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ABSTRACT
We prove existence, uniqueness and regularity properties for a
solution u of the control problem:
max(Alu-fl, Azu-fz, u—?) =0 in &
u=0 on 2392 ,
as well as related problems, where Al, A2 are two secogd-order uniformly

elliptic operators. Our methods are based upon monotonicity arguments.

AMS (MOS) Subject Classifications: 35325, 35360, 35K20, 35K60, 49A20

Key Words: Stochastic integrals, Variational inequality, Regularity
estimates

Work Unit Number 1 (Applied Analysis)

LS s st o AN OF s S

*
Ecole Normale Supérieure -45 rue d'Ulm. P75005, Paris.

Sponsored by the United States Army under Contract No. DAAG29-75-C-0024.

44;:--------.;Eh_a--n---:n=z----uzu-u--zzﬁ!!!!::




SIGNIFICANCE AND EXPLANATION

In this report we study some special cases of the Bellman equation
which arises in many applied contexts such as physics and economics. This
equation may be considered as a boundary value problem where the differential
operator is the supremum (or the infimum) of several second-order elliptic
operators (for example). The special cases studied here are mainly the
following ones: 1) A problem with two elliptic operators and a constraint;
this problem can be interpreted in terms of stochastic control: at each
moment we choose one (between two) diffusion process, and at any time we
have the possibility of stopping the process. Then the solution of the
problem considered minimizes a cost function related to the control chosen.
2) A problem with one parabolic and one elliptic operator: this problem

arises in economics as a problem of optimal maintenance.
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SOME PROBLEMS RELATED TO THE BELLMAN-DIRICHLET EQUATION

FOR TWO ELLIPTIC OPERATORS

-~

5 *
P. L. Lions

I. Introduction and results:

I.l. Introduction:

In this paper we prove existence, uniqueness,
of special cases of the Bellman-Dirichlet problem.
Let us give two examples of our results:

1) Two elliptic operators and one constraint:

We prove existence, uniqueness and regularity

max(Alu-fl, A _u-f

P PU u-y)

(I.1)
u

2) One parabolic and one elliptic operator:

We prove similar results for a solution of:

du
max(52-+ Al =0 £ R Rl = f2

(1.2) % L

In (I.1) and in (I.2) @ is a bounded domain in

are given functions, and Al, A2

R”  with a smooth boundary T, f

and regularity theorems for a solution

theorems for a solution of:

0 in @

=200 ron .F .

)

(O < T
u=0 on T .

1 f2' v

are linear, second order, uniformly elliptic operators.

These problems are related to problems of control of diffusion processes. For example:

(I.1) may be considered as a problem of control of

stochastic integrals with optimal

stopping. These interpretations and analytical results using stochastic representations

of solutions of problems considered here will be developed in a subsequent paper to appear.

Let us mention that (I.2) is a problem which arises in economics: see

Bensoussan-Lesourne [1].

* -
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I.2. Known results:

1) 1In the case of the whol: space, Krylov in [4], [5], [6], [7] has obtained very
general results on the genera! Bellman-Dirichlet equation. The proofs are very delicate
and u<se essentially very p)ecise results on stochastic integral theory: moreover, they
do not seem to give results in the case of bounded domains.

2) In the case of a bounded domain (in Rn) with smooth boundary, Brezis and
Evans [2] have the following result.

Theorem I.l1. [Brezis-Evans]: Let A_, A be two elliptic operators with Cz(ﬁ)

1 2

coefficients:

3 i i
= - +
Aiu akj(x)ux BHE bk(x)ux c (x)u

k3 k
3 Wl 2 : . 2 1
If u is large enough, then for each f ,f" € L7 (Q), there exists a unique ue H N HO
solving:
(I1.3) max {Aiu +qyu - £} =0 . .

ie {1,2}

In the following, we shall always consider such elliptic operators, unless stated
otherwise. Furthermore, for the problem I.3; the following results of regularity are
known:

Theorem I.2: Under assumptions of Theorem 1.1 on A_, A_, u

if 2

1) [Brezis-Evans]: If fl,fze Hl, then u € B u IE fl,fze Wl'p(p>n), then for
each Q' CC @ there exists some 0O < a<1l, depending only on p, ' and thecoefficients

of A, such that u e %@y,

[And in all Brezis-Evans results stated here, we have: dc independent of f£_,f

a2
(1.4) ||u||H2 f_c{”fl“Lz + ||f2||L2} ,
(1.5) lall 5 < etllegll 4+ ligyll 33 e e
.6y [lull s

< ctll£ |l + |I£,]] F oy iE £ €. e W'
3 wl,p 2 wl,b 1772

2@




] 0 =
2) [Evans-Lions] [3]: If fl,f2 € Ln, then u € C () and there exists a constant

such that for two solutions u (resp. v) of I.3 corresponding to f ,f2 (resp. ql,qz)

1
in Ln:
(1.7) fa - vwll . _ <ectlle,-gll =+ lle,-gll 1}
CO(Q) 1 il Ln 2 2 Ln
And we have if f ,g, € Lm
5L 1

(1.8) [lu - vl FORES % max ||fi - giHm

c (Q) ie'fl, 2}
Yt £..f. ¢ W'Blmn), then ue WU (. -

1 2

In Section II we study the Bellman equation for two operators and one constraint;
in Section IIT we consider some other problems related to the Bellman equation for two
elliptic operators; and in Section IV we study the Bellman equation for one parabolic

and one elliptic operator.




II. Bellman equation for two operators and one constraint:

IT.1. Main result:

£ e L2, /3 Hz, Y >0 on 9 and let u be large enough. Then

Theorem II1.1: Let fl' 2

4 0l
there exists a unique u € H2 n Ho solving:

(61 g 1) max(Alu + pu - fl, A2u + pu - f2, g = Y) =0 . (]

The proof will be given in subsections II.3 and 11.4.
Remark II.1l: We shall see in III.1 how the assumption on ¢ may be given up. .

II.2. Preliminary results:

In this section we state results which will be constantly used in this paper. The
first one is a lemma, which was basic for Brezis-Evans proof [see a proof of this lemma
in Brezis-Evans [2]].

