A"a‘.nJ'.i
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Gaussian Elimination-GE-Decomposition

Variable
MR

MI

RECIP

ROW
SUBROW

STARTR
STARTS
LENGTH

Type

FP
FP
FP

Length

NZ

NZ

N

B-7
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Contents
rowwise - unpacked
rowwise - unpacked
reciprocals of components of D
in decomposition M = LDL*
current row of SCM
row from which multiple of
ROWth row is subtracted
location of ROW+1st word of ROWth row
location of ROW+1st word of SUBROWth row
length of ROWth row starting in

column ROW+1
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Q

Q

DEGIN
LELGTH = N
STARTR = 2

ELIMINATE ROWTH COLUMIN SO IT IINS 2LROES DELOW A UNIT D
Fon ROV = 1 7O NM-2

. RECID(ROW) = 1./MR(STARTR-1)

. LEIGTH = LENGWII-1

= MAKE UHIT DIACOINAL

= RECID(TOV) * M2 SPADTR, LENGTH)
= RECIR(ROWD * LI(STARTR,LENGTH)

3 DIAGONAL

TO 1

n MR{GT.

. . MI(START

. D rom
. SYARYTR = STARTR + il + 1
EID POR

ELINCIATR I-1ST COLUM -
=PEN=1) = ). /MR GEAERR~1)

0450 o L B HA-1) v MNCGENARTR)

EPC L) RICGPARER
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s

Cholesky without square roots-LDL*-Packed decomposition (the only

difference between the packed and unpacked version is the calculation of

subscripts and pointers, so numbers and expressions in brackets refer to

the unpacked version and replace the numbers and expressions they follow).

Variable
MR

MI

TR

TI

RECIP

TR1

TIN

ROW

SUBROW

STARTR

* STARTS

STARTRS

LAST
LENGTH

LENGTHS

Type
FP
FP
FP
FP
FP

FP
FP

Length

N(N+T)72 [N?]
N(N+1)/2 [N°]

N
N
N

B-9

ety = o R
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Contents
rowwise
rowwise
temporary array
temporary array
reciprocals of elements of D
in decomposition M = LDL*
temporary location
temporary location
current row of SCM
row from which multiple of RQWth
row is subtracted
location of ROW+1St element of
ROWth row
location of SUBROWth element of
SUBROWth row
location of SUBROWth element of
ROWth row
location of last element of SCM
length of ROWth row starting
at element ROW+1
length of SUBROWth row starting
at element SUBROW

Sttt e i Ee——
- >




G

DEGIN
LAST = N*(N+1)/2 [LAST =~ N * NI
STANTR = 2

LLLCTH = N

CALCULATE ROWTI MOV OF L* PACTOR Il M = LDL*
FOR IOW = 1 TO N-2

* MARE UIIIT DIAGOMAL, OAVE RECIPRCCAT,

. RECIP(ROW) = L./MRISTARIR - 1)

. LENGTI = LEUGTI! - 1

. Tn( POJ - 1_,I,L.1"“'"‘ 1I) = RECIP(IDOW)
. TI(NOV+1,LENGTII) = NRIUCTID(NROW) *IM]

'“'.3 Td)

» SUBTRACT MULTIDLES OF NOWIII RCY PRCM OTIHSR ROWS3

. LONGWI < LEICTH

CALCULAYR 1i=)oW RO

ey 5 'y a3ty o
DECIIII=1) Lo AR BRI 1
% LRt SO ol BT
i B ke s aikd Hhasd DAY
| e S S ety § TRRE = e Sb 7

RECID(IY » 1, /(IRCIASE) - YRLEIDSOARYR) -
: PRI AR RN §

" |
B e
v PXas

doiid

. STARTRG = STARTR
C STARYG = STADRYR + LENGYH [STARTS = STARTR + 11
. FOR SUDROYT = ROV + 50 U = 2
. . I SYARTS , LENGT o MR(STANTS,LENGTIIS)
*, ( 'J\" 1’0’1) SYANTRSG,LEISTIS)
*, ¢ BYARYRA i3)
@ IIRe G 54
+ S50 '1’.‘2‘:!3 &
*. .“'(“’.n.‘AI’.'i.'RS i
3 CSPANTS = STARTT +
LTIDPLE OF ROWWII ROW IMRCII M-1l5% RowW
. =P =1) =Bl GTADTRS ,2)
5
. e B =~ TREFS1FEEC SERRERS
* 5 L)
v P NOwRtl IOV BNl BRIl BCU
’ ~ S I SR GUARTRE ) =
. Fohion)
MOV SORENLEEEDY ROV PROM ¥R AYD WY T0 1R AR 153
. Rt By e T
’ ) ‘
DRI T % Il i e e MR

11
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Cholesky with square roots-LL*- Packed decomposition (see comments

*
for LDL decomposition)

Variable Type Length Contents

MR P N(N+1)/2 [N°]  rowwise

MI FP N(N+1)/2 [N°]  rowwise

RECIP FP N reciprc-als of diagonal elements

of L in decomposition M=LL*
ROW I 1 current row of SCM
SUBROW I 1 row from which multiple of ROWth

row is subtracted

STARTR I 1 location of ROW+1Ist element of
ROWth row
STARTS I 1 location of SUBROWth element of

SUBROWth row

STARTRS I 1 Tocation of SUBROWth element
of ROWth row

LAST 1 1 lTocation of last element of SCM

LENGTH I 1 length of ROWth row starting at
column ROW+1

LENGTHS I 1 length of SUBROWth row starting
in column SUBROW

B-11
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BECIN

LAST = N*(N+1)/2 [LAST = N*N]
STARTR = 2

LENGYII = N

CALCULATE ROWTII ROW OF L* PFACTOR IN M = LL*

FOR ROW = 1 TO N - 2

* CALCULATE NECIPROCAL DIAGONAL AMND RCW
RECIP(ROW) = 1./SQRT (MR(STARTR-1))

. LERGTI = LONGYI -1
R(OSTARTR, LENGTI) = RECID( ROW) *MR( STARTR, LENGTI)

P

. MI(STARTR,LENGTII) = RECIP(ROW)*MI(5TARTR,LERCYI)

o SUBTRACT MULTIPLES OF ROWTII ROV FIOM OTIER ROWS

. LENGTHS = LENGTII
. STARYRS = GTANYR
STARTS = STARTR + LEIGYI [STARTS = STARTR + N

. FOR SUDROW = ROW + ) TO NI-2
e
+. .
. . MI(STARTS + = 19
*.
*- .
. . + LENGTIS [STARTS » JTARTS + N + 1]
. LELGYIIS = L 3 TEG) =k

. ELID EFOR

SUBYLACT IULTIPLE O ROVIU RO IRert M-157 ROW

. MR(STARTS,2) = MRASYANTS,2) ~ [NASEANTRG) *
By W B2ARTRG,2) - NECSTARTRG) #1117 ( ARZRS 12
. MIOSYARSG + 1) = RECHIANNE. o= ) = L %
* MECSPARRRG + 1) = MEUSTARZRG) 2]
STARTRG « SUARIRGS + 1
SUBTRACTY [IOLTIPLE OF NOWEID ROW FROM NEH ROV
MROLAST) = 1IR SHD(SRADRTRE)
.
o NIRRT = Bk e RN DER S B i skl RS 2 R
B row
CALCULARE =165 10w
RELEPCLN o Los80pRy L1900 1) CaEARE)
Lo

B-12
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Gaussian Elimination with Vectorwise Augmentation-GE- A_Eﬁ

Variable
MR
MI
SR

SI

RECIP

ROW
SUBROW

STARTR
STARTS

LENGTH

AuG

STARTSV

STARTSVM

Type
FP
FP
FP

FP

FP

Length

N2

N2

KN

KN

S = ! oo p-m; TS e

Contents
rowwise
rowwise
real part of K steering vectors
vectorwise
imaginary part of K steering vectors
vectorwise
reciprocals of components of D in
decomposition M=LDL*
current row of SCM
row from which multiple of ROWth
row is subtracted
location of ROW+tst word of ROWth row
location of ROW+1st word of SUBROWth
row starting at column ROW+1
length of ROWth row
current steering vector
location of ROW+I1st element of
current steering vector
location of first element of

current steering vector

T T VT ———— T A I e ST




a

-

BEGIN
LENGTH = N
STARTR = 2

ELIMINATE ROWTH COLUMN SO IT IIAS ZEROES BCLOW A UNIT DIAGONAL

FOR ROV = 1 TO N - 2
. RECIP(ROW) = 1./MR(STARTR -~ 1)
. LENGTH = LENGTH - 1

L MAKE ULIT DIAGONAL

c MROSTARTR,LENGTII) = RECIP!NOW) * MR(STARTR,LENGTH)
. MI({STARTR,LENGYH) = RECID(ROW) * MI(STARTR,LENGTH)

L ELIMINATE BELOW THE DIAGONAL

STARTS = STARTR
Fonr .aU"‘I‘O‘l = RO + 1 TO M
.au\"{ = STARTS + N
. HMR(S A“TS,LLI"‘"”I!) = MR(S TI\T"‘.),'J‘NGTH)
. “HMRESTARTS - 1) ¥ MRASTARTR,LERGTH)
. + HNI(STARDS - 1L)* MU(GYARYR,LELGTH)
. MI(STARTS,T.ENG I‘ll) = MI(STARTS,LENG?YH)
. -I’I"( STARTS-1) " NT(STARTR,LENGTH)
. - MI(STARTS - 1) * N STARTR,LENGTH)
ElNlD FOR

b ELIMINATE FRCM STEERIIIG VECTORS

STARYSV = POV + 1

. FOR AUG = 1 %0 K

. . SR(STARTSY,LENGTH) = SD(STARTSY,LENGTI)
By SN ST b B
e 5T(STR

il v, 1 ]
# e +51U SARY » JTZ(STARTR, LLUST)
®u s -GI(STANTGY-1) * MR( STARTR , LENGTI)
: STARTSV = STARTSY + N

. FuD_FOR

SUARYR = STARER + I+ 1
oM FOR

ELIMINATE 11-15T COLUMI

o 1. /M GEARZE-1)

S rlz\ﬁn,l)
CALLULATI NUCIPROCAL C2 ENGT DINGCGMAY, LLIEMZNR

COADTG . SOADTD 4 n
MR BTARYR) ¢ PR(GTARTE-1)

=LY

-

PORS M) DIVIDE BY DIAGOLAL ELEMENTS
IO A LR

PANEOVIS & L

O NG o ) g ¥

SRS L'\“' ";V)

* MR(SWARTR)

+,

’ L e e pinhainga
. ITARYGYVIL I

’ roa b IR ol dl et koladian IR

LD FoRr

ELiD

B-14
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Gaussian Elimination with Componentwise Augmentation - GE - E{:ﬁj E§§§§
Variable Type Length Contents
MR FP N-(N + K) the ith group of N+K words contains
the real part of the ith row of

MI

SR

SI

RECIP

ROW
SUBROW

STARTR

STARTS

LENGTH

FP N-(N + K)

FP N
I 1
I 1
I 1
I 1
I 1

the SCM followed by the real parts
of the ith components of the K
steering vectors.

analogous to MR, except contains

imaginary parts
contained in MR and MI

reciprocals of elements of D in
decomposition M = LDL*

current row of SCM

row from which multiple of ROWth

row is subtracted

Tocation of ROW+1st word of ROWth
row

Tocation of ROW+1st word of SUBROWth
row

length of ROWth row starting in

column ROW+1

e




T e =

BEGIN
LENGTII =~ N + K
STARTR = 2

C ELIMINMATE ROWTH COLUMN SO IT IING ZERODES DELOYW A UNIT DIAGONAL
FOR ROW = L TO N - 1
. RECIP(ROW) = 1./MR(STARIR = 1)
. LERGTII = LENGTI - 1
Cc » IMAKE UINIIT DIAGONAL
. MR(STARTR,LENRGTII) = RECIP(ROW) * MR(STARTR,LENGTI)
. MI(STARTR,LENGTH) = RECIDP(ROW) * HMI(STARYR,LENGTI
(o ® ELIMIINATE BELCW TIIE DIAGONAL
. STARTS = STARTR
. FOR SUDRCI = ROW + 1 TO N
. . STARTS = SPTARDS + 1 + K
. . HMR(STARTS ,7NNETH) = NMROSTARTS,LENGTH)
+. . =HR( GVARES5-1) * NR(STARTR,LAENGETH)
+. . +HICSTARTS-1) * MI(STARTR,LENGTH)
. . MI(STARTS, LENGTI) = MI(STARTS, LELC
*+. . ~HMROGPARTG-1) ¥ ME(STARTR,LENGTH)
+. . ~HT({ STARTS-1) * IR 590 Y, LENEGTH)
. 1D r'on
. STARYD = STARTR + I + K + 1
EnD ron
RECID(?) = )./MR(SPTARTR-~1)
MR{ 3ZARYDR,K) = D(11) * NR(STARTR,K)
HMI(SYARTR,K) = DRECIP(IN * HNI(STARYR,X)
c
LD
C
PHND P K
TIONS
LD SLHOULD DE CI

B-16
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Cholesky without Square Roots with Vectorwise Augmentation-LDL - E§§§§

(see comments for LoL* Decomposition)

Variable Type Length Contents

MR FP N(N+1)/2 [N2] rowwise

MI FP N(N+1)/2 [N2] rowwise

SR FP K-N real parts of K steering vectors
vectorwise

SI FP KN imaginary parts of K steering

vectors vectorwise

TR FP N temporary array
TI FP N temporary array
RECIP FP N reciprocals of elements of D in

decomposition M = LDL*

TR1 FP 1 temporary location
TI1 FP 1 temporary location
ROW I 1 current row of SCM
SUBROW I 1 row from which multiple of ROWth

row is subtracted

STARTR I 1 Tocation of ROW+I1st element of
ROWth row
STARTS I 1 location of SUBROWth element of

SUBROWth row
STARTRS I 1 location of SUBROWth element of
ROWth row

- o TR e g s e T ———
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Cholesky without Square Roots with Vectorwise Augmentation-LDL* - C%Eii

(see comments for LDL* Decomposition) (Cont'd)

Variable

LAST

LENGTH

LENGTHS

AUG
STARTSV

STARTSVM

Type

i s ——

Length

B-18

=

Contents
location of last element of SCM
length of ROWth row starting at
element ROW+1
length of SUBROWth row starting
at element SUBROW
current steering vector
location of ROW+1st element of
current steering vector
location of first element of

current steering vector




BEGIN

LAST = N*(N+1)/2 [LAST = N*N]
STARTR = 2

LEIGTH = N

CALCULATE ROWTH ROW OF L* FACTOR IN M = LDL*
FOR ROW = 1 TO N-2

» MARE UNIT DINAGONAL, SAVE RECIPROCAT
RECIP(ROW) = 1./MR(STARTR-1)

LENGTH = LENGTII-1

TR{ ROV/+1,LENGTII) = RECIP(ROW)*MR( STARTR,LINGTII)
TI(TOI/+1,LENGTH) = RECIP(ROW)*MI(STARTR,LENGTH)

' SUBTRACT MULTIPLES OF ROWTI ROW FROM OTHER ROWS

. LENGTHS = LENGTH

STARTRS = STARTR

STARTS = SYARTR + LERGTH [STARTS = STARTR + NJ
FOR SUDROV = ROW + 1 TO N-2

. MR(STARTS ,LENGTIS) = MRUSTARTS,LENGTHS)
=TROSUBROV) *MI( STARTRS , LENGTIS)

+@I( SUBROW) *IMR{ STARTRS + 1 ,LENGTIS - 1)
STARTRS = SUARYRS + L
STARYSG = STARTS + LENGTHIS [STARTS = STARTS + M + 1]
. LELGTIS = LENGTIS - 1
. END FoR

. -%L( SUBROW) *Mi( STARTRS , ILINGTHS)
. MI(STARTS+) ,LENGYIS-1) = M{(STARTS + 1,LENGTHS - 1)
. =YRSUNNOW) *MI( STARTRS + 1 ,LENGTHS - 1)

= SUDTRACT MULTIPLE OF ROWTH ROW rRoOi N-1ST ROW

. MR(STARTS,2) = MRUSTARTS,2)-TR(1-1)*MR( STARTRS,2)

. =TI(-L)*HMI(STARTRG, 2)

. MI(STARTS + 1) = HMI(STARTS + 1) -PR(N-1)*MI(STARTRS + 1)
. +2T(N-1) MR STARTRS + 1)

. STARTRS = STARTRG + L

® SUBTRACT INMULTIDPLE O ROWTII RO IROM NTH ROW

. HRCLAST) «~ INROLAGT) - PROI)*MRSTARTRS)
=TITCI *MI( STARYRS)

o HMOVE IONUALIZED NOW IR0 TR AND 9T TO MR AND NI

MR( SPARYTR, T ED *
. 115(C RYR. *
. STARYE « §WARYR + LLLGWI + L 0 ¢ R R s
< SUDZRACT !WLTIPLES OF CURRENT TEADING VICTONS
STARTGV = IO + 2
. FOR 250G = L 70 K
. . GRUSTARYHV,LENGWID) = SR GTARTOV, LENGTI)
" p ~HRLYALRYLY
. . =H 0O ALY
. . S0 OENNLOY T
.
.
. ETARTOY « ETARVGY ¢ N
Lun ron

LUD FOR

B-19
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CALCULATE N-1ST ROW
RECIP(N-1) = l./NR(STARTR-1)
TR1 = RECIP (11-1)*“MND(STARTR)
TR2 = RECIP(N-1)*Mi( STANRTR)

CALCULATE NTII DINGONAL RECIPROCAL

RECIP(N) = 1./(MR(LASYT) - TR1 * MR(S

G =TIL*MI(STARTR))
MR{STARTR) = TR1
MI(OPARTR) = TIL
STARYGV = 11
STARTSIVHM = 1
FOR NUG = 1L TO X

TARTR)

. SRSTARTSV) = SRISTARTSV) - SRISTARTSV-1) * TR1

L REHV-L) * TIY

*. ARTSV-1) ¥ TRl
. ATSVIL,IT) = RECID( L, I %SRS
. DARWSVILLIT) = RETIPC L, 1D ®SI(S
. STARTSY = STARTSV + 1N
. STARTSVIL = STARTSVIT + N
END rOR
joie)

B-20
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Cholesky without Square Roots with Componentwise Augmentation - LoL= C%Eéﬂ E;é;j

*
(see comments for LDL Decomposition)

Variable Type Length Contents
MR FP NL%;ll +KN [N2+KN] dividing the array into consecutive

groups of length N+K, N+K-1, N+K-2,
vevs 14K [N+K], the it of these
groups contains the N+1-i [N]

th row of the

real parts of the i
SCM, followed by the real parts
of the ith components of the

K steering vectors

MI FP ﬂi%;ll + KN [N2+KN] analogous to MR, except it contains
the imaginary parts

SR

} contained in MR and MI

SI

TR FP N+K temporary array

1 FP N+K temporary array

RECIP FP N reciprocals of elements of D in
decomposition M = LDL*

ROW I 1 current row of SCM |

SUBROW I 1 row from which multiple of ROWth
row is subtracted

STARTR I 1 location of ROW+1st element of

ROWth row

B-21
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Cholesky without Square Roots with Componentwise Augmentation - LDL*

(see comments for LoL” Decomposition) (Cont'd)

Variable Type Length Contents
STARTS I 1 location of SUBROWth element of
SUBROWth row

STARTRS I 1 location of SUBROWth element of
ROWth row
LAST I 1 location of last element of SCM
B-22
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BECIN

LAST = K™(N-1) + N*(N+1)/2 [LAST = K*(N-1) + N"N]
STARTR = 2

LERGTH = II+K

CALCULATE ROWTH ROW OT L*FACTOR INM M ~ LDL*
FOR NOW = 1 TO N-1

» MAKE UNIT DIACOIAL, CAVE NRLCCIPROCAL
. RECID(ROY) = 1./MIR(STARTR-1)

. LENGTII » LENGTIH -1

. TREDOW+1,LEMNCTII) = RECIP( ROW) *MR(
. TI( I‘;O"li'l,LEIEGTII) = RECIP(ROW)*11T(
» SUDTRACT MULTIPLES OF' ROW-TI[ RO I'ROM OTIIER ROWS

LLt’f"T" = LENGTIH

. STARTRG = STARTR
. .Jn\l“:h = STARYR * LENGTIH [(STARTS = STARTR + N + K1
. FOR SUDROW = RO + 1 70 N
. . NR(STARTS, LLNG L
+. .
’l -
. . HMI(STARTS+ 1
+, 7 1
+. . +TTC :UD‘.’OU)"”L” S TATZTP.. <
. . TRS = STUARTRS + 1
. = SUANTS + LERETIS [STARTS = SPARTS + M + R + 1]

. S = LELUGTIS -1

Lild 'OR

» I11OVE PORMALIGED ROW FROM WR AMD WI TO MR AND MT
MU STARTR,LENGYI) = TR(RCITHL, TT‘IZ’J’?II)
N STARTR, LENGYIT) = DRCROTIEL, 0T 1)

STARYR = STARTR + LELGCTID + l f‘ PARTR = STARTR + I + X + 11
E’Y) L'or

CALCULAYE NTII DINCOIAL RLCIPROCAL

K) e DEOODOIDENADCIAST 4 1,K)
+ 1,X) = DECFDOIN#MI(ZASY + 1,10

13”‘)

B-23
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Cholesky with Square Roots with Vectorwise Augmentation - LL*J:Eig

*
(see comments under LDL Decomposition)

Variable
MR
MI
SR

RECIP

ROW
SUBROW

STARTR

STARTS

STARTRS

LAST

LENGTHS

AUG
STARTSV

Type

FP
Fp
Fp

FP

EP

Length

N(N+T)/2 [N2]
N(N+1)/2 [N2]

K«N

KN

N

g-24

==

Contents
rowwise
rowwise

real parts of K steerina vectors
vectorwise

imaginary parts of K steering
vectors vecterwise

reciprocals of diagonal elements of
L in decomposition M = LL*
current row of SCM

row from which multiple of ROWth
row is subtracted

location of ROW+Ist element of
ROWth row

location of SUBROWth element of
SUBROWth row

location of SUBROWth element of
ROWth row

length of ROWth row starting at
column ROW+1

Tength of SUBROL.th row starting
in column SUBROW

current steering vector

location of ROW+Ist element of

current steering vector

e ——— et et = ee——— |
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BCGIN

LAST = N*(li+1)/2 [LAST = N*N)
STARTR = 2

LENGTH = N

c CALCULATE ROWTH ROW OF L™ FACTOR IN M = LL*
FOR ROW = 1 TO N-2

Cc o CALCULATE RECIPROCAL DINAGONAL AND ROW
. RECIP(ROW) = 1./SART(MR(STARTR-1))
. LENGTII = LENGTII-1
. MR(STARTR,LENGTI) = RECIP( ROW) *MR(STARTR,LENGTH)
. MI(STARTR,LENGTII) = RECIP(ROW)"MI(STARTR,LERGTI)

(o} - SUBTRACT MULTIPLES OF ROVTII ROV FROM OTHER ROWS

LENGTIIS = LENGTH

STARTRS « STARTR

STARTS = STARTR + LENGTH (STARTS = STARTR + Nl

FOR SUDROW = ROW + 1 TO N-2

. MR(STARTS,LENGTIIS) = MR(STARTS,LENGTIIZ)

. =MR(STARTRS) *MR( STARTRS , LENGTHS)

. -MI( STARTRS) *MI( STARTRS , LENGTHS)

. MI(STARTS+1,LERGRIIS~1) = NMI(SPARTS+1,LENGTHS-1)

. -MD(STARTRG ) *MI( SPANRTRG+1, LENGTAZ-1)

. +MI( STARTRS) “HNR( STARTRS+1, LENGTIS 1)

. STARTRS = STARYRS+)

. STARTS = OTARTS+LENGTIS (STARTS = STARTS + N o+ 1]
LELGTHS = LENGTII-1

+
L R T T R

END I'OR
Cc " SUBTRACT MULTIPLE OF NOWTH ROW FRO!M N-15T ROW
. HR(STARTS,2) = MR(STARTS,2) - (IR(STARTRG) ™
+. MR(STARYRS, 2) - MI(STARTRS) *ML( STARTRE, 2)
. MI(STARTS+1) = MI(GYARTS+1) - [MUSTARTRI)*
*. HNI(SYARTRG+)) + NI(STARTNRS) =MR(STARTRG+1)
. STARTRG = STARTRS+1
Cc - SUDTRACT MULTIPLE OF ROWTII ROW CROIM NTI NOW

. MR(LAST) = MRILAST) - MR(STARTRS) *HR( STARTRS)

. STARTR = STARTR + LELGTI + ) RTR & ZUANTR + O + 11

Cc 2 SUBTDACT MULTIPLES OF CURRENT NROW FLOM SUENRING VICTORS
STARTSV = RO + 1

. FOR AUG = ) 70 K
. . SRUSTARTGV=-1) = RECII( i‘.f‘:’.':’)‘:"

S STARYOV=1) = DICIPIROA

. SRISTARTSV,LELGEI) = G572 .
+ . V- IS
*. . . THEV-L ¥ =1t HENT
. . SI(STARTGV, LEEWD » G SwARTGY,
*. » +GREGEANTOV-1) VL GPYARTR, LEVGTH)
+. . =6 SRARTSV-1) IR STARTR,, LENSTH)

. SYARYSV = STARYEV + U
. LD o
nno ron

B-25
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CATLCULATE N-105'T RCW

2LS2ANTN)

DNER)
NLUCIPROCAL

= H2A STARTR) “MR( GTARTR)

4

SYARYLV
FOR L.UG

‘ ond

+ .

. Sl NIV
e x

. STARTOV=GTARTSV + N

o
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Cholesky with Square Roots with Componentwise Augmentation - LL* - E§§§§ E§;§§

*
(see comments under LL Decomposition)

Variable Type Length Contents
MR FP Ei%;ll + KN[N2+KN] dividing the array into consecutive

groups of length N+K, N+K-1, N+K-2,

ooy WK [N the it group

contains the N+1-i [N] real parts

of the ith row of the SCM, followed

by the real parts of the ith com-

ponents of the K steering vectors

MI FP ﬂi%;ll +KN [N2+KN] analogous to MR, except it contains
5 the imaginary parts

SR } contained in MR and MI

SI

RECIP FP N reciprocals of diagonal elements

of L in decomposition M = LL*
ROW I 1 current row of SCM
SUBROW I 1 row from which multiple of ROWth

row is subtracted

STARTR I 1 location of ROW+1st element of
ROWth row

STARTS I 1 location SUBROWth element of
| SUBROWth row
STARTRS I 1 Tocation of SUBROWth element
of ROWth row

B-27
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Cholesky with Square Roots with Componentwise Augmentation - LL* - EZE%% E§§§§

*
(see comments under LL Decomposition) (Cont'd)

Variable Type Length Contents
LAST I 1 location of last element of SCM
LENGTH I 1 length of ROWth row starting at

column ROW+1
LENGTHS I 1 length of SUBROWth row starting
in column SUBROW

B-28
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LLGIN

LASY = I®(H-1) + N™(N+1)/2 [LAST = K*(NH-1) + 0*0}

STARTR = 2
LENGTH = 11 + K

CALCULATE ROW-TH ROW OF L* TACTOR IN If = LL*™

FORMOW = 1 TON - 1

L CALCULATE RECIPROCAL DINGONATL AND ROW

. RECIDP(ROW) = 1./SOR
LOICGTI » LEYGTH - 1

: NR(STARTR,LENGRIT) = RECIP( RO =IIR(S
. MI(STARYR,LERGTII) = RECIP(ROCW)“MI(S

T(HROSTARTR-1))

TARTR,LENGT
TN .3.\,T;EL‘TI{)

TH)

* SUDTPACT MULTIPLES OI' ROV-TIl ROW FROIM OTIER ROWS

. LENGYHS = LENGTH
. STARYRS = STARTR

. STARYS = STARTR + LEECTII [STARTS =

FOR OUDROW = ROV + 1 70 N

. LD 'oR
STARYR = STARTR + LENGTI + 1 [S
IIHD T‘O"

CALCULATE I-TII DINGOIAT, DLEMENT
IIEC.'T’( 17) 2 1./50RPRALAGT))
] yRY e RECIDP(ID *MRLASGT+L,K)

I!I'. LI ’:" -1, K) = RECID(IN) *MI(LAST+LY,K)
LD

B-29

e

ARTR » GTARIR + 1

. . MRUSTARTS,LENCTIIG) = MR(STARTS,LENGTIS)
. . =N STARTLRG ) *1IR( S'-‘Z‘ RYRG,LE

. . (GTART ns)'n-( TARTRS3, LI

. . MI(STARTS+, uL'ZTG”‘I'B—" )

. . ~J""( ARTRG )Y I

. . +H( 8 "1‘ FRS) "L!:Z( STARTRS+1,LEL
. . STARTRS = “f RNYRS + 1

. STARTS = STARYS + LENGTIS [STARTS = STA
. LELGTIIS = LL" WGUHS - 1

T TN v AT R ST "t 1. T
: v n

STARTIR + H + K]

S

11

L AN R |

i




Gaussian Elimination with Columnwise Identity Matrix Augmentation-GE- Eéééﬁ

Variable
MR
MI
SR

SI

RECIP

ROW
SUBROW

STARTR

STARTS

LENGTH

AUG
STARTSV

STARTSVM

. ———r i -

Type Length Contents

FP N2 rowwise

FP N2 rowwise

FP N2 real part of identity matrix ‘
columnwise (i.e., not interleaved
with rows of SCM)

FP N2 imaginary part of identity matrix
columnwise (i.e., not interleaved
with rows of SCM)

FP N reciprocals of components of D
in decomposition M =,LDL*

I 1 current row of SCM

I 1 row from which multiple of ROWth row
is subtracted

I 1 location of ROW+1st word of ROWth row

I 1 location of ROW+1st word of SUBROWth row

I 1 length of ROWth row starting at column
ROW+1

I 1 current column of identity matrix

I 1 location of ROW+1st element of current
column of identity matrix

I 1 location of ROWth element of current
column of identity matrix

B-30
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BEGIN

LIENGTI = N

STARTR = 2

ELIMINAYE ROWTH COLUMN SO IT HAS ZEROES EELOW A UNIT DIAGONAL

FOR PO = 1 YO N-2

*

RECIP(ROW) = 1./MR(STARTR-1)
LERGTH = LENGTI-1

NARE UNIT DINAGONAL

MROSTARTR,LENGTII) = RECID(ROM) *MR(STARTR,LENGTH)
MI(STARTR,LENGTII) = RECIP(ROW)*II(STARTR,LENGTI)

ELIMINATE BELOW THIE DINGONAL

STARYG=STARTR

FOR SUDROY = ROW+1 TO N

. STARTS = SWARTS+I

. MROSTARTS , LENGTI) = MR(STANTS,LENGTI)

B : =MD STARTS-1) "I STARTR, LENGTH)
. HNTSTARTS-1) *MI( STARTR, LENGTI)

MI(STARTS,LINIGTII) = MI(STARTS,LENGTII)
~MR(STARTS-1) *Mi( STARYR, LENGTH) ’
. “MI(STARTS~1) "MR(STARTR, LENG'SH)

END FOR

CLIIIIATE FRO!N IDLUTITY MATRIX

STARTSV = RO+

I'OR AUG = 1 7O DOT-L
. SIASTARTSV,LUNGTH) » SRUSTANTSY, LENGTIH)
=GROGPARRGV- 1) =1

. =HI(STARTEV=-1)

. STUSTARTSHV, LENSTIN) = HLC5

. +ENSTARTSV -1

. =LI(STARTSV-2) "

. STARTSV = STARTSV+LT

LD ron

on ¢

51 T SeanYl, )
3]

ol
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C ELIMINAYE NI-1ST COLUMN

RECID(N-1) = 1./MNRCS2ARTR-1)
HMR(SYARTR) = RECTP(11- 1 ) *MR( STARTR)
MI(SYTARYR) = RECID(1I-)1)*MT(STARTR)

Cc CALCULATL RECIPROCHL OF LAST DIACGCCHAL LLEMENT
STANTS = STARTR + 1T
RECIP(I1) = 1./(IRIOUARYS) - MU STARTR) *NIR( STARTS-1)
+ HTCSTARTRYFMI(STARTS-1))
c ELIMIINATE PROIM IDEUTIFY MATRIX AND DIVIDE DY DIAGONAT, ALIMENTS

LENCYH = 1T
STARTOV = 1
STARYGVH = 1

FOR AUG = 1 TO N-2

. SROSTARTSV) = SPUSTARTSV)

+ . .'::‘;‘I lJ"'\’\l"]\\ -

. I( SEARTSV)

+. onnm)

. ' Vi1, LWINGTH)
.. .

