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Appendi x A. Implementations of Algori thms for Computing
the Sample Covariance Matrix on a Vector
Pipel ine Processor

All the imp l ementations are written in an easily understood, structure d

programming language. These implementa tions are presented for opera tion

count purposes only and are not intended to be compilable code. For a

discussion of these imp lementations , please see Section 4.3.2.2 “Calculating

the Sample Covariance Matri x on a Vector Pipeline Processor. ”
In the following discussion , sample covariance matrix will be abbre-

v iated to SCM and sample vector to SV. MR and MI will be the arrays

containing, respectively, the real and imaginary parts of the SCM and w ill

be floating-point (FP). XR and XI are FP arrays containing the real and

imaginary parts of the SV . In front of each implementation will be a list of

varia bles with their types (floating-point (FP) or integer (I)), their

len gths (as a function of the number of weights (N) and the number of

samples (NS)), and their contents and storage scheme (contents omitted

for MR. MI, XR , X I; storage scheme i s vectorw i se , compon entw i se , etc.).

Vectors are denoted by double subscripts like MR(K ,L), which means

the L-word-long vector starting at location K of array MR. Vector oper-

ations are denoted by

1) A(K1 ,L1) = B(K2,Ll) ± C(K3,L1)

2) A(K l ,L2) = D(K2,L2)

3) X = SUM[A(K2,L3)]

which are equivalent to, respectively,

1) FOR LOC=O to Li-i

A (Ki + LOC) = B(K2 + LOC) ± C(K3 + LOC)

END FOR

A-i 
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2) FOR LOC = 0 to L2-l

A(K l + LOC ) = D(K2 + LOC )

END FOR

3) X = 0

FOR LOC = 0 to L3-l

X = X + A(K 2 + LOC)

END FOR

If a non—vector appears to the right of the equal sign in case 1) or 2),

it is treated as though it were a vector of the appropriate length con-

taining the constant value of the non-vector.

FOR-END FOR loops behave as they should: if the initial value is

greater than the final value and the step—size Is positive (default = 1),

or if the initial value is less than the final value and the step—size

is negative, the loop is skipped and control passes to the first state-

ment following the END FOR.

A-2

- - - .— . — _--- .-~-—. a- r .— - -- ~~~~~~~~~~~~~~~~~ —~~---- 
_—

~ ~~~~~~~~~~~~~~ ‘~~~~~ a-~~



Implementation 1--Unpacked Storage

VARIABLE TYPE LENGTH CONTENT S

MR FP N2 roww i se
MI FP N2 rowwise

XR EP N

XI FP N

ROW I 1 current row of SCM

START I 1 starting location of
current row of SCM

BEGIN

START = 1

C UPDATE EACH ROW OF THE MATRIX

FOR ROW = 1 TO N

C UPDATE THE REAL PART

MR(START,N) = MR(START ,N) + xR (ROw)*xR (l,N) +XI(ROW)*XI(l ,N)

C UPDATE THE IMAGINARY PART

MI(STAR T ,N) = MI(START ,N) + XR (ROW)*XI(1 ,N) _XI(ROW)*XR(l ,N)
START = START + N

END FOR

END

A- 3
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Implementation 1--Unpacked Storage

VARIABLE TYPE LENGTH CONTENTS

MR FP N(N+l )/2 rowwise

MI FP N(N+l)/2 rowwise

XR FP N

X I FP N

ROW I 1 current row of SCM

START I 1 starting location of current
row of SCM

LENGTH I 1 length of current row of SCM

BEGIN
START = 1
LENGTH=N 4. A

C UPDATE THE 1S~ THROUGH N-2~~ ROWS OF THE MATRIX
FOR ROW = iTO N-2

C UPDATE THE REAL PART
MR (START ,LENGTH) = MR(START,LENGTH) + XR(ROW)*

XR(ROW ,LENGTH) + xI(ROW)*XI(ROW,LENGTH)
C UPDAT E THE IMAGINARY PART

MI(START + 1,LENGTH - 1) = MI (START + 1 ,LENGTH - 1)

+ XR(ROW)*XI(ROW + 1,LENGTH - 1)
- XI(ROW) *XR(ROW + 1 ,LENGTH -1)

START = START + LENGTH
LENGTH = LENGTH - 1

END FOR
C UPDATE THE REAL PART OF THE N-i ‘ ROW

MR(START ,2) = MR(START ,2)
+XR (N_l)*XR(N_l ,2) + XI (N_l)*XI (N_l ,2)

C UPDATE THE IMAGINARY PART OF THE N-lst ROW
MI(START+l) = M1(START+1) + XR (N_1 )*XI(N) - XI (N_1 )*XR(N)

C UPDATE THE REAL PART OF THE Nth ROW
MR (START+2) = MR(START+2) + XR(N) *XR(N) + XI (N)*X I~N)
END

A- 4
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Implementation 2--Unpacked Storage

VARIABLE TYPE LENGTH CONTENTS

MR FP N2 roww i se
MI FP N2 roww ise
XR FP N

XI FP N 
F

TR1 FP N2 temporary ar~ay containing
a stretched form of XR

TR2 FP N2 temporary array con ta in ing
a stretched form of XR

111 FP N2 temporary array containing
a stretched form of XI

112 EP N2 temporary array conta in ing
a stretched form of XI

ROW I 1 current row of SCM being
stretched

START I 1 start ing location of cur-
rent row of SCM

LENGTH I 1 length of whole SCM

BEGIN
C STRETCH OUT SAMPLE VECTORS

START = 1
FOR R O W = l  t o N

C STRETCH THE REAL PARTS
TR1 (START ,N) = XR(l ,N) -

TR2 (START,N ) = XR(ROW )
c STRETCH THE IMAGINARY PARTS

TIl (START,N) = XI( l ,N)
T12 (START,N) = XI(R OW)
START = START + N

END FOR
C UPDATE MATRIX

LENGTH = N*N
MR(l ,LENGTH ) = MR( 1 ,LENGTH ) + IR1 (1 ,LENGTH )*TR2(l ,LENGTH )

+111 (1 ,LENGTH)*TI2 (1 ,LENGTH )
MI ( 1 ,LENGTH ) = MI(l ,LENGTH) + TR1 (l .1 .ENGTH)* T 12( l ,LENGTH)

- TIl (1 ,LENGTH )*TR2(l ,LENGTH)
END

A- 5
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Implementation 2--Packed Storage

VARIABLE TYPE LENGTH CONTENTS

MR FP N(N+l )/2 rowwi se
MI FP N(N+l)/2 roww ise
XR FP N

X I FP N
TR1 FP N (N+l)/2 temporary array con-

t a in ing  a stretc hed
form of XR

TR2 FP N (N+1)/2 temporary array con-
ta in ing  a stretched
form of XR

111 FP N(N +1)/2 temporary array con-
taining a stretched
form of XI

112 FP N(N+l)/2 temporary array con-
ta in ing  a stretched
form of XI

ROW I 1 current row of SCM
being stretched

START I 1 start ing l ocation of
current row of SCM

LENGTH 1 1 length of current row
of SCM , then length
of whole SCM

BEGIN
C STRETCH OUT SAMPLE VECTORS

START = 1
LENGTH = N
FOR ROW = I to N-i

C STRETCH OUT REAL PARTS
TR 1 (START ,LENGTH ) = XR (ROW ,LENGTH)
TR2(START ,LENGTH ) = XR (ROW)

C STRETCH OUT IMAGINARY PARTS
T11(START ,LENGTH ) = XI (ROW ,LEUGTH)
T12(START,LENGTH ) = xI (ROW)
START = START + LENGTH
LENGTH = LENGTH -

END FOR
TR1 (START ) = XR (N )
TR2 (START ) = XR (N )
TI1 (START) = XI (N )
T12(START ) = XI (N)

c UPDATE MATRIX
LENGTH N* (N+1)/2
MR( 1 ,LENGTH) = MR (1 ,LENGTH ) + TR1 (l ,LENGTH)*

TR2(l ,LENGTH) + 111(1 ,LENGTH)*T 12( 1 ,LENGTH )
MI (1 ,LENGTH ) = MI(l,LENGTH) + TR1 (1 ,LENGTH )*T 12(l ,LENGTH)

- TI1 (i ,LENGTH )*TR2(1 ,LENGTH)
END

-- _ r — -- - -- ~~~~‘~~ -~~
-‘  — —__ - . .  ,- ~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



In~ 1einentat1on 3--Unpacked Storage

VARIABLE TYPE LENGTH CONTENTS

MR FP N2 rowwlse
MI FP N2 ro~ ilse
XR IP N4.NS real parts of NS SV ’s stored

componen twise (i .e.. 1st
component of all NS samples ,
followed by 2nd component of
all NS samples , etc.)

XI FP N5NS imaginary part of NS SV’s
stored componentwise

I FP 24.NS temporary array to be used
with SUM

ROW I 1 row of current element of SCM
COLUMN I 1 column of current element of SCM
STARTM I 1 locatIon of current element

of SCM
STARTMT I 1 location of transpose of cur-

rent element of SCM
STARTXR I 1 starting location of ROWth

components of SV’s
STARTXC I 1 starting locations of COLUMNth

components of SV ’s
NS2 I 1 2* niasber of SV’s

BEGIN
C COMPUTE THE INNER PRODUCT OF THE DATA FOR
C EACH ELEMENT OF THE MATRIX

NS2 = 2*NS
STAR114 1
STARTXR = 1
STARTXC = 1
FOR ROW 1 to N— l

C COMPUTE DIAGONAL ELEMENT
1(1 ,NS) XR(STARTXR ,NS)*XR(STARTXC,NS)
T(NS+l ,NS) = XI (STARTXR ,NS)*XI (STARTXC ,NS)
MR(STARTM) = SUM(T(l,NS2))
STARTMT = STARTM + N
STARTN = STARTM + 1

C COMPUTE OTHER ELEMENTS
FOR COLUMN ROW + 1 to N

C STARTXC STARTXC + NS
CALCULATE REAL PART
1(1 ,NS) XR(STARTXR,NS)*XR(STARTXC ,HS)
T(NS+l ,NS) = XI(STARTXR ,NS)*XI(STARTXC,NS)
MR(STARTM) = SUM(T(l,NS2))
MR(STARTMT) MR(STARTM)

C CALCULATE IMAGINARY PART
T(l,NS) = XR(STARTXR ,NS)*XI(STARTXC ,NS)
T(NS+1 ,NS) _XI (STARTXR,NS)*XR(STARTXC,NS)
MI(STARTM) SUII(T(l ,NS2))
MI(STARTMT) -MI(STARTM)
STARTMT = STARTMT + N
STARTM STARTM + 1

END FOR
STARIM = STARTM + ROW
STARTXR STARTXR + NS
STARTXC • STARTXR

END FOR
C COMPUTE LAST DIAGONAL ELEMENT

1(1 ,NS) XR (STARTXR ,~IS)*XR (STARTXR ,NS)
T(NS+l ,NS) e XJ (STARTXR ,FIS )*XI (STARTXR ,NS)
MR(STARTM) SUM(T(1,NS2))
END

A-7
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Implementation 3—-Packed Storage

VARIABLE TYPE LENGTH CONTENTS

MR FP N(N+l)/2 rowwlse
MI FP N(N+1)/2 rowwIse

XR FP N*NS real parts of MS SV’s stored
componentwise (I.e., the 1st
component of all NS SV ’s,
followed by the 2nd component
of all SV’s, etc.)

XI FP N*NS Imaginary part of MS SV ’s
stored componentwi se

T FP NS temporary array used with SUM
ROW I 1 row of current element of SCM
COLUMN I 1 column of current element of SCM
STARTM I 1 locatIon of current element of

SCM
STARTXR I 1 startIng location of ROWth com-

ponents of SV’s

S1’ARTXC I I starting location of COLUMNth
components of SV ’s

NS2 I 1 2* number of SV ’s

BEGIN
C COMPUTE THE INNER PRODUCT OF THE DATA FOR EACH
C ELEMENT OF THE MATRIX

NS2 * 2*NS
STARTM • 1
STARTXC = 1
STARTXR • 1
FOR ROW = 1 to N-i

C COMPUTE DIAGONAL ELEMENT
1(1 .NS) = XR(STARTXR,MS)*XR(STARTXC,NS)
T(NS+1 ,NS) = xI(STARTXR ,NS)*XI(STARTXC,N5)
I’R(STARTM) = SUM (T(l,NS2))
STARTM STARTM + 1

C COMPUTE OTHER ELEMENTS
FOR COLUMN = ROW + 1 to N

STARTXC = STARTXC + MS
C CALCULATE REAL PART

1(1 ,NS) = XR(STARTXR ,NS)*XR(STARTXC,NS)
T(NS+l ,NS) = XI(STARTXR ,NS)*XI(STARTXC ,NS)
MR(STARTM) = suM(T(l ,uS2))

C CALCULATE IMAGINARY PART
1(1 ,NS) = XR(STARTXR,HS)*XI(STARTXC,NS)
T(NS+1 ,NS) = _XI(S’rARTXR ,NS)*XR(STARTXC,NS)
MI ( STARTM ) SUM(T(l ,NS2))
STARTM • STARTM + 1

END FOR
STARTXR STARTXR + NS
STARTXC • STARTXR

END FOR
C COMPUTE LAST DIAGONAL ELEMENT

1(1 ,N S) = XR (STARTXR ,NS)*XR(STARTXR,NS)
T(NS+1 ,NS) XI (STARTX I,NS)*XI (STARTXI ,NS)
MR(STARTM) sUM(T (l,NS2))
END

A-B - 
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Appendi x B. Implementations of Algori thms for Di rect Methods of
Solving MW = S on Vector Pipeline Processors

For an explanation of the symbols and abbreviations used in this appendix ,

please see the introduction to Appendix A and the d iscuss ion of Sec tion 4.3.2.

B-i
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Gauss-Jordon (GJ)

Variables Type Length Contents

MR FP N*(N+K) the 1 th group of N+K wor ds conta ins

the real part of the 1 th row of the

SCM followe d by the ~th real compo-

nents of K steering vectors.

MI VP N*(N+K) Imaginary counterpart of MR

SR
~ contained in MR and MI

SI

ROW I 1 current row of SCM

DIVID RP 1 scale factor to normalize ROWth

row of SCM

SUBROW I 1 row from which multi ple of current

row is subtracted

STARTR I 1 ROW+ist location of ROWth row of SCM

STARTS I 1 ROW+lst location of SUBROWth row of SCM

LENGTH I 1 length of current row of SCM

DELTA I 1 N+K; used to update STARTR and STARTS

8-5 
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ron SW~t~C’t 1 1 TO LI
• . IF ~~Ufli~O~ 1 .LIE . flOW

— r!n T T5,L!~L1qTII)
— r-In( 5Ti\flT :i—1 ) ~T t ~~ ~Z~~~Tfl , L~~~~ GT T-C )

+ !~~X~ jTi\n 3 — 1 ) ~ ”Yt ~ ( ~~Tz~nV1 , T..:L~GTIL )

• . . Y-1IC £~TAflT~3 ,LI~ t1GTIU .‘ I !( ~~~~~~~~~~ , L:L:~ Tu)
+ . . . •- nfl( ~r’2~~~3—3. ) ~!!I( 5T’\n?:~ —

-

Efl~) IF
i3T 1\flTi3+DEL T2’t

• ~~ti’) FOfi
I~.P.T1L ‘~ ~~ThflT1l+Dfl~~ T~~~+1

E!1~) L Of i

‘ L O ~~~ 3 T!~~ i’ 11’ I~’3. TI!’ Vn~~’~’r. OPT~.I .‘‘~~~~3 I~’~ rI flC’~7 ~1 I- 1I7.~L
1~I? OPj ~j 1)I3 ~~~~~ ‘

~~~~-) ~~~~~~~~ :V~ .L L J ’~~J TI)

~;cz~~’ui OL’~~t \ ~~TGLii3 , IL113  I!.n’LE1-i:~ \V:co:.1 ~31J~~2 3 ZC > 1.)
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Gaussian Elimination—GE-Decom position

Varia ble Type Length Contents

MR FP N2 rowwise - unpacked

MI FP N2 rowwise - unpacked

RECIP FP N reciprocals of components of D
*in decomposition M = LDL

ROW I 1 current row of SCM

SUBROW 1 1 row from which multiple of

ROWth row is subtracted

STARTR I 1 location of ROW+lst word of ROWth row

STARTS I 1 location of ROW+lst word of SUBROWth row

LENGTH I I length of ROWth row starting in

column ROW+l

B- 7
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DCGIII
LEI GTZI N

- 2

C ELIZ-I INA T fl flOI~T1I COLtThIII ~~O IT 1~~~~ ~~I~flOEI3 ~~T~LO~7 A TJNIT DI~ .GONAL

ron r-~~i 1 TO t1~~2
flflC~~PC flO~1) 1. /Z-IP. ( ST?~flTfl- 1)

• LIfl GTII LErGT~C-- 1

C * Z.L~\I~i3 UN IT DhT ~GOt~~L

• !- I1( ~ T2’ flT 1~, Lfl~~~T ! )  ‘ flF/~IP( r.O~i) * PF~~
inc 5TAflTiL ,LE1~C Tll) f l i CI i ’~ fl0 1) -

~ 1)11 r3 i2 , LLL1~ T!I)

C * ELII-1IN~~TE D~Lo’~-I T1113 DIi\GON~ J.

• ~3TAflT ’3
LO H  I~~~i~ 1lC~~ i:o~-i + 1 TO II

• • i 3 - A f l~ T3 ~5’ - 2\IlV!5 + N
• . t.fl~ ~TZ1flT.3 , T . JT I )  I~ 1~ 3T~~P~’~3 , T T’? ’~T I )

+ . • _ I11~( L ~l\flT~~ - 1)  
~~~~ r~~~\ - ) .’2 :).

• - 
~~~ ~a~~’~ -1. ~r!~t ~~~~~

III ( i~ TZifl TL , ,EI UTIi ) I C (  ~~~~~~ ~~~~~~~~~
+ . . — ri:~ s~~ r~’r -- 1_ ) ‘ !‘: ( 

~~~ - T:i , !~EL’GTI )
+ . . —I - I:~( V~~~T~3—1 ) !1~ ( ~~~~Jl?~ , LT~.~ Tif )

• I~~~ ) FOfl
• ST~ iiTfl -:• i-
LID FOil

C nLIr!Ix!M’n I1--1ST COLW~11

n~:c~ i (  L i — i )  1. / Y - I !~ T.~ ?rL—i
~~~~~~ T~~ ) •

~ :~~ ‘ ‘ : 1 - I !“ ~ ~‘‘J\flTfl)
~f l (  T~\i~T:~)

C C2’~LCULZV?~3 I~flC~~P f l X~AL 0 IZ’.~T DI~\CoI :\; ~~~I - ~ i~’

L~T~\ f lTn + 71
I .‘‘~ 11) 1 / (  T ( — ( ~ I I I )

~-L!I~ ~;~ :\!~~ii) !Lj ( ~~~~~~~ — i  I I
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*Choles ky without square roots—LDL —Packed decomposition (the only

di fference between the packed and unpacked version is the calcula tion of

subscrip ts and pointers, so num bers and expressions in brackets refer to

the unpacked version and replace the numbers and expressions they follow).

Variable Type Length Contents

MR FP N(N+l)/2 [N2] rowwise

MI FP N(N+l)/2 [N2] rowwise

TR FP N temporary array

TI FP N temporary array

RECIP FP N reciprocals of elements of B
*in decomposition M = LDL

TR1 FP 1 temporary l ocation

Ill VP 1 temporary location

ROW I 1 current row of SCM

SUBROW I 1 row from which multi ple of ROWth

row is subtracted

STARTR I 1 location of ROW+lst element of

ROWth row

STARTS I 1 location of SUBROWth element of

SUBROWth row

STARTRS I 1 l ocation of SUBROWth element of

ROWt h row

LAST 1 1 l ocation of last element of SCM

LENGTH I 1 length of ROWth row starting

at element ROW+i

LENGTHS 1 1 length of SUBROWth row starting

at element SUBROW
B- 9
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C!~GII1
— N*( r1+1) 12 (L!~~ T ~) * N)

- 2
LLL GTI L - N

C CALCULATE flO~~TII flO~1 OF L~ FACTOR IN I~1 - LDL *

ron nOW — 1 TO N — 2

C * !1AICfl ULII T DIAGONAL , SAVE P.ECIPI’.CCAL

flCCIP ( i~O~I)  1. /!-!fl( STAI’.Tfl - 1)

• i,SI~GTj I J E 7 C7T1! — 1
• Tfl( no;i -:~ 1 ,LLa 3T11> r . E c I P (  no ~1~~iC STAflTil .L~~~~~T:~ )

TIC n07 7 + 1~ , LLL~GTII)  i’.1~CXP ( n071) ~!II~. START~l ,L:~L;’~TLfl

C * SUY3TRACT !313LT!PLE3 or V.017TH J~GI)  FI’.O!! OTIflfl II0~’JS

L1L15T111 LF.EGTH
STAflTC3

• ST:~~~~ :; ~
. STi’~II’~- 1l -:- I.1~L~3TII LSTAflTS OTARTR ~ 11]FOil S~’1~~O 7  nJ)- !  + 3. 0 Ii —

r~ :~ ~-.nTS , LE r ) T 1 I - )  ) Z-Iil~ ‘flT 13 . LrV.r 7T:I ~$)
+ . . -- ifl - i ~ J~~n01J) !:~ ~i - ~’A:~T:~13 , T, i:: - 7T:!~ 1

• . 1111 STZ)flTS + i , Li ;i ! G TU’3—1 )  !~~:) ~‘.-~:~: 7 - -:5 -I- ~ .~ - ‘ - ?:E3 — 1)
+ . . -—Tr (  L;~Jn!~O~- 1) ~~~~~ ~i~’r ~1 ’ n ~; -~ 1 , T,’~:’3::!-; — 1)
+ C t iDi  0 7) ¶ (  5 L\~~~~~~S 1 —

~ ,j  ~~, — 1)

• . —
~~~~~~ ‘ .~~ 1 - : - - ) -:- L3:!~~-;:)7r7 CSTAOTS S~~~~~~’3 + 1]

• T i  ~iI5 L L ’ ) ’ .~ -- 1
• n:~ ro~

C SUI3Ti~~VJ~ i•IU~.Tfl ~L!~ o’: flO t -72II nO)- ! L’iIC!l L1—13 T ro:i

• !!:~1 -TU:1 ~~, 2)  ! !J!  ;- . ‘ALI’z’rJ ,2)— ’AJ ( 7 i — 1 ) ~~177 ~ ~JT~ r~Tn’3 , 2)
- -  ,. ( L 1_ 1) ~~J I ~~( 5 ’ ’ \ I !~~~, 2 )

• ~~~~~~~~~~~~~~ -:• -‘ 2 1  - ‘~: . -i’ ; 1  1_ I  — ¶ 1 ~C u - - 1) - : !~~( . ~ :’7.:::lJ + 1)
1)

C ‘~~~~ ,~~‘‘ I~~~~’ ‘1’ !1i~~’,’~ 1 1’ I f  ‘T IT T ’ J  t ’ I - ~~rI I)’~’~~ I7’~•i

• Z7 ~~~ !. - ’ )  ., 1~~~~~~~~~~ ; ’ )  —- ¶:n~ 1I ) - i - : (  AnTP.5) —
~( ; ~~~~~~_~~7 1 ; T h : ’- : ; )

C “ .~~~~~~~.
-)  - -~ ! ‘ -

~
- ‘. ‘:~ ) ~~~ 

• !~~ : ‘ : Y .- - . ‘ 1 . 7 ) ’ I 7 I  • .  ‘ .~~T 7  I . 
1 /

• :;_.: ~r.::-~ -:- -~ ;- . ~~~~~~~ 
-~ . - ~~~:i ~ :i -‘ 1]

C ( L Ui-!V -~fl ~j -- 1 ; -  i’ ’;~7

- . 1 — - ‘~~ —

- - - — 1  - I, • 

. . : - ~~~) - , -~~~, , 

i - ... 1 :~~~. - - -

— ‘~f l 1_ ’- ~~ ’’ ’ i-i ’ ’’) —

•
~~( ~~~~

‘ ) • ‘ 1 I
.~~‘ ‘ ‘ _ 1 ’ -
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Cholesky with square roots_LL*_ Packed decomposition (see comments

for LDL* decomposition)

Variable Type Length Contents

MR FP N(N+l)/2 [N2] rowwise

MI VP N(N+1)/2 [N2] rowwise

RECIP FP N recip rc~als of diagonal elemen ts
*of L in decomposition M=LL

ROW I 1 current row of SCM

SUBROW I 1 row from which multiple of ROWth

row is subtracted

STARTR I 1 l ocation of ROW+ist element of

ROWth row

STARTS I 1 location of SUBROWth element of

SUBROWth row

STARTRS I 1 l ocation of SUBROWth element

of ROWth row

LAST I 1 location of last element of SCM

LENGTH I 1 length of ROWth row starting at

column ROW+l

LENGTHS I 1 len gth of SUBROWth row starting

in column SUBROW

B-il
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DEC 11)
LAST — N* (N+1)/2 (LAS T =
SvAI1TR - 2
LE1~.DTJI - N

C CALCULATE EOWTII flOl-) OF L* FACTOR Iii U LL*

FOR ROW - 1 TO ~ - 2

c * CALCULATE RECIPROCAL DIAGONAL AN!) T’.CW

• PEC TP ( POW) ‘-‘ ./ SQT ’ T ( IIfl( STARTf l- 1) )
• LENG Th LflEG~~iI 1
• fl!i( STIUITN, L E i ) G T U )  — RCCIP (  p.01-fl *J)fl( L ;TAnTR ~ ;ENoT:I)
• InC STAflTI1, L 1HIGTII ) EECIP( flOU)~~1-)I( I3TAnT:~,I.ENGTII )

C * ZUI3TI!ACT IIJLTIPLES OF flOlZTII flow Ff011 OTIEHI ROWS

• LENGTHS — LENGTH
STARTR

• STARTS STi~UT R + LE1;GTII ESTART S L3TAP.T11 + N)
• FOR SUEfOlY 1:017 + 1 TO 11-2
• . I-iN’. SVAP.T5 , LENG TL3h ) IIN( f7511’.flTS • i)NG TNI3 )

+ • . — Z I N C  STAP.TP.5 I ~‘tf’.( : ‘r713 , LT::GTEIS i
+ • • --I-n C 11~ 2~. I1 ~ I1S ) ‘-I1I( STA !‘~‘lI5 ,:‘~1~7GTH3 )

• . III(  ST2\NT3 ÷ 1 ,!,1:!c7’27i5 — 1) T’:( ~ “.‘~ IT13 1 • HNCTTN3 — 1)
* • . — Z I f ’ :  5~ ’2J’’ -:7 ’ :1i ) “~i1r I ’PAP.T p’:3 i- 1~ T~ ’i’~~~I ’ T I I’3 — 1)
* • . 1-I ! ~ STAIn /IS I ‘l-Zii( STaf’i’flI3 + 1, L~7L ’ JTf3  — 1)

• • STAF.’2fl13 E 1 ~f~ L~~ + i
• . ‘~~2 ?T’~ 5Ti~ A’h3 + LTECTH3 I ‘OV.T13 “ h3 TAOT3 II + 1]
• . LLL ;1J ’~~13 ~,rA:’.~Tiis — 3.
• 5110 FOIl

C “ SUBTEACT r :77~,T:pI,n Oh’ floI-r ~1! NO) ! L’p .or l 1-1ST fiG)!

• I-~fC  STAP.T11 , 2)  Z 1 NC S’~’~ 1~ ’3 2)  !~~I1’: 17Y. ~J’:T T’:S I
+ . 7 )11 73?A11T[23 , 2 )  — JI~~~ ETAF.J FS3 ) ‘~I 1~ 7 •:A1i:~2)3 , 2)

• ~~:C 5~~j 7’:~1i + 1. ) •‘ I!I( I’AiITS -1- 3 > — 177’ I ( 1i ’i’A~~~~3 I -.

+ . IFI ( 1’?.l: i75 -1 1) -
~ 1-i:-: ( i A -\~~~~ ’:’:~ ) ‘~~~~~( ~~~~j f 3  + 3.)

• STAII l l)  •
~ ‘~~\ i IT i lO  -

~ 1

C ‘ stmTr ~~~ I1 -J;~T:p7 7
~ o-: rrn -;TII i-o~-~ ~

-‘c- •
~~~~

-
~ fOIl

• Y1fl ( 1-A3T I ~‘ ! 11!’: 1-:-.’;~ ’ I — 11$’:’: ‘ : T A  I r~~( ETA~ ?Tr3
— I  ( s’.’’- ‘~~I’ 7 1  I I  !71 

~)‘
.‘- - .‘ - I

- ‘7’ ~~f 1 1 ’ - ’~~ •,  n : ’ : - ’. - -  H’~ - 1 : 7  -:- ~ \ - ‘ ‘ 1  -, ‘-~~\ 1 - ’~~ :- •1 - :- 1.1
i)t lJ lOl l

C ( ‘ ,l r ; ; T 1 ,’: ’ -; - — 3 7 7 ’ .~ j ) ~ 7

~~~~~~ 
.-. 1 • / 5 1 1 7 1 ’ .’ ( 71:1 n1 1.f- -~l - -  1) )

1~ . . r - - —
~ r I ~~ ) .~~~ 1 - ’ ) I ) ~~~~1 ) -  ‘ ‘ ‘i

‘ 1 7 ’  112~~~11’1) ‘~~‘ - , ( ) 7 1  I I

C c-. c~~:~’ 11~1 ~~~ ~- nc -  -
~~~~ p : ~ : . ) C~ \7,

1,. ) r I ) (  I I )  : f , • 7 ’ - ’ : ’ :  T 1~~’ - ’ )  - f:- .’: L : \ ;- : :F1) - 1 -  1
+ - - ) l - : ( : , ) ~~ : . 1 ; ’  -~~~~~- -. ) )

I~~7)
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I—

Gauss ian Elimination with Vectorwise Augmentation—GE-

Variable Type Length Contents

MR FP N2 rowwise

MI FP N2 rowwise

SR FP KN real part of K steering vectors

vectorwi se

SI FP KN imaginary part of K steering vectors

vectorwi se

RECIP VP N reciprocals of components of D in
*decomposition M=LDL

ROW I 1 current row of SCM

SUBROW I 1 row from which multi ple of ROWth

row is subtracted

STARTR I 1 location of ROW+lst word of ROWth row

STARTS I 1 location of ROW+lst word of SUBROW th

row starting at column ROW+l

LENGTH I 1 length of ROWth row

AUG I 1 current steering vector

STARTSV I 1 location of ROW+lSt element of

current steering vector

STARTSVM I 1 location of first element of

current steering vector

B-i 3
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I
-t

DEGI~LENGTH - N
STAI1TR - 2

C ELIXIIL]ATE ROIITIX COLUZIN SO IT HAS ZER0ES DELOW It UNIT DIJLGONZtL

FOR P.0W 3. TO N - 2
• RECIP ( IIOW ) - 1./I-InC STARTR — 1)
• LEN GTH - LELIGTII - 1

C * I-lAKE UNIT DIAGONAL

• !Ifl( STAP.TR , LEEGTf)  RECIPI RO I l )  * ZINC 5TARTR ,LE~IGTH)
• I i I(  STA11TR , LCN GTH) RECIP (  R O ll)  * ~~~ I3 TARTR ,LEN GTH)

C * EI.II-I INATE BELOW TIlE DIAGONAL -

• STARTS - STARTR
• FOIl SUBP.OI7 P.0)1 + 1 TO 11
• . STARTS - STARTS + N
• . 11tH STARTS , LNNG TH ) - I-INC STARTS , LENGTH )

-ZINC STARTS - 1) * IHIC STAR TT 1 , LENGT1fl
• + III( STARTS — 11* lW STANVIl , L~~ :CTfl)

• . 1-lIC STARTS ,LENGTII) — I-nC STARTS ,~.El-lGTli)—ZI N C STAR TS—!)  * III ( STARTN.Lr ;NGTII )
— 7-tI C STARTS - 1) ~ Z I NC STAI1TI1,LE HGTH)

• END FOP.

C * EI.I!-1INZ\TE FIlOLI STEEI1 IL1G VECTORS

• START SV - P.011 + 1
• FOIL AUG - 1 TO K
• . S1l( 5TAflT5V , I.E7:7~)TU) — S R I  STAP.T5V.LE~ GTI1)

— tflIC STAP.TSV— 1) “ t!Il( sTAiT~rL ,LEL1GTH)
+ . . —LiI ( 5T2”:11T57— 1) “ I-nC S’T;’Ji7:fl , L1IIOT!!)

• . SIC STANTS~.’, LEl :17 . 1’:) s:~ s :-:~ p ’~s ’-i , LY: :-JT:1)
+5Il ( STA11TSV--1) I~ I( STARTN , T.5L:G’T:I )

+ • • —51( STA N T S ’T —l)  “ ZINC STAIITP.,LENCTII)
• • 5T2\P.TSV STAIlTL3V + N
• NED FOP.
• STAP.TN SThP.T1l + 11 + 3.
ELI!) FOR

C ELIm :~1~s 11—1ST COLUNL1

,~~~~-~~~~ 1’ (  \‘ - - 3  ~ 1. / r ’  ENAR’2i1—1 I
-‘ t :1 .. ( 1 . l_ 3 . ) ‘‘

I f ’ :  ; - . -~ f,2P.) •. F1 ’~~:’: J.’ ( N — 1 . )  “ I E I (  I TARTN )

c cIA~~-11Lrv”:; -‘2I!f ~~ I2. .. c 2 : ~ ~~ P CO ’7~~ r’2~~:I:N:

-. ST.”.NTN ~-
rlE ::L l’ 711 )  1 . /( I f l  LIThP 3)  — f J ’  L I T A N T N )  f l ’ :  ST. 1 3 — 3 .

÷ :-~~~~~ ‘: E -IAN’1Il “ 11I( n I X I f n — 3 .  I )

C !f.~ F 1 f ’  \TE t ROt! STNI-7 iLIII - 1 VT:C’. O - ’ : : - ) !‘i7f ) P:C 1i :!)- ~ ~
y D~ AGO 2.7:. ELTI7-1ENTS

- - .  1 ‘~~~) f
• SRi STAN’’EV)  ‘-‘ ‘:n’: S T ) , f l ’ ; ” : ; - T )  • SR.! ST221’.:’ f J— l  I ‘~ r~n( 13 - 1’_ X ’ l ’ 1 i )

—S 1 ( t if . ’. i . ’-lI ; V-- .L 1 t I_ I
5.~ ( i~~-.’l1:~~~- V )  ‘ -  , . - (  

~~~~~~~~~~~ 1:’~:.1I’ .:7 .1_ )  ‘ :fr ( 3:-.v ’:’l)

• 5C’.( I .Z- 1~ ’1VT ..) )  ‘-~ 3. . 1/: :Y 1 ,:I) ‘ 511
• ‘:‘i ,  5’’~~~1’~ 1’’1 ‘‘ ‘ ‘ ‘ ‘ 7 ’ •‘ ‘  I)’( f -’’1~ ’ ‘‘1 , 11)