Lemma II.l (Sobolevsky [13], LadyZenskaja [8, §3], LadyZenskaja-Ural'ceva [9, p. 182]):

There exists two constants c1 >0, c, > 0 depending only on Q and the coefficients

2
X 2 A
of A and A, such that if

XL, >

( 1) M2 e

then

{1X.2) ||v|[2 <c f (A.v + pv)-(A_ Vv + pv)dx . L]
HZ =2 Q 1 2

Remark II.2: We shall need in the following a result not stated by Brezis-Evans but
which is transparent in their proof. Let u (resp. v) be the solution of (I.3)

corresponding to f £ (resp. ql. 92) (we suppose p big enough). Then there exists

a constant c¢ (depending only on  and the coefficients of Al and A2) such that:

(11.3) llu - vl| cellieg=o.fl 5 + Bey-9ll L) - "
¥ LM% M L8

A basic tool to solve I.l1 will be the following result:

Theorem II.2 (Maximum principle): Let u (resp. v) be the solution of (I.3) correspond-

ing to f f (resp. 9, 92) (we suppose u big enough). If fl <g

¥ R £, <9, then

: Tl

(IT1.4) %%,

s i

e e B B

|




gt
Proof: Suppose first that f_,f_,g9 ,g9_ € w 'p(p>n), then from Theorem 1.2:

) i i S
u,v € Cz'a(Q) n CO(E), Suppose now there exists a point X, in 2 where v - u has a
positive maximum: at xo we have (for example) Alu(xo) = fl(xo). Thus

Al(v-u)(xo) < 05 but Al(v-u)(xo) 2 wlv-u) (xg) .

Thus
uc<v.
) 4 ; 2 n n n n A p 1,p
Then approximating any fl. f2, 9,0 9, in L~ by fl' f2, 9+ 9, which are in W
and such that: f; = g?, fg g_g;, we get the result from Remark II.2. 8

II.3. Resolution of the penalized problem associated to (I.1):

To prove Theorem II.1l, we shall build a solution u of (I.l) by approximating the

problem (I.1) by the following one:

+ - f A
max(Alue qu '

2 1
€ N H
ue H 0

+
DL L f2) + l-(u == 0)
(11.5) S & et
Thus we need to prove:
Theorem II.3: If u is sufficiently large, if fl'f2 € L2 and Uy € Hl. There exists
a unique U H2 n Hé solving (II.5).

Proof: The proof will be divided in several steps.

1) Prop. II.1: If fl'fz € Lw, P € Lm, there exists a unique ue solving

2 +
+ - + - q o =
max(AluC Ha fl' A2uc Hu fz) = (uE ¥) 0
{3E.5%)
w e ®nsfne .
€ 0
o_
Furthermore uE € C(R). L
2) Existence of a solution of (II.5): Let fl,fz € L2, Ve Hl, approximate fl' f2
o
by £ .0 €L ,¥ by el :f £, " —>y.
- T e 1
L H
*We are yoing to prove first that u: the solution of (II.5') corresponding to f:, wn

is bounded in H2: we have

n n n 1 n + n n n 1 n * -
£ (AluE - fl o WS (uC -y}, {A2ue - f2 *uu s (uE -Y) ldx =0

-5
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Ao 1 y
Then, by Lemma II.1 and denoting ai(-,-) the bilinear forms on HO associated to

i 2
njy2 1 MRS < (I < T n . nt it 0 0. n .n.t
czuuequ ¢ ca (w-eh T @i+ Za e, e )
1 n +2 1 n nnGE n n n
s Sl <-2 1 a,0% w~h + ] J €110 sl bax
€ L i=1,2 =1, 209
I 1 is big al(-,-) and a2(-,-) are coercive: thus (u':) is bounded in H2.

n
*Let u be a subsequence weakly convergent in Hz to some u : then
€

n 2 n n + 1 +
= - —_— A = =
fi z (uE v L2 fi = (uE y) .

From Remark II.2: we have

n
ue —-2bv where v solves :
H

1
£

+ 1 +
max(A1v+uv-f+ (ue-w)),A2v+uv-f2+;(ue-w))-—0.

g !
But v =u .
€

3) Uniqueness: Let us denote by T the following application: if u e L”, Tu is the

solution of

1 1 1 =
= + A - A + - == o = - =
: Tu + max( 1’1‘u + uTu fl' 2'I‘u uTu f2) = V] = (u - V)
0 i n n 0 det g
Now we set u =y and we consider u = Tu by definition
max(A_u. + Hu +lu-f.Au + uu +—1—u-f)=lw
Vi 1 € Gk 3 20k 1 C R 2 €
max (A u,. + pu +-1—u L A_u, + pu +lu-f)=£min(w.u)
2T/ 2 e 2 1 il 2 € 2 2 € a2
But fi + % A fi + %min(w,u), thus by Theorem II.2, u, o u, - It is now easy to
deduce u"+ and max (A.un + uun + % u = fi) ¥ [for n > 1]. But let v be a

ie{1,2}

solution of 11.5, by the same reasoning u1 > vr. And we deduce

u” >v_, max (Aiun + o+ }un SRz e By o Hug %vp — fi). Now with
ie (1,2} ie{1,2} '
Remark T1I.2, we have
n ;
u —H?uc a solution of II.5, and LA
-6=
(
i
—— —
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Thus u is a maximum solution of II.5. But if i is another solution

+ +
max {Aa.u +pu -f .} = - 4 (ut=i) =t = = (v -y) = max {A,v +pu -f.} ,
i€ {1,2} £k S E ie (1,2} St
then with Theorem II.2, uE < vs. L

Proof of Proposition II.1l: It is obvious, in view of Theorem 1.2, that T satisfies to:

[T - Tv”w f_i—:lzgl|u = v”w; and the result follows. L]

The following result will be useful:
Prop. I1.2: Let fl,f2 € L2 (resp. gl, g2), Y € Hl (resp. v) and let u, (resp. ve)
be the corresponding solution of II.5. Then if we suppose qi < fi' ¢ <y

N -

€ €

Proof: From the proof of Theorem II.3 (existence part), we only need to prove the result

for fl.fz,gl,gz,w,w € Lm. We denote by T2 the application, which is contractive,
defined by: v = Tzu is the solution of
1 il
max (A.v + pv + SV fi) e min(u,¢) .
ie {1,2}
Then un = Tnu —» Vv , but
e . * e
L
L
max (A.ul+uul+%-ul-gi) = E—mln(ue,w)
ie {1, 2}
2 s 1
< = m1n(u€,w) = max (A.u +uue+zu€-fi)
ief{1,2} =
Then from Theorem II.2: u6 2_ul; and by induction uE = un. -
11.4. Proof of Theorem II.l:
2
i ep : i ion: i i H
First step: Existence of a solution: We are going to prove that u_ converges in
to a solution of 1.1. We suppose fl,f2 € Lz, P € H2 and y > 0 on 23Q:
*Estimates on u_s Using Lemma II.1l, we get: 3c2
2 1 + 1 2
el 15 + 2§ a(w -w', w -w) += |l -l
2" € o2 3 2 £ 2
H 1=1,2 £ L
+
. =
< ¥ |-aw ) e ReT .
i=1,2 5 (2 i=l.2
j=1,2
J#i

-

e




¥
5 (ut = ) 5
Then u_ is bounded in H", —————— is bounded in L

*Passing to the limit: First remark that with Prop. II.2: u, l. Thus there exists

u € H2 such that: u, Vou, u. =~ u weakly in H2. We extract a subsequence (still denoted

w -wn' :
by wu_) such that T A weakly in L°. Then we have:
(I1.6) SO
(Fx.7) u <y

Furthermore on the set A = {u < y} for almost x @ t:o(x) such that € < so(x) implies