. ANy

iab)

ST( 1) “112( STARTR)

s e Tiric T
SILQYARYEY)

T(50ANTD)

B-32




Gaussian Elimination with Rowwise Identity Matrix Augmentation - GE - CQEEﬁ E§§§§

- T

Variable

MR

MI

SR

SI

RECIP

ROW
SUBROW

STARTR
STARTS

Type
FP

FP

FP

Length

G

N2

B-33

Contents
ith group of 2N words contain real
part of ith row of SCM followed by
real part of ith row of identity matrix
analogous to MR, but contains imaginary

points
contained in MR and MI

reciprocals of elements of D in
decomposition M = LDL*

current row of SCM

row from which multiple of ROWth row

is subtracted

lTocation of ROW+Ist word of ROWth row
location of ROW+Ist word of SUBROWth row




S e - o

S
ELININMATE ROWTII COLUIMN SO IT IIAS 2NP0LS BELOW DIACOMAL

FO2 povl = 1 T0 B-1
RECIDB(RCII) = 1./IR(STARTR-1)

. AKE ULIIT DIAGONAL

HRUSTARTR,N) = RECID( RO %1 STARTR, I
MYSYARYR,11-1) = DRECIP(ROW)® I';(“"Afhll N-1)

CI
% CLINMIIATE DELOW TIHE DIAGONAL

SYARTS = GTARTR
FOR SUDROW = ROW+l TO N

SPARYG = SYARWS + N+ 1
IR(SWARTS, M) = K2 STARTS,N)

+. . “HR( SLANTH-1) IR SPARTR, 1)
+. . I it SYARTR,IND
. . I STARTS, 1) !
L . =[IR{ STAT (HPARTR, 1)
* g . =HT(SAr FHREGWARTYR, )
. £ FOR
STARTR = STARTR + 11 + 13 + 1
I"T) ron

R STARTR, 1)
"'("'i\" ,1-1) = ]:\'LL)( I Y SWARTYR, 11 0)

L1
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Cholesky without Square Roots with Columnwise Identity Matrix
Augmentation - LDL*"%

(see comments under LDL* Decomposition)

Variable Type Length Contents
MR FP N(N+1)2 [N?] rowwi se
MI FP N(N+1)/2 [N°] rowwise
SR FP N2 real part of identity matrix

columnwise (i.e., not interleaved

with rows of SCM)

SI FP N2 imaginary part of identity matrix
columnwise (i.e., not interleaved
with rows of SCM)

TR FP N temporary array

TI FP N temporary array

RECIP FP N reciprocals of elements of Din
decomposition M = LDL*

TR} FP 1 temporary location

TI1 FP 1 temporary location

ROW I 1 current row of SCM

SUBROW I 1 row from which multiple of ROWth
row is subtracted

STARTR 1 1 location of ROW+1st element of
ROWth row

STARTS I 1 location of SUBROWth element

of SUBROWth row

B-35
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Cholesky without Square Roots with Columnwise Identity Matrix E
Augmentation (Cont'd) -LCL*-
Variable Type Length Contents
STARTRS I 1 location of SUBROWth elements

of ROWth row
LAST I 1 location of last element of SCM
LENGTH I 1 length of ROWth row starting at
element ROW+1
LENGTHS I 1 length of SUBROWth row starting
at element SUBROW
AUG I 1 current column of identity matrix
STARTSV I 1 location of ROW+Ist element
of current column of identity
matrix
STARTSVM I 1 location of ROWth element of

current column of identity matrix

- - g i T TIN5 T e "

i



BEGIN

LAST = N™(N+1)/2 ([LAST = N*N)
STARTR = 2

LENGTH = N

CALCULATE ROWTII ROW OF L* FACTOR IN I = LDL*
FOR ROW = 1 TO N-2 b
* MARE UNIT DIAGONAL, SAVE RECIPROCAL
RECIP( ROW) = 1./MR(STARTR-1)

LENG®II = TLENGTH-1

TROROW+1,LENGTII) = RECIP(ROW)*MR(STARTR,LENGTH)
TI(ROW+1,LENGTII) = RECIP(ROV)*MI(STARTR,LENGTH)

" SUBTRACT MULTIPLES OF ROWTI ROW FROM OTHER ROWS
LENGTIIS = LENGTH

. _BTARTRS = OSTARTR

. STARTS = STARTR + LENGTH [(STARTS = STARTR+NI

. FOR BSUBROVW = ROW/+1 TO N-2

. . MR( STARTS ,LEIGTIIS) = MR(STARTS,LENGTIIS)
+. . =TR( BUBROW) *MR( STARTRS , LENITHS)
+. . ~TT( SUBROYI) *MI( STARTNS , LENGTHS)

. . MI(STARTS+1,7% NETIG~-1) = MI(STARTS+1,LENGTHS~1)
*. . =TR{ SUBROW) *MI( STARTS+1, LENGTI3-1)
+. . +TL( SUBROW) *MR( STARTS+1, LENGTIIS~1)

. . STARTRS = STARTRO+1

. . 6TARTS = STARTH + LENGTIIS [STARTS = STARTS+N+11

. . LLUIG?II3 = LONGTHS -1

. END FOR

o SUDTRACT MULTIPLE OF ROWTH ROW FROM 11-13T ROW

. MR(STARTS,2) = MRISTARTS,2) -TR(N-1)*MR(STANTRI, 2)
. =TI{1-1) *HNI( STARTRG , 2)

. HI(STARTS+1) = MNI(STARTS+1) -TRIM-1)*MI(STARTRG+1)
. +TT(11-1) *NR( STARTRS+1)

. STARTRG = STARTRG+1

L SUDTRACT MULTIPLE OF ROWTII ROW FROM NTI ROW

. HMR(LAST) = MROLAST) -TROI "MRSTARTRS)
+. =TI(1)*MICSTARYNS)

= MOVE IONRMALIZED IOW FROM TR ALID TI TO MR AMD I

. HRSYARYR,, LENGTID) = 21 DO+, LANGTID
. LT 62ARYR, T.RNGRIN) » XX neir:l, N ENGTIN)
. STARYR = STARYR+LINGTI+L [LTARTR =~ STARTR + M + 1]

o CLIMIMATE PROM IDLDLTITY MATRIX

STANDGY = ROWEL

. ron AuGg = ) TO nov-1
. . OSRISTARTSV, LENSTH) » SRCOUARTAV,LENGTIN
. . “HICHTARNSOY - LY ERI NOVIEL 6 25 08)
*+. . =HTl BPARRGY=1 V* nOtEl , LENGTIH)
. . SETCOTHRTOV, LIDGTEDY w SRCE NTOY  LERGRT)
* . +GROSPARTOY-1) ¥ N0, LENGTI)
+. . =G GTARTOV L) *YR( N0+ 1, LEISTH)
. . STARTEV = BUARYSY + I
. END 5o
. SRNSTARTSV,LENGTIT) » ~ MRCGUARTR, LENIGTL)
GTCEVANTET , LANETH) o DTCETARTD, RERGRID

LHD FOR
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c CALCULATE 11-1ST ROW

RECIP(N-1) = 1./MRSTARTR-1)
TR1 = RECIP{II-L)*MR(STARTR)
TR2 = RECIP(11-1)*MI(STARTR)

(o CALCULATE 11711 DIAGCNAL RECIDPROCAL

RECIP(IT) = 1./(INRIIAST) -TR1™MR(STARTR)
+ ~TILHMI(STARTR))

NRUSTANTR) = T

HI(STARTR) = TI1

(o} ELIMINATE FROI1 IDODNTITY JMATRIN AMND DIVIDE BY DTIAGONAL ELEMUENTS

LEUGTH = N
STARTHV = N
STARTSVI1 = 1

roR UG = ) 70 N-2

. SRISTARTSV) = SRISTARTSV) -SRI STARTSYV-1)*TR1
+. =SI( STARTSV-1)*TI)

. SI(STARTSV) = SI(SYARTSV) + GROSTARYSV-1)*TI1
+. —SI(."I\“"‘ V=1 =2l

. S J 2 = RECIPATG, LENSTH) *SN STARTSV!, LENSTH)
¥ S TH=X) = R PUAUG ), LELNGYH-1) *
+. SI(STANYSVN*)  LEEGTII-1)

. STARTSVM =« SUANTGVIL + W o+ )

. .“n"ﬂ""’ i"v' = STARRGY + 1

e
B
31 ARTHV=Y 3" I SHAD2GV-1)*TTE1

GUARTGV =]

I3 n( (o e v(" %

I STARTGH, 2)
|\l l( \Il*] )

.)Li\”.-.)vrl s GUARYS
.>'( GUARTHVM) ;.FCIP( m

B-38
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Cholesky without Square Roots with Rowwise Identity Matrix Augmertation

- LDL*% %

(see comments under LDL* Decomposition)

Variable

MR

MI

SR
SI

TR
TI
RECIP

ROW
SUBROW

STARTR

STARTS

Type

FP

FP

FP
FP
FP

N
N

Length
N§g+]) & N2 [2N2]

N1 4 y2 (202

B-39

Contents
dividing the array into con-
secutive groups of length N+K,
N+K-1, N+K-2,...,1+K[N+K], the
ith of these groups contains
the N+1-i[N] real parts of

th

the i row of the SCM, fol-

lowed by the real part of the
ith row of the identity matrix
analogous to MR, except it

contains the imaginary parts

contained in MR and MI

temporary array

tempcrary array

reciprocals of elements of D in
decomposition M = LDL*

current row of SCM

row from which multiple of ROWth
row is subtracted

location of ROW+1st element of
ROWth row

location of SUBROWth element
of SUBROWth row




Cholesky without Square Roots with Rowwise Identity Matrix Augmentation (Cont'd)

T e

Variable Type Length Contents
LAST I 1 location of last element of SCM
LENGTH I 1 length of SUBROWth row starting

at element SUBROW

B-49
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BEGIN

LAST = N®N-1) + N + (N+1)/2 (LAST = N™(2*1-1)]
STARTR = 2

CALCULATE ROWTH ROW OF L* FACTOR IN M = LDL*
FOR ROW = 1 TO N-1

L MAKE UNIT DIAGONAL, SAVE RECIPROCAL

. RECIP(LROW) = 1./NR(STARTNR-1)

. TRCROW+1,H) = RECIDP(NOW)*MR(STARTR,N)

. TI(ROW+1,11-1) = RECIP(ROW) *HI(STARTR,N-1)

- SUBTRACT MULTIPLES OF ROWTII ROW FROM OTIIER ROWS

LENGTII = N

. STARTRS = START

. STARTS = STARTR + 11 + !N-ROW [STARTS = STARTR + N + N1
. FOR SUDROW = ROY + 1 TO N

. . HR(STARTS ,LLENGTII) = MR(SHTARTS, LENGTII)

. . -%“R( SUBROY) *MR( STARTRS , LENGTH)

. . -2T( SUBROW) *MI( STARTNS , LENGTII)

. . HI(STARTS+),LENGTI~1) = HMI(STARTS+1,LENGTH-1)

. . =TR( SUDROW) *MT( STARTRG+ 1, LENGTH-1)

. . +PT( SUBROW) ¥ STARTRS+1, LENGTH-1)

. . STARTRS = STARTRS + 1

. . STANTS = STARYS + I + 11+l - SUBROW [STARTS = STARTS + N + N + 11
. . LLUGTI = LENGTI-1
. LIID ronr

oY IMOVE NORMALIZED NOW IIIOM TR AND TI TO MR AMD MIT

. HROSTARTR,N) = TR(ROY+I,N)

. HI(STARTR,I-1) = TR(PROV + 1,M-1)

. STARTR = STARTR + I + II1+1-ROVW L[STARTR = STARTR + M + I1 + 11
EID r'or

CALCULAYE NTII DIAGONAL RECIPROCAT

RECID(1) = 1./MROLDAGT)

HMROLAST+L, 1) = RECTP{I) *MRILAST+L, M)
PECLAGY+),11-1) = RRCID(M) *MICLAGTL,H~1)
LIID

B-41
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Cholesky with Square Roots with Columnwise Identity Matrix Augmentation

TR e

(see comments under LL* Decomposition)
Variable Type Length

MR FP N(N+1)72 [N%]
MI FP N(N+1)/2 N?]
SR FP N2

SI FP N2

RECIP FP N

ROW I 1

SUBROW I 1

STARTR I 1

STARTS I 1

STARTRS 1 1

LAST I 1

LENGTH I 1

B-42
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Contents

rowwise

rowwise

real part of identity matrix
columnwise (i.e., not interleaved
with rows of SCM)

imaginary part of identity matrix
columnwise (i.e., not interleaved

with rows of SCM)

reciprocals of diagonal elements

of L in decomposition M = LL*

current row of SCM

row from which multiple of ROWth
row is subtracted

Tocation of ROW+Ist element of
ROWth row

location of SUBROWth element

of SUBROWth row

location of SUBROWth elements
of ROWth row

location of last element of SCM
length of ROWth row starting at
element ROW+1

——— WM
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Cholesky with Square Roots with Columnwise Identity Matrix Augmentation (Cont'd)

= Bl
Variable Type Length Contents
LENGTHS I 1 length of SUBROWth row starting
at element SUBROW
AUG I 1 current column of identity matrix
STARTSV I 1 location of ROW+Ist element

of current column of identity

matrix

B-43
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DEGIN

LAST = NN(N1+1)/2 {LAST = N*N1
STARTR = 2

LENGTH = N1

CALCULATE ROWTII ROW OF L™ FRCTOR IN !l = LL®
FOR ROW = 1 TO IN-~2
* CALCULATE RECIPROCAL DINGOIAT, AND ROW

. RECID(ROW) = 1./SQRT(MR(STARTR-1))

. LENC®Il = LENG?II-)

. MR(SYARTR,LENCTI) =« RECIP( POW) *IR( STARTR,LEIGTH)
. MI(SYARTR,LENGTIY) = RECIDP(ROW)“MI(STARTR,LENGTH)

- SUCTRACT MULTIDPLES OF ROWTII ROW FROIT OTIER ROW3

. LENGTIIS = LINGTYH
. STARTNRG = STARTR
. SPTARYS = STARTR + LONGTI [SWARTS = STARTR + NI
. FOR SUDROW = ROW+1 TO N-2

. . MR(STARTS , LENGTITS) = IIR(G
“HR(GTARTNG) #1110

. (54
+. . ~MICSTARTRS ) *MI( 8T
. . HI(STARTS+1,LENCTIIS-)) = NZ(STARTG+1,L
+ . -1 SYARTRS) *MT( SPARYNG+ 1, LINETAS~1)
® . CHIN(STARTRG ) VMR STARTRG S, LENGTHS-1)
. . STARTNG = MRS+ 1
. . SITNARTS = WG o LEUGTIS [STARTS = STARTS + 10+ 1}
. . RENGRIG = wWE -1

& SUBTRACT MULTIDPLE OF ROWZTII ROW FROM 11-15T ROW

.  MR(SYARTS,2) 2) -HRSTA
+, RS $2) =IITCHTAT ( 3TADTRS, 2)
. MI(STARTS+))Y = ITCSPANTS + 1) -MRUGTARTNG)*
+. NICSPARTIG+L)  +IIL(SYARSREG) *H( STARTRG +1)
. STARTRS = STANTDRS + 1
*  GURTPRACT MULPIDLI OF ROWTH L% FROM T ROW
. BRCLAST) I SPADTRS)
+.
SUARYR = STARLD STARIR + M o+ 11
BLIMIIATE IDBELZSTY MATRIN
GUANTOY B NG
I Lo B oo )
; DICTDEROTY #600 GENN0G7=1)
s SEIN BT #H I STNNRGT-1)
-
+*.
BILSTARTOV.T
"‘:

€s e
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CALCULATE NI-1ST oW

RECIP(INI-1) = 1./SORT(MR(STARTR-)))
I'ROSTARTR) = RECID(I1-1)*MDA STARTR)
NI(STARTR) « RECIP(II-1)*11I( STALRYR)

CALCULATH NTI DIACONAL RLCIPROCAL

RECIP(1) = 1./SQRT(IMRALAST) - N STARTR) *HNR(STARTR)
+ “NMI(STARYR) *MI( STARTR) )

STARTSV=11

roR AUG=1 70 1-1

. SRSTARTSV-1) = PECID(I1-))*Sn(STARTSV-1)

» SI(STARTEV-1) = RECIP(1I-1)*ST(SYARTSV-1)

SR GTARTOV) = (SRHSTARTYSV) -SRISTARTGV-1)*

50 : MR(STARYR) =-53( STANYSV-1) “HIT( STARTR) ) *RECIN( )
. SI(STARTSV) = (SI(STARTOSV) + SRUSTARTSV-1))*

+. MI(SPARYR) =S STAREIV-1) *iR( 5PARTR)Y )

%y #RECIPCIN

: STARTSVWY= STARYSV+I
Lo I'oR

SROSTARTSV) = RECIP(IN)
END

B-45
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Cholesky with Square Roots with Rowwise Identity Matrix Augmentation
e =—

_{see_comments under )L * Decomposition) = e

Variable Type Length Contents
MR FP !i%tll + N2 [2N2] dividing the array into con-

secutive groups of length N+K,

‘N+K-1, N+K-2,...,T1+K[N+K], the

ith of these groups contains

the N+1-i[N] real parts of

h

the it row of the SCM, fol-

lowed by the real part of the
ith row of the identity matrix
MI FP L g+]) + N2 [2N2] analogous to MR, except it

contains the imaginary parts

i contained in MR and MI
SI
RECIP FP N reciprocals of diagonal elements
of L in decomposition M = LL*
ROW 1 1 current row cf SCM
SUBROW I 1 row from which multiple of ROWth
row is subtracted
STARTR I | 1 location of ROW+I1st element of
ROWth row
STARTS 1 1 location of SUBROW th element

of SUBROWth row

B-46
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Cholesky with Square Roots with Rowwise Identity Matrix Augmentation (Cont'd)
S i 3
N L—_] [ S

Variable Type Length Contents

STARTRS I 1 location of SUBROWth elements
of ROWth row

LAST I 1 location of last element of SCM

LENGTH 1 1 length of ROWth row starting at
element ROW+1

LENGTHS I 1 length of SUBROWth row starting

at element syrRrOY

B-47
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BEsIn

LAST = N*(N-1) + N®(N+1)/2 [LAST = N*(2*N-1)1]
STARTR = 2

CALCULATE ROVTHII ROW OF L™ FACTOR IN Il = LL*
FOR ROW = 1 TO N-1

= CALCULATE RECIPROCAL DIAGOIAL AllD ROW

. RECIP(ROW) = 1./SORT(MR(STARYR-1))

. MRASYARTR,N) = RECIPO RO *MRGTARTR,IT)
. MI(STARTR,N-1) = RECIP(ROW *MI(STARTR,N-1)

= SUBTRACT MULTIPLLS OF ROWTI RCW I'ROM OTHER ROWS
. LENGTII = N

. SYARYRS = STARTR
. STARYS = STARTR + 11 + N-RCY [STARTS = STARTR + N + M)
. ron SuvnkOV = RO + 1 TO T

. nN2ASTARTS , LENCTI) = MRASTARTS , LENGTH)

+. . =R STANTRG (o i
+. . “RTCSTARTRS) “Mi( S

. . HI(STARTS+]1,LINGRII-1) » MI(S i-1)
+. . “HROGWANTNG ) ¥MT( G R H-1)
+. . LML STARTRG ) *MIN STARWRG+1, LENGTH-1)

. . = STARTRG +1

. . : = 1+ 1+ 1-502nRoY [STARTS = STARTS + N

nm roan
. OHUARYRG » HTARTR + I + I + 1-NOW [SYARTR = STARTR + 1T + 11 +
EIID T'OR

CALCULATE N7 DIAGOINL LLEMENT

I MR TASTHL 1)
M) FHICLAGYL,T~1)
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First Back Substitution for LDL* or GE with L* Stored Rowwise and S Vectorwise
L

-LDT=§-Eég

(see comments under LDL* Decomposition)

Variable Type Length Contents
MR FP N(N+1)/2 [N?] real part of L* factor rowwise
MI FP N(N+1)/2 [Nz] imaginary part of L* factor :
rowwise ‘
SR FP KN real part of steering vectors
vectorwise
SI FP KN imaginary part of steering

vectors vectorwise

RECIP FP N reciprocals of elements of D
factors

AUG I 1 current steering vector

ROW I 1 current row

STARTSV I 1 location of first element of

current steering vector
STARTSVA I 1 location of ROW+Ist element
of current steering vector

LENGTH I 1 length of ROWth row of SCM

starting at element ROW+1
STARTR I 1 location of ROW+1st element
of ROwWth row of SCM
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DEGIN
STARTSV=1

DO EACH STEERING VECTOR

FOR AUG = 1 TO K

L SUBTRACT MULTIPLES OF EACIH ROW OF M FROM THE STEERING VECTORS
STARTSVA = STARTGV + 1

. STARTR = 2

. LENGTI = N-1

. FOR RO = 1 TO N-2

. . SRISTARTSVA, LENGTH) = SR(STARTSYA,LENGTH)

. . =SRESTARTSVA~1) *1IR( STARTR, LENGTH)
. . ~ST(STARTSVA~1) *MI( STARTR, LENGTH)
. . SI(STARTSVA,LENGTII) = SX(STARTGVA,LENGTI)

. . +GROSTARTSVA~ 1) *MI( STARTR, LENGTH)
. . ~SI(STARTSVA~L) *MR( STARTR, LENGTH)
. . STARTSVA = STARTSVA + 1

. . STARYR = STARTR + LENGTII + 1 [STARTR = STARTR + N + 11
. . LEEGTII = LENGYH-1

. END LOR

. SRISTARTSVA) = SIRSTARTSVA) -SRISTARTSVA-1)®

. HMR(STARTR) -SI(STARTSVA-1) *I1T( STARTR)
. SI(STARTSVA) = GL(STARTSVA) + SROSTARTOVA~1)*

. HI(SYARTR) -S5Ii(STARTSVA-1)*HM2( STARTR)
= MULTIPLY DY RECIPROCAL DINAGONALS

. SROSTARTSV,IT) = RECID(L,I) + SROSTARTOV,IND
. STOSTARTSV, 1) = RECIP(1,1) + SI(STARTSY,MN)

. STARTSY = STARTOV + 11
EID FOR
LI'D
B-50
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First Back Substitution for LDL* or GE with L* Stored Rowwise and Componentwise

ot =3 otd B3

(see comments under |pL* Decomposition)

Variable Type Length
MR FP N(N+1)/2 [N?]
MI FP N(N+1)/2 [N?]
SR FP KN
S FP KN
RECIP FP N
AUG I |
ROW I |
STARTSY I 1
SUBRUM i ;
STARTSVS I 1
STARTR I 1
B-51

Contents

real part of L* factor rowwise
imaginary part of L* factor
rowwise

real part of steering vectors

componentwise
imaginary part of steering
vectors componentwise

reciprocals of elements cf D

current steering vector

current row

location of beginning of ROWth
components of steering vectors
row from which muitipie of
current row is to be subtracted
Tocation of beginning of SUBROWth
components of steering vecters
location of the (ROW, SUBROW)th

element of the SCM




=

EGIN
SUSTRACT MULTIPLES OF ROWTH COMPONENTS OF STELRING VECTORS

rpo! SUBROWTII COIIPONENTS
STARTSV = 1
STARTR = 2
FOR ROW = 1 TO I-1
< STARTOVS = STARTSV+K

FOR SUBROW = ROW + 1 TO N
. . SR( STANTSVS ,K) = SRISTARTSVS,K)
. . =MR(STARYIR) *SI( STARTSV,K)
. . =M STARYR) ARTSV,K)
. . SI(STARTSVS,K) = GRCOYUAT it¢

+HI(STARTR) “6N
“HR(SYARTR) #6T
STARTR = STARTR +-1
. SYARYSVS = STARTSVS + K
LI ron
SRISTARTSV,K) = RECIP(ROW) *GR
SI(STHANTHV,K) = RECID(ROW)*GI
STARTSY = STARTOV + K
STARYR = STARYR + ROWI]
nD Fon
R(STARYSV,K) = RECIDP(I) *SR{STARTSV,K)
ST(STARYSV,K) = RECIP(N) *SI(LTARTSV,K)
i)
(119TE TIIAT AL, VECTOR CPIDPARIONS ARE OF LENGTH
X AND SO Y0 USE TIIS ALCGORIPIIM K SIINULD
BE GREATER TIIAN 1)

o

{ STARTSV,K)
( SPARTSV,K)

r
S

8-52
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First Back Substitution for LDL* or GE with L* Stored Columnwise and S Vectorwise

-LWT=5-"1

(see comments under LDL* Decomposition)

Variable Type Ltength Contents

MR FP N(N+1)/2 [Nz] real part of L* stored component-
wise

MI FP N(N+1)/2 [Nz] imaginary part of L* stored
componentwise

SR FP KN real part of steering vectors
vectorwise

SI FP KN imaginary part of steering
vectors vectorwise

RECIP FP N reciprocals of elements of D

T FP 2N temporary array used with sum

DOT FP 1 temporary location

AUG I 1 current steering vector

ROW I 1 current column of SCM

STARTSV I 1 location of first element of
current steering vector

STARTR I 1 location of beginning of current
column of the SCM

STARTSVS I 1 location of current element of
steering vector being calculated
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BEGIN
STARTSV = 1

STEERING VLCTORS

Cc ELIMINATE CACI STEERING VECTOR
FOR AUG = 1 TO K
. STARTR =~ 2
c L ELIMINATE TIHE 2I'D ELEMENT O TIIE STEERING YICTOR
. SROSTARTSV+1) = SRISTARTSV+Y) -MR(STARTR)*
+. SRISTARTGY) ~MI(STANYR) ""SI( STARTSY)
. SI(STARTSV+L) = ST(GPARTSV+1) -MRUASTCARTR) *
G ST(STARTSY) +MI(STARTR) ™ .,P( TARTSV)
(= » CLIMTMNATE TIE 3PD TIROUGH NTII ELEMENTS OF THT
. STARTSVS = STARTOV+2
. FOR IOV = 3 TO N
. . TC L, POV-Y) = SR(STI‘.PJ..JV, POVI-1) *MR( 3TARTR, ROVI-1)
. . T( ROV, EOW-1) = STOSTARYSV,ROW-1) *“MI(5TARTR, ROW-1)
. . now = SUM(T(DY,2"N0OW-2))
. . .;I"( STARTSVS) = SRUSTARTSVS) ~DOT
. . ©(1,N01-1) = - SISTARYSV,RCW-1) *MI( STARTR,RGW-1)
. . TNOV,ROW-1) » SE(STARTEV, ROW-1) #1110 S”F‘.PT?,RO'I 1
. . DOT = SUM(D(DL,2" l’“\l 2))
. . ST(STARTSVS) = SE(STARTSVS) -DOT
é ' ("l”z\]“l"”( ‘J( o ( ”i\ r\f1(‘\7(‘ 1
. . STARTR = STARTRHLOW [STARTR = SYARTR+MI
. oon ron
. SROGT \"T’.’:V N) = SRAGTARTSV, I SIRCINRCL,N)
. SI(ST ,.._.JV ) = GSTARTSV, I *RECIP( L, 1)
. STaRy v STARZSV+I
EID FOR
EMD
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First Back Substitution for LDL* or GE with L* Stored Columnwise and S Componentwise

s S =—

(This method is identical to the First Back Substitution with L* stored
rowwise and S componentwise, except in the calculation of subscripts of MR

and MI, which do not change the operation counts.)
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First Back Substitution for LL* with L* Stored Rowwise and S Vectorwise

S R ——

(see comments under LDL* Decomposition)

Variable

MR
MI

SR

SI

RECIP

AUG

ROW

STARTSY

STARTSVA

LENGTH

STARTR

Type

FP
FP

FP

FP

FP

Length

N(N+1)/2 [N%]
N(N+1)/2 [N?]

KN

KN

B-56
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Contents

real part of L* factor rowwise
imaginary part of L* factor
rowwise

real part of steering vectors
vectorwise

imaginary part of steering
vectors vectorwise

reciprocals of diagonal elements
of L factors

current steering vector
current row

location of first element of
current steering vector
location of ROW+1st element

of current steering vector
length of ROWth row of SCM
starting at element ROW+1
location of ROW+1S% element

of ROWth row of SCM




DLGIN
STARTSV = 1

Cc DO EACH STEERING VECTOR
FOR AUG = 1 TO K
Cc - SUBTRACT MULTIPLES OF CACII ROW OF !4 FROM THE STEERING VECTORS

STARTSVA = STARTS8V+1

STARTR = 2

LENGTI = N-1

'OR IOV = 1 7O N-2

. SRESTARTSVA~1) = RECID(ROW) “SDR( STARTSVA-1)

SI(STARTSVA-1) = RECIP(ROW) *ST(STARTSVA-1)

SROSTARTSVA, LENGCTH) = SROSTARYSVA,LENCTI)
=ER( SPARTSVA-1) 2N SYARTR, LENGTH)
=SI(STARTOVA-L) ¥1{ 5UARTR, LENGTH)

SI(STARTSVA,LENGTIV) = SI(STARTSVA,LENGTI)
+8RISTARTSVA-1) *[1T( STARTR, LEIIGTH)
=ST( STARTSVA-1) *MR( STARTR, LERGTH)

STARTSVA = STARTSVA+L

STARTR = STARYR + LENGTI + 1 [STARTR = STARTR + N + 1]

. LENGTI = LENGTII-1

END FOR

SROSTARTSVA-1) = DECIP(IT-1)*SR(STARTSVA-1)

SI(STARTSVA=-1) = DRICIR(I-1)*SI(STARTHVA=-)

SROSTARTSVA) = SRISTARYSVA) -SRESTARYSVA~L)*

+ +

+ +

# + 8 o e o e e & 8 e s e 8 s e e s 8 s s s =
e s o s s s s e e

+ MRUSTARYR) -~ STOSTARTSVA~L) *IT{ STARTR)
ST(STARTSVA) = S HUARTEVA) + SRUSTARTGVA-1)*
o MIE(STANTR) ~ SKOSTARTGVA-1) *MR(STARTR)
SROSTARTSVA) = RECID(N) *SROSTANYSYA)
SLTCSPARTGVA) = RECIDP(IN *EX( SYARTGVA)
. OPTARTGV = STARTSV + 1
LM roR

END

B-57

W WY e s B et et S . T T — R e T——
R P cainian e At DR

TR T




First Back Substitution for LL* with L* Stored Rowwise and S Componentwise
[ ST i
_LT =§_ ! ) i j

(see comments under LDL* Decomposition)

Variable Type Length Contents

MR Fp N(N+1)/2 W] real part of L* factor rowwise

MI FP N(N+1)/2 [Nz] imaginary part of L* factor
rowwise

SR FP KN real part of steering vectors
componentwise

SI FP KN imaginary part of steering

vectors componentwise

RECIP FP N reciprocals of diagonal elements
of L factor

AUG 1 1 current steering vector

ROY I 1 current row

STARTSV I 1 location of beginning of ROWth

components of steering vectors
row from which multiple of
current row is to be sub-
tracted

STARTSVS I 1 location of beginning of SUB-
ROWth components of steering
vectors

STARTR I n location of the (ROW, SUBRCW)th
element of the SCM

e




BEGIN
SUSTRACT IUWLTIPLES Cr' ROWTI! CCIMPONENTS OF STIZERING

VECTORS FROM SUBROWTII CONMPONENTS
STARTSV = 1

STARTR = 2

FOR ROV = 1 TO li-1

. STARTHVS = STARTSVAX

. SRISTARYSV,II) = RECID(ROW *SR(STANTSV,K)

. SI(STARYEV,K) = RECIDP ROW) ¥HI(GYLRTSV,K)
FOR SUBNOY = ROW+1 T0 I

. . SRUSTANTOVS , K) = SRISTARYSVG,K)

. c ' =HR{ GTARNTR) “SRCYTANTST, K)

. . =N SYARTR) OGTARNYSV,K)

. . SI(STARTSVS,K) « HTSUARTOVH,K)
¥ o . SHTCSTANTD) 5N GUARTS Y, K)
. “HROSYARTR) *G5T( SYARYSY,K)
. . STARTR = STYARYR + 1

. . SEARYEVS = STARWOVS + K

. LD ron

. HTANYSY = STARTSV + K

. [STARYR = STARTR + ROWI]

EI'D FOR

SRISTARTSV,K) = RICID(IN *SRISTARTSV,K)
SI(STARTSV,K) = RECIDP(I)*SI(STARTSV,K)
D

(NOTH TIAW ALL VIECTOR OPDRATICHS ARE OF
LENCTI K D S0 TO USKE WIS ALCORLWIIM
X SIIOULD DN GREATHD P01l 1)
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First Back Substitq%jon for LL* with L* Stored Columnwise and S Vectorwise

'LT=§'V?%§ e

(see comments under LDL* Decomposition)

Variable Type Length Contents

MR FP N(N+l)/2.[N2] real part of L* stored component-
wise

MI FP N(N+1)/2 [N?] imaginary part of L* stored
componentwise

SR FP KN real part of steering vectors
vectorwise

SI FP KN imaginary part of steering
vectors vectorwise

RECIP FP N reciprocals of elements of D

T FP 2N temporary array used with sum

DOT FP 1 temporary location

AUG I 1 current steering vector

ROW I 1 current row of SCM

STARTSV I 1 location of first element of
current steering vector

STARTR I 1 location of beinning of current
row of the SCM

STARTSVS I 1 ‘ location of current element of

steering ve<tor being calculated

B-60
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BEGIN
STARTSV = 1

ELIMINATE EACH STEERING VECTOR

FOR AUG = 1 TO K

. STARTR = 2

. SRISTARTSV) = SR(ISTARTSV)*RECIP(1)
. SI(STARTSV) = SI(STARTSV)*RECIP(1)

L ELIMINATE TIE 2ND ELCMENT OF TIE STEZERING VECTOR

SRISTANRTSV+1l) = SRISTARTSV+1) - MR(STARTR)*
ERCESTARTHV) - MI(STARTR) *STI( STARTSY)

SI(STARTSV) + MI(STARTR) *GR(STARTSV)
SRISTARTSV+1) = SROSTARTSY+1)*ROCIR( 2)

. SI(STARTSV+1) = EI(STARTSV+1) - MR(STARTR)*

SI(STARTSV+1l) = SI(STARTSV+1)®™RECIP(2)

" ELIMINATE THE 3RD THROUGH NTII ELEMENTS OF THE STZERING VECTORS

STARTSVS = STARTEV+2
FOR ROW = 3 TO N

DOT = SUM(T(L1,2%N0OW-2))

DO? = SUM('W(L1,2%ROW-2))

STARTSVE = STARTSVS+)
SYWYARYR = OTARYR-NOU [SVARTN =

e o o 4 s e o 4 s s e e e s @
® s e ® e s e b e s e

Lnon ron

. SYARTSV « STARTSV + N
EID Fonr

ERD

B-61

. 2(1,n01-1) = SRISTARTSV,ROVI-1) “MR( STARTR, ROW-1)
T(ROW, OV-1) = SI(STARYSV,ROW-)) *MI( 3STARTR,ROMW-1)

SRUSTARTOVE) = SRISTANYSVS) - DOT
T(1,R0W-1) = -SR(STANTHV,NOY-1) *MT( 57
T(NOW,ROV-1) = ST(SYARTSV,ROW-1) *LIR(

TARTR, POW-1)
STARTR, ROMW-1)

ST STARYSVS) = STSTARYSVS) - DOT

STARTR + 1]
SRISYARYEVS) = NRECIDPL ROW) *SR(STARTSVS)
SI(STARYSVE) = RECIP(DROW)"SI(STARYSVS)

-y P | ST A &

-




First Back Substitution for LL* with L* Stored Columnwise and S Componentwise

(This method is identical to First Back Substitution with L* stored
rowwise and S componentwise, except in the calculation of subscripts of MR

and MI,which does not change the operation counts.)