• 5’_ \i1J5 1 “ L1- .l IV - 11
f r  V t  ,, I • V

Eli!) to i l
11111)
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Gaussian Elimination with Componentwlse Augmentation - GE - 

~~~ ____

Varia ble Type Length Contents

MR VP N.(N + K) the ~
th group of N+K words contains

the real part of the 1th row of

the SCM followed by the real parts

of the 1th components of the K

steering vectors.

MI VP N.(N + K) analogous to MR , except contains

imaginary parts

SR
~ contained in MR and MI

SI )
RECIP VP N reciprocals of elements of 0 -in

*decomposition M = LOL

ROW I 1 current row of SCM

SUBROW I 1 row from which multiple of ROWth

row is subtracted

STARTR I I location of ROW+i St word of ROWth

row

STARTS I 1 location of ROW+1 St word of SUBROWth

row

LENGTH I 1 length of ROW th row starting in

column ROW+l

B- 15
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BEGIN
LENGTh 11 + K
STARTI1 - 2

C ELII-IIHATE fl0i’JTH COLUI-I!1 SO IT HAS ZEROFS DELOI’? A U~1IT DIAGONAL

FOR 110W - 1 TO II - 1
• IIECIP( 1101’!) = 1. /I-1R( STAIV~~1 — 1)
• LL’NCTII - LELISTIC - 1

C * HAKE UNIT DIAGONAL

• t-Ifl( $ThP.TR,LI7LIGTH ) - RECIP C P .0) 1) * 11tH STANTR ,LENGTH )
111( STAUT 11, I.ERGTII) — I1IICIP( P.0)-I) I-tIC STARTN ,LEh1GT:1)

C * ELILIILIATE BELOW TEE DIAGONAL

• STARTS - STAIITR
• FOR 5U011011 11011 + 1 TO N
• . G’L’ UlTC S’)’i\flTS + 11 + IC
• . 1-Ifl ( STAUTS , 7 . I l i 2 GTT t ) - 1111’ STANTS,L’INGT !I)

+. . — 7 1117 17’.’ANTS — 1) ‘~ !IN( 3’1’~ / T V

-‘-!II( IITAiITS- !) I (ST.\TL T IL , LE:;GTH)
• . X~!I( START3 ,LIN1CTIt) — I-hI ( I;TAflTS ,~ I:’.GTi1)

—f7’:l! ffIZ~f l T 5 — 1)  r ! : (  STAll : l , L!l ’~Th! )
—I- 1t( STAP. T 13—lI

• Eli!) FOIl
• SThP~TiL — ST1tI1TI% + N + K + J.
LII!) 1-’OP.
R E C T P (h i )  •‘ I. fIll!’ STAIEI’fl—I)
l u l l  3 O\P.12 , J l )  — IlJC~~1’( N )  ‘~ !!P.( STNITn,K)
I1I( S’i’AIITiL,N )  — 11ECIP( 11) “ III( STiuilTfl , IC )

C

CII!)
C

C I’OTI Y!EV.. IF II 1, TIhE1 ~Ii1!) 1’~~’:’.\L 2 Vi1:’:7:Ol
OP~I ) A T i C53 1? 17 ~~, (jh1L~ 5’; Ch It-I SE? 01’ ç j ) ; i~~~~i;~~;

1.11) 5l iDUj , ~) 517 CL -A1~ ’ 7 /  To f A A ! A : :  o)f1’:2T:of3
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*Cholesky without Square Roots with Vectorwise Augmentation-LDL - ____

* [—1
(see conmients for LDL Decomposition)

Variable Type Length Contents

MR VP N(N+l )/2 [N 2] rowwlse

MI FP N(N+l )/2 [N2] rowwise

SR FP K.N real parts of K steering vectors

vectorwise

SI FP K.N imaginary parts of K steering

vectors vectorwise

TR VP N temporary array

TI FP N temporary array

RECIP FP N reciprocals of elements of D in

decomposition M = LDL*

TR1 VP 1 temporary location

TIl VP 1 temporary location

ROW I 1 current row of SCM

SUBROW I 1 row from which multi ple of ROWth

row is subtracted

STARTR I 1 location of ROW+lst element of

ROWth row

STARTS 1 1 location of SUBROW-th element of

SUBROWth row

STARTRS I 1 location of SUBROWth element of

ROWth row
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*Cholesky without Square Roots with Vectorwise Augmentation-LDL -

(see coments for LDL* Decomposition) (Cont’d)

Variable Type Length Contents

LAST I 1 location of last element of SCM

LENGTH I 1 length of ROWth row starting at

element ROW+l

LENGTHS I 1 length of SUBROWth row starting

at element SUBROW

AUG I 1 current steering vector

STARTSV I 1 location of ROW+lst element of

current steering vector

STARTSVM I 1 location of first element of

current steering vector

B- 18
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I~1hGI!1
LAST - N*(N+1)/2 (LAST - N*N3
STARTI1 - 2
LENGTh! - N

C CALCULATE ROWTII ROW OF L* FACTOR IN 14 - LDL *

FOR 110W - 1 TO N-2

C * I-lAKE UNIT DIAGONAL , SAV E RECIPROCAL

• P .ECXP( POW ) - 1./l-1R(STARTR-i)
• LENGTH — LENGTh —i
• TR( P.0)7+1. LENG T h !) - IIECIP( ROll> *~~flC STM1TR ,LENGTII )
• TI( flOll+ 1, LENGTII ) - I1ECIP( flOt-1)*t1I( STARTR,LENCTB)

C * SIJUTIIACT MULTIPLES OF P.011TH now FIL0I-1 OTHER ROWS

• LENGTHS - LENGTh!
STARTIlS - STFtRTR

• STARTS STltflTtl + LENGTh (STARTS - STARTR + N)
• FOP. !3UBP.O11 - ROIl + 1 TO N-2
• . X-!RC STAP.TS, LELIGTIIS ) - IIn( STAP.TS,LEL2GTI!S )

• -Tfl( SU CROI’l) ~‘Ilfl( BTARTI1S ,Y.ENGTIIS )
• -TI ( SUflIlOW)~~ I-II ( STARTP.fl ,T.Fl!1GTHS )

• . l-II( STMITS÷1 ,LELIGT !tS— 1) — 7tC ( STARTS + 1 ,LHNGTHS — 1)
-Tfl( SU!W.O1i)~ ’I- hX ( 6TAflTIL9 + 1,LEN~THS - 1)
+TI ( SUDIIOI- 1)”I-Ihl( STARTI1U + 1 ,LENUTII5 — 1)

STA1ITRS STAILTL1S + 1
• • STARTS - STARTS + LENGTHS (STARTS - STARTS + fl + 1]
• . I.EiIGTIIS = LENGTh S — 1 -

• END FOR

C * SUBTIlACT 7-1UI.TIPLE OF 110)7Th 11017 FIlOIl 11-1ST 11011

• IIfl( STARTS , 2 )  - t.IIlC STARTS , 2 )_ T f l C t1_ 1)*I~Ii ( STARTRS , 2 )
+ • —TI C 11—1. )~’L-II( STAIITIlS , 2)

• h-tIC STARTS + 1) I-1I( STARTS + 1) —TflC U _ i ) Y ~ilI ( STAflTfl5 + 3.)
+TI ( t1— 1)”I-lN( STANTIIS + 3.)

• I3TARTIlS - STAP.TI!S + 1

c * SUBTRACT IIULTIPLE OF ROUTII 11017 rn-3M 11Th! P.0)- i

• 1IP.( LAST ) t Ill! LA ST) — Tfl( I-1)~~flN( STAP.TP.5)
- -T I ( h1 ) ” I - tI ( STARTNL3 )

C * I-lOVE 1:0111-! LINED P.01-i L-T.0!I Tfl AIlS TI TO !IR AhiD lIt

• TIP.! STZ’ .!ITII , T T;:,L;ç~T l)  TN! hiOt Y + X
• I I I(  f ’ A . I A I I .Y L  .1) - ‘ -.51 ROil + 1_ f~ J _ . . _ f ~~ I)
• STA.IT1L ~

- ~TA1f ~l! + i,LL.~ Tii 1 C ST2\~lTZ! — 3 •~~:1TN -~ II + 1]

C SUSTN2. CT I ” J L T I P 7 fli OF CURPEI1T ED’;! FflC~I ST ~ N~ ES V CTONS

STAIl~JSV - 110)1 ~
- 3.

• ron ~~~ ~‘ 1 TO TI
• . SI:’: S ’j j \ l i ! .~~:Lf112ij ) F ;i f  !;TAI!Tft’.7J ,flflCtl1I)

• - - !~~i!( :;‘.~
‘,‘ ‘ :~~~;,

‘; - - .~~ ) ‘  ‘ill 11UI/ -F 1, j l 7 I 7 ~~ .7:1 )
+ . . — S :( ! ; . .~ ~~~~~~~~~~~~~~~~~~ r:~~ ; - : . , - , I;’ .’;I i)

• . S :-:( f ’. I’. _ S . ’, /. L- I;’l - I l
-1 177 ’ : ) fl’ -2I ’TSV — 3.  I 1 ’ f

— S r i  STAII’A’S V— i) i”: ’ )  C IlOl1+ 1 ,L E N G TI C )
• . 5’’AIl’’S’.’ S’~1~f’.~5’/ -1- N
• N t-I!) ~ 0N
LIII) FOP.
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C CALCULATE !1-1ST 11011

RECIP ( hI -1) - 1./I l f l( 5TAIlTfl-1)
Till - IICCIP ( h i - i )  ~I-!fl( S?ARTR)
TP.2 - 11ECIP( N_ 1) *l!I( STAR T R>

C CALCULATE hIT!! DIAGONAL RECIPROCAL

I1ECI1’( II> — 1. / ( 1-1111 LA ST) — Till ‘~ r-rn( STARTI1 )
+ -TI1”mc STAP.TP.) )
!-IPI STARTR ) - TRi
I-lI ’: STAI1TR) — TIl
ST7W.~ ’SV II
S \1l~~~VX-l 1
FOP. AUG 1 TO IC

Sill STA1lTSV) 5111 START SV) - l3fl( ST2U1TSV-1) ~ TIl l
- + . — f l I ( S T !~rlTSV--1) * TT 1

SIC 5T2\I ’:TSV) SI C STAIlTSV) + SIL l LTAI!TI3 V — 1) * TI!
+ . — SI (  ~~hlT SV— 1) Till.

• 511’: I7I?;I1TSVII , h l )  — !lIICIP( 1, t1) *SP .( 5T7II1TI V!1, hi)
• SI( Z’:~AP.TSVI!1 i I )  — 1LECIP( 1, 11) ’ ’JI ( TJTARTTJVI- h , t-I )

STAIlTSV — STAI1TII T + N
• TI TMlTSVI-l — STAP.TSVU + N
END FOR
EU!)
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Cholesky without Square Roots with Componentwlse Augmentation - LDL - ~~ T i
(see coments for LDL* Deco~positlon)

Variable Type Length Contents

MR FP N (N+l) 
~~ [N2+KN] dividing the array into consecutive

groups of length N+K, N+K-l , N+K-2,

..., l+K [N+K], the 1th of these

groups contains the N+l-i [N]

real parts of the th row of the

SCM, followed by the real parts

of the th components of the

K steering vectors

MI FP N (N4l) +KN [N2+KN] analogous to MR . except it contains

the imaginary parts

SR
~‘ contained in MR and MI

SI

TR VP N+K temporary array

TI VP N+K temporary array

RECIP FP N reciprocals of elements of D in

*decomposition M = LDL

ROW I 1 current row of SCM

SUBROW I 1 row from which multiple of ROWth

row is subtracted

STARTR I 1 location of ROW+lst element of

ROWth row
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*Cholesky without Square Roots with Componentwise Augmentation - LDL

*(see comments for LDL Decomposition) (Cont’d)

Variable Type Length Contents

STARTS I 1 location of SUBROWth element of

SUBROWth row

STARTRS I 1 locat ion of SUBROWth element of

ROWth row

LAST I 1 location of last element of SCM
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BECILl
LAST — !C*( N_ 1)  + N*(fl+l>/2 (LAST — IC*(N_1) + N*N1

- 2
LLIIGTII — hi+IC

C CALCULATE ROlITI! 11011 OF L*FACTOP. IN It LDL*

FOIl P.0W - 1 TO N-i

C * IIAIITI UN IT DIAGCUIAL , CAVE RECIPROCAL

• PCCIP( I’.Oll) — i./!11l( STARTP.-1 )
• LLNSTII  LIlI !GTII -l
• Til’ I;OU+i ,LEIIGTI! ) — P•flCIP(flOt-1)~ !lflC STAflTIl,LENGTH)
• TIC 1lOl1 - :-l , LEILGT 1I) — nEcxp( nol-,)*llIC smnTR , LENQT :!)

C * SUBTRACT MULTIPLES OF P.01-i-TIC P.01-i rrlol-t OT:IE L nows

• LLEGT!IS LI)NGT!I
• STARTIL S - STARTR
• s-f;INTI; - STAN TiL -

~ LENGTh (STAILTS — STAP.TR + LI + IC]
• FOR 51)511017 - 110) 7 + 1 TO N
• . h !P.( STARTS , LUNGT !IS ) — 1-171! STAILTS , LEL-LGTI !S )

+ • . — Tfl (  EUlI f lOl l )  “It~l( STARTED • LSESTI-!S
— T X ( ST JIIIL O) 7) ‘-I1~~( STATI TTL S , LELXI TUS )

• . hlI (  STARTS-i- 1 • I,)N GT 17~. — J  ) -, 71.1’: 5 Afl’i’S--J. ,L ST:IS—l)
+ . . — T fl (  SUIIIlO ’:-l) I~ C 1 S)- ’AT!TP 1 -1- 1 h~S.: TI I 3 — l )
+ . . +T I(  i.7U 1) 1!Ot7) ~!1iM STAR TP.73+ 1. , 7.E::3 T ~1S — l  )

• • SfA1!TllS — STAI1TILS + 3.
• . ;-~:‘ny:; s’ ‘ i’s + LERCTIII) [STAIITI3 STARTS + U + II + 1)
• . !-1 :.D~~i7D — LSL;GTIIS —l
• El!) FOIl

C I DVE NO Il!!ALIIIES 12011 F71O7 ) TN rIND TI TO I~ 1 All!)

• !!l( STi\!!T11 , LEIlS’!’:!) — Ti ll  RC) 1+1 , LEEGTH)
• h l T (  sr AI!TIl , 7,I:~ 7u ~~;I)  — T~~( 1l0;1-~ 1 ,Y l ” ~~GT!! )

• STAIITI I  STAi! i’~ + LrAI-ST1I -:- 1 (STARTR — STARTR + 11 + IC + 1]
ENS t Oil

C CALCULATE 5Th !)IACOIlAL IlECIPILOCAL

l l 5CC5(  Ti )  — 1. / !N1( 7-~~~ t’~)
7 ~~‘:;‘‘ -:- 1. .! -:) 1:7 - 1 :111 11)9771’ L~~~)’l ÷ 1 , 1~~)

! 7 T ( / ~~
-.D’~’ + !~~1) ‘— 1 t t -  PC hI1 ’: I ! l - l . S ’ -. ~- 1 , 5)

511)
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Choles ky with Square Roots with Vectorwise Augmentati on - LL*_ L_~~j

* L i(see comments under LDL Decomposition)

Variable Type Length Contents

MR V P N(N-fl )/2 [N2 1 roww ise

MI FP N(N +l)/2 [N2 ] rowwise

SR FP K•N real parts of K steerino vectnrs
vectorwise

SI FP imaginary  parts of K steering
vectors vectc rwise

RECIP Fl’ N reciprocals of diagonal elements of
*L i n decomposit ion M = LL

ROW I 1 current row of SCM

SUBROW 1 1 row from which multiple of ROWth

row is subtracted

STARTR I I location of ROW +lst element of

ROWth row

STARTS I 1 location of SUBROWth element of

SUBROWth row

ST~4RTR S I 1 location of SUBROW th element of

ROWth row

LAST I 1 length of ROW th row stt rt inq at

column ROW +l

LEN GTHS I 1 length of SUBROL~h row starting

in column SUBROW

AUG I 1 current steering vector

STARTSV I 1 location of ROW+lst element of

current steering vector
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BEGI11
LAST — N* (fl+1)/2 (LAST — N*N)
STARTR - 2
LENGTH - N

C CALCULATE ROWTII Roll Of L* FACTOI1 IN I-I

FOR 110W - 1 TO 11-2

* CALCULATE RECIPROCAL DIAGONAL MiD ROW

• P.ECIP( 110W) - 1. /SORTC 14111 SThRTR- 1))
• LENGTh ! - LENGTh!-!
• 1-tIll STIIP.TR ,LL’IIGT!I) - RECIP( 110) 1) ~T1R( STARTR ,LENGTH)
• 1111 STA1ITR, LELIGT !h) - 11ECIP( 11017) *flI( STARTR ,LENGTII )

* SUI3TI1ACT MULTIPLES OF RO1’7T11 ROW FROM OTEER ROWS

• LEIIGTI!S - LENGTH
• STARTRS ‘- STAP.TR
• STARTS - STARTR + LENGTH (STARTS - STARTR + N]

• FOR SUDIIOW - nor-i + 3. TO N-2
• . 11111 STARTS , LENGTHS ) - MR( STARTS .LENGTIIS)

-T-Ifl ( STTtflTIlS ) ~ t-I1L( STI’iTTTIlI3 ,LE!IGTII3 )
_I .1I( STAIlT11S ) *hhI ( CTAILTRS ,LHNGTI1S )

• . flI( STAI1TS+ 1, LELIGT !IS— 1) — TtI ( STARTS+ 1 , ENGT!1S-1)
• -7_till iiTAflTflS )~~1-1!( STAflTfl3+i ,LE!:GTUS-1)
• +7-tI( STAflTP.S )~~1-1fl( I3TAP.T1LS+ 1 ,LERGTIIS-1)

• . STAIITI1S • STA RWIlE+ ’.
• • STARTS - ETAflTS+L 1IIIGTUS (STARTS - STARTS + N + 1)
• • LEZ :GTIIS - LEIIGTII-1
• END I’OR

c * SUBTRACT I-IULTIPLE OF 1)011TH 11011 FIlOLI TI-lOT ROW

• h1Il(STARTS ,2) - !tfl! STARTS , 2 )  - tP.l( ST2V1TRS)*
+ • 1-1111 STU’-Ti!73 ~ 2)  - f tC  5T ’iIlTP.I ) ~rI~ ( STARTI1S .2 )
• hlI( STARTS+1) — I I I ’  IITARTS+1) — J’ iT!! STA1LTIl3)*

1111 STA11T~1S+ 1) + t1I( STAPTT1IJ ) 9111( STARTR3+1 )
STARTIl’i - STARTI1S+1

C * SUBTI12\C? TIULTIPLE OF IIOIJTT! 11.011 CR011 lIT:! 1)0)1

• I !IL( LAST)  - h!R! LAST)  - 11fl1 STi~flTflS ) *J !flC ST.~if ll~P3)
+ . —71 11 ZTA7I~ES ) 9111 DT.\ ITIL13 )

• STAIl’:i’R STAIlTIl + LSISTR ~. C13T ~.lTfl — 371 71T11 + 11 + 1]

C * SUDT1I~ ;T IIULTXPLES OF CUI1EJRJT 110)1 FROTh S -75)111175 V CTOII S

• 5?i\IITSV — Roll + 3.

• LOll A~ -7 — 1 TO IC
• • LII! CTAIlTS V— 1) 17E”IP ( 125) 1) - 571! ST?JITSI-- U
• . S:.:( C~ ’~ .IS- ’ DV - - l )  I _~~~~ i:s;, s:’:  STe !.-::;-;— i)
• • Sill STARTDV , 7,7:557:11 511.’: I f ~~TS~T •

+ • . —Sil l  1 i ~j : - . U v - l  1 7 ! ’ :  5 - ’’.il~ I • 511
+ . . — 5 I ’  ST7\XL T SV—l ) ’ 1 1 ’ I~’i’,’.’I’ - l .

• • SIC S A R T D V  , T , T h 1 : ; : I ~~ — s:- ’ 51 \77’ - ’5 , , 5~~?~~~- ’ r
+ . • 4-Sill STAIITSV— 1)’  7 1 ‘~( 5?,\ilT~l ,

— 5 1(  5’-. 7 .P .TS V—l ) ’1 !11!  5’- ’\’1 -? !, L 7 ~’~~’il-1)
• • ST7\P.1L’SV - S?s.7:TSV + U
• LED ui!
1)11)) 11011
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C CA) c 1’:ATE h1 i1Y 7 RCII

7151 ~~‘1 71 — 1) •
~ 

1 - /Sc’rlT( 1S1 ( 1 1i’.T7 ) T!- - 1 I

1 !1( 5-T. -l~1l) — l : - .~~Ii~l 7 : — i )  - !:i~ STA :Til )

C C :•5r L~~T5 S 1 PIZ\GO!: .’.5 SIC IPI1OCAL

1. . ‘
~~ 711T( i ‘:s :As i 1 — 11:7! STA!lTi2 ) 17:11 STAR771

+ — 1 ’  5T \ f l~~~ ) 11’:’: ICI\ETII )
— 11

rr) .l ;-:~s 1 TO I)
• !711( 5 \ f l i — i .)  s~~~’ ’ : ’~

-- - ’ ’ ’;v-

• Ii~~ : ; ‘ ,\.7’ , 7 ; ~ .T - . l I 51’ 1 :~12:~V —  ~ ) -1 7 — 1  )
• s ! S i ~~~~-x ;J) -•  C s : - :’ : - — .~~

- - - .y.’: - 5:-: :: .. -5 1- - l I - :
-— 5I (  1;)’~ !:-::;~J—3 .)’!::( 1;:-~~

—!-:-!! ‘‘ _ ::~ ii)
• 131’: STARTS’] ) 

~-‘ C I -s  1l-.’.SSTIV) -:- 5;~~ ( ; - . - : ! - ; ~~~
--

~~~~) ‘ 1 !. ~~( 3-5-\ 7 1 T I l )

+ ( ~ ) t  ) )  — ‘~~i)
• S i’ARTSV ’5T2J)TLV + TI
171! ) LOll
515)
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Cholesky with Square Roots with Componentwise Augmentation - LL* - ____

(see coments under LL* Decomposition )

Variable Type Length 
- Contents

MR VP N(N+l) ÷KN [N2+KN] dividing the array into consecutive

groups of length N+K, N+K-l , N+K-2,

•, l+K [N the 1 th group

contains the N+l-i [N] real parts

of the ~
th row of the SCM, followed

by the real parts of the 1th com-

ponents of the K steering vectors

MI FP NO’141) +KN [N2+KN] analogous to MR , except it contains

the imaginary parts

SR contained in MR and MI

SI

RECIP VP N reciprocals of diagonal elements
*of I in decomposition M = LL

ROW I 1 current row of SCM

SUBROW I 1 row from which multi ple of ROWth

row is subtracted

STARTR I 1 location of ROW+lst element of

ROWth row

STARTS I 1 location SUBROWth element of

SUBROWth row

STARTRS I 1 l ocation of SUBROWth element

of ROWth row
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Cholesky with Square Roots with Componentwise Augmentation - LL* - E~~j I_ ]
*(see corrinents under IL Decomposition) (Cont’d)

Variable Type Length Contents

LAST I 1 location of last element of SCM

LENGTH I 1 length of ROWth row starting at

column ROW+l

LENGTHS I 1 length of SUBROWth row starting

in column SUBROW
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LIIGITI
LAS’i7 — h ’ ~(1I—l) + 11*111+1)/2 (LAST — Ilt (N—1) + U~~U 1
STMITR - 2
LENGTh ! 11 + IC

C CALCULA TE fl0)7- .Tfl 11011 01’ L* ~ACTOU IN 1-1 - LL*

FOR 11011 - 1 TO U - 1

* CALCULATE RECIPROCAL DIAGONAT~ AliT) 110W

• RIICIP C ROI-1) - 1./ SQRT (T!R( STAR T R -l ) )
• 1.555Th! — LL! GT!! — 1
• fEC STARTP.,LET1GTH) “ RECIP!  11011) 91flC STARTI1 ,LESGT!1)
- 1-hI( STAPTR ,LEEGTIL) — I1CCIP( 1)0)1) 9-Ill STA i1TiI ,LEL7C3TH )

c * SUBTRACT 1-IULTIPLES OF 110)1-Tht 11011 PilOt-I OT!IEI1 ROWS

• LEI1OTI!S LESSTII
START 1IS - STAIITR
STARTS - STTII!TR + L71T)GTII (STARTS STAP.TIl + I~ + K)

• FOil SUERO -1 P,0 1 1 TO N
• . I-hill STARTS ,LY- 175T1!S ) — 7111’: STARTS ,YJIEGT!!5)

+ • . — TIll! LT \P.TRS) “r-11)( STAI1TRI) , LE)~~TIT3 )
+ . . — !5~

( SThP.T1E3) “71CC STARTES ,LSSSTI!!3 )
!-!I( START S+1 ,I~EL1GT !fl— X )  1111 S TAETS+1 ,7,527 ’3T!13— 1)

+ - • — J l i l (  5T27 P.T11S I ‘!!\t 5T7111.TIl!3+3. ,LISSTS’3 — 1)
• -:-1II( LTAIITR!3 ) ‘ h-li!! STARTRS+! ,LESST !3— 1)

• . STZ\I1TRS — 57-I\1!TP,S + 1
• • ST2~ETl3 - CIThIITS + LET2GTISI (STARTS - STAC1TS + Ii + II + 1]

• LI:Si1TiI13 “ 1.E1:UTI!5 - 1
• 511)) L’OIt

- STAP.Tl! + LENGTh + 1 (I3TAETP -, S )-7 \ 7 1’~~~~ i- U -i- ‘~ + 13
EIlfl FOll

C CAL CULATE N-TI) DIAGOSAT. IILI2NIINT

nnc i’C 11) ~‘ 1. /SOET( !‘~!( LA ST)
I-li!! LAST-:- !,5i -. P .ECIL’( Li ) ”hT i ’S LAST+1 ,K)
1-It’ LA ST-:- 1 , E ) — 1’. E CI P (  1.1) ‘~T!I( L-2 ’.!iT+l , I~ )
5115

B- 29

- ~~~~---~~ ~~~~~~.-~~~~~ -~~~~~~- - - --_ - - - ~~~~~~~ -- - . -



Gaussian El imination with Columnwise Identity Matrix Augmentation—GE- 
____

Variable Type Length Contents

MR VP N2 
rowwise

MI VP N2 rowwise

SR VP N2 real part of identity matrix

columnwise (i.e., not interl eaved

with rows of SCM)

SI VP N2 Ima ginary part of identity matrix

col umnwise (i.e., not interleaved

with rows of SCM)

RECIP VP N reciprocals of Components of 0

*in decomposition M = LDL

ROW I 1 current row of SCM

SUBROW I 1 row from which multi ple of ROWth row

is subtracted

STARTR I 1 location of ROW+lst word of ROWth row

STARTS I 1 location of ROW+lst word of SUBROWth row

LENGTH I 1 length of ROWth row starting at column

ROW+1

AUG I 1 current column of identity matrix

STARTSV 1 1 location of ROW+Jst ekment of current

column of identity matrix

STARTSVM I 1 location of ROWth element of current

column of identity matrix
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BEGIN
LIIIISTIT N
ZTAI1TR - 2

C ELII-IINMIE ROUT)! COLUI-It) SO IT h A S  RE1IOES BELOI-l A UN IT DIAGONAL

FOR 11011 3. TO 11-2
• !1ECIP( 1)OW) - 1 ./ ? I R C I3TAI1TR-1)
• LENGTH - LENGTh-i

C * fAIt H l iNt? DIAGONAL

• I.Ifl( STAIITR, LENCTI! ) - RE CIPC P.O11)*!lfl( STAP .Tfl,LTI SGTH)
• I-II C STAr !Tn , LENGTI I) — ilECIP( flO) 1)~51I( STAR Tlt ,LE 1ZGTH)

C * ELI!IIIIATE IIELOI! TIlE DIAGONAL

STAI’.T S-STMlTR
• FOR SUBI!Oil - 110)1+ 1 TO TI
• • STARTS - STN1TS4-N
• • I-IR C STARTS ,LISGT!1) 1-Ifl ( 5T2\RCS ,LEIIGT 1I )

+ . . —NE C STA R T S— 1)  917! 13T2\STR , LT-IIIGTI! )
+ . • +l1I( ST2\I1TS—1Y’liI( I3TART 11, LENGTI!)

• . !-lI( STARTI3 , LIITGTII ) — 1-ill STASTS ,LEEGTII)
+ • • — NRC STAR TS—i )  “N:C ( STARTR , LEESThI )

• —Z-1I ( STARTS— 1)” t - l i l(  CTAJ!TR ,LEEGTII)
• END FOR

C * CLITIII1ATE CR011 IDENTITY 1-IAT I1IX

• STAIITC3V - 11017+1
• COil i~UG — 1 TO 1)011— 1
• . Sill S TARTSv ,T.1;1:GTI ) SIll STAETC3V, L5713T!1)

+ • • — 51 11 TA!1TSV—i) 975’: 3~~.ETi , L5T.1GTII)
+ • . --51! 13T\RTSV— 1 I ‘~!!T.( STAETE, ~ S: :5Th-I )

SIC STAr!TSV ,LIS1JTII) — s~~~ r ; ’~71-.I!T5V , ( :77:52- - f )
+ • . +f 117( L TZIII TL V_ 1. I “!1::( IIT21l1-171 , i 1STII >
+ • • — S I C  STARTS V—i )  i f 5 1(  STAflTi., :~,5t!GT~1)

• • STARTS’! r , STAI!T SV+U
• 5117) 5011
• 5711 STARTSV ,L12T 5T71) — — 1771’ ETA!:?!) -. 7-SIETI!)
• 1211 S fAi !TSV , I E !;S l i i)  1711 13’2;\flTl!, :’,SI9-~’lI)
• STAlIT71 STA1ITE --1-I+ 1

1511)) L O T !
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C ELI!-IILIATE Il—lOT COLUI!hJ

T !SCIP( 11— 1) — 1.. /115! S?AilTfl—1 )
1-IEC I3TAP.Tll) — I1S CI! ’(  I l - i  I ~- T1 flC ST.\!1TR)
I-h I (  ST~~ETi !) — JICCII ’ ! 11_ 1) *I5(  START)! )

C CAI CUL-ATN PSCIP 0C.~5 O~’ LAST DIAGO NAL CL ENEhI T

STAETS STZtI’.TT! + Ii
RCCII ’( 11) -

~ 1 . /C  III?! s :’_!l1s ) — r ISC STARTR)  921!C STA RT S—i )
+ +1111 S’~ r-. i :- i~ 1 “X -hI ( ZT~O1TL—1 I

C L’LI TI INA TE FROM IDEN TIF Y NATRilt AU)) DIVIDE BY DIAGOE7V!. SLE!-IEETS

LE11’STI’: — Ii
STA11TSV N
STftflTSVI-1 — 1
FOR AUG ‘- 3. TO 11-2

Li1( STAP.T3V) 57) 1 STARTS’!) - 5fl( STA R T SY- l)

+ . ‘51711 :SSSSTT!) — CII.! 13T1,’2!- SV— l. ) ‘511’: STASTI1 )
- SI(  STARTSV ) — £151 S i’AETSV) 1371’: I ’ S \f l T 7 h ’ 1—l)

+ - “!1T~ h l .’\STl! ) — III ’: STSil! -517— 3. ) 557! ST~71’2S
- 12111 STAflTflVT1 ,Ll5!55 1~’il )  — P.E1I11( ltt(1-i , Su I:-)T:!) “:j E(  I : ’.71 -5! 35!7 , TI R 1 G TI I )
• SIC STi2RTCJ VT- I--! , y y :  . s~r i — i  - . T l ’C ’: S (  AUG-~ 1 ,Li - :SGTJ— 1 ) -

~
+ . L I ’:  :- \11II~~T t ~-1 , LEI2STII— 1)

• l3 I’AP.T SVTt STA!ITC3 VI-I + II + 3.
• STAETSV STi\ET)IV + 11
• 7~r:i :::i!i -‘ 15.1)5’?!! — 1
5115 5071.
Sfl( 13T71.RTSV) — ST1( E ’ S \ STIV )  - 171( S T A P T ! 3V— 1) ’ h ’ l(  START S)

—• SC ’ :
£I IC ST1\1i?S5 ) s:: l5- -~~’Y S V )  -

~ It!! !7~~A 1! - 5 ;V _ _ !)~~~rr( 5 5
÷ — SI I f~- :  - ‘s i-- i I ‘-ii’ :’ S”AST!’.)

1271! !;Y 71y !;Tl ~ 2:~ ‘~ C 71 1:-I’! h J — .L . ) ’ : I l ! !  C;?5. :I-2 ;5:l , 2 )
137( 5 ‘.7 1-U P 7- 1 -:?: 11)13 -: ! 5’-1\rl15’~~5-i)

-- 5~~1:1 ’ 5 - : !  -
~ Ii 1

1517 1 I5,\.5- ’S~- !I)  -, 15:71 .51 11)
5717)
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Gaussian El iminati on wi th Rowwise Identity Matrix Augmentation - GE - ~~~~~~~~~~~ 
_____

Variable Type Length Contents

MR FP 2N2 1 th group of 2N words contai n real

part of ~
th row of SCM followed by

real part of ~
th row of identity matri x

MI VP 2N2 analo gous to MR , but contains imagi nary

poin ts

SR
containe d in MR and MI

SI

RECIP VP N reci procals of elements of 0 in

*decomposition M = 101

ROW I 1 current row of SCM

SUBROW I 1 row from which multiple of ROWth row

is subtracted

STARTR I 1 l ocation of ROW+lst word of ROWth row

STARTS I 1 locati on of ROW+lst word of SUBROWth row

B- 33
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5515111
— 2

C 17L11111’ZITII 110)7Th! COLUI—El 130 IT RAIl snr’oi:s !2ELOI-1 DI52’:O1~AL

1507! 7)011 -, 1~ TO I l — i
• P .ECIP C fl’S l) 1~ / 1.1111 STAR TR— 1)

C * IIAEE UN IT DIAGONAL

• I!?.! STArIRE, h l )  — 5551?’: l’r, -7) ‘ i~71’: S’ ATlTR , fl)
• II I( STAI1TI1 , 1I— 1) — f l I7CII ~( h!O~J) “I-!I( STARTE ,N—1 )

C ‘~ ELIXI IIS\TE 51)1017 TIlE DIAGONAL

• STARTS - STAIITII
• FOR 125511017 - 110)7+1 TO 11
• - L?Ai2 .-.’S STAIITS + 11 + 11
• . 15!! lI-!5.I1T3 , U >  -, I- ’71! STAI!Tl3,L1 )

+ _ . —I- 11!( L1SASTt ’I) — 3 .  ) “rI.!’ START!! 41)
+ - - -:-r .7I( 1;’r?-. !.! - .’ C 3 — i  I ‘ - t) I (  ETAI1 AR , 2 I )

- - III ’: STA1!TS , 11) -
~ 7!5 ( STAETE , LI )

÷ - • — 1) 11! 1~ 1~F 5 1 5~~1 ) ‘- 1:1! !ITARTT1 ,U)
+ - • —III ’ :  STI\ETCS—1 ) ~-1!ll! IJIt SX1ITI1, N )

• 571!) t-’OI!
- START1! STARTR LI 1- 11 + 3.
ISP) 1011
7171515 ( 11) 3. - /1111’: S?A7) T f l—1 )
r !:s 15T~’P.T ! ,IT) — !:7T7e:- :P ( 7 7 )  ‘ ‘~711 STAR’?) ’. ~7))
C I I I  15TA71~~i’. , u— i  ) — 1fl-5!IP( 11) ’ 1-Ill 1155U!Ti!, N--J.
Li)’)
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Cholesky without Square Roots with Columnwise Identi ty Matrix

Augmentation - L0L*~~~ 
~

(see coments under LDL* Decomposition)

Variable Type Length Contents

MR VP N (N+l ),2 [N2] rowwise

MI FP N(N+l ),~ [N
2] rowwise

SR FP 142 real part of i denti ty matri x

columnwise (i.e., not interleaved

with rows of SCM)

SI VP 142 imaginary part of identity matri x

columnwise (i•e ., not interleaved

with rows of SCM)

IR FP N temporary array

TI FP N temporary array

RECIP VP N reciprocals of elements of 0 in

decompositi on M = LDL*

TR1 VP 1 temporary location

TIl VP 1 temporary location

ROW I 1 current row of SCM

SUBROW I 1 row from which mul tiple of ROWth

row is subtracted

STARTR 1 1 location of ROW+l st element of

ROWth row

STARTS I 1 location of SUBROWth element

of SUBROWth row

B- 35
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I-

Cholesky wi thout Square Roots wi th Columnwise Identity Matri x 
_____

Augmentation (Cont’d) _LDL*_ -

Varia ble Type Length Contents

STARTRS 1 1 location of SUBROWth elements

of ROWth row

LAST I 1 location of last element of SCM

LENGTH I 1 len gth of ROWth row starti ng at

- 
element ROW+l

LENGTHS I 1 length of SUBROW th row starti ng

at element SUBROW

AUG I 1 current column of i denti ty matri l

STARTSV I 1 location of ROW+lst element

of current column of i dentity

matrix

STARTSVM I 1 location of ROWth element of

current column of identity ma trix

B- 36
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DEGIN
LAST — N~ (t D l) / 2  (LAST •
START!! - 2
LENGTh! - N

C CALCULATE P.O~4TII 110W OP L* FACTOR Ill U • LDL*

FOR ROW • 1 TO N-2

C * MAtCH UNIT DXZL GO Nl~L , SAVE RECIPROCAL

• RECIP(flO)-1) • 1./IIIN CTAh%TR-1)
• LENGTh! - 7.ET1CTEI—1
• T~~ 1101-7+1 • LLNGTII) -. RECIP( ROW *7.1111 START !!, LENGTh !)
• TI ( 11011+1 , LENG TL I ) - 11EcIP( 110W *MI( STAI!TR,LEIIGTII)

C * SUBTRACT MULTIPLES OF 1101-7Th ROW TROll OTIU)R 110115

• LENGTh S — LENGTh !
• STARTI1S - START!!
- STARTS - START!! + LENGTh ! (STARTS - STAR TR +N]
• FOR 517B110!tl - 11011+1 TO N-2
• - 7-1111 STARTS ,LEUGTH !3) •• 11111 STARTS ,LERGTIR3 )

+ , • -Till D~~3fl0t-1) ~X 1fl( STARTRO , LET~~Th1S )
• -T IC EUI3ROC-1) ~tI.1T.( 6TA11TJ113 , LJtTV3TH!3)

. - 1411 STAI!TS+l ,L.’TlOTIHI-l ) — 1111 CITARTI3+1 ,7..IIITZC]TI1S—1)
+ • . — TI ~ 135Df l01- 7 ) ~‘71XC IJTARTI3+1 ,LTEGr:E3—1)
+ • - +~~:(( SUBR0I7) *7~fl( i3ThRTS+ 1 ,LEN GTIIO—1 )

• - STZUITI!S - GTARTI!U+1
• • STARTS - STARTI! + LENGTHS (STARTS ST2U1TS+N+1]
• - • Y,L’I1GTII!3 — LENGTH S -1
- END FO il

C * SUBTRACT MULTIPLE OF 11Ot1TiI ROW FROM 11-10? ROW

- i-INC STARTS , 2 )  — 7-1111 STARTS , 2 )  —T ill 11-1) *!1fl( STARTRS , 2)
_TI( 11_ 1)*Z1I( II TARTR1J , 2 )

• 1-111 STARTS+1) — 111(13 T1111T13+1) -TR C T1— 1)” 1-II( CTARTRS+ 1)
+TI( Li_ 1) *?IR ( SThflTlN3+l)

- CTARTII!i - 1ITART11S+i

C * SUBTRACT 1!ULTIPLE OP 11011?!! 1101-7 CR071 NT)! ROll

- 1-INC LAST) - 7-1111 LA ST) -Tfl( 11) *1-1111 STAI1TRO)
+ • —TI C 11)9-Ill STARTES)

C ~ (IDVE r:or~I-1ALIEED 1101-7 TROt-I VT! Aili) TI TO 1-IR AI-~:-) 711

• 75!’: S1i’ATITR ,LllI)GTII) Till fl0 -1-~1 ,IdINGTI!)
• 1111 m?;\s-i’i’. - T IIIIIIV!t) TIC 2(5-7--i , T.RI GTII)
- START) ! ‘- STASVR-;-Lr7 .7G TII - - X TSTA P.Thi - II IIJ1RTS + 71 + i i

C * 1ILIX-2I 1’IATJ) PilOt) IDENTITY 1-CATRIX

- STAT!?!)’! — ROt-I l- i
• CDI! ?.TT15 - 1 TO 110)7-1
• • 121)1 STAI’.TzV, T I’T:CTII ) -- SIT

+ - . - 1) 7:1 ST•~flTS”•- 1 ’-2I 71 12-51 -7 - 1 ,75:~ST1t)
+ • . — S I !  1;TAP.T 12V—1 “-‘Il 7)757+ -i , L’-I’SO TS)

- • 151 S?A1ITCV, El ‘‘f I ’ ‘- 15! !‘‘‘!‘.l’S” , T s::-s’ 1)

+ • . 4- 15) 1! 7V~’”.RT S7’—1 ) ‘ ‘ :I(  11017+1 , L1)175T5)
+ • • — S :t ( CTAR TL7 V ’- i ) “TAlC TtOLfl- 1 ,LI7LSITZ! )

• • 1i’fAIITI) V f JI.’2\,158’1i 1- U
• 1)51) 1.01!
• 12111 SVS-DTSV 15NOV11) — — IRU STA11TI! , LEN GTh!)
- 12L( £;1- ’,51T67 , Y ,j SL lETti )  — I’.I! L’?AI.-51 , T.hiL 5ITI!)
15!?) L Oll
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C CALCULATE Il-iS? 110W

RECI PC N — 1)  1./1!RC STAI!TR—1)
Till — 11CC):p1 1i— 1) ’- I l f l ( UTAI TN )
T112 — RECIP ( L1—1 )” 1II( 7JT~ 11TR)

C CALCUI.ATE hlTI h DIAGONAL RECIPROCAL

PECIPI I1) - 1 ./ C I) 5 ( I A S T)  -Tfli~~fIR ( STARTR )
+ — T I i ~- Z-1I( ST~\ilT R ) )
15!~~15TAP.T11I Til l
1-111 I3TA!1TR) -

~ TIl

C i3LII-1I1!)ATE TRol l IDE NT-ITY IiATRI~h AND DIVIDE B? D’A ’~0NAL ELE!-ITSIITS

151)0Th! - N
STAP.TI3V - 11
START SV !1 •- 1
FOIl AUG — 3. TO 11—2
• $111 STARTSV) - 5111 STN!TZV) -fl~2( STARTS ’/-l)  ~‘TR1

- SIC STAIIT SV) — E E C  E ’1’.\fl?SV1 ÷ t , fl ( 12~~~T 1 f 5 7 — i ) ’ TI1
+ • — 731 ’ : ISTA1!TIJ V—i ‘“TIl l

• S1l( STAflTSV !-t , LCt1Y~’5) — 5~;5ip( 4~ T 1- 5 .L75.~~TS) ‘-3 .5 73TA7!TSV!!,LEEGTII )
- SIC 5TAflTSVL-1-~-1 ,I ,L )I! ’l”hI —i ) 1171-5557 AU~ ‘i

STAII T I3VI1 12TA1E-’ ’~1I + II + 1
- !5T~~5T1i)7 — 12’ i7)’~IlV ~ 1

— 15NOV11 —1
ELI.) 11012
Si!! £fl( ST~~5~~75’T) -Sill  12T2\i) ) ’-1 : — 3~~( S T ~~!!T737--1)”TIi
S I (  S T 2 1 1 1 T S V)  157 ’: 13)’171)~X J V )  - ‘- 1577 1 15~~1~!?1 v—1 ) “Ti l

+ — S I C  12?A71~~5- 1-- i)
12111 STP~i 1 T S I . ! .2  I — R!!5 . -5 ’( !) - - 1 , 2 ) ~ - S 1 ! C  73? I!T:3 ~. r 1 .2)
SI’ 355I1’!G~~i- !-~ 1 )  -- rSi- ; -: L ’( I i )  ‘5311 12~~ ’S - S T - 1 I i - J. )

LI + 3.
III2CIP( Ii)

‘35!)
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Cholesky without Square Roots wi th Rowwise Identi ty Matrix Augnertation

- LDL*

(see coments under LDL* Decomposition )

Variable Type Length Contents

MR FP N(~+l) 
+ N2 [2N2] dividin g the array into con-

secutive groups of length N+K ,

N+K- 1, N+K- 2,...,1+K[N+K], the

• t h  -
1 of these groups contains

the N+1-i[N] real parts of

the ~th row of the SCM, fol-

l owed by the real part of the

1 th row of the identi ty matri x

MI VP ~~~~~~~~ +N~ [2142] analo gous to MR , except it

contains the imaginary parts

SR

SI contained in MR and MI

TR VP N temporary array

TI FP N tempcrary array

RECIP FP N reciprocals of elements of D in

decomposition H = LDL*

ROW I 1 current row of SCM

SUBROW I 1 row from wh ich mul tip le of ROWth

row is subtracted

STARTR I 1 location of ROW+lst element of 
-

ROWth row

STARTS I 1 location of SUBROWr.h element

of SUBROWth row
B- 39 
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Cholesky without Square Roots wi th Rowwise Identi ty Matri x Augmentation (Cont’d)

- LDL 

-

_

Variable Type Length Contents

LAST I 1 loca tion of l ast element of SCM

LENGTH I 1 length of SUBROUth row starting

at element SUBROW -

~~ - 4 
(-I

ff — --~~~~~ -.kc ~~~- - —---



BEGILI
— U~ ( N ~ 1) + N + ( 11+1)/2 (LAST — 11”( 2~~l 1 — i ) ]

STARTE - 2

C CALCULATE 1101-7TH ROW OF L* FACTOR Z N 7-1 - LDL~
FOR I 1 O W - 1 T O N-1

C * ZIAXE TI WIlT DIAGONAL , SAVE REC IPROCAL

- REd ?’: 120)1) — 1./NRC STARTN-l )
• TI!’: ROt7-l- l , U > - RECIP ( ROW ) ~1-1fl( STARTR ,7J)
- TIC 11017+1 .11— i)  — 1!ECIPC 1101-1) “III C STI\RThl ,N — i )

C SUBTRACT IIULTIPLES OF I2OWTII ROt-i FROM OTHE!! ROWS

- LI2NGTI ! — 11
• STA1ITrI S STAR T
• STARTS - STAhl?!! + 11 + 11-ROt-I (STARTS START !! + N + 11]- FOR SUBROII - 110) 1 + 1 TO 77
• • 1-INC STARTS ,LENGTII ) - X ’IRC STARTS LEI GTII)

+ • • -Tfl( SUB11O)-1) *7.1!!’: STARTIII3 , LEEGTH )
+ - • -TI C  SUBflOt-7 ) “1-111 STARTT !S , LE!1GT~l)

• • 1111 STARTS+1 , 1131)9Th—i) — 1-EE C 73TARTS+i •
+ • - —TI!’: 5)113110)7) ~‘l~)1( START11S+i ,Lfl7.IGTH—1 )
+ • • +TI( SUBROI-1) ~‘11fl( STAI!T 12S+1 ,1735GTfl—1)

- - C T2\RTI5~ - STAIITIW + 3.
- • STARTS - STARTS ÷ IT + 17+1 - 731313h!0l7 (STARTS - STARTS + N + N + 1]
• • LENGTh ! — LEIIGTI !— 1
• SLID l’Oil

C “ IIOVE 11011t-IALI13E)) 12017 P1201-I TN AND TI TO t-!t~ MID LII

- 1511 STIAflTI ! ,N )  — TI!’: 110)1+1,11)
• !!I( STAI!Tfl , L1—1)  — TRC 110)7 + 3, ,N— 1 )

- !STAI!T1! “ ISTAI1TI! + Ii + L 1 -~- 1 - - -flO’11 ISTARTI! . I3TART ! + ~I + TI + 1]
ElI)) Foil

C CALCULATE NTI ! DIAGONAL RECIPROCAL

P .Ei IPC 1) 1./I!P•( L!\IST)
I15 ( 1151 +1 ,1I) — REC IPE 11) “1-112! LAST+i , I11)
115’: i~~ 1 i -  ~i , I i — 1 )  •‘ l!SSXP( U )  “III ’:  LAST+l , t1— 1 )
LIT))
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Cholesky wi th Square Roots_with Columnwise Identity Matrix Augmentation

- LL* - ___  

-

(see coimients under LL* Decomposition)

Vari able Type Length Contents

MR FP N(N+1)/2 [N2) rowwtse

MI VP N(N+1)/2 [142] roww ’ise

SR VP N2 real part of identi ty matri x

columnwise (i.e. , not interleaved

with rows of SCM)

SI FP N2 imaginary part of identity matrix

columnwise (i.e., not interleaved

with rows of SCM)

RECIP FP N reciprocals of diagonal elements

of L in decomposition M = LL*

ROW 1 1 current row of SCM

SUBROW I ‘I row -from which mul tiple of ROWth

row is subtracted

STARTR I 1 location of ROW+lst element of

ROWth row

STARTS I 1 location of SUBROWth element

of SUB ROWth row

STARTRS 1 1 locatIon of SUBROWth elements

of ROWth row

LAST I 1 location of last element of SCM

LENGTH I 1 length of ROWth row starting at

element ROW+1
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Cholesky with Square Roots_wi th Columnwise Identi ty Matrix Augmentation (Cont’ c~
* _-LL -~~~ 

~Variable Type Length Contents

LENGTHS I 1 length of SUBROWth row starting

at element SUBROW

AUG I 1 current column of identi ty matrix

STARTSV I 1 location of ROW+lst element

of current column of id entity

matrix

B- 43 
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BEG III
LA ST — LPC IT+l)/2 (LAST •
STARTR - 2
LENGTh! - 11

C CALCULATE ROUT!! 11011 OF L~ FACTOR 171 II -

FOR 1101-I - 1 TO 77-2

C ‘~ CALCULATE RECIP13OCAL DIAGONAL AND ROW

- 11ECIP( RO)7) - 1./S QRTC I-IRC STARTR - 1))
- LESOT!! — LfltlC~1IT— i
• 1-!7)C STA7)T~!,I,ENGT!i ) — I2ECIP C 11011) ~I!I2C STARTT! ,LENGTT! )
• I-lI’: STAP.TR,LESGTI!) - hIECIP( fl0~’7 )” II I( STAIITR,LENG TH)

C ~ SUET IIACT 1-IULTIPLES OP ROt’lTI! 120)1 P120th OTh ER ROWS

• LEI-1GTIIS - Lh)fl~-1TII
• STftflTrSS - IITARTI1
• STAIIT!3 — STARTI! + L1311CTIT (S1~’A11TS — STARTR + II]
- FOP- 5)15120)1 - l10~-7- :-i TO 11-2
• • 1-111’: STARTS • LEEGTI!S ) - 11!!’: STARTS , 113110 T!I5 )

+ -
- 

• — 1-!fl( 73TArITLII3 ) ~-iH2 ( STAP.TI2S , LCNS2 1W )
_J- !I( STA12T12S) ”I-it ( S?ARTI1S , L’3L1OT!13)

• . 1!I( 5TAllTS+ 1 ,Y~l3iiOTIl73 —i) — 111! ST7\flT 11- --1 ,L’3~ GT tI3 )
+ . • -- 1-7:71 CTI\ I2 T I2 S ) ~‘1rt ( 7;’~’i5l- - !I.; - 1 • ,  ~LI.T5TI.3— 3 ,)

-:1)1’: 73TA!lT11S )~~I-Tl ( ST~~flTr ’ ;-~i ,LEI3GT:-; 1 3 — l )
• - CTA 11TRG -‘ S~~.\ flTI!73~-i
• - STARTS — I tIlIOTU!) [STARTS — STARTS + ~i 1)
• . ) ,TI. S’i-lI.i ~ ;s~.-y~1i —1
• 1211)) 10!!

C ~ SUBTIIACT t !TTLTXP1,E 01’ lIOtITII 12011 FJ1O!1 11— 13? P.O~-7

• 1-!1!( lI SAIITS , 2 ) 1571 5- 171713, 2 )  --N : !! 5’I.\I.T_ 1:7 )
7 1 R ( 1 5 5 ! 25~5i; 2 )  — ! t I ( 1 - ’~~~~ 5 1 5 ) - . 5 ( S T A 1 1 T R 3, 2)

- 115 1 Sli’Z\ IITS+i I -- I -:( 5Y~\RT73 ~— 1~ -- ‘‘711 ~~~
-;
~~s ’~~~:s ) ~‘

+ . J!I( S’iAI1T17S+3 _ ) -~-1!I C ‘~-;\I1T7113 ) “7!!!’: ST\11T53 ‘- 1)
- 15T2\11T11!3 “ 73T2V ’!Ti13 + 1

C * !JSRTS -.71T I1ILTSPLE OF rIoI-;T11 Loll 1112011 1153 1 12011

- 152’: L2\C~’~ N’!’ 5- ;?) --71 1’ S il’Si ‘7; ) “NRC !3’~’ 15153 )
+ . — 11: 7 - -:171!?:;’  - - 1 5 -.! !5 _ \ : !- . 7171)

• 3’~~\5’- _ ! —‘ fT1~i:.- 7 1  -~- 1 7 1 : 7 1 , _ I  -~ 1, is-~’5~- 5 5’271 5I.R + ‘I ‘ U

C ‘~~~~~1R1!’15I.\~’73 I r- i1 ’~71 11!V7’flIE

- 1: ’ - !  ‘- - C ) 5- 717--I .
• • ‘5 ’  1~~~~~’ - - -‘ 7:I.~~5’~ ‘~‘-1! “ 7 ’ ’  S I .’  ~~~~~~~ )
— . 7; - . 3 5 -~~ - : -!71’ -1  ‘— .- .::.s- ; ~ ) - - : 7 5 !  S’- 1 - 1 .  1 - 1 . )
• • 1- , : !. ’ -~ 7 - - ,:- - ! - — s - ’ - -  - ‘ s  ‘ - 7 ; - - - : . - . ; 71

I )

- - - 71  - ‘ . :,. I 5 - - I ) j . ( I , . ’.-~~ . ’ - . 15.- S i )

- • 5 1  S”171’71’ .~~~ 71-~~- I ’ --’ 7 1~~~r- - - ‘1
7 1 -  

+ — • — 17 -:.- ’ 1’’ 71 ‘— ) ‘- - - !  ;~ - . 7 , . 7 1 1~
‘.7 - “1- ’:’ - - 1

• ‘17 .0 7 - f l
• 5!:~ 7, ~ -~~: ~7 1 - - 1 )  • 5:- .-:- ! 1. 71)
- ::.:- : - -: ;,I11 ;SJ) - - —

:3 ; ) Lu71
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C CALCULATE 11-1ST 11011

PI2 CIP(  U — 1)  — 1./SOIl?’: 1111’: I3TAI!Tfl— 1)
NP~C STA11Th !) — 1’.CCIP ! IT~~i)~ -!!ilC START!!)
III’:  STA1ITI!) I C C I P C  11--i) ‘-111’: STA1!T1’•)

C CALCULATE 12Th DIACO71AL RECIPROCAL

I1ECIP’: 11) - 1. /SQI2T( I C R ’ :  LAST)  - !17)( 13TARTR) ‘7113%( START!! )
+ — li t ’ :  STA1S5fl) 5II(  STARTII )

STARTS V-Il
1101! 5~U G— 1 TO h-I— i
- 7311’: STARTI3 V— l )  -. 12ECIP( I1_ 1)*Sfl( STAIITSV_ 1)
- 73!C STA 1ITSV— 1 ) “ i ! ISCIP( L1--1) ”S IC ST4\ f lTSV—1)

• S~!C STA1!TSV) — C 5 7 7’ :  5TA1!TSV) —LI ! ! LT15P , ; ‘l—i)  *
+ . - 1112’: 73?2\ ll lilfl ) — S:~C S?Afl’3’!3V— 1) ‘- 115’: START!!) ) “7) C15( II)

• S I C  STARTSV ) — C L I ’:  STA1IT !IV) + 511! 5T7\RTS’/ — U ) *
III’:  !3T\11T13) — i i I (  STiO T SV— 1  ) -1:71’: 15S’ARTN)

• CTA11TS~1 STAI2T7JV÷II
SIT!) [‘OR
SR( 13TA1!TSV) - I1ECIP( 11)
END -
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Cholesky with Square Roots with Rowwise Identity Matrix Augmentation