+ +
(uE—W (us - %)
Wi < ¥. But then € < eo(x) implies ———=0. Then 1A ——————— =), thus as
& = & a.e.
o =) 5
lA e lAA weakly on L :
(I1.8) A =0 a.e. on A= {u <y}

Finally to prove that u satisfies I.1, we shall use a monotonicity argument. It is

therefore convenient to introduce B8 maximal monotone operator defined by:

Bix) =0 1if x <0
D(B) = J-,0]
B(0) = [0,+=]
Remark that (II.S5) is equivalent to:
(11.9) Au_ 4w+ -w -5 +pau +w +Lw -nt-£) 0
B 1e € e Je 1 2ie e g e 2 i
or
(I1.10) ¥p < 0 ¥t € B(p)
p € L2 %€ L2
1 ¥ 1 +
(fl Alue Hu = (uE SEWIRS=E S A:_,ue P 2 (uE Sy s = f2 = p)L2 S0
Now passing to the limit on (IT.10) we have:
(fl-T,A2u+uu+X-f2-p) s * (-Alu—uu-)\,-—fz-p) 2
L L
i 1 +12
& > 1 - -
(11.11) e _1._()\111F + L Azut_ + uuF) + lim HF (ur V) ||L2

slm( J Au +w, * w - nh
1

-g=




But from Lemma II.]1 we deduce that ((u,v)) = (Alu + Mu, sz + bv) 1is a continuous

coercive bilinear form on HZ and thus is weakly l.s.c. And as
1 + 1 A
(A.a +wa ., = (_ =W ) . > @0+ pph, = —-¥ ) ., {(IT:11) gives:
3 € € € £ = i £ i 2
L L
-1 ! - - + - - A =
(fI T A2u + pu + A f2 p) 2 ( 7\1\1 pu f2 pP) P
L L
2 o
> (Alu + uu, A2u + pu) o H)H 5 T i (Aiw + . A)
L 1 i=1,2
or
(I .12) (fl—Alll‘llu-)\—l, Azuwum—fz—p) 72 ) (Ai(lb-u) + p(y=-u),A) o)
L i=1,2 L
Now consider this scalar product on the right side:
on A = {u < y} A= 0 (TT.8)
. : oG / 2
on {u = ¢y} if this set has a positive measure as u and V¥ are in H
= Al
A.ll,b 1)
Thus we have:
CEYL .13 max (A.a + pa + X = fi) =0 .
1i={1,2}
But the combination of (I1.6), (IX.7), (Ir.8), (@EXI.13) is:
(I .1) max(Alu H uu—fl, A2u+11u~ f2, B =R =0r
Remark that taking p = A ju + pyu + A - f2 gives:
+
sea e
- = T e GG
R Hem € 2
H L
Second step: Uniqgueness: Let v be another solution of (I.1):
1 +
*u > v: 1Indeed as max (A v + uv + = (v = V) =~ fi) < 0, we have from Prop. II.2:
T $€ 11,2k
v s 9
*Uniqueness: Consider the set B = {v < y!}
on B max (B W + pv = f,-) = 0 > max (A.u + pa = fi)'
i={1,2} =02
on B = {v ¢} as ¢ > u > v, u = . Thus if BC has a positive measure, as
2
u,v € H ¢ max (Aiv + v - fi) = max (6, 0 S Ve U fi)'
i={1,2} i={1, 2}

e




Thus in any case: max (A, v + uyv -~ £,) > max (A,u + yju - f.). But that implies
: it - i
i={1,2} i={1,2}

(Th. TI.2): v > u; that is wu = V. -

II.5. Some properties o the solution of I.1:

In this section all tte constraints ¥ are supposed to be nonnegative on 9{.

2 2
Prop. II.3: Let fl,f2 € L (resp. gl.gz). Y € H (resp. ¢) and let u (resp. v)

be the solution of problem I.1 for fl' f2, Y (resp. 9 ¢ Iy ¢). Suppose f1 2 9y
f2 > 9y v > ¢, then:

u > v
Proof: Obvious in view of Prop II.2. L]

We shall give some regularity results:

Theorem II.4:

n 2

1) If we suppose: fl'f L, ¢ye Co(ﬁ) N H® then the solution u of (I.l) is

e
in Co(ﬁ).

2) If fl'f2 e L” (resp. 9, 92). Yy e N H2 (resp. ¢) and u (resp. v) is

the corresponding solution of (I.l); there exists a constant c depending only on §

and on the coefficients of A and A such that:

i 2
(I1.15) lu - vl < i=§’2 e, - gilan + v - w”L‘") .
3 - BE fl,f2 b in (resp. 9,7 92) then:
(II.16) lu - vl < max(% = gl % e = 9l v -ell) -

Proof: 3) is immediate on the penalized problem with Theorem I.2.

2

*First, suppose fl'f2 € Ly, Ve w

on the set {u < y} max (A,u + pu - fi) =0,

ie{1,2}
on the set {u = Y} (if its measure is positive): max (A,u + pu - (Aiw + uy)) = 0.
ie {1,2}
Thus 3% ,f € b max (A,u + pu - £f,) = 0. That proves continuity of u
B ie{1,2} -

(Theorem I1.2).

=10=

e —— - —~




*Now we have only to prove 2); and 1) and 2) will be proved: let us introduce w

solution of (I.1) corresponding to f £ and ¢. Then we have (fromn: Theorem I.2):

s
(I1.17) H“s ~w o< lle-efl .
- gl — x
Now let us consider w - Vi e can always suppose (introducing fi = max(fj,qi) and
13 -
g. =min(f.,g.¥) £, >¢g. and thus w >v . THhos w =v_ >0 and:
1 1 1 38 1 612 € [3 { Tl
max (Aiwg W = fi) - max (Aiv_ + uyv_ = g.) < 0. Now with the same proof than
. 3 _ F r. 3 -y
ie {1,2} ie (1,2} ‘ »
in Evans-Lions [3], we deduce:
(I1.18) lw -=v Il <e ¥ |If. -aq.ll
= A= i=1,2 = L
And (I1.17), (IT1.18) give (IX.15). L]

A stronger regularity result is given by:
Theorem 1I.5: If we suppose fi,f2 € Wl'p and Y € w3'p (p > n); then the correspond-
ing solution u of (I.1l) is in Wl'm.
Proof: With a translation, we take ¢ = 0; then the same proof than in Evans-Lions [3]

gives the result. L

1I.6. Some related problems:

1) First we consider a "quasi-variational inequality", that is (for example):

max(Au + yu - £, Au+yu=-f_, u=-Mu) =0,
(11.19) : L £

ueHan(l)nL”. s

g 2 2
where M is defined on H N Hé n I: and takes the values on Lj N H”. We suppose:

Milw)ea 0n 18T iwia 0

(I1.20)
if uw <v, M) < M) ,
(XN 20) fl,f2 € L+ '
(11.22) M ff , < cl(”u“ s *llufl, ) * e, .
H H
(I11.23) If un -~ u in H2 weakly, u”  bounded in LT, and u" +u
n
then M(u ) + M(u) .
_11_

‘.,eau-.‘w o— NSRS




Theorem II.6: Under assumptions (II1.20), (II.21), (II.22), (I11.23), and if yu 1is large
enough, there exists a maximum solution of (IT.19).