B-62

o s oe - . S— T
—_— = s




Second Back Substitution for LDL* or GE with L* Stored Rowwise and S Vectorwise

e O

(see comments under LDL* Cecomposition)

Variable

MR
MI

SR

SI

T

DOT
LAST
Aug

ROW
STARTSV

STARTR

STARTSVS

LENGTH

Type

FP
FP

FP

FP

FP
FP

Length

N(N+1)/2 [N?]
N(N+1)/2 [Né]

KN

2N

B-63

»

Contents

real part of L* factor rowwise
imaginary part of L* factor
rowwise

real part of steering vectors
vectorwise

imaginary part of steering

vectors vectorwise

temporary array used with sum
temporary location

location of last element of SCM
current steering vector

current row of SCM

location of last element of current

steering vector

location of ROW+1st element of
ROWth row of the SCM

location of ROW+1st element

of current steering vector
length of ROWth row of SCM

starting at element ROW+1




i

BnGin
STARTSV = N
LASYT = N*(N1+1)/2 [LAST =~ 11*N]

CLIMINATE DACIH STEERING

VECTOR

FOR AUG = 1 TO K

. STARTR = LEAST -1 [STARER = LAST -1

b CALCULMATE I1-1ST COMDONNNT

. SROSTARTSV

=1) = SRESTARTSN-=1)
*, SNUSTAREHYV) + I sTanty
. SI(STARTHV=-1) = SI(STANYSV-1) ~ JIR(HUW
L SI(STARTSV) - M STARYNR)*
. STARTHVS = SPTARTSV-1
. LENGTIl = 2
. EQR ReX] = Ii=2 50 1 §480 =1
. . STARYR = STYARTR -~ LENGTH -1 [STARTR = STARTR -~ -11]
. . (1, LENCTI) = MR aWAR LELSTH) *
+. . 1GNG  LENGTI)
. . T(LENSTI+), L1 =MEC 577 2 LG
L . S STANTOVE , LULS I
. . D LRI
. . 3] ~ DOT
. . 2 i SrSatniol (i
. . o LING CARWR, LENETH)
. . D
. . o SYARTSVHG~1) -~ DOT
. . o =1
. . I,
. EIlD FOR
eSEVR I

SEARYS

L'OR
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Second Back Substitution for LDL* or GE with L* Stored Rowwise and S Compunentwise

- LM =T -

=

(see comments under LDL* Decomposition)

Variable

MR
MI

SR

S

ROW
STARTSV

SUBROW

STARTR

STARTSVS

Type

FP
FP

FP

Fp

Length

N(N+1)/2 n2]
N(N+1)/72 [N

KN

KN

B-65

Contents

real part of L* factor rowwise
imaginary part of L* factor
rowwise

real part of K steering vectors
componentwise

imaginary parts of K steering
vectors componentwise

current row of SCM

beginning location of ROWth
components of the steering
vectors

row of components from which
multiple of ROWth row is subtracted
location of (SUBROW, ROW)th
element of the SCM

beginning location of SUBROWth

components of the steering vectors
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DLGIN
STARTSV = K™(N-1l) +1

SUBTRACT NULTIPLYES OF EACH COMPONENT FRC!M PREVIQUS COINPOULRNTS

FOR ROV = 11 TO 2 STEP -1

. SYARTR = ROV

. STARTGVS = 1

. ron synnowl = 1 TO ROW -1

. SD{GYARIOVE ,K) « SR GTARESVS,R)
iy . =HMR(SUARTR) # 6] WANTHV,K)
+. . ML STEARTN =G GRARTHY , IC)

SI(STARYSVSE,RK) = SI(STARTSVS . X)
+, . =MR( STADIR) SONANTSY,K)

+. . =13E € S ) “GROSYARTSY, K)
. . STARTR = STARTR + 1 -SUBROW [STARYR = GTARTR + N1
. . STARTOVS = OTARTSVS + K

. LD ron

. STARTOV = STARTSV -K

EITD I'OR

END

(IOTE K SHIOULD DE GREATER TIIAN 1)
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Second Back Substitution for LDL* or GE with L* Stored Columnwise and S Vectorwise

-L*W = T-.L{‘.
_—

(see comments under LDL* Decomposition)

Variable Type Length Contents

MR FP N(N+1)/2 [Nz] real part of L* columnwise

MI FP N(N+1)/2 [N2] imaginary part of L* columnwise

SR FP KN real part of steering vectors
vectorwise

SI FP KN imaginary part of steering vectors
vectorwise

LAST I 1 location of the last element of
SCM

AUG I 1 current steering vector

STARTSY 1 1 location of first element of

current steering vector

ROW I 1 current column of SCM

STARTR I 1 beginning location of current
column of SCM

STARTVS I 1 location of ROWth element of
current steering vector

LENGTH I 1 length of current column of SCM

excluding diagonal element
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G

DEGIN

ELINIPATE EACII STEHERING VECTOR
STANTSV = 1

LAST = I*(1L3+1)/2 [LAST = N*N]
"OR AUG = ¥ TO K

X TANTOVS =
. S';'AP.'_‘I‘. = LAGT -
LENGTI = § -1
. 'OR NOW = 11

STARTSVY + K -1
Wetd

T0 3 STLP -1
oV, LEY

. . SROSTARTSV, LLLIGTI) = "‘( STI‘.P
*, . =OHRIGYARTOVS ¢ “»'.-.‘.'\.T’.
+. . +HT( STARTS \"’)"L ¢ ’;'-“‘T" 2
. . SI(STARTSV,LIENGTI) = ST(STARTLV,
*, o =SSR STARTOV ) “HT( ""'\"“"" A
g . =8¢ STARY )R GTADRT A\’TJ]JA.-
. . STANTEOVS = SEARTSVS-L
. . STARTR = STARYR - LENGTII
. . LINGTI = LEIGTH -1
. D l.-‘Ol
. SRISTARTSV) = SRISTARTSV) -OGRISTARTHVE)®
*e MROSUARYR) + ST SWANTGVS) #11T( STARTR)
. SI(STARTSV) = $I( S,TI\I"TQV) ¥ START SR
*, MUCOPARYR) -ST(STARTSVS) “HR( STARTR)
. STANTEY = 5 R
ED FOR
LI
B-68
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Second Back Substitution for LDL* or GE with L* Stored Columnwise

and S Componentwise

L*W = T.Eﬂ] =

(This method is identical to the Second Back Substitution with L* stored
Rowwise and S Componentwise, except in the calculation of subscripts for MR

and MI, which does not change the operation counts.)




Second Back Substitution for LL* with L* Stored Rowwise and S Vectorwise

igiud
=T e
(see comments after LDL* Decomposition)
Variable Type Length
MR FP N(N+1)/2 IN?]
MI FP N(N+1)/2 [N?]
SR FpP KN
SI E® KN
RECIP FP N
il FP 2N
DOT FP 1
LAST I 1
AUG I 1
ROW I 1
STARTSV I 1
STARTR I 1
STARTSVS ! L
.‘ﬂ,'u

Contents

real part of L* rowwise

imaginary part of L* rowwise

real part of steering vectors
vectorwise

imaginary part of steering vectors

vectorwise

reciprocals of diagonal elements
of L*

temporary array used with SUM
temporary location

location of last element of SCM
current steering vector

current row of SCM

location of last element of current
steering vector

location of ROW+Ist element of
ROWth row of the SCM

location of ROW+1st element of
current steer ' ng vector

length of ROWth row of SCM

tarting at elesent ROW+!




BEGIN

STARTSV = N

LAST = N*(N+1)/2 [LAST = N*N]
ELIMINATE EACH STEERINIG VECTOR

FOR AUG = 1 TO K
. STARTR = LAST -1 (STARTR = LAST - Nl

¥ CALCULATE NTH ELEMBENT

. SROSTARTSV) = SRISTARTSV)“RLCIP(N)
. SI(STARTSV) = SI(STARTSV)*RECIP(1I)

- CALCULATE N-1 COMPONENT

. SR(STARTSV-1) = SRIBTARTSV-1) -IR(STARTR)*
SRISTARTSV) + NI(STARTR) *SI(STARTSV)

. SI(STARTSV=-)) = SI(STARTSV-1) =IR(STARTR)™

. SI(STARTSV) -NMI(STANRTR) *SRISTARTSV)

. SROSTARTSV-1) ~ SRISTARTSV-1)*RECIP(11-1)

. SI(STARTSV-1) = SI(STARTSV-1)*RECTIP(N-1)

. SYARTEVS = STARTSV-1

. LENGYII = 2

. FOR ROV = N-2 TO 1 STEP -1

. . STARTR = STYARTR - LENGTH -1 [STARTR = STARTR -1 -1]
. 2(1,LENGTII) = MR(OSTARYTR,LENGTI) ®

. . SROGTALRTSVS , LENGTID)

. . T(LENGTI + 1,LENCTI) =~ - MI(STARTR,LENGTI)*

. . SL(BTANTEVS , LENGTH)

. . DOT = SUM(T(1,2%LINGTIN)

. . SR{STANTSY-)) = GRISTARTSVS-)) - DOT

. . T(1,LENCTI) = MRSTARTR,LOLNCTID *OT( HTARTSVS , LENGTI
. . P LENGTI + 1, LENGCTH) » MI(SPARTR,LENGTIN) “SD( STARTSVS , LENCTII)
. . DO%W = SUM(W(},2*LENGTIN))

. . STOHTARTSYE~)) = STOSYARTGVS -1)-ROT

. . SNUSTARTOVS~1) = SRISTARYSVS-1) *RECIR( NOW)

. . ST STARTSVS~1) = SI(STARTSVS-1) *RECIP( NROW)

. . STARTSVS = GYANRTHVS-1

. . LIGGTII = LEWSTIH -1

. EIID r'oR

. SYARTSV = STARWSV + 11
LD IOR
E1D




Second Back Substitution for LL* with L* Stored Rowwise and S Componentwise

-L*W = T_l L“é E rﬂ

(see comments under LDL* Decomposition

Variable

MR
MI
SR

SI

RECIP

ROW
STARTSV

SUBROW

STARTR

STARTSVS

Type

FP

FP

FP

FP

FP

Length

N(N+1)/2 [N%]
N(N+1)/2 [N?]
KN

KN

Contents

real part of L* rowwise

imaginary part of L* rowwise

real parts of K steering vectors
componentwise

imaginary parts of K steering
vectors componentwise

reciprocals of diagonal elements

of L*

current row of SCM

beginning location of ROWth
components of the steering vectors
row of components from which
multiple of ROWth row is subtracted
location of (SUBROW, ROW)th element
of the SCM

beginning location of SUBRONth

components of the steering vectors




DEGIN
STARTSV = R*(N-1)+1

SUBTRACT MULTIPLES OF EACH COMPONENT FROM PRTIVIOUS COMPONENTS

FOR ROV = Ii TO 2 STEP -1
. STARTR = ROW
STARTSVS = 1
. SROSTARTSV,K) = SROSTARTSV, ) “RECIP( ROW)
. SI(STARYSV,K) = SI(STARTSV,K)*RECIP( ROW)
. I'OR SUDRNOYW = 1 TO ROW-1
. . SRISTARTSVS,K) = SROSTARTSVS,K)
+. . =HRA STARTR) *GN( STARTSV,K)
. +MI(STARTR) *S5( STARTSV,K)
. SI(STARTSVS,K) = GI(STARWSVS,K)
+. . =M2ASTARTR) 5 STYARTSV,K)

=HMICSTARTR) “SR(STARTSV, K)
STARTR = STARWR + 11 -SUDROYW [STARTR = STARTR+N]
. STARTOVS = STARTSVS + K
. END FOR
. STARTSV = STARTSV - K
END FOR
SRC1,K) = SR(CL,K)*RECIP(1)
SIC1,K) = SI(),K)*RECIP(1)
END
(NOTE THAT K SIHIOULD DE GREATER TOAN 1)
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Second Back Substitution for LL* with L* Stored Columnwise and S Vectorwise

-Lﬂ'=5-?1%

(see comments after LDL* Decomposition)

Variable Type Length
2
MR FP N(N+1)/2 [N°]
MI Fp N(N+1)/2 [N?]
SR FP KN
SI FP KN
RECIP FP N
LAST I 1
AUG I 1
STARTSV I 1
ROW I 1
STARTR I 1
STARTSVS I 1
LENGTH I 1

Contents

real part of L* columnwise
imaginary part of L* columnwise
real part of steering vectors
vectorwise

imaginary part of steering
vectors vectorwise

reciprocals of diagonal elements

of L*

location of the last element of
SCM

current steering vector
location of first element of
current steering vector

current column of SCM

beginning location of current
column of SCM

location of ROWth element of
current steerit J vector

length of current column of SCM

excluding diagonal element




BEGIN
ELIMINATE EACH STEERING VECTOR

STARTSVY = 1

LAST = N*(N+1)/2 [LAST = N*N]

'OR NUG = L TO K

STARTSVS = STARTSV + K-1

STARTR = LAST - N+l

TENGTII = N-1)

FOR ROY = 11 TO 3 STEP -1

. SRISTARTSVS) = SRABTARTSVS) *ROCIP( ROy
. SI(STARTSVS) = ST(STARTSVS) “NRECIP( ROV
. SR(STARTSV,LELIGTII) = SR(STARTGV,LENCTI)

. =SR{STARTOVS) “HMR( STARTR, LENCTI)
. +SI( STARTEVS) "HMI( STYANRTR, LERGTI)
. SI(STARTSV,LLNGTII) = SI(STARTSV,LENGTI)

. =S SYARTSVEG) “MI( SPARTR, LELSTI)
. =5I( STARTSVS) *MR( S'TARTR, LENGTI)
. STARTOVS = STARTSVS -1

. STARTR = STARYR -LENCTH
E

e e e e

LENGTII = LENGTH -1
END FOR

o e n @ e N eaw

» CALCULATE 21D ELEMENT OF STEERING VECTOR
. SRISTARTESVS) = SRISTARTOVS) *RECIP( 2)
. SI(STARTSVS) = SI(STARTSVS)"RECIP(2)
® CALCULATE 1ST CLENMTNT OF STLRRING VECTOR

SR(STARTGV) = SRILGTARTYSV) -5
HMR(STARTR) + SI(S" YHVS) *MI( STARTR)

SI(STARTSHV) = SI(HTARTHV) -SRI GTANWSVS) ®
HI(STARYRY) =HT STARTLVE) “MR( STARTR)

SRISTANTEV) « SRASTARTSV)*ROCIP( L)

SI(STANYGV) = SI(STARTSV)RECIP(L)

. STARTSYV = STARTSV+K

EI') FOR

|HRD

B
"

HTARYGVS) ™

{
)
(
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Second Back Substitution for LL* with L* Stored Columnwise

and S Componentwise
w1 =52 B

(This method is identical to the Second Back Substitution with L*

stored Rowwise and S Componentwise, except in the calculation of subscripts

of MR and MI, which does not affect the operation counts.)

B-76




Appendix C. CDC STAR-100 Software

SUMMARY AND DOCUMENTATION

The subroutine CHOLDC factors the positive definite Hermitian matrix M
into its LL* decomposition using the Cholesky algorithm. The factor L is
stored in place of the input matrix M. Subroutine BAKSUB takes this lower
triangular matrix L and a vector S as input and solves the system MK=S for
W by performing two back substitutions.

CHOLDC

Algorithm: Since M is positive definite Hermitian it has a factoriza-
tion of the form LL* where L is a lower triangular matrix with real positive
diagonal entries and L* is its conjugate transpose, as discussed in the section

on mathematical techniques. If N is the dimension of M, M = {mij} and

L = {Qij} we have

i i-] 2|y
Lig =M™y - &g%lzikl (M
Eij ol LT P> ik %k /ljj i B (2)
0
where the null sum §:is taken to be 0 and the square root is positive.
k=1
Using these equations, one can successively solve for l]], the first column
kth

of L, R22’ the second column of L,...,zkk, the column of L,..., and 2NN'

c-1




INPUTS:

NAME TYPE COMMON CONTENTS
MATDIM I blank Dimension of the matrix <200
REEL(20100) R blank Real part of the lower half of matrix M
ot R R R
s;ored co&umnglse. m]]anZ],...mN],mzz,m32,...,
Mo = = = oM oMo = = oMy - - oMy
o TR ¢ R
where mij -m].j +.c.m1.j
JMAG(20100) R blank Imaginary part of the lower half of

the matrix M stored the same way as REEL.

OUTPUTS:

NAME TYPE COMMON CONTENTS

REEL (20100) I blank Real part of factor matrix L stored
columnwise as above.

JMAG(20100) I blank Imaginary part of factor matrix L stored
as above.

RECIP(200) I blank Reciprocals of diagonal elements of L

(al1 positive real numbers by Equation(1)).
Comments (letters refer to labels in listing):
A. This routine was designed to work in a system with the following

characteristics.

1) MW=S  to be solved for arbitrarily many different S vectors for

a given M matrix.

2) Frequent changes of matrix M (speed a paramount “actor).

3) Infrequent changes of dimension.
The vague words "arbitrarily many", "frequent" and "infrequent" are used since

they are a function of each system and may vary considerably. Our goal,

however, is to find upper bounds in speed.

c-2
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Since the changes in dimension are infrequent, we chose to compute
the most frequently used vector descriptors once for each new dimension.
MATOLD contains the old dimension and if it disagrees with the new one
in MATDIM, new descriptors are calculated. Not all descriptors are calculated:
temporary ones are assigned in lines 91 and 93 (numbers on left-hand side of
page) of CHOLDC, since each one is only referenced once in a call to CHOLDC
and there are almost as many of them as elements in the matrix ((MATDIM-2)*
(MATDIM-1) versus MATDIM*(MATDIM+1), so storing them all would require a
great deal of storage.
It is possible to attain a slight increase in speed in this section of
code (at the expense of readability) by making the calculation of MATOLD,
MTDMM1, MTDMM2, MTDMP1, and MTDMP2 a single vector addition and equivalencing
the individual variable names to different elements of the vector. This may
seem like a small point, but it shows how concerned we are about doing every-
thing possible to speed up the program.
The following descriptor arrays are calculated for J=1,2,...,MATDIM-1:
NAME CONTENTS
DREEL (J) Points to jth column of real part of matrix M (and
later L) stored in array REEL.

DIMAG(J) Points to jth column of imaginary part of M and L
in array JMAG.

DREEL1(J) Points to jth column excluding diagonal elements of
real part of matrices M and L.

DIMAGI (J) Points to jth column excluding diagonal element of

imaginary part of M and L.

C-3
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NAME CONTENTS
DTEMPR(J) Points to the real part of the W vector in array

TEMPR from the J+15% element to the end.
DTEMPJ(J) Points to the imaginary part of the W vector

in array TEMPJ from the J+1St element to the end.
DDTTMP (J) Points to the first MATDIM-J elements of the

temporary array DOTTMP.

The MATDIM-]St elements of these last four arrays are never used but
are calculated to avoid an IF statement in the loop or another DO loop, under
the assumption these alternatives would take longer.

These last four arrays are used primarily in subroutine BAKSUB but since
BAKSUB may be called more fhan once (for different values of the S vector)
for one call to CHOLDC, the calculation was done here to avoid unnecessary
checking for changing dimensions, so that the instruction stack is not
changing unnecessarily often. In the final implementation this function

of calculating descriptors would probably be dorie by some executive routine.

B. Since only the reciprocals of diagonal elements of the L matrix
are needed to both calculate the columns of the L matrix and perform the
back substitutions, they are stored in array RECIP.

We assumed in coding that the compiler would optimize constant subscripts
to be equivalent in speed to using equivalenced nonsubscripted variables.
If this is not so, we would equivalence nonsubscripted variables to REEL(1),
RECIP(1), DREEL(1), DJMAG(1) and to similar references elsewh~re and use them
instead.

Since we know the diagonal elements of L are real and only use their

reciprocals anyway, it is unnecessary to calculate them and so we could just
use DREEL1(1) and DJMAGI(1) here, shortening two vector multiplies by one

element each.
C-4
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C. The vector references DREEL(JCOL) and DJMAG(JCOL) are used in
the loop described in section D, so we stored them in nonsubscripted
variables DTR and DTJ in the hcopes of making their use more efficient in
the loop. This may, however, be unnecessary since the STAR has 255 registers,
which, if used efficiently, could hold these descriptors for the duration
of the loop. In other words, the compiler, upon first coming across the
descriptor, would set aside a register for it for the duration of the loop,
making the allocation of an extra memory location pointless. Similarly,
the variables IFIRST, LEN, JCOLM1, MATDIM and the ones depending on MATDIM

should be kept in registers.

D. The four values restored in scalars in the beginning of the loop
were restored for the same reason as DREEL(JCOL) and DJAG(JCOL) in part C
and the same comments apply here.

We know the imaginary part of the diagonal elements of L are 0, yet
we calculate them here to avoid extra vector references. The alternative is:

Part C: JFIRST=1

LENM1=MTDMM1

JCOLM1=0

DO 3 JCOL=2 ,MTDMMI
IFIRST=IFIRST+MTDMP2-JCOL
ASSIGN DTR, DREEL (JCOL)
ASSIGN DTJ, DJIMAGT(JCOL)
LEN=LENM1
LENM1=LENM1-1
ISUB=JCOL
JCOLM1=JCOLM1+1

Part D: DO 4 SUBCOL=1,JCOLM1

TR=REEL (ISUB)

TJ=JMAG(ISUB)

ISUBP1=1SUB+1

DTR=DTR+REEL (ISUB;LEN)*(-TR)
+JMAG(ISUB;LEN)*(-TJ)

DTJ=DTJ+REEL (ISUBP1;LENM1 )*(TJ)
+JMAG (ISUBP1;LENMI )+ (-TR)

ISUB=ISUB+MATDIM-SUBCOL

4 CONTINUE

C-5
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Calling this Method 2 to contrast it to Method 1 in the listing, we

have the following table of "extra operations performed":

Method 1 Method 2
Part C 1 scalar assignment
Part D Increase in length by 1 of 2 1 scalar addition
vector multiplies and 2 vector adds 2 vector references

An intimate knowledge of the compiler is necessary to choose between
methods.

Another possible change in this part is the use of explicit temporaries in
the two vector assignment statements instead of letting the compiler allocate
temporary space for the intermediate results of vector multiplications and
additions. If a great deal of overhead is involved to allocate and free up
space each time a temporary is needed, it might be more efficient to have

some extra arrays like DOTTMP and do the allocation "manually."

E. As in part B we need not calculate the diagonal element of L, only
its reciprocal, making it possible to shorten the length of the two vector
assignment statements at the expense of having one and possibly two extra
array references (DREEL1(JCOL) and possibly DJMAGT(JCOL)) instead of using

the ones already available in DTR and DTJ.

F. There are two ways to perform the sum here, using the loop and
subscript calculation as shown, or using double descriptors and the library

function Q8SSUM, which has the added advantage of performing the sum in

C-6
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double precision. The double descriptors would require a bit vector of
length MATDIM*(MATDIM+1)/2 bits, and two vector multiplies (to calculate
the sums of the squares of the real and imaginary parts) using it.

There are many different ways of summing the resulting squares. The
two methods which come to mind immediately are

1) adding the vectors ;f squares and using Q8SSUM on the
sum vector, and

2) using Q8SSUM twice on the vectors separately and adding
the two scalar results.

Assuming that we do not need the double-precision results of Q8SSUM,
we need only consider timing to choose algorithms.

Since the timing curve for vector additions as a function of vector
length is a straight Tine not passing through the origin (because of the
start up time) and the curve for Q8SSUM is probably similar, it may be
that no one method may be best for all vector lengths. Some variant of the
following metﬁod may be best (where the N elements of vector X are to be

summed):

1) partition X into j consecutive subvectors, each of length

n ,k=1,...,j; where n. = max n
k 1 1<k< k

N = g n
k=1 K

2) using vector addition, add the j-1 subvectors to the first
one, resulting in a vector of length n]<N,the sum of
whose elements is the same as the sum of the elements

of the original vector.

c-7




3) repeat steps 1) and 2) on the resulting shorter vector
until one is obtained that is of the best length for
summing by Q8SSUM.

There are obviously a lot of variables in the above algorithm. One
specific example is to take the second half of the vector X and add it to
the first half, repeating the bisection process and finally using Q8SSUM
on the result. It requires an excellent knowledge of the timing of both
Q8SSUM and vector addition as a function of vector length to optimize this

algorithm.

C-8
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BAKSUB:
*
Algorithm: Given the LL factorization of the matrix M, we can solve

* —
the system MW=L(L W)=S for W by solving the two triangular systems

LY = s
*
LW=T
by back substitutions
g
£ J=1
= —t ZN: YT ) 4
¥ | 1 §5TH 3 Y5 (4)

0
where the null sums ) and E: are taken to be 0.
J=1 J=N+1
We successively compute t], t2""’tN-l’tN’wN’wN+1”"’WZ’WI'

Inputs: In addition to the output from CHOLDC, BAKSUB uses:

NAME TYPE COMMON CONTENTS
EREAL(200) R blank Real part of vector S
EMAG(200) R blank Imaginary part of vector S
Outputs:

NAME TYPE COMMON CONTENTS
TEMPR(200) R work Real part of vector W
TEMPJ(200) R work Imaginary part vector W
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COMMENTS

B i

A.

As in CHOLDC, the efficiency of this code depends on the compiler's

treatment of constant array subscripts and vector temporaries.

Here we question whether the compiler saves XMUL in a register to
use for both multiplies and whether it knows only to do one addition

to address the array elements on either side of the equal sign.

Again we are concerned about the compiler's use of registers,
vector temporaries, and identical array references on either

side of the equal sign.

There are two alternate ways of calculating XMUL:

XMUL = RECIP(MATDIM)*RECIP(MATDIM)
and

XMUL = RECIP(MATDIM)

XMUL = XMUL*XMUL .

And to choose among the three methods requires a knowledge of how
the compiler handles integer exponentiation and identical array

references in one expression.

Also, if TEMPR(MTDMM1) and TEMPJ(MTDMM1) were kept in registers,
there would be no need to store them in extra nonsubsc ‘ipted

variables TR1 and TJ1 for later use in lines 66, 67, 80, and 81.

A A R X0 0 S e
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Variables RS and JS are in COMMON/WORK/ and set equal to the next-

to-last entries in REEL and JMAG, respectively, since these are

calculated in CHOLDC and not changed in BAKSUB.

E. The first backsubstitution above used vector arithmetic since
the coefficient matrix L was stored columnwise. In the second
*
back substitution, the coefficient matrix, L , is stored row-
wise, so we must use dot-products. In other words, in Equation
(3% once t; is Ca]cu]atEd,zijtj is subtracted from s; for i=j+
through N in one vector operation; whereas, in Equation (4), the
* N N
ss and (w.

J1,j=‘i+'| J j=i+]
performed. The efficiency of this code depends, as before, on

indicated dot-product of %l is actually

1) the speed of precalculated descriptors versus vector

references,

2) implementation of vector temporaries such as DXR1,
DXJ1, DTR, DTJ, and DDOT, and
3) speed of Q8SSUM,

all of which have been discussed before.
Finally, although this was not done in either routine, it must be
remembered that vector addition is faster than just vector assignment,

so that to copy vector B into vector A, it is faster to say

A=B+0
than
A =8B
c-11
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Figure C-1 Timing and Accuracy Results for Case MATDIM = 200

Dimension of matrix = 200
Time for descriptor calculation = 2.317 msec
Time for decomposition = 1400.990 msec

n
Error analysis comparing L (actual factor matrix) to L (calculated factor
matrix) (all errors absolute)

Location of

Maximum Error Maximum Error Average Error
Real part .213E-6 20061 .734E-9
Imaginary part .252E-6 20062 .694E-9
Absolute value .294E-6 20062 .112E-8

Time for first backsubstitution = 18.273 msec
Time for second backsubstitution = 27.974 msec

Error analysis comparing ¥ (actual solution) to % (calculated solution)
(all errors absolute)

Location of

Maximum Error Maximum Error Average Error
Real part .512E-5 1 .278E-6
Imaginary part .287E-5 19 .283E-6
Absolute value .574E-5 1 .430E-6
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SUBROUTINE COVCMP

UPDATE

corrion
COMIZON
coriMon
COMMON

*WRDOT,WIDOT,WIR

SAMPLE COVARIANCE MATRIX

/WCTINE/ WSETUP,WDECHP,WBKSB1,WEKSB2,WCVCHMP

/COV/ COVR(201430),COVI(20199)

/TIMF/ TSETUP,TDECMP,TBKSB1l,TEX5B2,TCVCHMP

/TEMP/ TDOT(200),S8HPR(298),5MPJI(290) ,DTDOT,SRDOT,SIDOT,
MR, WNRMI , SNRO

DESCRIPTOR DIDOT,SRDOT,SIDOT,WRDOT,WIDOT,WNKMR,WNRMI
COMMON MATDIM,REEL(20100) ,JMAG(20104) ,EREAL( 204) , EMAG( 290)
REAL JMAG

DESCRIPTOR DRR1,DREEL,DJMAG,DSMPR,DSMPJ

DIMENSION RR1(299)

INTEGER W1,W2

CALL Q8CLOCK(, ,Wl)

T1=SECOND( X)

J=1

K=MATDIM

DO 104

I=-1,MATDIM

ASSIGN DRR1,RR1(1;K)
ASSIGN DREEL,COVR(J;K)
ASSIGN DJMAG,COVJ(J;K)
ASSTGN DSHMPR,SMPR( I;K)
ASSIGN DSMPJ,SMPJ( I;K)
SR=SMPR( I)

SJ=SMPJ( I)
DRR1=DSMPR*SR
DREEL=DREEL+DRR1
DRR1=DSMPJI*SJT
DREEL=DREEL+DRR1
DRR1=DSMPJ*SR
DJMAG=DJIMAG-DRR1
DRR1=DSMPR*SJ
DJMAG=DJIMAG+DRR1

J=J+K
K=K-1

CONTINUE

T2=SECOND( X)

CALL Q8CLOCK( ,,W2)
WCVCMP=(112-W1)/1490.

TCVCMP=

RETURN
END

(T2-T1)*1098.




43

44
45
46
47

48
49
50
51

55
56
57
58
59
60
61
62
63
64

65
67

68
69
19
71
72
43
74
15
76
77
78
79
82
8l
82
83
84
85
86
87
88
89
98
93
92
93
94

e~ v

SUBROUTINE CHOLDC

c
c PERFORM CHOLESKY LL* DECOMPOSITION OF A POSITIVE DEFINITE
o] HERMITIAN MATRIX
c
COMMON /BLOWUP/ NEG
COMMON MATDIM,REEL( 20100),IMAG(29192%) ,EREAL( 209) ,EMAG( 294)
REAL JMAG
COMMON /WORK/ MATOLD,MTDMM1,MTDMM2 ,MTDMP1,MTDMP2,SIZEM],
* DEREAL,DEMAG,RECIP(208),DREEL(200) ,DREEL1( 209) ,DIMAG( 29%) ,
* DJMAGL(200),TEMPR(204),TEMPJ( 209) ,DTEMPR( 209) ,DTEMPJ( 204) ,
* DOTTMP(208),DDTTMP( 209) ,RS,JS
REAL JS
INTEGER SIZEM1
DESCRIPTOR DREEL1,DJMAG1,DTEMPR,DTEMPJ,DDTTMP,DEREAL, DEMAG
INTEGER SUBCOL,ESUB
DESCRIPTOR DREEL,DJMAG,DXR,DXJ,DTR,DTJ
DESCRIPTOR DTTR,DTTJ
COMMON /TIME/ TSETUP,TDECMP,TBKSB1l,TBKSB2,TCVCMP
COMMON /WCTIME/ WSETUP,WDECMP,WBKSB1,WBKSB2,WCVCMP
CALL Q8CLOCK( ,,IWl)
T1=SECOND( X)
Cc
c SET UP ARRAY DESCRIPTORS
Cc
IF (MATDIM.EQ.MATOLD) GOTO 1
MATOLD=MATDIM
MTDMM1=MATDIM-1
MTDMM2 =MATDIM-2
MTDMP1l=MATDIM+1
MTDMP2=MATDIM+2
ASSIGN DEREAL, EREAL( 2 ;MTDMM1)
ASS5IGN DEMAG, EMAG( 2 ;MTDMM1)
ISUB=1
LENM1=MATDIM
LEN=MATDIM
DO 2 J=1,MTDMM1
LENM1=LENM1-1
ISUBP1l=ISUB+1
JPl=g+1
ASSIGN DREEL(J),REEL( ISUB;LEN)
ASSIGHN DJIMAG(J) ,JMAG( ISUB;LEN)
ASSIGN DDTTMP(J) ,DOTTMP( 1;LENML)
ASSIGN DTEMPR(J),TEMPR(JPL;LENML)
AS3IGH DTEMPJ(J) ,TEMPJI(JPL;LENML)
NSSIGN DREEL1(J),REEL( ISUBPL;LENML)
ASSIGN DJHAGL(J) ,JMAG( ISUBPL; LENML)
ISUB=ISUB+MTDMP1l-J
LEN~LENM1
2 CONTINUE

SIZEM1=ISUB-1
T2=SECOND(X)
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e

95
96
97
98
99

190
191
102

103
104
1925
106
197
1928
199
119
111
112

113
114
115

116
117

118
119
129

121
122
123
124
125
126
127
128
129
139

131
132
133

134
135
136
137
138
139
149
141
142

CALL Q8CLOCK( ,,IW2)
TSETUP=( T2~T1)*1000.
WSETUP=( IW2-IW1)/10040.
RETURN

CONTINUE

Qoo | -

CALCULATE RECIPROCAL OF FIRST DIAGONAL ELEMENT

500

19

anoaQ

NEG=#&
IF (REEL(1).GT.2.8) GOTO 19
NONE=1
WRITE (6,509) NONE,REEL(1)
FORMAT( 16H/ERROR IN CHOLDC,I4,18H DIAGONAL ELEMENT=,E12.5)
NEG=1
RETURN
CONTINUE
XTEMP=1./SQRT( REEL( 1))
RECIP(1)=XTEMP

CALCULATE FIRST COLUMN

DREEL( 1) =DREEL( 1) *XTEMP
DJMAG( 1) =DJIJMAG( 1) *XTEMP

(e NeNel

CALCULATE COLUMNS 2 THROUGH MATDIM-1

IFIRST=1
LEN=MATDIM
JCOLM1=0

DO 3 JCOL=2,MTDMM1
IFIRST=IFIRST+MTDMP2-JCOL
ASSIGN DTR,DREEL( JCOL)

ASSIGN DTJ,DJMAG(JCOL)
LEN=LEN-1

ISUB=JCOL
JCOLM1=JCOLM1+1

oo

SUBTRACT MULTIPLES OF PREVIOUS COLUMNS

DO 4 SUBCOL=1,JCOLM1
TR=REEL( ISUB)
ASSIGN DTTR,REEL( ISUB;LEN)
TJI=JMAG( ISUB)
ASSIGN DTTJ,JHMAG( ISUB;LEN)
DTR=DTR+DTTR*( =TR) +DTTJI*( -TJ)
DTJI=DTJI+DTIR*( TJ) +DTTJI*( -TR)

I5UB=ISUB+MATDIM-SUBCOL
CONTINUE




143
144
145

146
147
148
149
159
151
152

153
154
155

156
157
158

159
168
161

162
163
164
165
166
167
168
169
179
171
172
173
174
175
176
17
178
179
189
181
182
183
184

aan

CALCULATE RECIPROCAL OF DIAGONAL ELEMENT

11

nan

w

IF (REEL(IFIRST).GT.0.0) GOTO 11
WRITE (6,500) JCOL,RLCEL(IFIRST)
NEG=1
RETURN

CONTINUE

XTCMP=1./SQRT( REEL( IFIRST))

RECIP(JCOL)=XTEMP

CALCULATE COLUMN

DTR=DTR*XTEMP
DTJI=DTJ*XTEMP
CONTINUE

_@

naao

CALCULATE LAST DIAGONAL ELEMENT

12

SUM=0.