~~~~~~~~~~~~~~~~~~~~ flprt ~mpocj~ j~~1 , .~ . -

Variable Type Length Contents

MR FP N(~+1) + 142 [2142] di vidin g the array into con-

secutive groups of length N+K,

N+K-l , N+K-2,...,1+K[N+K], the

~th of these groups contains

the N+1-i [N] real parts of

the 1 th row of the SCM, fol-

lowed by the real part of the

1 th row of the identity matrix

MI FP ~~~~~~~~~ + N~ [2N
2] analogous to MR, except it

contains the imaginary parts

SR
contained in MR and MI

SI 
-

RECIP FP Ii reciprocals of diagonal elements

of L in decomposition M = LL*

ROW 1 1 current row cf SCM

SUBROW I 1 row from which mul tiple of ROWth

row is subtracted

STARIR I 1 location of ROW+l st element of

ROWth row

STARTS I 1 location of SUBROW th elemen t

of SUBROWt h row
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Cholesky wi th Square Roots with_Rowwise Identity Matrix Augmentation (Cont’ c~
- LL* -‘ 

L~J ~~~~~ -
Variable Type Length Contents

STARTRS I 1 location of SIIBROWth elements

of ROWth row

LAST I 1 location of last element ~f SCM

LENGTH 1 1 len gth of ROWth row starti ng at
-
‘ 

element ROW+1

LENGTHS I 1 length of SUBROWth row starting

at element SU3POW
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12130111
LAST — N~~( t1—1) + N~ ( N + 1 ) / 2  (LAST — U*(2*h1_ i)]
START!! - 2

C CALCULATE I OIJTU 11011 01’ L~ FACTOR Ill 11 - LL~

FOR 11011 — 1 TO Il—i

C ~ CALCULATE RECIPROCAL DIAGOZIAL A11D ROW

• RECIP ( 110)1) — 1 /LORT ( Im( STAI!Tf l —1) )
• 1111 ’: STA1!T5 , [1> — 115C21PC 1207-1 ) ‘5-712’: STA T!37R , I1)
• I-lI ’: STA11TR , U— 1)  — 1!ECIP( 11011) ‘‘I-lI’: S T A R T R , N— 1)

C ~ SUBTRACT 7WLTIPLI3S 01’ P.O~-7TI1 P-GIl [‘[701-1 OT!1J1!! ROWS

• LIR1GT !I — N
• ~ ‘~‘A1271i!L STARTI!
• STARTS STARTI2 + U + 11-Rol l (STARTS - START 1~ + 1) + 711
• I’Oil S’i7R1P’J — 12012 + 1 TO IT
• . 1771 1 STARTS • LS2SOT U) — Mill STAi!TS ,LENG TH)

+ - • —1-1111 S’2AI1T12!3) ‘-1-5!! STA12I’PS , 17313?!! )
+ • . — 1-tIC LTN1T12S ) ‘ t-5.-( 31211311215 .T15:’3T:1)

• - f_ l I’: STARTS+ 1 ,JJS -20 T 12— 1) -- 115( STARI15I--i ,5,~~~ .15T:1_ 1)
+ . • —I ’ T h C 5’;’2111T1713 1 “NI’: 3’~’3\ p~ ’J~3.I. ) , .5 .71 :0TH—i
+ • • -~-71i (  STARTP -73 I ‘-ins STA1 TPS+1 , ‘3771:5111—i

- • 31171!”T!S — 5T2711T1713 +1
- - 711\fl’.lS — 3121 1153 -I- 11 + 71 + i— SUMIY11 (START S “ I3’~’A7!TS + ~~ + 11 + 1)
- - T.715G’iiI — J T-:L!GTII —1
• 111~ 7.S~~!
• 5L~fl5i53 ‘-‘ SlAP-Ill + IT + II + 1—IIOU [3121111 11 — LTAP.Ti! -~ U + 11 + 1]
115) LOll

C CALCUI ATS 11111 DIAGOIIA ’3 L’LEI-llINT

!INCIPC 1) - 1./11211 I-ALT)
1112! L2’531 -~- 1 , 12) -- 11 15-.:”: 11) ~711!!( !-AST-~ !. , f l )
I ’ C (  Li\L-i’-~] . , 11— 1)  — l1L~s :.::- C i > ’ - r i~( i,~ssT~ i , 1— 1)
11:71)
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Firs t Back Substi tution for_LDL* or GE wi th L* Stored Rowwise and ~ Vectorwise

- LDT = S

(see coniiients under LDL* Decomposition)

Variable Type Length Contents

MR FP N(N+1 )/2 [N2] real part of L* factor rowwise

MI FP N(N+l)/2 [N 2] imaginary part of L* factor

rowwi s e

SR FP KN real part of steering vectors

vectorwi se

SI FP KN imaginary part of steering

vectors vector-wise

RECIP FP N recip rocals of elements of D

factors

AUG I 1 current steering vector

ROW I 1 current row

STARTSV I 1 location of first element of

current steering vector

STARTSVA I 1 loca tion of ROW+lst element

of current steeri ng vector

LENGTH I 1 length of ROWth row of SCM

starting at el ement ROW+l

STARTR I 1 location of ROW+lst element

of ROWth row of SCM
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BEGIII
STARTSV 1

C DO EACII STEERI7IG VECTOR

VOR A U G - 1 T O K

C SUUTIThCT 1-IULTIPLES OF EACh! ROW OF H FROII TIlE STEERING VECTORS

• STARTSVA - STARTSV + 1
- 312111111 - 2
• LENGTh! - N-i
• FOP. 1101-1 - 1 TO 71-2
• • Sill STARTSVA , LEI1GTII ) Sill STARTSVA .LEI!GT I )

+ • • -Sil l STARTS V21-1)”I-lfl ( STAICTP.,LENGTH )
+ • • — $ I ( STARTSVA—i)  ~‘1-1I( STA12T11 ,LEUG TH)

- - SIC STAI2TSVA ,LI2IIGTIX) — SX (  STARTS VA, 113-lIST!!)
• ~-S11( STAflTS’Ht — l )  “mc SlAP-IR S LE12OTI! )
• --LI ( STARTSVA-1)”I-lll( STàl!Tfl ,LERS TH)

- • STARTS VA STAI1TSVA + 1

- - STAI2IR START 1? + LENGTh! + 1 (START!! - START !! + N + 11
- • LT3ESTI! — LEIIO1iIU — 1
• Eli)) FOR
- 6111 STAP.TSVA) - SIi( STA 11TSVA) -311’: S1i’AflTSVA-iP~

+ • 1-IR( SlAP-Tn) —3I ( 312111113111-1) *1111 13121h!TR)
• SI C STAIlTOVA ) - SIC S’I’AIlTSVA ) + SRI ST21h!TSVA-i)~

+ - I-Ill S1’ARTR) -SIC STARTSVA- 1) ’~X-i11( START!!)

C * t-IUI5TIPLY C? RECIPROCAL DIAGONALS

• 13111 STA11TSV, IT) 121351V( 1, 11) + 13111 CTZV1TfiV ,tl)
- SI( STAI1TSV , hi )  -. 1!ECIIM 1,U) + 3I( STA1ITSV,!1)
• START S’! - STAP.T!3V + 11
EU)) FOR
EIID
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Firs t Back Substitution for LDL* or GE with L* Stored Rowwise and Cornponentwi se

~ LDT =~~~~~~~L1~~ 
-

(see coments under LDL* Decomposition) -

Vari able Type Length Contents

MR FP N (N+1)/2 [N2] real part of L* factor rowwise

MI FP N(N+l)/2 [N2] imaginary part of L* factor

rowwi se

SR FP KN real part of steering vectors

componentwi se

SI FP KN imaginary part of steering

vectors componentwi se

RECIP FP N reciprocals of elemen ts of 0

AUG I 1 current steering vector

ROW I 1 current row

STARTSV I 1 location of begi nn ing of ROWth

components of steering vectors

SUBROW - -  , •  - -1 row from wnicn mu ltiple of

current r’w is to be subtracted

STARTSVS I 1 location of begi nn i ng of SUBROW th

components of steering vectcrs

STARIR I 1 location of the (ROW , SUBROW)th

element of the SCM
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BESIII

C SUSTRACT MULTIPLES OF 11011111 COf-IPONELITS OF STEERING VECTORS

m o n  SU BI!O’:ITII COIIPONENTS
STZ1RTSV 1
START!! 2
FOR 11011 — 1 10 N—i
- 3’3’ARTSVS - STARTSV+IC
- 13012 131T13110)11 120)1 + 1 TO 11
• • SR( STA!11313 , K )  - S11( STARTSVS , !C)

• -1-1121 312112113) “ER ’: STA12TSV, IC)
+ • • —!-i:’:( ST21171ll )~ ’SI( 131i71\fl’V3V ,IC)

• - SI( STA!ITSV7J , h!) -

+ • - +iiI ( 5T1!IT 11)”3h1C 5T21~ 7TSV ,K )
+ • • —1131( 512112112) “5I’: CTAI2TO V ,K)

• . STAI1”fl CTAflTfl + 1
- • STA11TSVS “ SlAP-TOTS + 1’:
• 1311)) 13011
- Sfl( STAI1TSV ,1h) -. flECI1’( flO 11)’~3P-( ST21IlT13V ,K)
• 13I(STAIlTSV ,I~ ) — RECII? ( ROU ) *5I( STAIITSV ,K)
• 13111121EV STAIITI3 V + K
- (STA!l’i’R - STAP-IR + Roll]
[‘hID
SIT’: STAIITSV, K) -‘ IUhCIPC I1)*S1l( STN2TSV ,ZC)
ST(STARVSV ,I!) fli!CIP( l1)~’SI(~~ T2\flT5V ,K)
L’h17)
( 130TH TEAT 1\L1~ VECTOR 02111321110115 211211 01 LERGTH
13 2111)) 130 TO US!! TillS 1ILCORITI11-1 IC E1I0UL~)
131! GREATER 1112111 1)
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First Back Substitution_for LDL* or GE wi th L* Stored Columnwise and ~ Vec torw i se
- LOT = ~~~~~~~~~~~~~~~~~ 

-

Liii
(see coments under LDL* Decomposition )

Vari able Type Length Contents

MR FP N(N+l)/2 [N2] real part of L* stored component-

wise

MI FP N(N+l )/2 [N
2] imaginary part of L* stored

componentwi se

SR FP KN real part of steeri ng vectors

vectorwi se

SI FP KN imagi nary part of steeri ng

vectors vectorwi se

RECIP FP N reci procals of elements of 0

T FP 2N temporary array used with sum

DOT FP 1 temporary location

AUG I 1 current steering vector

ROW I 1 current column of SCM

STARTSV I 1 location of fi rst element of

current steeri ng vector

STARTR I 1 location of beginning of current

column of the SCM

STARTSVS I 1 location of current element of

steering vector being calculated
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HP-GIll
STIU2TSV - 1 -

C ELI !-IIUATC EACH STEERIN G VECTOR

FOIl AUG 1 TO K
- STAIITR 2

C ELI?-l II’IlTE 1(111 2ND ELE?-IENT 01’ TIlE CTEEP •IEG ‘flCTOR

• SI2( START SV+1) - C R U I T A R T S V ÷ 1)  -T112 ( START R) ~~
+ - Shl ( SIr-nIL?) —III! 5TA121il )~~3I( START73 ’J )

• EI ( STAI1TSV+1) — C X ( 3 12\flTSV+1) _r~~C E121flTfl )*
+ • SIC 512111131 ) +1-lI ’: 5T2\RT 11 ) ’’Sfl’: STAIT T SV)

C ELIT-IINATII THE 3111) THROUGH 11111 ELE1IJINTS OF 1151 STEERI NG VECTORS

• STTIIITSVS - STA RT S V +2

• [‘OR RO tI  3 TO N
• - IC 1, 11011— 1) — 512’: STARTSV,  T10 1 l - - 1 > ”f lf l ( OTAP- TR ,IT O) i- l)
• TI flO 1l , 1!OI -1—1 ) — 131’: OT I12TSV , I l D l— i ) ’’I-hI ( 512113111, ROW— i)
• - 1101 — 5U1-i’: T( l  , 2 ” r O t l — 2) )
• • SIll STA1ITI3VC ) ‘ 511’: STIII1TLVO ) — DOT
• - II 1, 120) 1- - i )  — — 5121 STARTSV , I!O1-1— 1)”t-lI ( 512111111, 1301-1— i)
• • ‘2’: 1l ’j ’.l , f l0) 1—~~) -

~ SIC STTI1ITSV , 120 1- 1— 1) ~‘t-H2( 512112111, 110)-I—i )
• • DOT 5711-13 1’: 1 , 2 ~‘flO ) l— 2 ) )
- • SX ( S12\RTSVE ) - EI( STN1TCV23 ) —DOT
• - STN2 ’5’SVS — E T A 1 2 T L V S-~~1

• • 511113111 — STA1IT12+L0ll (OTAI1 TR - S’221flTR +l1]
• Eli!) 13012
• 3121 STA5)’SV , N ) SI”: STAUITSV , h1 ) ’-TlI! C IP( 1
• S I C  STi’.RTOV , l l)  S I C  5TA12TSV, h1)~ -R fl CIP( 1, 1-1)
• 51I111’,,’SV - CT ARTS V+Il
HID FO R
11111)
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Fi rst Back Substi tution for LDL* or GE with L* Stored Columnw i se and S Componentwi se

-LDT = ~~~H_IJ Li
(This method is identi cal to the Fi rst Back Substitution wi th L* stored

rowwise and S componentwise, except in the calculation of subscripts of MR

and MI , whi ch do not change the operation counts.)
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First Back Substitution for LL* with L* Stored Rowwise and ~ Vectorwi se

- LT = ~ ~~~~~~ E~~~
(see comments under LDL* Decomposition )

Variable Type Length Contents

MR FP N(N+1)/2 [N2] real part of L* factor rowwise

MI FP N(N+l)/2 [N2] imaginary part of L* factor

rowwi s e

SR FP KN real part of steering vectors

vectorwi se

SI FP KN imaginary part of steering

vectors vectorwise

RECIP FP N reciprocals of diagonal 9lements

of L factors

AUG I 1 current steering vector

ROW I 1 current row

STARTSV I 1 location of first element of

current steering vector

STARTS VA I 1 location of ROW+lSt element

of current steering vector

LENGTH I 1 length of ROW th row of SCM

starting at element ROW+1

STARTR I 1 location of ROW+lSt element

of ROWth row of SCM
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CCCIII
STAR TSV - 1

C DO 1111CR STEERING VECTOR

FO il AUG - 1 TO K

C SUI3TI1ACT !-IULTIPLES OF EACh! ROW 01? 14 FROM TIlE STEERING VECTORS

• STAI2TSVA - STIIIITBV+ 1
- STh11TR - 2
- LiltiOlli — N—i
• ron RO -1 — 1 TO 11—2
- • SIl( STZIR TSVA-1)  - RECIP( flO)-1P~Sfl( STAflT5VA-1)
- . SIC STAR TOVA -1) - RCCIP ( R01-1)*SX ( STIIRTSVA-1)
• - SRI STA R T SVA ,L E H O T I I )  - SR I STARTSVA , LJINSTU )

+ - - -5131 51211215 VA-i )~~I 1n ( START !!, LENGTH )
+ • • — Bl( STAilTSV21— 1)’I~:CI 3121flTfl,LEIIGTH )

• - SIC STAR TSVA , LEIIGTII ) - SIC 5T1111T13121 ,LENGTII )
+ • . +512 ’: S’2ARTf3 VA— 1) ~ 11I ( STAR TR, L EII G TH )

- -SIC  13TAP•Ti1V21-1)~~~1-1IT( STA11TR , LENGTU )

• 1 TARTSVA STZUITSVA+1
- . 13T2\RTI! - STARTfl + L1!HGTII + 1 (START!! - START!! + N + 1]
• • LEXIGTI! - LELIGTh !-1
• 1311)) [‘011
• 13111 £ T2II1 TSVA-1 ) - 111!c 1pCW1)*SN STA11TSVII_ 1)
- SI( STARTI3VA -i )  - 1l!!CII’C I1-1)~~13X( ST21flT1IVA—1)
• 5111 STA1TTSVA ) — Sfl( STARTSV2I ) — 5fl ’: flTA)N ~13VA --X )~

+ - till ’: 1311112111) -- SIC ST2UIT SVA-1) ’IlIC START!!)
• SI ’: 512112113121) - C C ( STAIITSVA ) + 311’: 5TAf l ~’13~I21_ 1) *

II~~( ST21flTiT) — SIC 13TA1lTI3V A — i ) -~lI12C ST2111T11)
• SN.’: STIII1TSVA) - R E C I L ’(  l 1) ’~ CIl C STARTII VA )

• SIC STARTSVA) — P1-13112( 11) ~u iI (  ST11R23V11)
- S TAP-ISV - STZI 12TSV + 11
[1W) 13011
END
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Fi rst Back Substitution for LL* with L* Stored Rowwise and ~ Componentwise

— IT = _
‘ 

‘
~~~~ ~ -~~~~

(see comments under LDL* Decomposition)

Vari abl e Type Length Contents

MR FP N (N+1)/2 [14
2] real part of 1* factor rowwise

MI FP N(N+l)/2 [142] imaginary part of 1* factor

rowwi se

SR FP KN real part of steering, vectors

componentwise

SI FP KM imaginary part of steering

vecto rs componentw i se

RECIP FP N recip rocals ~f diagonal elements

of L factor

AUG I 1 current steering vector

ROW 1 1 current row

STA~TSV 1 1 location of beqin ninq of ROWth

components of steering vectors

row from wh i ch mult ip le of

current row i s to be sub-

tracted

STARTSVS 1 1 location of beginning of SUB-

ROWth components of steeri ng

vectors

STARTR I n location of the (ROW , SUBROW)th

element of the SCM
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I3ECIII

C SUI3TIIACT I1ULT !PLES OF IIO!ZTII C01220?1ENT!3 OF ST ERING

VECTORS [‘Rot-I SUDROI-YTII COt-IPONEI TS
IiTAIITSV — 1

- 2
FOR 11011 - 1 10 11-1
• STAITT.9V23 STARTS V+IC
- SR( 13~ f flYLV ,H )  — !11-:C11’( 11011) *5fl( flTA1~1LV , K )
- 1311 3121!li57, I1) -, 1li-•’3I1’~ 110)1) ‘- SI C ~;~-~~~-r~37 ,Ic)
- FOfl 571131101 - f lO1 -1-~-1 TO [1
• . 3113 GT AII T SVS , 1C )  - 3P~( 13T21~~ 
• • — 11~lC 5T2113111) ‘ 1313.’: S’, : iVITL’l , IC )

+ • • —7 -Il ’ : 31211111 1) - 3 ~~( S~’2\ 111-5V , K)
• • SI ’:  STARTS 15 , 11) - • SI C  S I I T SV ; ;  .11 )

+ • — ~-! I I I  1312113111 ) ~Sr1( S~- ’T~J2T37 , I()
+ • • —flh1 ( 512111112) 1~3T (  3?A12ISV , K )

• • 1312111112 - 512112112 + 1
• • 52~\Il15V5 — 1312111113113 + ~~
- END FOil
• STZ\flT$V - 5T2\I2TI3V + K
• [512111112 - 31ARTR + 11011]
13121) FOfl
Sl2 ( CTAIIT SV ,K )  - RI:-IIP( LI ) ”I3P.( 1312\i115v ,I()
SIC I3TIIRTS-J , IC ) fli- 1CIP( ti)~’SI( STA1ITSV ,K )
11!!))
( 13011-1 TIIA” ALL VI3CTOR opnr21’rIcn~ 21 113 01’
L1213-13T!I 13 11~ ) SO TO 71513 17112) 21T C~ i1l ~I - i :~t
IC 13I!0UI~D 61-) CR132111131 1111111 1)
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First Back Substitution for LL* with L* Stored Coluninwise and S Vectorwise
_ ‘-T~,J

- LI = S — -
~~~~~(see comments uñd~er LDL* Decompositi on )

Vari able Type Length Contents

MR FP N(N+fl/2- [14
2] real part of 1* stored component-

wise

MI FP N(N+l)/2 [N
2] imaginary part of 1* stored

componentwi se

SR FP KM real part of steering vectors

vectorwi se

SI FP KN imaginary part of steering

vectors vectorwi se

RECIP FP N reciprocals of elements of 0

I FP 2N temporary array used with sum

DOT FP 1 temporary location

AUG I 1 current steering vector

ROW I 1 current row of SCF-1

STARTSV I 1 location of first element of

current steering vector

STARTR I 1 location of beinning of current

row of the SCM

STARTSVS I 1 - location of current element of

steering vector being calculated
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BEGIN
STARTSV - 1

C ELI!1IVATE EACII STEERI NG VECTOR

FOR AUG • 1 TO IC
• START!! - 2
• 13I2( STAP.TSV ) - SRI 13TAflTSV)~~fl11CIPC 1)
• SIC STARTSV) - 13I( 13TI11lTSV)~ 1lECXP(1)

C * ELII-IIIIATII TEll 211)) ELCI-lEZIT OF TIlE STEERIN G VECTOR

- S1!C STARTSV+1) - CI2( CTARTSV+1) - ?iR( 5T11flT11)~~Sfl ( STA I1TSV ) - 1111 CTJII2TR )”li!( I3TARTSV)
- SI(STZII1TSV+1) - SI(STARTSV+1) - 11fl( STARTR)*

+ • 131( STAI2TSV ) + 7111 STARTR)*Sri( I3TARTSV)
• SRI STARTIIV+1) - 1312’: CT21flT13~1+1)*1113CIp( 2 )
• SI (STA11TSV+1) SI( STAflT13V+1)~ flCCIP (2)

C ~ F.LINIIIATE THE 311)) Th ROUG h NTII ELEIICI1TS OF TEE ST IDRING VECTORS

• STARTSVS - STAIITSV+2
• FO R 1201-1 - 3 TO N
• - IC 1, 11011-i) — 13111 ST1U2TSV , I2Ot’1-1 )~~7-!flC STAR TR, !10W-i )
- - TI 120W , 11017— 1) — S IC CTARTSV ,flOh-l— 1) 9-111 2T11[1TR, 1101-1—1)
• • DOT —

• - SIll STAP-TSVS ) - SIl l STI\1215V5 ) - DOT
• • T( 1 , IlO11-1) - -Sfl( 5T21flT5V,PO)i- !)~ IiI( S121pT!!, flo1-1- 1)
• . T( P-OW, 11011--i) - SIC I3ICAIITSV, 12011- 1)9-El I START!!, R0 1-1)
• • DOT —

• - 13I ( STAIIISVII ) - SIC I3TAI2TSVO ) — DOT
- • START73VS STA13TSVS+l
- • 511112111 (3Ti\1t1l2-~fl0 1l (SlAP-Ill — 1312111.111 + lU
• - SIl l 311U2’i’SVl3 ) - 11130121 ROll) ~SIh( 51211110) 13)
• - S IC  51111215113) — 11131311”: R O 1 Z P ’ S I (  STAI!TSVS )

• 13111) [‘012
• 522112151 -~ 13T2113.TIIV + N
CI))) FO R
END

B-61

_  ,, 
~

— -—  - -- - - — ----—-—-— —~~ • 1-i.



Fi rst Back Substituti on for LL* with L* Stored Col umnwlse and ~~Componentwise

- LI = S-~~~~ ~~~~

(This method Is identi cal to First Back Substitution wi th 1* stored

rowwise and ~ componentwise, except in the calculation of subscripts of MR

and MI,which does not change the operation counts.)
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Second Back Substitution for LDL* or GE with L* Stored Rowwise and ~ Vecto rw i se

(see comments under LDL* Decomposition )

Variable Type Length Contents

MR FP N(N+1)/2 [N2] real part of 1* factor rowwise

MI FP N(N+l)/2 [N2] imaginary Dart of L* factor

rowwise

SR FP KN real part of steering vectors

vectorwi se

SI FP KM Imaginary part of steering

vectors vectorwi se

T FP 2N temporary array used wi th sum

DOT FP 1 temporary location

LAST I 1 location of last element of SCM

AUG I current steering vector

ROW I 1 
- current row of SCM

STARTSV I 1 location of last element of current

steer i ng vector

STARIR I 1 location of ROW+lst element of

ROWth row of the SCM

STARTS VS I 1 locat ion of ROW+lst element

of current steering vector
LENGTH I 1 - 

length of ROWth row of SCM

starting at element ROW+l
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1113011)
STAI2TSV - N
LAST I1”( N + 1) / 2  (LAST — U~~N 1

C ELI !III1ATE tACI T STEERIN G VECTOR

13012 AUG 1 TO K
• STAI3Tfl - 1-21ST -1 (512111112 -• LAST -211

~ * CALCIJLZ)TE 11-1131 COI-V’C’111321T

• 1J113 STII I2TSV -1 )  - 5flC13T21flTSV --~~) --! TAflT’1 )~~
+ • 511’: 5Tj \12T31!) -

~ r~ ~( 3~~ ’.13 :l ) ‘-S C’: 5-;’~~~ l TS V)

• SIC 7312113.151—1) — SI ’ :  13T2\11T23 V--1) — 1131 ’: S~~1113~~Ii ) ’~
+ . SIC ST flT51~~) — I!~~( STAI2T12 ) ~‘5il( STAPST3V)

• 512\ 1115V5 - S i’IUITSV-l
• 211)1313111 — 2
- FOIl 131337 -‘ 1 3- 2  TO 1 131131’ -l
- - 512113117 — 3121111 12 -- Y L3710111 -1 [SVA12TR — STA12T 2 --11 —1 )
• - TI 1 • L I I L ICI ’ Ih )  -, 1)113 I1TA12T~2 , Lfl13GTII ) “

+ • . 512 1 sTv-~-)1~1s , I .SEGTII)
• . T( Lt1t’GT !I+i , 11) 1:13?)) —I 1 ~13 1311 fl’131, 7,EL3GTII)

+ • • ~‘5 I C  ~~‘J1TI3~’S , LS13GTII)
- - DOT 13711-13 TI 1 ,2”f.L:::c1~I)) )
• • 5121 5i’211115V13 -— 1 ) lii ~( 51211115113—1) — DOT
- . IC 1, 22:130111) 7-712 ’ 13 ;’21I~~~fl , T F13’1’-~~~) ’133~~ ( ~~~~~~~f l ’ 3 T~ i T )

• - IC Ll3!15TII-~1 , 7 11130 .-~: ) - •  1) 1 3  C 1~21fl - Yl ~.)~~ G T) )  ~‘313:C 5T ’_ 13TSVS , 1131313?!:)
- • DOT — SiT !) C T( 1, 2 ?r :- 1 3 0 T h) )
• • 2311 512171113113--i) - -  ;~: ( S TAI 1 TI 3 VS —) . ) — DOT
- . S?A12?13V5 ‘- 3 -131)13133 — 3 .
• . Li)  ~Lt 1 13135i’1I -T- i
- 13211) L’Oil
- 1312111131 STAIITSV + 11

11311) I’OIl
13131)
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Second Back Substitution for LDL* or GE wi th 1* Stored Rowwise and ~ Componentwise

- L*W = I - ~~~~~~~

(see comments under LDL* Decomposition)

Variable Type Length Contents

MR FP N(N÷1)/2 [N
2] real part of 1* factor rowwise

MI FP 14(11+1)12 [14
2] imaginary part of 1* factor

rowwise

SR FP 1(11 real part of K steering vectors

componentwl se

SI FP KM imaginary parts of K steering

vectors componentw i se

ROW I 1 current row of SCM

STARTSV 1 1 beginning location of ROWth

components of the steering

vectors

SUBROW I 1 row of components from which

mult iple of ROWth row is subtracted

STARTR I 1 location of (SUBROW, ROW)th

element of the SCM

STARTSVS I 1 beginning location of SUBROWth

components of the steering vectors
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BEG II)
STAI1TSV - I C C N - l )  +1

C SUSTRA CT II TJ LTI PL 1I S OF EACH CO!-!PO HEN T [‘P-C!) 111213110213 CO:a’OUEIlTS

FOR 120)7 - II TO 2 STEP -1
• 2312111111 - 11031
- S2iI I I T SVS - 1
• 13012 13131111011 1 TO 12031 -i
- - SEC 131211315135, 12) --- 13221 31321’13133 VS .12 )

+ - . — 1-112’: 512112111) ~13fl( 2312113101 , 1<)
+ - • +21( 1 31211211!) -3~~’: S?21!-1 T237 , IC )

- - SIC STAI1TSITS , l Z )  SI’: 322211115133, 13)
- --1113’: ST21t13~I!)~ ’SI( 512113173’l , I<)

+ • • ~f lC( 5~~- !1~ .~1) - -SI! ’: 512112137 , !’:)
• - 7312111112 5132122113 -~ II  --1313512011 I :STA1ITR 3T~~ 2T11 + UI
• - 5!j AII T SVS START SVI3 + IC
• 2)13) 10 .1
• 5121 11131 - STAI1TSV -IC
1)111) ron

( tOTE 13 SHOULD HE GPJIATEIZ TII21I-1 1)
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Second Back Substitution for LDL* or GE with L* Stored Columnwise and S Vectorwise
L

_ L*W =

(see comments under LDL* Decomposition )

Vari able Type Length Contents

MR FP 14(11+1)12 [N2] real part of L* columnwise

MI FP N(N+l)/2 [112] imaginary part of L* columnw i se

SR FP KM real part of steering vectors

vectorwi se

SI FP KN imaginary part of steering vectors

vectorwise

LAST I 1 location of the last element of

SCM

AUG I 1 current steeri ng vector

SThRTSV 1 1 location of first element of

current steering vector

ROW I 1 current colum n of SCM

STARTR I 1 beginning location of current

column of SCM

STARTVS I 1 location of ROWth element of

current steering vector

LENGTH I 1 length of current column of SCM

excluding diagonal element

13-67
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231313111

C ELI1- tI1-!ATE EACH STEERIN G VECTOR

5132V2TSV - 1
LAST I1*( U + 1) / 2  (LAST — 11*111
1’Oll AUG — 1 TO IC
• 51211117315 - 5T %U2TS V + IC -1
- 1312113111 - LAST - U + 1
- 1132:0511 1) --

• L’Oll 1103 1 - 11 TO 3 STEP -1
• • 13 121 STA13T!31 , LSES T 1T) “ 5Il ( STAT2TSIT , LE13GT!!)

+ • - — S I l l  1312113135113) ~F?!( 5121121!.2, LY213G TH)
+ • • 1-SI’: 13121131131!;) ‘1-13 : 1 13121121312, LEEGTIT )

• - SI’: 5T211115V, L!]OG T YI ) SI’: STAETSVJ,7111131:I)
+ - - —31 1’: 512112113135 ) “III ’:  13132122113 , LEEG TH)
+ • • — S I C  5121132.731!)) 92121 !3T1111T11 ,LEL2G TII )

- - STAI!T SVS
- • $12111112 - STA}!Tll - LEI3GTI I
- • I LEGIII LI-)EGTII —1
• 1131!) 13012
• 13 12’: ST2I I2TSV) - 512’: STARTSV) -5131 5T2\flTSV !3) ’~

+ . 1111’ 1312112111) + SIC 1321313211313) ‘~!!- : ( 1312112112)
• SI ( STAI1TS V) 5I( STAI2T SV) —

+ • 113’: SSJf13lTll) —2311 ST2UITSqS ) --iu2 ( !3TARTR)
- 3 2’AI2T$3 V 731211113231 + 11
HIP) [‘012
Hill)

B- 68 

-
- --5-- -- --——--.5-- — — -  - --- -- -. - --— ------- -~ ~~~••‘.

—1
~~

---— --~~~ 
— ----———



Second Back Substitution for LDL* or GE with L* Stored Columnwise

and ~ Componentwise

~L*W = T-~~II1 t~II~
(This method is i dentical to the Second Back Substitution wi th L* stored

Rowwise and ~ Componentw ise, except in the calculation of subscripts for MR

and MI , which does not change the operation counts -)



Second Back Substitution_for LL* with L* Stored Roww ise and ~ Vector-wise
l*iJ - T- 
‘- l~ — I -

(see coments after LDL* Decomposition )

Vari able Type Length Contents

MR FP N(N+ l)/2~ N2] real part of L* rowwise

MI FP N(N+l)/2 [N2] imaginary part of L* rowwise

SR FP KN real part of steering vectors

vectorwise

SI FP KN imaginary part of steering vectors

vectorwi se

RECIP FP N reciprocals of diagonal elements

of L*

I FP 2N temporary array used with SUM

DOT FP 1 temporary locati on

LAST I I location of last element of SCM

AUG I 1 current steering vector

ROW I 1 current row of SCM

STARTSV I 1 location of last element of current

steering vector

STARTR I 1 location of ROW+lSt element of

ROWth row of the SCM

I 1 location of ROW-s-lst element of

current steer nq vector

I I 1~ngth - ) ~~ ~~~~~~~~~~~ 
~~~~~~ 
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BEG III
STARTSV - N
LAST — N*(U+i)/2 (LAST — N*N)

C ELII-IINATE EACh STE12RIIIO VECTOR

FOR AUG 1 TO K
- STARTI1 - LAST -1 (STAR TR - LAST - N]

* CALCULATE 11TH ELEZ-IELIT

- $121 STAI2 TSV) - Sn( STA12TBVP ’I2H CXP (fl)
• SI ( ST2II1 TSV) - SI( 5T2\ I2TSV)”llECIPUI )

* CALCULATE N-i COl-IPOLIENT

• SIU STAI1 TSV-1 ) - Sfl( 6T2~RTSV- 1) _ I212 C I3TAI1TR)*
+ • S11C STA1ITSV) ~ r1I( START11) *SI( STAR TSV)

• SI( STA11TSV-i) - SI( STIIRTSV-1) _ I ’ :f l ( 5T21I13~’Il)*
SI( S T21I1TSV ) _r1t( STAII T 13) *l3fl( STA12TSV)

• Sfl( STARTSV- 1) - SRI STII I ITS V- 1)”I lE C IP (  11-1)

• 13I( STh11TSV-1) - 5I(13T111~•TSV~ 1) *RECIP( L1~ i)
• STh12TF3V S STAI%TSV-1
• LLING1Lil — 2
- 1012 11021 - t1-2 TO 1 STEP -3.
- - START11 - $TAIlTfl - 1.131313TH -1 (STAI1TI2 - ST2IRT12 -21 -11
- • IC 1 , LLIIGTII ) - 1-112’: 1312112112,1.121113TH) *

+ - - OP -C STALlS 123 , Y ENGTII )
- • I C LEI1G TI1 + 1 . 1.13133111) — — It’:’: STARTI2 ,LENGTII ) *

+ • . SI C 5T211!T3VU , LFL)GTII)
• - DOT — $U!-I’: ~~( 1 , 2’~L 11tIGTI t ) )

- • 7313( 731212212375-1) I11C CTA13TCV 13-i) - DO )!
• • TI 1 , LEI3GTII ) - ?-IZ2 ( 512112113. ,LIE1313T11) 13311 !3T2112T1373 ,LE2IGTI! )
• • 22” : 1.1lI~1GTII + 1 , L132lST2I) - 213C C 73 21311!TT1 ,LE::GT :!) ‘ 313 1 3TZ132 TSVS ~LE13C= TII)

• • DO2L ’ 13Ui~1( 1( 1 , 2*1.131113111) )
- • SI( STAIITIW!3-1) - $I( I TA11TI3VI3 -1)-DOT
• • 73 12’: 13’iitflTSV23--]) — SflC STAfl1SVS--i) ’f l12CIP( flO’~1)
- • 5 I ( STJ\11 T SV !3— 1) — SI( STAIITSVS-) . ) ’ I 1ECIP( I1021)
• • ST2\I1TSVS - 23TARTI3VS-1
• • 1.2:513111 — LEESTII — 1
- 12112) 13011
- 1312\I1T13V 51211113131 + LI
1311!) [‘OIl
El))



Second Back Substitution for LL* wi th L* Stored Rowwise and ~ Componentwi se

~L*W = I- ~~~~~~~ ~~
- 

~~~~

(see conuients under LDL* Decomposition

Vari able Type Length Contents

MR FP N(N+l)/2 [N
2] real part of L* rowwise

MI FP N(N+l )/2 [N
2] imaginary part of L* roww ise

SR FP KN real parts of K steering vectors

cos-aponentwi se

SI FP KN imaginary parts of K steeri ng

vectors componentwi se

RECIP FP N reciprocals of diagonal elements

of L*

ROW 1 1 current row of SCM

STARTSV I 1 beginning location of ROW th

components of the steering vectors

SUBROW I 1 row of components from which

multiple of ROWth row is subtracted

STARTR I 1 location of (SUBROW , ROW)th element

of the SCM

STARTSVS I 1 beginning l ocation of SUBROW th

components of the steering vectors



BEG III
5TARTSV —

C SU13TI2ACT IIULT IP L ES 01 EACh ! COI-1I’ ONEIlT ~~RO!-t P 1132710113 C0!-!PO ?IEI )T S

ron 12071 U TO 2 STEP -1
• STAP -TIl - ROW
• $TA1ITSVS - 1
• 511( 612112151,11) — 7311’: 23TA11TS V, I2 )” I l E C I P (  flO1~1)
- SIC STAI1TSV , I2)  - SIC STZUITSV ,L1)*I1CCIP( ROW )
• ron SU?3 12011 — 1 TO flO~1—1
- - $12’: STAIIT$VC , K )  - Sfl( STA12TSVS ,K)

+ - • —1112 ’: 512112112 ) “5111 612\11T$V,1t)
+ • - +f-fl( STMlTP•)~~13T( S f2112151.13)

• • SI( STI\ 12TSVS , IC ) — 0I( $TAIl13131723 , IC)
• -I-II2C CTA12T12)’13;.’:(STARTSV ,K)

+ • • ~1hIC r .mnTI2)-~-sr !( 73121111237, 1<)
• • 512112212 512112112 + 21 -7311231107-1 (STAP-TIl I3TAI2 TR+N1
• - 13TAI2TSVS - 23121121231$ + IC
• ELTh FOR
• STII12TSV - STARTSV - IC
END 1012
Sfl( l , I C)  — S1l( 1,LC)” flECIP ( 1)
131( 1 ,12) — SIC 1 ,IC)*NECIP ( 1)
EN))
( 110113 THAT IC SHOULD BE CI2EATER THAN 1)

,. 1~’



Second Back Substitution for LL* with L* Stored Coluninwise and ~ Vectorwi se

- L*T = S -

(see comments after LDL* Decomposi tion)
Vari able Type Length Contents

MR VP N (N+l)/2 [N2] real part of L* columnwise

MI VP N(N+l)/2 [112] imaginary part of L* columnwise

SR FP KN real part of steer ing vectors

vectorwi se

SI V P KN imagi nary part of s teer ing

vectors vectorwise

RECIP FP N recip rocals of di agona l el ements

of L*

LAST I 1 location of the last element of

SCM

AUG I 1 current steeri ng vector

STARTSV I 1 location of fi rs t element of

current steering vector

ROW I 1 current column of SCM
STARTR I 1 begi nning location of current

column of SCM

STARTSVS I 1 l ocation of ROWth element of

current steeri l j  vector

LENGTH I 1 length of current column of SCM

exclu di ng di agonal element
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23130111

C ELI!-I INATE EZ~CII STEERIN G VECTO R

OTA!2TSV - 1
LAST — N *Ch1 +1)/2 rLAST —
13012 AUG - 1 10 1’:
• STAI2TSVS - STAR TSV + K-i
- STARTR - LAST - 11+1
• LENGTh! — Il— i
- FOR POII - 11 TO 3 STEP -1
- • S12( STIIIITSVS ) - 73121 1312113T 73V 5)”IlHCIP ( 1201-h
- • SI ’:STI\lITSVS) - 5 I( 23TAI l T 6V6) ’~ fl13C~~P ( I1O1 -1)
- - $171 $TA I2TS V, LEI1G TII ) • 6121 STA IITS V ,LELI C T13 )

• -6111 6 T 2 1 f l T S V 2 3 ) ’X 1 f l (ST211lT11 Ls13oT~ I )
• +73I( 61211215V13)”IlI 512112T12, LE!-2 f:I )

• - SI( STIIRTSV ,LENGTII ) - S I C  STAI1TSV , LELIG TU )
+ • • — S1l ( 51211115 VS ) ‘- 11!’: 5~’21fl2212 , LE 1:- T: !)
+ • - -SI C ST21I2TSVI3) *IIIIC STARTR ,LEHGTII )

- - STA1’.TSVS - STAI2T SVO -i
- • 2312111112 2312111112 -LENGTh !
- . LEHGTI1 - LENGTh -1

• END 1012

c * CALCULATE 211)) ELCI-!EUT 01’ STEERIN G VECTOR

• Sfl ( OTAP.TS VS ) “ $17’: S T A 1 2 T I 3 V 2 3 ) * I I E C I P C 2 )
• SI( STAI2TSVI3 ) — SI( i3TA12TSV3 )~~h 113CIP (2 )

C * CALCULAT E 1ST EL UIIOCI T OF STESIIIL1G VE CT O 12

- Sfl( STAflT !3V) - 5113 SlAP-ISV) _5hl( STAPT23 VI I) *
+ • l IP-C 5121121±2) + $11 612111113713) - -r-11 ST/S1T:fl

• SIC STttIITI3V) — 131’: 3221722 51) — 7 31 2 ’ : 13 ; .-\r - .:23V 13)*
$ • 1111 6121131±!) — 1311 sTA1!’~u~ !; ) ‘- 12171 3’f21~’i’ 2 )

• 517 1 I2ThIITS V ) — 5111 I TTUITSV ) *11SCXL )( 1)
• 23I ( STi\1313T1) — UI (CTafl173V )~’12ECIP(i)
• 6121111137 - I3TARTSV+IC
i:r~, 13012
13117)
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Second Back Substitution for LL* wi th ~ Stored Columnw i se

and ~ Componentwise

~L*T = S~~~iIl ~~~

(This method is identi cal to the Second Back Substitution with L*

stored Rowwise and ~ Componentwise, except in the calculation of subscripts

of MR and MI, which does not affect the operation counts.)
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Appendix C. COC STAR-lOU Software

SUMMARY AND DOCUI-1EIITATION

The subroutine CHOLDC factors the positive definite Hermitiari matrix M
*into its LL decomposition using the Cholesky algorithm . The factor L is

ctored in place of the input matrix M. Subroutine BAKSUB takes this lower

triangular matrix L and a vector S as input and solves the system MW=S for

W by performing two back substitutions.