. n
Proof: Let us give the outline of the proof: we introduce (uc):

0 0 2 1 ®
u0 is defined by: max (A.u_ + uuo -f,) =0,u eH NH_ NL ,
€ . L € il € 0 +
ie{1,2}

n ; n n n n 1 n p=l . & n 2 1 ©

i : -f., - + = - =0 € (@ N P
u_ is defined by max(AluFfuuF fi A2u€+uuE f2) = luE M(uE )] o U H Ho L,

n n
®*Then: u v , and m_ when € ¥
en € €
X 0
(IT.24) e ~alll, g~———=llo'll. -
(1 + en)
*With Lemma II.1 and assumption (II.22): we prove
(I1.25) ||u2|l s ¢ [independent of n and €]
H
*Then u, is a solution of:
(11.26) B, =€ Bgp = £ &= fa - W =0
i Pt W0 i 2 e Ye Ye o
Furthermore: u, v u, ue-—*u weakly in H2. Then u 1is a solution of (II.19).
*If v is another solution of (II.19): v < uz =>v < u =>v < u. L]
Theorem II.7 [see Laestch [10]]: Under the assumptions of Theorem II.6, if we add:
2 1 ®

(11.27) WeH NH,NL, Yae [0,1[3 Be Ja,1[ : Mlap) > BM(¢) .

Then there exists a unique solution of (II.19).
Proof: see Laestch [10]. L
Examples:

@
1) M(u) =k + inf u where k € H2 N L, F is a finite set included in Q. Then
F

M satisfies (II.20), (I1.22), (II.23) and if k >a >0 then M satisfies (II.27).
It is worth noting that (II.19) with such a function M is a problem of impulse control
of stochastic integrals.

2nL” and p> 1. Then M satisfies (I1.20),

2) M(u) =k +||qu where £ € H
(IT.22) and (IT7.23). If £ >a > 0 then M satisfies (II.27). L]

3) We shall consider now a problem similar to differential games:

-12-




. < u < W, ueHzf‘Hé

i i
T T © (R then max (Raa# pay = £ )=,
. 2 ie{1,2} 1
(11.28)
if u=y then max(A.u + pu - £.) <0,
2 1 IR
if u=y then max(A.,u + pu - f.) > 0 .
. 1 3h e
(IT.28) is equivalent to
{ : 1 o - - e - =
(EX.28") mln(max(Alu Ju fl, A2u + upu f2, u w2), u wl) (0)8P
or
" : iy - - - =
(TE.28") max(mln(Alu + pu fl' A2u + pu £, u wl), u wz) 0

This problem is also a problem of control of stochastic integrals with optimal stopping
[at least formally]. The same method than for Theorem II.1 gives:

2 : 2 .
Result: If wl,wz € H (wl <0< wz on 239, wl <V, on Q), if fl'f2 € L and if

sufficiently large, there exists g_solution of" (Ir.28) . L

Open problem: Uniqueness of that solution.

Partial result: If Al, A2 have constant coefficients, wl,w2 € WZ'N(Q), fl,f2 € wz'°°
and yu 1is sufficiently large, we have existence and uniqueness of solutions in the

2 1 0, = 2,p ”
class H N HO A ET(Q)y N wloc(g) [for some p > n]l. In that case the solution belongs

2 : |

to H nwo'm(g) A uer®

loc”

Remark: We shall not prove this result here: let us indicate that the uniqueness part
is not difficult [and in fact we do not need constant coefficients and such regularity

§ % 2 .
on wi and fi] but to prove the existence of a solution in Wlé: is the really

difficult part. L

«]3=
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III. Bellman equation for two operators: some other proovlems:

ITI.1. Reducing u in (I.7):

Theorem I1I.1: We suppose that cl, c2 (the O-order terms in Al, Az) are nonnegative,

then if fl,f2 € L2, the two following assumptions are equivalent:

(IIT.1) there exists a maximum solution in H2 n Hé of: max (A,u - fi) =0,

: ie {1,2}

(ITII.2) there exists a subsolution v in H2 n Hl: max (B.v = £.) < 0 &« .
ie{1,2} it

Let us remark that this result gives immediately:

Corollary III.1l: If c¢,,c, >0, f,,f, ¢ 1?2 then if £/, > 0 there exist a maximum

solution in HZ N Hé of :

(X11.3) max (Aiu = fi) =0 . L)

ied1, 2]
Indeed, v = 0 is a subsolution for nonnegative fi'

Open problem: Assuming (III.2) and fl,f2 € L2 we do not know if there is uniqueness

in III.3. To prove Theorem III.1l, we shall use the following result, which is only an

easy adaptation of a classical result [see for example Tartar [14]] in view of Theorem II.2.

Theorem III.2: Let fl,f2 € L2 and let u be large enough. We denote by

Au = max(Alu +opa - £, A2u R fz), and by << the following order relation:

1

u << v if Au < Av (in L2) .

2 1
u,v. e H 0O HO

Let F[u] be a function of x,u(x), Vu(x), (ux (x)) taking its values in IR.

X

ij

We suppose:

(IT1.4) Vu € w2 N né, Flu] € L2 ¥
2 i

{31%.5) Vu,ve& H™ N Ho t u<<v=> Flu] < Flv] ,
(I1I.6) du, ,u, € H2 al Hl :u, << u Ue <280y SHL €< W @

E s 0 i 25 e, 1 2 2

" 4 : 2y 2 3 ;

where S is the application of L in H° N Ho defined by: ASy = F(¢). L

Then in (u1 << u << u2} there exist a maximum and a minimum solution of:

- - = [
(I11.7) max(Alu fl' A2u fz) Flu] .

_14_




Remark III.1: 1In Section IIT1.3, we shall study some applications of Theorem I1T.2.