ISUB=MATDIM

DO 7 SUBCOL=1,MTDMM1
XT=REEL( ISUB)
XI=JMAG( ISUB)
SUM=SUM+XT*XT+XI*XI

ISUB=ISUB+MATDIM-SUBCOL
CONTINUE
ASUM=REEL( ISUB) -SUM

IF (ASUM.GT.Q.9) GOTO 12
WRITE (6,500) MATDIM,ASUM
NEG=1
RETURN

CONTINUE

RECIP(MATDIM)=1./SQRT(ASUM)

RS=REEL( SIZEM1)

JS=JMAG(SIZEM1)

T2=SECOND( X)

CALL Q8CLOCK( ,,IW2)
TDECMP=( T2-T1)*1000.
WDECHMP=( IW2-IW1)/1008.
RETURN

END

PN




185

186
187
188
189

198
191
192
193

197
198
199
209
291
292
2083
204

295
296
297
208
299

219
211
212

213
214
215

216
217

218
219
228

221

222
223
224

225
226
227

228
229

[eNeNeNe!

aaaon

SUBROUTINE BAKSUB

GIVEN THE LL* DECOMPOSITION OF A MATRIX, AND A VECTOR S, PERFORM
TWO BACK SUBSTITUTIONS TO SOLVE (LL*)W=S FOR W

COMMON /WCTIME/ WSETUP,WDECHMP,WBKSB1,WSKSB2,WCVCMP

CoOMMON /TIME/ TSETUP,TDECMP,TRXSB1,TBKSB2, TCVCMP

COMMON MATDIM,REEL(20100) ,JMAG(20190) ,ERZAL( 209) ,EMAG( 2049)
COMMON /WORK/ MATOLD,MTDM!M1 ,!1TD!Mi412 ,11TDMP1,MTDMP2 ,SIZEM1,

* DEREAL,DEMAG,RECIP(200) ,DREEL(290) ,DREEL1(2L£0) ,DIMAG( 2£9),
* DJMAG1(200),TEMPR( 200) ,TEMPJ(20@) ,DTEMPR( 204) ,DTEMPJ( 200} ,
* DOTTMP(200),DDTTMP(200) ,RS,JS

REAL JS

INTEGER SIZEM1

DESCRIPTOR DREELL,DJMAG

REAL JMAG

DESCRIPTOR DREEL1,DJMAG1,DTEMPR,DTEMPJ,DDTTMP,DEREAL, DEMAG
DESCRIPTOR DXR1l,DXJ1,DTR,DTJ,DDOT

CALL Q8CLOCK( ,,IWl)

T1=SECOND( X)

PERFORM FIRST BACK SUBSTITUTION, (L)TEMP=S

CALCULATE FIRST ELEMENT OF TEMP

aonan

XMUL=RECIP(1) 1
TEMPR( 1) =EREAL( 1) *XMUL
TEMPJ( 1) =EMAG( 1) *XMUL

SUBTRACT MULTIPLE OF FIRST COLUMN OF L FRCM S AND STORE IN TEMP _-@

DTEMPR( 1) =DEREAL+( ~TEMPR( 1) ) *DREEL1( 1) +( TEMPJ( 1) ) *DJMAG1( 1)
DTEMPJ( 1) =DEMAG+( ~TEMPJ( 1) ) *DREEL1( 1) +( ~-TEMPR( 1) ) *DJMAGI1( 1)

[eNeNe!

anoa

CALCULATE ELEMENTS 2 THROUGH MATDIM-2

DO 1 JCOL=2,MTDMM2

CALCULATE JCOL-TH ELEMENT

XMUL=RECIP(JCOL) :
TEMPR(JCOL) =TEMPR( JCOL) *XMUL
TEMPJ(JCOL) =TEMPJI( JGOL) *XMUL

SUBTRACT MULTIPLE OF JCOL-TH COLUMN FROM TEMP




230

232
232
233
234
235
236
237

238
239
240

241
242
243

244
245
246
247
248
249

258
251
252
253
254

255
256
257

258
259
2680

261
262
263

264
265
266
267
268

269
279
273

272

273
274

e e
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ASSIGN DXR1,DREEL1(JCOL)

ASSIGN DXJ1,DJMAGL(JCOL)

TR=TEMPR( JCOL)

TJ=TEMPJ( JCOL)

DTEMPR( JCOL) =DTEMPR( JCOL) +( -TR) *DXR1+( TJ) *DXJ1

DTEMPJ( JCOL) =DTEMPJ( JCOL) +( ~TJ ) *DXR1+( -TR) *DXJ1

CONTINUE

Qo0 |+

[eNeNoNeNeNe]

CALCULATE ELEMENT MATDIM-1

XMUL=RECIP(MTDMM]1)
TEMPR( MTDM!M1 ) =TEMPR( MTDMHM1 ) *XMUL
TEMPJ( MTDMM1) =TEMPJ( MTDMM1 ) *XMUL

COMBINE LAST STEP OF FIRST BACK SUBSTITUTION

(CALCULATION OF ELEMENT MATDIM) WITH FIRST STEP OF SECOND
BACK SUB3STITUTION (CALCULATION OF ELEMENT MATDIM OF W WHERE

(L*)*W=TEMP AND W IS STORED IN TEMP)

XMUL=RECIP( MATDIM) **2

TR1=TEMPR( MTDMM1)

TJ1=TEMPJ( MTDMM1 )

TEMPR( MATDIM) =( TEMPR( MATDIM) ~TR1*RS+TJ1*JS) *XMUL
TEMPJ(MATDIM) =( TEMPJ( MATDIM) ~TJ1*RS-TR1*JS) *XMUL

@

[eXeke]

PERFORM SECOND BACK SUBSTITUTION, (L*)W=TEMP, STORING W IN TEMP

T2=SECOND( X)
CALL Q8CLOCK( ,,IW2)
T3=SECOND(X)

[eReXe]

Qoo

CALCULATE MATDIM-1-ST ELEMENT

XMUL=RECIP( MTDMM1)
TR=TEMPR(MATDIM)
TJI=TEMPJ(MATDIM)

TEMPR( MTD!I11) =({ TRL-TR*RS~-TJI*JS ) *XMUL
TEMPI(MTDMM1) =( TTL-TI*RS+TR*JS ) *XMUL _@
CALCULATE ELEMENTS MATDIM-2 THROUGH 1

JROW=MTDMM1
DO 2 JTEMP=1,MTDMM2
JROW=JROW-1

T
come =




275
276
217
278

279
2809
281
282
283
284
285
286
287

288
289
299

291
292
293
294
295
296
297
298
299
309
301
392

(s EeNeKe]

(eNeNe!

CALCULATE DOT PREDUCT OF JROW-TH ROW STARTING AT COLUMN JROW+1
WITH TEMP STARTING WITH THE JROW+1-ST ELEMENT

ASSIGN
ASSIGN
ASSIGN
ASSIGN
ASSIGN

DXR1,DREEL1( JROW)
DXJ1,DIMAG1( JROW)
DTR,DTEMPR( JROW)
DTJ,DTEMPJ( JROW)
DDOT, DDTTHMP( JROW)

DDOT=DXR1*DTR+DXJ1*DTJ
DOTR=Q3SSUM( DDOT)
DDOT=DXR1*DTJ-DXJ1*DTR
DOTJ=Q8SSUM( DDOT)

CALCULATE JROW-TH ELEMENT

XMUL=RECIP( JROW)
TEMPR( JROW) =( TEMPR( JROW) -DOTR) *XMUL
TEMPJ( JROW) =( TEMPJ( JROW) ~DOTJ ) *XMUL

CONTINUE

T4=SECOND( X)

CALL Q8CLOCK( ,,IW3)
TBKSBl=( T2-T1)*1009.
TBKSB2=( TA-T3)*1009.
WBKSBl=( IW2-IWl)/1000.
WBKSB2=( IW3-1IW2)/1009.

RETURN
END
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304

305
306
397
308
309
318
3Lk
312
313
314
315
316

317

318
319

329
321
322
323
324
325
326
327
328
329
339
331
332
333
334
335
336
337
338
339
3449
341
342

343

345
346
347
348
349
358
351
352
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100

101

PROGRAM SYSTST( TAPES=INPUT,TAPEG=OUTPUT)
TEST COVARIAMNCE MATRIX APPROACH TO AbAPTIVE ARRAY PROBLEM

CQMMON MATDIM,REEL( 20100),JMAG(2A107) ,EREAL( 240) ,EMAG( 2L4)
REAL JHAG

COMMON /BLOWUP/ NEG

CCHIMON /CPCXP/ NOLD,NOW,SAVEXP(200)

COMPLEX SAVEXP

colion /SETUP/ DIM,EIG( 200) ,NMEIG,NSAMP1,NSAMP2,NSAMP3,NOISE( 289)
REAL, NOISE

INTEGER DIM

COMMON /DEBUG/ IDBG( 28)

REAL MXLGLG ,MMLGEG

LOGICAL INOK

DATA MAXDIM/200/,MAXEIG/208/,MNLGEG/98./

INITIALIZE ROUTINE TO CALCULATE COMPLEX EXPONENTIALS

NOLD=9
CONTINUE

INPUT SYSTEM PARAMETERS

INPUT DIMENSION OF SYSTEM,NUMBER OF EIGENVALUES,COMMON LOG OF
MAXIMUM EIGENVALUE, LOOPING PARAMETERS FOR SAMPLE SIZE OF
SAMPLE COVARIANCE MATRIX,

DEBUG ARRAY--

(WHERE THE DEBUG FLAG INDICATES HOW MANY VALUES OF AN ARRAY

TO PRINT, -1 MEANS PRINT THE ENTIRE ARRAY, O MEANS PRINT NOTHING,
~@ MEANS PRINT THE INDICATED NUMBER OF ELEMENTS OR ROWS)
NUMBER OF EIGENVALUES TO PRINT

NUMBDER OF ELEMENTS OF TRUE COVARIANCE MATRIX TO PRINT
NUMBER OF OPTIMUM WEIGHTS TO PRINT

NUMBER OF NORMALIZED OPTIMUM WEIGHTS TO PRINT

CHECK IMAGINARY PART OF OPTIMUM SNR TO SEE IF ZERO

NUMBER OF WEIGHTS FROM SAMPLES TO PRINT

NUMBER OF NORMALIZED WEIGHTS FROM SAMPLES TO PRINT

CHECK IMAGINARY PART OF SAMPLE SNR TO SEE IF ZERO

NUMBER OF ROWS OF SAMPLE COVARIANCE MATRIX TO PRINT
NUMBER OF DYNAMIC RANGES OF COMPONENTS OF SAMPLES TO PRINT
NUMBER OF ROWS OF FACTORED TRUE MATRIX TO PRINT
MNUMBER OF ROWS OF FACTORED SAMPLE MATRIX TO PRINT

NUMBER OF ELEMENTS OF EACH SAMPLE TO PRINT

NUMBER OF COMPONEMNTS OF EACH VECTOR VOLTAGE TO PRINT

IF .EQ. § STOP AFTER UNSUCCESSIUL DECOMPOSITION, ELSE GO ON

OO~ WN -~

el el od
WN D
A RN AN R S VSN A T IRT T

-
RS

READ( 5,100) DIM,NMEIG,MXLGEG,NSAMPL,NSAMPZ,MSAMP3,NOISE(1),
(IDBG(J) ,J=1,20)

FORMAT( 215,F10.4,315,F16.18/2013)

IF (DIM.EQ.Q) STOP 777

INOK=.TRUEB. 5

IF ((DIM.GT.3).AND.(DIM.LE.MAXDIM)) GOTO 1
WRITE (G,101) DIM,MAXDIM :
FORMAT( 11II9DIMENSION=,I4,27 IS OUT OF RANGE 4 THROUGH ,I4)
INOK=.FALSE.

CONTINUE

C-20
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353 IF ((NMEIG.GT.0).AND.(NMEIG.LE.MAXEIG)) GOTO 2

354 WRITE (6,102) NMEIG,MIXEIG

355 102 FORMAT( 23IJNUMBER OF EIGENVALUES=,I4,16H IS OUT OF RANGE,
* 1lH 1 THROUGH ,I4)

357 INOK=.FALSE.

358 2 CONTINUE

359 IF (MXLGEG.GT.MNLGEG) GOTO 3

360 WRITE (6,103) MXLGEG,MNLGEG

361 193 FORMAT( 34119COMMON LOG OF MAXIMUM EIGENVALUE=,F14.5,
* 36H IS LESS THAN MINIMUM ALLOWED VALUE=,F1£.5)

363 INOK=.FALSE.

364 3 CONTINUE

365 IF ( .NOT.INOK) STOP 1

366 C CALCULATE EIGENVALUES

367 VAL=10.**( MXLGEG/NMEIG)

368 EIGEN=1.

369 DO 4 J=1,NMEIG

378 EIGEN=EIGEN*VAL

< EIG(J)=EIGEN

372 4 CONTINUE

33 c CALCULATE STEERING VECTOR

374 CALL STEER

375 o] CALCULATE RECEIVER NOISE

376 CALL RECNOS

377 o DISPLAY INPUTS

378 WRITE(6,104)DIM,NMEIG,MXLGEG,NSAMP1,NSAMP2 ,NSAMP3,( IDBG(J) ,J=1,20)
*,(J0,0=1,20)

389 104 FORMAT( 14H1S5YSTEM INPUTS,/,l19HODIMENSION,15(2H .),1X,I4,/,

*221UPNUMBER OF EIGENVALUES,9(2H .),1X,I4,/,
*33HPCOMMON LOG OF MAXIMUM EIGENVALUE,4(2H. ),F198.5,/,
*2HHOINITIAL SAMPLE SIZE,10(2H .),1X,I4,/,

*1SHAFINAL SAMPLE SIZE,11(2H .),1X,I4,/,

*17HASTEP SNMPLE SIZE,12(2H. ),I4,/,

*12HADEBUG ARRAY,14(2H .),1X,2013,/,41X,201I3)

387 WRITE (6,105) (EREAL(J),J=1,DIM)
388 145 FORMAT( 27THISTEERING VECTOR( REAL PART),/,(1X,10El12.5))
389 WRITE (6,146) (EMAG(J),J=1,DIM)
394 146 FORMAT( 271ISTEERING VECTOR( IMAG PART),/,(1X,10E12.5))
391 WRITE (6,107) (NOISE(J),J=1,DIM)
392 197 FORMAT( 13II0NOISE VECTOR,/,(1X,108E12.5))
393 IF (IDEG(1).EQ.Q) GOTO 5
394 LENP=IDBG( 1)
395 IF (LENP.EQ.-1) LENP=NMEIG
396 WRITE (6,198) (EIG(J),J=1,LENP)
397 108 FORMAT( 12IIEIGENVALUES, /,( 1X,190E12.5))
398 5 CONTINUE
399 (o SOLVE PROBLEM WITH TRUE MATRIX, GET BEST SNR
c-21
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409 CALL TSOLVE

491 (o] IP DECOMPOSITION OF TRUE MATRIX FAILED, GET NIXT SET OF INPUTS
492 IF (NEG.EQ.l1) GOTO 999

403 (o] GENERATE SAMPLE MATRICES AND SOLVE FOR SNR

404 IF (NSAMPl.LE.NSAMP2) CALL SSOLVE

495 Cc GO BACK FOR MORE DATA

496 GOTO 999

497 END

C-22
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498
4929

419
411
412
413
414
415
416
417
418

SUBROUTINE STEER
CALCULATE STEERING VECTOR

COMMON MATDIM,REEL(20100)
REAL JMAG

+JMAG( 20100) , EREAL( 284) ,EMAG( 209)

COMMON /SETUP/ DIM,EIG(200),NMEIG,NSAMP1,NSAMP2,NSAMP3,NOISE( 209)

REAL NOISE
INTEGER DIM
EREAL( 1;DIM)=1.
EMAG( 1;DIM)=1.
RETURN

END
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419 SUBROUTINE RECNOS
429 c CALCULATE RECEIVER NOISE
421 CCMMON /SETUP/ DIM,EIG(200) ,NMEIG,NSAMP1,NSAMP2,NSAMP3,NOISE(209)
422 REAL NOISE
423 INTEGER DIM
424 C *** CHANGED BY RITCHEY 108/187717
425 Cc DATA NOISE/208*1.E-G/
426 NOISE(2;DIM-1) = NOISE(1)
427 RETURN
428 END
C-24
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429
430

431
432
433
434
435
436
437
438

442
443
444
445
446
447
448

450
451

452
453

454
455

456
457
458
459
460

461
462

463
464

465
466
467
468
469
470
471
472
473
474

198

199

119

SUBROUTINE TSOLVE
SOLVE SYSTEM USING TRUE COVARIANCE MATRIX FOR OPTIMUM SNR

COMMON /WCTIME/ WSETUP,WDECMP,WBKSB1,W3KSB2,WCVCHMP

COMMON /BLOY/UP/ NEG

COMMON /SETUP/ DIM,EIG(209),NMEIG,NSAMP1l,NSAMP2 ,NSAMP3 ,NOISE( 200)
REAL NOISE

INTEGER DIM

COMMON MATDIM,REEL(20100),JMAG(20199) ,EREAL( 204) ,EMAG( 209)
REAL JMAG

COMMON /WORK/ MATOLD,MTDMM1,MTDMM2 ,MTDMP1l,MTDMP2,SIZEMI1,

* DEREAL,DEMNG,RECIP(200) ,DREEL(208) ,DREEL1( 280) ,DIJMAG( 209),
* DJMAG1(200),TEMPR(200),TEMPJ( 2990) ,DTEMPR( 200) ,DTEMPJ( 209) ,
* DOTTMP(208) ,DDTTMP( 209) ,RS,JS

REAL JS

INTEGER SIZEM1

DESCRIPTOR DREEL1,DJMAGl,DTEMPR,DTEMPJ,DDTTMP,DEREAL,DEMAG
DESCRIPTOR DREEL,DJMAG

COMMON /TIME/ TSETUP,TDECMP,TBKSBl, TBKSB2,TCVCMP

COMMON /DEBUG/ IDBG(280)

COMMON /TEMP/ TDOT(208),SMPR(200),SMPJ( 200) ,DTDOT, SRDOT,SIDOT,
*WRDOT ,WIDOT, WNRMR, WNRMI, SNRO

DESCRIPTOR DTDOT,SRDOT,SIDOT,WRDOT,WIDOT,WNRMR, WNRMI

COMMON /SAVEW/ WRN( 209) ,WIN(204)

CALCULATE TRUE COVARIANCE MATRIX
CALL BUIDTM

SOLVE SY.TEM
SET UP DESCRIPTORS

MATDIM=DIM

MATOLD=DIM+1

CALL CHOLDC

IF (IDBG(1ll1l).NE.d) WRITE (6,108)
FORMAT( 27HADESCRIPTOR SET UP COMPLETE)

PERFORM LL* DECOMPOSITION
CALL CHOLDC

IF DECOMPOSITION FAILED, PRINT OUT MATRIX AND RETURN FOR NEXT
SET OF SYSTEM INPUTS

IF (NEG.EQ.1l) IDBG(1l)=-1
IF (IDBG(1l1l).EQ.Q) GOTO 6
IDEBUG~IDBG(11)
IF (IDEBUG.FQ.-1) IDEBUG=DIM
WRITE (6,109)
FORMAT( 32HGFACTORED TRUE MATRIX( REAL PART))
CALL DISP(DIM,REEL, IDEBUG)
WRITE (6,119)
FORMAT( J2HOFACTORED TRUE MATRIX( IMAG PART))
CALL DISP(DIM,JMAG, IDEBUG)
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475
476
477
478
479
480
481
482

483
484
485

486
487
488
489
499
491
492
493
494

495

496
497
498
499
509
501
502
593
504
505
506
587
598
589
510
511
512

513

514
515

516

517
518
519
529

112

111
19

108
191
1

192

193
194

WRITE (6,112) (RECIP(X),K=1,IDEBUG)
FORIAT( 26HUTRUE RECIPROCAL DIAGONALS,/,(1X,10E12.5))

CONTINUE
IF (NEG.EQ.0Q) GOTO 10
WRITE (6,111)

FORMAT( 1HO, 10( 1H*) , 35SHDECOMPOSITION OF TRUE MATRIX FAILED)

RETURN
CONTINUE

CONJUGATE STEERING VECTOR

EMAG( 1;DIM)=~EMAG(1;DIM)

PERFORM BACK SUBSTITUTIONS

CALL BAKSUB

IF (IDBG(3).EQ.Q) GOTO 1
LENP=IDBG( 3)

IF (LENP.EQ.~1) LENP=MATDIM
WRITE (6,109) (TEMPR(J),J=1,LENP)

FORMAT( 27HAOPTIMUM WEIGHTS( REAL PART),/,(1X,10E12.5))

WRITE (6,181) (TEMPJ(J),J=1,LENP)

FORMAT( 27HOOPTIMUM WEIGHTS(IMAG PART),/,(1X,19E12.5))

CONTINUVE

NORMALIZE WEIGHTS S0 THEIR ONE-NORM IS ONE AND SAVE THEM

SUM=9
DO 2 J=1,DIM

SUM=SUM+SQRT( TEMPR( J) **2+TEMPJ(J) **2)

CONTINUE

XMUL=1./5UM

WRN( 1;DIM)=TEMPR( 1;DIM)*XMUL

WIN(1;DIM)=TEMPJ(1;DIM)*XMUL

IF (IDBG(4).EQ.Q) GOTO 4
WRITE (6,102) SUM

FORMAT( 29HOONE-NORM OF OPTIMUM WEIGHTS~,E12.5)

LENP=IDEG( 4)
IF (LENP.EQ.-1) LENP=MATDIM
WRITE (6,103) (WRN(J),J=1,LENP)

FOPMAT( 3B8IIONORMALIZED OPTIMUM WEIGHTS( REAL PART),/,(1X,10E12.5))

WRITE (6,104) (WIN(J),J=1,LENP)

FORMAT( 38IIONORMALIZED OPTIMUM WEIGHTS( IMAG PART),/,(1X,10E12.5))

CONTINUE
CALCULATE MAXIMUM POSSIBLE TIMES

TIMMAX=TSETUP+TDECMP+TBKSB1+TBKSB2
WCTMAX=WSETUP+WDECMP+WBKSB1+WBKSB2

CALCUALTE OPTIMUM SNR

ASSIGMN DTDOT,TDOT( 1;DIM)
ASSIGHN WIMMR,SMPR( 1;DIM)
ASSIGH WIIRMI,SMPJ(1;DIM)
ASSIGMN SRDOT,EREAL(1;DIM)
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521
522
523
524
525
526
527

539
541

543
544
545
546
547
548
549
558

185

197

196

ASSIGH SIDOT,EMAG(1;DIM)

ASSIGN WRDOT, TENPR(1;DIM)

ASSIGI WIDOT,TRIMPJI(1;DIM)

DTDOT=SRPDOT*I"RNOT+SIDOT*WIDOT

SNRO=Q3SSUNM(DTDOT)

WRITE (6,105)

FORMAT( 561179 NUMBER SNR DB DOWN TIME FOR TIME FOR TIME FOR

1l ,60H TIME FOR TIME PER TIME TO MAXIMUM ONE-NORM SUP-NOPM,
2 101 LOCATION,/,

3 561 SAMPLES SET UP DECOMP EMCKSUB 1,

4 601 BACKSUB 2 SAMPLE TO MOVE POSSIBLE OF ERROR OF ERROR,
5 19H OF,/,

6 26X,4(19H MILLISEC),30H UPDATE MATRIX TIME, 20X,

7 19H SUP-NORM,/,

8 26X,4(10H (CPU)) ,30H MATRIX MILLISEC MILLISEC,/,

9 26X,4(101 (WALL)) ,3011 MILLISEC (CPU) (cpu),/,

* 66X,30H (CPU) (WALL) (WALL),/,

1l 66X,10H (WALL))

WRITE (6,187) SNRO,TSETUP,TDECMP,TBKSB1l,TBKSB2, TIMMAX,
* WSETUP,WDECHMD,V/BKSBl,WBKSB2 ,WCTMAX
FORMAT( 8HOOPTIIMUM,E10.3,8X,4F10.3,20X,F10.3,/,
* 26X,4r108.3,20X,F190.3)
IF (IDBG(5).EQ.9) GOTO 5
DTDOT=SRDOT*WIDOT-SIDOT*WRDOT
TSNR=Q8SSUM( DTDOT)
WRITE (6,106) TSNR
FORMAT( 26HATMAG PART OF OPTIMUM SNR=,El12.5)
CONTINUE
RETURN
END
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551

552
553

554
555
556
557
558
559
560
561
562
563
564
565
566

SUBROUTINE DOLXP

PRECALCULATE CCHMPLLX EXPONENTIALS
( NOW-TII ROOTS OF UNITY)

COMMON /CPEXP/ NOLD,NOW,SAVEXP(247)
COMPLEX SAVEXP
COMPLEX MUL,PROD
DATA PI/3.14159265358979323/
NOLD=NOW
MUL=CEXP(CMPLX(0.0,2.9*PI/FLOAT(NOW)))
PROD=CMPLX(1.9,0.9)
DO 1 J=1,NOW

SAVEXP(J)=PROD

PROD=PROD*MUL
CONTINUE
RETURN
END
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567 SUBROUTINE BUIDTM

568 o FORM TRUE COVARIANCE MATRIX

569 COMMON /CPEXP/ NOLD,MNOW,SAVEXP(209)

570 COMPLEX SAVEXP

571 COMMON /SETUP/ DIM,EIG(20Q) ,NMEIG,NSAMPl,NSAMP2 ,NSAMP3 ,NOISE( 200)
572 REAL NOISE

573 INTLGER DIM

574 COMMON MATDIM,REEL( 20109) ,JMAG( 20109) ,EREAL( 209) , EMAG( 204)
575 REAL JMAG

576 COMMON /DEBUG/ IDBG( 28)

577 COMMON /TRUE/ ER(208) ,EC(28%)

578 COMPLEX S

579 INTEGER DIMM1,DIMP1

588 c PRECALCULATE COMPLEX EXPONENTIALS

581 NOW=DIM

582 IF (NOW.NE.NOLD) CALL DOEXP

583 Cc COMPUTE EXP FACTORS OF LOWER HALF OF TOEPLETZ COVARIANCE MATRIX
584 SUM=~0 .9

585 DO 194 K=1,NMEIG

586 SUM=SUM+EIG( K)

587 129 CONTINUE

588 ER(1)=SUM

589 EC(1)=9.9

598 DIMM1=DIM-1

591 DO 209/ I=1,DIMM1

592 ISUB=I+1

593 S=CMPLX(9.0,0.0)

594 DO 210 K=1,NMEIG

595 S=S+EIG(K)*SAVEXP( ISUB)

596 ISUB=ISUB+I

597 IF (ISUB.GT.DIM) ISUB=ISUB-DIM

598 219 CONTINUE

599 ER( I+1)=REAL(S)

600 EC(I+1)=-AIMAG(S)

601 200 CONTINUE

602 IF (IDBG(2).EQ.Q) GOTO 500

6903 LENP=IDBG( 2)

604 IF (LENP.EQ.-1) LENP=DIM

695 WRITE (6,808) (ER(I),I=1,LENP)

696 808 FORMAT( 23HOTRUE MATRIX( REAL PART),/,(1X,10E12.5))
697 WRITE (6,809) (EC(I),I=1,LEND)

608 899 FORMAT( 23HATRUE MATRIX( IMAG PART),/,(1X,10El12.5))
609 509 CONTINUE

619 C FORM COVARIANCE MATRIX

611 DIMP1l=DIM+1

612 INX=g

613 DO 3#49 I=1,DIM

614 LOOP=DIMP1-I
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615
616
617
618
619
629

621

622
623
624
625
626
627
628

319
309

490

DO 310 J=1,LOOP
INX=I1X+1
REEL( INX) =ER(J)
JHMAG( INX) =EC(J)
CONTINUE
CONTINUE

ADD NOISE TO DIAGONAL

J=1

DO 4992 I=1,DIM
REEL(J)=REEL(J) +NOISE(I)
J=J+DIMP1-I

CONTINUE

RETURN

END
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629
630

631
632
633
634
635
636
637
638
639
640

644
645
646
647
648
649
650

652
653
654
655
656
657
658
659
662
661
662

663

664
665
666
667

668
669

671
672
673
674
675
676

500

SUBROUTINE SSOLVE
SOLVE SYSTCM USING SAMPLE COVARIANCE MATRIX

COMMON /SMPIILP/ IDBGl4,NUMGAM

COMMON /WCTIIE/ WSETUP,WDLCHMP,WBKSB1,WBKSB2,WCVCMP

COMMON MATDIM,REEL( 24100) ,JMAG(20109) ,EREAL( 209) , EMAG( 20L)
REAL JMAG

COMMON /BLOWUP/ NEG

COMMON /COV/ COVR( 20100),COVJ(29107)

COMMON /SETUP/ DIM,EIG(200),NMEIG,NSAMPl,NSAMP2,NSAMP3,NOISE(2090)
REAL NOISE

INTEGER DIM

COMMON /WORK/ MATOLD,MTDMM1,MTDMM2 ,MTDMP1,MTDIMP2,SIZEMI,

* DEREAL,DEMAG,RECID(20/4) ,DREEL(20/9) ,DRIEL1(299) ,DIMAG( 290) ,
* DJMAGL(204),TEMPR(200),TEMPJ( 24%) ,DTLMPR(209) ,DTEMPJ( 204) ,
* DOTTMP( 200),DDTTMP( 208),RS,JS

REAL JS

INTEGER SIZEM1

DESCRIPTOR DREEL1,DJMAGl,DTEMPR,DTEMPJ,DDTTMP,DEREAL,DEMAG
DESCRIPTOR DREEL,DJMAG

COMMON /TIME/ TSETUP,TDECMP,TBKSB1l,TBKSB2,TCVCMP

COMMON /TRUE/ ER(260) ,EC(287)

COMMON /TEMP/ TDOT( 208),SMPR( 209) ,SMPJ(204d) ,DTDOT,SRDOT,SIDOT,
*WRDOT ,WIDOT,WNRMR, WNRMI, SNRO

DESCRIPTOR DTDOT,SRDOT,SIDOT,WRDOT,WIDOT,WNRMR, WNRMI

COMMON /DEBUG/ IDBG(2#@)

COMIMON /SAVEW/ WRN(209) ,WIN(209)

DIMENSION SMIN(200),SMAX(200)

INTEGER WT1l,WT2

COMPLEX CRANG,CRANGI, RAN

INTEGER SAMTOT

DESCRIPTOR DCQVR,DCOVJ

DESCRIPTOR DDR,DDJ

DATA PI/3.14159265358979323/

DATA INTRND/Q/

INITIALIZE RANDOM NUMBER GENERATOR

IF (INTRND.EQ.1) GOTO 549
INTRND=1
RAN=CRANGI( &.4)

CONTINUE

INITIALIZE SAMPLE GENERATING ROUTINE
CALL SAMPI
ZLRO OUT COVARIANCE MATRIX

LEN=DIM*(DIM+1)/2
ASSIGN DDR,REEL( 1;LEN)
ASSIGN DDJ,JHMAG( 1;LEN)
ASSIGN DCOVR,COVR(1l;LEN)
ASSIGN DCOVJ,COVJ(1;LEN)
DCOVR=# .0
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677
678
679
680
681
682
683
684
685
686

687

688
689

6902

691
692
693
694
695
696
697
698

699

100
191
792
783
7104
705
706
787
798
709
718
711
132
713
714

715

716
717
718
719
720
721
T2

DCOVI=0.0

IDBEG14=IDRG( 14)

IF (IDDG1l4.EQ.-1) IDBG1l4=NMEIG
IDEBUG=IDBG( 19)

IF (IDEBUG.EQ.-1) IDEBUG=DIM
TUPDAT=0.8

WUPDAT=0 .0

SAMTOT=8

KDEBUG=IDBG(13)

IF (KDEBUG.EQ.-1) KDEBUG=DIM

(o LOOP THROUGH SAMPLE SIZES

DO 1 NSAMP=NSAMP1,NSAMP2,NSAMP3
NEED=NSAMP-SAMTQT

(o LOOP THROUGH NUMBER OF EXTRA SAMPLES NEEDED

TTCOV=4.