CHOLDC

Al gorithm : Since M is positive definite Hermitian it has a factoriza—
*tion of the form IL where L is a lower triangular matrix with real positive

*
diagonal entries and L is its conjugate trans pose , as discussed in the section

on mathematical techniques. If N is the dimension of M , M = {m
1~

} and

L = we have

= 
[m u 

- ~~ ik I2l½ (1)

4:3 ~1
= Lmij — 

~ ±j ~ik 
£
jk]~’~jj 

1 
~ i < i (2)

0
where the null sum Eis taken to be 0 and the square root is positive.

k= 1
Using these equations , one can successively solve for R..~-1, the first column

of L, the second column of L,. - - ,R
~kk, the kth column of L ,. - - ,  and RNN. 

C-l
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INPUTS:

NAME TYPE COMMON CONTENTS

MATDIM I blank Dimension of the matrix <200

REEL(20100) R blank Real part of the lower half of matrix M
• R R R R Rstored columnwi se: m11,m21,...m111,m22,m32,.. ,

R R R R R
- .,mkk,mk+l k~ 

..,mNK,.. 
~~~

where ~~ = m~. +j, mR .

JMAG(2OlOO) R blank Imaginary part of the lower half of

the matri x M stored the same way as REEL .

OUTPUTS :

NAME TYPE COMMON CONTENTS

REEL(20100) I blank Real part of factor matri x I stored

columnwfse as above.

JMA G(2OlOO) I blank Imaginary part of factor matrix I stored

as above.

RECIP(200) I blank Reciprocals of diagonal elements of I

(all positive real numbers by Equation (1)).

Comments (letters refer to labels in listing):

A. This routine was designed to work in a system wi th the following

characteristics

1) M W S  to be solved for arbitrarily many different S vectors for

a given M matrix.

2) Frequent changes of matrix M (speed a paramount actor).

3) Infrequent changes of dimension.

The vague words “arbi trarily many ”, “frequent” and “infrequent” are used since

they are a func t ion  of each system and may vary considerably. Our goal ,

howe ve r, is to find upper bounds in speed .

C- 2
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Since the changes in dimension are infrequent , we chose to compute

the most frequently used vector descriptors once for each new dimension .

MATOLD contains the old dimension and if it disagrees with the new one

in  MATDIM, new descriptors are calculated. Not all descriptors are calculated:

temporary ones are assigned in lines 91 and 93 (numbers on left-hand side of

page) of CHOLDC, since each one is only referenced once in a call to CHOLDC

and there are almost as many of them as elements in the matrix ((MATDIM_2)*

(MATDIM-l) versus MATDIM*(MATDIt4.fl), so storing them all would require a

great deal of storage.

It is possible to attain a slight increase in speed in this section of

code (at the expense of readability ) by making the calculation of MATOLD,

MTDMM1 , MTDMM2, MTDMP1, and MTDMP2 a single vector addition and equivalencing

the individual var iable names to different elements of the vector. This may

seem like a smal l point , but it shows how concerned we are about doing every-

thing possible to speed up the program.

The following descriptor arrays are calculated for J 1 ,2,..•,MATDIM-1 :

NAME CONTENTS

DREEL(J) Points to jth column of real part of matrix M (and

later L) stored in array REEL.

DJMAG(J) Points to ~th column of imaginary part of M and I

in array JMAG.

DREEL 1(J) Points to jth column exclu ding diagonal elements of

real part of matrices M and L.

DJMAG1 (J) Points to jth column exclu ding diagonal element of

imaginary part of M and I.

C- 3
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NAME CONTENTS
DTEMPR(J) Points to the real part of the W vector in array

TEMPR from the element to the end.

DTEMPJ(J) Points to the imaginary part of the W vector

in array TEMPJ from the element to the end.

DDTTMP(J) Points to the first MATDIM-J elements of the

temporary array DOTTMP.

The MATDIM_ 15t elements of these last four arrays are never used but

are calculated to avoid an IF statement in the loop or another DO loop , under

the assumption these al ternatives would take longer.

These last four arrays are used primarily in subroutine BAKSUB but since

BAKSUB may be called more than once (for di fferent values of the S vector)

for one call to CHOLDC, the calculation was done here to avoid unnecessary

checking for changing dimensions , so that the instruction stack is not

changing unnecessarily often. In the final implementation this function

of calculating descriptors would probably be done by some executive routine.

B. Since only the reciprocals of diagonal elements of the L matrix

are needed to both calculate the columns of the L matrix and perform the

back subst itutions , they are stored in array RECIP.

We assumed in coding that the compiler would optimize constant subscripts

to be equivalent in speed to using equi valenced nonsubscripted variables .

If this is not so, we woul d equivalence nonsubscripted variables to REEL(l),

RECIP(l), DREEL(l), DJMAG(1) and to similar references elsewh ’re and use them

instead .

Since we know the diagonal elements of I are real and only use their

reciprocals anyway, it is unnecessary to calculate them and so we coul d just

use DREEL1(l) and DJMAG1 (l) here , shortening two vector mu ltiplies by one

element each .
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C. The vector refe rences DREEI(JCOL ) and DJMAG(JCUL ) are used in

the loop described in section D, so we store d them in nonsubscripted

variables DT R and DTJ In the hopes of making their use more efficient in

the loop. This may, however, be unnecessary since the STAR has 255 registers,

which , if used efficiently, coul d hol d these descriptors for the duration

of the loop. In other words , the compiler , upon first coming across the

descriptor, would set aside a register for it for the duration of the loop,

making the allocation of an extra memory location pointless. Similarly,

the variables IFIRST , LEN, JCOLM1 , MATDIM and the ones depending on MATDIM

shoul d be kept in registers.

D. The four values restored in scalars in the beginnin g of the loop

were restored for the same reason as DREEL(JCOL ) and OJAG(JCOL ) in part C

and the same comments apply here.

We know the imaginary part of the diagonal elements of I are 0, yet

we ca lculate them here to avoid extra vector references. The alternati ve is:

Part C: JFIRST-l
LENM1 =MTDMM1
JCOIM1=O
00 3 JCOL=2,MTDMM1

I FIRST=IFIRST+MTDMP2-JCOL
ASSIGN DIR, DREEL(JCOL)
ASSIGN DTJ, DJMAG1 (JCOL)
LEN=IENM1
LENM1=IENM1-l
I SUB=JCOL
LJCOLM1 =JCOLM1 +1

Part D: DO 4 SUBCOL 1,JCOLM 1
TR=REEL (I SUB)
TJ=JMAG ( ISUB )
ISUBP1=IStJB+1
DTR DTR+REEL (ISUB;LEN)*(_TR)

+JMA~(jSUB;LEN)*(_TJ )
DTJ=DTJ+REEL (ISUBP1 ;LENM1 )*(TJ)

+JMAG(ISUBP1 ;IENM1 )+(-TR)
ISUB=I SUB+MATDI M-SUBCOL

4 CONTINUE
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Call ing this Method 2 to contrast it to Method 1 in the listing, we

have the followin g table of “extra operations performed” :

__________ 
Method 1 Method 2

Part 0 1 scalar assignment

Part 0 Increase in length by 1 of 2 1 scalar addition

vector multiplies and 2 vector adds 2 vector references

An intimate knowl edge of the compiler is necessary to choose between

methods .

Another possible change in this part Is the use of explic it temporaries in

the two vector assignment statements instead of letting the compiler allocate

temporary space for the intermediate resul ts of vector mul tiplicat ions and

addi ti ons. If a great deal of overhead is involved to allocate and free up

space each time a temporary is needed , it mi ght be more efficient to have

some extra arrays like DOTTMP and do the allocation “manually. ”

E. As in part B we need not calculate the diagonal element of I, only

it s reci procal , makin g it possi ble to shorten the len gth of the two vector

assi gnment statements at the expense of having one and possibly two extra

array references (DREEL1(JCOL) and possibly DJMAG1 (JCOL)) instead of using

the ones already availa ble in DIR an d DTJ.

F. There are two ways to perform the sum here, using the loop and

subscr ip t ca lcula t ion  as shown , or using double descriptors and the library

func tion Q8SSUM, wh ich has the added advantage of performing the sum in

C- 6
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double precision . The double descriptors would require a bit vector of

length MATDIM*(MATDIM+l)/2 bi ts, and two vector multipl ies (to calculate

the sums of the squares of the real and imaginary parts) using it.

There are many different ways of summing the resul ting squares . The

two methods which come to mind immediately are

1) adding the vectors of squares and using Q8SSUM on the

sum vector , and

2) using Q8SSIJM twice on the vectors separately and adding

the two scalar results .

Assuming that we do not need the double-precision results of Q8SSUM,
we need only consider timing to choose algorithms .

Since the timing curve for vector additions as a function of vector

length is a straight line not passing through the origin (because of the

start up time) and the curve for Q8SSUM is probably similar , it may be

that no one method may be best for all vector lengths. Some variant of the

following method may be best (where the N elements of vector X are to be

sunined):

1) partition X i nto j consecutive subvectors, each of length

,j; where n1 = max
I< k<j

N =  f ~k 1

2) using vector addi tion , add the j-l subvectors to the first

one, resulting in a vector of length n1 <N the sum of

whose elements is the same as the sum of the elements

of the original vector.

C- 7
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3) repeat steps 1) and 2) on the resulting shorter vector

unti l one is obtained that is of the best length for

suming by Q8SStJM.

There are obviously a lot of vari ables in the above algorithm. One

specifi c exanpie is to take the second half of the vector X and add it to

the fi rst half , repeating the bisection process and finally using Q8SSUM

on the result. It requires an excellent knowledge of the timing of both

Q8SSIJM and vector addition as a function of vector length to optimize this

algorithm.

C-8
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BAKSUB:

*Algorithm: Given the LI factorization of the matrix M,we can solve

the system MW =L(L*W)=S for W by solving the two triangular systems

IT S
*L W =  I

by back substi tutions

1 i-i 1
t. = [s. - EQ... t .I/z.. (3)1 1.3 Jj 11

= 

[~1 
~~~~ ~~ 

(4)

where the null suns f and ~~ are taken to be o.J= •I J=N +l
We successively compute t1, t2 I••~

)tN 1 ~
tN~

WN) WN+l)..•~
W2)w l.

Inputs : In addition to the output from CHOLDC, BAKSUB uses:

NAME TYPE COMMON CONTENTS

EREAL (200) R blank Real part of vector S

EMAG(200) R blank Imaginary part of vector S

Outputs:

NAME TYPE COMMON CONTENTS

TEMPR(200) R work Real part of vector W

TEMPJ(200) R work Imaginary part vector W

U— ~~~ -~ - ~• -~~~~1--J
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CCMMENTS V

A. As in CHOLDC , the efficiency of this code depends on the compiler ’s

treatment of constant array subscripts and vector temporaries .

B. Here we question whether the compiler saves XMUL in a register to

use for both multiplies and whether it knows only to do one addition

to address the array elements on either side of the equal sign .

C. Again we are concerned about the compiler ’s use of registers,

vector temporaries, and identical array references on either

side of the equal sign.

D. There are two alternate ways of calculating XMUL:

XMUL = RECIP(MATDIM)*RECIP(MATD IM)

and

XMUL = RECIP(MATDIM)

XMUL = XMUL*XMUL

And to choose among the three methods requires a knowledge of how

the compiler handles integer exponentiation and identical array

references in one expression.

Also , if TEMPR(MTDMM1 ) and TEMPJ (MTDMM1) were kept in registers,

there would be no need to store them in extra nonsubsc ipted

variables TR1 and TJ1 for later use in lines 66, 67, 80, and 81.
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Variables RS and JS are In COMNON/WOR~ç/ and set equal to the next-

to-last entri es in REEL and JMAG,respecti vely, since these are

calculated in CHOLDC and not changed in BAKSLJB.

E. The first backsubstitut ion above used vector arithmetic since

the coefficient matrix I was stored columnwise . In the second
*back substitution , the coefficient matrix , L , is stored row-

wise, so we must use dot-products. In other words, in Equation

(3), once t~ is calculated ,Q..t. is subtracted from for i ’j+l

through N in one vector operation; whereas, In Equation (4), the

indicated dot-product of and 
{
~ .}ti is actually
~ j=i+l

performed. The efficiency of this code depends , as before, on

1) the speed of precalculated descriptors versus vector

references,

2) implementation of vector temporaries such as DXR1 ,

DXJ1 , DIR, DTJ, and ODOT, and

3) speed of Q8SSUM ,

all of which have been discussed before.

Finally, although this was not done in either routine, It must be

remembered that vector addition is faster than just vector assignment ,

so that to copy vector B into vector A , it is faster to say

A =  B +  0

than

A = B
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Figure C-I Timing and Accuracy Results for Case MATDIM = 200

Dimension of matrix = 200
Time for descriptor calculation 2.317 rnsec
Time for decomposition = 1400.990 msec

Error analysis comparing L (actual factor matrix) to I (calculated factor
matrix) (all errors absolute )

Location of
Maximum Error Maximum Error Average Error

Real part .2l3E—6 20061 .734E—9
Imaginary part .252E—6 20062 .694E-9
Absolute value .294E—6 20062 .112E—8

Time for first backsubstitution = 18.273 msec
Time for second backsubstitution = 27.974 msec

Error analysis comparing W (actual solution) to ~~
‘ (calculated solution)

(all errors absolute)
location of

Maximum Error Maximum Error Average Error

Real part .512E—5 11 .278E—6
Imaginary part .287E-5 19 .283E—6
Absolute value .574E—5 11 .430E—6

J~~~~~ L~~F 1~I pu~~~
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1 SUBROUTINE COVCMP

2 C UP DATE SArIPLE COVARYVA NCE NA TRIX

3 COZ!NON / ~J C T I I Vi T / ~1S T~TTJ P  , ~mE Cf lp  , 3~~S~31 , IBK SB2 ,WCVCX VXP
4 coniV:oN /cov/ COVfl ( 2I~1:YLX ) , COVJ( 20100 )
5 CONITON /TIn~~/ TSETTJP . TDEC~~P , TI3K$B 1 , T~~~3B2 , TCVC~1P
6 COMMON / T E !I P /  ~DOT( 20J3 ) , S I i i ’R (  200 ) , SXIPJ( 200)  .DTDOT , SRDOT ,SIDOT ,

*WRD OT ,WIDOT , WflPJ1fl .WNRMI • F NR O
8 DESCRIPTOR DTDOT ,SRD OT ,SIDOT ,WRDOT .WIDOT ,WNRMR .WN RMI
9 CG~• MON 1~ATDII4 .RE E L ( 20 100) , JMAG( 20100 ) ,EREAL ( 200) ,EM.AG( 200)

10 REAL .TMAG
11 DESCRIPTOR DRR 1 ,DREEL ,DJMAG ,DSI4PR ,DSMPJ
12 DIrIENSION RR1 ( 200)
13 INTEGER w1 ,W2
14 CALL O8CLOCK ( • ,W 1)
15 TX SECOND ( X )
16 J— 1
17 K-~ ATDIM
18 DO 100 I-1 ,MATDIM
19 ASSIGN DRR1 ,RR1 (1;K )
20 ASSIGN DR EE L ,COVR(J ;K )
21 ASSIGN DJMAG ,COVJ (J;K )
22 ASSIGN DSMPR ,SMPR ( I;X)
23 ASSIGN DSMPJ ,SMPJ(I ;X)
24 SR-SM PR ( I)
2 SJ-SMPJ (I)
26 DRRI_DSMPR *SR
27 DREEL DREEL+DRR1
28 DRR1=DSMPJ*SJ
29 DflEEL-DR~~EL +DRR1
30 DRR1_DSMPJ *SR
31 DJMAG-DJI4AG-DRR1
32 Dflfll_DSMPR*SJ
33 DJtiAG~ DJNAG +DRR 1
34
35
36 100 CONTINUE
37 T2~~SECOND (X)
38 CALL QOCLOCK ( , ,W2 )
39 WCVCM P— ( ~12—W1 ) /1000.
40 TCVCMP- ( T2_T1)*1000.
41 RETURN
42 END

“Jut—.-- - i1~~,.,._ l~~LLulft JØ~~~~*1~—~ -
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43 SUBROUTINE C}IOLDC

44 C
45 C PERFORI’I CHOLESKY LL* DECOMPOSITION OF A POSITIVE DEFINITE
46 C HERNITIAN Mr~TRIX
47 C

48 CO1~21ON /BLOWUP/ NEG
49 COMMON MATDIM , REEL ( 20100 ) ,~~MAG( 20100) , EREAL( 200) , ENAG( 200)
50 REAL JMAG
51 COMMON /WORK / MATOLD ,MTDMM 1 ,MrDMM 2 ,MTDMP 1 ,NTDMP2 • SIZEM 1 ,

* DER SAL , DEMAG ,RECIP( 200) ,DREEL( 200) ,DREEL 1( 200) , DJMAG( 200) ,
* DJ~-1AG1( 200) ,TEtIPP.( 200) ,TEMPJ( 200)  , DTEMPR ( 200 ) ,DTEMPJ( 200) ,
* DOTTMP( 200) ,DDTTMP( 200) ,RS , JS

55 REAL .75
56 INTEGER SIEEM1
57 DESCRIPTOR DREEL 1 , DJMAG 1 ,DTEMPR , DTEMPJ ,DDTTMP , DEREAL ,DEMAG
58 INTEGER SUECOL ,ESUB
59 DESCRIPTOR DREEL ,DJMAG ,DXR ,DXJ ,DTR,DTJ
60 DESCRIPTOR DTTR , DTTJ
61 COMMON / T I ME/  TSETUP .TDE CMP , TBKSB1 , TSKSB2 , TCVCMP
62 COMMON /WCTIMEI WSETUP ,WDECMP ,WBK SBI , WBI(S52 ,WCVCMP
63 CALL Q8CLOCK ( • , IW 1)
64 T1-SECOND (X )

65 C
66 C SET UP ARRAY DESCRIPTORS
67 C

68 IF (MATDIM .EO.MATOLD ) GOTO I
69 MP.TOLD-MATDIM
70 M T DM M 1  t ’IATDIM- 1
71 }ITDX.1N2 MATDIM-2
72 NTDMP 1 MATDIM+ 1
73 NTDNP2 — X-IATDIM + 2
74 ASSIGN DEREAL ,EREAL (2)MTDMM1 )
75 ASSIGN DEMAG ,EMAG (2;MTDMM1)
76 ISUI3-1
77 LENI11-MATDIM
78 LEN=NATDIM
79 DO 2 .J-1 ,MTDMM1
80 LENM1 -LENM1-1
81 ISUBP1-ISUB +1
82 JP 1~~~+1
83 ASSIGN DREEL ( J) ,RECL ( 15m3;LEN )
84 ASSIGN D;T!i~G (J) , JMAG ( ISUB ;LEN )
85 ASSIGN DDTTMP( J )  ,DOTTr-IP( 1 ;LENM1 )
86 ASSIGN DTErIPR( 3) • TEW?R( JP1 ;LENMI)
87 AS3IGN DTEUPJ( 3) ,TEt•IPJ( .7P1 ~LENM 1)
88 ASSIGN DREEL1(J) , P.EEL( 151J 13P1;LENM1)
89 ASSIGN DJIIAG1( 3) , JtIAG( ISUB01;LEN~’i1)
90 ISUB ISUB +XITDMP 1-J
91 r,F~N~ LENM1
92 2 CONTINUE
93 SIZEt-11~~ISUB—1
94 T2”SECOLID(X)
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95 CALL OOCLOCK ( ,, 1W2 )
96 TSETUP- ( T2_T1)*1000.
97  WSETUP— ( 1W2—IW1)/1900 .
98 RETURN
99 1 CONTINUE

100 C
101 C CALCULATE RECIPROCAL OF FIRST DIAGONAL ELEMENT
102 C

103 NEG-0
104 IF (REEL(1).OT.0.0) GOTO 10
105 NONE—i
106 WRITE (6 ,500) NONE ,REEL (1)
107 500 FOIU4AT( 16H0EflR0R IN CHOLDC ,14.18H DIAGONAL ELEMENT- ,E12 .5)
108 NEG 1
109 RETURN
110 10 CONTINUE
111 XTEMP 1./SORT ( REEL( 1))
112 RECIP( 1)-XTEMP

113 C
114 C CALCULATE FIRST COLUMN
115 C

116 DREEL ( 1 )-DREEL( 1)*XTEMP
117 DJMAG( 1)-DJMAG( 1)*XTEMP

118 C -

119 C CALCULATE COLUMNS 2 THROUGH MATDIM-l
120 C

121 IFIRST— 1
122 LEN-MATBIM
123 .TCOLM1-0
124 DO 3 JCOL-2 ,MTDMM 1
125 IFIR ST IFIRST+MTDMP2 -JCOL
126 ASSIGN DTR ,DREELC JCOL)
127 ASS IGN DTJ ,DJMAG(JCOL )
12 8 LEN-LEN-i
129 ISUB JCOL
130 JCOLM1-JCOLM1+1

131 C
132 C SUBTRACT I4ULT IPLE S OF PREVIOUS COLUMMS
133 C

134 DO 4 SUBCOL 1 ,JCOLM1
135 TR REEL( ISUB )
136 ASSIGN DTTR, RREL (ISUB ;LEN)
137 TJ-JM1~G( ISUJ3 )
138 ASSIGN DTTJ , JZ-IAG( ISUB;LEN)
139 DTR_DTR +DTTR*( _TR)+DTTJ*( -T.7)
140 DTJ , 9D TJ+DT YR *(  TJ ) +DTTJ~~( -T R)
141 ISUB ISUB+MA TDIM-SUBCOL
142 4 CONTI NUE 

____________
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143 C
144 C CALCULATE RECIPROCAL OF DIAGONAL ELEMENT
145 C

146 IF (REEL (IFIRST).GT.D.J7) GOTO 11
147 WT~ITE (6, 500) JCOL ,RCEL (IFIRST)
148 NEG-i
149 RETURN
150 11 CONTINUE
151 XTEI-IP-1./SORT( REEL( IFIRST))

RECIP(JCOL)-XTEIIP

154 C CALCULATE COLUMN
155 C

156 DTR_DTR*XTEMP
157 DTJ_DTJ*XTEMP
158 3 CONTINUE

159 C
160 C CALCULATE LAST DIAGONAL ELEMENT
161 C

162 SUM—0.
163 ISUD-MATDIM
164 DO 7 SUBCOL 1,MTDMN1
165 XT REEL(ISUB)
166 XI-JMAG ( ISUB)
167 SUr1_SUM+XT*XT+XI*XI
168 ISU!3-ISUB+NATDIM-SUBCOL
169 7 CONTINUE
170 ASUM REEL ( ISUB)-SU?4
171 IF (ASUM.GT.0.0) GOTO 12
172 WRIT E (6 ,500) NATDI?4,ASUM
173 MEG-i
174 RETURN
175 12 CONTINUE
176 RECIP(Z4ATDIM)-1./SQRT(ASUM)
177 PS IIEEL ( SI2EM1)
178 J5’JMAG (SIZEMl )
179 T2 SECOND (X)
180 CALL QSCL0CK ( , ,1W2)
181 TDECMP- ( T2-T1) 1000.
182 WDEC !1P— ( IW2—I W 1)/1000 .
183 RETURN
184 END
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185 SUBR OUTINE BAK SUB

186 C
187 C G IVEN TX-fE LL* DECOr-IPOSITION OF A MATRIX, AND A VECTOR 5, PEREOFV.rI
188 C TWO BACK SUBSTITUTIONS TO SOLVE (LL*)W_S FOR W
189 C

190 COMMON /WCTIME/ WSETUP,~1DECI1P,1 BKSB1 ,WB1<SB2 ,WCVCMP
191 COMI-ION /TI!-IE/ TSETUP . TDECMP ,TB!~SB1 .TBKSB2 ,TCVCMP192 COMMON NATDIX4,IIEEL 20100) , JX,IAG( 20100) ,ERZAL ( 200) , EMAG( 200)
193 COMMON /WORK/ MATOLD ,MTDMX-11 , MTD!-1112 , fITDMP 1 ,MTDMP2 , SIZEM1

* DEREAL ,DEXL;G,RECIP( 2013) ,DREEL( 20.8) ,D~ EEL1( 200),D3MAG ( 200),
* DJMAG1( 200) • TENPR( 200) ,TEI-IPJ( 200 ) ,DTEMPR( 200) ,DTEMPJ( 200),
* DOTTMP ( 200 ) , DDTTMP ( 200)  ,RS ,JS

197 REAL 35
198 INTEGER SIZEM1
199 DESCRIPTOR DREEL ,DJI4AG
200 REAL JMAG
201 DESCRIPTOR DREEL1 , DJMAG 1 ,DTE ?4PR , DTEX4PJ , DDTTMP , D EREAL , DEMAG
202 DESCRIPTOR DXR1 ,DXJ1 ,DTR ,DTJ ,DDOT
203 CALL Q8CLOCK( ,,IW1)
204 Ti-SECOND(X)

205 C
206 C PERFORM FIRST BACK SUBSTITUTION , ( L ) TEMP S
207 C
208 C CALCULATE FIRST ELEMENT OF TEMP
209 C ________________ _____

210 XMUL-RECIP( 1)
211 TEMPR( 1) EUEAL( 1)*XMUL
212 TE?4PJ( 1)—EMAG ( 1)*XMUL

214 C SUBTRACT MULTIPLE OF FIR ST COLUMN OF L FROM S AND STORE IN TEMP

216 DTEMPR( 1)-DEREAL+ ( -TEMPR ( 1) )*DREEL1( 1)+( TEMPJ ( 1))*DJNAG1( 1)
217 DTEMP.7( 1) DEMAG+( —TEMPJ( 1))*DREEL1( 1)+( —TEI4PR( 1))*BJX4AG1( 1)

218 C
219 C CALCULATE ELEMENTS 2 THROUGH MATDIM-2
220 C

221 DO 1 JCOL-2 ,MTDMM 2

2 2 2  C
2 23 C CALCULATE JCOL-Tll ELEMENT
2 2 4  

- 
C

225 XNUL-RECIP (JCOL)
226 TE!4PR( .TCOL ) -TE)~PR( JCOL ) *VtIUL
227 TEMPJ ( .TCOL)-TEt-IPJ ( J cOL )*XMUL

228 C
229 C SUBTRACT MULTIPLE OF .TCOL-TIT COLUMN FROM TEMP
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230 C

231 ASSIGN DXR1 ,DREEL1(3COL)
232 ASSIGN DXJ1,DJMAG1(JCOL)
233 TR-TEMPR ( JCOL)
234 TJ-TE!-IPJ( .JCOL)
235 DTEMPR ( JCOL ) DTEJ~1PR(JCOL)+( _TR)*DXR1+(TJ)*DXJ1
236 DTE?IPJ(JCOL)-DTEMPJ( JCOL)+( _TJ)*DXR1+( _TR)*DXJ1
237 1 CONTINUE 

-—

238 C
239 C CALCULATE ELEMENT MATDIM-i
240 C

241 XNUL-RECIP( MTDNM1)
242 TEM P R( MTDN~-11 ) —TEMPR( MTDMX-11 ) *~~4ØY~
243 TEtIPJ( MTDMX11) -TEMPJ( MTDMMI) *XMUL

244 C
245 C COMBINE LAST STEP OF FIRST BACK SUBSTITUTION
246 C (CALCULATION OF ELEMENT MATDIM) WITH FIRST STEP OF SECOND
247 C BACK SUBSTITUTION (CALCULATION OF ELEMENT MATDIM OF’ W WHERE
248 C (L*)*W_TENP AND W IS STORED IN TEMP)
249 C

250 XMUL-RECIP( MATDIM) **2
251 TR1 TEMPR( fITDMMI )
252 TJ1 TEMPJ( MTDMMI)
253 TEMPR( X.IATDIM) -( TEMPR( NATDIM) _Tfl1*RS+T31*JS) *XMUL
254 TEI’IPJ( MATDIM)- ( TEMPJ( MATDIM) _TJ1*RS_TR1*JS) *XMUL

255 C
256 C PERFORM SECOND BACK SUBSTITUTION , (L’)W TEMP , STORING W IN TEMP
257 C

258 T2-SECOND (X)
259 CALL O8CLOCK ( ,,1W2 )
260 T3-SECOND (X)

261 C
262 C CALCULATE MATDIX4-1-ST ELEMENT

264 XMUL RECIP(MTDZIM1)
265 TR= T SMP R (  r-IATDIX1)
266 T J— T 1Th~P3( IIATDIM)
267 TE:-1pn( r - l T D r n h l ) - (  Tfl1_TR*flS_TJ*JS)*XMUL

TEX-IPJ(NTDMI-11) ( TJ1_TJ*IS+Tfl~JS)~ X1,tUL

270 C CALCULATE ELENEN T S MATDI!-1- 2 THflOUG~1 1
271 C

272 JROW —M T DMM 1
273 DO 2 JTEMP—1 ,MTDX-1M2
2 7 4  JROW’~JROW—1
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275 C
276 C CALCULATE DOT PREDUCT OF JROW-TH ROW STARTING AT COLUMN JflOW~1
277 C WITH TEMP STARTING WITH THE JROW+1-ST ELEMENT
278 C

279 ASSIGN DXR1,DIXEEL1(JROW)
280 ASSIGN DXJ1,DJNAG1(JROW)
281 ASSIGN DTR ,DTEMPR (JROW )
282 ASSIGN DTJ ,DTE!VIPJ(JROW)
283 ASSIGN DDOT ,DDTTMP(JROW)
284 DDOT_DXR1*DTRI.DXJi*DTJ
285 DOTR-QSSSUM ( DDOT)
286 DDOT DXR1*DT,7_DXJ1*DTR
287 DOTJ-O8SSVM ( DDOT)

288 C
289 C CALCULATE JROW-TH ELEMENT
290 C

291 XMUL-UECIP ( JROW)
292 TEMPR( .JROW) -( TEMPR( .IROW ) -DOTR ) *XMUL
293 TEMPJ( JROW ) -( TEMPJ( JROW) -DOTJ) *XMUL
294 2 - CONTINUE
295 T4 SECOND (X)
296 CALL O8CLOCK ( ,,IW3 )
297 TBKSB1-( T2_T1)*1000.
298 TBICSB2_ (T4_T3)*1000.
299 WBKSB1—( 1W2—IW1)/1000.
300 ~IBKSB2 ( 1W3—IW2 )/1000.
301 RETURN
302 END
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303 PROGRAI1 SYSTST( TAPE5-INPUT ,TAPE6-OUTPUT)

304 C TEST COVARIANCE MATRIX APPROACH TO ADAPTIVE ARRAY PPOBLFM

305 COMfION fIATDIt1,REEL 20100) ,JX1itG( 217100) • EREA L( 2130), EUAG( 2130)
306 REAL JNAG
307 COMMON /BLOWUP / MEG
308 CO1U)ON /CPCXP/ MOLD , NOW,SAVEXP( 200)
309 COMPL E X SAVE XP
310 COlit-ION /SETUP / DIM,EIG ( 200) ,NME I G, NSAMP1,NSAMP2,N SAM P 3 , N OIS E ( 200)
311 REAL NOISE
312 INTEGER DIM
313 COMMON /DEBUG/ IDBG( 20)
314 REAL MXLGEG ,MNLGEG
315 LOGICAL INO K
316 DATA MAXDIM/200/,MAXEIG/200/,tR)LGEG/0./

317 C INITIALIZE ROUTINE TO CALCULATE COMPLEX EXPONENTIALS 
V

318 NOLD-O
319 999  CONTINUE

320 C INPUT SYSTEM PARAMETERS
321 C INPUT DIMENSION OF’ SYSTEM,HUMBER OF EIGENVALUES ,COMI4ON LOG OF
322 C MAXIMUM EIGENVALUE , LOOPING PARAMETERS FOR SAMPLE SIZE OF
3 2 3  C SAMPL E COVAR I ANCE MATRIX ,
324 C DEBUG ARRAY--
325 C (WHERE TIlE DEBUG FLAG INDICATES 110W MANY VALUES OF AN ARRAY
3 2 6  C TO PRINT, -1 MEANS PRINT THE ENTIRE ARRAY , 0 MEANS PR I NT NOT H ING ,
327 C “0 MEANS PRINT TIlE INDICATED NUMBER OF ELEMENTS OR ROWS)
328 C 1 - NUMBER OF EIGENVALUES TO PRINT
329 C 2 - NUrmJIR OF ELEMENTS OF TRUE COVARIANCE MATRIX TO PRINT
330 C 3 - NUMBER OF OPTIMUM WEIGHTS TO PRINT
331 C 4 - NUMBER OF NORMALIZED OPTIMUM WEIGHTS TO PRINT
3 3 2  C 5 - CHECK IMAG I NARY PART OF OPTI M UM SNR TO SEE IF ZERO
333 C 6 - NUMBER OF WEIGHTS P11011 SAMPLES TO PRINT
334 C 7 - NUMBER OF NORMALIZED WEIGh TS FROM SAMPLES TO PRINT
335 C 8 - CHECK IMAGINARY PART OF SAMPLE SNR TO SEE IF ZERO
336 C 9 - NUMBER OF ROWS OF SAMPLE COVARIANCE MATRIX TO PRINT
3 3 7  C 10 - NUMBER OF DYNAMIC RANGES OF CO M PO NENTS OF SAMPLES TO P R I N T
338 C 11 - NUMBER OF ROWS OF FACTORED TRUE MATRIX TO PRINT
339 C 12 - NU?V IBER OF ROWS OF FACTORED SAMPLE !V 1ATRIX TO PRINT
340 C 13 - NUMBER OF ELEXVIEUTS OF EACH SAMPLE TO PRINT
341 C 14 - NUMBER OF COMPONENTS OF EACH VECTOR VOLTAGE TO PRINT
342 C 15 - IF .EO . 0 STOP AFTER UNSUCCESSFUL DECOMPOSITION, ELSE GO ON

3 4 3  READ( 5 ,100) DIX-1,MrIEIG ,MXL GE G , NSAMPI ,NSAMP2 ,NSAMP3 ,NOISE( 1)
* (IDDG (J),J’-’1,20)

345 100 FOP.1-LAT(215 ,rflO .4,315,F16.10/2013)
346 IF (DIM.EQ.0) STOP 777
347 IMOI( .TRUE . V

348 IF ((DIM.GT .3).AND. (DIM.LE.NAXDIM)) GOTO 1
349 WRITE (6 ,101 ) DIIh, MAxOrrl -

350 101 1’OflriAT(11I1.0DIMEN3IOfl~~,I4 ,27!1 IS BUT OF R G E  4 THFOUGII ,14)
351 INOK’ .FALSE.
352 1 CONTINUE
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3~~3 IF ((NMF,IG.GT.0).AND.(fl-IEIG.LE.MAXEIG’) GOTO 2
3 ) 4  W R I T E  ( 6 , 102) IN-IEIG , M~ XE I G
7 5 5  102 FORIVIAT(23II111W1IB F.rh OF E IGEN V ALUE S- , 14 , 16H IS OUT OF RANGE ,

~ l i E  1 THROUGH .14)
357 INOK- .FALSE.

2 CONTINUE
359 IF (MXLGEG .GT.MNLGEG) GOTO 3
360 WRITE (6 ,103 ) MXLGEG ,M NL GEG
361 103 FORMA T(34IIOCOMMON LOG OF MAXIMUM EIGENVALUE- ,F10.5,

* 36H IS LESt) THAN MINIMUM ALLOWED VALUE ,F10 . 5 )
363 INOK . FALSE.
36 4 3 CONTINUE
365 IF ( .NOT.INOK) STOP 1

366 C CALCULATE EIGENVALUES

367 VAL-10. ~~*( MXLGEG/NMEIG)
368 EIGEN 1.
369 DO 4 J-i,NM EI G
370 EIGEN_EIGEN*VAL
371 EIG (J)-EIGEN
3 7 2  4 CONTINUE

373 C CALCULATE STEERING VECTOR

374 CALL STEER

3 7 5  C CALCULATE RECEIVER NOISE

3 7 6  CALL RECNOS

3 7 7  C DISPLAY INPUTS

378  WUITE ( 6 ,104 )DIM, NM EI G ,t4XLGEG ,NSAM P 1, N SANP 2, NSAM P3 ,(IDBG(J) ,J-1,20)

380 104 FO RMAT( 14H1SYSTEM INPUTS ,/,1ZHO DIM ENS I O N ,15( 2H . )  ,1X, I4 ,/,
*22IIØNUMBER OF EIGENVALUES ,9( 211 . )  ,1X ,I4 ,/,
*33IIOCOtIMOII LOG OF MAXIMUIVI EIGENVALUE ,4(2H. ),F10.5,/,
*20H/5fl)ITIAL SAMPLE SIEE ,10( 2T1 - ) ,1X ,14,/,
*1C}IgFI~1AL SAI-1PLE SIZE ,11(2H .),1X ,14 ,/,
*17IIOSTEP SAI-IP LE SI Z E ,12(2H. ),14 ,/,
*12ITODEBUG ARP .AY, 14 ( 2 H  . ) , 1X , 2013 , / , 4 1X, 20I3)

387  W R I T E  ( 6 , 10 5)  (EI1EAL (J),J—1 ,DI t 4)
388 105 FORMA T( 27H OSTEEP.I t IG VE CTOR ( REAL PART ) , / , ( 1X , lO E i 2 . 5 ) )
3 8 9  WRITE ( 6 . 1 0 6)  (E G (J ),J~~1 ,DI M
390 106 FOPt-IAT( 27IIOSTEEI1ING VECTOR ( I l-lAG PART),/,( 1X, 10E12.5))
391 W R I T E  ( 6 , 1137) ( N O I S E ( J )  ,J—1 , DII- l)
392 107 FOIlt-IAT( 131101;OISE VECTOR ,/,( 1X ,10E12.5))
3 9 3  IF ( I D E G ( 1) . r i o . 0)  GOTO 5
394 LENP-IDBG(1)
395 IF (LENP.C0.-1) LENP-NMEIG
3 9 6  W R I T E  ( 6 , 1138) ( EIG ( 3) .7—1 ,LEIIP )
397 109 FOPMAT( 12IIOEIGENVALUES ,/,( 1X , 10E12.5))
398 5 CONTINUE

399 C SOLVE PROBLEM WITH TRUE MATRIX , GET BEST SNR
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400 CALL TSOLVE

401 C IF DECOMPOSITION OF TRUE MATRIX FAILED, GET NX T  SET OF INPUTS

402 IF (NEG .EO.1) GOTO 999

403 C GENERATE SAMPLE MATRICES AND SOLVE FOR SNR

404 IF (NSAIIP1.LE.NSAMP2) CALL SSOLVE

405 C GO BACK FOR MORE DATA

406 GOTO 999
407 END
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408 SUBROUTINE STEER

409 C CALCULATE STEERING VECTOR

410 COMMON NATDIM,PEEL( 20100) ,JMAG( 201033 ,EREAL ( 2033 ,EMJtG( 200)
411 REAL JIIAG
4 12 COMMO N /SETUP/ DI M, EXG (  200) ,NX-IEIG , NSAMP 1,NSAMP 2 ,NSN.1p3 , NOISE ( 200 )
41 3 REAL NOISE
414 INTE G ER DIM
415 EREAL ( 1~ DIM)-1.416 E M A G ( i ; D X M ) 1.
4 17 RETURN
418 END
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4 19 SUBROUTINE RECNOS

420 C CALCULATE RECEIV ER NOISE

421 COMMON /SETUP/ DX M ,EIG( 200 ) ,NMEI G , NSAMP 1, NSAM P2, NSN-1P3 ,NO ISE ( 200)
4 22 REAL NOISE
423  INTEGER DIM

424  c ~~~~ CHANGED BY RITCIIEY 10/10/77
425 C DATA tIOISE/200*1 .E_6/

426 NOISE (2 ;DIM—1) — NO ISEt1)
4 2 7  RETURN
42 8 END
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42 9 SUBR OUT INE TSOLVE

430 C SOLVE SYSTEM USING TRUE COVARIANCE MATRIX FOR OPTIMUM SNR

431 COMMON /WCTIME/ WSE TUP ,WDCCMP ,WBKSB1 , WBKSB2 ,WC VCMP
432 COMMON /BLOIIUP/ MEG
433 COMMON /SETUP/ DIII,EIG( 200) ,NNEIG,NSANP1 ,NSAMP2 ,NSAMP3 ,NOISZ( 200)
434 REAL NOISE
4 3 5  IN TEGER DIM
436 COMMON IVIATDIM,REEL ( 20100) ,JMA G( 20100) .EREAL ( 200) , EIIAG( 200)
437 REAL JMAG
438 COMMON /WORX/ MATOLD, 14TDM141 ,MTDMX42 ,t4TDMP 1 ,MTDMP2 , S IZEM 1 ,

* DEREAL , DEt-1.AG , RE CIP ( 200 ) .DREEL ( 2 00) , DREEL1( 200) , DIMA G( 200 ) ,
* DJMAG 1( 200 ) ,TEMPR ( 200) ,TE?-IPJ( 200) ,DTEMPR( 200 ) ,DTEMPJ( 200) ,
* DOTTMP ( 200) ,DDTT)IF( 200) ,RS.JS

442 REAL JS
443 INTEGER SIZEM 1
444  DESCRIPTOR DREEL 1 ,DJMAG 1 , DT EMPR , DTEMPJ , DDT TMP ,DER EAL ,DENAG
445 DESCRIPTOR DREEL ,DJMAG
446 COMMON /TIt4E/ TSETUP,TDECMP ,TBKSB1 ,TBKSB2 ,TCVCMP
447  COI-IMON /DESUG / IDDG( 2 0)
448 COMMON /TEMP/ TDOT( 200)  ,$MPR( 200) ,SMPJ( 200)  ,DTDOT ,SRDOT , SIDOT ,

*WRDOT ,WIDOT ,WN RMR ,WNRM I , SNRO
450 DESCRIPTOR DTDOT,SRDOT ,SIDOT ,WIhDOI!,WIDOT, WNRMR ,WNR)4I
45 1 COMMO N /SAVEW / WI1N( 200) ,WIN ( 200)

452 C CALCULATE TRUE COVARIANCE MATRIX

45 3 CALL BUIDTM

454 C SOLVE SY V.TEM
455 C SET UP DESCRIPTORS

456 MATDIM DIM
457 MATOLD-DIM. 1
458 CALL CIIOLDC
459 IF (IDBG(11).NE.0) WRITE (6,108)
460 108 FORX-IAT(27ff0’DESCRIPTOR SET UP COMPLETE)

461 C PERFORM LL* DECOMPOSITION

4 62 CALL CIIOLDC

463 C IF DECOMPOSITION FAILED , PRINT OUT MATRIX AND RET URN FOR NEXT
4 6 4  C SET OF SYSTEM INPUTS

465 IF (NEG .EO.i) IDBG (11)——1
466 IF (IDBG (11).EO.0) GOTO 6
4 6 7  IDEBUG - IDBC( 11)
468 IF (IDEBUG .FQ .-1) IDEBUG-DIM
469 WRITE (6 ,109)
470 109 FORNAT (32HZFACTORED TRUE HATRIX(REAL PART))
471 CALL DISP(DIM ,REEL ,IDEBUG)
4 7 2  WR ITE ( 6 , 110)
4 7 3  110 FORMAT(~~ 2II0FACTORED TRUE MATRIX ( Il-lAG P A R T ) )
414 CALL DISP(DIM ,JMAG ,IDEI3UG)