Proof of Theorem I1I.1: We suppose (TIT.2). Let W be large enough and take
Flu) = bwu: (IT11.4) is obviously satisfied; (III.5) is satisfied because of Theorem T.2.
Let us denote by U the solution of: AlG = fl. U e H2 N Hé; by ul = v, by u2 = Su.
Then

ASul = > Aul = Av  (because of (III1.2)) ,

A5u2 Sl R n < Au  (because of the choice of u) ,

Aul < wuy iU‘-l =Au2 ,
and thus (III.6) is satisfied. Thus we have u ,y U minimum and maximum solutions

min max

in {ul << u << u2}. Now take w another solution of (III.1): we just have to prove

that .. < w< g . Define
min = — “max

u by Au = max(Aw,Aul), Sed o Hé 2
Then

Asu = u = max(uw,uul) > max(Aw,Au,) = Au ,

S
c
1

max (Aw, Aul) <y max(w,ul) < yu = Au2 ;

thus we can apply another time Theorem III.2, and we have umax maximum solution in

fu << m << uz}. But by definition of u : [u << u << uz} C {ul << u << u2}. Thus:

u =u and w << u - -
max max max

Another result in the line of reducing assumption on M 1is the following:

n : ;
>0 and f_ ,f € L, then there exists a unique

Theorem III.3: We suppose: €17%, 1°55
4 y 2 1 n 0. =
solution u in the class H N Hy ALE>. of (ITI.3); and € C ()=

Remark ITI.2: 1In a paper to appear, we prove uniqueness of solution of (III.3) in
2 1 : y
B £ HO only, by using stochastic methods. L

Proof:

First step, proof in a special case: We suppose there exists some a > 0 such that

0 - = - 2 3 0, =
Cl'c2 > a. Then define S by: if u € C (2) Su is the solution in H N HO € {5t)
¢ max (ASu + ,.Su - fi) = yu .
i=1,2
15~
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A slight modification of Evans-Lions proof in [3] gives:

.
v t+tao

lIsu = svll, < —2—lu - vl -

Thus the result is proved in the special case considered because if u 1is a solution in

Ln, Su = u belongs to Co(ﬁ) by Evans-Lions result.

Proof in the general case:

Second step: There exists w regular ” (%)) such that 0 < y<w<l, Aw > B > 0O,
2

" ; ) e 3 3
where A is any differential operator: A = aij 5;;3;; + bi 5;; + ci
; 2 n
with: ||ain“‘ + HbiHm < M; aijgiéj > v|E]® wee R c; 20

Furthermore Yy and B depend only on M, v and Q:

Proof: Take a point xO on 030 which has an exterior sphere, let us denote by 0 the

center of this sphere and by p the radius.

Define w(x) = exp[-kpZ] - exp[-k|x|2].

Then: Aw > [4k2vp2

2
- Zklaiil . 2“bi“m|xi|k] exp[-k|x|“]. For X 1large enough
[k 2 ko (v,M,@)]: 2w > 8 > 0. .

2 1

Third step: Let u, v be two solutions of (III.3): u,v € H° N H0 N L". fThen by

Evans-Lions result: u,v € Co(ﬁ). Next define wl(t), Wz(t) by: ¢ forf all ¢t imn (0,1)

v (€ =1 4f t{A1u+ uu-fl) + (1 —t){A1v+w-f1)

v + uv - f_}

>tlau+pu - £+ 1 -t A, 2

= 0 Af not
and ¢2(t) =1 - wl(t). Then

1 1
[A-v)| = |(f ¢ (0at1A (u=v) + vw-v)) + ([ ¢ (Batl{a -v) + u-v)}| < ulu-v|
0 1 0 2 2 =
1 1
but 0 < I wi(t)dt <1 and Z / g,(t)dt =1 on Q. Thus by the second step,
0 i=1,2 0

we have:

wllo =l

Ilu = V”w = B + uy

That proves uniqueness, taking u » 0.

=] 6=




Fourth step: Existence: Take such that 0 < Lo 1; by First step for every

B + wy
v € CO(:) there exists a unique u = Sv. Now remark that third step proves:
y
llsu = svll, < g2~ Nl - vll,
That proves existence and the Theorem. L

Remark III.3: It is important to remark that all regularity results in Theorem 1.2 hold

with only the assumptions of Theorem III.3 [because the original proofs do not need

large].

It is also easy to see that with methods of Theorem ITI.3, we can prove all the

o0
results in Section II without supposing u large in the case of fl'f2 € Ln, pe L

However, in what follows, we shall keep on assuming u large in the purpose of
shortening proofs. .

IITI.2. Two remarks on Brezis-Evans proofs:

Remark IIT.4: It is easy to see that in the proof of Lemma II.l of Brezis-Evans [2], if
fo is small enough, the assumption u 3_c1 is not needed. That means that (ITI.3)

2 y . .
can be solved for fl,f2 € L under assumptions of Theorem III.3, if |n| is small

enough. L

Remark ITI.5: Let us consider the following problem:

2 1
€ H O H
= 0
(I1I1.8)
max [A,u + pu + H, (x,u,%)] =0
‘ i i
i=1,2

where Hl' yz satisfy to:

v(x,p,q) € @ x R xR
(111.9) 3 [, xpo) | < v + alp] + Blq] ,
da,8 > 0 Y € L+

(IT1.10) Hi is continuous on p and q ,
or
(111.10") if u_ > u weakly in H2 then Hi(x,un,Vu ) -ErHj(x.u,Vu) »
L
Then:
=17~
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Result 1: If u is big enough (U & UO (o, B, Al' A2, 22)) and H], H2 satisfy to

(IT1.9), (III.10) (or (ITI.10')), then (ITI.8) has a solution.

Outline of the proof: 1) Solve (IIT.8) in a finite dim. space generated by a special

basis for A2, 2) get estimates (H2 bounds) with the help of Lemma II.1, 3) pass to the
limit using a monotonicity argument. L]
Result 2: 1If in addition, we suppose:

(I11.11) In, c.poe) - B (xuptag | < cllp - p'l + la - q']}

then for u big enough, (TII.8) has a unique solution.

Outline of the proof: Use Result 1 and prove uniqueness with Lemma II.1. Or else show

that:

(IT1.12) vwe 1? gue BN H; Aju + H,(x,u,Vu) = w .

Set Kw = Alu + Hl(x,u,Vu); then by Lemma II.1 K is a maximal monotone coercive and
Lipschitzian operator in L2. That implies the result as in Brezis-Evans proof. L
Examples of application:

Hi(x,u,Du) = max {Z b'® é%L + o' % - fl'a}
aeh 3 7 j
where A 1is a set of parameters.
1f we suppose b;'u, e belong to a bounded set of L*  and ghra belong to a

bounded set of L2; then (III.9), (TIT.10) and (III.1l1l) are satisfied. Thus by
Result 2, we have solved Bellman's equation for an infinite set of operators (but with

only two possibilities on the highest order terms). Remark that we can take min

€

instead of max. This example is meaningful from the stochastic point of view? 20r it
increases coZi?derably the possibilities of control. L

II1.3. Some applications of Theorem ITI.2:
Corollary II1.2: We denote by u = .maxz [Aiu + pya - fil where flﬁz € L2. Let F
be a real function, nondecreasing. w:-;&ppose:
(II1.13) lF(x)] < a]xl *+*h e R ,
(I11.14) du , u_ € H2 n Hl #e.cFh ), #u >Pu), 0 T -

- + 0 - - - + - + - — 4
-18-




Then if U 1s large enough, there exist a minimum and a maximum solution in

1
{v e H2 n HO, Bt WS u+} of: Au = F(u).

