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ABSTRACT

This paper presents tables and graphs assessing

the accuracy of a formula (programmable on a desk

cal culator) for approximating the circular coverage

function of a circular-norma l probability distribution .

Use of this formula together with the error curves

p resented here enable  one to calc u la te the c i r c u l a r

coverage function with a maximum error on the order

of 0.0002 for offsets up to 5y and covering-circle
radii up to 4 .5 c~.
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ON APPR OXI MATIN G THE C I R CULAR COVERA GE FUNCTION

I NTRODU CTI ON

Cons ider a circular norma l probability distribution with standard

deviation a centered at a point A. The probability of falling within

a distance R of a point B r units away from A is known as the

circu lar coverage function P(R/a, rid). It is g iven analyt i cally by

definite integ rals or infinite series that cannot be expressed in closed

form:

2 2
R’ (r’ +t )/2

p (R’, r’) =1  e 10(r’t)tdt

-(R’2+r ’2)/2 °‘ n
t . , ~~~~~

= 1 - e E ~~~j-j ~~~
n 0

—(R ’2+r’2)/2 r’2 _!_. R’ 2
= 1 - e  j-r (y) ~ j

~i=O j=l

(reference 1), where R’ = R/a, r ’ = n a , and I is the modified Bessel

function of order n.

EVALUAT I ON OF THE FUNCTI ON

Extens i ve tables of this function are available (references 1 through

le and other references cited in reference 5). However, it Is more conven i ent

to use closed-form approximations that can be programmed on a desk calculator

If the accuracy desired is not too high. A standard reference handbook

(reference 6) gives the following approximation of the circular coverage

function :
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ff(R’), If R’ < 1
P ( R ’ , r ’) —

Ll - Q(x), I f  R ’ > 1

where

2 / 2
~ 2R’ i 2r ’r~R j = ., exp - _____

\

1/3
R’2 

- 
2(2+2r’2)

= 
(~+r’2) 

+ 
9(2+r’~ )

2

12(2+2r 1 2)1 1/2

I 9(2+r’2)~j

Q(x) = (2ir)~~
”2
~~ e t21’2dt

The formula for P can be programmed on a Tl—59 calculator using

127 steps (table 1). The approximation used for the norma l distribution

Q(x) Is (reference 6):

Q(x) (2~)~~
/2 e~~

2/2 (b 1 t + b2 t
2 + b

3 
t 3 + b 4 t~ + b5 t

5) + E(x) ,

where the error E(x) is smaller than 7.5 x i~
.’8 

and

t = (1 + px)~~ b
3 

—

p — .2316419 b1~ = -1.821255978

b1 = .3 1938 15 30 b
5 

= 1.330274429

b2 — .356563782
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ACCURA CY OF THE APPROXIMAT I ON

Reference 6 gives no source, method of derivation , or statement on

accuracy. The purpose of this paper is to eva l uate the error made In using

the approximation formula.

The approximation for R’ < 1 is the well-known Can ton formula

(reference 1). For R’ < 0.4, it is -accurate to 4 decimal places. For

0.4 < R’ < 1 , it is off by no more than .0065 (and usually by no more than

.001 - reference 1).

For the cases R’ > 1 , direct comparison with the tables (references

2 and 3) reveals that the maximum error is .024 for 1 < R’ < 4.5 and

O < r ’ < 5. The error is usually smaller.

Figures 1 and 2 are graphs of the difference between the exact and

approximate va l ues of the circular coverage function , with linear inter-

polation used between the following milestone va l ues:1

R’ = .25, .5 , .75, .9, 1 , 1.1 , 1.25, 1.5, 1.75, 2, 2.5, 3, 3.5, 4, 4.5
= 0, .5, 1 , 1.5, 2, 2. 5, 3, 4, 5.

Figure 3 is a graph of the ratio of the approximate value of the

circular coverage function to Its exact value , with linear interpo l ation

used between the above milestone val ues. In table 2 we compare exact and

the formula exhibits a discontinuity at R’ — 1 , the graphs for
.9  < R ’ < 1 are not accurate.

LI



approx imate va l ues of the circular coverage funct ion for these milestones:

values , difference , ratIo , and percent Increase of exact va l ue over

approximate value .

As can be seen from table 2, whenever the exact value is smaller

than the approximate value , It Is by no more than 2.4%. Further, whenever

the exact value Is over 11% larger than the approximate value, the exact

value is smaller than .16. If over 25% larger , P < .08. This ind i cates

that it is for very small values of the circular coverage function that

the approx i mate formula has a hi gher chance of be i ng off by a significant

percentage.