WTCOV=0.0

IF (IDEBUG.EQ.#) GOTO 13
SMIN(1; IDEBUG)=1.E38
SMAX( 1; IDEBUG)=-1.E30

13 CONTINUE
LOPMIN=SAMTOT+1
DO 3 J=LOPMIN,NSAMP

Cc GET SAMPLE

NUMSAM=J
CALL SAMP
IF (IDEBUG.EQ.%) GOTO 122
DO 123 K=1,IDEBUG
SABS=SORT( SMPR( K) **2+SMPJ(K)**2)
SMIN(K)=AMINL(SMIN(K) ,b SABS)
SIMAX(K) =AMAX1( SMAX(K) ,SABS)
123 CONTINUE
122 CONTINURE
IF (KDEBUG.EQ.9) GOTO 44
WRITE (6,441) J,(SMPR(JJ),JJ=1,KDEBUG)

441 FORMAT( 14II0SAMPLE NUMBER,I4,12H (REAL PART),/,(1X,10E12.5))
WRITE (6,442) J,(8MPJ(JJ),JJ=1,KDEBUG)

442 FORMAT( 14HOSAMPLE NUMBER,I4,12H (IMAG PART),/,(1X,10E12.5))

44 CONTINUE

c ADD TO COVARIANCE MATRIX

CALL COvCHMP
TTCOV=TTCOV+TCVCMP
WICOV=WTCOV+WCVCMP
3 CONTINUE
IF (IDEBUG.EQ.0) GOTO 14
WRITE (6,119) NELD,(KS,SHMIN(KS) ,SMAX(X5) ,XS=1,IDEBUG)

119 FORMAT( 32HODYNAMIC RANGL OF COMBOUENTS FOR,I4,8I SMIPLES,
- (/,1X,13,1X,E19.4,1X,E12.4,1%,13,1X,519.4,1X,E10.4,1X,13,1X,
- Elf.4,1X,E190.4,1X,13,1X,E19.4,1X,E19.4,1%X,13,1X,E10.4,1X,
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® E10.4))

726 14 CONTINUE

127 Cc MOVE DATA FROM (COVR,COVJ) TO ( REEL,JMAG)

728 CALL Q8CLOCK( ,,WT1)

729 TT1=SECOND( X)

739 DDR=DCOVR

731 DDJ=DCOVJ

732 TT2=SCCOND( X)

733 CALL Q8CLOCK( , ,WT2)

734 TMOVE=1000.*( TT2-TT1)

735 WMOVE=(WT2-WT1)/1000.

736 SAMTOT=NSAMP J

737 IF (IDDG(9).EQ.4) GOTO 12

738 WRITE (6,108) NSAMP ]

739 198 FORMAT( 13HOSAMPLE SI2E=,I4,5X,24HSAMPLE COVARIANCE MATRIX, w
* 11H( REAL PART))

741 LENP=IDBG(9)

742 IF (LENP.E?.-1) LENP=DIM

743 CALL DISP(MATDIM, REEL,LENP)

744 WRITE (6,109) NSAMP

745 1099 FORMAT( 13HOSAMPLE SIZE=-,I4,5X,24HSAMPLE COVARIANCE MATRIX,
* 11H( IMAG PART))

747 CALL DISP(MATDIM,JMAG,LENP)

748 WRITE (6,113) NSAMP,(RECIP(K),K=1,LENP)

749 113 FORMAT( 11HOFOR NSAMP=,I15,21H RECIPROCAL DIAGONALS,/,(1X,10E1l2
* .5))

751 12 CONTINUE

752 o] SOLVE SYSTEM WITH SAMPLE COVARIANCE MATRIX

753 Cc PERFORM LL* DECOMPOSITION

754 CALL CHOLDC

755 (o IF DECOMPOSITION FAILED, PRINT OUT MATRIX AND GET MORE SAMPLES

756 IF (NEG.EQ.d) GOTO 45

757 IDTMP=IDBG(12)

758 IDBG(12)=~-1

759 45 CONTINUE

164 IF (IDBG(12).EQ.H) GOTO 24

761 IDEBUG=IDBG( 12)

762 IF (IDEBUG.EQ.-1) IDEBUG=DIM

763 WRITE (6,111) NSAMP

764 111 FORMAT( 45HAFACTORED SAMPLE MATRIX( REAL PART) FOR NSAIMP=,I5) =

765 CALL DISP(DIM,REEL,IDEBUG)

766 VIRITE (6,112) NSAMP

767 112 FOPMAT( 45SHAFACTORED SAMPLE MATRIX( IMAG PART) FOR NSAMP=,IS5)

768 CALL DISP(DIM,JMAG, IDEBUG)

769 20 CONTINUE

779 IT' (NEG.EQ.0) GOTO 46

771 IDBG( 12)=IDTMP

172 WRITE (6,47) NSAMP

773 47 FORMAT( 1HO,I10,5( JH¥) ,20IDECOMPOSITION FAILED,2@(1H*))

774 IF (IDBG(15).EQ.Q) RETURN
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775
776

778
179
789
731
782
783

785
786

788
789

798
191
792
793
794
795
796
797
798
199
800
891

893

805
806
807
398
809
810
g8l1

815
816
817
318
819
320
821
822
823
824
825
826

46

1909

191

42
41

43
48

40

GOTO 1
CONTINUE

PERFORM BACK SUBSTITUTIONS

CALL BAKSUB
IF (IDDG(G).EQ.Q) GOTO 7
LENP=IDBG( 6)
IF (LENP.EQ.-1) LENP=DIM
WRITE (6,100) NSAMP,(TEMPR(J),J=1,LENP)

FORMAT( 36HOWEIGHTS( REAL PART) FOR SAMPLE STI2E=~,Ild,

/,(1X,10E12.5))
WRITE (G6,101) NSAMP,(TEMPJ(J},J=1,LENP)

FORMAT( 36HOWEIGHTS( IMAG PART) FOR SAMPLE SI2E=,Il9,

/,(1%X,10E12.5))
CONTINUE

CALCULATE SNR, USE SMPR AND SMPJ FOR TEMPORARY STORAGE

DTDOT=WRDOT*SRDOT+WIDOT*SIDOT
XNUM=( Q8SSUM( DTDOT) ) **2
DTDOT=-{RDOT*SIDOT+IDOT*SRDOT
XNUM=XNUM+( Q8SSUM( DTDOT) ) **2
DO 40 JSNR=1,DIM
TSNRR=8.
TSNRI=#.
JSNRP1=JSNR+1
JSNRM1=JSNR-1
IF (JSNR.EQ.1) GOTO 41
DO 42 KSNR=1,JSNRM1
TSMRR=TSNRR+TEMPR( KSNR) *ER( JSNRP1-KSNR) -
TEMPJ( KSNR) *EC( JSNRP1-KSNR)
TSNRI=TSHRI+TEMPR(KSNR)*EC(IJSNRP1-KSNR) +
TEMPJ( KSNR) *ER( JSNRP1-KSNR)
CONTINUE
CONTINUE
TSNRR=TSNRR+TEMPR(JSNR) *( ER( 1) +NOISE( JSNR) )
TSNRI=TSNRI+TEMPJ(JSNR)*( ER( 1) +IIOISE(JSNR))
IF (JSINR.EQ.DIM) GOTO 48
DO 43 KSlR=JSNRP1,DIM
TSIIRR=TSNRR+TEMPR( KSNR) *ER( KSNR-JSNRM1) +
TEMPJ( KSIR) *EC( KSNR~-JSNRM1)
TSHRI=TSNRI-TEMPR(KSNR) *EC( KSNR-JSNRM1) +
TEMPJ( KGNR) *ER( KSNR-J5NRM1)
CONTINUE
CONTINUE
SMPR( JSIR) =TSNRR
SMPJ(JSNR) =TSNRI
CONTINUR
DTDOT=VRDOT*WHRMR+WIDOT *WIRMI
XDEMNR=0355UM( DTDOT)
DTDOT=WRDOT*WHRMI-WIDOT*WIRMR
XDEMI=Q855UM(DTDOT)
XDEN=XDENR*XDENR+XDENI*XDENI
SNR=XNUI*XDENR/XDEN
IF (IDDG(8).EQ.J) COTO 1@
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827
828
829
830

831

832
833
834
835
€36
837
838
839
840
841
842
843
844
845
846
847
848

849
850

851
852
853
854
855
856
857
858
859
860
861
862
863
864
865
866
867
868
869
379

872
873
374
875

105
10

192
193
104

11

187
1|

SNRI=-XNUMN*XDEWI/XDEN

WRITE (6,105) NSAMP,SNRI

FORMAT( 17HAFOR SAMPLE SIZE~,I19,18H IMAG PART OF SNR=,E12.5)
CONTINUE

NORMALIZE WEIGHTS, STORE IN SMPR,SMPJ

SUM=0.0
DO 8 J=1,DIM
SUM~5UM+SQRT( TEMPR( J) **2+TEMPJ(J) **2)
CONTINUE
XMUL=1./SUM
WNRMR=WRDOT*XMUL
WHRMI=WIDOT*XMUL
IF (IDBG(7).EQ.Q) GOTO 9
LENP=IDBG( 7)
IF (LCNP.EQ.-1) LENP=DIM
WRITE (6,102) NSAMP,SUM
FOPMAT( 13HASAMPLE SIZE=,Ild,5X,20HONE-NORM OF WEIGHTS=,E12.5)
WRITE (6,103) (SHMPR(J),J=1,LENP)
FORMAT( 3HONORMALIZED WEIGIITS( REAL PART),/,(1X,10E12.5))
WRITLE(6,104) (SMPJ(J),J=1,LENP)
FORMAT( 39HONORMALIZED WEIGHTS( IMAG PART),/,(1X,1QEl12.5))
CONTINUE

PERFORM OTHER ERROR ANALYSIS
CALCULATE ONE-NORM OF ERROR(ABSOLUTE=RELATIVE)

EMAX=-1.E30
LMAX=1
SUM=0.9
DO 11 J=1,DIM

DIFR=WRN(J)-SMPR(J)

DIFI=WIN(J)-SMPJ(J)

CRO=SORT( DIFR*DIFR+DIFI*DIFI)

SUM=SUM+ERQ

IF (ERQ.LT.EMAX) GOTO 11

EMAX=ERQ
LMAX=J

CONTINUE
TUPDAT=TUPDAT+TTCOV
WUPDAT=VUPDAT +WTCOV
TTCOV=TTCOV/NEED
WTCOV=WTCOV/NEED
TIMMAK=WUPDAT+THOVE+TSETUP+ TDRCMP+TBKSBLl+TBKSB2
WCTHAK »WUPDATANHOVE+VSETUP+IDECHMP+W3KSBl +WBKSB2
DBDOVII= 1/ . *ALOGLJ( 5MRO/SNR)
WRITE (6,107) NSAMP,SHMR,DRDOWN,TDECHP,TBKSB1l, TRXSB2,TTCOV, TMOVE,
TIIMAX,5UM, DIAR, LMAR ,WDECMP ,WDKE81 ,WBX5582 , WTCOV, ¥IiovEy, WCTiAX
FORMAT( 110,17 ,E10.3,F8.3,10%,8r10.3,110,/,36%X,6F19.3)

CONTINUE
RETURN
END
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876

877
878

879
880
881
882
883
884
885
886

888
889
890
891

892

893
834
895
896

898

999
9@1

892
993
904
9485
946
997
998
909
918
911
912
913
S14

915

916
917
918
919

B ——

SUBROUTINE SAMP

GOCMERATE A RAMDOM VICTOR WHOSE COMPONENTS HAVE THE COVARIMNNCE
MATRIX DEFIRNED IN BUIDTM

comiion /SMPILDP/ IDDG1l4,NUNMGAM

COMMON /CPEXP/ NOLD,NOW,SAVEXP(200)

COMPLEX SAVEXP

coMiMON /SETUP/ DIM,EIG(207),NMEIG,NSAMP1,NSAMP2,NSAMP3,NOISE(200)
REAL NOISE

INTEGER DIM =

COMMON /DEBUG/ IDBG(28)

COMMON /TEMP/ TDOT(294),5MPR( 200),SMPJ(209),DTDOT,SRDOT, SIDOT,
*WRDOT,WIDOT, WNRMR,WHRMI, SMRO

DESCRIPTOR DTDOT,SRDOT,SIDOT,WRDOT,WIDOT,WHRMR, WNRMI
DIMENSION SQEIG(200),RD(249),5QN0S(209)

COMPLEX RD,SUM

COMPLEX CRANG

CALCULATE RANDOM VOLTAGES FOR EACH EIGENVALUE

DO 1 K=1,NMEIG

RD(K)=CRANG( F.9)

IF (K.LE.IDBGl4) WRITE (G,100) NUMSAM,X,RD(K)

FORMAT( 15 SAMPLE NUMBER=,I5,5X,15HVOLTAGE NUMBER=,I5,5X,
* BIIVOLTAGE=,E15.8,2X,E15.8)
CONTINUE

COMPUTE SAMPLE
DO 2 I=1,DIM
GET RANDOM STARTING POINT TO SIMULATE RECEIVER NOISE

SUl=SQNOS( I)*CRANG( §.9)
ISUB=I+1
IF (ISUB.GT.DIM) ISUB=1
DO 3 K=1,NMEIG
SUM=SUNM+SQRIG(K) *RD( K) *SAVEXP( ISUB)
ISUB=ISUB+I
IF (ISUB.GT.DIM) ISUB=ISUB-DIM
CONTINUE
SMPR( X)=REAL( SUM)
SMDPJ( I)=AIMAG(SUM)
CONTINUE
RETURN
ENTRY S5AMPI

PRECALCULATE SQUARE ROOTS OF EIGENVALUE AND NOISE ARRAYS
SONOS( 1:DIM) =SORT(NOISE(1:DI11))
SQEIG( 1:MMEIG)=SQRT( EIG( 1:MMEIG))

RETURN
END
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COMPLEX FUNCTIONl CRANG(XS)

GENERATE A COMPLEX GAUSSIAN RANDOM NUMBER
IF (XS.GT.0)
XS IS NIEW SEED

CRANG COMPUTED FROM XS AND NEXT NUMBER IN SEQUENCE

OR IF (X5.5Q.0)

CRARG COMPUTED FROM NEXT TWO NUMBERS IN SEQUENCE
OR IF (XS.LT.0O)

CRANG IS LAST VALUE
END IF

DIMENSION RHO(4097),ETHETA(1426)
COMPLEX CRANGI

COMPLEX SAVRND

DATA MULT/442£564089229/,X3/.27305093827107649436/
DATA IDG/-47/,NX2/1/

DATA PI/3.14159265358979323/

IF (Xs) 1,2,3

CONTINUE

CRANG=SAVRND

RETURN

CONTINUE

CALL Q8MPYL(MULT,X3,DX7)

CALL Q8PACK(IBG6,DX7,R1)

X3=DX7

CALL Q8MPYIL(MULT,X3,DX7)
CALL Q8PACK(IB6,DX7,R2)
X3=DX7

GOTO 4

CONTINUE

CALL Q8RIOR(NX2,XS,X3)
CALL Q8PACK(IB6,X3,R1)

CALL Q8MPYL(MULT,X3,DX7)
CALL Q2PACK( IB6,DX7,R2)
X3=DX

CONTINUE
TABLE LOOK UP FOR ABEOLUTE VALUE OF CRANG

JRHO=INT( R1*4096.+1.)
RO=RHO( JRHO)

TABELE LOOK UP FOR ANGULAR PART OI' CRANG
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963
964
965

967
968
969
978
971

JTHETA=INT( R2*4096.+2.)
IF (JTIETA.LE.2049) GOTO §
IF (JTHETA.LXE.3073) GOTO 6

ATH QUADRANT

JTRL=JTHETA~3072
TRL=ETHETA( JTRL)
JTIM=4099~-JTHETA
TIM=-ETHETA(JTIM)
GOTO 7

CONTINUE

3RD QUADRANT

JTRL=3075~-JTHETA
TRL=-ETIETA(JITRL)
JTIM=JTHETA-2048
TIM=~-ETHETA(JTIM)
GOTO 7
CONTINUE
IF (JTHETA.LE.1025) GOTO 8

2ND QUADRANT

JTRL=JTHETA-1024
TRL=-ETHETA( JTRL)
JTIM=2051-JTHETA
TIM=ETHETA(JTIM)
GOTO 7

CONTINUE

1ST QUADRANT

JTRL=1027-JTHETA
TRL=ETHETA(JTRL)
TIM=ETHETA( JTHETA)
CONTINUE
CRANG~RO*CHMPLX( TRL, TIM)
SAVRIND=CRANG
RLETURN
ENTRY CRANGI(X)
CRANG=CMPLX( Q. ,0.)

INITIALIZE RIO AND ETHETA FOR TABLE LOOK UP

AXu=1.78192.,
XALD=1./4096.
DO 9 J=1,4096
XX=XX+XADD
RHO( J) =SQRT( -ALOG( XX) }
CONTINUD
RHO( 4097)=RHO( 4096)
XX=-PI1/4096.
XN\DD=PI1/2048.
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1003
1009
1710
1011
1912
1013
1014
1915

19

DO 10 J=2,1025
XX=XX+XADD
ETHETA(J) =SIN( XX)
CONTINUE
ETHETA( 1) =ETHETA( 2)
ETHETA( 1026)=ETHETA( 1025)
RLETURN
END
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1916

1917
1918
1919
1829

1921
1922
1823
1024
1925
1826
1927
1928
1029
1030
1931
1932

[eNeEeNel

199

191

SUBROUTINE DISDP(N,X,JPRLEN)

DEBUG OUTPUT ROUTINE FOR MATRICES WIOSE LOWZIR EALF ONLY IS STORED

JTH ROW OF OUTPUT CORRLRSGPOLDS TO JTH RPOW CF NCTUAL MIMT
RICGHT OF THIE DIAGOVAL ELDMENT (SIGN OF IMAGINARY PART RE
FOR HERMITIAN IMATRIX)

DIMENSION X(1)

WRITE (6,100) (J,J=1,10)

FOMMAT( 4X,10112)

ISUB=1

DO 1 J=1,JPRLEN
ILST=ISUB+N-J
WRITE (6,181) J,(X(K),K=ISUB,ILST)
FOPMAT(1X,1I3,10E12.5,/,(4X,19E12.5))
ISUB=ILST+1l

CONTINUE

RETURN

END
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4201 Lexingten Avenue North
Arden Hills, Minnesota 55112
€12/482-2100

G2

CONTROL DATA
CORPORATION

March 31, 1977

Mr. James Demmel

Technology Service Corp-

Data Sciences Division

2811 Wilshire Blwvd.

Santa Monica. California 90903

Dear Mr. Demmel-

I have been asked to reply to your letter of March 11~ 1977 to
Mr. Dennis Kuba.

First. in order to effect the Choleski decomposition for a
complex matrix it is required to do 2/3 N3 + 0 {NS} arithmetic
operations. If it is necessary to do it in 9.107° sec. { a few
milliseconds} for a 200 x 200_matrix. one needs a computer
capable of 2/3 .8.10b / 9.10°3 FLOPS = LOO meqaflops. This is
without any consideration of "overhead"”. There is no computer
presently capable of such performance. Indeed not even. the

U pipe STAR 100C will be capable of such performance on a

200 x 200 matrix-

Let me start with one general comment. The number of cycles
needed to perform the decomposition is a cubic polynomial. Most
of the points you raise will affect only the linear term or
weakly affect higher order terms.

As for your specific questions about the compiler. it is relatively
naive compared to. the optimizing FORTRAN compilers for IBM 3L0/370
or (DC ?b00's. The best way to get the answers to your compiler
guestions is to get an assembly listing and register map by
exercising the proper options on the FORTRAN card.

Some things you should check for are:

{1} Loads and stores degrade performance greatly. Descriptor
loads can impede vector operations. Rewriting assembly
code to get bottom loads top store code is often advantag-
ous. With this type of code the load can be "hidden™
behind branch time.
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{2} Fill the register file as full as possible with descriptors
and index variables eliminating the need for load/store.

{3} Explicit dyadicization of vector arithmetic cuts down
compiler generated overhead.

{4r As for the back substitution phase. if you have very
many RHS's. all known at once- one can vectorize along
the number of RHS's and perform "simultaneous solution".

{5} Perhaps you could pack the new starting points in your
dynamic inner loop descriptors since the lengths are
invariant inside the loop-

The basic vector algorithm you used is the most efficient one
I know of and hence I can be of no help there.

I should be in the Los Angeles area sometime in the next L0 days.
Perhaps we could meet and discuss your problem more fully,
especially the plans for the STAR1OOC.

‘I hope I have been of some assistance.

Regardsa

Dr- J."Kascic
STAR Consulting Services
STAR Operations Division

MJK/dm
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Technology Service Corporation

| e RECmA b~ |

Data Sciences Division

2811 Wilshire Boulevard, Santa Monica, California 90403 Phone: (213) 829-7411

6 April 1977

Dr. M. J. Kascic, Jr.
Consultant

STAR Operations Division
4290 Fernwood Avenue

St. Paul, Minnesota 55112

Dear Dr. Kascic:

Your letter discussing our algorithm for the Choleski decomposition of
a positive definite Hermitian matrix arrived yesterday, and I wish to
thank you for your time and effort. Your comments were generally
clear and helpful, but I do have a question about your third numbered
comment:

Explicit dyadicization of vector arithmetic cuts down compiler
generated overhead.

Do you mean to use expanded expressions like

DTEMP1 = DA*DB

DTEMP2 = DC*DD

DSUM = DTEMP1 + DTEMP2
instead of

DSUM = DA*DB + DC*DD

(where all variables are descriptors), or to use explicit vector references
like SUM (1;LEN) instead of assigning a descriptor and using the descriptor?

We would be very happy to have you call or come in to TSC to talk to us
when you are in Los Angeles. We look forward to discussing plans for the
STAR 100 C.

Yours truly,

Qoo Ml

James Demmel

JD:cs




4201 L xington Avenue North
Arden Hills, Minnesota 55112
612/482-2100
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CONTROL DATA
CORPORATION

April 2b. 1977

Mr. James Demmel
Technological Service Corp-.
2811 Wilshire Blvd.

Santa Monicas CA. 90403

Dear Mr. Demmel.

I om pleased that I have been of help. To answer your question
about temporaries. a statement such as:

DSuUM = DAxDB + DCxDD

should be expanded to:

DTEMP = DAxDB
DSuUmMm = DCxDD
DSum = DSUM + DTEMP

This forces only one temporary to be constructed. 1In general-
gives an even more complicated set of algebraic statementss there
is usually and "irreducible™ number of temporaries needed. The
compiler does not recognize this fact. Indeed the statement:

DC = DC + DA + DB
will compile into:

TEMP = DA + DB
DC = DC + TEMP

Clearly it is better to have:

DC
DC

DC + DA
DC + DB

i

Please let me know if I can be of any further assistance.

Regards,

CONTROL DATA COREQRATION
” -’,”/ A /,///v ~
L ~;*-»491ﬁk,¢q

Dr. M. J. Kescic
STAR Consulting Services

MJK/dm
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Appendix D, CRAY-1 Software
SUMMARY AND DOCUMENTATION

As discussed in Section 4.3.3.2, the algorithm and implementation chosen
for the CRAY-1 are essentially the same as those chosen for the CDC STAR-100.
Hence the documentation of the STAR is essentially correct for the CRAY except
for one thing: the CRAY supports no explicit vectorization in its FORTRAN.
The compiler, instead, examines DO loops in the program for suitability for
vectorization. The program reads like standard FORTRAN. We have indicated

where these vectorizable loops are in the program with comment statements.

The system routines used for timings are also different from the

one on the STAR, and are called SECOND (CPU time) and RTC (real time).
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1q
11
12
13
14
15
16
4
18
19
29
21
22
23
24
25
26

27

28
29
39
31
32
33
34
35
36
37
38
39

49

41
42
43
44

c

Crennn

N W

SUBROUTINE COVCMP
UPDATE SAMPLE COVARIANCE MATRIX

COMMON /WORK/ MATDIM,MATOLD,MTDMM1,MTD!T12 ,MTDMPL, MTDMP2 ,STZEM] ,
RS,JS,RECL( 20100) ,JMAG( 20104) ,R(25197) ,C( 24160) , ERERLL 200) ,
EMAG( 209) ,RECIP( 208) , TEMPR( 294) , TEMPJ( 244)

INTEGER SIZEM1

REAL JS,JMAG

COMMON /TIME/ TDECMP,TBKSB1l,TBKSB2,TCVCMP,WDECHMP,WBKSBL,WBKSBZ,
VWICVCMP, TSETUP,WSETUP

INTEGER CSTR,CEND,S5VB

LOP=200/MATDIM

W1l=RTC(DUM)

CALL SECOND(TI1)

DO 1 J=1,LOP

CONTINUE

CALL SECOND(T2)

W2=RTC( DUM)

CALL SECOND(T3)

DO 2 J=1,LOP
CSTR=1
MTDMMI=MTDMM1
CEND=MATDIM
SSUB=9
DO 3 I=1,MATDIM

SR=TEMPR( I)
S§J=TEMPJ( I)

VECTOR OPERATIONS

DO 4 JVEC=CSTR,CEND
RUJVEC)=R(JVEC) +SR*TEMPR(JVEC-SSUB) +SJ*TEMPJ( JVEC-5SUB)
C(JVEC)=C(JVEC) -SR*TEMPJ( JVEC-SSUB) +SJ*TEMPR({ JVEC-5SUB)
CONTINUE
CSTR=CEND+1
CEND=CEND+MTDMMI
SSUB=CEND-MATDIM
MTDMMI=MTDMMI-1
CONTINUE
CONTINUE
CALL SECOND( T4)
W3=RTC(DUM)

CALCULATE CPU AND WALL CLOCK TIMES IN MILLISECONDS

TCVCMP=( TA-T3-T2+T1)*1000./FLOAT(LOP)
WCVCMP=(W3-2."*W2+W1)*12.5E-6/FLOAT( LOP)
RETURN

END




45

46
47
48
49

59

53
54
55

ST
58
59
60

61
62
63

64
65
66
67
68

19
71
72

73

74
75
76
77

78
79
840

81
82

84
85
86
87
83

89
94
91

noonn

Qoo

oo »

500
19

aaa

*
*

*

SUBROUTINE CHOLDC

PERFORM CHOLESKY LL* DECOMPOSITION OF A POSITIVE DEFINITE
HERMITIAN MATRIX

COMMON /WORK/ MATDIM,MATOLD,MTDMM1,MTDMM2,MTD!MPL,MTDMP2 ,SIZEM1,
RS ,JS,REEL(20100) ,JMAG( 20100) ,R(29190) ,C( 20109) ,EREAL( 200),
EMAG( 200) ,RECIP( 200) ,TEMPR( 204) , TEMPJ( 200)

INTEGER SIZEM1

REAL JS,JMAG

COMMON /TIME/ TDECMP,TBKSBl,TBKSB2,TCVCMP,WDECMP,WBKSBl,WBKSB2,
WCVCHMP, TSETUP ,WSETUP

INTEGER SSUB

INTEGER SUBCOL

W1=RTC(DUM)

CALL SECOND(T1)

SET UP ARRAY DESCRIPTORS

IF (MATDIM.EQ.MATOLD) GOTO 1
MATOLD=MATDIM
MTDMM1=MATDIM-1
MTDMM2=MATDIM=-2
MTDMP1=MATDIM+1
MTDMP2=MATDIM+2
SIZEM1=MATDIM*( MATDIM+1)/2-1
CALL SECOND(T2)

W2=RTC(DUM)

CALCULATE CPU AND VALL CLOCK TIME IN MILLISECONDS

TSETUP=(T2-T1)*19000.
WSETUP=( W2-W1)*12.5E-6
RETURN

CONTINUE

CALCULATE RECIPROCAL OF FIRST DIAGONAL ELEMENT

IF (REEL(1).GT.9.0) GOTO 14
NONE=1
WRITE (6,590) MNONE,REEL(1)
FORMAT( LGHOERROR IN CIIOLDC,I4,18H DIAGOVAL LLEMENT=,E12.5)
RETURW
CONTINUE
XTEMP~1./SQRT( REEL( 1))
ROCIP( 1) ={TLMP

CALCULATE FIRST COLUMN

D-3
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92 Ce®anaYECTOR OPERATIONS
93 DO 1091 JVEC=1,MATDIM
94 REEL( JVEC) *REEL( JVEC ) *XTEMP
95 JMAG( JVEC) =JMAG( JVEC) *XTEMP
96 1881 CONTINUEB
97 Cc
98 Cc CALCULATE COLUMNS 2 THROUGH MATDIM-1
99 c
108 ILAST=MATDIM
191 LENM1=MTDMM1
192 JCOLM1=¢
103 DO 3 JCOL=2,MTDMM1
104 IFIRST=ILAST+1
185 ILAST=ILAST+LENM1
106 LENM1=LENM1-1
1087 ISUB=JCOL
1908 JCOLM1=JCOLM1+1
199 c
119 Cc SUBTRACT MULTIPLES OF PREVIOUS COLUMNS
111 Cc
112 DO 4 SUBCOL=1,JCOLM1
113 TR=-REEL( ISUB)
114 TJI=JMAG( ISUB)
115 8SUB=IFIRST-ISUB
116 Canann VECTOR OPERATIONS
117 DO 1002 JVEC=IFIRST,ILAST
118 REEL( JVEC) *REEL( 3VEC) +TR*REEL( JVEC-SSUB) -TJ*JMAG( JVEC-SSUB)
119 JMAG( JVEC) =JMAG( JVEC) +TJ*REEL( JVEC-SSUB) +TR*JMAG( JVEC-SSUB)
129 1092 CONTINUE
121 ISUB=ISUB+MATDIM~8UBCOL
122 4 CONTINUVE
123 C
124 c CALCULATE RECIPROCAL OF DIAGONAL ELEMENT
125 Cc
126 IF (REEL(IFIRST).GT.#.0) GOTO 11
127 WRITE (6,500) JCOL,REEL( IFIRST)
128 RETURN =
129 11 CONTINUE
130 XTEMP=1./SQRT( REEL( IFIRST))
131 RECIP(JCOL)=XTEMP
132 C
133 C CALCULATE COLUMN
134 Cc
135 C##a%w® YECTOR OPERATIONS
136 DO 1003 JVEC=IFIRST,ILAST




137
138
139
1409

141
142
143

144
145
146
147
148
149
159
151
152
153
154
155
156
157
158
159
169
161

162

163
164
165
166

1003
3

(e Nekel

12

REEL(JVEC) =REEL( JVEC) *XTEMP
JMAG( JVEC) =JMAG( JVEC) *XTEMP
CONTINUE
CONTINUE

CALCULATE LAST DIAGONAL ELEMENT

SUM=9.

ISUB=MATDIM

DO 7 SUBCOL=1,MTDMM1
XT=REEL( ISUB)
XI=JMAG( ISUB)
SUM=SUM+XT*XT+XI*XI
ISUB=ISUB+MATDIM-SUBCOL

CONTINUE

ASUM=REEL( ISUB) -SUM

IF (ASUM.GT.Q.0) GOTO 12
WRITE (6,500) MATDIM,ASUM
RETURN

CONTINUE

RECIP(MATDIM)=1./SQRT(ASUM)

RS=REEL(SIZEMl)

JS=JMAG( SIZEMl)

CALL SECOND(T2)

W2=RTC( DUM)

CALCULATE CPU AND WALL CLOCK WIMES IN MILLISECONDS

TDECMP=( T2-T1)*10900.
WDECMP=(VW2-W1)*12.5E-6
RETURN

END

D-5

it
-

R e S s WG T I'%




167

168
169
178
17X

172

LTS
176
1717

179
189
181

182
183
184
185
186

187
188
189

199
191
192
193

194
195
196
197

198
199
209

241
202

2083
204
245

aaoan

aanona

o
Cc
(o]
c

1041

Q0N

SUBROUTINE BAKSUB

GIVEN THE LL* DECOMPOSITION OF A MATRIX, AND A VECTOR S, PERFORM
TWO BACK SUBSTITUTICONS TO SOLVE (LL*)W=S FOR W

COMMON /VIORK/ MATDIM,MATOLD,MTDMM1, MTD!M2 ,MTDMP1,MTDMP2 ,SIZEML,
* RS,JS,REEL(20100),JMAG(20100),R(20194) ,C(2¢149) ,EREAL( 209) ,
* EMAG(200),RECIP(200),TEMPR( 208) ,TEMPJI( 209)

INTEGER SIZEM1

REAL JS,JMAG

COMMON /TIME/ TDECMP,TBKSB1,TBKSB2,TCVCMP,WDECMP,WBKSB1,WBKSB2,
* WCVCHMP,TSETUP,WSETUP

INTEGER SADD

W1=RTC( DUM)

CALL SECOND(T1)

PERFORM FIRST BACK SUBSTITUTION, (L)TEMP=5S v
CALCULATE FIRST ELEMENT OF TEMP

XMUL=RECIP(1)
TEMPR( 1) =EREAL( 1) *XMUL
TEMPJ( 1) =EMAG( 1) *XMUL

SUBTRACT MULTIPLE OF FIRST COLUMN OF L FROM S AND STORE IN TEMP

**%x**VECTOR OPERATIONS

DO 1471 JVEC=2,MATDIM
TEMPR( JVEC) =EREAL( JVEC) -TEMPR( 1) *REEL( JVEC) +TEMPI( 1) *JMAG( JVEC)
TEMPJ( JVEC) ~EMAG( JVEC) -TEMDPJ( 1) *REEL( JVEC) -TEMPR( 1) *JMAG( JVEC)
CONTINUE

CALCULATE ELEMENTS 2 THROUGH MATDIM-2

SADD=MTDMM1
DO 1 JCOL=2,MTDMM2

CALCULATE JCOL-TII ELEMENT

JCOLP1l=JCOL+1
KMUL=RECIP(JCOL)

TEMPR( JCOL) =TEHNPR( JCOL ) *XMUL
TEMPJI( JCOL) =TEMDPJI( JCOL) *XMUL

SUBTRACT MULTIPLE OF JCOL-Ti COLUMN FROM TEMP

- ‘Qw‘ T TR TER T 4 3 v AT T T




212 c

213 TR=-TEMPR( JCOL)

214 TJI=TEMPJ( JCOL)

215 C**=** VECTOR OPERATIONS

216 DO 1002 JVEC=JCOLP1,MATDIM

217 TEMPR( JVEC) =TEMPR( JVEC) +TR*REEL( JVEC+SADD) + TJ*JMAG( JVEC+SADD)
218 TEMPJ( JVEC) =TEMPJ(JVEC) ~TJ*REEL( JVEC+SADD) +TR*JMAG( JVEC+SADD)
219 1092 CONTINUE

2289 SADD=SADD+MATDIM-JCOL

221 1 CONTINUE

222 o

223 c CALCULATE ELEMENT MATDIM-1

224 o

225 XMUL=RECIP( MTDMM1)

226 TEMPR( MTDM!M1 ) =TEMPR( MTDMM1 ) *XMUL

227 TEMPJ( MTDMM1 ) =TEMPJ( MTDMM1 ) *XMUL

228 o

229 (o COMBINE LAST STEP OF FIRST BACK SUBSTITUTION

239 o (CALCULATION OF ELEMENT MATDIM) WITH FIRST STEP OF SECOND
231 (o BACK SUBSTITUTION (CALCULATION OF ELEMENT MATDIM OF W WHERE
232 (o) (L*)*W=TEMP AND W IS STORED IN TEMP)

233 c

234 XMUL=RECIP( MATDIM) **2

235 TR1=TEMPR( MTDMM1)

236 TJ1=TEMPJ( MTDMM1)

237 TEMPR( MATDIM) =( TEMPR(MATDIM) ~TR1*RS+TJ1*JS) *XMUL

238 TEMPJ(MATDIM)=( TEMPJ( MATDIM)~-TJ1*RS~-TR1*JS) *XMUL

239 (o

249 C PERFORM SECOND BACK SUBSTITUTION, (L*)W=TEMP, STORING W IN TEMP
241 (o

242 CALL SECOND(T2)

243 W2=RTC( DUM)

244 CALL SECOND(T3)

245 o

246 o] CALCULATE MATDIM-1~ST ELEMENT .
247 Cc

248 XMUL=RECIP( MTDMM1)

249 TR=TEMPR( MIATDIM)

250 TJI=TEMPJI( MATDIM)

251 TEMPR( MTDIML) =( TR1I-TR*RS-TJI*JS) *XHUL

252 TEMPJ(MTDMML1) =( TT1-TJI*RS+TR*JS) *XMUL

253 Cc

254 C CALCULATE ELEMENTS MATDIM-2 THROUGH 1

255 [o
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256 SADD=SIZEM1-MATDIM

257 JROW=MTDIML

258 DO 2 JTEMP=2,MTDMM1

259 JROVP1=JROW

260 JROW=JROW-1

261 SADD=SADD-JTEMP

262 C

263 c CALCULATE DOT PREDUCT OF JROW-TH ROW STARTING AT COLUMN JROW+1

264 Cc WITH TEMP STARTING WITH THE JROW+1-ST ELEMENT

265 o

266 C*#xw% VECTOR OPERATIONS, DOT PRODUCTS

267 DOTR=4.

268 DOTJI=0.

269 DO 1003 JVEC~JROWP1,MATDIM

279 DOTR=DOTR+TEMPR(JVEC) *REEL( JVEC+SADD) +TEMPJ( JVEC) *
» JMAG( JVEC+SADD) .

272 DOTJ=DOTJ+TEMPJ( JVEC) *REEL( JVEC+SADD) -TEMPR( JVEC) *
ot JMAG( JVEC+SADD)

274 19003 CONTINUE

275 c

276 Cc CALCULATE JROW-TH ELEMENT

2717 Cc

278 XMUL=RECIP( JROW)

279 TEMPR( JROW) =( TEMPR( JROW) -DOTR) *XMUL

2849 TEMPJ( JROW) =( TEMPJ( JROW) -DOTJ ) *XMUL

281 2 CONTINUE

232 CALL SECOND(T4)

283 W3=RTC( DUM)

284 C CALCULATE CPU AND WALL CLOCK TIMES IN MILLISECONDS

285 TBKSB1l=(T2-T1)*19000.

286 TBKSB2=( T4A-T3)*1000.

287 WBKSB1=(W2-W1)*12.5E-6

288 WBKSB2=(W3-W2)*12,5E-6

289 RETURN

299 END
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291

292
293
294

295
298
299
300
392
303

304
305

399
319

311
312

313
314
315
316
317
318
319
320
321
322
323
324

325
326

327

328
329

339

331
332

(e Xe ol

199

PROGRAM SYSTST( TAPE6~OUTDPUT)

TEST ADAPTIVE ARRAY SYSTE'M ON CRAY-1
VECTOR OPERATIONS ARL IMICATED BY COMMINT CARDS WITH
'CwmwRat! TN COLUMMS 1 TIIROUGI 6

COMMOM /VIORK/ MATDIM,MATOLD,MTDMML,!1TDMM12 ,MTDMPL,MTDIP2 ,SIZEML,
* PRS,JS,REEL(20100),IJMAG( 29100) ,R(29109),C(29199) ,EREAL(200),

* EMAG(200),RECIP(200),TEMPR(290),TEMPI( 200)

INTEGER SIZCM1

REAL JS,JMAG

copMon /TIML/ TDECHMP, TBKSB1l,TRBXSD2, TCVCMP,WDECMP,WBKSB1l,WEBKSB2,
* WCVCMP,TSETUP,WSETUP

DATA EREAL/2Q0%*1./,EMAG/200*1./

MATDIM=0

WRITE (6,100)

FORMAT( 41H1 NUMBER TIME FOR TIME FOR TIME FOR,

*S5PH TIME FOR TIME TO TIME TO TIME TO MAX TOTAL,/,

*51H SAMPLES SET UP DECOMP BACKSUB 1 BACKSUB 2,
*4QH MOVE ZERO OUT UPDATE TIME)
CONTINUE

GET NEXT DIMENSION

MATDIM=NEXDIM(MATDIM)
IF (MATDIM.EQ.®) STOP 777

TEST REINITIALIZATION
LEN=MATDIM*( MATDIM+1)/2

W1=RTC( DUM)
CALL SECOND(T1)

Cx®***YECTOR OPERATION

DO 2 JVEC=1,LEN
REEL(JVEC)=1.
JHMAG(JVEC) =1.

