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ABSTRACT

Perturbations of a pla ne premixed flame propagating steadily along a

uniform duct (cf. MRC TSR #1818) are considered . These may be caused by

hea t loss through the sides of the duct , for which conditions are steady ,

or by slight variations in the cross section, when a slowly varying flame

results. Such unsteadiness may also be self-induced . The results, which

concern quenching , stability and velocity changes as well as the behavior

of an elementary burner , are remarkably sensitive to whether the Lewis

number is greater or less than one .
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SIGNIFICANCE AND EXPLA NATION

In any practical situation there are always imperfections to affect a

steady state and it is important to determine how they do so. Here we

investiga te dis turbances of the steady progress of a flame along a duct, a

problem previously solved in MRC TSR *1818. It is found that small imperfec-

tions can cause large devia tions of a kind that depends on whether the

rea ctan t d i f fuses  more or less rapid ly than thermal energy . In par ticular

it is shown how imperfections can be used to stabilize a flame.
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D. I3uckinaster and C . S. S. Ludf rd

The most striking feature of the result (II.22)* is tha t , for fixed D and J ,

changes i n  T produce much l a rger  changes in M because of the e in the exponent ia l .

M o r e  prec i se ly ,  on Q(~ 
I) change in f l ame temperature , due to such a change in T

for  the u nbounded f l am e , prod uces an 0 ( 1 )  change in the bu rn ing  ra te. Such a perturba-

t ion in f lame tempe r a t u r e  may also be caused by hea t loss throug h the sides of a u ni f o rm

duct along which a flame is propagating , so that we may ~x~ oct a similar change in its

speed .

Per turbations may also be produced by slight variations in cross section of the duct,

giving rise to the new feature of unsteadiness. NOW there will be slow variations in

the combustion f i eld , deve lopi ng on a t im e scale O (;~). Indeed such slow variations can

be self—i nduced by residual perturbations of the initial conditions (on that time scale)

in the absence of boundary perturbations . In all such cases an obvious conjecture is

that the flame velo city is not close to the unper tu rbed  v a l ue .

It is not so obvious that slowly vary ing f lames  behave qui te  d i f f e r e n tly  accord ing

ic the Lewis number is smaller or greater than one . Moreover , £ = 1 is exceptional;

in particular there are no self—induced variations . In order to develop the theory fully,

it is necessary to re—do Sec . 11.4 for general Lewis num~ r, and that is whore we start.

The romi ju dor of the chap ter  is an introduction to slowly varying flames , u n e a r t h e d  by

a perturbation theory which is proving increasinqly useful in understanding the true role

of such idealized solutions as the premixed plane flame .

2 .  Modifications for £ ~ I

*
The analys is follows that in Sec. 11.4 closely. The flame sheet is again located

at x = x
~~

; beyo nd it the temperature is still constant and there ~s.no._x~a~tant.
- - - - -- -- —-

* 
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because there is  no ~~~~~ -:~e I dov t~~ ti va r i i i;  I - , tI~ I at i t  fac t  must ii ;’, to deduced I

U )  ~~Y f )  — — Q (T , 1)  i V i t ywh e i

For the same ieasoi; both V a id T must be c a r r i e d , and we wr i t e

( 2 )  V V f £~~~~~~(e1X _ l ) ,  T T + T , ( O X _ l )  t o e  1) X x ,
S 5 5

where V • V • T , T ’ are ~‘, lu , :; j t  x 0 d, ’t e r m i i i e d  by how the i t a c t  t n t  is suppli ed
S S S S

there. (Fig. 11.1 s t i l  l iv e s  the q( ner al shape of thea.’ profile ;;.) Continuity at th~

f l am e shee t now shows th~ t

(3 )  x~ — £ 1
ln (l-tV Vfl ~i;(l + (T —T ) 1’)

The discussion of re a ctant supplies  i i  Sec . 1 1 . 3  showed t hat  o n l y  three coi~ 1i tions

are provided at x — 0 , so that we may expect V and T ( say)  to be r,’la~ t’d to

Y , T , T .  The resul t  ( 3 )  prov I des one s tch t i l a t  ion and the second, n am ely

(4 ) T — V + T — ~f 1
~~’ + T )  — ‘ S

comes from a heat balance between the s t - i t  ions x — 0 and ‘ ( formally ;y in tegr a t ing

equation ( 1 ) ) .  The second enables the f i r s t  t o  b~ r e — w r i t t e n

( 5 )  £
l
Y~~(l4Y

;;
/Y~~)

i 1/
~ -T

so that now the reductions ( 1 1 . 6 )  and V — — T ’ for £ — 1 are c lear .
a s

To ensure 0 < x 1 — we must have V . 0 and henc e T ’ 0 : whatever su p p i l i c

the reactant must s t i l l  be a (conduct ive)  heat sink . Since the T -pro f i l e  is monotonic ,

it follows that the temp erature of the flame is always higher t h in  that of the sup p ly,

something that is not obvious fr om the relations ( 4 )  and (5 )  when £ 1 1.