C- 25

- - V _____ -
~~~~~~



475 WRITE (6 ,112) (R ECIP(K),K—1, IDEBUG)
476 112 FOPJIAT( 26UOTI1UE RECIPROCAL DIAGONALS,/,(1X ,10E3.2.5))
477 6 CONTINUE
4 7 8  IF ( NEG .EQ. 0)  GOTO 10
4 7 9  WRI TE ( 6 , 111)
480 111 FORI IAT( 1H0 , 1D( 1R* ) , 3SHDECOr 1POsITION OF TRUE MATRIX FAILED )
48 1 RETUR N
4 8 2  10 CONTINUE

48 3 C CONJUGATE STEERING VECTOR

484  EXIAG( 1IDIM)——EMAG ( 1)DIM)

485 C PERFORM BACK SUBSTITUTIONS

486 CALL EAZISUB
487 IF ( I D B G ( 3) . E Q . 0 )  GOTO 1
488 LENP IDBG (3)
489 IF (LENP.EO.-11 LENP-NATDIM
490 WRITE (6,100) (TEMPR (J),J-1,LENP)
491 100 FORI.IAT( 27IIOOPTIMUM WEIGIITS( REAL PART) , I , ( X X , 10E12.5))
492 WRITE (6, 101) (TEI-IPJ(J),J 1,LENP)
493 101 FORMAT( 27HOOPTIMUI4 WEIGHTS ( IMAG PART) , I , ( 1X ,10E12.5))
494 1 CONTINUE

495 C NORMALIZE WEIGHTS SO THEIR ONE-NORM IS ONE AND SAVE THEM

496 SUM Ø
497 DO 2 0 1 ,DIM
498 SUM-SUM+SORT( TEMPR (0)**2+TEMPJ(J)**2)
499 2 CONTINUE
500 X WJL I . / S U M
501 WRN ( 1;DIM)-TEMPR ( 1;DIM)*XMUL
502 WIN( 1;DII4)-TEI4PJ( 1~ DIM ) *X MUL
503 IF (IDBG(4).EQ.0) GOTO 4
504 WRITE (6, 102) SUM
505 102 FOP~l-lAT(29H0ONE-NOP ~M OF OPTIMUM WEIGHTS ,E12.5)
506 LENP’IDI3G(4)
507 IF’ (LEIIP.EO .-1) LENP-I4ATDIM
508 WRITE ( 6 , 1 0 3)  (WRII(J),J 1 , LENP)
509 103 FOP.X-IAT( 3OIIONOI1NIILI2ED OPTIMUM WEIGH TS( REAL PART ) , f , ( 1X , 10E12 .5) )
510 WRITE (6, 104) (WIN (J) ,J 1 ,LEI4P)
511 104 FORMAT( 38IIZNORNALIZED OPTIMUM WEIGET SI IMAG PART) • /,( lx, 10E12 . 5 ) )
512 4 CONTINUE

513 C CALCULATE MAXIMUM POSSIBLE TIMES

514 TIMNAX-TSETUP+TDEC?-IP+TBICSB1 +TBKSB2
515 WCTMAX-~Z6ETUP+WDECMP+1’113ICSB1 + W131(SB2

516 C CALCUALTE OPTIMUM SIIR

517 ASSIGN DTDOT , TDOT( 1;DIM )
518 ASS 1GM hT1 !RMP., SrIPR( 1 ;DIM)
519 ASSIGN WURI.II,S?-IPJ( 1;DIM )
520 ASSIGN SRDOT,EIIEAL(1;DIM)
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521 ASSIGN SIDOT ,EIflG(1;DIM)
522 ASSIGN WRDOT ,Tfl!IPP.( 1;DIM)
523 ASSIGN WIDO T , Tr ~!PJ( l ;D I M )
524 DTDOT_SPDOT*MI)DOT+SIDOT*WIDOT
525 SNPO-QBSSUI-1( DYDOT)
526 WRI TE ( 6 , 10 5)
527 105 FOI3IIAT( 56110 NUMBER SNR DE DOWN TIME FOR TIIVIE FOR TIME FOR

1 .6011 TIllS FOR TIME PER TIME TO MAXIMUM ONE-NORM SUP-NORM ,
2 lOU LOCATION ,!,
3 5611 SAMPLES SET UP DECOMP EACKSUB 1,
4 6011 BACICEUB 2 SAMPLE TO MOVE POSSIBLE OF EREOR OF ERROR ,
5 101! OF ,/,
6 26X ,4(1OH MILLISE C ),3011 UPDATE MATRIX TIME ,20X ,
7 1011 SUP-N0R11,/,
8 26X , 4( 1011 ( C P U ) ) , 30H MATRIX MILLISI~C MILLISEC ,/,
9 2 6 X , 4( 10h1 ( WA LL ) ) , 3011 MILLISEC ( CPU ) ( CPU ) , / ,
* 66X , 30I1 ( CPU) ( WALL ) ( WALL ) , / ,
1 6 6 X , I O H  ( WALL ) )

539 WRITE ( 6 , 107 ) SNRO ,TSETUP ,TDII CNP ,TBICSB1,TBKSB2.TIVMMAX ,
* WSETUP , WDECI-IP ,(-IDKSD1 ,WBICSI3 2 ,WCTZIAX

541 107 FORI-!AT( 8IIOOPTIIIUZ4 ,E 10.3 , 8X , 4F10.3, 20X ,Fl0 .3 , / ,
* 26X ,4F10.3 , 20X, F10.3)

543 IF ( I D B G ( 5 ) .E Q . 0 )  GOTO 5
544 DTDOT _ SRDOT *SIIDOT_ SIDOT *WUDOT
545 TSNR-0858U1.1( DTDOT)
546 WRITE ( 6 , 106 ) TSNR
547 106 FOPJ-IAT(26IIOIMAG PANT OF OPTIMUM SNR- ,E 12 . 5 )
548 5 CONTINUE
549 RETURN
550 END
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551 SUBROUTI N E DOEXP

552 C PRECALCULATE CO1-IPLI7X EXPONENTIALS
553 C (110W-TI! ROOTS OF UNITY)

554 COMMON /CPEXP/ NOLD,NOI-l ,SAVEXP( 2170)
555 COMPLEX SAVEXP
556 COMPLEX MUL,PROD
557 DATA PI/3.14159265358979323/
558 NOLD NOW
559 MUL CEXP (CIIPLX( 0.0,2.0*PX/FLOAT ( NOW)))
560 PROD CMPLX( 1.0, 0. 0)
561 DO 1 J-1 ,NOW
562 SAVEXP( 0)-PROD
563 PROD_PROD*MUL
564 1 CONTINUE
565 RETURN
566 END
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567 SUBROUTINE BUIDTM

568 C FORM TRUE COVA I1IZIN CE MA TR I X

569 COt-UION /CP EXP/  EOLD , NO%7 , SAVEXP( 2017)
570 COl-IPLEX S2IVEXP
571 COt-Il-ION !SETUP/ DIM ,EIG( 200 ) , NI1EIG , NSAMP 1 ,N SAMP2 , NSAMP 3 ,NOISE ( 2 1 5 0)
5 72 REA L NOISE
573 INTEGER DIM
574 COMMON 1’IATDII4 , REEL ( 20100 ) ,JMAG( 20100) ,EREAL ( 200) , EMAG( 200)
575 REAL JMAG
576 COMMON /DEBUG/ IDBG( 20)
577 COMMON /TP .UE/ Efl i 200 ) , EC( 2 00)
578 COMPLEX S
579 INTEGER DIMI41,DIMP1

580 C PRECALCULATE COMPLEX EXPONENTIALS

581 NOW-DIM
582 IF (NOW.NE.NOLD) CALL DOEXP

583 C COMPUTE EXP FACTORS OF LOWER HALF OF TOEPLETZ COVARIANCE MATRIX

584 SUM O.0
585 DO 100 K 1 , NMEIG
586 SUM-SUM+EIG( K)
587 100 CONTINUE
588 ER(1)-SUM
589 EC (1)—0.0
590 DIMM1 DI)4—1
591 DO 200 I 1 ,DIMM1
592 ISUB—I+1
593 S-CMPLX(0.0,0.0)
594 DO 210 K-1 ,N!-1EIG
595 S_S+EIG(K)*SAVEXP( 1515)3)
596 ISUI3 ISUB +I
597 IF (ISUB.GT.DIM) ISUB-ISUB-DIM
598 210 CONTINUE
599 E R ( I + l ) - R E A L ( S )
600 E C ( I + 1) - - A I X - I A G ( S)
601 200 CONTINUE
602 IF ( I D B G ( 2 ) .EQ .0) GOTO 500
603 LENP IDBG(2)
604 IF ( LE I IP .E Q . — l )  LENP DIM
605 W R I T E  ( 6 , 800 ) ( E R ( I ) , I 1 , LENP )
606 808 FOI1IIATI 23H ’YTRUE l-L’LTP .IX(REAL PART ) , / , ( 1x, 10512 .5))
607 WR ITE ( 6 , 009)  ( E C ( I ) , I — 1 , LENP )
60 8 809 FORMAT( 23110T11U5 MATR IX ( IMAG PART ) , / , ( 1X, 10E12.5))
609 500 CONTINUE

6 10 C FORM COVAT1IAN CE MATR IX

611 DIX-IP1— D I M+ l
612 IIIX—0
6 13 DO 300 1 1,DIM
614 LOOP—DIMP1--I

F
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615 DO 310 J-1 ,LOOP
6 16 IIIX •IL)X . 1
617 REEL ( I1)X )—ER(J)
618 JI-lAG( IIIX)—EC(J)
619 310 CONTINUE
620 390 CONTINUE

621 C ADD NOISE TO DIAGONAL

622 0—1
623 DO 400 1 1 ,DIM
624 REEL (J)-REEL(J)+NOISE ( I)
625 J-J+DIMP1—X
626 400 CONTINUE
627 RETURN
628 END
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6 2 9  SUBROUTINE SSOLVE

630 C SOLVE SYSTEM USING t)ZU-IPLE COVARIANCE MATRIX

631 COrE-ION /Sr-1PI!L~~/ IDBG14 ,NTTM3N-I
632 Cal-Il-ION /WCTII-lS/ WSETUP ,1-~~ECt-1P ,(fl3KSB1 ,WBKSB2 ,WCVCMP
633 COX-Il-lON MATDIM,REEL( 20100) , JIIAG( 20100) ,Ei~EAL( 200 ) , Et-IAG( 2 0 1 3)
6 3 4  REAL JMAG
6 3 5  COMMON /BLOWUP/ NEG
63 6 COX-IM ON /COV/ COVR( 201130) ,COVJ( 20100)
6 3 7  COMMON / SE T U P /  DIM , EIG( 200) ,Nl-IEI G , NSAIIP 1 , NSAMP 2 ,NSAM P3 , NOI SE ( 200 )
6 3 8 REAL NOISE
6 3 9  INTEGER DIM
640 COlE-ION I WO R E /  MATOLD , MTDMM 1 ,MTDMI4 2 ,lITDMP 1 ,MTDI-1P2 ,SIZEM1,

* DEREAL , DEHAG , RE CI P( 20J3) , DREE L ( 205)  , i EL1( 2 .0fJ) , DJ?1AG( 2~ Y0 ) ,
* D ThIAG!( 200 ) ,TEMPI? ( 200 ) ,TEMPJ( 200) ,DT~~lPR( 200) ,DTEMPJ( 200),
* DOTTMP ( 200 ) ,DDTTMP( 200) ,RS ,JS

644 REAL 05
6 4 5  IN TEGER SIZEM 1
6 4 6  DESCRIPTOR DREEL 1 ,DJMAG 1 ,DT EMP 1I ,DTEI4PJ ,DDTTI-IP ,OEREAL ,DEMAG
647  DESCRIPTOR DREEL ,DJMAG
648 COMMON /T1145/ TSETUP,TDECMP ,TBKSB1 , TBI(S32 ,TCVCMP
649 COMMON /TRUE/ ER( 200),EC(200)
650 COl-IMON /TEMP/ TDOT( 200) , S1IP R( 200) ,SMPJ( 200) ,DTDOT ,SRDOT ,SIDOT ,

*WPDOT ,WIDOT ,UNRMR ,WIIRMI , SNRO
652 DESCRIPTOR DTDOT ,SRDOT ,SIDOT ,WRDOT ,WIDOT , WNRMR ,WN RMI
653 COMMON /DEBUG/ IDBG(20)
65 4 COMMON /SAVEW/ WRN( 200) ,WIN( 200)
6 5 5  DIMENSION SMI N( 200 ) , StIAX( 20 13)
656  INTEGER WT1 ,WT2
657 COMPLEX CIIAN G , CRAN GI , RAN
658 IN TEGER SAMTOT
6 59 DESCRIPTOR DCOVR ,DCOVJ
660 DESCRIPTOR DDR ,DDJ
661 DATA PI!3.14159265358979323/
662 DATA INTRND/0/

6 6 3  C I N I T I A L IZE  RANDOM NUMBER GENERATOR

66 4 IF ( IIITUND .E O . l )  GOTO 500
6 6 5  IN T I IND—l
6 6 6  RAN- CRANGI ( 0.0)
6 6 7  500 CONTINUE

668  C INITIALI ZE SAMPLE GENERATING ROUTINE

669  CALL SAI4PI

67 0 C ZERO OUT COVARIANCE MATRIX

67 1 LEN~ DIM*( DIM+ 1) / 2
6 72 ASSIGN DD R, R E C L ( l ; L E N )
6 7 3  AS5 I(~lI DDJ , .T r - IAG ( l ;LE N )
67-I  ASSIGN DCOVR .COVR (1;LF.N)
6 7 F  A SSIGN DCOVJ ,COVJ (l;LEN)
67 6 DCOVR-9.Z
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677 DCOVJ O.0
678 IDSG14—IDDG( 14)
679 IF ( IDDG14.EO .— 1 ) IDBG14—NMEIG
680 IDEBUG-IDBG( 10)
681 IF (IDIIDUG .EO .-1) IDEBUG-DIM
682 TUPDI\T-0.0
683 1-IIJPDAT-0.0
684 SAX-1TOT 0
685 KDEBUG-IDI3G( 13)
686 IF (KDEI3UG .EQ .-1) KEEBUG-DIM

687 C LOOP THROUGH SAX-IPLE SIZES

688 DO 1 NSAMP-NSAMP1 ,NSAMP2 ,NRAMP3
689 NEED-NSAIIP-SAX’ITOT

690 C LOOP THROUGH NUMBER OF EXTRA SAMPLES NEEDED

691 TTCOV-0.
6 9 2  WTCOV-13 .0
693 IF ( IDEBUG .EQ.0) GOTO 13
694 SMIN( 1~ IDEI3UG)—1.E30695 SMAX (1,IDE)3UG)--1.E30
696 13 CONTINUE
697 LOPMIN-SIU-ITOT+1
6 98 DO 3 J LOPMIN , NSAMP

69 9 C GET SAMPLE

700 NUI4SAM-J
70 1 CALL SAMP
7132 IF ( IDEI3UG .E Q . 0)  GOTO 122
703 DO 123 E’~1, IDEBUG
704 SABS—SORT( SIIPR (K)**2+SMPJ (K)**2)
705 5141111 K )  —Al-IIN1( SMIN( K )  , 52\BS )
706 SI1AX( K )  AMAX 1( S1-IAX( K)  ,SAES)
7 07 123 CONTINUE
708 122 CONTINUE
709 IF ( KDE BUG .EO .0) GOTO 44
710 1-JRITE C 6 , 4 4 1 )  J , ( Sr-IPT1( JO) , 00_- 1 , KDE BU G)
711 441 FOI1I-IAT( 14IIOSMIPLE NUI-1BER ,I4 ,12H ( RE2\ L PART ),/,(1X ,10E12.5))
712 i-mITE 6 ,4 4 2 ) J ,(SM ~’J(JJ ),JJ—1 ,KD EB UG )
713 442 FOIU-IAT( 14HOSAMPLE NUMBER , I4 , 12H ( Il-lAG PART ) , / , ( 1 X , 10E 1 2 . 5 ) )
714 44 CONTINUE

715 C ADD TO COVA~lIANCE MATRIX

716 CALL COVCI-IP
717 TTCOV~ TTCOV+TCVCMP718 WTCOV -WTCOV+ W CVCMP
719 3 CONTINUE
720 IF (IDEIIUG .E(L0) GOTO 14
721 Wi1I T E ( 6 , 110) 1~nfl~~, ( K S , S:l I ( K S ) , Sr \;~(:-~~ ) , K S — 1 , rDEEtJ G )
7 2 2  110 FOIl!-l2\T( 32 1-IIY DYflAl-II C IThflGfl OF CO ~~~~~~~~~ FOR , 14 , ~~ V j SPI-IPLES ,

* ( / ,1X ,I3 ,1~< ,E10.4,1X ,E10 4 1~~,I3  , 1~( , :~ l ’1 4 , 1:~,fl10 .4 ,1X ,13 ,1X ,
* E 1 0 . 4 , 1X , E10 .4 , 1X , I3 , i:~ , E10.1 , 1X ,~~13 4- , 1X , I3 , fl~, E10.4 , 1X ,
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* E11Y.4))
726 14 CONTINUE

727 C MOVE DATA FROM (COVR ,COVJ) TO (REEL ,JMAG)

728 CALL O8CLOCK ( , ,WT 1)
729 TT1-SECOND (X)
730 DDR-DCOVR
731 DDJ-DCOVJ
732 TT2-SECOND (X)
733  CALL OCCLOCK( , , WT2 )
734 TMOVE.1000.*( TT2-TT1)
735 WI-l OVE— C WT2—WT1)/1000.
7 3 6  SN4 TOT -NSAMP
737 IF (IDDG(9).EO.0) GOTO 12
738 WRITE (6, 108 ) NSANP
739 108 FOR?-!AT(13IVSSIU4PLE SIZE- ,14,5X ,24HSAMPLE COVItRIANCE MATRIX ,

* 11H( REAL PART))
741 LE N P - I D I 3 G ( 9 )
742 IF (LENP .EO.-1) LENP-DIM
743 CALL DISP(MATDIM ,REEL ,LENP)
744 WRITE (6 ,1139) NSAXIP
745 109 FOflI-IAT(13IIOSAI4PLE SIZE ,I4 ,5X ,24HSAI1PLE COVARIANCE MATRIX ,

* 11llC Il-lAG P A N T ) )
747 CALL DISP(l.!ATDIM,JMAG ,LENP)
748 WRITE (6 ,113 ) NSAI-IP ,(RECIP (K),K 1 ,LENP )
749 113 FOR?.IAT(11HZFOR NSAI.IP-,I5 ,2111 RECIPROCAL DIAGONALS ,/,(1X, 10E12

* 5))
751 12 CONTINUE

752 C SOLVE SYSTEM WITH SAMPLE COVARIANCE MATRIX
753 C PERFORM LL* DECOMPOSITION

754 CALL CIIOLDC

755 C IF DECOMPOSITION FAILED , PRINT OUT MATRIX AND GET MORE SAMPLES

756 I? (NEG .EO.0) GOTO 45
757 IDTMP IDBG( 12)
758 IDBG( 12 ) — — 1
759 45 CONTINUE
760 IF (IDBG(12).EQ.0) GOTO ~0
761 IDEBUG-IDBG( 12)
762 IF (IDEBUG .EQ .-1) IDEBUG DIM
7 63 WRITE ( 6 , 111) NSAI4P
764  111 FORM~ T( 45 IIUF ACTO RED SAI-IPLE !1ATRIX( REAL PART ) FOR NSNIP-,15)
765  CALL DI SP(DIM ,REE L ,IDESUG )
766 W R I T E  (6 ,112 ) NEA MP
7 6 7  112 FOIN-lAT( 45}IZFACTOREI) SAMPLE IL~TPIX ( IMAG PART ) FOR NSPJ-IP-’, 15)
768  CALL DI SP( DIM ,JMAG ,IDEBUG )
7 6 9  20 CONTINUE
770 IF (NEG .EO.0) GOTO 46
771 IDDG (12)—IDTMP
7 7 2  W R I T E  ( 6 , 4 7 )  NEAMP
7 7 3  47 FORl:l~T( 1110,110, 5( 111*) , 2OIIDECOMPOSITION FAILED , 20( 111*))
774 IF (IDBG( 15) . EO.0) RETURN
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775 GOTO 1
776 46 CONTINUE

777 C PERFORM BACK SUBSTITUTIONS

776 CALL BAIISUB
779 IF (IDDG(6).EO.0) GOTO 7
780 LENP IDBGC6)
781 IF (LENP.tQ .-1) LENP-DIM
782 WRITE (6 ,100) NSAI-IP,(TEI-IPR(J) ,J-1,LENP)
783 100 FORNAT( 36ROW EIGIITS ( UEAL PART ) FOR SAMPLE SIZE- ,Ilø ,

* /,(1X ,10E12.5))
785 WRITE (6 ,1131) NSAMP,(TEMPJ(J),J-l ,LENP)
786 101 FORX-!AT(36HØWEIG1ITS( II4AG PART) FOR SAI-IPLE SIZE- ,I10 ,

* /,(1X ,10E12.5))
788 7 CONTINUE

789 C CALCULATE StIR, USE SMPI1 AND SUPO FOR TEMPORARY STORAGE

790 DTDOT_WI1DOT*SRDOT+WIDOT*SIDOT
791 XNUM ( 0855U14( DTDOT) )**2
792 DTDOT-V_URDOT*SIDOP+WIDOT*SRDOT
793 XNUM-XNUI-I+( Q8SSUM ( DTDOT) ) **2
794  DO 40 JSNR- 1, DIM
795 TSNRR-Z.
796 TSNRI-0.
797 JSNRP1 JSNR+1
798 JSNRM1-JSNR-1
799 IF (JSIIR .EQ.1) GOTO 41
800 DO 42 ICSNR-1,JSNIIM1
801 TSNRR TI3NRP.+ TEMPR( KSNR ) *ER( JSNRPI-KSNR) -

* TEI-IPJ( K SN R )  *FC( JSNRP1—KSNR)
803 TSNRI-TSNRI+TEMPR( KSNR)*EC( JSIIRP1-KSNR) +

* TE?-IPJ( KSNR) *5ft( JSNRP1-KSNR)
805 42 CONTINUE
806 41 CONTINUE
vol T SNRR- TSNRR+ TE MP R (  J SNR )  *( IIR( 1) +NOISE ( JSNR))
308 TSNRI TSNRI+TEl.IPJ(JSNR)*C ER( 1)+IIOISE (JSNR))

~09 IF (JSI1R.EQ.DIM) GOTO 48
810 DO 43  KS1IR JSNRPI ,DII-l
811 T SURR- TS IIR R+T E1-I PRC ICSNR ) *5fl( KSNR-JSNRM 1 ) +

* TF~-1PJC ICSTIR ) *EC( ICSIIR-JSN T1MI )
813 TSI1RI—TSNflI—TEI-I1~R( KST-1fl) *EC( I(SNR—JSNRM1)+

* TEMPJ ( KSNII ) *ER( KSNN-J SN RM 1 )
8~~5 43 CONTINUE
816 48 CONTINUE
81~ S!-IPR( JSI-IR)—TSNRR
818 Sl-IPJ( J 5 NR )  — TS NRI
819 40 COII TIN UE
820 DTDOT _ 1;I~DOT*ImIil1fl+WIDOT*WNIlXVlI
821 XDETIR-QRSSUM( DTDOT)
822  D T D O T _ l Y P J ) O T *W I l f l l I I  _WIDOT *WII RI4R
823 XDErJI-OOrI3TJII( DTDOT)
824 XDF~N _ X f l T~1,) I l*XD ENR+ XDE NI *XDEN I
8 2 5  SNR X t1U1-1 XDE 11R/>~DEN
826 IF (IDEG (8).EQ.0) GOTO 10
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827 Sl I__XflU1 .1*XDEiII/XDE9
828  W R I T E  (6 ,1/35) NSM1P ,5~1RI
F29 105 FOPJ-IAT(17IIOFOR SAMPLE 51Z5 ,I10 ,18H IMAG PART OF SNR- ,E12.5)
830 10 CONTINUE

831 C NORMALIZE WEIGHTS , STORE IN SMPR, Sl-IPJ

~32 S15M 0.tY
833 DO 8 J 1 ,DIM
834 SUX-!~’3Ul-I+5ORT( TEMPR (J)**2+TEMpJ(J)**2)
835 8 CONTINUE
836 XMUL-1./SUM
837 WN RX~lR_WRD OT*XMUL
838 WNRMI_1.7IDOT*XMUL
839 IF (IDDG(7).EQ.0) COTO 9
840 LENP_-IDBG (7)
841 IF (LENP .EQ .-1) LENP-DIM
842 WRITE (6 ,102) NSIUIP, 5W4
843 102 FORMAT ( 13HOSN4PLE SIZE- ,I10,5X ,201-IONE-NORM OF WEIGHTS- ,E12.5)
844 WRITE (6 ,103) (Sl-IPR(J),J—1 ,LENP)
845 103 FORMAT( 3ØHONORIIALIZED WEIGIITS( REAL PART) ,I ,( 1X, 10E12 . 5 ) )
846 W1!ITE(6 ,104) (SMPJ(J),J—1,LENP)
847 104 FOIINAT( 3OHONORI-IALIZED WEIGUTS( IMAG PART ),/,( LX ,10E12.5))
848 9 CONTINUE

849 C PERFORM OTHER ERROR ANALYSIS
850 C CALCULATE ONE-NORI.! OF ERROR(ABSOLUTE-RELATIVE)

851 EMAX--1.E30
852 LMAX—1
8 53 SUM O .0
854 DO 11 J 1 ,DIM
855 DIFR-WRN( 0) -SMPR( 0)
856 DIFI—WIIIC J)—SMPJ( 0)
1157 ET1O-SOI1T( DIFIi*DIFR+DIFI*DIFI)
858 SU!-1-SUM+EflO
859 IF (ERC).LT.E?-lAX) GOTO 11
860 EMAX ERO
061 LMAX J
862 11 CONTINUE
863 TUI’DJ\T-TUPDAT+TTCOV
864 WUPDAT~’IiUPDAT+WTCOV
865 TTCOV-TTCOV/NEED
066 WTCOV-IITCOV/NSED
1367 TI!- liAX~~~UPDA T+TX -1OVE+TSETUP ~-T DEC !-IP+TBKSB1+ TBKSB2
860 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ +WI3KSB 2
869 DBDoI-~N~~10.*ALoG1riC 131IRO/SNR )
870 WRITE C 6 , 107 ) N5A1.IP , SNfl ,D T~DO~-1N , TDECNP , TBKS3i , TET(SB2 , TTCOV , TMOVE ,

* TILR4rtX, SUM , Eli ~ ,TM ~~~,t-iDEcr-7p ,T-n!-:sE1 ,(-.‘B:(s~32 ,WTCOV ,V’ZiOVE ,~7CTi!AX
‘372 107 FOP.UAT( 1IW ,I7 ,E10.3 ,F0.3 ,1EE< ,8]flO.3 ,I10, /,3 6 X , 6F10.3)
373 1 CONTINUE
.374 RETUR N
875 END
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876 SUBROUTINE SAMP

C GEN ERATE A RF~ND0M VECTOR WHOSE COMPONENTS MAVE TI-TB COVJ~v:I-J~cE
878 C MATRIX DEFINED IN DUIDTM

879 COI -1T 01) /SIIPIILP/ IDCG14 ,NtTY1~2\!t
880 COI-IIION /CPEXP/ NOLD ,NOW,SAVEXP( 200)
881 COMPLEX SAVEXP
882 CO!-It-IOtI /SETUP/ DIt-I,EIG( 200) ,Nl-IEIG ,NSAMP1,NSAX-1P2 ,NSAMP3,N0ISEC 200)
883 REAL 110158
884 INTEGER flIt-I —

885 COMMON /DEBUG / IDBG( 20)
P86  COt-IMON /TEM P1 TDOT( 2170) , StIPR 200) ,SMPJ( 200) ,DTDOT ,SPDOT ,SIDOT.

*~qflfl~~’j. ,WIDOT ,WNRI-IR ,WNRMI , SNRO
888 DESCRIPTOR DTDOT ,SRDOT ,SIDOT ,WRDOT ,WIDOT,W11R?-IR ,WN RM I
889 DI!-:EIII3ION SOIiIG( 200) ,RD( 2130) ,SOIIOS( 200)

COl-IPLEX RD,SUM
a91 COI-IPLEX CRA NG

892 C CALCULATE RANDOM VOLTAGES FOP. EACH EXGENVALUE

DO 1 K 1 , NMEIG
8)4 RDCK ) CRANG(0.0)
895 IF CK.LE.IDBG14) WRITE (6,100) NUMSZIM,X , RDCK )
896 100 FOPJ’IAT( 1511 SAMPLE NUI4BE1% ,15, SX , 15HVOLTAGE NUMBER- ,I5 , 5X,

* SIIVOLT AG E ,E 15.8 , 2X, E 15 .8)
898 1 CONTINUE

899 C COMPUTE SAMPLE

900 DO 2 1 1 , DIM

901 C GET RANDOM STARTING POINT TO SIf-ITYLATE RECEIVER NOISE

902 SUI-I-SQNOS( I)*CRANG(0.0)
903 ISUB I+1
904 IF ( I SU B .G T . D I M )  1815)3-1
905 DO 3 K 1 ,N1’IEIG
906 SUM-SIll-I ~SOI3IG( K) *RD ( K) *SAVEXP( ISUB )
907 ISUB—ISUD+I
908 IF (ISUB.GT.DIM) ISUB-ISUB-DIM
909 3 CONTINUE
910 Sl-IPR( I) -REAL( SUM)
911 SMPJ( I) -AIIIAG( SUM)
912 2 CONTINUE
913 RETUR N
914 ENTRY SAMPI

915 C PI1ECZtLCULATE SQUARE ROOTS OF EIGENVALUE AND NOISE ARRAYS

916 SONOS( 1:DIt-I) S01!T( NOI SE ( 1:DI!-I))
917 SQEI G( 1~ 1)MEIG) SQ1lTC EIGC 1~~tlt-IEIG))
918 RETURN -
919 END
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9 2 0  COMPLEX FUN CTION CRAN G( X S)

921 C GENERATE A COMPLEX GAUSSIAN IN’.ND OM NUMBER
922 C IF (XS.GT.0 )
923 C XS IS NEW SEED
924 C CRANG CO!IPUTED PP.01-I XS AND NE’.T NUMBER IN SEQUENCE
925 - C OR IF ( X S .E Q . 0)
926 C ClUING COMPUTED PRO!-! NEXT TWO 19U1-!OEP.S IN SEQUENCE
927 C OR IF ( X S .L T. 0)
928 C ClUING IS LAST VALUE
929 C END IF

930 DIMENSION P.11014097) ,ETIIETA( 11326)
931 COI-IPLI3X CIUINGI
932  COMPLEX SAVRND
933 DATA l-IULT/442C564089229/ ,X3/.273O50938271076413436/
934 DATA ID6/—47/ ,NX2/1/
935 DATA P1/3.14159265358979323/
936 IF (XS ) 1,2 ,3
937 1 CONTINUE
938 CRANG SAVRND
939 RETURN
940 2 CONTINUE
941 CALL Q81.IPYL(MULT,X3 ,DX7)
942 CALL Q8PACIM IBG ,DX7 ,R1)
943 X3—DX7

944 C ) 0.0 ( FNAI1 -

945 CALL O8I4PYL(MULT,X3 ,DX7)
946 CALL QCPACK (I56,DX7,R2)
947 X3—DX7

948 C )0.0C FNAR-

949 GOTO 4
950 3 CONTINUE
951 CALL OORIOR (NX2 ,X13 ,X3)
952 CALL OBPACIC(IB6,X3 ,Rh)

953 C )SXC FNA R

954 CALL QSMPYL(MULT,X3 ,DX7)
955 CALL QOPACK (1B6 ,DX7 ,R2)
956 X3—DX7

957 C )O.OC FNAR-

958 4 CONTINUE

959 C TABLE LOOK UP FOR ABSOLUTE VALUE OF CRANG

960 JRHO~~INT(Ei1*4096.+1.)
961 RO RHO (JRHO)

962 C TABLE LOOK UP FOR ANGULAR PART OF CRAIIG
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963 JTHETA—IIITC IV *4096.+2.)
964 IF C 3TIIKTA.LE.2049 ) GOTO S
965 IF C JTIICTA .LN.31373) GOTO 6

9 6 6  C 4T H QUADRANT

967 JTRL 3THETZI—3072
968 TEL-ETHETAC JTI%L)
969 JTII-l—4099-JTI1ETA
970 TII-1---ETHETA( JTIM )
971 GOTO 7
912 6 CONTINUE

973 C 3RD QUADRANT

9 7 4  JTRL 3O7S-JTHETA
975 TRL--ETIIKTAC JTRL)
976 JTII-l-JTHI3TA--2048
977 TIM--ETHETA(JTII4)
978 GOTO 7
979 5 CONTINUE
980 IF (JTHETA.LE.1025) GOTO 8

981 C 2ND QUADRANT

982 JTRL-JTI1CTA-1024
983 TI1L--ETHETA (JTRL)
984 JTIM-2051-JTIIETA
985 TIM-ETI1ETA ( JTIM)
986 GOTO 7
987 8 CONTINUE

988 C 1ST QUADRANT

989 0TRL 1027-JTIIETA
990 TP.L-ETIIETA( JTRL)
991 TII-t-ETHETA( JTHETA)
9 9 2  7 CONTINUE
9 9 3  CRANG_I1O*C!.IPLX( TRL .TIM )
994 SAVRI1D-CRANG
995 RETUR N
996 ENT R ? CRANGI(X)
997 CRIING-C?-IPLXC 0. ,0.)

998 C INITIALISE 11110 AND ETIIETA P01% TABLE LOOK UP

999 XX——1. /8192.
1000 XAL ,D—1 ./4096.
1001 DO 9 3-1 ,4 1196
1002 XX”XX+XADD
11303 IIHOC JJ -SQI%T( -ALOG( XX))
1004 9 CONTIflUE
10-135 111101 4 1 i 97) R1101 4 / 3 9 6 )
1006 XX - -P I / 4 0 9 6 .
1007 XADD-PI/2048.
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10(33 DO 10 .12 ,11525
1099 XX-XX+~ ADD
1010 ETIIETAC 3)-SItE XX)
1011 10 CONTINUE
1012 ETI1ETAI 1)-FITIIETAC 2)
1013 ETI1ETA( 1026)—CT1IETI\( 1025)
1014 RETURN
1015 END
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1016 SUBROUTINE DISP( N , X , JPR LEN )

1017 C DEBUG OUTPUT P.OUTINI3 FOR N \ T P ! C ’~S WI~93Z LO~-~~ R TALl’ O~~LY IS S T :’ . v
1018 C JTI! P.011 OF OUTPUT COf lEEGf lOI ~ TJS Tr) JT~1 ROW 133’ ACT UA L !~~ Tr I X  TO T~-~J~
1319 C R I GH T o~’ TIlE DIAGO 1-IAL ELcl- 1~;I~T ( S I GN  O~’ IMAGINARY PAIl-I 1- .~~~~;~~ :r
1020 C FOR IIEPJ-IITIAN 1-IATRIX )

1021 DIMENSION XC 1)
1022 WRITE (6 ,100) (0,0—1 ,10)
1023 100 FOI3IITtTC 4X ,10I12)
1024 ISUI3-1
1025 DO 1 0 1 ,JPRLEI)
1026 ILST ISUR+N—J
1027 WRITE (6,101) J,(X(K) ,K—I SUB ,ILST)
1028 101 FOP.NATC 1~~,I3 ,10E12.5 ,/,C 4X ,1ZE12.5))
1029 ISUB ILST+1
1030 1 CONTINUE
1031 RETURN
1032 END
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420) Lexington Avenue North
Aden Hulls. Minnesota 55112
612/482-2100

CONTR~ L DATA
COR~OR~\11ON

M arch 31-s 1.977

Mr . J ames Demmel
Technology Service Corp .
Data Sciences Division
2811 Wilshire Blvd .
Santa Monica, California 90903

Dear Fir. Demmel,

I have been asked to reply to your letter of March 1]~’ 1977 toMr . Dennis Kuba .

Firsti in order to effect the Choleski decomposition for a
complex matrix it is required to do 2/3 N3 + 0 {N2} arithmetic
operations. If it is necessary to do it in 9.],0~~ sec. { a fewmilliseconds} for a 200 x 200 matrix~ one needs a computer
capable of 2/3 .8.1106 / 9.10~~ FLOPS = 600 meqeflops. This is
without any consideration of “overhead”. There is no computer
presently capable of such performance . Indeed not ~~ en. the
~ pipe STAR IOOC will be capable of such performance on a
200 x 200 matrix .

Let me start with one general comment. The flumber of cycles
needed to perform the decomposition is a cubic polynomial. Most
of the points you raise will affect only the linear term or
weakly affect higher order terms.

As for your specific questions about the compiler, it is relatively
naive compared to- the optimizing FORTRAN compilers for IBII 360/370
or’ (DC 7600’s. The best way to get the answers to your compiler
questions is to get an assembly listing and register map by
exercising the proper options on the FORTRAN card.

Some things you should check for are:

{1} Loads and stores degrade performance greatly. Descriptor
loads can impede vector operations. Rewriting assembly
code to get bottom loada top store code is often advantag-
ous. With this type of rode the load can be “hidden”
behind branch time.
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{2} Fill the register file as full as possible with descriptors
arid index variables eliminating the need for load/store.

{3} Explicit dyadicizatiori of vector arithmetic cuts down
compiler generated overhead .

{4} As for the back substitution phase, if you have very
many RHS’s’ all known at once~ one can vectorize along
the number of RHS’s and perform “simultaneous solution”.

{5} Perhaps you could pack the new starting points in your
dynamic inner loop descriptors since the lengths are
invariant inside the loop.

The basic vector’ algorithm you used is the most efficient one
I know of and hence I can be of no help there.

I should be in the Los Angeles area sometime in the next 60 days.
Perhaps we could meet and discuss your problem more fully-,
espec ially the plans for the STAR IOOC.

1 hope I have been of some assistance.

Regards,

STAR Consulting Services
STAR Operations Division

11 J K /dm
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III ~~~~~ Technology Service Corporation
Data Sciences Div is ion

IT- • 2811 Wils hi re Bou levard . Santa Monica . Ca l ilo rnia 9O-~O3 Phone: (213) 829-7411

6 Apri l 1977

Dr. M. J. Kascic , Jr.
Consul tant
STAR Operations Division
4290 Fernwood Avenue
St. Paul , Minnesota 55112

Dear Dr. Kascic:

Your letter discussing our algori thm for the Choleski decomposi tion of
a positi ve definite Herinitian matrix arrived yesterday, and I wish to
thank you for your time and effort. Your comments were generally
clear and helpful , but I do have a questi on about your third numbered
comment:

Explicit dyadicization of vector arithmetic cuts down compiler
generated overhead-.

Do you mean to use expanded expressions like

DTEMPI = DA*DB
DTEMP2 = DC*DD
DSUM = DTEMP1 + DTEMP2

instead of

DSUM = DA*DB + DC*DD

(where all variabl es are descriptors), or to use explicit vector references
like SUM (1;LEN ) instead of assignin g a descriptor and using the descriptor?

We would be very happy to have you call or come in to TSC to talk to us
when you are In Los Angeles. We look fo~~ard to discussing plans for the
STAR 100 C.

Yours truly,

çL?V~~~~~~~~
V. ~~~~James Deninel

JD:cs
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4201 1 xunqton Avenue North
As-den I-lulls. Minnesota 55112
61 2/482-2 tOO

@2
CONTRPL DATA
COR~OR~11ON

Apri l 26~ 1977

Mr . J ames Demmel
i~chrtological Service Corp .2~11 Wilshire Blvd.Santa Fionicai CA . 90403 -

Dear Mr. Demme l-~
I am pleased that I have been of help. To answer your question
about temporaries~ a statement such as:

DSUM = DA*DR + DC*DD
should be expanded to:

DTEIIP = DA*DB
DSUM = DC*DD
DSUII = DSUII + DTEIIP

This forces only one temporary to be constructed. In general,
gives an even more complicated set of algebraic statements there
is usually and “irreducible” number of temporaries needed. The
compiler does not recognize this fact. Inde~d the statement:

DC = DC + DA + DR
will compile into:

TEMP = DA + DR
DC DC + TEMP

Clearly it is better to have:

DC = DC + DA
DC = DC + DR

please let me know if I can be of any further assistance.

Regards ’
CONTROL DAT CORPORATION

Br- 11. J. Kasc ic
STAR Consu lting Services

IIJK/dm

C- 44

— -V  V V
~~_~ ~~~~~~~~~~~~~~~~ - - 

~~~~~~~~~~~~~~~~ 
-..._ -- - ~~~~~~~~~~~~~~~



Appendix 0. CRAY- i Software

SUMMARY AND DOCUMENTATION

As discussed in Section 4.3.3.2 , the algori thm and implementation chosen
for the CRAY-i are essentially the same as those chosen for the CDC STAR-lOO .

Hence the documentation of the STAR is essentially correct for the CRAY except
for one thing: the CRAY supports no explicit vectori zation in its FORTRAN .

The compiler , instead, examines DO loops in the program for suitability for
vectorization. The program reads like standard FORTRAN . We have indicated

where these vectori zable loops are in the program with coment statements .
The system routines used for timi ngs are also different from the

one on the STA R, and are called SECOND (CPU time ) and RTC ( real time).