CONTINUE

CALL SECOND(T2)

W2=RTC( DUM)

CALCULATE CPU AND WALL CLOCK TIMES IN MILLISECOHNDS

TZERO=( T2-T1)*1090.
WZERO=(W2-W1)*12.5E-6

TEST MOVING VECTORS

W1=RTC(DUM)
CALL SECOND(T1)

Cx*w***JECTOR OPERATIONS

DO 3 JVEC=1,LEN
R(JVEC) =REEL(JVEC)
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333 C(JVEC) =JMAG( JVEC)

334 3 CONTINUE

335 CALL SECOND(T2)

336 W2=RTC( DUM)

337 c CALCULATE CPU AND WALL CLOCK TIMES IN MILLISECONDS

338 TMOVE=~( T2-T1)*1909.

339 VWMOVE~( W2-W1)*12,.5E~6 5

340 c TEST SET UP OF POINTERS

341 MATOLD=MATDIM-1

342 CALL CHOLDC

343 c FILL SAMPLE VECTORS

344 C*****YECTOR OPERATIONS

345 DO 5 JVEC=1,MATDIM

346 TEMPR( JVEC) =1.

347 TEMPJ( JVEC) =1.

348 5 CONTINUE

349 c TEST UPDATE OF COVARIANCE MATRIX

359 CALL COVCMP

351 c FILL UP MATRIX WITH POSITIVE DEFINITE HERMITIAN DATA

352 ISUB=1

353 DUM=19 . *FLOAT( MATDIM)

354 DO 4 J=1,MATDIM

355 REEL( ISUB) =DUM

356 JHMAG( ISUB) =0,

357 ISUB=ISUB+MATDIM-J+1

358 4 CONTINUE

359 c EST DECOMPOSITION

369 CALL CHOLDC

361 c TEST BACK SUBSTITUTIONS

362 CALL BAKSUB

363 c CALCULATE TIMES

364 TMAX=TSETUP+TDECMP+TBKSB1+TBRSB2+TMOVE+TZERO+2 . *FLCAT{ MATDIM) * *
*TCVCMP

365 WMAX=VISETUP+WDECMP+WBKSB1 +WBKSB2 +WMOVE+W2ERO+2 . *FLONT( MATDIM) *
*PICVCHP

368 WRITE (6,101) MATDIM,TSLTUD,TDECHP,TAKSBL,TBXSB2, THOVE, T2ERO,
*TCVCMP, TMAX ,WSETUP ,WDECIIP ,WBKAB1 ,W3KsS32 ,WIMOYVE ,WaNRO, WCVCHP , WMAX

379 101 rorRManT( 1110,X19,8F190.3,5%,13HCPU(MILLISEC),/,11X,8F10.3,5X%,
* LAHWALL(MILLISEC))

372 GOTO 1

373 END




== g S s = i b

374 FUNCTION NEXDIM(N)
375 Cc GCNERATE DIMENSIONS TO DRTVT SYSTEM
376 IF (N.GT.0) GOTO 1|
377 NEXDIM=20

378 RETURN

379 1 CONTINUE

380 IF (N.GE.58) GOTO 2
381 NEXDIM=N+5

382 RETURN

383 2 CONTINUE

384 IF (N.GE.299) GOTO 3
385 NEXDIM=N+10

386 RETURN

387 3 CONTINUE

388 NEXDIM=g

389 RETURN

399 - END

D-11

< T i LT e b T T S i




Appendix E. Complex Multiplication

The problem is to multiply two complex numbers a+bi and c+di to obtain
the product pr+pii in the "best" way.

"Best" is determined not only by the operations count, but depends on

1) the relative times it takes the machine to do an addition (+) and
a multiplication(*)

2) the computer architecture (vector proceésors, Tike the CDC STAR,
parallel processors like tne ILLIAC IV, machines 1ike the CDC 7600 which overlap
execution of instructions, and any unmentioned or as-yet-unbuilt combination
of the above)

3) number of complex multiplications to be performed (since algorithms
require different amounts of temporary storage which may be large on a
vector machine).

A1l these considerations are machine-and problem-dependent. In fact,
the third one could result in one program using two different algorithms,
if different numbers of complex numbers are to be multiplied at different
times.

Just on the basis of operation counts, the following two methods seem
best (where a+bi and c+di are the multiplicands and pr+pii is the product):

1) Assuming an identifier can appear on only one side of the equal

sign:

1

1.1 t] a*c
12 ¢

]
o
*
o,

= bxcC
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1.5 t2 = a*d'
# multiplies = 4

# additions and subtractions = 2

# temporaries = 2.

Assuming an identifier can appear on both sides of the equal sign:
2.1 P, = axcC
2.2 t] = bxd
2.3 Pp =B, * t]
2.4 Pi = bxc

2.5 t axd

2.6 P; =p; * t]

# multiplies = 4
# additions and subtractions = 2

# temporaries = 2.

2) Assuming an identifier can appear on only one side of the equal sign:

3.1 t] =a+b
3.2 t2 =c-d
3.3 t3 = t]*t2
3.4 t-l = a*d

3.5 t2 = bxc

3.6 Pi = t] + t2
3.7

(ad
w
"

R B Pt tz-t,
or
pr = t]

3.8 Pp ® t4 + t]
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# multiplies = 3
# additions and subtractions = 5

# temporaries = 4 or 3,

3) Assuming an identifier can appear on both sides of the equal sign:
4.1 P ™ & # b
4,2 Py
4.3 t, = Pi*Py.

c-d

4.4 t2 a*d

4.5 Ry ® bxc

4.6 Pj = t2 9
YT B =GBy
Py X

4.8 Pp
# multiplies = 3
# additions and subtractions = 5

# temporaries = 2.

Some vector machines may not allow a vector identifier to appear
on both sides of the equal sign, which is the reason for two separate

implementations of the same algorithm. A1sd, the number of tempor-

aries is of interest to people using assembly language or an optimizing
compiler which tries to keep all temporaries in registers, of which there

are only a limited number. A user using a machine which overlaps instructions
may wish to use more temporaries and allow more time between an instruction

which uses a result of a previous instruction in order to allow an instruction

: = i PRI TSN T v W




to finish. Algorithm 1, for example, might look like this on a CDC 7600:

1 t-l = axC
1.2* t2 = bxd
T3 pr = t) - t2
1.4' t3 = axd
].5' t4 = bxc
1.6' Pi = t3 + t4.

This implementation uses two more temporaries but allows the multiply units
to begin work in line 1.4' before the addition unit is done in line 1.3'.

Algorithm 2 could change to

3.1ty = axd
3.2" t,=a+b
3.3" t3 = bxc
3.4" tp=c-d
3.5° t5 = tz*t4
3.6' Pp = t] + t3
3.7 t2 = t5 = t3

3.8' pi - tz + t-l

where 5 temporaries are used instead of 4. Here there are only 3 instructions
which must wait for the previous instruction to finish,whereas in the original
implementation there were 7.

To compare these two algorithms from an operation counts point of

view, let ta be the number of seconds required to perform an addition or

E-4




subtraction and to be the time required to perform a multiplication.
Algorithm 1 requires 4tm + Zta seconds and Algorithm 2 requires 3t + Sta
seconds, so Algorithm 1 is faster when tm<3ta and Algorithm 2 is faster
when tm > 31:a .

To show how the analysis changes from machine to machine, we consider
a parallel processor with 4 independent, communicating processors, each of
which performs an operation and waits for the others to finish. In this

case Algorithm 1 becomes

1) t; = axc t, =bxd t3=bic t; = axd (simultaneous)
2) Pty -t p; = t3 + t, (simultaneous)

for a total time of ta +t, with 4 temporaries; whereas, Algorithm 2 becomes

]

1) t, = axd t, =bxc ty=atb t, =c-d (simultaneous)

2) eyt tg = t3*t4 ts=t -1t (simultaneous)

3) P = tg t+ tg
for a total time of 2 tm + ta with 6 temporaries, obviously more than
Algorithm 1.

It can be shown that the multiplication of. 2 complex numbers requires
at least 3 multiplications) but we know of no results for the minimum number
of additions. The two algorithms mentioned above, however, are the best
we have found.

On the computers of interest, the four-multiply-two-add method is always

faster except for integers on the STARAN. The only add and multiply times

we have now are for 16-bit numbers. The current STARAI. has timings of

*Aho, A.V., J. E. Hopcroft, J. D. Ullman, The Design and Analysis of
Computer Algorithms, Addison-Wesley, New York, 1974, Chapter 12.
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19 psecs and 283 usecs for add and muitiply, respectively.

has timings of 11.3 pusecs and 119 usecs.
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Appendix F. Implementations of Algorithms for Direct
Methods of Solving MW = S on Sequential
Processors

A11 the implementations are written in an easily understood structured
programming language. These implementations are presented for operations count

purposes and are not inteinded to be compilable code.

In the following discussion, sample covariancematrix will be abbreviated
to SCM. MR and MI will be arrays containing, respectively, the real and ima-
ginary parts of the SCM, and will be floating-point (FP), SR and SI are FP
arrays containing the real and imaginary parts of the steering vector or vec-
tors. XR and XI will contain the real and imaginary parts of the sample vol-
tage vectors. Preceding each algorithm will be a list of variables with their
types (floating-point (FP) or integer (I)), their lengths (as a function of
the number of weights (N), the number of samples (NS) and the number of steer-
ing vectors (K)), and contents (omitted for MR, MI, XR, XI, SR, SI; contents
include storage scheme (rowwise, columnwise, etc.)).

FOR loops behave as they should: if the initial value is greater than
the final value, and the increment (default = 1) is positive, or if the
initial value is less than the final value and the increment is negative, the

loop is bypassed.
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First Back Substitution for LDL*
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Second Back Substitution for LDL*

Second Back Substitution for LL*
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SCM Calculation

Variable Type Length Contents
MR FP N(N+1)/2 rowwise
MI FP N(N+1)/2 rowwise
XR FP N
XI FP N
ROW I 1 current row of SCM
START I 1 Tocation of current element of SCM
COLUMN I 1 current column of SCM




END

BLGIN
START = 1

UPDATE EACH ROW

FOR

+.
+.

LND

ROW = 1 TO N
HNROSTART) = MRUSTART)  + ¥XR(ROW)*%XN( ROW)
+XTOROW) XTI RO
UPDATL LCACH ELEMELYT OF CURREMT ROV
FOR COLUMIl = ROV + 1 TO M
. STARY =  SYART + 1
HROSTART) = MR(START) + XR(DOW) *XR( COLUMN)
. +ZI( ROV *XT( COnULiL)
. MI(START) = MU(START) + M1(ROY) *XI(COLUMM)
. =X ICRCY) *X N COLUI)
END FOR
ronr
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Cholesky without Square Roots (LDL*) Decomposition

Variable Type Length Contents
MR FP N(N+1)/2 rowwise
MI FP N(N+1)/2 rowwise
TR FP N temporary array
TI FP N : temporary array
RECIP FP N reciprocal of elements
of D in decomposition
M = LDL*
ROW I 1 current row of SCM
SUBROW I 1 row from which multiple
of ROWth row is sub-
tracted
STARTR I 1 location of ROWth ele-

ment of ROWth row
(diagonal element)

STARTS I 1 location of SUBROWth
element of SUBROWth
row

STARTRS I 1 location of SUBROWth
element of ROWth row

LENGTH I 1 length of ROWth row
starting at element
ROW + 1

LENGTHS I 1 length of SUBROWth row
starting at element
SUBROW + 1

LOC 1 1 starting location incre-
ment used to point to
current element of SCM
being calculated

. TP e s S — NP
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BCGIN
STARTR = 1
LERGYH = N

CALCULATE ROWTH ROW OF L* FACTOR IN M = LDL*
FOR ROW = 1 TO N
» IAKE UNIT DIAGONAL

ROCID(DROW) = 1./MR(STARTR)
LERGTII = LENGTII -1
I'OR ILOC = 1 TO LENGTH

TR(ROW+LOC) = RECIP( RO *MR(STARTR+LOC)
- TI(ROW+LOC) = RECID(ROY)*MI(STARTR+LOC)
END I'OR

« s e

L SUBTRACT MULTIDLES OF ROWTII ROV FRCM OTHER ROWS

. LEIGTHS = LENGTH - 1

. STARYRS = STARTR + 1

. STARTS = STARTR + LENGTH + 1
. FOR SUBROYT = I‘O!'l + ) T0 N

. . HMR(ISTARTS) = IJI‘!( STARTS) - TRISUBROYW)*
+. . MRAOSTARTRS) - TIL(SUBROY)™
*+. . ML STARTRS)

. . FOR T.OC = 1 %O LBLGYIIG

. . . MR(STARTS + LOC) = MR(STARTS
£, . =TN( SUBROY) ¥R G
*. . . ’u"(uublu(l)”["‘

. . . NI( STARTS +T O( ) H
+, . . LR
+. . . * 'l‘i(

. . = SPARZRG + 1

. . o STARTYS 4+ LELRGWIS + 1

. . = LENGTIS -1

. 1D

3 170VE NORMALIZED IOWT FROI TR AMD TI TO MR AND MI

FOR 1.OC =

’ . ERL BRI ( WG 'RET0C)
. 1 N < R+7.0C)
m On

VT s OO
SIDRTR = HY

EED FOR
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Cholesky with Square Roots (LL*) Decomposition

Variable Type Length Contents
MR FP N(N+1)/2 rowwise
MI FP N(N+1)/2 rowwise
RECIP FP N reciprocals of diagonal

elements of L in de-
composition M = LL*

ROW I 1 current row of SCM
SUBROW I 1 Row from which multiple
of ROWth row is sub-
tracted
STARTR I 1 location of ROWth

element of ROWth
row (diagonal ele-
ments)

STARTS I 1 location of SUBROWth
element of SUBROWth

row

STARTRS I 1 location of SUBROWth
element of ROWth
row

LENGTH I 1 length of ROWth row
starting at element
ROW + 1

LENGTHS I 1 length of SUBROWth
row starting at
element SUBROW + 1

LoC I 1 starting location in-
crement used to point
to current element
of SCM being cal-
culated
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BEST AVAILABLE COPY

BEGIN
STARTR = 1
LENGTH = N

CALCULATLE ROWTH ROW OF I,® FACTOR Il M = LL*

roR ROV = 1 TO N

v RECIDP(ROW) = 1./8QRT (MR(STARTR))
LENGYTI = LENGTI -1
FOR 10T = 1 TO LEICTH

IN(STARTR+LOC) = RECIDP( ROV “1D( STARTR+LOC)
HESTARTR+LOC) = RECID( RO “MI(STARTR+LOC)

CIID I'OR

* SUBTRACT NULTIPLES OF ROWTII ROW FPRC!M OTIIER

3]

3
3
Q
o

LENGTES = LINGTII -1

STARTRS = STARTR + 1

STARYS = STARTR + LLNGTI + 1

FOR SUDIOW = IOV + 1 "0 W

. HR(STARTS) = HR(STARTS) -NMRISTARTRG)®

SYARTRS ) *IMI( 3TARTRS)

. FOR 10C = 1
. . FIR( STANTO +i

. e SEARTRG + 4
STARTS + LENGTIHS + 1
. LLGGWIS = LELIGYTS -1
LD ron
" STARTR <= STRARTR # LENGTIE + 1}
L1 FOR

111D




First Back Substitution for LDL* (LDT =%)

Variable
MR
MI

SR
SI
RECIP

AUG

ROW
STARTSV
STARTSVA
LENGTH

STARTR

LOC

Type Length Contents

FP N(N+1)/2 real part of L* factor rowwise

FP N(N+1)/2 imaginary part of L* factor
rowwise

FP KN real part of steering vectors
vectorwise

FP KN imaginary part of steering
vectors vectorwise

FP N reciprocals of elements of D
factor

I 1 current steering vector

I 1 current row of SCM

I 1 location preceding first lo-
cation of current steering
vector

I 1 location of ROWth element of

current steering vector

I 1 length of ROWth row of SCM
starting at element ROW + 1

I 1 location of ROWth element of
ROWth row of SCM

I 1 location increment used to
address current element of
steering vector being cal-
culated

F-9

—ce— = e —_— e,




Ci

DEGIN
STARTSV = O

DO EACH STEERING VECTOR

TOR AUG = 1 TO K

L SUBTRACT MULTIPLLES OF EACII ROW OF IM FROM THE STZERING VLCTORS

. STARTSVA = STARTSV + 1
. STARTR = 1
LENGTII = n0-1
FOR TROW = 1 TO I1-1
'OR LOC = 1 TO 7.LNGTII

. . SR STARTSVA+LOC) = SRISTANRTSYVA+LOC)
. . ~SRESTANYOVA) T

. . ~ST(STARYGVA)
SI({ STARYSVA+LOC) = HI(H
+SI STARYEYN)

. . IIIID FOR
. . STARTSVA =  STARTSVA + 1
. . STARTR = STARTR + LENGTI + 1

. . LEUGTI = LELGTUH -1
. LIID FOR

* MULTIDPLY DY RECIPRCCAL DINGONALS

FOR LoC = ) T R}

. SROSTARTOVHLEC) = SRESTARTGVAL
= SI(SYARYSV

. . ST(STARYEVHLOC)
. LED ron

. STARYSV =
LMD FOR

END

STARTSV + N

—

+7,

I BPADRYR+LOC)

TR+LOC)

RRGVA+RNAC)
1IT(HTANYR+LOC)
=STOSTARYSVA) *MR( STARTRTLOC)

2C) *RECIP(LOC)

CCY¥RECIP(LOC)

e A < AT

o=

BEST AVAILABLE coPY




Variable
MR
MI

SR

Sl

RECIP
AUG
ROW

STARTSV

STARTSVA

LENGTH

STARTR

Loc

First Back Substitution for LL* (LT = 3)

Type
FP
FP

FP

FP

FP

Length
N(N+1)/2
N(N+1)/2

KN

Contents
real parts of L* factor rowwise

imaginary parts of L* factor row-
wise

real part of steering vectors
vectorwise

imaginary part of steering vec-
tors vectorwise

reciprocals of diagonal elements of
factor

current steering vector

current row of SCM

location preceding first location
of current steering vector

location of ROWth element of
current steering vector

length of ROWth row of SCM
starting at element ROW + 1

location of ROWth element of
ROWth row of SCM

location increment used to address
current element of steering vec-
tor being calculated




v BEST AVAILABLE COPY

STARTSV =

DO CACH STEERING VECTOR

FOR AUG = 1 TO K

- SUDTRACT MULTIPLES OF EACII ROW OF M FROM THE STIERING VECTORS
STARTSVA = STARTSV + 1

. STARYR = )L

. LENGTH = 11-)

. YOR RO = 1 TO N
. SRESTANRTSVA) = RECIP(ROW) *SRISTARTSVA)

. . SI{ STARTSVA) e« RECIP(ROW)*SI(STARTGVA)
. . FOR IOC = 1 TO LEUGTH
. . . SRUSTANTSVA +L,0C)Y = SRISTANTYHVA+LOC)
. . . =SSN BTANTGVA) “I1AU 57
. . . =HECSYARTGVA) VTS
. . . SI(STARTSVA+LOC) =  GI(500 ;
. . . +SRILSTRANRTSVA) "M STARTRHLCC)
. . . =SI(STARTSVA) IR STARTR+LOC)
. . LN roR
. . STARWOSVA = STARTEVA+L
. SWARTR = STARTR + LENGTII + 1
. LENGTI = LINGTII-1

. LD FoR

. STARYSV = STARTSV + N
i FoR

jeb
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Second Back Substitution for LDL* (L*W = T)

Variable Type Length Contents
MR FP N(N+1)/2 real part of L* factor rowwise
MI FP N(N+1)/2 imaginary part of L* factor
rowwise
SR FP KN real part of steering vectors
vectorwise
SI FP KN imaginary part of steering vec-
tors vectorwise
DOTR FP 1 temporary location
DOTI FP 1 temporary location
LAST I [ location of last element of SCM
AUG I 1 current steering vector
ROW I 1 current row of SCM
STARTSV I 1 location of last element of cur-

rent steering vector

STARTR I 1 Tocation of ROWth element of
ROWth row of SCM

STARTSVS I 1 location of ROWth element of
current steering vector

LENGTH I 1 length of ROWth row of SCM
starting at element ROW+1

LOC I 1 location increment used to ad-
dress current element of SCM
and steering vector




. BEUAYABIE copv

LAST = N*(N+1)/2
STARTSV = N

(& ELIMINATE EACH STEERING VECTOR

FOR AUG = 1 TO K
. °"'I\P1R = LAST
STARTSVS = STARTSV-1
. LENGTII =1
. I'OR ROW = -1 TO 1 STEP -1
. . ""AT”T‘I’ = STARTR - LENGTH -1
. DOYR = 0.
. DO'.?I = .
. FOR ILOC = 1 TO LINGTH
. B DOTR = DOTR + MNR(STARTR+LOC) *SRSTANTHVS+LOC)
. . =NTSPARTRETOC)Y PSR STARTS VS +LOC)
. . DOTI = DOTI + MR GYARTRHTOC) ™

. SI(STARTSVS+LOC) + MI(STARTR+LOC)*SR(SIANTSVS+LOC)
EIID FOR

SRESTANRTSVS) = SRISTARTSVI) - DOTR

ST(HTARTHVS) = DI( STZ\RTSVS) - DOTI

S-1

SYUADT

EID I.-’OR
EID
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Second Back Substitution for LL* (L*W = T)

Variable Type Length Contents
MR FP N(N+1)/2 real part of L* rowwise
MI FP N(N+1)/2 imaginary part of L* rowwise
SR FP KN real part of steering vectors
vectorwise
SI FP KN imaginary part of steering
vectors vectorwise
RECIP FP N reciprocals of diagonal ele-
ments of L*
DOTR FP ] temporary location
DOTI FP 1 temporary location
LAST I ] location of last element of
SCM
AUG I 1 current steering vector
ROW I 1 current row of SCM
STARTSV I 1 location of last element of

current steering vector

STARTR I 1 location of ROWth element of
ROWth row of SCM

STARTSVS I 1 location of ROWth element of
current steering vector

LENGTH I 1 length of ROWth row of SCM
starting at element ROW+]

LOC I 1 Jocation increment used to

address current element of
SCM and steering vector
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BEST AVAILAZLE COPY

BEGIN
LAST = N*(N+1)/2
STARTSV = N

CLIMINATE EACH STEERING VECTOR

ron

*

D T

END
ELD

NUG = 1 TO K
STARTR = LAST
STARTSVS = STARTSV-1
LENGTH = 1

CALCULATE N-TII ELEMENT

SRUSTARTSV) = ER(STARTSV)*RECIP(N)
SI(STARTSV) = SI(STARTSV)"™RECIP(N)

CALCULATE OTHER ELEMENTS

FOR POW = I1-1 TO 1 STEP -1

STARTR = STARTR - LENGTH -1

DOTR = 0.

DOTI = 0.

FOR LOC = 1 TO LENGTH

. DOTR = DOTR + MR(STARTR+LOC)*

. SIT(STARTSVS+T,0C)

SRUSTARTSVS)

HTOSTARYSVS)

SYARTOVS = §
LENGTII = LEIG
LD I'on

STARTSV = GUTARTSV + 1
Fon

e * e ® s 8 s e 8 e s e s o

TARTSVS -1
TH o+ L

F-16

SRUGUARTOVS+L0C) -~ MI(STARTR+LOC)*

DOTI = DPOTI + MR(OZARYDR+TLOC) *ST(STARTIVI+LOC) +
MI(STARTR+IQC) *SR( STARTSVI+LOC)

= (SROSTARTIVS) -DOTR) “RECIDC ROW)
(ST(CSTARTOVS) -DOTI) *RECIR( ROMW)




Appendix G. CDC 7600 Software

The algorithms and implementations of these programs are discussed
in Section 4.2.3. Program COVTST and subroutines NEXDIM and SEKOND are
drivers for COVCMP, which calculates the sample covariance matrix. DECTST,

NEXDEC, and SEKOND drive CHOL, which performs the Cholesky decomposition

and both back substitutions.
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109

999

991

992

101

PROGRAM COVTST(QUTPUT, TAPEG=OUTPUT)
TEST COVARIANCE CALCULATER ON CDC7640 MINNEAPOLIS

COMMON /TIMING/ TZERO,TCVCMP,WZERO,VWCVCMP

coMMOll /TIME/ ICSEC,IRSEC

COMMONI/SSTORE/YR( 200) ,YC( 204)
coMMON/INFO/N,R(28100) ,C(20100) ,BR( 294) ,BC(209) ,VWIR( 200) ,WC( 209)
DATA YR/200*1.08/,¥C/200*1.8/

VIRITE (6,100)

PORMAT( 1H1,6X, 9HDIMENSION, 7X,8HZERO OUT,7X,8H1 SAMPLE, 5X,

* 10H2N SAMPLES, 10X, SIITOTAL)

N=g0

CONTINUE

GET NEXT DIMENSION

N=-NEXDIM( N)
IF (N.EQ.Q) STOP 777

TEST ZERO OUT

LEN=N*(N+1)/2
LOP=2000/N
CALL SEC
IW1l=IRSEC
IC1=ICSEC
DO 991 JLOP=1,LOP
DO 1 J=1,LEN
R(J)=4.
C(J)=9.
CONTINUE
CONTINUE
CALL SEC
IW2=IRSEC
IC2=ICSEC
DO 992 JLOP=1,LOP
CONTINUE
CALL SEC
IC3=1C2-ICl
ICA=ICSEC-IC2
IC5=IC3-IC4
IVI3=IW2-IWl
IWA=IRSNC-IW2
IWS=I13-IW4
T2ERU=FLOAT( IC5)*27.5E-6/FLOAT( LOP)
W2ERO=FLOAT( IW5)*27.5E-6/FLOAT( LOP)

TEST COVCHP

CALL COVCMP

W2N=2 *N*ICVCMDP

WTOT=WZERO+W2N

T211=2 *1*TCYCMP

TTOT=TZERO+T2N

WRITE (6,101) N,TZERO,TCVCMP,T2N,TTOT,WZERO,WCVCHP,W2N,WTOT

FORMAT( 1114, I15,4F15.3,5%,13NCPU( MILLISEC),/,16X,4F15.3,5¥,
*14HVALL( MILLISEC))

GOTO 999

END




991

992

SUBROUTINE COVCMP

LOP=1000/N

CALL SEC
IWl=IRSEC
IC1=ICSEC

DO 991 JLOP=1,LOP
JM1=0

R(1)=YR(1)*YR(1)+¥YC(1)*YC(1)

INDEX=1

DO 1 J=2,N
JM1=JM1+1
SR=YR(J)
SC=YC(J)

DO 2 K=1,JM1

R( INDEX) =R( INDEX) +SR*YR( K) +SC*YC( K)
C( INDEX) =C( INDEX) +SR*YC(K) ~SC*YR(K)

INDEX=INDEX+1l
CONTINUE

R( INDEX) =R( INDEX) +SR*SR+SC*SC

INDEX=INDEX+1l
CONTINUE
CONTINUE
CALL SEC
IW2=IRSEC
IC2=ICSEC

DO 992 JLOP=~1,LOP
CONTINUE
CALL SEC
IC3=IC2-ICl
ICA=ICSEC-IC2
IC5=IC3-IC4
IVI3=IW2-IWl
IW4=IRSEC-IW2
IWS5=IW3~-IW4

TCVCMP=FLOAT( IC5)*27,5E-6/FLOAT( LOP)
WCVCHP=FLOAT( IW5)*27 ,.5E-6/FLOAT( LOP)

RETURN
END

G-3
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COMMON /TIMING/ TZERO,TCVCIP,WZERO,WCVCMP

comMon /TIME/ ICSEC, IRSEC

COMMOIT/SSTORE/YR( 200) , YC( 208)
COMMON/INFO/N,R( 201980) ,C{ 20109) ,BR( 208) ,BC( 299) ,WR( 290) ,WC( 200)



95

97

98

99
100
191
192
163
104
105
106
197
198
199
119

111
112
113
114
115
116
117
118
119
120
121

BEST AVAILABLE 7Py

ICSEC
IRSEC

SEC

FUNCTION NEXDIM(N)
IF (N.GT.0) GOTO 1
NEXDIM=4

RETURN

IF (N.GE.39) GOTO 2
NEXDIM=N+1

RETURN

IF (N.GE.598) GOTO 3
NEXDIM=N+5

RETURN

IF (N.GE.200) GOTO 4
NEXDIM=N+10

RETURN

NEXDIM=9

RETURN

END

IDENT SEKOND
SE /TIME/

BSS 1
B5S 1
USE »
ENTRY SEC
BSS 1

RTIME IRSEC,7CLK

TIME ICSEC,7CLK,USER

Jp SEC
END

— A s T TS
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109

192

101

BEST_AVAILABLE COPY

PROGRAM DECTST(OUTPUT, TAPEG=OUTPUT)

TEST CHOLSESKY DECOMPOSITION AND BACK SUBSTITUTIONS ON
CDC7600 MINMEAPOLIS

COMMON /TIME/ ICSEC,IRSEC

COMMON/SSTORE/YR( 200) ,YC( 209)
COMMON/INFO/N,R(20100),C(20100) ,BR(2/9) ,BC(293) ,WR( 207) ,WC(209)
COMMON /TIMING/ TDECMP,TBKSB1l,TBKSB2,WDECMP,WBKSB1l,WBKSB2
WRITE (6,109)

FORMAT( 1H1,6X, 9HDIMENSION, 9X, 6HDECOMP, 5X, 1JHBACK SUB 1,
*5X,19HBACK SUB 2,10X,5HTOTAL)

N=4

CONTINUE

GET NEXT DIMENSION

N=NEXDEC( N)
IF (N.EQ.9) STOP 777

FILL UP MATRIX WITH POSITIVE DEFINITE HERMITIAN TEST VALUES

LEN=N*(N+1)/2
DO 2 J=1,LEN
R(J)=1.
C(J)=1.
CONTINUE
INDEX=1
DUM=10.*N

DO 3 J=1,N

R( INDEX) =DUM
C(INDEX)=0.
INDEX=INDEX+J+1l
CONTINUE

DO 4 J=1,N
BR(J)=1.
BC(J)=1.
CONTINUE

USE CHOLESKY ROUTINE

CALL CHOL

WRITE (6,102) (WR(J),WC(J),J=1,N)
FORMAT( SNIOWRIGIHTS,/,( 1X,2820.19))

THMAX=TDECMP+TBKSBl+TBKSB2
WHMAX=VIDECMP+WBKSB1+WBKSB2

WRITE(G6,101) II,TDCCMP,TBKSBLl,TBKSD2, TMAX,WDECMP,WBKSBL,WBKSB2 ,WHMAX

FORMAT( 1119,I15,4F15.3,5%,13HCPU(MILLISEC),/,16X,4F15.3,5X,
* ) AHWALL( MILLISEC))

GOTO 1

END
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BEST_AVAILABLE COPY

SUBROUTINE CIIOL

CCOITON /TIMING/ TDECMP,TDKSBl, TBXSRB2,1DECHMP,W3XSB1,WBKSB2
COMIMON /77ME/ ICSEC, IRSEC

COITMON/INC0/, RO 2010G) ,C( 20100) ,BR( 290) ,BC( 200) ,WR( 200) ,WC( 200)
COMMON/SSCORE /YR 200) ,YC( 200)

DIMENSION UR(20100),UC(20109)

DIMENSION RECIP(200)

EQUIVALENCE (UR(1),R(1)),(Uc(l),C(1))

WRARAR RN AR AR AR R TR R AR R AR AN A NN AN AR TN RN N ARNR A AR AR AR R R d kR

THIS ROUTINE SOLVES A SYSTEM OF SIMULTANTOUS EQUATIONS OVER THE
COMPLEX NUMBERS. THE COLDFFICIENT MATRIX IMUST BE HERMITIAN AND
POSITIVE DEFINITE. THE CHOLESKY FACTORIZATION METHOD IS USED, AND THEN
BACK SUBSTITUTION (TWICE).

VARIABLES . . .

N DIMLNSION OF PROBLEM, I.E. MATRIX MUST BE N BY N.

R REAL PART OF INPUT MATRIX. ONLY UPPER TRIMGULAR PART OF
MATRIX IS STORED (COLUMNWISZE), SO DIMIN5ION = N*(1M+1)/2.

C IMAGINARY PART OF INPUT MATRIX, ALSO STORED COLUMNWISE.
DIMENSION = N*(N+1l)/2

BR REAL PART OF CONSTANT VECTOR, I.E. REAL PART OF B IN THE
EQUATION AW=B. DIMENSION = N,

BC IMAGINARY PART OF CONSTANT VECTOR, ALSO OF DIMEMSION N.

WR REAL PART OF SOLUTION VECTOR, I.E. REAL PART OF W IN THE
EQUATION At/=B. DIMENSION = Ii.

VWC IMAGINARY PART OF SOLUTION VECTOR, MLSO OF DIMENSION N.

UR REAL PART OF FACTORED MATRIX. DIMEMNSION = N*(N+1)/2

UC IMAGINARY PART OF FACTORED MATRIX. DIMEN5SION = N*(N+1)/2

YR REAL PART OF RESULTS OF PIRST DACX SU3SSTITUTION. DIMERSION = N.