Proof: (IIT.4) is satisfied because of (III.13); (TIT.5) because F 1is nondecreasing.

Then uw < iu, => Ffu ) < F(u*) =30y S s Uy thus (I11.6) is obviously satisfied.

Theorem IT11.2 gives a maximum solution and a minimum solution in {u << v << u+}- But

if v is a solution and u_<v <u, then
F(u)) < F(v) <F(u) and u_<<v<<u . .

Examples:

1) Take F(x) = a’x +b with a > 0, b > 0. Remark that if £.£,€ L
A0 < F(0), thus we can take u_ = 0. Let us denote by uy the solution of: AuA = A.

| H eyl leyll,
Then if fl,f2 e B H“xlhn: 5 i thus for ) sufficiently large
a/G: + b < A. It is now easy to show that: if fl'f2 € L: there exist a minimum and
a maximum solution in {v e HZ N Hé N L:} which are continuous. Furthermore if b > 0,

we have uniqueness by Laetsch argument (see [10]).

2) We can treat by the same techniques: existence and uniqueness of solution of

Au = M(u) where M(u) = k + inf u(£)(I(x) C Q) and
= £€ I (x)
wen’nutng L ek s Rk 3G
(s SR =l
Corollary III.3 [see Tartar [14]]: We denote by Au = max {a,u - fi} where £ ,f € ..
i=1,2
Let F be a Lipschitz real function. We suppose:
(I11.14") du_,u e 2N ul 4u +F{u ) <0< dn 4 F@I)y u <u -
2 ="+ 0 - B = e L - =+
3 " ral i - 2 1l
Then there exist a maximum and a minimum solution in {ve H" O Hju_ <v <u}
of Au + F(u) = 0.
G £ i
Proof: Take u large enough: x S ux ~F(x) is nondecreasing; (III.13) is satisfied for G. And
Au_ *pu < gy = F(u_) = G(u_)
Au* +uu, > pu, - F(u+) = G(u+) .
Thus Corollary III.2 gives the result. L
Example: Take F(u) = cos u, we may take Au,_ = tl. Then it is easy to show the
i & 1
existence of a maximum and of a minimum solution u N H2 N Hy of: Au + F(u) = 0. -
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111.4. Bellman equation and Schwarz method:

The result stated in this section is proved in Lions [l1], and its stochastic
interpretation will be carried out in a paper to appear.

We need some notations: Let Q be two reqgular subdomains of £ such that

i
Qve, =9, @ 0 i . : =3, NQ, =W N g
lvfz 2y Sl Qz is nonempty Let us denote by Y, 1 Y, 2 9] we
suppose ani = Yi nonempty. We suppose
(I11.15) ax; € y,: sup |x - xi| < inf |x - xi| flEs G =@, 2y, (2,1 -
X€y, xeyj
Let fl,f2 @ Ll(Q;, let u be the solution of [we suppose only cl,c2 > 0]
2 1

(II1.16) max (A.u-f,) =0; ue H NH_ .

) i i 0

i=1,2

Definition III.1: The sequence (un) of the Schwarz method [see Lions [11]] is defined

by: ug € H(@ Nul@ nc®@; then

0
max (A.uzn = Wi=i0n da @G uzn € H2(Q )
i=1,2 i - 2 2
(I111.17) =
2 - 2 =
e u2n 5 € Hé(ﬂz) [and we extend u n by u2n 1 to Q] ,
[ and a similar problem on for u2n+1].

1

Remark II1I.6: To see that problem (III1.17) is well posed, remark that if x, (i =1,2)

are smooth functions on & such that: O 3 X £ 1 on ﬁ, Xl + X, =1 on Q, X4 =0
PPRCRSN - 2n=1 i
on a neighborhood of Q - Q.; then u2n - u2n i € Hl(ﬂ ) <=> u2n - Xju e H (2.):
1 QF62 1 0" 2
and xluZ“'l e 52(Q). .

Theorem I11I1.4: Under assumption (III.15), there exists a real k in 10,1[ depending

only on &, and on the coefficients of Al, AZ’ such that:
- 0
(ITI.18) ”u - un” . i_kn 1||u L ” DL L]
c(R) c (R)

Remark IIT.7: A similar result holds with Bellman equation for an infinite set of
operators in a bounded domain of R2 [see Lions [11]]. L

II1.5. Bellman equation and control of jump points:

As in the preceding section, the result stated in this section is proved in Lions [12],

and its stochastic interpretation [control of jump points of stochastic integrals] will

-20=-




be carried out in a paper to appear. We shall take a rather simple example: let K

be a compact set included on . We suppose:
(IIT.19) on € K: sup Ix - x | < inf |x - xol ’
x€ K x€ 3§l
n

' € ’
(I1I1.20) fl f2 L (Q)
(I11.21) cl,c2 >a >0,

2 0,=
(I11.22) Ve H(R) NCUD)
Then:

Theorem III.5: Under assumptions (ITI.19), (ITI.20), (ITT.21) and (II1.22), the condition

max(Alg - fl' Azg - f2, u-y =0 on Q

if u is the solution of {: 5

EIBQ = sup Y, u € H

(II1.23) 30

then sup u < sup ¢
K R

is a necessary and sufficient condition for the existence and uniqueness of u solving:

max(Alu -~ £., Aa - f2. u-y) =0 in &

1 2
(ITII.24) ulaQ = sup u
u6H2
O_
Then u e € (). L
Remark ITI.8: Remark that condition: {sup ¢ < sup Y} implies ITI.23. a

K 90

Remark III.9: A similar result holds with Bellman equation for an infinite set of
; ; 2 :
operators in a bounded domain of R [see Lions [12]]. L]

III.6. A result of singular perturbations in Bellman equation:

We begin this section by a remark. If we suppose:

(II1.25) The bilinear form af(u,v) = (Alu, v) 2 on Hé is coercive.
L

Then a slight modification of Lemma II.1 gives:

(I11.26) If € < ¢ U+%u)

0

da > O(Alu, A2

2
2iu”u” 2 i
L H

Thus Brezis-Evans proof of Theorem 1.1 gives (in particular):

< 1
. ! N H i & = 0;
(III.27) Ve < ro q uF € H o max(AluE eAzuE + u, V) 0 where
(I11.28) Ve g,
0
=21~




We denote by u the solution of the "usual" variational inequality:

1

{: aifwy v =) 2 0 v < @ v € HO
1
€ -
u HO, u ]

(T11.28), we have:

(I11.29)

{ A

Then:

Theorem ITI.6: Under assumptions (ITI.25),

1) When ¢ > 0: u_ —pu
€ Hl
0
2
2) If Yve W, then:
(IT1.30) Hue - u| 3 5cel/3
Ho
Proof: 1) We have:
ITT. : . = =
(IX1.31) s(Alug Azue) + a(u6 uE V) 0
or
T I R ! 1 -echhu -9 =0
fre* “2e o Ye L o e s

is bounded in Hl

From (III.26) we deduce that u_ 0

u ~ u weakly in Hé then u, <y -eru => u

; 1
. 2V = But if v e Ho, v < Y=

<V

=1 =1
(Alue' VA= (= ee, )ue) o 2 s(Alug, A € ue) >0

L

u +
2 €

Passing to the limit, we get in a classical way: al(ﬁ,v) > al(ﬁ,ﬁ); thus u = u,

and e”u€|!22 is bounded. If
H

and

taking v = u, we obtain:
uE:??u .
0
2 2 i
2) Now suppose Y € H, then ué€ H First remark:
'
(I1I1.32) &fa_, u = (X =g J0) > 0.
€ 0 e -
But
a(u, M u) = (Alu, LAk e(AzuF) =50 S E(Alu, AzuF) 2
L L
then
afu, u - u) > -r(Alu. Az“g) 2
L
-22=-
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Combining this inequality with (111.32), we get:
(I1E -33) aifuts = et a) V(Alu, AzuF) + cE

But we have:

=ik =1
r(AluF. Aju, + €, ur) & a(ue, (2 = €€ )uE -y =0

and

af(u, u -y) =0 ;

thus

ull 3 el

H

ellu lI?, < xtllu,
B 0

s

With (II1.33) this implies: |lu_ - u“21 < ke 1<2||u€- 0"1{2 Ve ; which gives (IIT.31). ®

HO 0

Remark III.10: The stochastic interpretation of this result is interesting: indeed a
control of stochastic integrals degenerates in an optimal stopping. This point of view

will be developed in a paper to appear. -
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IV. Bellman equation for one parabolic and one elliptic operators:

Let T be a positive real, we shall consider an evolution problem on [0,T] «x

we suppose now that the coefficients of Al and A depend on time:

2
(Iv.1) atp,b;.ci € C2([0,T] x ) e {172}, 1 <k p <ny
[in fact we do not need such smoothness]. We consider the following problem:
(u' denotes %%)
g max (u' + Alu - fl' A2u + pu - f2) =0 in [0,T] x @

2
u € L (0, T H2 N Hé); u' e L2(0,T; L2), u(0) = u, -

We shall need the following assumption:
* " 2
(1v.3) Ve A,(t) = A,(t) that is b =] 5B,
P

Then:

Theorem IV.l: Under assumptions (IV.1l), (IV.3); if we suppose moreover

2 2
(IV.4) fl,f2 € H"(0,T; L)

1 2 i
; N B; + - ; -
(1v.5) ug € Hg NHY: A,(0)u, + wuy = £,(0) < 0; A, (0u, - £(0) € Hy ,

then if u is sufficiently large, there exists a unique u solving (IV.2). And we have:
(1V.6) u' e 20,1 B2 N Hé) n 1”0, Hé) 5

Remark IV.l: Let us recall what we said in the introduction: the problem (IV.2) arises
in economics [see Bensoussan-L.sourne [1]]. L]
Remark IV.2: 1) The methods of Brezis-Evans [2] and Evans-Lions [3] give for (IV.2)
results of regularity. We shall not consider such results here.

2) The method of Section II [with a lot of technical difficulties] could give

the following result: existence and uniqueness of u solving:

max (u' + Alu - fl. A2u - f2, u-=-y) =0

u(0) = ug - L]

(Iv.2')
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Remark IV.3: From the stochastic point of view, (IV.2) can only be considered as a
problem of control of stochastic integrals but with degenerate quasidiffusions. This
seems to imply that the proper way to view (IV.2) is to consider it as a Bellman equation
for two elliptic but degenerate operators on ]JO,T[ % § [see 1IV.3].

IV.2. Proof of Theorem IV.l:

Let us indicate how we prove Theorem IV.1l:
l) Solve:

' + A.u - £+ B (£u’ +a + -~ & =
Ye,n e T n! Ye,n e n T Meon e

(where Bn is a smooth approximation of B (see Section 11.4)).

2) Estimates on u R
€,N €,Nn

3) Pass to the limit when € = 0: u +ua :u' +Au ~f #8 (Au +mwm = £.)=0,
€,N n n I n W S 2n n 2

4) Pass to the limit when n - O: un = LI R Alu - f1 + B(Azu + uyu - f2) =0

5) Uniqueness.

As 4) is proved by the same techniques as for 3): we shall consider existence proved

at the end of 3).

+kt

1) We begin by a remark: considering the change of solution: u = ve we may
suppose that if p is large enough: Ja > 0 for all v € L2(O,T; H2 n Hé)
t t 2
(1IV.7) [ (a,v, Ay + w) ds > a [ vl As
0 L 0 H

[it is only Lemma II.1l). Remark also that Brezis-Evans proof of Theorem I.1 in [2] give

obviously: d!u

€,n
A s T R + - = i x Q
(IV.8) €, 18,h & n( ue,n Azue,n uue,n fz’ 9 de L
£ 2 2 1 2 2
e L (0,T; NH); ul ; ; = ;
e o (0, T; H ol g gt WD L o XO) =,
where Bn is an increasing ct function on R: Bn(x) =0 if x <0, Bn(x) > U

x > 0. We have also uE f € Lm(O,T; Hé). [In fact a good choice, for our problem, of

’

. : X
Bq is the following: Bn(x) = w(ﬁﬂ where ¢ 1is an increasing Cl-diffeomorphism on

N 1 i
10,=[, ¢ is C (R) and ¢(x) =0 if x < 0.) As it was explained above, we shall
' 2

forget about n and denote u, the solution of (IV.8).