Y + ‘1’ is the adiabatic flame temper .~tu r o, so-called because i t  i s  t he  f i n a l

temperature when the reactant is allowed to decompose under adiabat ic  conditions . Ho wev er ,

th e system receives hea t -1 1y ’  by d i f f u si on and loses heat T by conduct iou , wbere

the relation (5) shows

—l
(6) 4 Y ’ — T  ac cording as £ 

> 1

Thus the actual flame temperature (4) is h igher or lower than the adiabatic.



le e the expansions (11.17) lead to the structure equations

(7) £ l
d
2y/d~

? 
= —d

2
t/d~

2 
— A~ e

which matching requires to b~ solved under the boundary conditions

(8) y — —L3 >~ + o (l), t = + o(l) as 
~ 

—
~~~; y, t = o(l) as F~

where

( 9 >  j  = y —5 S S

now, We immediately conclude that there is a local Shvab-Zeldovich variable and that it

. tays constant through the layer , more precisely

(10 ) t + L~~~y 0

The first integral (11.20) is therefore replaced by

(11) (d t/d~ )
2 

= 2C/l(l + (t_l)e t)

and the resul t (11.22) by

(12) A DM
2 

= J
2
0
2exp(8/T )/~~ T~

but the structure (11.23) still holds. The formula (12), as well as its correction of

relative order o
1
, is due to Bush & Fendell (1970) .

The modifications to Sees, 11.5 and 6 which have to be made when £ ~ 1 are  qui te

similar . Of more importance for our purposes is the form which the results take for the

unbounded flame. By transferring the origin to the flame sheet and then letting T~ ‘ 0

we f ind

Lx x(13) V = Y
~~,

(l—e ) ,  T = T_,,, + Y~~ e for x < 0

(14 )  V — 0 , T = T = V + T ,_ for x > 0

and the eigenvalue (12) with J = V again. Note that the adiabatic flame temperature

obtains here because there are no fluxes into or out of the system .

Suppose now tha t T is increased by 6 t .  Then the f lame tempera ture  changes to

(15) T = T  + ó t
* — =

and the formula (12) shows that
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‘—2> 1 . > M — M
0
. whei e M

0 
— ~2.C D T o x p ( — O/ 2 T ) ’J 9

is the tur n ing r i t e  for  the ‘ r  I q i n t ;  f l a me  t empera ture  T .  T h s  r e su l t  has u n i v e r s al

v a l i d ; t v ,  i . e .  i t  l~ ’ Il ;, whatever the nature of the pe r tu rba t ion, steady or not .  The

reason is tl ,t in d e t e r m i n i n g  the eigenvalue . the perturbation only intrudes through

the m a t - -h i t i t of t a t  s” (wh ich  leads to the e x pon e n t i a l  f a c t o r)

3. ‘ iheor~~~9f P e r t u r b a t i o n s

1he e q u a t i o n s  t hat  we s h a l l  discuss are

(17 ) l 0 /t  + l (pv )/-)x =

(18) ~~~~~~~ o v 3 Y / 3 x  — £~~~l 2y/~ x 2 
= —A ? ex p ( — O/ T )  + 6g

(10) - 1T .- ’~~t + pv3T/3x - a
2
T/~x

2 
= A? exp(—6/ T )  + Th

Here f,q,h should be regarded , for the moment, as arbitrary functionals; note that the

l e w i s  numbe r has been r e in s t a t ed . For propagation into a quiescent gas ,

(20) Y ,T,v ‘ Y , T , 0 as x * —~
The u n i t s  by which these equ a t ions  have been made dimensionless are based on a representa-

tiv e mass flw(, which w i l l  be taken as tha t  through the f l ame  sheet in the absence of

perturbations , namely the M
0 

of equations (16); so that A = DM
0
2 in the above equations .

To avoid an unnecessary factor we have changed the unit of density from p to

= ~~/T (with correspond ing changes in other units) . The incoming velocity is

then 1 and T appears in the equation of state, i.e.

(21) P = T / T

For fini te 0, it is possible to define a flame speed only when the combustion is

steady : when the structure changes with time in all frames of reference , the location of

the flame (and hence its speed ) is not a precise concept. In the limit 0 -
~ , however,