0-1
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1 SUBROUTINE COVCMP

2 C UPDATE SAMPLE COVARIANCE MATRIX

3 COMMON /WORK/ TDIM .1-11~T0LD ,MTDMM1 .MTD!~~ 2 , r1TDMPI , X-ITDt4P2 - -T- t Z E r ~!1,
* RS,JS ,REI L( 201130) ,Jz-2?~C( 20100) ,R( 2131.7-fl ,C( 20100) ,El~kJ~L( ~~~~~
* EMAG( 200) • RECIP( 200) ,TEI-IPR( 200) ,TEMPJ( 200)

6 INTEGER SIZEM1
1 REAL JS .JMAG
8 CONNON /TIIIE/ TDECMP , TBI(SB1 ,TBKSB2 ,TCVCMP ,WDECIIP ,WBKSB1 , WBK SB2

* ~-7CVCMP , TSETUP ,WSETUP
10 INTEGER CSTR.CEND,SSLTB
11 LOP 2Z0/t.IATDIM
12 W1—RTC(DUM)
13 CALL SECOND(T1)
14 DO 1 J 1 ,LOP
15 1 CONTINUE
16 CALL SECOND(T2)
17 W2-RTC(DUM)
18 CALL SECOND (T3)
19 DO 2 ~~ 1,LOP
20 CSTR-1
21 MTDMI4I-MTDMM1
22 CEND-NATDIM
23 SS~YB-0
24 DO 3 11,MATDIM
25 SR TEMPR( I)
26 SJ—TEMPJ (I)

27 CU*~~ VECTOR OPERATIONS

28 DO 4 3VEC-CSTR ,CEND
29 R(aVEC )-R( JvLC)+sR*TEMPR( JVEC_SSUB)+SJ*TEMPJ ( JVEC-SSU3)
30 C( JVEC ) —CC JVEC) -SR~ TENPJ( JVEC-SSUB) +SJ*TEI4PR ( JVEC-SSUI3)31 4 CONTINUE
32 CSTR—CEND+1
33 CEND-CEND.MTDM 4I
34 SSUE-CEND-XL TDIM
35 MTDM -1I-MTDMMI-1
36 3 CONTINUE
37 2 CONTINUE
38 CALL SECOND(T4)
39 W3-RTC(DUM)

40 C CALCULATE CPU AND WALL CLOCK TIMES IN MILLISECONDS

41 TCVCMP-( T4_T3_T2 +T1)*1000./FLOATCLOP)
4 2  ~1CVCb1P_(W3_2. *~12+W1)*12.5E_6/FLOAT (LOP)
43 RETU RN
44 END

1)- 2

- ~~~-~~ - - - -  
~

V
- 

--  V.— 
~~~~~~~~~~ ~~~~--~~

-
~~~

-
~~~~~~~

- 
— 

—
~~~~~~~~~~

~ -



45 SUBROUTINE CMOLDC

46 C
47 C PERFOB?-1 CITOLESKY LL* DECOMPOSITION OF A POSITIVE DEFINITE
48 C RERX4 ITIAN MATRIX
49 C

50 COMMON /(~OflK / X-IA TDIM ,I4ATOLD • MTDMM 1 • t- TD!-E’12 • MTDXIP 1 • I4TDMP2 • SIR EM1,
* RS ,JS ,I1EEL( 20100) ,~~N2tG ( 20100 ) ,R( 201013) ,C( 213100) ,ERE P~LC 2013) ,
* EN7~G( 213/3) 

~flECIP( 200) ,TEMPR ( 2 13 0) ,TEMPJ( 20/3)
53 INTEGER SIREM1
54 REAL JS , JI4AG
55 COr-1MON /TIt-IE/ TDECNP, TBKSB1 • TBESB2,TCVCNP,WDECI4P ,WBKSB1 ,WEKSB2 ,

* tccvcr-ip • TSETUP ,WSETUP
57 INTEGER SSUB
58 INTEGER SUBCOL
59 W1 UTC( DUN)
60 CALL SECOND(T1)

61 C
62 C SET UP ARRAY DE SCRIPTORS
63 C

64 IF (MATDIM.EO.NATOLD) GOTO 1
65 MATOLD-MATDIM
66 MTDMM1 ~NATD IM- 1
67 34TDMM2 -MATDIM-2
68 MTDMP 1 ~MATDIM+ 1
69 NTDNP2~ I-1VATDIM+2
70 SIZEX11~ I.121TDIM*( NATDIM+ 1) / 2 — 1
71 CALL SECOND( T 2 )
72 W2-RTC(DUM)

73 C CALCULATE CPU AND WALL CLOCK TINE IN MILLISECONDS

74 TSETUP ( T2_T1)dl000.
75 WSETUP_ (W2_W1)*12.52_6
16 RETU RN
77 1 CONTINUE

78 C
79 C CALCULATE RECIPROCAL OF FIRST DIAGONAL ELEMENT
80 C

81 IF ( R E E L ( 1) . G T . 0 . Z )  GOTO 10
82 NONE—i
83 WRITE (6 , 5013) NONE ,REEL( 1)
84 500 FORN~ T( 1611/YEflflOR IN CIIOLDC ,14,181- DIAGONAL ~I..ENENT ,E12.5)
85 RETURtI
86 10 CONTINUk
87 XT E MP - 1 ./ SQRT (  REEL( 1) )
82 RT~CIP( i)-’:-:TEI-lP

89 C
90 C CALCULATE FIRST COLUMN
91 C

D-3 
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92 C*****VECTOR OPERATIONS

93 DO 1001 ~VEC-1 ,MATDIM
94 REEL( JVEC) REEL ( .TVEC)’XTEMP
95 JMAG( JVEC) JNAG( JVEC) *XT~~p
96 1U1 CONTINUE

97 C
98 C CALCULATE COLUMNS 2 THROIIGE NATDIM-1
99 C

lost ILAST-MAUDIM
101 LENM1 MTDMM1
102 JCOLI41S
103 DO 3 JC0L-2.MTDMZ41
104 IFIRST ILAST+1
105 ILAST-ILAST+LENMI
106 LENM1-LENM1-1
107 ISUB JCOL
100 JCOLM1-JCOLM1+1

109 C
110 C SUBTRACT MULTIPLES OP PREVIOUS COLUMNS
111 C

112 DO 4 SUBCOL-1,JCOLM1
113 TR--REEL ( 1908 )
114 TJ-JMAG ( 1503 )
115 SSUB-IFIRST—XSUB

116 C***** VECTOR OPERATIONS

117 DO 1002 JVEC XPIRST ,ILAST
118 REEL ( JVEC ) -REELC ~VEC ) +TR*REEL( JVEC-SSTJB) _TJ*JMAG ( a~VEC-S5UB)
119 JHAG( JVZC ) JM1IG( iTVEC)+TJ*REELC JVEC_ SSUB)+TR*JMAG ( JVEC-SSUB )
120 1002 CONTINUE
121 ISUB-ISUB+MATDIM-SUBCOL
122 4 CONTINUE

123 C
124 C CALCULATE RECIPROCAL OF DIAGONAL ELEMENT
12 5 C

12 6 IF (REEL (IFXUST).GT.0.0) GOTO 11
127 WRITE (6 ,500) JCOL ,REEL (IFXRST)
12 8 RETURN
12 9 11 CONTINUE
130 XTEMF 1. /SORT ( RREL ( IFIRST))
13]. RECIP ( JCOL)-XTEMP

132 C
13 3 C CALCULATE COLUMN
13 4 C
135 C***** VECTOR OPERATIONS

13 6 DO 1/303 JVEC-IFIRST ,ILAST
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137 REEL( JVEC -REEL ( JVEC) *XTErfp
138 JX4AG( JVEC ) -JMAGC JVEC)*XTEM P
139 1003 CONTINUE
140 3 CONTINUE

141 C
142 C CALCULATE LAST DIAGONAL ELEIIENT
14 3 C

144 SUM-I.
145 ISUB NATDIM
146 DO 7 SUBCOL-1,MTDMM1
147 XT-REELC ISUB)
148 XI-JI4AG( 1508)
149 SUII_SUM+XT*XT+XI*XI
150 ISUB ISUB+MATDIM-SUSCOL
151 7 CONTINUE
152 ASUM-REEL( ISUB)-SUM
153 IF (ASUM.GT O.0) GOTO 12
154 WRI TE (6, 500) MATDIM , ASUM
155 RETURN
156 12 CONTINUE
157 RECIP( MATOThI ) -1. /SORT( ASUM )
158 RS-REEL(SIZEM1)
159 .IS-JNAG(SIZEM1)
160 CALL SECOND( T2)
161 W2-RTC( DUM )

162 C CALCULATE CPU AND WALL CLOCK WIME S IN MILLISECOND S

163 TDECMP-( T2-Ti) *1000
164 WDECMP — ( W2—W1) *12 55—6
165 RETURN
166 END
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167 SUBR OUTINE BAKSUB

168 C
169 C GIVEN TIlE LL* DECOMPOSITION OF A I-’.’~TRIX , AND A VECTOR 5, PER F ORN
170 C TWO BACK SUBSTITUTIONS TO SOLVE ( L L *) w _ s  FOR W
171 C -

172 COMMON /WORK/ I’IATDI?4.NATOLD ,X1TDNI4I ,NTDN3I2 ,NTDI4P1 ,?-ITDI-1P2 ,SIZ EM 1 ,
~ RS ,JS .REEL( 20100) ,JI-1AG~ 21311313 ) ,R( 201/30) ,C( 20100) , E RE AL (  2130) ,
* EMAG( 200) ~RECIP ( 200) ,TCMPR( 200)  ,TEMPJ ( 200)

175 INTEGER SIZEM1
176 REAL JS ,JIIAG
177 COr1X~oN /TIt-IE/ TDECIIP ,TBKSB1 ,TBKSB2 , TCVCMP ,WDECNP , WBKS81 , W13KSB2 ,

* WCVCMP , TSETUP ~WSETUP
179 IN TEGER SADD
180 W1 RTC( DUN)
181 CALL SECOND(T1)

182 C 
- 

-
3.83 C PERFORM FIRST BACK SUBSTITUTION , (L)TEIIP-S
184 C
185 C CALCULATE FIRST ELEMENT OF TEMP
186 C

187 XMUL-RECIP( 1)
188 TEI4PR( 1)-EREAL ( 1)*XMUL
189 TEMPJ ( 1) EMAG ( 1)*XMUL

190 C
191 C SUBTRACT MULTIPLE OF FIR ST COLUMN OF L FROM S AND STORE IN TEMP
192 C
193 C*****VECTOR OPERATIONS

194 DO 10131 JVEC 2,MATDIM
195 TEMPR ( .7VEC) EREAL ( *IVEC)-TEMPR ( 1 ) *fl~~~ ( JV!~C) +TE)IPJ( 1) *JPt~G( JVEC )196 TEI-IPJ( JVEC ) EMAG( JVEC ) -TEI-I1’J( 1) ~REEL( JVIC) -TEMPR ( 1) *J13~ G( JVEC )
197 1001 CONTINUE

198 C
199 C CALCULATE ELEMENTS 2 THROUGH MATDIM-2
200 C

201 SADD I4TDMX41
202 DO 1 .JCOL-2,MTDMM 2

203 C
204 C CALCULATE JCOL-TII ELEMENT
205 C

206 JCOLP1~~ COL+1207 XIIUL-RECIP(JCOL)
208 TFW)R( JCOL ) -~TEIiPfl( JCOL) *~~ .j tJ ~
209 TE~-1PJ( JCOL) TEN ’J( JCOL) *XNUL

210 C
2 11 C SUBTRACT IWLTIPLE OF JCOL-TIt COLUI-IN F R U I t  TEMP
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212 C

213 TR -TEI-IPR( .ICOL)
214 TJ-TEI-IPJ( .ICOL)

215 C** *** VECTOR OPERATIONS

216 DO 1002 JVEC-JCOLP1,NATDIM
217 TE?IPR( JVEC) -TEXIPRI .IVEC)+TR*REEL( .7VEC+SADD) ,TJ*~7MAG( JVEC+SADD)
218 TEI1PJ( JVEC)-TENPJ( JVEC)_TJ*REEL ( JVEC+SJIDD) +TR *Jj4j ~G( JVEC+SADD)
219 1002 CONTINUE
220 SADD-SADD+X4ATDIM-JCOL
221 1 CONTINUE

2 2 2  C
223 C CALCULATE ELEMENT MATDIM-1
2 2 4  C

225 XMUL-RECIP( MTDMM1)
226 TEMPR( MTDMXI1 ) -TEMPR ( MTDIIM1) *XNUL
227 TEMPJ( MTDMMI) TEMPJ( MTDMMI ) *XMUL

228 C
229 C COMBINE LAST STEP 01’ FIRST BACK SUBSTITUTION
230 C (CALCULATION OF ELEMENT X1ATDIX4) WIT H FIRST STEP OP SECOND
231 C BACK SUBSTITUTION (CALCULATION OF ELEMENT MATDIM OF W WHERE
232 C (L*)*W_TEMP AND W IS STORED IN TEMP)
233 C

234 XMUL RECXP( MATDIM)**2
235 TR1 TEMPII ( MTDMM1 )
236 TJ1 TEMP3( NTDX4M1)
237 TEI4PR( NATDIM)— ( TEI-IPR( MFtTDIM) _TR1*flS+TJ1*JS)*XMUL
238 TEI-IPJ( MA TD IM )— (  TEMPJ ( ?-IATDXN) _TJ1*RS_TR1*.7S)*xrIUL

239 C
240 C PERFORM SECOND BACK SUBSTITUTION , (L*)W_TENP , STORING W IN TRI-IP
241 C

242 CALL SECOND (T2)
243 W2—RTC (DUM)
244 CALL SECOND( T3)

2 4 5  C
246 C CALCULATE ?4ATDIM-1-ST ELEMENT
247 C

248 XI1UL-RECIP( MTDMM1)
249 TR TFMPIi( I-V\TDIM)
2513 TJ-TEIIPJ( X-’r~TDIM )
251 TEMPIi( MTDr-:~11) -~( Tfli_TR*RS_T,7*JS)*XIIUL
252 TENPJ( NTDI-E-I1) — ( TJ1_TJ*RS+TR*JS)*XMUL

25 3 C
254 C CALCULATE ELEI-IENTS MATDII-1-2 TIIR000TI 1
255 C
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276 SADD-SIZENi-X-~~TDIM
257 JROW—I4TDI-1M 1
258 DO 2 JTEI-IL’—2,MTDNM 1
25 9 JP.OWP1 .0 ROW
260 JROW JROW-1
261 SADD SI1DD-JTEMP

262 C
263 C CALCULATE DOT PREDUCT OF JRO~l-TH ROW STARTING AT COLUMN JROW.1264 C WITH TEMP STARTING WITH THE JROW+1-ST ELEMENT
2 65 C
266 C***** VECTOR OPERATIONS , DOT PRODUCTS

267 DOTR-0.
268 DOT.70.
269 DO 1003 JVEC .TROWP1,NATDIM
270 DOTR DOTR+TEMPR( OVEC ) *REEL( JVEC+SADD) +TEMPJ( OVEC ) *

* JN11G(JVEC+SADD )
2 7 2  DOTJ ’DOTJ+T EMPJ( OVEC ) *REEL( JVEC+SADD ) -TEMPR ( OVEC ) *

* .INAG (JVEC+SADD)
274  1003 CONTINUE

2 7 5  C
276 C CALCULATE JROW-TH ELEMENT
2 7 7  C

278 XMIJL-RECIP( OROW)
279 TEMPR ( JROW) ( TEMPR (OROW)_DOTR)*XX4UL
280 TEMPJ( JROW) -( TEMPJ ( .IROW) -DOTJ) *XMUL
281 2 CONTINUE
232 CALL SECOND(T4)
283 W3-RTC (DUM)

284 C CALCULATE CPU AND WALL CLOCK TIMES IN MILLISECONDS

285 TBKSB1— ( T2_ T1)*1000 .
286 TBESB2_ (T4_T3)*1090 .
287 WBESB1_ (W2_W1)*12.5E_6
288 WBKSB2_ (W3_W2)*12.5E_6
2 89 RETURN
290 END
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291 PROGRAM SYSTST( TAPE6-OUTPUT)

2 92 C TEST ADAPTIVE ARRAY SYSTE~1 ON CRAY-i
293 C VECTOR OPERATIONS ARE I IC~.TEO BY COM~-1ENT CARDS WITH
294 C C*****s IN COLUI-HIS 1 TIiI’V. OUGII 6

295 COI-It-~ON /WORK/ IIATDIM • 1-IATOLD , !-li’Dt-IMl !1TDI-~ I2 • t- TD!-IP 1 , t-1TDI-!P2 , SIR EM1,
* 11S,JS ,REEL( 20100) ,OI1AG( 201/113) ,1ft 2.Oi0’Y) ,C( 2010.13) ,EP.E2’.L( 21313),
* ENA G( 2130) ,RECIP( 200), T12~IPR( 200 ) , TENPOC 200)

298 INTEGER SIZEI-11
299 REAL JS ,JMAG
300 CON~OZl /TIX-IE/ TDECX-IP , TBKSB1,TY31C532 , TCVC24P ,WDE CNP,WBICSB1 ,WEK SB2 ,

* WCVCMP ,TSETUP ,WSETUP
302 DATA EREAL/200*1./,EMAG/200*1./
303 NATDIM-0
304 WRITE (6, 100)
305 100 FOPI-IAT( 41H1 NUMBER TIME FOR TItlE FOR TIME FOR,

*50H TIME FOR TIflE TO TINE TO TIME TO MAX TOTAL ,/,
*5111 SAMPLES SET UP DECOMP BACKSUB 1 BACKSUB 2,
*40H MOVE ZERO OUT UPDATE TIME)

309 1 CONTINUE

310 C GET NEXT DIMENSI ON

311 MATDIM—NEXDII-1( MATDIM)
312 IF (MATDIM.EQ.0) STOP 777

313 C TEST REINITIALIZATI ON

314 LEN_ IWtTDIM* ( MATDIM+ 1) /2
315 W1 RTC( BUM)
316 CALL SECOND(T1)

317 C*****VECTOR OPERATION

318 DO 2 JVEC I,LEN
319 REEL (JVEC) 1.
320 J!-IAG( JVEC) -1 .
321 2 CONTINUE
322 CALL SECOND( T2)
323 W2-RTC( BUM)

324 C CALCULATE CPU AND WALL CLOCK TIME S IN MILL IS ECOND S

325 TZERO ( T2_Ti)*1000.
326 w2Eno_ (w2~w1)*i2 .5E_6

327 C TEST MOVING VECTORS

328 W1-RTC ( DUN )
329 CALL BECOND (T1)

330 C*****VECTOR OPERATI ONS

331 DO 3 JVEC 1,LEU
332 R( JVEC ) —REEL ( .3VEC)
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333 CC JVEC )-011A0(JVLC )
334 3 CONTINUE
335 CALL SECOND (T2 )
336 W2—RTC (DUI4)

337 C CALCULATE CPU AND WALL CLOCK TIMES IN MILLISECONDS

338 TMOVE- ( T2_T1)*1000.
339 WZ1 OVE_ (W2_W1) *12.5E_ 6

340 C TEST SET UP OF PO INTER S

341 MATOLD-I1ATDIM-1
342 CALL CIIOLDC

34 3 C FILL SAMPLE VECTORS
344 C*****VECTOR OPERATIONS

345 DO 5 JVEC-1 ,MATDIM
346 TEMPR (JVEC) 1.
347 TEMPJ (JVEC ) 1.
348 5 CONTINUE

349 C TEST UPDATE OP COVARIANCE MATRIX

350 CALL COVCMP

351 C FILL UP MATRIX WITH POSITIVE DEFINITE HERIIITIAN DATA

352 ISUB ].
353 DUM 1O. *FLOAT (MATDIM)
3 54 DO 4 J 1 ,MZITDIM
355 REEL (ISUI3)-DUM
356 JI4AG(ISIJB)-0.
357 ISUD-ISUB+MA TDIM -~ +1
358 4 CONTINUE

359 C TEST DECOMPOSITION

360 CALL CIIOLDC

361 C TEST BACK SUBSTITUTIONS

36 2 CALL BAK SUB

363 C CALCULATE TIMES

364 TMAX TSETUP +TDE CMP+T 13K5131+TBK $B2 +TM OVE÷ TZE11 O+2 . ~FLCAT ( MBTDIZ4) * V.

~‘ TCVCMP
365 11 AX l/SETUP.WDECMP+W SB1+WBKSB2+~~iOVE+WRERO ÷2 - ~FLOAT( M~ TDI11) *

*WCVC !VIP

368 WRITE (6 ,101) X-1ATDI)-1 , TS flTUP , TDECI1P , T~~:cSB1, T3I- SB 2 , T1-1OVE , T R E R O ,
*TCVCMP , Tl-IA X , t-1SETUP .WDECI-IP ,%-IBKSB-1 ,~-R3:N ’3 2 , Wi-IOVE ,l-1~~~flO , i~’CVCI-LP ,WIIAX

370 1131 FOflh!AT(11W ,I10,CF113.3 ,5X ,13ECPU( I-IILLISLC), / ,1IX ,0F10 3 ,SX ,
*14}~~ALL ( I-IILLISEC) )

372 GOTO 1

373 END
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374 FUNCTION NEXDIN(N )

375 C GENERAT E DIIICIISIONS TO DR~~ 7~ SYSTEM

376 IF (N.GT.0) GOTO
377 IIEXBII-1—20
378 RETURN
379 1 CONTINUE
380 IF (N.GE .50) GOTO 2
381 NEXDIM—N+5
382 RETUR N
383 2 CONTINUE
384 IF (N .GE .2055) GOTO 3
325 NEXD IX-1—N+10
386 RETURN
387 3 CONTINUE
388 NEXDIM-0
389 RETURN
390 ‘ END
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Appendix E. Conpiex Mul tiplication

The problem is to multiply two complex numbers a+bi and c+di to obtai n

the product 
~~~~ 

in the “best” way.

“Best” is determined not only by the operations count, but depends on

1) the relative times it takes the machine to do an addition (+) and

a multiplication(*) V

2) the computer architecture (vector processors , like the COG STAR ,

parallel processors like the ILLIAC IV ,machines like the CDC 7600 which overlap

executi on of instructions , and any unmentioned or as-yet-unbuilt combination

of the above)

3) number of compl ex mul tiplications to be performed (since algorithms

require di fferent amounts of temporary storage, which may be large on a

vector machine).

All these considerations are machine- and problem-dependent. In fact ,

the third one could result in one program using two different algorithms ,

if di fferent numbers of complex numbers are to be multiplied at di fferent

times .

Just on the basis of operation counts , the following two methods seem

best (where a+bi and c+di are the mul tiplicands and 
~r~~i

1 is the product):

1) Assuming an identifier can appear on only one side of the equal

Sign :

1.1 t1 
= a*c

1. 2 t2 
= b*d

1.3 
~r 

= -
lÀ t1 = b*c

E- 1
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1.5 = a*d

1.6 p1 
= t 1 + t2

# multiplies = 4

~ additions and subtractions = 2

# temporaries = 2 .

Assuming an identifier can appear on both sides of the equal sign:

2.1 
~r

2.2 t1 
= b*d

2.3 Pr Pr F t ]

2.4 p1 
= b*c

2.5 t~ = a*d
2.6 p1 = p.~ + t1

# multipl ies = 4

# additions and subtracti ons = 2

# temporaries = 2.

2) Assuming an identi fier can appear on only one side of the equal sign:

3.1 t1 = a + b

3.2 t2 
= c - d

3.3 t3 
= t1*t2

3.4 t1 = a*d
3.5 t2 

- b*c

3.6 p.~ 
= t1 + t2

3.7 t4 = - ~~ or ~r 
+

I t3 Pr + t l3.8 p = t 0 + t 1)
- r 

~r 3
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# multiplies = 3

# additions and subtractions = 5

# temporaries = 4 or 3

3) Assuming an identifier can appear on both sides of the equal si gn:

4.1

&2 p.~ 
= c - d

4.3 t.~ Pj *Pp~
4.4 t

2 
= a*d

~~ 13r 
= b*c

4.6 
~j = t 2 + P r

~~~~ 
~
3r 

= -

4.8 
~r 

= p. + t2
# multipli es = 3 -

# additions and subtractions = 5

# temporaries = 2.

Some vector machines may not allow a vector identifier to appear

on both sides of the equal sign , which is the reason for two se parate

implementations of the same algori thm. Also , the number of tempor-
aries is of interest to people using assembly language or an optimizing

compiler which tries to keep all temporaries in registers, of which there

are only a limi ted number. A user using a machine which overlaps instructi ons

may wish to use more temporaries and allow more time between an instruction

which uses a resul t of a previous instruction in order to allow an instruction

E-3
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to finish. Algorithm 1, for example , might look like this on a COC 7600:

1.1’ t~ = a*c

1.2’ t2 
= b*d

1.3’ 3r = -

1.4’ t3 = a*d

1.5’ t4 = b*c

1.6’ p1 
= t3 + t4.

This implementation uses two more temporaries but allows the multiply units

to begin work in line 1.4’ before the addi tion unit is done in line 1.3’ .

Al gori thm 2 coul d change to

3.1’ t 1 = a*d

3.2’ t2 = a + b

3.3’ t3 = b*c

3.4’ t~~~ c - d

3.5’ t5 
= t2*t4

3.6’ Pr tl + t 3

3 7 ’  t2 = t 5 - t 3
3.8’ p~ = t2 + t1

where 5 temporaries are used instead of 4. Here there are only 3 instructions

which must wait for the previous instruction to finish,whereas in the origi nal

implementation there were 7.

To compare these two algori thms from an operation cc~unts point of

view , let ta be the number of seconds required to perform an addition or

E-4 
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subtraction and tm be the time requ ired to perform a mult i pl ication .

Algorithm 1 requires 4tm + 2ta seconds and Algori thm 2 requires 3tm + 5ta
seconds , so Al gorithm 1 is faster when tm <3t a and Al gorithm 2 is faster

when tm >3t a •
To show how the analysis changes from machine to machine , we consider

a parallel processor wi th 4 independent , communicat ing processors , each of

which performs an operation and waits for the others to finish. In this

case Al gori thm 1 becomes

1) t1 = a*c t2 = b*d t3 = b*c t4 = a*d (simultaneous)

2) 
~r 

= — p1 
= t3 + t4 (simultaneous)

for a total time of ta + tm wi th 4 temporaries; whereas,Al gorithm 2 becomes

1) t1 
= a*d t2 = b*c t3 = a+b t4 = c-d (simul taneous)

2) Pj t1 + t2 t5 t3*t4 t6 = t] — t2 (simultaneous )

3) Pr t5 + t 6
for a total time of 2 tm + ta with 6 temporaries, obviously more than

Al gor i thm 1.

It can be shown that the multiplication of-2 complex numbers requires

at least 3 mu lt ip l ica t i ons~ but we know of no results for the minimum number

of add itions. The two algori thms mentioned above, however , are the best

we have foun d .
On the computers of interest, the four-multiply-two -add method is always

faster except for integers on the STARV.AN. The only add and multi ply times

we have now are for 16- bit numbers . The current STARAfI has timi ngs of

*Aho A .V. ,  J. E. Hopcroft , J. 0. h u m a n , The Design and Analysis of
Computer Algprithms , Addison -Wesley , New York , 1974, Chapter 12.
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~secs and 283 jisecs for add and multiply, respecti vely. The STARAN-E system

has timi ngs of 11.3 psecs and 119 ~isecs .
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Appendix F. Implementati ons of Algorithms for Di rect
Methods of Solvi ng MW = S on Sequential
Processors

All the implementations are written in an easily understood structured

programming language . These implementations are presented for operationS count

purposes and are not inLanded to be compilab le code.

In the followi ng discussion, sample covariance matri x will be abbreviated

to SCM. MR and MI will be arrays containing , respectively, the real and ima-

ginary parts of the SCM , and will be floating-point (FP). SR an d SI are FP

arrays contain ing the real and imaginary parts of the steering vector or vec-

tors. XR and XI will contain the real and imaginary parts of the sample vol-

tage vectors. Preceding each algori thm will be a list of variables with their

types (floating-point (FP) or Integer ( I ) ) ,  their lengths (as a function of

the number of wei ghts (N) , the number of samples (Ns) and the number of steer-

ing vectors (K)), and contents (omitted for MR , MI , XR , XI , SR, SI; contents

Include storage scheme (rowwise , columnwise , etc.)) .

FOR loops behave as they should: if the initial value is greater than

the final value , and the increment (default = 1 )  i s  p o s i t i v e, or if the

initial value is less than the final value and the increment is negative , the

loo p i s bypassed .
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SCM Calculation

Variable Type Length Contents

MR FP N(N+l )/2 rowwlse

MI FP N(N+1)/2 rowwise

XR FP N

XI FP N

ROW I 1 current row of SCM
START I 1 location of current element of SCM

COLUMN I 1 current column of SCM
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BEGIN
START - 1

C UPDATE EACZI ROS1

FOR POW - 1 TO N
- flfl( START) r!RU3TART) + Xfl( flO~1)*Xfl( ROW)

+~~I( PQ~-7) ~~~~~~ ROt-i)
- UPDA~’r~ EACh ELEt-lLa) T OF CURREN T NOt-i

FOR COLU~-:I1 r.o;-i + 1 TO N- - START - SThRT + 1
• . 1-Ifit START ) - flfl( STAflT) -

~ XP ( f lOt1 ) ?~Xfl( COLUMN )
+ - . +~~I( flO’J) ~~~~ COLITflIJ)

MI(START) X1i ( START) + ~ fl( flOt-7P~XI( COLW-~N )
+ . . —~~I( flC~ 7) ~‘>fl( COLUXEJ)

• END FOR
END FOR

END
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Cholesky wi thout Square Roots (LDL*) Decomposition

Variable Type Length Contents

MR EP N(N+l)/2 rowwise

MI FP N(N+1 )/2 rowwise
TR FP N temporary array
TI FP N . temporary array

RECIP FP N reciprocal of elements
of D in decomposition
M = LDL*

ROW I 1 current row of SCM

SUBROW I 1 row from which multi ple
of ROWth row is sub-
tracted

STARTR I 1 location of ROWth ele-
ment of ROWth row
(diagona l element)

START S I 1 location of SUBROWth
element of SUBROWth
row

STARTRS I 1 locat ion of SUBROW th
elemen t of ROW th row

LENGTH I 1 len gth of ROWth row
starting at element
ROW + 1

LENGTHS I 1 -length of SUBROWth row
starting at element
SUBROW + 1

LOC I 1 starting location -Incre-
ment used to point to
cun ent element of SCM
being calculated
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EEGIN
STARTP - 1
LEEGTU - N

C CALCULATE ROWTII ROU OF L* FACTOR IN 1-1 - LDL*

FOR POW 1 TO U

C !L\I~E UT hIT DIAGONAL

- PJ:cIP( ROt-i) 1. /?Ei( CTARTR)
LC~~GTU LENGTh! -1

• FOR LOC ~ 1 TO T,Et1GTIt
• - Thi( POti+LOC ) flflcIL’(1~OM~~ !fl(STA’~TT~+LOC)

- TI( P.Ot1+LOC) - P.ECIP( ROW ~I-!I( STARTR±LOC )
• END FOR

C * SUDTPJ~CT !-IULTII’I,ES OF P.OWTII flO~i FPV.C!1 OTh ER ROWS

- LEEGTHS IE!~GTH — 1
• STAfl~i’ES STARTR + 1
- STARTS START!! + LENGTh! + 1
• FOR SU DE Ot 7 flO!1 + 1 TO U
• . I-IN STAflTS) I -Inc STN:TZ ) - TN SUBROW) *

7-IN STARTES ) — TI(SUI3ROW *
+ • • 11:~( STAflTIIS)

- FOR 3.OC -, 
~ ~~ L1~~~ ’i’US- . h-1fl( STARTS + LflC ) ~- itT!! fl~’AflT9 + LOC)

- . — Tn ’  S RflOU )~~Y IY ~( ST.’~T!TRG+LCC)
• - — ‘ J (  5~TS1:Oti) ~-! l t(  S~~~~~~~ 3-’LOC)

• - • !1I( STARTS ~Loc; ) !~~ ( !~~~~~~~~~~ ;.~.y ~5c)

V . T ~~~ ( ~~~ TT’ i~~O!J) 1i ~
_ ( ~~~~ ~-~-LOC )

- +TI( St J i ~ f l O ! 1 )~ I if l (  L ’~~i~Tf l3+LCC)
• - LED FOR
• . STAT!TRG STAUThE3 + 1
• - ~~~~~~~~~~~~~ 

- G~ AI~TS + I,1 ECTIIS + 1
• - Lr: :G~~1IS T~E1 GTIL3 —1
- RLID FOfl

c !:ovL !:o LI T!1-:r I~Dt1 rn~~ TT! AT!O TI TO !~~ AND

- FOR LO~ 1 ‘~:O I,LRCTIt

• - r - ’  ~::.~~~r~-: y r-C) -
~ ~r fl- ’Z~flTfl-~-LO C )

• - f l V . (  ~~~~~~~~~~~ -. ~~i( StAET1Z+LOC )
~~~~~~ 

~~~~
- ~- i;~~ A~~~_ f l  ÷ ,i~T GTE - - 1
Fr’ ) t O~
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Cholesky with Square Roots (LL*) Decomposition

Variable Type Length Contents

MR FP N(N+1 )/2 rowwl se

MI FP N(N+l)/2 rowwise

RECIP FP N reciprocals of diagonal
elements of L in de-
composition NI = LL*

ROW I 1 current row of SCM

SUBROW I 1 Row from wh ich multiple
of ROWth row is sub-
tracted

STARTR I 1 l ocation of ROWth
elemen t of ROWth
row (diagonal ele-
ments)

STARTS I 1 location of SUBROWth
element of SUBROWth
row

STARTRS 1 1 location of SUBROWth
element of ROWth
row

LENGTH I 1 length of ROWth row
starting at element
ROW + 1

LENGTHS I 1 l ength of SUBROWth
row start i ng at
elemen t SUBROW + 1

LOC I 1 starting location in-
crement used to point
to curren t element
of SCM be i ng cal-
cul ated
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BEST AVAU.ABtE COPY
BEGIN
STAUTR - 1
LENGTH - N

C CALCULATE PONTU POt 1 OF L* FACTOR IN 71 LL*

r02 flO~i 1 TO N
• PECIP( LOW) 1 /SQRT (nRC STARTIU )
• I .L ’EGL !I  LERSTU — 1
• t OP  i c~-~ 1 TO T- Tfl
- - !E~( GTAPT1!+LOC) PECIP! flO.1)~~~~( ST~~f l T T !~~LOC )
• • II~ ( STAflTP+LOC ) — PCCIP( flO’l)~~hIt( 5T~~~Tfl-’-LOC)
- END FOR

C SUSTRACT I1ULTIPLE-S 0!? POt-IT!! ROW rECU OTi!rJ~ i~OW3

- LEEGTES — LENGTH —1
• START 1~VG STARTI1 ~

- 1
- STARTS STAP.TP. -~ I,EEGTII + 1
- FOP. SU~~h~Ot1 f l0~-1 + 1 TO N
- - I1N STARTS) f l~1( : ; T A RTS)  —I1 : : (  STAP.TtE~ ) ‘

+ - • Ilfl ( ; -ET f l : ;  I —J!7 !~i~I~~ ) -~~~t( 3i.V~?fl3 )- • FOR lOC -~ 1 ‘
~~‘J i,ENGTIIG

- . - h!R( 5TAflTS-:- L(~C) — rm~ S~i:ANt’S-~LOC)
+ • • . —h ip ! ~;Tz !~-f~~; I -

~~~~~ .( JY~ 
\_ ?~ ‘3+LOC

+ • . . - 11!( S ! - ~~~~) i i ~~( 5 ;~\C Tp-) -LCC I
- - III( STARTS +Jf’C) i~ ~~( V j V ~~~~.J 3 . : .T f l ’ )