=25~
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2) Estimates on u u:_:

*Estimates on u : We multiply (IV.8) by e' + A,u_+ pu_~- f and denoting by
t

2°€ £ 2
a.(u,v) = (a u,v) and a_(nm,v) = (A_u + pu,v) the bilinear forms coercive on H1
1 X 2 2 2 2 0
L L
[Al is the self-adjoint part L2 of Al : Al = Al + B where B is a pure first order

operator], we have:

' '
(ur_.i‘ue) s 5 2

+ (W' A2+ ) = at o f )
€ g2 ¢
Ty B2ty i

+ +
L2 (Alue'A u pue)

' = i ' S =
+ E(UE,A uE) 5 (Alur'f2) 5 (fl'Eug) 5 (fl,Azu + pu £ <0

1
io L L = = I

Integrating that relation between O and t; we have from (IV.7):

t t
V12 . t
e [ lluzll,as + ay (0,0 (8) - ajtuu) - [ &, u)ds b ) o
0 L 0 L
i2 2
+ (u_,£!) (f,en’) _+af |u]l® as
e 2 L2 1 € L2 0 g H2
t =L
- ' -
+ ea (u (t),u (1) - ea (uj,u0) + [ e(u!,Bu) ,ds - ¢ [ a (u_,u)ds
0 L 0
- (Alue,fz) o= (fl,Azu€ + b - f2) 5 <0,
L L
where
3 \ ;0 9 i
ai(u,‘\‘;) = f Z G;E ;_u #dx + f ¢t uv ax
Q k2 ** Q
and ot;tl,c‘l are the coefficients of ai(-,') . Then using several times Schwarz inequality,

we obtain:

€ 1 2

& 2 2 )2 2 & 2
e [ lu]l ,ds + “us(t) i g * / H“F” ,ds <c +c / ||u€(t)|| 145 -
0 L By O " H 0 Hy

Then from Gronwall inequality we have:

T
(1V.9) If “upﬂzzds e
0 " H
(1vV.10) vtllu (v jL¢
& H
* 0
(1v.11) e [ ”u'||22ds €4C:
0 o
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But (IV.11) does not give enough estimation on u; to pass to the limit.

*Estimates on wu'(0): from the equation as Az(O)uo * pa, = f2(0) < 0 and Bn(x) =0

if x < 0, we have:

1
s = — .5
uE(O) fl(O) Al(O)uoe HO (by (IV.5))

*Estimates on u': We are going to differentiate in time (IV.8): we set ve = ué
[

0 A - N R ('Y + = v n amay o
Vo RRe hBY, £+ B (suﬁ AR fz){rv€ + Ry, # e * Au_ fz} 0

VE(O) = u;(o) 5

(IV.12)

Here Ai are the operators, whose coefficients are the time derivatives of those of Ai.

Now multiplying (IV.12) by {Ev; o Ev. R AzuF - fé} and integrating between O

and t, 1t is easy to obtain estimates (IV.13), (IV.14) if we remark that:

€ .
f (viAju) ,ds = (v (£),Au (£) , - (ul(0),Aul) ,
0] L L L
J't E ft W
- (v ,aAv ) _ds - (v_,Au ) .ds ,
o (G Lz o g L2

where A2 is the operator with coefficients which are the second time derivatives of

those of A2; and that:

| 0r,A,u e LI < pllv ol 2

et §||ua(tﬂ|21 for all p > 0 .

L HO HO
Thus, we have:
o 2
(1v.13) [ Alv i ,ds < ¢
0 H
(1V.14) velv, (e ll21 <c
0

3) Passing to the limit: We shall use a classical monotonicity and compactness

argument: we extract a subsequence still denoted by uF such that:

u =u in 120,m8° N EY) wesk, LT(0,TiHL) weak * ,

-
O= O

1
0
1
0

¥ & . 3 2 5 2 a il . *
u u in L (0,T:H H) weak, L (0,T;H.)) weak =
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We just have to prove that u satisfies to:

IR T: ' = i B + - £ =0
(IV.15) VI Alu f15+ n(Azu Hu 2)

2 2
But let ¥ € L2(0,7:12) then 8 () € R i R

»

T
(1V.16) / () -Aju -ul -8 (¥, eul +Au +uu_=-£f,~¢) ds>0
0 L
We pass to the limit:
T T
=R 0 u-f = £ (= -u',-f - i . A
i ke, B (9), Ajuthu-f,¢) , + (-Au-u’,~£,-0) .ds > 1im [ (ul+A u_,Au by ) ds
) L L 0 L
r 2 2
But f (Alu.sz W THNE] 2ds is a coercive continuous bilinear form on L“(0,T;H) because
0 L
of (IV.7): thus
po Lo AL I T
lim [ (u'+Au_, Au +pu ) .ds >1im f (u',Au) ds + [ (A ,u, A_utpu) .ds ,
e 298 2
o e e 2 ¢ €y 0 a2 L2 0 1 2 L2
and
T i
£ (!, Azug)L2ds = a,(u (M), u (1) - a,lu ,u) - g a,(u_(s), u_(s))as

But by compactness argument u, +u in L2(O,T;Hé) strong, and thus

T T

f a2(u€(s), us(s))ds v f az(u(s), u(s))ds .
0 0
And we have finally:
T
(1V.17) é (£ ~Aju~u' -8 (¢, Au +uu-f, - w)L2ds >0

That means that u is a solution of (IV.15).

Uni : 5 i o i i i
4) niqueness Let u1 u2 be two solutions Then multiplying the corresponding

equations by Az(u1 - u2) + u(u1 - uz)‘ and integrating over [0,t], we have:
L t
2 2 2
I| (u - uz)(t)”Hl « . fuy = u,|l,as < c é I, = wys ]l ,ds -

5 20 H Hy

_28_




Then, by Gronwall lemma, we have:

Remark IV.4: We see that the proof of uniqueness does not require (IV.4), (IV.5) (but

1
only u, € HO).

IV.3. Degenerate operators in Bellman equation: some examples:

1) Bellman equation with degenerate parabolic or elliptic operators: Let us give

some examples which can be treated by methods similar to that of IV.2.

Example 1:
u 82u du n-1
R Hu + max(x ryEkpreri fl, e Au - fz) =008 0, x]O,xOI* R
u(0) = v,

where x € ]O,xO[ and x_ < +»,

0_
Example 2:
82u n-1

ua + max(-8u - £_, - = f ) = 0 in jx.x[0 * R
(IV.19) 1 Ix X 2 [0 Gy

u(xo) = u(xl) =0
where x € ]xO'xl[ =ca xo < x1 S
Example 3:

du 32u n-1

ta * max(a(x) === o= = f., =Au = £) =0 in JIx.«x 0 % R
(1IV.20) dy 9Ix0x 1 2 or 1

u(xo) = u(xl) =0

h € [ < < < 4 € L €
-0 X . ‘_da I
where X 1%, xl X: i i a N

In these examples, a method is to solve approximate problems [for example

32u
€ebu_ - £,.) = 0] ,

Al - - - —
(IvV.19') qu + max( Au[ fl' I%0x Fbu 2

then obtain estimates from the equation, then differentiate the equation to obtain new
estimates and pass 'o the limit. Remark that in Example 1, we have to work with spaces

with weight.
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2) An evolution problem of higher order: We consider two differential coercive

isomorphisms self-adjoint from Hm into H_m: Al, AZ. We solve: for X > O
max(u' + Au - f , Au" + \Au' +Au-£fu) =0 in 10,T[ X @
(1v.21) k 2 L - T
w(e) = u_.; v'(O) =wv _ .

0 0
A method is to solve (IV.21) in a finite dim. space [in a special basis of All, then

have estimates (direct and with differentiation of 1V.21), then pass to the limit.

Remark that in the case of m =1, we can take A = 0 [Theorem IV.1].
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