YC IMAGINARY PART OF FIRST DACK SUBSTITUTION RESULTS. DIMENSUION = N

KRR R R R E AR AR A AR TR RNR AT AAN AT RART XA TR ANRRANRNRR AR R AR R Rk kR kW

T(J,K,ISUB,LOP)=~FLOAT(J-K-ISUB)*27.5E-G/FLOAT(LOP)
LOP=1

CALL SEC

IW1=IRSEC

IC1l=ICSEC

DO 991 JLOP=1,LOP

NOTH. . .
MATRIX IS ASSU!ED UPPER TRIAMGULAR
A(T,J), IN VECYOR STORAGL, I3 NMJI*(J-1)/2 + I)

COMPUTE FIRST DINGONAL ELEMENT

UR(1l) =~ SQRT(R(1))
UC(l) = 9.4
RECIP(1)=1./UR(1)
INDEX = 1
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BEST AVAILABLE COPY
95 C COMPUTE REST OF FIRST ROW
96 (>
97 NMl = N - 1
98 DO 10 J=1,NM1
99 INDEX = INDEX + J
100 UR( INDEX) = R(IMNDEX)*RECIP(1l)
191 UC( INDEX) = C(INDEX)*RLCIP(1l)
192 10 CONTINUE
193 C
104 C COMPUTE DIAGONAL ELEMENT
105 o]
196 INDEXI = 1
197 DO 40 I=2,NM1
1908 IIM1 = INDEXI
199 ILOVW = IIM1 + 1
119 INDEXI = INDEXI + I
111 IUP = INDEXI - 1
112 IMl = I - 1
113 SUMDIA = 9.9
114 DO 20 K=ILOW, IUP
115 Rl = UR(K)
116 Cl = UC(K)
117 SUMDIA = SUMDIA + R1*Rl1 + Cl*Cl
118 20 CONTINUE
119 UR( INDEXI) = SQRT(R(INDEXI) - SUMDIA)
129 UC( INDEXI) = 0.0
121 URDIV = 1.0/UR( INDEXI)
122 RECIP(I)=URDIV
123 [ >
124 C COMPUTE REST OF ROW
125 (o]
126 JIJM1 = IIM1
127 DO 30 J=I,NM1
128 JIJM1 = JJM1l + J
129 SUMR = 9.0
138 SUMC = 2.8
131 DO 25 K=1,IM1l
132 Rl = UR(ITM1+K)
133 Cl = UC(IIM1+K)
134 R2 = UR(JJM1+K)
135 C2 = UC(JTIM1+K)
136 SUMR = SUMR + R1*R2 + Ci*C2
137 SUMC = SUNC + R1*C2 -~ Cl¥*R2
138 25 COMNTINUE
139 IJ = JdM1l + I %
149 UR(IJ) = URDIV* R(IJ) - SUMR)
141 UC(IJ) = URDIV™C(IJ) - SUMC)
142 30 CONTINUE
143 A9 CONTINUE
144 C
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BEST AVAILAR: £ COPY

<

145 C DO LAST ELEMENT

146 Cc

147 ILOW = IIDEXI + 1

148 IUP = INDEXI + NMl

149 SUMDIMA = 0.0

159 DO 50 K=ILOW,IUP

151 Rl = UR(K)

152 Cl = UC(K)

153 SUMDIA = SUMDIA + R1*R1 + Cl*Cl
154 50 CONTINUE

155 INDEXI = INDEXI + N

156 UR( IIDEXI) = SORT(R(INDEXI) - SUMDIJ)
157 UC( INDEXI) = 0.9

158 RECIP(N)=1./UR( INDEXI)

159 991 CONTINUE

160 CALL SEC

161 IW2=IRSEC

162 IC2=ICSEC

163 DO 992 JLOP=1,LOP

164 Cc

165 C PIRST BACK SUBSTITUTION, USING CONJUGATE TRANSPOSE
166 c

167 DIV=RECIP(1)

168 YR(1) = BR(1)*DIV

169 yc(l) = BC(1l)*DIV

178 INDEX = 1

171 ILOW = @

172 IHIGH = §

173 DO 70 I=2,N

174 ILOW = IHIGH + 2

175 INIGH = IHIGH + I

176 SUMR = 0.0

177 SUMC = 9.9

178 K~4g

179 DO 64 J=ILOW,IHIGH

189 K= 00 )

181 SUMDR = SUMR + YR(K)*UR(J) + YC(K)*UC(J)
182 SUMC = SUMC - YR(K)*UC(J) + YC(K)*UR(J)
183 60 CONTINUE

1384 INDEX = IMDEX + I

185 DTV=RECIP(I)

186 YR(I) = (BR(I) - SUMR)*DIV

187 YC(I) = (BC(I) - SUMC)*DIV "
188 70 CONTINUE

189 992 CONTINUE

190 CALL SEC

191 IV3=IRSEC

192 IC3~ICSEC

193 Do 993 JLOP=1,LOP

194 C

195 C SECOND BACK SUDSTITUTION

196 (o]
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197
198
199
209
241
202
243
204
205
206
297
208
209
218
211
212
213
214
215
216
217
218
219
229
221
222
223
224
225
226
227
228
229
239
231
232

80

920

994

,4

Vw (Rl M@
BEST-A Nl iwes Lol
M =N
I = N*(N+1)/2
DIV=RECIDP( M)
WR(M) = YR(M)*DIV
WC(M) = YC(M)*DIV
TR = WR(M)
TC = WC(M)
M=M-1
DO 99 J=1,M
K=M-7J
L=I-J
YR(K+1) = YR(K+1l) - UR(L)*TR + UC(L)*TC
YC(K+1) = YC(K+l) - UR(L)*TC - UC(L)*TR
CONTINUE
=1 =-M=1
IF(I.NE.1)GOTO 89
DIV=RECIP(1)
WR(1) = YR(1)*DIV
WC(1l) = YC(1l)*DI1IV
CONTINUE
CALL SEC
IWA=IRSEC
IC4=ICSEC
DO 994 JLOP=1,LOP
CONTINUE
CALL SEC
IW=IRSEC-IW4
IC=ICSEC-IC4
TDECMP~T( IC2,ICl,IC,LOP)
WDECMP=T( IW2, IW/1, IW,LOP)
TBKSB1=T( IC3,IC2,IC,LOP)
WBKSB1l=T( IW3,IW2, IW,LOP)
TBKSB2=T( 1C4,IC3,IC,LOP)
WBKSB2=T( IW4,IV3, IW,LOP)
RETURN
END




233
234
235
236
237
238
239
249
241
242

243
244
245
246
247
248
249
259
251
252
253

aEcT AVAILABLE COPY

ICSEC
IRSEC

SEC

FUNCTION NEXDEC(N)
IF (N.GE.20) GOTO 1

NEXDEC=20
RETURN
IF (N.GE.20d) GOTO 2
NEXDEC=N+240
RETURN
NEXDEC=8
RETURN
END
IDENT SEKOND
USE /TIME/
BSS 1
BSS 1
USE s
ENTRY SEC
BSS 1
RTIME IRSEC,7CLK
TIME ICSEC, 7CLK,USER
JpP SEC
END
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AppendiX H. A Necessary Condition for the Nonsingularity of a
Sample Covariance Matrix

Given a collection {§KJ)}j=] of m complex n-dimensional sample vectors,

their sample covariance matrix is defined by

m m *
Ly k) _ (k) <(k)
m= ¥ ulk)l o 3 sk (1)
A QZ% > QZ% 7y b
*
where §fk) is the conjugate transpose of §fk), so that the ijth component
of ﬂ(k) is
(k) _ =(k) <(k)
Mij = Si Sj . (2)

We claim that M is singular if m < n, i.e., if the number of sample vectors
is less than their dimension.
Proof: First we need a definition and a lemma.
Definition: The rank of a matrix A is the dimension of the space spanned by
its columns.
Note that a square matrix A is nonsingular if and only if its dimension equals
its rank, rank(A). This is because A is nonsingular if and only if its columns

(or rows) are independent, i.e., % columns span a space of dimension & for any

subset of 2 columns.




Lemma: Rank (A + B) < rank (A) + rank (B). ;.
Proof: Given a set of vectors which span a space of dimension n, and a

set 8 of vectors which span a space of dimension Nps the set of
vectors AUZ clearly spans a space of dimension < n, + nys SO any
set S of linear combinations of vectors in (LUB  spans a space of

“dimension <n,+n.. Now let &= {columns of A}.ﬁ = {columns

a b
of B}, and S = {columns of A + B} and the result follows. Q.E.D.

Corollary: Rank (kg‘:] ['l_(k)) < kg:l rank [_l"l(k)] :

Proof: Follows immediately from the lemma by induction. Q.E.D.

Now we may continue with the main proof.

*
Since the columns of '_4_(") are all multiples of the vector §(k) by Eq. (2),

-
{
e vector § k) spans the space spanned by the columns of g_(k) so that space

nih\4

I)(the rank could be 0 if all the components of

- e cank




NOTE: This proof presents only a necessary condition for the nonsingularity
of the sample covariance matrix, not a sufficient one. In other
words, the matrix may still be singular even if the number of
samples exceeds the dimension. The interested reader is referred
to "Rapid Convergence Rate in Adaptive Arrays" by Reed, Mallett
and Brennan; for a sufficient condition on the number of samples

for good results.

Weed, | 5., J 0 Mallett, and L. £. Brennan, "Rapid Convergence Rate
eptiwe Arrvays,” IEEL Trans. on Aerospace and Electronic Systems, vol. AES-10,
' e TR 4 ——— e




Appendix I. Number of Bits Needed for Sample Covariance
Matrix Calculation

This appendix deals with the lower bound on computational complexity
of forming the sample covariance matrix and the accuracy to which it can
be computed. It also includes a section on how these bounds are related
and may be changed due to machine limitations.

The ith sample covariance matrix can be defined as

M- xi*xi + it 1= 2
where

h

X' is the it input voltage sample vector (i.e., row vector)

iy is the conjugate transpose of x1

M’ is the covariance matrix

M0 elements all have value of zero.

HWe will also define the following:

N is the number of weights in the system; this is equal to the
number of elements in X.

S is the number of samples used to form M. It has been shown

that by setting S = 2*N, the weights will be computed within
3 dB of optimal.*
A. COMPUTATIONAL COMPLEXITY
Since M is Hermitian, only the lower or upper trianqular region needs tou be

computed., We will assume that the upper triangular region is being computed.

e Myl lpit and Lrennan . Rapid "onvergence Rate
Aot iye Aervay it as o Aps pace and o tromi yi toes ¥ Al




This section of the matrix contains N*(N+1)/2 elements. Each element
of the vector X is only multiplied by a conjugate of an element of X to
update a location in M. A program for a serial machine would look like

the following:

J = 1,N 7
M(I,0) = CONJUGATE (X(I)}x(J) + M(I,)

In actual practice, only N(N+1)/2 multiplies must be computed, with
N(N+1)/2 adds needed toupdate M. A program for a serial machine would now
look like the following, assuming that the elements of M are stored column-wise:

INX = 0
DO I = 1,N
INX = INX + 1
INX = INX
DO J = I,N 4
M(INX) = CONJUGATE (X(I)) X(J) + M(JNX)
INX = INX + 0
END DO
END DO

wn

B. COMPUTATIONAL ACCURACY
Accuracy will be expressed in number of bits, To compute the number of
bits needed, two quantities must be known: 1) the sample size, § and
2) the number of bits from the analog to digital converter (ADC), B.
Whenever a binary add is performed on two words of a and b bits long,
the resultant sum can require MAX (a,b)+1 bits. Whenever a binary multiply
is performed on two words of a and b bits long, the resultant product can

require atb bits.




Elements of X are expressed as a real and imaginary part, each B bits
long. Performing multiplications will require 2 B bits. Each complex multiply
* -
provides an add, so each individual term of X X will require @*B + 1) bits.

These values must be added to the previous computed values S-1 times.

In vector notation the formula is

Therefore the total number of bits required is rL062 S*(22*8+]-1)+l 1
where [X] means the smallest integer greater than or equal to X (the
ceiling function). This formula is derived as follows: The maximum number

which can be expressed in k bits is 2‘-1. If we are to sum values of b bits,

the worst case is 2b-1.
Let
k be no. of bits required for answer
b be no. of bits in items to be summed
S be no. of items to be summed
k,b, & s all integers, c,b,s>0
s*(2P-1) < 2%

Solve for k, as follows:

s*(2b-1) + 1 < 2K
L0G, (s*(22-1) + 1) < k

fLOGz(S*(Zb-l) + 1)1 = k because all variablas are integers.




Solve for S

~nN
'
-

n

5]
s dad. - ok=ib
=] %

To choose some numbers for examining this function let B = 12 bits and

S = z*N, when N = 200.

rLoe, s=(22*8*1.1)4
FLOG, 400%(225-1)+1
34 bits required.
Table I-1 lists different computers and their mantissa length in bits. The

table also lists the maximum N allowed with S = 2*N.

C. WHAT TO DO IF MACHINE'S ACCURACY IS INSUFFICIENT
There are a couple of approaches to this problem. Before any program is
discussed, however, a deeper understanding of the calculations in Section B is

required.

In Section B, we calculated the number of bits needed to ensure that
no errors are introduced into the calculations; all values were treated
as fixed point. Almost all advanced computers have floating-point hardware
on them and, in fact, this hardware will be used during the inversion process

to minimize errors introduced by division.




METHOD 1

One solution to the accuracy problem is to ignore it and let the floating

point hardware take care of it. There is one problem with this approach,
which only occurs when the number of samples is very large. A1l multiplies
are on similar-magnitude numbers (namely B bits) and all adds to perform
complex multiplies are on similar-magnitude numbers (namely 2*B bits). After
we have added up a large number of samples, the magnitude of the values for

M. . may be much larger than (2*B41)bits. In that case, the addition may only

ij
add in ;;rt of this product, or worse, none of it.
As an example, assume that the mantissa is 30 bits long with exponent,
and B = 12 bits as before.
How many samples can be added before we lose 5 bits of a product term?

That is the same as asking,K Howmany samples can we accumulate in 35 bits?

By using the formula from Section B we have

s = |25
*
25
235-1J
Y i
s = 210 = 1024 samples

Another question is, How many samples can be summed before an error is intro-

duced ? Again with 30-bit mantissa, we apply the same formula:

1-5
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25 = 32 samples

We can also compute when any additional samples will be simply ignored, i.e.,

will not change the running sum at all. Again with the same assumptions as

before

Total no. of bits required = 30 + 25 = 55

55
S=lz 4J
225
S = 230 + 25 samples ,

which is indeed a large number, but by the time we have reached this limit,
the cumulative error is very large.

The inversion process introduces other errors, though some errors in the
covariance matrix may be acceptable due to the accuracy requirements of the
weights. Whether the existing floating-point hardware is sufficient or not

will depend upon the particular system specifications.

METHOD 2
There is another technique to limit the size of the numbers. The sample
covariance matrix represents the expected value between the ith and jth

component of the signal.

[-6




The expected value is approximated by averaging a set of samples together.

This can be represented as .
el k* k
The division has the effect of reducing the number of bits required. Instead

of computing the entire sum, partial sums can be computed and averaged. The

computation is now
% -1, ms+s
ARG
0 k=ms+1
By choosing s appropriately, the total number of bits required can be reducedi
Again choosing s is based upon the particular system (ADC, computer, accuracy
of weights, etc.) By doing this calculation we add[g-* J-"2“"—])-]&visions to
compute M.

It should be noted that if M is produced by the method of Section B, it
may be advisable to divide each element by S to reduce the number of bits
required. This is allowable because it only changes all the weights by a
constant factor, and due to the weighting processor, multiplicative constant
factors have no effect upon chcosing optimal weights, i.e., for given optimal
weights, W, all constant multiples are also optimal.

It should also be noted that for all divisions, the divisors are real

numbers.

Let us run through an example using averaging. Assume -smantissa

length is 30 bits, B = 12. What is the maximum S and s that can be used?
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L
. 230,
L225-1
s =29 =32

Each division by s reduces the product back to 30 - 5 = 25 bits. We now
must compute how many sums of 25-bit numbers are needed to reach the 30-bit
limit.

230,

No. of sums = = Y
2 =

No. of sums = 32
S = No. of sums = s

32 » 32 = 1024 .

If we assume S = 2*N, then this method with the number of bits specified
will handle a system of 512 weights.
METHOD 3

Methods 1 and 2 can of course be combined. The main problem with
Method 1 is the errors introduced by adding numbers of greatly differing

magnitudes. This can be overcome by calculating M in the f31lowing manner.

% ~1 ms+s
M. = 3 x k% k ;
i3 m=0  k=ms+) B
1-8




By calculating sums of s terms and adding them together, we will be adding
numbers of similar magnitude. In the extreme, the additions will be per-
formed in a tree-lTike manner as shown in the following example.

Sums of samples 1 to s,b bits :

s+1 to 2s £:> Sy bi
+ b+2 bits
2s+1 to 3s
+> b+l bits
3s+1 to 4s
Assuming only b bits in the mantissa, this procedure minimizes errors.

At a minimum this method, as well as Method 2, requires N(N+1)/2 more

storage locations.
METHOD 4

. In this method, the entire covariance matrix calculation is done in fixed-
point math. On the machines we are concerned with, fixed-point is implemented
as integer math.

On machines such as the PEPE and STARAN which have large bit length
integers (PEPE can use 46 bits and STARAN has variable length), this method
seems better than losing accuracy by using a short floating-point format.

The STARAN is unique among the computers being studied in that there is
no fixed word length for numbers. A STARAN word can be divided into fields of
any number of bits. The STARAN word length is 256 bits on the old model and
9K on the new model. The STARAN performs integer instructions in bit serial
manner, so that ADD and MULTIPLY times are directly a function of the number

of bits. To properly use this machine, the bounds on bit Tength will be

used to minimize running time.

I-9




D. SUMMARY

We notice that the general purpose scientific machines all have sufficient
bits to handle the covariance matrix calculation. We will take advantage of
this by performing the detail simulations on the 7600 and only using the
supercomputers to obtain timina estimates and see the suitability of their
architecture.

The two exceptions to the above are the STARAN and PEPE. In these two
cases the calculations will be done in integer and then converted to floating
point for the inversion process. These integer calculations can be simulated
on the 7600, so again these machines only need to be examined for speed con-
siderations and the applicability of their hardware architecture to the
problem.

One item of research is to compute what the loss is on the 24- and 23-bit
mantissa machine. The reasons for using the smaller mantissa 1length is

speed, but architecture considerations will not change.




Size = 2 x No. of Weights).

COMPUTER

C0C 7600
SINGLE PRECISION
DOUBLE PRECISION

CDC STAR-100
HALF PRECISION
SINGLE PRECISION

CRAY-1
SINGLE PRECISION

TI ASC
SINGLE PRECISION
DOUBLE PRECISION

ILLIAC IV
SINGLE PRECISION
DOUBLE PRECISION

PEPE

SINGLE PRECISION

STARAN

NO. OF BITS
IN FLOATING-POINT
MANTISSA

48
96

23
47

48

24
88

24
48

23

VARIABLE PRECISION
INTEGER

Table I-1. Attainable Accuracy for Covariance Matrix (ADC is 12 Bits, Sample

MAXIMUM NO.
OF WEIGHTS

22

70 46 2

el

TOO SMALL -0

221

22

TOO SMALL
62 37

0
+ 212

A

TOO SMALL
22

1
o

2

TOO SMALL -0

N/A

=




Appendix J. Parallel Implementations of Computing
the Sample Covariance Matrix

We have already outlined the computations needed to compute the sample
covariance matrix. We will now discuss methods for computing it. We will
first show a parallel special-purpose hardware approach. We will use this

as a model to develop approaches for parallel and vector machines.

Let
)t1 be the ith voltage vector
&I be the I part of the ith element of X
XiQ be the Q part of the ith element of X
M1 be the ith sample covariance matrix.
Then
M' = X7 x¥ + W=7 where M contains all zero elements.

This can be rewritten as

e e R SR RS
Mist = X1 %51 - Xig X5 * Mijt
i g e R
cog I + 1 i
30 " M40 %5t T %3 *a0 * Mg

The hardware is the same for both the real and imaginary parts except
for an adder/subtractor. The hardware is also identical for every ij pair.
Tkis commonality will be exploited in terms of software (esigns and could

be exploited in hardware designs by having common replacement modules.
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The following circuitry will perform these operations:

><

"1 *1a 51 0

| By i
: PR
gt Cﬂ < E"ﬁ Misq

Mis1 Miiq

REAL PART IMAGINARY PART
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This system is not practical for a large-scale problem: e.g., if we have a
system of 200 weights, it would require 80,400 multipliers and 80,400 adders.
With large-quantity buys, the multiplier chip will cost approximately $70.
The total cost of just the multiply chips would be $5,628,000.

This system will compute the covariance matrix very quickly as all
multiplies are performed in parallel, followed by only two stages of adding.
Using times of 200 nsec per multiply and 50 nsec per add, the total time
required will be 300 nsec * no. of samples. Assuming a 200-weight system,
we will require 400 samplesv(2*200) to obtain a running time of 120 usec
with a sample every 200 nsec.

Since the limiting factor in terms of sampling rate is the multiplier
rates, the system can be modified by changing multipliers so that there
are sufficient multipliers for each ij pair to deliver results to the adders
at their rate. This can be illustrated better in a timing diagram. We will
use 4 miitipliers of 200 nsec and one adder of 25 nsec. This system will
sample at a rate of one sample every 50 nsec. It should be noted that this
system requires 4 times as many multipliers.

To put the sample algorithm on a parallel processor, we will first
assume we have as many processors as required and each processor can add,
subtract and multiply. Let us assume we have one processor box for each
multiplier. The processors will all execute the same code in lockstep,

as do STARAN, PEPE, and ILLIAC IV.

J-3
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X X X X
il iQ JI Jq
Pi1 Pig P51 Piq

If the program consists of the following step:

MULTIPLY INPUT1,INPUT2

We have completed the multiply but not the add as the partial results
are in different processors. To overcome this problem, we will let processors
communicate with their neighbor. This is allowable in the STARAN and ILLIAC
IV but not the PEPE.

%1 *1q i1 *ia
-
il "o P o —
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CALCULATION

xi & xi
1 I

i i
XiQ" Xjq

foracign; g
1" %517 Yo" g . i

41, yi+]
T

xitl o xi+l
iQ 3Q

Xi*] xi+] = X1+] x1+]
i1 "5 g T M

42 4 (42
Y

142 , yi+2
X;0€ * X
iQ 3Q

xi+2 xi+2 5 i+2 xi+2
o e

143, i+3
1 * %5

x'!+3 * X]:+3
iQ JQ

xi+3 , xi+3 _ xi+3 , xi+3
il JI iQ JQ

4

TIME

NSEC 0 200 400

s




The reason for the connection between P1Q and PjI is for uniformity
in the design even though the connection is not mathematically required.

The program is now as follows:

—=MULTIPLY INPUTT, INPUT2
ADD VALUE FROM RIGHT PROCESSOR
ADD RUNNING SUM
STORE RUNNING SUM

1L—GOTO

We have performed these operations in all processors so we have done extra
work, but this work did not cost us any time.

The system is still not realizable on existing parallel computers
because of the large number of processors required. Assuming a system

of 200 weights, we would require 80,400 processors.

We can cut the number of processors in half by allowing each processor

to perform all the computation required for each element of M.

X
il *1q i1 *q
[ 2 -
|
Pi Pj
J-6
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The program will be as follows:

= MULTIPLY INPUT1, INPUT2
STORE TEMP1
MULTIPLY INPUT3, INPUT4
ADD TEMP1
ADD RUNNING SUM
STORE RUNNING SUM
L. GOTO

This procedure does not require any processor-to-processor communication,
so 1t is suitable for the PEPE.

Unfortunately, the number of processors required is still too large
for existing machines for the problem we are interested in. The obvious
way of fitting this problem to existing machines is to simply partition
the program into subproblems which can be handled. In the case of 200
weights, we have 20,100 complex terms to compute. If we have N processors
available, we will compute N complex terms at a time and iterate 20100/N
times.

Another approach known as the "global method," which is based upon

the STARAN architecture, is as follows:

R T ’ T R T < v e - =._ 7




Set i to 1
— Load X“ into the global register
Multiply all appropriate elements by this value
Load X10 into the global register
Multiply all appropriate elements by this value
Do parallel adds

i «1 +1
+—If (ikN)

The execution time of this algorithm is a function of N. If the number
of processors, M, is greater than N, then the execution .time is proportional
to N. If N is greater than M, which will usually be the case for large M,
we will do M elements at a time. The execution time is then proportional
to the number of groups which the problem must be devoted to.

For a triangular system,

G = (P+l)(ﬂ% + N—P*M) where

For the complete matrix,

6 =n[N].

Both of these equations reduce to N when M>N. This means that in
this case, the entire matrix can be obtained in the same time as only the

triangular matrix.

e e
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The drawback to this approach is that not all parallel processors will

be active at all times, but this multiply is faster than the multiply which

uses two values in the same word.

We would 1ike a system which always uses

the maximum number of available processors so that execution time will be

minimal.

This leads to another method, to be known as the " packed method. "

We will illustrate these approaches by means of examples.

Completely Parallel Computation Approach

Assume the number of processors is greater than the number of weights.

Pro-
cessor A B C D

1 X

11 Y19 X1 Xig
2 XX *a Xog
Vi Me e R
4 KX Yo ¥

Computation Group 1
Time Steps 1-8

A*C - B*D
A*D + B*C

N
M

111

12J

131

221

3 no. of weights

4 no. of processors

M M

1a] *a1 *sq Y31 ¥ag "pa Mama
Maa| *a1 X3 Xa1 X3q Msar Mz
M3
Moz

Computation Group 2

Time Steps 9-16
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The upper triangular matrix is updated in 16 time steps. We notice that

in the second group, two

processors are available for work.

We will

now rework the example using 3 processors.

Pro-
cessor

X X X
L i Mg M 1 My My

2 110 21 20 My, MIZJ

3 n 1 A N MI3I M]3J

Group 1
Time Steps 1-8

21 2Q 21 2Q M221 M22J

21 24 31 XN M23I M23.J

31 3Q 3I 3Q M33I M33J

Group 2
Time Steps 9-16

— - ———

An interesting observation can be made; namely, that the execution
time is the same with one less processor. It can also be shown that

the evaluation time will also be the same with 5 processors.

The total number of complex terms is N(N+1)/2 for the triangle form of
the matrix and N2 for the full matrix. If we have M processors, then the

number of groups, G, will be

G = Hi%ﬁll] for triangular matrix

2
6=

for the complete matrix




s - -

where [x] is smllest integer greater than or equal to x, i.e., the
ceiling function.
These equations can be used in the following ways:
Given the maximum time, T, allowed to compute the covariance matrix
and the dimension, N, what is the minimum number of processors required?
We will now relate number of processors, M, and number of weights,
N, to determine number of groups, G, needed to perform the covariance
update. The running time is a constant, C, times the number of groups.
The time per group is t, then the number of groups required is

G = rT/t]. We then solve

G = [ﬂﬁ%ﬁll] given G & N
= [ .

Because of the ceiling function the total time may be less than T.
If a machine such as STARAN, PEPE or ILLIAC IV is available, then

M will be chosen as the maximum available.

If a machine is to be designed then the above computation will
be performed.
Because for a given G and N, more than one M may satisfy the

equations, questions of designing for reliability com: up.
For example, let N = 200, G = 201




Then M can range from 76 to 100, If the system is constructed with
76 processors and one breaks, then G will increase to 268 with a corres-
ponding increase in running time. If, however, 100 processors were con-
structed, then up to 24 processors could break without degrading system
performance. Neither extreme is probably practical. By calculating the
MTBF, MTTR and MAXTTR of processors, one can determine the number of
processors above the minimum humber of processors which should be specified.
Another question of reliability is, What occurs if N becomes smaller,
such as if a receiver breaks? By looking at the equation G =[ﬂi%§l)_]’
it is obvious that for N, and N, such that N; < N, and

Ny (N{#1) [’N (N +1)'|
Ny [N (N,
G, = [—“'ZM ‘] and Gy =|———

Then Gy < G,. This means that for M fixed, there will be no increase
in running time as N decreases.
Comparing the global and packed methods for a triangular matrix, we

have the following:

N = 200, M = 256 (1 STARAN array)

Global Packed
M 2M
6 = (P+1) (MP/2 + (M=Py)) =79
P=0
G = 200




S —— - -

This implies that the packed form is worthy of study. Currently the

algorithms are not known for implementing it on the STARAN and PEPE.

in the example given N<M so we are not utilizing N-M = 56 processors.

Also




Appendix K. Parallel Direct Implementations to Solve My = S
with 0(N2) Processors

These implementations were developed by noticing that M has N2 elements,
and that it would be possible to assign one processor to each element, If
only the upper or lower triangular matrix is stored, then N(N+1)/2 elements
are required. By assigning one element to each processor, we hope to obtain
a speed increase over sequential or parallel techniques with O(N) processors.

We will look in detail at two algorithms: Gauss-Jordan and Cholesky.
The reason for selecting Gauss-Jordan is its inherent parallelism of select-
ing a two and then eliminating on all other rows. Cholesky was chosen be-
cause it requires only half of the matrix, and we feel the difference between
N2 processors and N(N+1)/2 processors is sufficiently large for large N and
that this algorithm is worth exploring. For other implementations see Sameh
and Kuck .-

Gauss-Jordon Implementation

We assign to each processor an element of M] processor. p contains element

Mi- such the p = (i-1)N + j; 1 < i, j < N. This requires N2 processors. We
J

use another N processor to hold the elements of the steering vector.

We will illustrate the technique on a 3 x 3 matrix, Figure K-1.

Sameh, A. H., and D: J. Kuck, Linear System Solvers for Parallel Computers,
Depqrtment of Computer Science, Report No. UIUCDCS-R-75-701, University of
I1Tinois at Urbana-Champaign, February 1975.
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We have now eliminated on the first row in three steps. Since there are N
rows, Gauss- Jordan will take 3N steps. All of these steps are straightfor-
ward except the expand (outer product) step. This operation requires move-
ment of data between processors, if only a global register is available, the
data movement would require moving 2N-2 data items and 3N-3 processor enables
for each row. Since there are N rows, data movement will be an O(Nz) process
and the direct methods using O(N) processors are comparable. What is re-
quired is a special interconnect structure which is able to perform the other
product in time independent of N, preferably in one or two steps. This inter-
connect structure is possible and is in fact similar to that of the ILLIAC IV.

Again, by using a 3 x 3 matrix, the interconnect strength Tooks Tike:

Col. 1 Col. 2 Col. 3
Row 1
Row 2 - T L}
: . :_ J l
Row 3 : %~‘ {
) |

To propagate the values as in the previous example, we move all data verti-
cally in one step and all data horizontally in one step. This can also be

accomplished if there is a global register for each row and column.

K-3
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If the ILLIAC IV structure is used, then N-1 steps would be required for
vertical movement and N-1 steps would be required for horizontal movement.

Although this discussion has dealt with performing G-J, as shown earlier,
by simply adjoining the steering vector to the matrix M, we will obtain the
weights at the same time.

Cholesky Implementation

In this system, we have N(N+1)/2 parallel processors. Again we will

demonstrate the technique on a 3 x 3 matrix, Figure K-2.
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As in the previous section on G-J, the outer product requires an interconnect
structure to use this system to advantage.

This process leaves the L decomposition of M in the N(N+1)/2 processors.
We must still solve for the weights. This can be done by two back substitu-
tions or adjoining 5 to the original matrix and performing one “ack substitu-
tion as shown in Part 4, A back substitution can be performed in N processors
as outlined in the discussion on PEPE. We can use either N processors or the
original N(N+1)/2 processors. If another set of processors is used, however,
we can pipeline the processors to work on more than one covariance matrix at

a time. (See Figure K-3.)




First Second
Weights Weights
Available Available
Second
Back
Substitution 4 4
First I
Back
Substitution
4
Decompose
M
i |
| ] i B
to 2to 3to 4to time

Figure K-3 Pipeline Decomposition and Lack Substitution
where t * O(Ng

K~7
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Appendix L. Implementations of Algorithms to Solve for
Adaptive Weights on the PEPE

A1l the implementations in this section are written in an easily
understood, structured programming language. These implementations are
presented for operation counts purposes only and are not intended to be
compilable code. For a discussion of these implementations, see Section
4.4.2.2, "Implementations of Algorithms to Solve for Adaptive Weights on
the PEPE."

The variables used in these implementations may be divided into two

classes, depending on whether they are stored in sequential memory (S) or

parallel memory (P). Parallel variables are distinguished from sequential
ones by a "*" as a subscript. For example, the parallel variable R(*)
refers to corresponding memory locations in each PE. The parallel array
X(N,*) is stored in N memory locations in each PE. When a parallel
assignment statement is executed, such as

¥} = Ri<p(2,%)
the multiplication is performed in each currently enabled processor simul-

taneously.

Mixed sequential-parallel assignment statements are allowed. If a
parallel variable is on the left side of the equal sign,

R(*) = mixed expression (arithmetic expression co taining both
sequential and parallel variables),

any number of PE's may be active, and each distinct sequential variable

in the mixed expression must be moved from sequential to parallel memory

L-1




via an S-P operation. If a sequential variable is on the left side of
the equal sign,

H(K) = mixed expression,
exactly one PE must be enabled, and the value calculated by the mixed ex-
pression in that PE will be transferred to sequential memory by a P-S oper-
ation.

The statements "ENABLE I"or "ENABLE I TO J" or "ENABLE I],I .,In”

IR
enable the indicated PE's and turn off all the others. The enabled PE's
remain enabled until the next "ENABLE" statement is encountered.

Variables will either be of type integer (I), floating-point-real (R),
or floating-point-complex (C). Complex variables are stored with their
real and complex parts in separate locations, as described in the subsection
of 4.4.2.2 entitled "Introduction," and are used to simplify notation. If
it is necessary to refer to the real or imaginary parts of a complex vari-
able separately, the notations REAL(") and IMAG(*) will be used. (For example,

REAL(M(J,*)) refers to the real part of the jth

row of M in all active
parallel elements.) Similarly, CONJG(:-) means the complex conjugate of the
complex variable in parentheses.

Sequential variables used include N(type I, the dimension of the prob-
lem), K (type I, the number of steering vectors), NS (type I, the number of
sample vectors), RECIP(N) (type R, the reciprocals of the diagonal elements
of the factor matrix), and X(N) (type C, the sample vector). Parallel vari-

ables include the sample covariance matrix M(N,*)(type C), the conjugated

steering vectors S(K,*) or S(N,*)(type C), and an array of the reciprocals




of the diagonal elements of the factor matrix, R(*) (type R--the i* pg
contains the reciprocal of the ith diagonal element). Sample covariance
matrix will be abbreviated to SCM.

Storage schemes are rowwise or columnwise for the (factored) SCM, and
componentwise or vectorwise for the steering vectors, as discussed in the
introduction to Section 4.4.2.2. The abbreviations for the storage schemes
used in the back substitutions are given in Fig. 4.39c. For the first back
substitutions, and second back substitutions with vectorwise steering vector
storage, it is assumed the steering vectors are stored in the first K (com-
ponentwise storage) or N (vectorwise storage) PE's. The second back substi-
tutions with componentwise steering vector storage may either follow an
augmented or an unaugmented decomposition. In the first case, the steering
vectors are stored next to M in PE's N+1 through N+K (see Fig. 4.39e), and
in the second case they are stored below M in PE's 1 through K. This dif-
ference does not affect the operation counts of the implementation, just
the means of accessing the data. To represent both schemes, we have chosen
the following notation: 1in any line of code with the second part of the
line set off in square brackets ([]), the code outside the brackets will
refer to the augmented case, and the code inside brackets will refer to
the unaugmented case. Similarly, bracketed variables in the variable Iist
preceding the code itself are used in the unaugmented case only.

The first back substitutions solve LDT = S when M = LDL* (LT = S when
M = LL*) and the second back substitutions solve L*W=T when M=LDL* (L*W=T

when M=LL*).




Before each implementation is the number of PE's required and a list
of all variables used, with their lengths (length per PE for parallel vari-
ables), locations (SorC), types (I,R, or C),and descriptions of their con-
tents (omitted for M, S, RECIP, X, R).

FOR-END FOR loops behave as do those in Appendices A and B.