+ - . - —I- ~fl( ST2\n- r r~J I - -
~~~ -: ~ -~~i~~~~’ 3 - - T ~~~ - )

+ - i 1!X( ST ~~~~~~~ ) ~( ~~~~~~~ ~~~~ ~~CC I
• • S’~) JO T!
• . ~;‘~~~~-~~3 

.
~ ~~~ r~~j  + 1

- - 5 l i V ’~ J ~~~~~~~~~~~ -:- L1J~~GTIiJ3 + 1.

• L i~~
- .Y - : i ii -, L U 5 S — 1

- L~~D to!!
- ~Id~~ -~ ~ STAflTII + LI~~~ CTH + 1-
::J- ) FOR
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First Back Substitution for LDL* (LOT ~
)

Variable Type Length Contents

MR FP N(N+l)/2 real part of L* factor rowwise

MI FP N (N+l)/2 imaginary part of 1* factor
rowwise

SR FP KN real part of steering vectors
vectorwi se

SI FP KN Imaginary part of steering
vectors vectorwise

RECIP FP N reciprocals of elements of D
factor

AUG I 1 current steering vector

ROW I 1 current row of SCM

STARTSV I 1 location preceding fi rst lo-
cation of current steering
vector

STARTSVA I 1 location of ROWth element of
current steering vector

LENGTH I 1 length of ROWth row of SCM
starting at element ROW + 1

STARTR I 1 location of ROWth element of
ROW th row of SCM

LOC I 1 location increment used to
address current element of
steering vector being cal-
culated
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BEST AVA COPY
C DO EACh! STEERING VECTOR

ron AUG - 1 TO IC

c * SUBTRACT I1ULTIL’LES OF EACh ROth OF ti FROM TIlE STEE RING VECTORS

- STARTSVA STARTSV + 1
- STARTI’• - 1
- LENGTH U—i
• FOl! ROth 1 TO !i~1
• - FOR LOC - 1 TO 7~EI1GT1I
• . - Slit STANTSVA +LOC) - CR! STARTS VA+LO C)

+ - - - — E R !  STz\r~:SVA ) 1-J1~( fl~~~~ jJ~+LOC)
+ - . - —SI( STAI!~ CVA }*I!C( 5T\RTR+LOC )

- • - SI( STAflTSV~\-;-LOC) -~
+ - - • +51!! ETA -?5’.?~) ~l!~~( ST2~~~ V V V Y ! + .OOC)

- -SI( 6TAP•~~SvA ) t-Ifl( ETAr??! --L oC )
• - l~flD FOIl
• - STARTEVA STARTSVA + 1
• - STAPTP~ STAR)? R + LENGTh! + 1
- - :c EUGTII — LEL~UTiL —1
- END FOR

C * IIULTIL’L! BY fli~CI1’flOC2\L DIAGONALS

- FOR L O C ” I TO U
• - SN STAPTSV+LQC ) - t ill’ CTARTSV+7~OC )~~ PV.~~CIP ( LOS)
• • 5~~( STANTSV~-I,0C) — SI! ~~~~~~~~~~~~~~~~~~~~~~ - : ~~~ 7(!~~C)
- LED UJI!
- STAP~ SV - STAP•TSV + N
RED FOP.
EN D
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First Back Substituti on for LL* (LT =

Variable Type Length Contents

MR FP N(N+l)/2 real parts of L* factor rowwise

MI FP N(N+l)/2 Imaginary parts of L* factor row-
wise

SR FP 1(14 real part of steering vectors
vectorwise

SI FP 1(14 imaginary part of steering vec-
tors vectorwise

RECIP FP N reciprocals of diagonal elements of
L factor

AUG 1 1 current steering vector

ROW 1 1 current row of SCM

STARTSV I 1 locati on preceding first location
of current steering vector

STARTSVA I 1 location of ROWth element of
current steering vector

LENGTH I 1 length of ROWth row of SCM
starting at element ROW + 1

STARTR I 1 locat ion of ROWth elemen t of
ROWth row of SCM

LOC I 1 location increment used to address
current element of steering vec-
tor being calcul’ated
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BEGIN BEST 
- AVAI-IAaLI cOPY

STARTSV -

C DO EACh! STEERIN G VECTOR

FOR AUG - 1 TO IC

C * GUDTI!ACT I-IULTIPLES OF EflCII ROt-? Or 11 FrJOI-l THE STIERING VECTOI1S

- STAIiTSVA !3TA1!TSV + 1
• 1
- LENGTH t i—i
• POll ROW 3. TO N
• - 51!! STA!1TSVA ) — PE~~IP( r O !Vi )*Sf l(  6TA1~TEVA)
• • SI ! STAPTSVIL ) — RESIN POt-i) *5I( STA!lTEV ~ )
• • FOR LOC — 1 TO Ll-JEc4TI!

- - CR! STAPTSVi\ +i,oc:> - Sn! CTAR~ S’~A+LOC)
+ - - - -Sfl(fiTA!~TflVA )-~r~ ( S~ J iTfl+ LOC)
+ - - —s::c ETA1!T5v2\) ‘-I1~( J~

- ,:!-Li+Loc )
- • • SIC START!3VA-:-I,OC ) -- EI( !~~T.F \- : - L OC )

+ • - - +5p( STARTS VA ) ’R I C !  7 ! i l +L C C)
+ • • ~SI(STAflTSVA )~~! 1!( 5T~~:!T ! LOC)

- • lIED FOP.
• - STAP~TCVA - STARTSVA+ 1
• • STAPTR STJIPTR + LEEGTIT + I
• • 1-LIJETJI — LENGTh —i
• lIED FOP. -

- STAIiVEV - STAI!TSV + U
RE!) FOP. V

TIN!)
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Second Back Substitution for LDL* (L*W = 1)

Variable Type Length Contents

MR FP N(N+l)/2 real part of L* factor rowwise

MI FP N(N+l )/2 imaginary part of L* factor
rowwise

SR FP KN real part of steering vectors
vectorwi se

SI FP 1(14 imaginary part of steering vec-
tors vectorwfse

DOTR FP 1 temporary location

DOll FP 1 temporary location

LAST I 1 location of last element of SCM

AUG I 1 current steering vector

ROW I 1 current row of SCM

STARTSV I 1 location of last element of cur-
rent steering vector

STARTR I 1 location of ROWth element of
ROWth row of SCM

STARTSVS I 1 location of ROWth element of
current steering vector

LENGTH I 1 length of ROWth row of SCM
starting at element ROW+l

LOC I 1 location i ncrement used to ad-
dress current element of SCM
and steering vector

F- 13
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BEGI N caU
r)v

LAST — U *CN+1)/2
CTARTC V - II

C ELII-IINATC EAST! STEERING VECTOR

FOIi AUG 1 TO t!
• STARTI1 LAST
• STAI!TSVS ~ STAUTOV-1
- LEN GTh —1
• FOR POll - il-I TO 1 STEP —1
• • STAT!TI1 STARTR - LENGTH -1
• • BOTh

- - DOTI 0
• • FOR LOC 1 TO LEEGTH
- • • BOTR DOTI1 + I1P•( STAflTP.+LOC) *Sf l( ST~\T!TSVS+LOC)

• • —I!!! ETA!!Tfl~ LOC )’Ei!( STARTS VS+LOC)

- - • DOTI — DOTI + 1-Il!! STAIITR --LOC)  ‘~- - UI(5T1hflTEVhi+LOC) ÷ h-lI! STARTR+LOC )SP•( ETAI!TEVS+LOC )

• • END FOR
• • till! CTAT!TSVC) CI!! STAPTSVG ) -- DOTR
• - SI(STARTCVS) - SI( STI\RTGVS ) - DOTI

• • STARTIJVE - STAC!TSVS-1
• • Lflt!GTII - LENGTh + 1
• Liii) FOR
- STAI1TSV STAIiTSV+h 1
Liii) FOIl -

Eli!)
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Second Back Substitution for LL* (L*W = 1)

Variable Type Length Contents

MR EP N (N+l)/2 real part of L* rowwise

MI FP N(N+1’/2 Imaginary part of L* rowwise

SR FP KU real part of steering vectors
vectorwise

SI FP 1(1-i imaginary part of steering
vectors vectorwise

RECIP FP N reciprocals of diagonal ele-
ments of L*

DOTR FP 1 temporary location

DOll FP 1 temporary location

LAST I 1 location of last element of
SCM

AUG 1 1 current steering vector

ROW I 1 current row of SCM

STARTSV 1 1 location of last element of
current steering vector

STARTR I 1 location of ROWth element of
ROWth row of SCM

STARTSVS I 1 location of ROWth element of
current steering vector

LENGTH I 1 length of ROWth row of SCM
starting at element ROW4- 1

LOC I 1 location increment used to
address current element of
SCM and steering vector
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BEST AVAIIAB!1 COPY
BEGIN
LAST —
START6V - RI

C ELItI I NZhTE EACH STEERING VEC TOR

FOR AUG ITO IC
• STAI1TR - LAST
- CTAI1TSVS - 6TART&V-1
• LELIGTII 1

C * CALCULATE ti-Thl ELEMENT

- Sfl(STFtPTSV) - Slit IJTZIRT!3V)*li7!CIP!N)
• t31(STZII2TSV) - SI( STZUITSV)~~ I!ECIPUI )

C * CALCULATE OTRER ELEMENTG

- FOR 110th - ti-i TO 1 STEP -1
- • ~~TAIlTfl STIIL1TR - LENGTh! 1
• • DOTli U.
• - DOTI O.
- • FOR LOC - 1 TO LEN GTH
• - - DOTR - BOTh! + till! STAI1TR+LoC)*

+ - • • CT!! SVARTEVI3+LOC) — MI! STARTR+LOC)*
- • EI(STAflPC~’C +LOC)

• - - DOTI - DOTI + ?!fl(flTAflTfl +LOC)~~SI(-h3TART 3VS+LOC) +

• • 111! STARTfl+LQC)~~Cfl( BTARTCVI3+LOC)
- • lIED FOIl V

• • SN IITAI1TSVS ) - ( Ii iP. STARTSVC ) -DOTR) ’~llECXP( h!Oi4)- - i~~(S~~~fl2sV3) - (6X( CT IU1Th3V S) _floTI)*RECIP(1!oW)
• - STAPTEVE CTAPTSVS -1
- • LENGTh ! — LENGTh! + 1
- Liii) VOlt
• CTAIITSV - SThZITZV ~ NEND FOR
END

F- 16
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Appendix G. CDC 7600 Software

The al gorithms and implementations of these programs are discussed

in Section 4•2.3• Program COVTST and subroutines NEXDIM and SEKOND are

drivers for COVCMP, which calculates the sample covariance matrix. DECTST,

NEXDEC, and SEKOND drive CHOL, which performs the Cholesky decomposi tion

and both back substitut ions .

G- 1
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‘B SFAVAI-IAB&E COPY
1 PROGRAM COVTSTC OUTPLIT,TAPEG-OUTPUT)

2 C TEST COVARIANC E CALCULZhTER ON CDC7GJ3O MINNEAPOLIS

3 COMI-ION /TINING/ TZERO ,TCVCMP ,WZER0,WCVcMP
4 COMMO1T /TI!-IEI ICSIIC ,IRSIIC
5 COMR-IOU/SSTOUE/YR( 2170) ,YC( 200)
6 cOMMON/IErO/t1,R( 2111L!IY),C 20100) ,BR( 200) ,BC( 200) ,t-IR( 200) ,WC( 200)
7 DATA Yfl/2017*1•0/ ,YC/200*1.Z/
8 %-IRITE (6 .100)
9 103 FOPt-TAT( 1U1 ,6X .9htDIl-!ENSION, 7X~ 8HZERO OUT ,7X ,8H1 SA}IPLE,5X,

* 117112N SZhMPLES ,10X ,5IVIOTAL )
11
12 999 CONTIN (JE

13 C GET NEXT DIMENSION

14 N-NEXDIN (N)
15 IF (N .EQ .0) STOP 777

16 C TEST ZERO OUT

17 LEN_N*( N+i)/2
18 LOP 2000/N
19 CALL SEC
20 IW1 IRSEC
21 1C1-ICSEC
22 DO 991 JLOP-1 ,LOP
2 3 DO 1 J-1 ,LEN
24 1UJ)-0.
25 C (J)—B .
26 1 CONTINUE
2 7 991 CONTINUE
28 CALL SEC
29 1W2—IRSEC
30 IC2-ICSEC
31 DO 992 JLOP-1,LOP
32 992 CONTINUE
33 CALL SEC

1C3—I C2—ICI
35 1C4—ICSEC—1C2
36 1C5 1C3—1C4
37 1W3 1W2—IW1
38 I;-14—IRSEC—1W2
39 1W5—It-13--1W4
40 TZEI1C-FLOAT( 1C5)*27•511_6/FLOATC LOP)
41 tIZERO FLOAT( Il75)*27 5E_6JPLOAT ( LOP)

42 C TEST COVCI4P

43 CALL COVCMP
44 142N 2*N*t!CVCMP
45 s-JTOT—WZERO+W2N
46 T2N~ 291*TCVCMP
4 7 TTOT ’TZERO +T2 N
48 WRITE (6 , 101) fl ,TZEIIO ,TCVCtIP .T2N ,TTOT ,WRER O , WCVCZ4P ,W2 N, WTOT
49 101 FOP?-!AT( 1I!0,115 ,4F15 .3 ,5X ,13 !hcpU ( Mr;LISEC ),/,16X, 4F15 3 5X ,

* 14 WV ~~~ 7L (  !-IILLII3EC ))
51 GOTO 999
52 END
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B~~AVAI-LA-gL[ COPY
53 SUBROUTINE COVCMP
54 cO!-1t-1ON /TIh-IING/ TEERO,TCVCI-tP .WZERO ,WCVCMP
55 COl-1I1ORI /TIl-IL/ ICSCC ,IRSEC
56 COI-IMOtI/SSTOI1E/Y1i ( 21717) .YC( 2170)
57 COMMON/INFO/R4,fl( 20100) ,C( 20100) ,BR( ZOO) ,BC( 200) ,WR ( 200) ,WC( 200)
58 LOP-1000/N
59 CALL SEC V

60 IW1 IRSEC
61 IC1 ICSEC
62 DO 991 JLOP 1.LOP
63 JM1 0
64 Rh 1)—YR ( j)*yfl ( 1)+YC ( 1)*YC ( 1)
65 INDEX-i
66 DO 1 J-2 ,N
67 JM1—JM1 +1
68 SR YR (J)
69 SC YC(J)
70 DO 2 K-1,~ Mi
71 R( INDEX) R( INDEX)+SR*YR (K)+SC*YC(IC)
72 C! INDEX) C( INDEX)+SR*YC(lC)_ SC*YR(K)
73 INDEX INDEX +i
74 2 CONTINUE
75 B( INDEX)-R( XNDEX)+SR*SR+SC*SC
76 INDEX-INDEX +1
77 1 CONTINU E
78 991 CONTINUE
79 CALL SEC
80 1W2 -XRSEC
81 1C2-ICSEC
82 DO 992  J LOP 1, LOP
83 992 CONTINUE
84 CALL SEC
85 1C3—1C 2—IC1
86 IC4-ICSEC-1C2
87 IC5—1C3--1C4
88 1W3—1W2—IW1
89 1W4—XRSEC— 1W2
90 IW5 1W3—1W4
91 TCVCMP-FLOZhT( 1C5)*27,5E_6/FLOAT( LOP)
92 WCVC !-IP-FLOAT ( 1W5 ) *27 .5E-6/FLOAT( LOP) - - -

93 RETURN
94 END
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BEST AVAJ-1A-B~i 
-

95 FUNCTION NEXDtfl ( N)
96 IF (N-GT.0) GOTO 1
97 NEXDII-1—4
98 RETURN
99 1 IF (N .GE •30) GOTO 2

100 NEXDIM N+1
10]. RETURN
102 2 IF (N GE.50) GOTO 3
103 NEXDIM N+5
104 RETURN
105 3 IF ( N . G E 200 ) GOTO 4
1176 NEXDIM -N+10
107 RETURN
108 4 NEXDIM O
109 RETURN
110 END

111 IDENT SELON D
112 USC /TII-IE/
113 ICSEC ESS 1
114 1115CC 555 1
115 USE a
116 ENTRY SEC
117 SEC 555 1
118 WrIt-IC IT!SEC .7CLK
119 TIME ICSEC .7CLIC,USER
120 JP SEC
121 END

C- 4
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BEST AVAILA&E (~~~~~py
1 PROGRAM DECTST( OUTPUT ,TAPEG-OtJTPUT)

2 C TEST CHOLSESTCY DECOMPOSITION AND BACIC SUBSTITUTI ONS ON
3 C CDC76 00 M INNEAPOLIS

4 COMI-ION /TIME/ ICSEC ,IRSEC
5 CONI-IOE / SSTORC/Yfl ( 2011) ,YC( 2 171!)
6 cOM -ION/IlIrO/u ,R 2011717) ,C( 201170),T3IU 2170) ,Bc( 20.o) ,wR( 200) ,WC( 200 )
7 COt-Il-ION /TIVIING/ TDECMP .TBKSB 1 ,T51C532 ,WDECI-!P ,W5l<SB1 ,WBKSB2
8 WRITE (6 ,100)
9 100 FORMAT! 1hI1, 6X,9ffD11-IENSION,9X,6RDECOtIP ,5X, 10HBACK SUB 1,

*5X,1gIIDA CI ( SUB 2 , 1EX , 5HTOTAL )
11 11—4
12 1 CONTINUE

13 C GET NEXT DIMENSION

14 N-NE XDEC (N )
15 XE’ ( N E O . S )  STOP 777

16 C FILL UP MATRIX WITH POSITIVE DEFINITE HERNITIAN TEST VALUES

17 LE N_ N *( N + i ) / 2
18 DO 2 J 1 , LEN
19 1 1 ( J ) — i .
20 C ( J ) 1.
21 2 CONTIN UE
22 INDEX-i
23 DUM_ 10.*N
24 DO 3 J 1,N
25 R(INDEX)-D1714
26 C! I N DEX )— 0
27 INDE X-IND EX +J+1
28 3 CONTINUE
29 DO 4 J 1,N
30 Bfl (J)-’•
31 B C ( J ) 1.
32 4 CONTINUE

33 C USE CHOLESKY ROUTINE

34 CALL C1IOL

35 C WRITE ( 6 , 102 ) ( W I N J ) ,WC(J ) ,J— 1 ,N )

36 102 FOR t-lA T h 8n.’Yt-mIGIITS , / , ( 1X ,2C20.10) I
37 TX-lAX TDECMP+ T13115Di +~5~(55~30 WX-lAX—SIDECMP+WBICSB1 +%‘75h1552
39 WRITE ! 6, 1171) E, TDCCI-IP ,TI3ICSB1 ,TBIC5~)2 ,Tl-flX,WDECMP ,WSKSB1,WBESB2 ,W?IAX
40 101 FORt-LIT(1llhJ ,115 ,4F15 .3 ,5X ,13IICPU(r-IILLISEC ),/,16X ,4F15•3 ,5X ,

*j4HWAJ~L( MILLISEC))
42 GO TO 1
4 3 EN D
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- ~ESLAvAJ-L4sLr COPY
44 SU13UOUTITNI cI:OL
4 5 CO !V1ON /T I r ’ INGI  TDEC !4V.P • TEK SB1 , TBKS’32 ,I-IBLCMP ,W3!~5!31 ,W!K552
46 CO IV SVIOU /T~~h lL/  ICSEC ,IRSE C
47 CC!-EIONhIr:O/fl,fl( 2111(111) , C( 21111313) .Dll! 2 1113) ,BC( 2 1311) ,W1t( 2130) ,WC( 200)
413 COt-It-ION/Sl~~OflEfYfl( 2rJ1i) ,‘IC( 2017)
49 DI1-lfll)SIO!1 IJR( 201013) ,IIC( 20100)
50 DIX-IENSION RECIP( 200)
51 EQUIVALENCE (UI!! i),It( 1> ),(UC(1),C( 1))

52 C * * * ** * * * * * ** a* ** ** * * * * ** * * ** ** * * * * * * * * *a* * * * ** * * *a* * f r * * * * *a* * * * * *a* *

53 C
54 C THIS ROUTINE SOLVES A SYSTE M Or SV.1!I’JLT.’..N~ OUS E~ UATIOI12 OVER THE
55 C COMPLEX NUMBERS . TIlE COEFFICIENT t-IATRIX t-UJST BE HEPIIITIAN AND
56 C POSITIVE DEFINITE. TILE CIIOLESKY FACTORIZATION METHOD IS USED. AND THEN
5 7 C BACH SUBSTITUTIO N ( TI -lICE) .
59 C
59 C VARIABLES -

60 C I) DIMENSION OF PROBLEM , I.E. MATRIX MUST BE N BY N
61 C 11 REAL PART OF INPUT 1-IATRIX. ONLY UPPER TRIANGULAR PART OF
62 C MATRIX IS STORED !COL !1~-lXS~I ) , SO DIME!1310N — N*(N+i)/2.
63 C C IMAGINARY PART OF INPUT MATRIX, ALSO STORED COLUNNWISE.
64 C DIt-~ENSION — t!*( N + 1 ) / 2
65 C BR REAL PART OF CONSTANT VECTOR , I.E. REAL PART OF B IN THE
66 C EQUATION AW-B . DIMENSION - N.
67 C BC IMAGINARY PART OF CON STANT VECTOR , ALSO OF DIMEN SION N.
68 C WR REAL PART OF SOLUTION VECTOR , I . E. REAL PART OF 11 IN THE
69 C EQUATIO N Al-I-S. Dfl-IENSION — 17.
70 C SiC IMAGINARY PART OF SOLUTION VECTOR . ALSO OF DIMENSION N.
71 C UR REAL PART OF FACTORED MATRIX . DIt-IEIISIOtI - N*(N+1)/2
72 C UC IMAGINARY PART OF E’ACTOPJI.’) MA TRIX . 1) !t1Et7310U - Nat 1 1 + 1 7 / 2
73 C YR REAL PART OF RESULTS OF FIRST LACX SUBSTITUTION. DIMENSION - N.
74 C YC IM AGI NARY PART OF FIRST BACK SUBSTITUTION RESULTS . DIMEESUION N
75 C
76 C

77 T ( J , K , I S U B , LOP ) FLO ATC J _ t C _ I S U B ) *2 7 . 5 E _ 6 / F L O A T ( LO P )
7 8 LOP-i
79 CALL SEC
80 IW1-IRSEC
81 ICI-ICSEC
82 DO 991 JLOP-1,LOP

83 C
84 C NOT E . • -

85 C MATRIX IS ASSUN1IT) UPPER TRIAN GULAR
36 C AC I , J )  , Ill VE C,~O~! STORAGE, IS MJ*(J_1)/2 + I )
87 C
88 C CO~1PUT C FIR ST DIAGONAL CLEMENT
39 C

90 UR (i) SQRT( l t ( 1) )
91 I J C ( 1)  0.0
92 P.L C I P ( 1 ) — 1 . /U R C I )
93 INDEX — 1

94 C
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B[SUVAI-L~ E WPY
95 C CO l-SPUTE REST OF FIRST ROW
96 C

97 NMI N — 1
98 DO 10 J—1,NM1
99 INDEX INDEX + 0
100 UR(INDEX) - 11(INDEX)*RCCIP(1)
101 UC C INDEX ) - C( IN D E X ) *RC C I P ( 1)
102 10 CONTINU E

123 C
104 C COMPUTE DIAGONAL ELEMENT
105 C

106 INDEXI - 1
107 DO 43 I — 2 , N M 1
108 IIM 1 — INDEX I
109 ILOW — II M 1 + 1
110 INDEXI - IN DEXI + I
111 ITJP — INDEXI — 1
112 X M l — I — i
113 SUMDIA - 0.0
114 DO 20 E-I LOW ,IV P
115 Ri — U R ( K )
116 Cl — U C ( K )
117 SUX-IDIA - SUMDIA + R1~~R 1 + C1~ C1
118 20 CONTIN U E
119 U17( XNDEX I) - SOP.T(R(INDEXI) - SUNDIA )
120 UC( I ND E X I )  - 17.0
121 UPV-DIV - i . Z/ UR ( INDEXI)
122 REC IP ( I ) -URD I V

123 C
124 C COMPUTE REST OF ROW
125 C

126 .70K]. — XIM 1
127 DO 30 0—1,11K].
128 JJM1 — 007-li + .7
129 SUMR - 0.0
130 STJMC - 0.0
131 DO 25 K — 1 , IM 1
132 171 — -UrN I IM1+K)
133 Cl — UC(I1141+K)
134 112 - UR(JJM1+K)
135 C2 — UC(JJX-11+IC)
136 SUI-1R — SUI-IR + 111*112 + C 1*C2
137 SUX-!C — CUt-iC + R1tC2 — C1*R2
138 25 CONTINUE
139 10 — .7.77-11 + I
140 Ufl( I.7) - UROIV*( fl( I.7) - SUUR )
141 UC( I J )  - URDIV*(C(IJ) — SW-IC )
142 30 CO NTI NUE
14 3 40 CONTINUE

144 C

C- 7
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REST AVAI~p,~ COPY
145 C DO LAST ELEMEN T
146 C

147 ILOW it I!’DflXI + 1
148 IUP — INDEXI + 17141
149 SUNDLA - t7 .fJ
150 DO 50 K - ILOW , IU P
151 111 — UR( IC )
152 Cl — UC K)
153 SUI-IDIA it SUXIDIA + 111*111 + C1~C1
154 50 CONTINUE
155 INDE~II — I NDEX I  + N
156 UR( IIIDEXI) - SORT! Rh INDEXI) — SU7VIDIA)

157 UC (INOEX I) - 0.0
158 UECIPCN) ’l./Ufl( INDEXI)
159 991 CONTIN UE
160 CALL SEC
161 II-12—IJ7 SEC
162 1C2-ICSEC
163 DO 992 JLOP-l ,LOP

164 C
165 C FIRST BACK SUBSTITUTI ON , USING CONJUGATE TRANSPOSE
166 C

167 D I V —R E C IP (  1)
168 Y I N ] . )  - DR(1)*DIV
169 YC( 1) — BC! 1)*DXV
170 INDEX — 1
171 ILOW - 0
172 IHIGII — 0
173 DO 70 1—2 ,11
174 ILOW lEIGH + 2
175 h u G h  11110K + I
176 SUNI7 — 0.0
177 SIJI1C - 0.0
178 K 0
179 DO 60 J—ILOW ,IHIGII
180 IC — IC + 1
181 SUX-IP. — Silt -Ill + Yfl(K)*tYfl(J) + YC(K)*UC (J)
182 SUMC SW-IC - YRC IC)*UC (J) + YC( I C ) * Ur N J )
183 60 CONTINUE
104 INDEX - INDEX + I
185 DIV—IZECIP (I)
186 YIN I )  — ( 13IN I )  — SUI.lfl ) *DIV
187 YC (I) (BC (I) - SUMC)*DIV
188 70 COITTIL-IUS
189 992 CONTINUE
190 CALL SEC
191 I~73 II75EC
192 IC3~ ICSEC193 DO 993  JL O P 1, LOP

194 C
195 C SECOND BACK SUBSTITUTION
196 C
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DIX [ AV~” 
‘-

~~~~~

‘

~~~~DLI) —
197 ! 4 N
198 I — N~~(N + 1 ) / 2
199 80 DIV ’~RECIP( M)
200 WR( X-l) — YR(1~t)*DIV
201 WC(M ) - YC(M) *DXV
202 TR - WR(M)
203 TC - WC( 74)
204 M M - 1
205 DO 90 J-1 ,M
206 K - M - J
207 L - I - J
208 YR(K+1) - Yfl(IC+1) - UR(L)*TR + UC(L)*TC
209 YC(K+i ) - YC (K+1) - UR (L)*TC - UC (L)*TR
210 90 CONTINUE
211 I I — M — 1
212 IF (It)E .1)GOTO 80
21 3 DIV IZECIP( 1)
214 WR(1) — YR (i)*DIV
215 WC(1) — YC (i)*DIV
216 993 CONTINUE
2 17 CALL SEC
218 IW4—XR SEC
219 IC4 ICSEC
220 DO 994 JLOP 1,LOP
221 994 CONTINUE
222 CALL SEC
223 IW— IR SEC—IW4
224 IC ICSEC—IC4
225 TDECMP-T ( IC2 ,IC1,XC ,LOP)
226 WDECIIP T( IW2 , Ill]. • IW ,LOP)
227 T&!C8131—T( IC3,IC2 ,IC.LOP)
228 WBKSB 1—T( 1W3 , 1W2 , IW ,LOP)
229 TBICSB2-T( IC4 ,IC3 ,IC ,LOP)
230 WBIC S32— T ( IW4 , 1W3 , IW ,LOP )
2 31 RETURN
232 END
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8 AVA11.A~tE IO~Y

233  FUNCTIO N N EXD E C (N )
234 IF (N .GE.20) GOTO 1
2 3 5 NEXDEC 2O
236 RETURN
237  1 IF (11.011.2170) GOTO 2
238 NEXDEC N+20
2 39 RETURN
240 2 NEXDEC 0
241 RETURN
242  END
243 IDENT SEICOND
244 USE /TIME/
245 ICSEC BSS 1
246 IRSEC BSS 1
247 USE *

248 ENTRY SEC
249 SEC BSS 1
250 RTI?-1E IRSEC,7CLIC
251  TIME ICSEC , 7CLK , USER
252 OP SEC
253 END
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Appendix H. A Necessary Condition for the ~1onsingu1ari ty of a
Sample Covar iance Matri x

Given a collection of m complex n—dimensional sample vectors ,

their sample covariance matrix is defined by

k~l 
= 

k~l 
s~ )* 

s(k ) (1)

where is the conjugate transpose of ~~~ so that the 1~ th component

of M(k) is

= ~ (k) ~~ (2)

We claim that M is singular if m < n , i.e., if the number of sample vectors

is less than their dimension.

Proof: First we need a definition and a l enina.

Definition: The rank of a matrix A is the dimension of the space spanned by

Its columns .

Note that a square matrix A is nonsingular if and only if its dimension equals

its rank, rank(A). This is because A is nonsingular if and only if its columns

(or rows) are independent , i.e.,, £ columns span a space of dimension L for any

subset of 9.- columns.

H-i
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Lema : Rank (A +B) < rank (A) + rank (B).

Proof: Given a set of vectors which span a space of dimension n0 and a

sets of vectors which span a space of dimension 
~b’ 

the set of

vectors QJ-’t~ clearly spans a space of dimension ~ + so any

set S of linear combinations of vectors in3.-’U~~ spans a space of

dimension 
~ ~a 

+ 
~b• 

Now let £L= (columns of A },T~ = (columns

of B}, and S = (columns of A +  B} and the result follows . Q.E.D.

Corollary: Rank (
~ 

M(k)) 

~ k~1 
rank [11(k)] -

Proof: Fol lows ininediately from the lema by induction . Q.E. D.

Now we may continue with the main proof.

- . col-ir’rs of are all multiples of the vector s (k) * by Eq. (2),

• .~~tør sp•ns ‘ - i’ space spanned by the columns of so that space

~~~~ - - ~~ ‘•~ • N~~’~ ~ ~)(t Iw rank could be 0 if all the components of 
-



NOTE : This proof presents only a necessary condition for the nonsingulari ty

of the sampl e covariance matrix , not a sufficient one. In other

words , the matrix may still be singular even if the number of

samples exceeds the dimension. The interested reader is referred

to “Rapid Convergence Rate in Adaptive Arrays” by Reed, Mallett

and Brennan ’
~ for a sufficient condition on the number of samples

for good results .

4.1 , 1 S.. J. 0. M.~l l .t t . .nd 1. E. Rr~nnan~ ‘ Rap~d Converqence Rate
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Appendix I. Number of Bits Needed for Sample Covariance
Matrix Cal culation

This appendix deals with the lower bound on computationa l complexity

of forming the sample covariance matrix and the accuracy to which it can

be computed . It also includes a section on how these bounds are related

and may be changed due to machine limitations.

The 1th sample covariance matrix can be defined as

I i~ I 1— 1M = X X + M I = 1 ,2,...

where

X ’ is the i~
1
~ input voltage sample vector (i.e., row vector)

X 1* is the conjugate transpose 0-f

~1 is the covariance matrix

elements all have value of zero.

We will also define the following:

N is the number of weights in the system; this is equal to the

number of elements in X .

S is the number of samples used to form M. It has been shown

that by setting S = 2*N, the weights will be computed wi thin

3 dB of optimal. *
A. COMPUTATIONAL COMPL EXITY

Since P1 is He rn i t i~~n , onl y the lowe r or upper tri 3ngular region -ieeds to Le

~ w i l l  ac~ume ~h~it the upper triangular region is being compu ted.

- 
~~ ~~~~~ and L - I •r... , , a ‘d t( v.rqe.K. I, ~~

-4 .  1,. ,.- ~I ~~~~‘~‘~~~$~~~
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This section of the matri x contains N*(N+1 )/2 elements . Each element

of the vector X is only multiplied by a conjugate of an element of X to

update a location in M. A program for a serial machine would look like

the following:

DO I = l ,N
D O J = l ,N 

*M(I,J) = CONJUGATE (X(I))x(J) + M( I ,J)
END DO

END DO

In actual practice , only N(N+l) /2 mul tiplies must be computed, with

N(N+l) /2 adds needed to update M. A program for a serial machine would now

look like the following, assuming that the elements of P1 are stored column-wise:

IN X = 0
DO I = l ,N

INX = INX + J
JNX = INX
D O J = 1 ,N 

*
M(JNX) = CONJUGATE (x(I)) x (~) + M(J II X)
JN X = JNX + J

END DO
END DO

B. COMPUTATIONAL ACCURACY

Accuracy will be expressed in number of bi ts. To compute the number ~-f

b i ts nee ded , two quantities must be known : 1) the sample size, S~and

2) the number of bits from the anal og to digital converter (ADC), B.

Whenever a binary add is performed on two words of a and b bits long,

the resul tant sum can require MAX (a ,b)+l bi ts . Whenever a binary mul tiply

is performed on two words of a and b bits long, the resul tant product can

require d~~h bits .



Elements of X are expressed as a real and imaginary part, each B bits

long. Performing multiplicat ions will require 2 B bits. Each complex multiply
* V

provides an add, so each individual term of X X will require ~*B + 1) bits .

These values must be added to the previous computed values S-i times.

In vector notation the formula is

X~ X
‘~~ k” ‘

Therefore the total number of bits required Is ILOG2 S*(2
2*B41_l)+l 1

where lxi means the smallest Integer greater than or equal to X (the

ceiling function). This formula is derived as follows : The maximum number

which can be expressed in k bits Is 2k_ 1~ If we are to sum values of b bits,

the wors t case Is

Let

k be no. of bits required for answer

b be no. of bits in Items to be sunined

S be no. of i tems to be sunined

k ,b, & s all integers , c ,b ,s>O

S*(2b_l ) < 2k 1

Solve for k, as follows :

S*(2b_ l) + 1 <

10G2(S*(2
b_l) + 1) < k

ILOG2(S*(2b_l) + 1)1 = k because all var1abl~s are Integers .



Solve for S

s<  —
— 

2 -l

k -

s = [2b
1 

] 
=E2~~

th

To choose some numbers for examining this function let B = 12 bIts and

S = 2*N , when N = 200.

FLOG2 5*(2
2*B~~_ J )+i -)

FLOG2 400*(2
25_l)÷11

34 bits required.

Table 1-1 lIsts different computers and their mantissa length In bits . The

table also lists the maximum N allowed wi th 5 = 2*N.

C. WHAT TO DO IF MACHINE’S ACCURACY IS INSUFFICIENT

There are a couple of approaches to this problem. Before any program is

discussed , however , a deeper understand i ng of the calculations in Sect ion B i s

required.

In Section B, we calculated the number of bits needed to ensure that

no errors are introduced into the calcula tions ; all values were treated

as fixed point. Almost all advanced computers have floating- point hardware

on them and , in fact , this hardware will be used during the inversion process

to minimize errors introduced by division.

I ,



METHOD 1

One solution to the accuracy problem is to ignore i t and let the floating-

point hardware take care of it. There is one problem wi th this approach ,

which only occurs when the number of samples is very large. All multiplies

are on similar-magnitude numbers (namely B bits) and all adds to perform

complex multiplies are on similar-magnitude numbers (namely 2*B bits). After

we have added up a large number of samples , the magnitude of the values for

may be much larger than (2*B+l)bi ts. In that case, the addition may only

add in part of this product , or worse , none of it.

As an example , assume that the mantissa Is 30 bits long with exponent,

and B = 12 bi ts as before.

How many samples can be added before we lose 5 bits of a product term?

That is the same as asking ,Howmany samples can we accumulate In 35 bits?

By using the formula from Section B we have

- ______S - ______

J 2~~-lS = j.225.l

S = 2b0 = 1024 samples

Another question is, How many samples can be summed before an error is intro-

duced ? Again with 30-bit mantissa , we apply the same formula:

‘-5



- ~ 
2~-lS — 

~ 2*B+l -l

I 30
= 1 2

L2 -1

S = 2~ = 32 samples

We can also compute when any additional samples will be simp ly ignored. .e.,

w il l not change the running sum at all. Again with the same assumptions as

before

Total no. of bi ts required = 30 + 25 = 55

s = L 2 ~~J
S = 2~~ + 2~ samples

which is indeed a large number, but by the time we have reached this limi t,

the cumulative error is very large .

The inversion process Introduces other errors , though some errors in the

covariance matrix may be acceptable due to the accuracy requirements of the

wei ghts. Whether the existing floating-point hardware is sufficient or not

will depend upon the particular system specifications.

METHOD 2

There is another technique to l imit the size of the numbers. The sample

covariance matri x represents the expected value between the and ~th

component of the signal.



The expected value is approximated by averaging a set of samples together.

This can be represented as
S

— 1 k* k
— 

k=l~

The division has the effect of reducing the number of bits required. Instead

of computing the enti re sum, partial sums can be computed and averaged. The

computation is now

-
~~ — if InS +

N1. = 

S~~~ (1 ~~~~ x~kx~ -.1 1p,,~~~\
S k’~~+1 ~

By choosing s appropriately , the total number of bits required can be reduced.

Again , choosing s is based upon the particular system (ADC, computer, accuracy

of weights , etc.). By doing this calculation we add[~* 
(N+l)]divisions to

compute M.

It should be noted that if M is produced by the mt~thod of Section B, it

may be advisable to divide each element by S to reduce the number of bits

required. This is al l owable because it only changes all the weights by a

constant factor, and due to the weighting processor, multipli cative constant

factors have no effect upon chc-osing optimal weights , i.e., for gi ven optima l

weights , W, all constant multi ples are also optimal.

It should also be noted that for all divisions , the divisors are real

numbers.

Let us run through an example using averaging. Assume -mantissa

length is 30 bits , B = 12. What is the maxi num S and s that can be used?

1-7
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— I 230_ i—

— I 230_i
S

s = 2~ = 32

Each division by s reduces the produc t back to 30 - 5 = 25 bits. We now

must compute how many s ums of 25-bit numbers are needed to reach the 30-bit

limit.

I 30
No. of sums 2 — 1

L2~ ~~
- 1

No. of sums = 32

S = No. of sums * s

32 * 32=1024

If we assume S = 2~N , then t h i s  method w i t h  the number of bits specified

will handle a system of 512 weights.

METHOD 3

Methods 1 and 2 can of course be combined. The main problem with

Method 1 is the errors introduced by adding numbers of greatly di ffering

magnitudes . This can be overcome by calculating M in the f liowing manner.

ms+s
E

m=O k=ms+1 i

1-8



By calcula ting sums of s terms an d ad di ng them together , we wi ll be adding
numbers of similar magnitude . In the extreme, the addi t ions wi l l  be per-
formed in a tree—like manner as shown in the following example.

Sums of samples 1 to s,b bits
~~~~~~~ b+1 bits

s+1 to 2s
+ b+2 bits

2s+l to 3s
+2::::: b+1 bi ts

3s+l to 4s

Assuming only b bits in the mantissa , this procedure minimi zes errors.

At a minimum this method , as well as Method 2, requires ‘1(N+l)/2 more

storage locations.

METHOD 4

In this method , the entire covariance matrix calculation is done in fixed—

point math. On the machines we are concerned with , fi xed-point is implemented

as integer math.

On mach ines such as the PEPE and STARAN which have large bit length

i ntegers (PEPE can use 46 bits and STARA N has variable length), this method

seems better than losing accuracy by using a short floating -point format.

The STARAN is unique among the computers being studied in that there is

no fixed word length for numbers . A STARA N word can be divided into fields of

any number of bits . The STARVAN word length is 256 bits on the old model and

9K on the new model . The STARAN performs integer instructions in bit serial

manner , so that ADD and MULTIPLY times are directly a function of the number

of bits . To properly use this rrachine , the bounds on bit length will be

used to minimize running time .

1-9



0. SUMMARY

We notice that the general- purpose scientific machines all have sufficient

bits to handl e the covariance matri x calculat ion . We will take advantage of

thIs by performing the detail simulations on the 7600 and only using the

supercomputers to obtain timin9 estimates and see the suitability of their

architecture .

The two exceptions to the above are the STARAN and PEPE. In these two

cases the calculations will be done in Integer and then converted to floating.

point for the inversion process. These integer calculations can be simulated

on the 7600 , so again these machines only need to be examined for speed con-

siderati ons and the applicabilit y of their hardware architecture to the

p roblem .

One item of research is to compute what the loss is on the 24- and 23-bit

mantissa machine. The reasons for using the smaller mantissa length is

speed , but architecture considerations will not change.

I-in
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Table I-i. A ttainable Accuracy for Covariance Matri x (ADC is 12 Bits , Sample
Size = 2 x No . of Wei ghts).

NO. OF BITS
COMPUTER IN FLOATING-POINT MAXIMUM NO.

MANTISSA OF WEIGHTS

COC 7600

SINGLE PRECISIO N 48 222

DOUBLE PRECISION 96 270 + 246 + 221

CDC STAR-100

HALF PRECISION 23 TOO SMALL -O

SIN GLE PRECISION 47 221

CRAY-I

SINGLE PRECISION ~8 222

TI ASC

SINGLE PRECISION 24 TOO SMALL -O

DOUBLE PRECISION 88 262 + ~~ + 212

I LLIA C IV

SINGL E PRECISION 24 TOO SMALL -O

DOUBLE PRE C ISION 48 222

PEPE

SINGLE PRECISION 23 TOO SMALL -O

STARA N VARIABLE PRECISION N/A
INTEGER

I— li
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Appendix J. Parallel Implementations of Computing
the Sample Covariance Matrix

We have already outlined the computations needed to compute the sample

covariance matrix. We will now discuss methods for computing it. We will

first show a parallel special -purpose hardware approach. We will use this

as a model to develop approaches for parallel and vector machines.

Let

be the ~th voltage vector

X11 be the I part of the 1th element of X

X.Q be the Q part of the 1th element of X

N1 be the ~th sample covariance matrix.

Then
1 .1* -f 1-1 oN = X X + M where M contains all zero elements.

This can be rewritten as

I 
= 

I I i 1 1—1M1~1 X 11 X,j~ 
— X 1Q X JQ + M1~ 1

-I 
= 

I I + I I 
+ 1—1M13Q X 1Q X~1 X .~1 X jQ M1~~

The hardware is the same for both the real and imaginary parts except

for an adder/subtractor. The hardware is also identical for every ij pair.

This comonality will be exploited in terms of software esigns and could

be exploited in hardware designs by having comon replacement modules .

J- 1
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The fol lowing ci rcuitry will perform these operations:

‘Si

CLEAR

[
~ 1 MIjQ

141j 1 ‘IIJQ

REAL PART IMAGINARY PART

J-2



This system is not practical for a large-scale problem e.g., If we have a

system of 200 weights, it would require 80,400 mul tipliers and 80,400 adders.

With large-quantity buys, the multiplier chip will cost approximately $70.

The total cost of just the multiply chips would be $5,628,000.

This system will compute the covariance matrix very quickly as all

multiplies are performed in parallel , followed by only two stages of adding.

Using times of 200 nsec per multiply and 50 nsec per add, the total time

required will be 300 nsec * no. of samples. Assuming a 200-weight system,

we will require 400 samples (2*200) to obtain a running time of 120 ~isec

with a sample every 200 nsec.

Since the limiting factor in terms of sampling rate is the mul tiplier

rates, the system can be modified by changing multipliers so that there

are sufficient mul tipliers for each ij pair to deliver results to the adders

at their rate. This can be illustrated better in a timing diagram. We will

use 4 mul tipliers of 200 nsec and one adder of 25 nsec. This system will

sample at a rate of one sample every 50 nsec. It should be noted that this

system requires 4 times as many multipliers .

To put the sample algorithm on a parallel processor, we will first

assume we have as many processors as required and each processor can add,

subtract and mul tiply. Let us assume we have one processor box for each

mul tiplier. The processors will all execute the same code in lockstep,

as do STARAN , PEPE, and ILLIAC IV.

J- 3
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x x x x

If the program consists of the following step:

MULTIPLY INPUT1 ,INPUT2

We have completed the mul tiply but not the add as the partial resul ts

are in different processors. To overcome this problem, we will let processors

coimiunicate with their neighbor. This is allowable in the STARAN and ILLIAC

IV but not the PEPE.

X 1Q X
31 X

JQ

- j P ~I~~ ~~~~~~~ ~~iI ~ _ _

J- 4 

~~~~~--:- - - -  -~~~—-  - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - .  - ~~~~~~~~~~~~~~~~~~~~~~~~~~ - - ~~~~~~ -~~~~ —- ~~ --—-~~~~~~~~~~~~ -~



CALCULATION

II j I

xi * xl __________________IQ JQ

xi * xl — xi * xiII SI iQ SQ —

x19l* ~~~ _____________________iT jI

~i+l 
* xi~l _____________________iQ SQ

xi+l 
* xl+•I 

- xl+l 
* x i+

~
I

II 51 IQ JQ —

xi~
2 

* xl~
2 

_____________________II .11

xi+2 
* x~

I+? 
______________________1Q SQ

x1+2 
* x t

~
2 

- x I+2 
* x l+2 

—11 ii IQ SQ

* ____________________

II ,II

x1
~

3 
* x1

~
3

1Q JQ

* x143 
- xi~

3 
* x1~

3
II 5! IQ jQ

TIME ‘
NSEC 0 200 400

J- 5
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The reason for the connection between P1Q and P51 is for uniformi ty

in the design even though the connection Is not mathematicall y required.

The program Is now as follows:

—~~MULTIPLY INPUT1 ,INPUT2

ADD VALUE FROM RIGHT PROCESSOR

ADD RUNNING SUM

STORE RUNNING SUM

.—GOTO

We have performed these operations in all processors so we have done extra

work, but this work did not cost us any time.

The system is still not realizable on existing parallel computers

because of the large number of processors required. Assuming a system

of 200 weights, we woul d require 80,400 processors.

We can cut the number of processors in half by allowing each processor

to perform all the computation required for each element of M.

x x x x

F
_ 

:~
[P i I I ~i1

J- 6
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The program will be as follows:

MULTIPLY INPUT1 ,INPUT2

STORE TEMP1

MULTIPLY INPUT3, INPUT4

ADD TEMP1

ADD RUNNIN G SUM

STORE RUNNING SUM

GOTO

This procedure does not require any processor-to-processor comunication,

so It is suitable for the PEPE.

Unfortunately, the number of processors required is still too large

for existing machines for the problem we are interested In. The obvious

way of fitting this problem to existing machines is to simply partition

the program i nto subproblems which can be handled. in the case of 200

weights, we have 20,100 comp lex terms to compute. If we have N processors

available , we will compute N complex terms at a time and Iterate 20100/N

times.

Another approach known as the “global method,’ which Is based upon

the STARAN architecture, is as follows:

J— 7
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Set i to l 
-

Load x11 Into the global register
Multiply all appropriate elements by this value

Load X1Q into the global register

Multiply all appropriate elements by this value

Do parallel adds

i 4-I + 1
—If (i<N)

The execution time of this algorithm Is a function of N. If the number

of processors, M, is greater than N, then the execution -time Is proportional

to N. If N Is greater than M, which will usual ly be the case for large M,

we will do M elements at a time . The execution time is then proportional

to the number of groups which the problem must be devoted to.

For a triangular system,

G = (P+l)(~~~
+ N_P*M) where

For the complete matrix,

G = N 1~41.
Both of these equations reduce to N when M>N . This means that in

this case, the entire matri x can be obtained In the same time as only the

triangular matrix.

J_8
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The drawback to this approach is that not all parallel processors will

be active at all times, but this multiply Is faster than the mul tiply which

uses two values in the same word. We would like a system which always uses

the maximum number of available processors so that execution time will be

minimal.

This leads to another method, to be known as the “ packed method.”

We wil t Illustra te these approaches by means of examples.

Completely Parallel Computation Approach

Assume the number of processors is greater than the number of weights.

N = 3 no. of weights

M = 4 no. of processors

Pro-
cessor A B C D

1 x
11 x~Q x11 X 1Q M

111 ~~~ 
x~ 1 X 2Q X 31 X 3Q ~23I 

1423J

2 X 11 
X
1Q 

X 21 X 2Q M12~ 1412J X 31 X 3~ X 31 X~~ ~33I 
M33~

~ 
x

11 X 1(~ X
31 

X~~ ~l3I 1413J

4 X
21 

X
2Q 

X
21 X 2Q M221 1422J

Computation Group 1 Computation Group 2

Time Steps 1-8 Time Steps 9-16

A*C - B*D

A*D + B*C

J-9
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The upper triangular matrix is updated in 16 time steps. We notice that

in the second group, two processors are available for work. We will

now rework the example, using 3 processors.

Pro-
cessor

1 X
11 

X 1~ X
11 1Q 

~l1I 
M
11~ 2! 2Q 21 2Q 11221 M22~

2 1! lQ 2! 2Q M121 1112J 21 2Q 31 3Q 
~23I 

M23~

3 1! lQ 31 3Q M131 M1~~ 3! 3Q 31 3Q M331 M3~

Group 1 Group 2

Time Steps 1-8 Time Steps 9-16

An interesting observation can be made: namely, that the execution

time is the same with one less processor. It can also be shown that

the evaluation time will also be the same with 5 processors.

The total number of complex terms is N(N+l )/2 for the triangle form of

the matrix and N2 for the full matrix. If we have M processors, then the

number of groups, G, will be

G for triangular matrix

N2G [g-
~ 

for the comp1~ ~e matrix

J- 10
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where [xl is smallest integer greater than or equal to x , i.e., the

ceiling function.

These equations can be used in the following ways:

Given the maximum-ti me, 1, allowed to compute the covariance matrix

and the dimension , N, what is the minimum number of processors required?

We will now relate number of processors, M, and number of weights ,

N, to determine number of groups, 6, needed to perform the covariance

update. The running time is a constant, C, times the number of groups .

The time per group is t, then the number of groups required is

G = fT/ti . We then solve

G = 1~~1)1 given G & N

I 2G

Because of the ceiling function the total time may be less than 1.

If a machine such as STARAN, PEPE or ILLIAC IV is available , then

M will be chosen as the maximum available.

If a machine is to be designed then the above computation will

be performed.

Because for a given G and N, more than one M may satisfy the
equations, questions of designing for reliability coir~ up.
For example, let N = 200, 6 = 201

J- 11
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Then 11 can range from 76 to 100. If the system is constructed with

76 processors and one breaks , then C will increase to 268 with a corres-

ponding increase In running time. If, however, 100 processors were con-

structed, then up to 24 processors could break without degrading system

performance. Neither extreme is probably practical . By calculating the

MTBF, MTTR and MAXTT R of processors, one can determine the number of

processors above the minimum number of processors which should be specified.

Another question of reliability is, What occurs if N becomes smaller ,

such as if a receiver breaks? By looking at the equation S =[) 1’
it is obvious that for N1 and N2 such that N1 < N2 and

fN (N1+1YJ IN (N +1)
iH  214 j an 2 1 2M 

—

Then G1 < 62. This means that for M fixed , there will be no increase

in running time as N decreases .