In conclusion , the programmable formula for the circular coverage

function , together with fi gures 1 and 2, enables one to eva l uate the

function with a maximum error on the order of .0002 for 0 < R’ <4. 5 and

O < r ’ <5 .
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TABLE 1

TI-59 PROGRAM FOR CIRCULAR COVERAGE OF A
CIRCULAR NORMAL D I STR I BUT I 0N~
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The offset r is stored in register 09, the ra d ius R of the cove r i ng
circle in 08, and the standard deviati on a in 10. After r and a
are stored , keying in R and pressing R/S will In itiate the program.
Occasionally the display will flash due to underflow In the calculation ,
but the displayed va l ue will be correct. The master library module must
be Inserted.
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Industrial and Labor Relations Resi ew . Vol . 30. 
ProductIvity,” (Presented at the annual meeting of

Pp 182 No 4, Jul 1977) the American Society fo r Information Science,

Murray, Russell, 2nd , “The Quest for the Perfect 
Clslcaio’ IllInIos, 29 September 1977.) Oct 1977, 6

Study or My First 1138 Days at CNA ,” 5 1 pp.’ PP 193 pp.

Apn l 1977 h orowItz . Stsnley A., “A Model of Uneniploy-
firm Insurance and t he Work Test.” August 1977 , I’~ 206

PP 183 7 pp. (Rep rinted from Industrial and Labor Re. McConnell, James N., “Strategy and Mlaalouis of the
Soviet Navy In the Vast 2000,” 48 pp., Nov 1977,

Earning. DavId, “Changes lii Soviet Naval Forces,” larions Reniew , Vol. 30, No. 40, Jul 7977 ) (To be puesesssed at a Conference on Pyoblemu of
33 pp.. November, 1976, (To be published as a
chapter ~t a book published by The National PP 194 Sea Powin as we Appeacis the 21st Century, spon~

noted by the Ansentcsss Enterprise Institute ~r
Strategic Information Center) (‘lassen , Kathleen P., “The Effects of Uruemploy.

ment Ielurance on the Duruitotu of Unemployment Public Policy Reanuch, 6 October 1977, and stab’

Pp 84 sod Subsequent Earning,,” August (977 7 pp 
uequently published In a collectIon of papers by the

Lodesness , Robert F., “Ass Overview of she (Reprinted from lndsttr isl and Labor Reljlu i,ns InstItute)

OSOrOPIR Conference on First Tens Enlisted Revsew . Vol. 30, No. 40, Jul 1Q71)
Atlsftlots ,” 22 pp., June 1971, (Presented so the
39tht MOPS Working Group on Manpower and
Personnel Planning, Annapolis. Nd., 28.30 June
1971)
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CNA Profession al Papers — 1973 to Present (Continued )

PP 207
Goldberg, Lawrence, “Coit.Effectlveness of Po,
tarstisi Federal Policies Mf.celng Research &
Denelopesent Expetsdittsru In the Auto , Steel and
Food Issdaatnlsa.” 36 pp., Oct 1977, (Presented at
Southeoss Econoenlc Aaaoclation Mettings beginning
2 November 1977)

PP 208
Rebetla, Stephen S., “The Decline of the Overseas
Station fleet.: The VisIted Stares Asiatic Flees sand
the Slsangisai Crisis, 1932 ,” 18 pp., Nov 1977, (Re.
pr sn s .d Irons The Aaseflcan Neptune, Vol.
XXXVU.. No. 3, July 1977)

PP 209 — Claauifled.

PP 210
K.saiing, David. “Protecting The Rant .” 4~ pp., Dec
1977 (Prepared r the American EnterpriN Innil.
lute , Conference on Problems of Sea Power as We
Approach tIn. 21st Century . October 6.7, 1977)

PP 211
MIzr*hI, Maurice N., “Out AppeoslmaslnS the CIr~
csslar Coverage Ftasnc tiors .” 14 pp.. Feb 1978

PP 213
Mangel, Marc , “Fluctuations in Systems with
Multiple Steady States. Application to Lanehester
Eqeastiosno.” 12 pp.. Feb 78 , (Presented at the First
Annual Woekahop on the Information LInkage Be-
tween Applied Mathemniatlcs and Industry, Naval PG
School, Feb 23.25, 1978)

PP 216
Colle, Russ.D C., “Lanka’s Freqesency Dintflbtstion
of ScientIfic Productivity,” 18 pp., Feb 1978 . (To
be aub,ssitred for publication in American Society
for Inform ation)
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