L-4
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Method 1 for Updating the Sample Covariance Matrix
Number of PE's required = N

Variable Lenath Location Type Description
Name
M(N,*) 2N P ¢ see Fig. 4.39%a
X(N) 2N S C sample vector
XT(*) 2 P C transpose of sample vector
JROW 1 S I current row of SCM being
calculated

L-5




BEGIN

PEPEAT THIS CODE FOR ALY NS SAMPLE VECTORS
MOVE TRANSPOSE OF SAMPLE VECTOR TO PE'S

FOR JROW = 1 TO N

. ENABLE I

. XT(*) = CONGJI(X(JROW))
END FOR

UPDATE ENCH ROW

FOR JROW = 1 TO N

ENABLE JROW TO N

M(JROW,*) = M(JROW,*) + X(JROW) * XT(w*)
END FOR
END




Method 2 for Updating the Sample Covariance Matrix
Number of PE's required = N

Variable Name Length Location Type Description

M(N,*) 2N P C see Fig. 4.39a

X(N) 2N S C sample vector

XT(*) 2 P o transpose of sample vector
JROW 1 S I current row of SCM

being calculated

L-7
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BEGIN

REPEAT THIS CODE FOR ALL NS SNMPLE VECTORS
MOVE TRANSPOSE OF SAMPLE VECTOR TO PE'S

FOR JROW = 1 TO N

ENABLE JROW
. XT(*) = CONGJI(X(JROW))
END FOR

UPDATE EACH ROW

ENABLE 1 TO N

DO JROW = 1 TO N

. M(JROW,"*) = M(JROW,*) + X{JROW)*XT(*)
END DO

END

L-8




Method 3 for Updating the Sample Covariance Matrix
Number of PE's required = N*(N+1)/2

Variable Name Length Location - Type Description

M(N,*) 2N P o initially upper triangle of
M stored rowwise in N:(N+1)/2
processors, finally as seen
in Fig. 4.39a but upper half

only
X(M) 2N S o sample vector
X2(*) 2 P o 15 to Nth conjugated compo-

nents of sample vector
followed by 2nd to Nth conju-
gated components of sample
vector, 3rd to Nth, etc., in
all Ne(N+1)/2 PE's

X1(*) 2 P C 1St component of sample vector
: N times, followed by 2nd com-
ponent of sample vector N-1
times, 3"d component N-2
times, etc., in all N+ (N+1)/2
PE's

MM(-) N* (N-1) S C used to store 2"d through NtM
rows of outer product of
sample vector

ISTR ] S I first PE to enable
ISTP 1 S I last PE to enable
1SUB 1 S I location in MM(M) of current

element of SCM being moved to
M(MM)

JROW 1 S I row of current element of SCM

JCOL 1 S I column of current element of SCM

L-9
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BEGIN

c REPEAT THIS CODE FOR ALL NS SAMPLE VECTORS
ISTR = 1
ISTP = 1

Cc MOVE SAMPLE VECTOR INTO PE'S

FOR JRPOW = 1 TO N

. ENAELE ISTR TO ISTP

. X1(*) = X(JROW)

. ISTR = ISTP + 1

. ISTP = ISTP + N - JROW

. ENABLE J,J+N-1,J+2*N-3,J+3*N-6,...,J+K*N-K*(R+1)/2,
. vee o (T=1)*N-I*(JT-3)/2
. X2(*) = X(JROW)

END FOR

ENABLE 1 TO N*(N+1)/2

M(1,*) = M(1,%) + X1(*)*X2(*)

an

EXECUTE THIS CODE AFTER ALL NS SAMPLE VECTORS DONE

FOR ISUB = N+1 TO N*(N+1l)/2
. ENABLE ISUB
. MM( ISUB-N)} = M(1,*)
END FOR
FOR JROW = 2 TO N
. ENABLE JROW
ISUB = N - 1 + JROW
. FOR JCOIL = 2 TO JROW
. . M(JCOL,*) = MM(ISUB)
. . ISUB = ISUB + N - JCOL
. END FOR

B s S U
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Gauss-Jordan (Gg)
Number of PE's required = N4k

Variable Name Length Location Type Description
M(N,*) 2N P o augmented (see Fig. 4.39%e)
R(*) 1 p R reciprocal diagonals
RECIP(N) N S R reciprocal diagonals
TEMP(N) 2N S C elements of JCOLth

column of M
JROW 1 S I current row being eliminated
JCOL 1 S I current column being zeroed

out

L-11
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BEGIN

ELIMINATE EACH COLUMN

FOR

.

o s s e e s

.

END
END

JCOL = 1 TO N

ENABLE JCOL

R(*) = 1./REAL(M(JCOL,*))
RECIP(JCOL) = R( ™)

FOR JROW = 1 TO N EXCEPT JCOL
. TEMP( JROW) = M(JROW,*)
END FOR

ENABLE 1 TO N+K

NORMALIZE THE JCOL-TH ROW
M(JCOL,*) = RECIP(JCOL) * M(JCOL,*}
ELIMINATE THE JCOL-TH COLUMN

FOR JROW = 1 TO N EXCEPT JCOL

. M(JROW,*) = M(JROW,*) - TEMP(JROW) * M(JCOL,*)

END FOR
FOR

) - e e~
-




GE--unaugmented

Number of PE's required = N

Variable Name Length Location Type Description
M(N,*) 2N P c see Fig. 4.39%
R(*) 1 P R reciprocal diagonals
RECIP(N) N S R reciprocal diagonals
TEMP(N) 2N S C contains JCOLth column
of SCM
JROW 1 S I current row being eliminated
JCoL 1 S I current column being zeroed
out
L-13
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BEGIN
ELIMINATE EACH COLUMN

FOR JCOL = 1 TO N-1
. ENABLE JCOL

R(*) = 1./REAL(M(JCOL,*))
. RECIDP(JCOL) = R(*)
. FOR JROW = JCOL+1l TO N
. . TEMP(JROW) = M(JROW,*™)
. END FOR

ENABLE JCOL TO N

- NORMALIZE JCOL-TH ROW
M(JCOL,*) = RECIP(JCOL) * M(JCOL,*)
o ELIMINATE JCOL-TH COLUMN
3 FOR JROW = JCOL+l1 TO N
. . M(JROW,*) = M(JROW,*) - TEMP(JROW) * M(JCOL,*)
. END FOR
END FOR
CALCULATE LAST RECIPROCAL DIAGONAL
ENABLE N
R(*) = 1./REAL(M(N,*))

RECIP(N) = R(*)
END

R TTETR RIS  a T L ~




LDL*--unaugmented--optimized

This implementation is identical to GE--unaugmented.
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LDL*--unauymnented--~unoptimized
Number of PE's required = N

Variable Name Length Location Type Description

M(N,*) 2N P C see Fig. 4.39%

R(*) 1 P R reciprocal diagonral

T4*) 2 P C temporary containing un-
normalized JROWth row of
SCM

RECIP(N) N S R reciprocal diagonals

TEMP g S C temporary containing the
(JROW,JSUB)th element
of SCM

JROW 1 S I current row of SCM being
calculated

JSuB 1 S I row from which multiple of

JROWth row is subtracted




Q

BEGIN
SUBTRACT

FOR Jprow
. CIIAD
. R(*)
. RECI

CI'AB

¥ NOMA

. TE*)
M(JR

= SUBT

FOR

e o = & 8

. END
END FOR
ENABLE N
R(*) = 1
RECIP(N)
END

MULTIPLES OF EACH ROW FROM FOLLOWING ROWS

= ¥ TQ N-1
LE Jnow

= 1./REAL(M(JIDROV,*))
D(JNOW) = R(*)
LE JROW+1 TO N

LIZE JROW-Til ROW

= M(JROW,*)
OW,*) = RECIP(JROW) * M(JROW,*)

RACT MULTIPLES OF JROW-TH ROW FROM FOLLOWING ROWS

JSUB = JROW+1 TO N
EMABLE JSUB

TEMP = T(*)

EI'ABLE JSUB TO N

M(JSUB,*) = M(JSUB,*) - TEMP * M(JROW,*)

FOR

./REAL(M(N,*))
- R(*)

—— 2 -




LL*--unaugmented--optimized

Number of PE's required = N

Variable Name Length Location Type Description
M(N»*) 2N P C see Fig. 4.39%a
R(*) 1 P R reciprocal diagonals
RECIP(N) N S R reciprocal diagonals
TEMP(N) 2N S C contains JCOLth column
of SCM
SQR(*) 1 P R square roots of diagonal
elements
SQ(N) N S R square roots of diagonal
elements
JROW 1 S I current row being eliminated
JCOL 1 S I current column being zeroed
out
L-18
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BEGIN

THIS IMPLEMENTATION IS IDENTICAL TO GR-UNAUGMEINTED
LXCEPT ron SOME ADDITIONAL CODE AT END
ELIMINATE EACH COLUMN

FOR JCOL = 1 TO N-1
. ENABLE JCOL
R(*) = 1./REAL(M(JCOL,*))
RECIP(JCOL) = R(™)
FOR JROW = JCOL+1 TO N
TEMP{JROW) = M(JROW,*)
END FOR
ENABLE JCOL TO N

b NORMALIZE JCOL-TH ROW
M(JCOL,*) = RECIP(JCOL) * M(JCOL,*)
¥ ELIMINATE JCOL-TH COLUMN

FOR JROW = JCOL+l1 TO N
M(JROW,*) = M(JROW,*) - TEMP(JROW) * M(JCOL,*)
. END FOR
END FOR

CALCULATE LAST RECIPROCAL DIAGONAL

ENABLE N
R(*) = 1./REAL(M(N,*))
RECIP(N) = R(*)

CALCULATE SQUARE ROOTS OF DIAGONAYT, FLEMENTS
AND EACH ROW OF MATRIX BY CORRESPONDING VALUE

ENABLE 1} TO N
SQR(*) = 1./SAQRT(R(*))
FOR JROW = 1 TO N
ENABLE J
SQ(J) = SQR(*)
END FOR
EVABLE 1 TO N
FOR JROW = 1 TO N
. M(JROW,*) = SQ(JROW * M(JROW,*)
END FOR
END

L-19
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LL*--unaugmented--unoptimized
Number of PE's required = N

Variable Name Length Location Description

M(N,*) 2N P see Fig. 4.39%

R(*) 1 P reciprocal diagonals

RECIP(N) N S reciprocal diagonals

TEMP 2 S temporary containing
(JROW,JSUB)th element
of SCM

JROW 1 S current row of SCM being
calculated

JSUB 1 S row from which multiple of
JROWth row is subtracted

e e o )
L-20
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BEGIN

SUBTRACT MULTIPLE OF EACH ROW FROM FOLLOWING ROWS

FOR JROVW = 1 TO N-1

’ ENABLE JROW
R(*) = 1./SQRT(REAL(M(JROW,*)))
RECIP(JROW) = R(*)
ENABLE JROW TO N

% CALCULATE JROW-TH ROW
M(JROW,*) = RECIP(JROW) * M(JROW,*)
» SUBTRACT MULTIPLES OF JROW-TH ROW FROM FOLLOWING ROWS

FOR JSUB = JROW+1l TO N
. ENABLE JSUB
. . TEMP = M(JROW,*)
. . ENABLE JSUB TO N
. M(JSUB,*) = M(JSUB,*) - TEMP * M(JROW,*)
. END FOR
END FOR
ENABLE N
R(*) = 1./SQRT(REAL(M(N,*)))
RECIP(N) = R(*)
END

L-21




GE--augmented

Number of PE's required = N+K

Variable Name Length Location Type Description
M(N,*) 2N P (5 see Fig. 4.39%
R(*) 1 P R reciprocal diagonals
RECIP(N) N S R reciprocal diagonals
TEMP(N) 2N S G contains JCOLth column
of SCM
JROW 1 S i current row being eliminated
JCOL 1 S 3 current column being zeroec

ouct
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BEGIN

THIS IMPLEMENTATION IS ALMOST IDEMTICAYT. TO
UNAUGHENTED GE EICEPT 'LIADLE JCOL TO M'

DECOMDS 'ENABLE JCOL TO N+K' ANID TIHE LAST

ROW IS MULTIPLIED BY THE LAST RCCIPROCAL DIAGONAL

Qoaaoaan

ELIMINATI EACH COLUMN

FOR JCOL = 1 TO N-1

. ENABLE JCOL
R(*) = 1./REAL(M(JCOL,*))
RECIDP(JCOL) = R(*)
FOR JROW = JCOL+l TO N

TEMP(JROW) = M(JROW,*)

END FOR
ENABLE JCOL TO N+K

(> ® NORMALIZE JCOL-TH ROW
M(JCOL,*) = RECIP(JCOL) * M(JCOL,*)
Cc 5 ELIMINATE JCOL-TIH COLUMN
FOR JROW = JCOL+l1l TO N
M(JROW,*) = M(JROW,*) - TEMP(JROW) * M(JCOL,*)
. END FOR
END FOR
(o CALCULATE LAST RECIPROCAL DIAGONAL
ENABLE N

R(*) = 1./REAL(M(N,*))
RECIP(N) = R(*)}

a

MULTIPLY LAST ROW BY LAST RECIPROCAL DIAGCNAL
ENRABLE N+1 TO N+K

M(N,*) = RECIP(N) * M(N,*)
END

L-23
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LDL*--augmented--optimized

This implementation is identical to GE--augmented.
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LDL*--augmented--unoptimized
Number of PE's required = N+K

Variable Name Length Location - Type Description

M(N,*) 2N P (6 see Fig. 4.39%

R(*) 1 P R reciprocal diagonal

T(*) 2 P C temporary containing un-
normalized JROWth row of
SCM

RECIP(N) N S R reciprocal diagonals

TEMP 2 S C temporary containing the
(JROW,JSUB) th elements
of SCM

JROW 1 S I current row of SCM being
calculated

JSUB 1 S I row from which multiple
of JROWth row is sub-
tracted

L-25
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CIEGIN

, fu o mTny
TIiZ LAST ROW IS MULTPLILCD EY THE LAST RECIPROCAL
DINGOI'AL

SUBTRACT MULTIPLES OF EACIH ROW FROM POLILOWING ROWS

FOR JROW = 1 TO N-1
. ENAGLE JROW
R(*) = 1./REAL(J{JROW,*))
. RECIP(JROW) = R(*)
. ENAELE JROW+1l TO N+K

L NORMALIZE JROW-TH ROW

T(*) = M(JROW,*)
M(JROW,*) = RECIP(JROW) * M(JROW,*)

o SUBTRACT MULTIPLES OF JROW-TH ROW FROM
» FOLLOWING ROWS

. FOR JSUB = JROW+l1 TO N
. ; ENABLE JSUB
TEMP = ¢ %)
ENABLE JSUB TO N+K
. M{JSUB,*) = M(JSUB,*) - TEMP * M(JROW,*)
END FOR
END FOR
ENABLE N
R(*) = 1./REAL(M(N,*))
RECIP(N) = R(*)

MULTIPLY TIIE LAST ROW BY THE LAST RECIPROCAL DINGONAL
ENABLE N+1 TO N+K

M(N,*) = M(N,*) * RECIP(N)
END

L-26
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LL*--augmented--optimized
Number of PE's required = N+K

Variable Name Length Location Type Description

M(N,*) 2N P o see Fig. 4.3%

R(*) 1 P R reciprocal diagonals

RECIP(N) N S R reciprocal diagonals

TEMP(N) 2N S € contains JCOLth column
of SCM

SQR(*) 1 P R square roots of diagonal
elements

SQ(N) N S R square roots of diagonal
elements

JROW 1 S I current row being eliminated

JCOL 1 S I current column being zeroed
out
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BEGIN

THIS IMPLEMENTATION IS ALICST IDEMTICAL TO
LL*-UNAUG!HIKTED-OPTIMIZED EXCEDT

"DRABLE JCOJL, TO N" BECOC!MNIS “LERABLE JCOL TO N+K"
AND MULTIPLYING THE LAST ROW BY THE LAST
RECIPROCAL DIAGONAL

ELIMINATE EACH COLUMN

FOR JCOL = 1 TO N-1

. ENADLE JCOL

R(*) = 1./REAL(M(JCOL,*))
RECIP(JCOL) = R(*)

FOR JROW = JCOL+l TO N

. TEMP(JROW) = M(JROW,™*)
END FOR

ENABLE JCOL TO N+K

X NORMALIZE JCOL-TH ROW
M(JCOL,*) = RECIP(JCOL) * M(JCOL,*)
» ELIMINATE JCOL-TH COLUMN

. FOR JROVW = JCOL+1l TO N

. . M(JROW,*) = M(JROW,*) - TEMP(JROW) * M(JCOL,*)
. END FOR

END FOR

CALCULATE LAST RECIPROCAL DIAGONAL

ENABLE N
R(*) = )./REAL(M(N,*))
RECIP(N) = R(*)

MULTIPLY THE LAST ROW BY THE LAST RECIPROCAL DIAGONAL

ENABLE N+1 TO N+K
M(N,*) = M(N,*) * RECIP(N)

CALCULATE SQUARE ROOTS OF DINAGONAL ELEMENTS
AND MULTIPLY EACH ROW OF MATRIX BY CORRESPOIDING VALUE

ENABLE 1 TO N
SQR(*) = 1./SQRT(R(*))
FOR JROW = 1 TO N
. ENABLE J
SQ(J) = SQR(*)
LI'D FOR
FFMABLE 1 TO N+K
FOR JROW = 1 TO N
M(JPOW,*) = SQ(JROW) * M(JPOW,*)
FID FOR
END
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LL*-- augmented-- unoptimized

Number of PE's required = N+K

Variable Name Length Location Type Description
M{N,*) 2N P C see Fig. 4.3%
R(*) 1 P R reciprocal diagonals
RECIP(N) N S R reciprocal diagonals i
TEMP 2 S C temporary containing
(JROW,JSUB)th element
of SCM
JROW 1 S I current row of SCM being
calculated
JSUB 1 S I row from which multiple of

JROWth row is subtracted

L-29
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BEGIN

THIS IMPLEMENTATION IS ALMOST IDENTICAL TO
LL*-UNAUGHERTED-UNOPTIMIZLD EMCEPT

“ENABLE ¥ TO N" BECOMES “LIN\ELE X TO 1M+R™
AD IIULTIPLYING THE LAST ROW EY TIHE LAST
RECIPROCAL DIAGONAL

SUBTRACT MULTIPLES OF EACHI ROW FROM FOLLOWING ROWS

FOR JPOW = 1 TO N-1
ENABLE JROW
R(*) = 1./5QRT(REAL(M(JROW,*)))
RECIP(JROW) = R(™)
ENABLE JROW TO N+K

»* CALCULATE JROW-TH ROW
M{JROW,*) = RECIP(JROW) * I JROW,*)
- SUBTRACT MULTIPLES OF JROW-TH ROW FRO!M ["OLLOWING ROWS

FOR JSUB = JROW+1l TO N

. ENABLE JSUB

. . TEMP = M(JROW,*)

. . ENABLE JSUB TO N+K

. M(JSUB,*) = M(JSUB,*) - TEMP * M(JROW,*)
END FOR

END FOR

ENABLE N

R(*) = 1./SQRT(REAL(M(N,*)))

RECIP(N) = R(*)

MULTIPLY THE LAST ROW BY THE LAST RECIPROCAL DIAGONAL
ENAELE N+1 TO N+K

M(N,*) = RECIP(N) * M(N,*)
END
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First Back Substitution—-LDL*—GE--UD

Number of PE's required = N

Variable Name Length Location Type Description
M(N,*) 2N P C see Fig. 4.39b (rowwise)
S(K,*) 2K P o see Fig. 4.39c (vectorwise)
TEMP(K) 2K S C temporary containing JROW-15t
components of S
R(*) 1 P R reciprocal diagonals
JROW 1 S I current component of S
being calculated
AUG 1 S I current steering vector

being calculated

L-31




EEGIN
SUBTEMACT IWWLTIPLES OF RCTIS OF M FROM S

FOR JROY = 2 70 N
. ENARLT JROW-?
R .
1IP{ ALIG) = € % *)
LND R
EI'LDLE SROW TO N
- CALCULATE JROW-TY CiI'PONENTS QF S
FOR AUG = 1 TO K
S(AUG,*) = 8 AUG,*) - TEMP(J) * CONJIG(M(JR

. END FOR 3
END FOR

O%-1,%))

MULTIPLY BY RECIPROC/.. DIAGONALS

EMABLE 1 TO N
FOR AUG = 1 TO K
SCAUG,*) = SCAUG,*) * R(=*)
END FOR
END




First Back Substitution =~ LDL*-GE~~ L [II]

Number of PE's required = N

Variable Name Length Location Type Description
M(N,*) 2N P C see Fig. 4.39b (rowwise)
S(N,*) 2N P C see Fig. 4.39c (componentwise)
TEMP(N) 2N S C temporary containing JROWth
column of L*
RECIP(N) N S R reciprocal diagonals
JROW 1 S I current component of T
being calculated
JSUB 1 S I component a multiple of which
is being added to JROWth
component
L-33
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BEGIN
SUBTRACT MULTIPLES OF EACH ROW FROM FOLLOWING ROWS

FOR JROW = 2 TO N
. ENAELE JROW
FOR JSUB = 1 TO JROW-1
TEMP(JSUB) = M(JSUB,*)
END FOR
ENABELE 1 TO K

» CALCULATE JROW-TH COMPONENT OF 5

FOR JSUB = 1 TO JROW-1
S(JROW,*) = S(JROW,6*) - CONJG( TEMP{JSUB)) * S(JSUB,*)
. END FOR
END FOR

MULTIPLY BY RECIPROCAL DIAGONALS

FOR JROW= 1 TO N

S(JROW,*) = S(JROW,*) * RECIF\JROW)
END FOR 5
END
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First Back Substitution-- LDL*-GE-

[T
SRl
This implementation firg%‘transposes M and then uses First

1k

Back Substitution--LDL*-GE--
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First Back Substitution--LDL*-GE-~flix f{]]

Number of PE's required = N

Variable Name Length Location Type Description

M(N,*) 2N P C see Fig. 4.39 (columnwise)

S(N,*) 2N - P C see Fig. 4.39c (componentwise)

TEMP(N) 2N S C temporary containing JROWth
row of L*

RECIP(N) N S R reciprocal diagonals

JROW 1 S I current component of T

JSUB 1 S [ component from which a multiple
of the JROWth component is
substituted
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BEGIN

SUBTRACT MULTIPLES OF EACH ROW FROM FOLLOWING ROWS

FOR JROW = 1 TO N-1
. CNABLE JROW
FOR JSUB = JROW+1 TO N
. . TEMP(JSUB) = M(JSUB, %)
. END FOR
ENABLE 1 TO K

¥ CALCULATE JROW+1-ST COMPONENT OF S

. FOR JSUB ~JROW+l1 TO N

S(JSUB,*) = S(JSUB,*) - CONJG(TEMP(JSUB)) * S(JROW,*)
. END FOR
END FOR

MULTIPLY BY RECIPROCAL DIAGONALS
FOR JROW = 1 TO N
S(JROW,*) = RECIP(JROW) * S(JROW,*)

END FOR
END

L-37
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First Back Substitution--LL*--
Lt bl
Number of PE's required = N

Variable Name Length Location Type Description
*

M(N,*) 2N P ¢ see Fig. 4.39b (rowwise)

S(K,*) 2K g C see Fig. 4.39c (vectorwise)

TEMP(K) 2K S ¢ temporary containing JROW-1°F
components of S

RECIP(N) N S R reciprocal diagonals

JROW 1 S I current component of S being
calculated

AUG 1 S I current steering vector being
calculated

L-38
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BEGIN

SUBTRACT MULTIPLES OF ROWS OF M FROM S

FOR JROW = 2 TO N
. ENABLE JROW-1

FOR AUG = 1 TO K

» = MULTIPLY BY RECIPROCAL DIAGONAL

. . S(AUG, *)
. TEMP( AUG)
. END FOR

= S(AUG,*)
= S(AUG,*)

ENABLE JROW TO N

* RECIP(JROW-1)

” CALCULATE JROW-TH COMPONENTS OF S

. FOR AUG = 1 TO K

. . S(AUG, *)
. END FOR
END FOR

= S(AUG,*)

= TEMP(AUG) * CONJG(M(JROW-1,*))

MULTIPLY LAST COMPONENT BY LAST RECIPROCAL DIAGONAL

ENABLE N
FOR AUG = 1 TO K

. S(AUG,*) = S(AUG,*) * RECIP(N)

END FOR
END
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First Back Substitution--LL*--"{T] 1T]

Number of PE's required = N

variable Name Length Location Type Description

M(N,*) 2N p C see Fig. 4.39b (rowwise)

S(N,*) 2N P G see Fig. 4.39c (componentwise)

TEMP(N) 2N S C temporary containing the JROWth
column of L*

RECIP(N) N S R reciprocal diagonals

JROW 1 S I current component of T being
calculated

JSuB 1 S I component a muitiple of which
is being added to JROWth
component
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BEGIN

SUBTRACT MULTIPLES OF EACH ROW FROM PRECEDING ROWS
CALCULATE FIRST COMPONEMNT OF S

ENABLE 1 TO K
S(1,*) = S(1,*) * RECIP(1)
FOR JROW = 2 TO N
- ENAELE JROW
FOR JSUB = 1 TO JROW-1
TCMP(JSUB) = M(JSUB,*)
END FOR
ENABLE 1 TO K

L CALCULATE JROW-TH COMPONENT OF S
. FOR JSUB = 1 TO JROW-1
. . S(JROW,*) = S(JROW,*) =~ CONJG(TEMP(JSUB)) * S(JSUB,*)
. END FOR
» MULTIPLY BY RECIPROCAL DIAGONAL
S(JROVI,*) = S(JROW,*) * RECIP(JROW)

END FOR
END
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First Back Substitution--LL*--

This implementation first transposes M and then uses First Back

Substitution--LL*-—{Twr‘.
L

L-42
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First Back Substitution--LL*-- [} []T]
Number of PE's required = N

Variable Name Length Location Type Description

M(N,*) 2N P ¢ see Fig. 4.39b (columnwise)

S(N,*) 2N P C see Fig. 4.39c (componentwise)

TEMP(N) 2N S C temporary containing JROWth
row of L*

RECIP(N) N S R reciprocal diagonals

JROW 1 S I current component of T

JSUB 1 S I component from which a multiple
of the JROWth component is
subtracted
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BEGIN

SUBTRACT MULTIPLES OF EACH ROW FROM FOLLOWING ROWS
CALCULATE FIRST COMPONENT OF S

I'ABLE 1 TO K

St1,;*) = s(1,*) ® RECTP(L)
FOR JROW = 1 TO N-1

. ENABLE JROW

. FOR JSUB = JROW+1l TO N

. . TEMP(JSUB) = M(JSUB,*)
. END FOR

. ENABLE 1 TO K

* CALCULATE JROW+1-ST COMPONENT OF S
FOR JSUB = JROW+1 TO N

S(JSUB,*) = S(JSUB,*) - CONJG( TEMP(JSUB)) * S(JROW,*)

END FOR
L MULTIPLY BY RECIPROCAL DIAGONAL
S(JROW+1,*) = S(JROW+1l,*) * RECIP(JROW+1l)

END FOR
END
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Second Back Substitution--LDL*~GE--

[T

This implementation transposes M first and then uses Second Back

Substitution--LDL*-GE-- IS i
el

L-45
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Second Back Substitution--LDL*-GE-- *.| ||
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|

Number of PE's required = N+K [N]

Variable Name Length Location Type Description
M(N,*) 2N P C see Fig. 4.39e (rowwise)
[see Fig. 4.39b (rowwise)]
[S(N,*) 2N P o see Fig. 4.39c (componentwise) ]
TEMP(N) 2N S o temporary containing JROWth
column of M
JROW 1 S I last calculated component of S
JSUB 1 S 1 component of S from which a

L-46
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multiple of the JROVth component
is subtracted
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BEGIN
SUBTRACT MULTIPLES OF EACH CCHDPONENT FRCM PRECEDING COMDPOMENTS

FOR JROW = N TO 2 BY -1
. ENABLE JROW
. FOR JSUB = 1 TO JROW-1
. TEMP(JSUB) = M(JSUB,*)
END FOR
ENABLE N+1 TO N+K [ 1 TOK]

* SUBTRACT MULTIPLE OF JROW-TH COMPONENT FROM PRECEDING COMPONENTS

. FOR JSUB = 1 TO JROW-1

. . M(JSUB,*) = M(JSUB,*) - TEMP(JSUB) * M(JROW,*)
. . [ S(JSUB,*) = s(JSUB,*) - TEMP(JSUB) * S(JROW,*) 1
. END FOR

END FOR

END
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Second Back Substitution--LDL*-GE-- "
GER

Number of PE's required = N

Variable Nauic Length Location Type Description
M(N,*) 2N P see Fig. 4.39b (columnwise)
S(K,*) 2K P ¢ see Fig. 4.39c (vectorwise)
TEMP(N) 2N S C temporary containing JROWth
components of S
JROW 1 S I current row of M a multiple
of which is subtracted from S
AUG 1 S 1 current steering vector
L-48
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BEGIN
SUBTRACT FROM THE CO!MPONENTS OF S MULTIPLES OF THE ROWS OF M

FOR JROW = N TO 2 BY -1
. ENMACLE JROW
FOR AUG = 1 TO K
TEMP(AUG) = S(AUG,*)
CEND FOR
CNACLE 1 TO JROW-1

® DO ENCH STLERING VECTOR

. FOR AUG = 1 TO K

. . S(AUG,*) = S(AUG,*) - TEMP(AUG) * M(JROW,*)
. END FOR

END FOR

END
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Second Back Substitution--LDL-GE--[ [ . || |

Number of PE's required = N+K [N]

Variable Name Length Location Type Description
M(N,*) 2N P C see Fig. 4.39e (columnwise)
[see Fig. 4.39b (columnwise)]
[S(N,*) 2N P C see Fig. 4.39c (componentwise)]
TEMP(N) 2N S C temporary containing JROWth
row of L
JROW 1 S 1 current component of S

being calculated

JSUB ] S i component of S a multiple of
which is being subtracted
from the JROWth component

L-50
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BEGIN

SUBTRACT FROM EXACIH COMPOLIENT MULTIPLES OF FOLLOWING COMPONENTS

FOR JROW = N-1 TO 1 BY -1
. EADLE JROW

FOR JSUR = JROW+l TO N

. TEMP(JSUB) = M(JSUB,*)

END IOR

ENAELE N+1 TO N+K [ 1 TOoK]

% CALCULATE JROW-TH CO!MPONENT

FOR JSUB = JROW+1 TO N
. M(JROW,*) = M(JROW,*) - TEMP(JSUB) * M(JSUB,*)
s . { S(JROW,*) = S(JROW,) - TEMP(JSU3) * S(JSUB,*) 1
. END FOR
END FOR
END
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Second back Substitut cn--ii*--
Number of PE's required = N -1

This implementation transposes M first and then uses Second Back

e i
Substitution--LL*-~ SE
Lol

L-52
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Second Back Substitution--LL*-- 1] [] ]]
Number of PE's required = N+K [N]

Variable Name Length Location Type Description
M(N,*) 2N P C see Fig. 4.3% (rowwise)
[see Fig. 4.39b (rowwise)]
[S(N,*) 2N P C see Fig. 4.39c (componentwise)]
TEMP(N) 2N S C temporary containing JROWth
column of M
RECIP(N) N S R reciprocal diagonals
JROW 1 S I last calculated component of S
JSUB 1 S I component of S from which a

multiple of the JROWth
component is subtracted
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BEGIN

SUBTRACT MULTIPLES OF EAbLI COMPONENT FROM PRECEDING COMPONENTS
MULTIPLY LAST COMPONENT BY LAST RECIPROCAL DIAGONAL

ENABLE N+1 TO N+K £ 1 70 K i

MR,*) = MN,*) * RECIP(II) [ S(N,*) = S(N,*) * RECIP(N) ]
FOR JROW = N TO 2 BY -1

. EINAELL JROW

. FOR JSUB = ? TO JROW-1

. . TEMP(JSUB) = M(JSUB,*)

. END FOR

. ENABLE N+1 TO N+K [ 1 TOK]

i SUBTRACT MULTIPLES OF JROW-TH COMPONENT FROM PRECEDING COMPONENTS

5 FOR JSUB = 1 TO JROW-1

. . M(JSUB,*) = M(JSUB,*) - TEMP(JSUB) * M(JROW,*)

v . [ S(JSUB,*) = S(JSUB,*) - TEMP(JSUB) * S(JROW,*) 1
. END FOR
* MULTIPLY BY RECIPROCAL DIAGONAL

M(JROW-1,*) = M(JROW-1,*) * RECIP(JROW-1)

[ S(JROW-1,*) = S(JROW~1,*) * RECIP(JROW-1) 1]

END FOR
END
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Second Back Substitution--LL*-- EE:?:
Number of PE's required = N e
Variable Name Length Location Type Description
M(N,*) 2N P o see Fig. 4.39b (columnwise)
S(K,*) 2K P C see Fig. 4.39c (vectorwise)
TEMP(N) 2N S 0 temporary containing JROWth
comporents of S
R(*) 1 P R reciprocal diagonals
JROW 1 S I current row of M a multiple
of which is subtracted from S
AUG 1 S I current steering vector
L-55
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BEGIN
SUBTRACT FIIOM THE COfIPONINTS OF S MULTIPLLS OF ROW5 OF I

FOR JROW = N TO 2 BY
. ENABLE JROW

FOR AUG = 1 TO K
. . S(AUG,*) = S(AUG,*) * R(*)
. . TEMP(AUG) = 3(AUG,*)
. END IOR
. ENABLE 1 TO JROW-1}

b DO EACH STEERING VEUTOR

FOR AUG = 1 TO K

. S(AUG,*) = S{AUG,*' ~ TEMP{AUG) * M(JROW,*)
. END FOR
END FOR

MULTIPLY FIRST COMPONENT BY FIRST RECIPROCAL DIAGONAL

ENABLE 1

FOR AUG = 1 TO K

. S(AUG,*) = S(AUG,*:» " R/
END FOR

END
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Variable Name

Second Back Substitution--LL*-- [_LJ;>

M

Number of PE's required = N+K [N]

Length Location

Description

M(N,*)

[S(N,*)
TEMP(N)

RECIP(N)
JROW

JsuB

2N P

2N P

2N S

N S

1 S

1 S
L-57

see Fig. 4.39%e(columnwise)
[see Fig. 4.39b (columnwise)]

see Fig. 4.39c (componentwise)]

temporary containing JROWth
row of L

reciprocal diagonals

current component of S
being calculated

component of S a multiple of
which is being subtracted
from the JROWth components
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BEGIN

SUBTPACT FROM EACH COMPONENT MULTIPLES OF FOLLOWING COMPONENTS
MULTIPLY LAST COMPONENT EY LAST RECIPROCATL DiniGCONAL

EMABLE N+1 TO N+K [ 1 TO K 1]
M(N,*) = M(N,*) * RECIP(N) [ S(N,*) = S(N,*) * RECIP(N)} 1]
FOR JROVW = N-1 TO 1 BY -1
. EMABLE JROW

FOR JSUB = JROW+1l TO N

TEMP(JSUB) = M(JSUB,*)
END FOR
ENABLE N+1 TO N+K (1TO0K]1

* CALCULATE JROW-TH COMPONENT
. FOR JSUB = JROW+1 TO N
. . M(JROW,*) = M(JROW,*) - TEMP(JSUB) * M(JSUB,*)
. . [ SCJROW,*) = S(JROW,*) - TIMP(JSUB) * S({JSUB,*) 1]
END FOR
N MULTIPLY BY RECIPROCAL DIAGONAL
. M(JROW,*) = M(JROW,*) * LECIP(JROW)
b [ S(IJROW,*) = S(JROW,*) * RECIP(JROW) 1

END FOR
END
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