Comparing the global and packed methods for a triangular matrix , we

have the following:

N = 200, M = 256 (1 STARAN array)

Global Packed

~ 
_ IN I G _ [N (N+1)LMJ 1 211

6 = (P+1 ) (MP/2 + 

~~~~~

P = 0

6=200

J-l2 
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This implies that the packed fo rm is worthy of study. Currently the

al gori thms are not known for implementing it on the STARAN and PEPE. Also

in the example given N*1 so we are not utilizing N-N = 56 processors.

J- 13
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Appendix K. Parallel Direct Implementations to Solve MW =

with 0(N2) Processors

These implementations were developed by noticing that M has N2 elements,

and that it would be possible to assign one processor to each element. If

only the upper or lower triangular matrix is stored, then N (N+1)/2 elements

are required. By assigning one element to each processor, we hope to obtain

a speed increase over sequential or parallel techniques with 0(N) processors.

We will look in detail at two algori thms: Gauss-Jordan and Cholesky.

The reason for selecting Gauss—Jordan is its i nherent parallelism of select-

ing a two and then elimi nati ng on all other rows. Cholesky was chosen be-

cause it requires only half of the matrix , and we feel the difference between

N2 processors and N(N+l)/2 processors is sufficiently large for large N and

that this algorithm Is worth exploring. For other implementations see Sameh
*and Kuck .

Gauss—Jordon Implementation

We assign to each processor an element of M1 processor. p contains element

M. such the p = (i—l )N + 5; 1 ~ I, 5 ~ N. This requires N2 processors. We

use another N processor to hold the elements of the steering vector.

We will illustrate the technique on a 3 x 3 matrix , Figure K-i .

*Sameh , A. H., and D. J. Kuck , Linear System Solvers for Parallel Computers,
Department of Computer Science , Report No. IJIUCDCS-R-75-70 1 , University of
Illinois at Urbana—Champaign , February 1975.
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We have now eliminated on the first row in three steps. Since there are N

rows, Gauss- Jordan will take 3N steps. All of these steps are straightfor-

ward except the expand (outer product) step. This operation requires move-

ment of data between processors, if only a global register is available , the

data movement would require moving 2N-2 data items and 3N-3 processor enables

for each row. Since there are N rows, data movement will be an 0(N2) process

and the direct methods using 0(N) processors are comparable. Wha t is re-

quired is a special interconnect structure which -is able to perform the other

product in time independent of N, preferably in one or two steps. This inter-

connect structure is possible and ‘Is in fact simi lar to that of the ILLIAC IV.

Again , by using a 3 x 3 matrix, the interconnect strength looks like :

Ccl. 1 Col . 2 Col . 3

Row l I I I I I

Row 2 

[ 

H 

I _ 
_

Row 3 __J_—___i
_ _ _  _ _ _

To propagate the values as In the previous example , we move all data verti-

cally In one step and all data horizontally In one step . This can also be

accomplished if there Is a globa l register for each row and column.

K— 3
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If the ILLIAC IV structure is used, then N-l steps would be required for

vertical movement and 11—1 steps would be required for horizontal movement.

Al though this discussion has dealt with performing G-J, as shown earlier ,

by simply adjoining the steering vector to the matrix M , we will obtain the

weights at the same time.

Cholesky Implementation

In this system, we have N(N+l)/2 parallel processors. Again we will

demonstrate the technique on a 3 x 3 matrix , Figure K-2.
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As In the previous section on G-J , the outer product requires an interconnect

structure to use this system to advantage.

This process leaves the L decomposition of M In the N(N+l)/2 processors.

We must still solve for the weights . This can be done by two back substitu-

tions or adjoining ~ to the original matrix and performing one ‘ack substitu-

tion as shown In Part 4. A back substitution can be performed In N processors

as outlined In the discussion on PEPE. We can use either N processors or the

original N(N+1)/2 processors. If another set of processors is used , however,

we can pipeline the processors to work on more than one covarlance matrix at

a time. (See Figure K-3.)
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N
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Figure K-3 Pipeline Decomposition and l ack Substitution
where to = 0(N)
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Appendix L. Implementations of Algori thms to Solve for
Adaptive Weights on the PEPE

All the implementations in this section are wri tten in an easily

understood, structured progranini ng language . These implementations are

presented for operation counts purposes only and are not intended to be

compilable code. For a discussion of these implementations , see Section

4 .4.2.2 , ‘ Implementations of Al gori thms to Solve for Adaptive Weights on

the PEPE .”

The variables used in these implementations may be divi ded into two

classes, depending on whether they are stored in sequential memory (5) or

parallel memory (P). Parallel variables are distinguished from sequential

ones by a “k” as a subscript. For example , the parallel variable R(*)

refers to corresponding memory locations in each PE. The parallel array

X(N,*) is stored in N memory locations in each PE. When a parallel

assignment statement is executed , such as

x(1 ,*) = R(*)*X(2,*)

the multiplication is performed in each currently enabled processor simul-

taneously .

Mi xed sequential -parallel assignment statements are allowed . If a
parallel variable is on the left side of the equa l sign ,

R(*) = mi xed expression (arithmetic expression co tam ing both
sequential and parallel variables),

any number of PE’ s may be ac t ive , and each distinct sequential variable

in the mi xed expression must be moved from sequential to parallel memory

L- 1

- - —- -- - _~~~~~~ 0~~~0~~ -— 0~~~~~ — -— $0 ~~~ 
— .t ~~ I~~~ ’ V e’V ...—.—.. _ , — - -a--.



via an S-P operation . If a sequential variable is on the left side of

the equal sign ,

11(K) = mixed expression ,

exactly one PE must be enabled , and the value calculated by the mi xed ex-

pression in that PE will be transferred to sequential memory by a P-S oper-

ation .

The statements “ENABLE I” or “ENABLE I TO J” or “ENABLE 11,12,..

enable the indicated PE’ s and turn off all the others . The enabled PE’ s

remain enabled until the next “ENABLE” statement Is encountered.

Variables wil l  either be of type integer (I), floati ng-point -real (R),

or floati ng-point-complex (C). Complex vari ables are sto red with their

real and complex parts in separate locations , as described in the subsection

of 4.4.2.2 entitled “Introduction ,” and are used to simplify notation . If

it is necessary to refer to the real or imagi nary parts of a complex vari-

able separately, the notations REAL(S) and IMAG( ) will be used . (For example ,

REAL (M (J,*)) refe rs to the real part of the ~th row of M in all active

paral lel elements .) Similarly, CONJG( .) means the complex conjugate of the

complex variable in parentheses .

Sequential  var iables  used incl ude N ( type I , the dimension of the prob-

lem), K (type I, the number of steering vectors), NS (type I, the number of

sample -,ectors), RECIP(M) (type R, the reciprocals of the diagonal elements

of the factor matrix), and X(N) (type C, the sample vector). Parallel vari-

ables include the sample covarl ance matrix M(N,*)(type C), the conjugated

steering vectors S(K,*) or S(N,*)(type C), and an array of the reciprocals

L- 2
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of the diagona1 elements of the factor matri x , R(*) ( type R--the 1th PE

contains the reciprocal of the 1th diagonal element). Sample covariance

matrix will be abbreviated to SCM.

Storage schemes are rowwise or columnwi se for the (factored ) SCM , and

componentwise or vectorwise for the steering vectors , as discussed -in the

introduction to Section 4 .4.2.2. The abbreviations for the storage schemes

used in the back substitutions are given in Fig. 4 .39c. For the fi rst back

substitutions , and second back substitutions with vectorwise steering vector

storage, it is assumed the steering vectors are stored in the fi rst K (corn-

ponentwise sto rage ) or N (vectorw ise sto rage) PE’ s. The second back substi-

tutions wi th componentwise steering vector storage may ei ther follow an

augmented or an unaugmented decomposition. In the fi rst case , the steeri ng

vectors are stored next to N in PE’ s N+l through N+K (see Fig. 4.39e), and

in the second case they are stored below M in PE’ s 1 through K. This dif-

ference does not affect the operation counts of the implementation , just

the means of accessing the data . To represent both schemes , we have chosen

the following notation : in any line of code with the second part of the

line Set off in square brackets ([]), the code outside the brackets w i l l

refer to the augmented case, and the code inside brackets will refer to

the unaugmented case. Similarly, bracketed variables in the variable list

preceding the code itself are used in the unaugmented case on ly.

The fi rst back substitutions solve LDT = S when M = LDL* (LT = S when

M = LL*) and the second back substitutions solve LM4=T when M=LDL* (L*W=T

when M=LL*).

1-3 
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Before each implementation is the number of PE’ s required and a l i s t

of all variab les used, with their lengths (length per PE for parallel van-

ables),locati ons (S orC), types (I,R, or C),and descriptions of their con-

tents (omitted for M, S, RECIP , X, R).

FOR-END FOR loops behave as do those In Appendices A and B.
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Method 1 for Updating the Sample Covaniance Matrix
Number of PE’ s required N

Variable Length Location Type Description
Name

M(N,*) 2N P C see Fig. 4.39a

X ( r ij  2N S C samp le vector
XT (*) 2 p C transpose of sample vector

JROW 1 S I current row of SCM being
ca lcu la ted

L— 5
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BEGIN

C flEPEA T TRI S CODE FOR At~. Ri~ ~7c1IP LE VECTORS
C FI OVE TRANSPOSE OF SAZ4PLE VECTOR TO PE ’S

FOR J R OW - 1 TO N
- ENAB L E I
- x r ( ’ )  • CO NG J ( X( J R OW ) )
END FOR

C UPDATE EACh ROW

FOR JROW - 1 TO N
ENItSLE JRO W TO N

- X4( JUOW , ’) - W JROW , *) + X( JRO W ) *
END FOR
E N D

L- 6
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Method 2 for Updating the Sample Covariance Matri x
Number of PE’ s required = N

Variable Name Length Location Type Description

M ( N ,*) 2N P C see Fig. 4.39a

X(N) 2N S C sample vector

XT(*) 2 P C transpose of sample vector

JROW 1 S I current row of SCM
being calculated
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BEG IN

C REPE AT THIS CODE FOR ALL NS SNIPL E VECTOR S
C MOVE TRANSPOSE OF SN-IPLE VECTOR TO PS’S

FOR JROW - 1 TO N
- ENABLE JRO~1
- XT (*) • CONGJ( X(JROW) )
END FOR

C UPDATE EACH ROW

ENABLE 1 TO N
DO .YROW - 1 TO N

M(JROW,*) - W J R OW , *) + X(J ROW)*XT (*)
END DO
END
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Method 3 for Updating the Sample Covariance Matrix
fl umber of PE’ s required = N(N +l )/2

Variab le Name Length Location - Type Description

M(N,*) 2N P C initially upper triangle of
M stored rowwise in N- (N+l)/2
processors , finally as seen
in Fig. 4.39a but upper half
only

X(FI) 2N S C sample vector

X2(*) 2 P C 1st to Nth conjugated compo-
nents of sample vector
followed by 2nd to 11 th conju-
gated components of samp le
vector , 3rd to Nth , etc., in
all N- (F1+l)/2 PE’s

Xl (*) 2 P C 1st component of sample vector
Ii times , followed by 2nd com-
ponent of sample vector N-l
times , 3rd component N-2
times , etc., in all N- (N+l)/2
PE’ s

Mt-I (-) N (N-l) S C used to store 2nd through Nth
rows of outer product of
sample vector

ISTR 1 S I first PE to enable

1511’ 1 S I last PE to enable

ISUB 1 S I location in MM (M) of current
element of SCM being moved to
M(MFI )

JROW 1 S I row of current element of SCM

JCOL 1 S I colum n of current element of SCM
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BEGIN

C REPEAT THIS CODS FOR ALL NB SAMPLE VECTORS

ISTR - 1
ISTP - 1

C M OVE SAMPLE VECTOR INTO P S’S

FOR J P. OW - 1 TO N
- ENABLE I STR TO ISTP
- X 1 ( * )  - X( JROW )
• IS TR - I S T P + 1
- ISTP - ISTP + N - JROW
- ENABLE J .J +N~~1, J + 2 * N _ 3 , J +3 *N_ 6 , - . -

- , (J _ 1) * N_ J *( J _ 3 ) / 2
- X 2 ( * )  - X (JROW )
END FOR
ENABLE 1 TO N*(N+1)/2
M (1.*) M (1 ,*) + X1(*)*X2(*)

C
c EXECUTE THI S CODE AFTER ALL NB SAMPLE VECTORS DONE

FOR ISUB - N+1 TO t1*(N+1)12
- ENABLE ISUB
- M W ISUB—N ) — M (1.*)
END FOR
FOR JROW • 2 TO N

ENABLE ~TROW
• ISUB N - 1 + J R O W
• FOR JCOI• - 2 TO JROW
- . XU JCOL,*) - MZ4(ISUS)

- - ISUB - ISUB + N - .TCOL
- ENI~ FOR

FOR

L- 10

- 0 - -a_~~~~~~~~~~~~~~~~~~~ •~_ - - 0 

-



Gauss-Jordan (GJ)
Number of PE ’s required = N+K

Variab le Name Length Locat ion Type Descr ip t ion

M(N ,*) 2N P C augmented (see Fig. 4.39e)

R(*) 1 P R reciprocal diagonals

RECIP(N) N S R reciproca l diagonals

TEMP(N) 2N S C elements of JCOLth
column of M

JROW 1 S I current row being el iminated

JCOL 1 S I current column being zeroed
out

L- 1 1
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BE G IN

C ELIMI NATE EACH COLUMN

FOR JCOL — 1 TO N
ENABLE JCOL
fl (*) — 1./REAL( M( JCOL ,*) )

• RECX PC~~COL) -

• FOR GROW - 1 TO N EXCEPT JCOL
• . TEMP (JBOW) - W~~flOW ,*)

END FOR
ENABLE 1 TO N+K

* NORMALIZE THE JCOL-TH ROW

- l.U JCOL ,*) - RECIP (JCOL) M (JCOL ,*)

C * ELIMINATE THE .7COL-Tfl COLUMN

FOR IPOW - 1 TO N EXCEPT JCOL
- . M (JROW ,*) - M( JROW ,*) - TEMP( JROW ) * !.1(JCOL,*)
• END FOR
END FOR
END

L— 12
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GE- -unaugvnented

liumber of PE’ s requi red = N

Variable Name Length Location Type Description

M(N ,*) 2N P C see Fig. 4.39a

R(*) 1 P R reciprocal diagonals

RECIP(N) N S R reciprocal diagonals

TEMP (N) 2N S C contains JCOLth column
of SCM

JROW 
- 

1 S I current row being eliminated

JCOL 1 S I current column being zeroed
out

L- 13
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BEG IN

C EL IMINA TE EACH COLUMN

FOR JCOL - 1 TO N-i
• ENABLE JCOL
• R(  ) — 1 ./ R E AL ( l2( J COL , *) )
• RECIP (~~COL) -

• FOR JP.O~1 - JCOL+1 TO N
• . TEt1 P ( JR O%-1 ) - M( JROW ,*)
• END FOR
• ENABLE JCOL TO N

C * NORMALIZE JCOL-TU ROW

• W J COL ,*) - RECXP (JCOL) * M (,7COL,*)

* ELIMINATE JCOL-TH COLUMN

- FOR JROW - JCOL+3. TO N
- • M (JROW ,~~) - M( JROI1, *} — TEMP( JROW ) * M( JCOL ,*)
• END FOR
END FOR

C CALCULATE LAST REC IPROCAL DIAGONAL

ENABLE N
R (*) - 1./REALCM ( N ,*))
RECIP (N) R (*)
END
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LDL*__unaugmented__optimi zed

This implementation is identical to GE—-UnaUgmented .
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LDL*__unau yrnented__unoptim ized
Number of PE’ s requi red = N

Variable Name Length Location Type Descri ption

M (N ,*) 2N P C see Fi g. 4.39a

R(*) 1 P R reciproca l diagonal

T(*) 2 P C temporary containinq Un-
normalized JROWth row of
SCM

RECIP(N) N S R reciproca l diagonals

TEMP 2 S C temporary containing the
(JROw ,JSuB)th element
of SCM

JROW 1 S I current row of SCM bei ng
calcula ted

JSUB 1 S I row from w h ich mult ipl e of
JROWth row is sub tracte d
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BEGIN

C SUBTRACT MULTIPLES OF EACH ROW FROM FOLLOWING ROWS

FOR JR0T 1 1 TO N- i
ENABLE JflOC7

• fl ( ~~~) — 1 ./ P .EAL( X.1( JROW ,*) )
• PBCI!’( JRO~I )  -

- ENABLE JROW +i TO N

C * NOMALIBE JROW-TH ROW

- T ( *)  • M (JICOW ,*)
• MC JROW , * )  — RE CIP(  JROW) * M( JROW , *)

C * SUBTRACT MULTIPLES OF JROW-Tfl ROW FROM FOLLOWING ROWS

FOR JSUB - JROW+1 TO N
- . ENABLE JSUB
• • TEMP - T (* )

• . ENABLE JSUB TO N
• . Z4C JSUB ,~~) M (JSUB ,*) — TEMP * M (JROW ,*)
• END FOR
END FOR
ENABLE N
R t * )  — i ./ REAL( MC N , *) )
PECIP (N> -

END
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LL*__unau gmented __optimi zed

Number of PE ’ s requ i red = N

Variable Name Length Location Type Description

2F1 P C see Fig. 4.39a

p (*) 1 P R reciprocal diagonals

RECIP(N) N S R reciprocal die gona ls

TEMP(N) 2N S C contains JCOLt h column
of SCM

SQR(*) 1 P R square roots of diagonal
elemen ts

SQ(N) N S R square roots of diagonal
el ements

JROW 1 S I current row being el i mi nated

JCOL 1 S I current column being zeroed
out

L- 18 
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13 EG I N

C THIS IMPLE ’-INNTATION IS IPNN TICA L TO c-!~-UNATi G! 1ENTED
c n> :cE p T ron SOt -IC ADDI TI ONA L CODE AT EN D
C E L I M IN A T E  EACh COLUMN

FOR JCOL - 1 TO N-i
• ENABLE JCOL
• R ( *)  — 1 . / R E A L ( I.1( JCO L , * ) )
• P E CI P ( JCOL ) - R ( * )

• FOR JI~OC1 - J COL+ 1 TO N
• . TEC -IP ( JR OW ) - l~l ( J f lO W , *)

END FOR
• ENABLE JCOL TO N

C * NOR M ALI Z E JCOL -TH ROW

- M (JCOL .*) - RECIP ( JCOL ) * h1( JCOL , *>

c * ELIMINATE JC OL -TH COLU MN

- FOR JROW - JCOL+1 TO N
• • M( JROW ,~~ ) - M( JROW , *) - TEMP ( J1~OW) * X,1( JCOL , *)
• END FOR
END FOR

C CALCULATE LAST RECIPROCAL DIAGONAL

ENABLE N
R ( * )  — 1 ./ R EA L ( M(N, * ))

R E C I P ( N )  - R ( * )

C CALCULATE SQUAR E ROOTS OF DIAGONAL EL EMENTS
C AND EACH ROW OF MATRIX BY CORRESPONDING VALUE

ENABLE 1 TO N
5 Q f l ( * )  - i . / SQ R T ( R ( * ) )
FOR JEOW - 1 TO N
• ENABLE 3
• 5 0(J)  - SOR (~~)
EN D FOR
ENABLE 1 TO N
FOR JRO%1 - 1 TO N
• M ( J RoW , *) — SQ( JROW~ * M( JROW ,*)
END FOR
ENO
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LL*__unau gmented__unoptimized

Number of PE ’s requi red = N

Varia ble Name Length Location Type Descri ption

M(N ,*) 2N P C see Fig. 4.39a

R(*) 1 P R reci procal diagonals

REC IP(N) N S R rec ip roca l di agona l s

TEMP 2 S C temporary conta i ning
(JROW ,JSUB)th el ement
of SCM

JROW 1 S I current row of SCM being
calculate d

JSUB 1 S I row from which mul tiple of
JROW th row is subtracted
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BEGIN

C SUBTRACT MULTIPLE OF EACH ROW FROM FOLLOWING ROWS

FOR JROW 1 TO tI-i
• ENA BLE JEOW
• ~ ( *)  — i ./ S Q R T ( REAL( W JROW , * ) ) )- R E C IP ( JROW ) - R ( * )
• ENABLE JROW TO N

C * CALCULATE JROW-TH ROW

• M( JROW , *) - RECIP(JROW) * M( JROW , *)

C * SUBTRACT MULTIPLES OF JROW-TI-C ROW FROM FOLLOWING ROWS

• FOR JSUB - 31tOW~-1 TO N
- . ENABLE JSUB
• . TEMP — M( JPOW ~
• . ENABLE JSUB TO N
• . M( JSUB ,~~ ) — M( JSUB , *)  — TEMP * M( JROW , *)
• END FOR
END FOR
ENABLE N
R ( * )  — 1•/SQRT (REAL(M (N,*)))
RE CIP(N) - R (*)

END
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GE--augmented

Number of PE ’s required = N+K

V ariable Name Length Locati on Type Description

M(N ,*) 2N P C see Fig. 4.39e

R(*) 1 P R reciprocal diagonals

RECIP(N) N S R reciprocal diagonals

TEMP(N) 2N S C contains JCOLth column
of SCM

JROW 1 S current row being eliminated

JCOL 1 S current column being zeroet.
ou r-

I
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B E G IN

C T!!!S IMPLEMEN TA TION IS ALMOST IDEN T I C TtT~ TO
C Ut~~ U CMCN TE l)  GE EX CEPT ‘ ENACLE JCOL TO Ii’
C N SCONES ‘ENABLE JCOL TO U+S’ AND T!U LAST
C RO~-l IS MULTIPLIED BY THE LAST RECIPROCAL DIAGONAL
C
C ELIMINAT E EACH COLUMN

FOR 3COL - 1 TO N-i
• ENABLE JCOL
• R( ) - 1 ./ RE A L ( M( JCOL , * ) )
- R E C IP ( JCOL) -

- FOR 3110W - JCOL+1 TO N
• • TEI-CP( JROW) - M( JEOW , *)
• END FOR
• ENABLE JCOL TO N+K

* N ORMALIZE JCOL-TH ROW

• M( JCOL , *)  - REC IP ( JCOL) * M (JcOL .*)

C * ELIMINATE JCOL-TI! COLUMN

- FOR JROW JCOL+1 TO N
• - (U J R O W , *) - M( JROW , *) - TEMP( JROW) * ?4( JCOL, *)
- END FOR
END FOR

C CALCULATE LAST RECIPROCAL DIAGONAL

EN~.BLPi N
f l ( * )  — 1•/REAL( M (N ,*))
RECIP(N) - R ( * )

C MULTIPLY LAST ROW BY LAST RECIPROCAL DIAGCNAL

ENABLE N+ 1 TO N+K
M ( N , *) — R E C I P (N )  * W N , *)
END
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LDL* __ au gmented__optimized

This implementation is identi cal to GE--augmented.
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LDL*__augmente d__unoptimized
Number of PE ’s requi red = N+K

V ariable Name Length Location - Type Descri ption

M(N ,*) 2N P C see Fig. 4.39e

R( *) 1 P R reci procal diagonal

T(*) 2 p c temporary containing un-
normal i zed JROWth row of
SCM

RECIP(N) N S R reciprocal diagonals

TEMP 2 S C temporary conta ining the
(JROW ,JSUB)th elements
of SCM

JROW 1 5 I current row of SCM be ing
calcula ted

JSUB 1 5 I row from which multiple
of JROWth row i s sub-
tracted

L- 25 
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E G I N

T~~ Z S I t !  ,F T ’ .- . T I C T ‘5 - .“~ ;T F!~~~~-ThL TO
C LO~~ ’ _ i! -: i c : i~::~ i — t ~:::~~~~~’: :~ ;. •
C r~~~~~s TO i~~ ri:~ c :i — 1~~~~r~~~ : ~: j U :‘ - -

~~: :-
C Ti : - :  L~~5T ROU IS r1~~L T P L ~~I:~~ liT ~~i i  L~~~~T r c1i n’~~~r.
C DIA GONA L
C
C SUBTRACT MULTIPLES OF EACh! flO~-1 LC ! !  r r,~ To : -?j : ; r ~ pOWS

FOR JI1OW - 1 TO N - - i
• ENABLE JROW
• ~~ ( * )  — 1 . / P~Ef~L( 11( Jl!oW , -~~~)
• R E C I P ( J P . O~- 1) — fl( *)
• ENABLE JRO W+i  TO N+K

C * NOR MALIB E JROW-TR ROW

- T( *)  — M( JRO W, *)
- M( JPOW , *) — RE C I P ( JPOW ) * M( JROW~~~’

* SUBTRACT MULTIPLES OF .3110W-TM ROW FRO M
c * FOLLOWING ROWS

• FOR JSU1I JROCI+i TO N
• - ENABL E JSUB
• • TE!-!P T ( * )
• . ENAI3LE JSUB TO N +I~
- - M~~,JSUfl , * )  — M( JSUB , *) - TEMP ‘~ W J f l O W , *)
• END FOIl
END FOR
ENABLE N

— 1 ./ R EA L( t 4 (N , *) )
P .E C I P (N )  - R ( * )

C MULTIPLY TIlE LAST ROW BY TIlE LAST RECIPROC A L DIAGONAL

ENABLE N + 1  TO N+K
N ~ 7 , — I-U N , ~ ) * RN CIP (  N )

L-2t5
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LL*__augmented __optimized

Number of PE’ s requi red = N+K

Va riable Name Length Location Type Description

M(N ,*) 2N P C see Fig. 4•39e

R (*) 1 P R reciprocal diagonals

RECIP(N) N S R reciprocal diagonals

TEMP( N) 2N S C conta ins  JCOLth column
of SCM

SQR( *) 1 P R square roots of di agonal
elements

SQ(N) N S R square roots of diagonal
elements

JROW 1 S I current row being el iminated

JCOL 1 S I current col umn bei ng zeroed
out

L— 27

- ~~~~~~~~~~~~~~~~~~~~ — - .- ——•~~~~ ~~~~~
- - - .—- - - -.

~ — 
—

~~~~~~~~~~



BEGIN

C TIltS IMPLEMEN TATION IS 7’.LMCST IDENTICAL TO
-~~ LL*_ UNAU T~N T C D_ O P T I M I E E D  EXCEPT
C ‘ENABLE ~iCOJ. TO N” BECOM S “ENADLE JCOL TO N +I (”
C AND MULTIPLYING TIlE LAST ROW BY TIlE LAST
C RECIPROCAL DIAGONAL
C
C ELIMINATE EACH COLUMN

FOR JCOL - 1 TO N— i
• ENABLE JCOL
• R( * )  - 1 ./REAL( M ( JCOL ,*))
• RECIP(JCOL ) - R (*)
• FOP .7110W - JCOL+i TO N
• • TEMP (JROW ) - l~l ( J R OW , *)
• END FOR
• ENABLE JCOL TO N+lC

* NORMALIZE JCOL-TN ROW

• M (JCOL ,*) - RECIP(JCOL ) * W JCOL .*)

C * ELIMINATE JCOL-TH COLUMN

- FOR JROW - .TCOL+ 1 TO N
• . M( JROW ,~~> - M( JROW , *) - TEMP( JUOW) * W JCOL ,*)
• END FOR
END FOR

C CALCULATE LAST RECIPROCAL DIAGONAL

ENABLE N
R (*) — 1./REAL( M (N,*))
RECIP(N) - f l ( * )

C MULTIPLY THE LAST ROW BY THE LAST RECIPROCAL DIAGONAL

ENABLE N+i  TO N+K
W t l , *) — M (N, * )  * I I E CI P (N )

C CALCULATE SQUARE ROOTS OF DIAGONAL ELEMENTS
C AND MULTIPLY EACH ROW OF MATRIX BY CORRESPONDING VALUE

ENABLE 1 TO N
S OR (*)  — 1./SORT( R (*))

FOR JROW - 1 TO N
• ENABLE .7
• 50(3)  - SQR (~~ )
END FOR
ETIABLE I TO N +I(
FOR JROIl • 1 TO N
• M( JI1OW , *) — SQ( JROW) * M( JROW, *)
END FOR
END

L 2 8
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LL*__ augmented-- unoptimi zed

Number of PE’s required = N+K

Va riable Name Length Location Type Descri ption

M ( N ,*) 2N P C see Fig . 4. 39e

P R rec ip rocal di agonals

REC IP(N) N S R rec ip rocal d iagonals

TEMP 2 S C temporary containing
(JROW ,JSUB)th element
of SCM

JROW 1 S I current row of SCM be i ng
calculated

JSUB 1 S I row from which multipl e of
JROWth row is subtrac ted

L -29
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BEGIN

C TillS IM7LEMENTATION IS ALMOST IDENTICAL TO
C LL *_ UINj JGUEI : TED_ U NOP T I! I IZ I : D  r;-:cEPT
C ~ Er:.ELE X TO N” BE COME S “E:’ANLE X TO II+E’
C AI~T MULTIPLYING THE LAST 11011 BY THE LAST
C RECIPROCAL DIAGONAL
C
C SUBTRACT MULTIPLES OF EACH ROW FROM FOLLOWING ROWS

FOIl JROW - 1 TO N-i
• ENABLE 3110W
• R( *) - 1./SQRT ( P.EAL(M (JflOW ,*)> )
• RECIP( JROW ) - R(* )
• ENABLE 3110W TO N+K

C * CALCULATE JROW-TH ROW

• N (JROW ,*)  - RECIP ( JIlOW) * I JflOW ,~~ >

* SUBTRACT MULTIPLES OF JROW-T}l 110W FROM rOLLOWING ROWS

• FOR JSUB - JI1OW+1 TO N
• • ENABLE JSUB
• • TEMP — M( 3110W, *1
• . ENABLE 35GB TO N+K
• - M (J SUB .*) — W JSUB, *) — TEMP * M (JROW ,*>
• END FOR
END FOR
ENABLE N
fl( *)  — 1. /SQRT ( REAL ( M ( N ,*)))
RECIP( N ) -

C MULTIPLY TIlE LAST ROW BY TilE LAST REC IPROCAL DIAGONAL

ENABLE N+1 TO N+K
M (N ,*) — RECIP (N) * M (N,*)
END

L-30
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Fi rst Back Substitution__ LOL* _ GE __

Number of PE ’s requi red = N

Variable Name Length Location - Type Description

2N P C see Fig. 4.3gb (rowwise)
S(K ,*) 2K P C see Fig. 4•39c (vectorwise)
TEMP(K) 2K S C temporary containing JROW_l St

components of S
R(*) 1 P R reci procal diagonals
JROW 1 S I current component of S

being calculate d
AUG 1 S I current steering vector

being calculate d

L— 31
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rn

C sl-ETF.: --T ~~ IDLE S OF fl(~~~ OF 11 FR OM !

FOR j r~ ’: - 2 TO N
- r~~~;— -

- I - I - i t~ .‘ j -
~ -~

- ‘‘ ?‘~~C ’  — - ! I

- ~~:::~~: . r.c’.~ TO 11

* C~~r~CTr :~TE JflO~1- ’ C- ~)NE ~~TE CF S

• FOR AUG 1 TO U

• • S( LUG , *)  — F-  U~~ • ~ ) -- TE:~ ; -: J I * ‘~~~~~ C~ N J iiO~- —  1 , * )
• END FOR
END FOR

C 1-IULTIPLY BY RECIPI1OC .L DIAGONALS

ENA 1~LE 1 TO N
FOR AUG - 1 TO I(
• S(AUG ,*) 5(AUG , *) * R ( )
EN D FOR
END

L-3~
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First Back Substi tution -- LDL* _GE ’
~ l~ Lull

Number of PE’s requi red = N

Va riable Name Length Location Type Description

M( N ,*) 2N P C see Fi g. 4.3gb (rowwise)

S(N,*) 2N P C see Fig. 4.39c (componentwise)

TEMP(N) 2N S C temporary conta i ning JROWth
column of L*

RECIP(N) N S R reciprocal diagonals

JROW 1 S I current component of T
bei ng calculate d

JSUB 1 S I component a mult ip le of wh i ch
is being added to JROWth
component

L— 33
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BEGIN

C SUBTRACT MULTIPLES OF EACH ROW FROM Fj!LLOWI~~G ROWS

FOIl 3110W - 2 TO N
• ENABLE 3110)1
• FOR JSUB - 1 TO JROW-1
• . TEMP( JSUB ) - M( JZ U B ,*)

• END FOIl
• ENABLE 1 TO K

C * CALCULATE JROW-TH COMPONENT OF S

- FOR JSUB - 1 TO 3110W-i
• - S(JROW ,*) - 5( JROW ,*) - COMJG( TEI-IP( JSUB))  *

• END FOR
END FOR

C MULTIPLY BY RECIPROCAL DIAGONALS

FOR JI1OW 1 TO N
S(JROW .*) - S(JROW ,*) * UECIP~. .~ROW)

END FOR
END

- ---- —-~~— — - - - - —-- • - —-- —
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Fi rst Back Substitution-- ~~~~~~~~~~

This implementation first transposes M and then uses First

Back Substi tution__LDL*_ GE__

L- 35
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Fi rst Back Substitution __ LDL* _ GE__ 1ii~. [III
Number of PE’s required = N

Varia ble Name Length Loca tion Type Descr ip tion

M(N ,*) 2N P C see Fig. 4•39b (columnwise)

S(N ,*) 2N P C see Fig. 4 •39c (componentwise )

TEMP(N) 2N S C temporary containing JROWth
row of L*

RECIP(N) N S R reciprocal diagonals

JROW 1 S I current component of T

JSUB 1 S [ component from which a multipl e
of the JROWth component is
substituted

1-36
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BEGIN

C SUBTRACT MULTIPLES OP EACH ROW FROM FOLLOWING ROWS

FOR JP.OW - 1 TO N-i
• ENABLE 3110W

FOil .ISUB - JROW+1 TO N
• • TEMP( JEUB ) - M (JSUB ,*)
• END FOR
• ENABLE 1 TO K

c * CALCULATE JROW+1-ST COMPONENT OF S

• FOR JSUB -JI1OW+i TO N

- . S(JSUB ,~~) - S( JSUB , *)  - CONJG (TEMP( 3SUB)) * 5 (JROW ,*)
• END FOR
END FOR

C MULTIPLY BY RECIPROCAL DIAGONALS

FOR JROW - 1 TO N
• S( J R O W , *) - RECIP (JROW ) * S (JROW ,*)
END FOR
END

L- 37
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First Back Substitut ion__LL* __
~,

Number of PE’s requ i red N

Varia ble Name Length Location Type Descri ption

M(N *) 2N P C see Fig. 4,39b (rowwise)

S(K,*) 2K C see Fi g. 4.39c (vectorwise)

TEMP(K) 2K S C temporary contain ing JROW_l St

components of S

RECIP (N) N S R reciprocal diagonals

JROW 1 S I current component of S being
calculated

AUG 1 S I current steering vector being
calcul a ted

L- 38
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BEGIN

C SUBTRACT MULTIPLES OF ROWS OF M FROM 5

FOIl 3110)1 - 2 TO N
• ENABLE 3110W-i
• FOR AUG 1 TO K

C * * MULTIPLY BY RECIPROCAL DIAGONAL

- • S (AUG ,~~) - S(AUG ,*) * RECIP (3R0W-1)
• - TE I-IP( AU G) - S(AUG ,*)
• END FOR
• ENABLE JR OW TO N

c * CALCULATE 3110W-TI! COMPONENTS OF S

• FOR A I 7 G - I T O X
• • S(AUG ,~~) - S (AUG ,*) - TEMP(AUG ) * CON3G (M( 3ROW_ 1,*) )
• END FOR
END FOR

C MULTIPL Y LAST COMPONENT BY LAST REC IPROCAL DIAGONAL

ENABLE N
FOR AUG - 1 TO K

S(AUG ,*) - S(AUG ,*) * RECIP(N )
END FOR
END

L-39
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Firs t Back Substitution__LL* __ flJJ [rfl
Number of PE’ s required = N

Variable Name Length Location Type Description

M(N,*) 2N P C see Fig. 4.39b (rowwise)

S(N,*) 2N P C see Fig. 4.39c (componentwise)

TEMP(N) 2N S C temporary containing the JROWth
column of L*

REC IP(N) N S R reciprocal di agonals

JROW 1 S I curren t com ponent of I bei n g
calcula ted

JSUB 1 S I component a multiple of which
is bei ng added to JROWth
component

1-40
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BEGIN

C SUBTRACT MULTIPLES OF EACH 110)- I FROM PRECEDING ROWS
C CALCULATE FIRST COMPONENT OF S

ENABLE 1 TO K
S (1, *) — S (1, *) * RECIP (1)
FOR 3110)7 - 2 TO N
• ENABLE 3110W
• FOR 3SUB 1 TO 3110W-i
• . TEMP (JSUB ) - M(JSUB ,*)
- END FOR
- ENABLE 1 TO K

* CALCULATE 3ROW-TH COMPONENT OF S

- FOR 35GB - 1 TO 3110W-i
• • S(JROV7 ,’~) - 5(JROW ,*) - CON3G (TEMP( 3SUB)) * S(JSUB ,*)
- END FOR

C * MULT IPLY BY REC IPROCAL D IAGONAL

S( JROW , * )  - S( JROW ,*) ~* RECIP (JROW )
END FOR
END

L- 41
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First Back Substitution~_LL*
__
[II]

This implementation first transposes M and then uses First Back

Substitution~~LL*
_
~~~~,

L- 42 
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First Back Substitution__ LL* __ 
Li i. LTTTI

Number of PE’ s required N

Variable Name Length Location Type Description

M(N ,*) 2N P C see Fig . 4.3gb (columnw i se)

S(N,*) 2N P C see Fig. 4.39c (componentwise)

TEMP(N) 2N S C temporary containing JROWth
row of L*

RECIP(N) N S R reciprocal diagonals

JROW 1 S I current component of T

JSUB 1 S I component from wh ich a mul tip le
of the JRQWth component is
subtracted

L- 43
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BEG IN

C SU 1sTRACT MULT !PLBS OF EACH 110)1 FROM FOLLOWING ROWS
C CALCULATE F IRST COl-IPONEiIT OF S

ENABLE 1 TO K
S (1 ,~~) — S( 1 ,~~ ) * RECIP 1)
FOR JIiO•1 - 1 TO N-i
• ENABLE 3ROW
• FOIl JSUB 3110)1+1 TO N
• - TEMP( 3SUB ) - M (JSUB ,*)
• END FOR
• ENABLE 1 TO K

* CALCULATE JROW+1-ST COMPONENT OF S

• FOR 3SUB - JROW+i TO N
• • S( JSUB ,~~) - 5 (JSTJB ,*) - CON3G (TEMPI JSUB)) * S(JROW ,*)
• END FOR

C * MULTIPLY BY RECIPROCAL DIAGONA~

• S( J RO W+1 , *)  - S (311OW+1,*)  * RECIP (JPOW+1)
END FOR
END

1-44
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Second Back Substitution~~LDL*_GE__~~~

Th i s implementation trans poses M f irst and then uses Second Back

Substi tution__LDL*_GE__

1-45
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Second Back Substituti on__LDL* _GE__ H~

Number of PE ’s required = N+K [N]

Varia ble Name Length Location Type Description

M(N,*) 2N P C see Fig. 4.39e (rowwise)
[see Fig. 4.3gb (rowwise)]

[s(N ,*) 2N P C see Fig. 4.39c (componentwise)]

TEMP(N) 2N S C temporary containing JROWth
column of M

JROW 1 5 I last calculated component of S

JSUB 1 S I component of S from whi ch a
multiple of the JROWth component
is subtracted

1-46
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BEGIN

C SUBTRACT MULTIPLES OF EACII CON~~O!TNT FROM PRE CED -IN~ COMPONENTS

FOR 3110W - N TO 2 BY -1
• ENABLE 3110)- I
• FOR 35GB - I TO 3110W-i

- - TE !-IP( 3SUD ) — i1( JSUD , *)
- END FOR
- ENABLE N+1 TO N+K ( 1 TO K ~

c * SUBTRACT MULTIPLE OF JflO)- J - T}f  COMPONENT FROM PIIECEDING COMPONENTS

• FOR 3SUB - 1 TO 3110W-i
• • N (35U8,*) — M (3SUB ,*) — TEMP( 3SUS) * N( 3ROW ,*)

t S( JSUB , *) — S(JSUB ,* )  - TEX-1P( JSUB ) * S(JROW .*)
- END FOR
END FOR
END

L-4 7
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Second Back Substi tution__LDL* _ GE__

LITNumber of PE ’s requi red = N

Variable ~~~ Length Location Type Description

M(N,*) 2N P see Fig. 4.39b (columnwise)

S(K ,*) 2K P see Fig. 4 .39c (vectorw ise)

TEMP(N) 2N S C temporary containing JROWth
componen ts of S

JROW 1 5 I current row of M a multi ple
of which is subtracted from S

AUG 1 S I current steering vector

L- 48
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BEGIN

C SUBTRA CT FROM Tilt COMPONENTS OF S MULTIPLES OF THE 110)15 OF 14

FOR 3110)-I - N TO 2 BY -1
- ENABLE 3110)- i
- FOP- AUG - 1  T O R
- . TE!-IP( AUG ) - S( AUG , * )

- END FOR
• ENABLE 1 TO 3110W-i

L * DO EACH STEERING VECTOR

• FOR AUG 1TO K
• . S(AUG ,*)  - S( AGG ,*) - TEMP( AUG ) * M( 3ROW , *)

END FOR
END FOR
END

L-49

---—- - - — - --———5- * - - -~ -~~~~~~ t_ ‘ - - ~~~~ --



Second Back Substi tution--LDL—GE-- [ ’ —
~~ I

Number of PE’s required = N+K [N]

Variable Hame Length Location Type Description

M(N ,*) 2N P C see Fig. 4.39e (columnwise)
[see Fig. 4.39b (colurnnwise)]

[S(N,*) 2N P C see Fig. 4,39c (componentwise)]

TEMP(N) 2N S C temporary containing JROWth
row of I

JROW 1 S I current component of S
being calculated

JSUB 1 S componen t of S a mul tip l e of
which is being subtracted
from the JROW th component 

~~ -~~~ - - - ~~~~~~~~~~~~~~~ — ~ ~~~~~~~~~~ 
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BEG IN

C SUBTRACT FROM EACh COMPONENT MULTIPLES OF FOLLOWING COMPONENTS

FOIl 3flO’~-i - N-i TO 1 BY -1
- ENABLE 31lO~i
• FOIl 3StTB - .TP-O)i+ 1 TO N
• . TEI-IP ( 35U5 ) - I1( JSUB , *)
• END FOR
• ENABLE N + i  TO N +K 1 1 TO K )

* CALCULATE JROW-TH COMPONENT

• FOR 3SUB - JROW+ 1 TO N
• • M( JIIOW .* )  - W3ROW ,*)  - TEX4P( 3SUB ) * W 3SUB, *)

C S (JflOW, *) — S(3R0W ,) — TENP( JSU3 ) * S (JSIJB,~~) ~END FOR
END FOR
END

-- 
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Second bac~. Substitut~~
t i_ 5b * __

r r j T.
Number of PE’s required = N LI

This implementation transposes M first -~id then uses Second Back

Substitut ion__LL*
__

L-52
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Second Back Substitution__ LL* __ 
~~~~SJIJ LI 11

Number of i’E’s required = N+K [N]

Va riable Name Length Location Type Descri ption

M(N ,*) 2N P C see Fig. 4.39e (rowwise )
[see Fig. 4.3gb (rowwise )]

[S(N ,*) 2N P C see Fig. 4 39c (componentwise) ]

TEMP(N) 2N S C temporary containing JROWth
column of M

RECIP(N) N S R reciprocal diagonals

JROW 1 S I las t calcu la ted component of S

JSUB 1 S I component of S from which a
mult ip le of the JROW th
component is subtracted

L- 53
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BEG IN

C SLBTrACT MULTIPLE S OF EAt!! COIIPONEN T FROM PR E C E D IN G  COMPONENTS
C MULTIPLY LAST COl-IPONENT BY LAST RECIPROCAL DIAGONAL

ENA BLE 11+1 TO N+K C I TO N 3
!I( N , * ) — ‘N i~ , * ) * RE CIP (  N )  ( S( 11 * ) S( N , * ) * IIECIP( N )  I
FOR 3P0 -1 - N TO 2 BY -i
• ENA BLE 3110W
• FOR .75GB - * TO JROW-1
• . TE!-1P( J~~5- B)  - M( JSUB , *)

END FOR
• ENABLE N+1 TO N+K 1 1 TO K

C * SUBTRACT MULTIPLES OF 3110W-TB COMPONENT FROM PRECEDING COMPONENTS

• FOR 3SUB - 1 TO 3110)7-1
• . W JSUB .~~) - W JSUB ,~~> - TEMP (JSUB ) * MI JPOW ,*)

I S( JSUB ,”) - S( JSUB ,*) — TEI-IP ( J SU S) * S(3ROW ,*) 3
• END FOR

C * MULTIPLY BY RECIPROCAL DIAGONAL

• N( 31lOW_ 1, * )  - W Jh2 O W~~1, *)  * RECIP (JROW-1)
1 S(JR0W ~i ,~~) S( JIl0W.~1, *)  * RECIP( 3ROS’fri) ]

END FOR
END
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Second Back Substituti on__LL*
__

Number of PE’ s requi red = N

Var iable Name Length Location Type Descri ption

M(N ,*) 2N P C see Fig , 4.3gb (columnwise)

S(K ,*) 2K P C see Fig. 4.39c (vectorwise)

TEMP(N) 2N S C temporary containing JROWth
comporents of  S

R(*) 1 P R reciprocal diagonals

JROW 1 5 I current row of M a multiple
of which is subtracted from S

AUG 1 S I current steering vector

I
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BEGIN

C SUBTRACT FNOI-1 Tilt COfIPOI - 1 ::1TS OF S ?-1ULTIPLr ~~ OF ROWS OF 1-1

FOR ~~~~~ - N TO 2 BY
• ERA1JLN JflO)I
• FOR A!JG - 1  T O N
- . S (AUG ,~~) — ~ ( AUG , *) * R (*)
• . TE!-IP( AUG)
• END FOR
• ENABLE I TO 3ROW -- I

c * DO EACH STEERING Vt ‘i’OR

• FOR A U G - 1 T O K
• • S(AUG ,~~) — SU~.~1G , *~ - TEt-IPH~TJG ) * M (JROW ,*)
• END FOR
END FOR

C MULTIPLY FIRST COMPONENT BY FIRST 11!~CIPROCAL DIAGONAL

ENABLE 1
FOR AUG - 1 TO K
- S( AUG ,*) - S (AUG ,~~’ - -

END FOR
END
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Second Back Subst itution__ LL* __ Lii_1~. LJJi
Number of PE’ s required = N+K [NJ

Variable Name Length Location Type Descri ption

M(N ,*) 2N P C see Fig. 4.39e(columnwise)
[see Fig. 4.39b (columnwise)]

[S(N, *) 2N P C see Fig. 4.3~c (componentwise)]

TEMP(N) 2N S C temporary con ta in ing  JROWth
row of L

RECIP(N) N S R reciprocal diagonals

JROW I S I current component of S
being calculated

JSUB 1 S I component of S a mul t ip le of
which is being subtracted
from the JROWth components
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BEG TN

C SUBTRACT FROM EACh COMPONE NT MULTIPLES OF FOLL~~ -7 NG COM PO N E N TS
C Z IU L T I P L ”  LAST COMPONEN T B~ LAST RECIP R OCAL D~~ •CC-~E~L

ENAB LE 11+1 TO N 4 N 1 1 TO It I
— 1.N N , *) * R E C I P ( N )  I S ( N , ~~ ) — S (N, *) RE C I P (N )  3

FOIl JPO~1 - N - i  TO 1 BY -1
• ENABLE 3110W
• FOR 35GB - 3110)1+1 TO N
- . TEI-IP( JSUB ) - M(JSUB ,*)

• END FOR
• ENABLE N+ 1 TO N +K C 1 TO K 3

C * CALCULATE Jh!OW-TR COMPONENT

• FOIl 3508 - 311011+1 TO N
• . I-1( JROW ,~~) — M( JROW , *) — TEI1P(JSUB) * 14( 3SU8 , *)

* - . 1 5(3110W, * )  — 5( 3110W, ~~) - TI I-!P J1 0B ) * S( JSUB,~~) 3
• END FOR

* MULTIPLY BY RECIPROCAL DIAGONA L

- M( JROW , *> - W JPOW ,*) * F.ECIP(3ROW)
I S(JR0W ,~~) - S( 3flOW , *) * PECIP( 3ROW ) 3

END FOR
END
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