it becomes precise since the reaction is confined to a sheet. With x
~~
(t) denoting

the position of the sheet , we wri te

(22) s = x
~~

( t )  — x

— 4 —
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t o t  i i ; :  ,ti. -t j;; - - i f ; - . , >  to - ‘I t i m

( 2 ) )  . t — ( e -  ( V . v )  s ~ f

L i )  1- , — ~~ t V V  i o, — £ ~~~~ = - S y  i X > ; ( ~~~ i’) *

( 2 5) a - 5 i ’ / - t  — Hv~ v)~~r,’l s 2Th i5
2 

— ‘ V ex p ( — t / T)  •

5) - I ,  V x~ ( t )  :5 t i ; , ’  f l am e  ; . >  ‘ed - The ;in ~ - - r  t •~~ hed flame -or r.~s~ e-nds to V = I in: >

ir e  conce r ned w : t f ;  f l am e s t o , w h i ch V - - t i ’ 0 ( 1 ) .  We may o x > . - ; -  t ;cot to be t he  : 0 5 5 .-

i c’i f q , h a l l  0 ( 1 )  j ud , whe n - u d i t i o n - - a r e  u n st e a d y ,  i / i t  = ( I > ) I. ’ .

vary m g  flames. Then t he  t o - s I t  I I - i )  , wh i - f t  now reads

t ‘2
(26)  V = e -

L’e;~~~u s r  p is nut  changed to 0 ( 1 )  , shows t h a t  our t a s k  is t o  e v a l uat e  the increase

5 t in f l a m e  t empera ture  dii . - to the  > - ~ ‘‘ t u t u . ,  t ions . R e f o r e  i i ; ’ ;  t a t  that, we n O  - fo r  f u t ur e

, ‘ t e i e n ; ’e that.

( 2 7)  V 0 I ;u h  i t ; ;> t h e  f l a t r ’ h , - , -t

I f  i t  w - , ~~ - not , t h e  r e a c t i o n  te rm in equation (70) would h~ 0(0
2
), since T = T to

I i;> : no o r b ;  and hence unbalanced . ‘ t h i - i w  t o o  stated , V r e l a x e s  to zero in  a t ime 0 (0

‘IL ~- f i r s t  c a l c u l a t i o n  of t ,, was f o r  d i s t rib u t e d  hea t loss , whi ch was considered

indepe nden t ly  by Buc kinaster (197o)  and by Jo ul in  t C lav i n  ( l ~~7b)  u s i ng  s t r a i g h t f o r w ar d

n i t : > ;  i t i ; ;  of ~ terms in the reaction zone w i t h  2 terms on e i ther  s ide ,  i . e .  one more te rm

in  each exp ans ion than is requ i red  w i t h o u t  loss . Other  pe r tu rba t ions  were l i t  ci t i  ‘ a t  ~‘d

Lv Buckmaster (1977)  , who by then rea l ized  tha t  t i, ( f o r  whose d et e r m i n a t ion  t h e  ex t ra

t -rm : ;  Ir e  in t roduced ) can be c a lcu l a t e d  d ir e c t l y  f rom the  ove ra l l  -hat i ~ e in en t h al p y  of

the m i x t u r e  up to and i n clud i n q  t h e  f l ame  sheet .

The di rec t c a l c u l a t i o n  i s  as fo l lows . If  equ a t ion s  (2 4 ) and (2~~) are added to

el i m i n a t e  the react ion terms and then i r l t e ; t r a t , d  from s = 0— to -“ , we o b t a i n

f (Vs-v) 
I) 

ds 

~
-
~

L_ 
• 

C 
~( V + r ) 

— 
~g — iTh]ds

- -orrect to 0 ( S ) ,  s ine, ’  V v a n i sh es behind the flame sheet .  In t eg ra t ing  by parts on

t h e  left—hand s id e  i n )  u s ing  t he  - - ‘n t  t n t , ,  l v  equat ion (2 ~) new y i e l d s
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( T - T~~) V  — 4 f [(-T~ ) - ( s > ~~I ) i f  - 1;> -

in v i e w  of the equation of s t . , -  (7)). fli r~ T
~ 

T( O— , t )  may t - > i - r l y  be cal led t h ,

f lame t emp e r a t u r e , w h i l e  T is the adi~~l ;a t i : :  f l o e - . t,~n~ ,-ra t ur ,- V 4 T .  Thus

(28)  t i,V = — + I ~ r~~’ti ~ — ~ -
‘
~ + ( Y - s T — T ) f  + 0 h }ds

where

( 29) =

is a long time (first introduced by Sivashinsk y, 1974) and all terms arc to be eva lua ted

to leading order o n l y .

The whole problem is reduced to ca lcu la t ing  the r igh t -hand  side of equation ( 2 6 )

in terms of V .or the par t i cu l a r  per turoat ion of in te res t .  It then becomes an equation

for the flame speed (the goal of our analysis) since the universal formula (26) shows

the left-hand side to be V in V
2
.

4. Steady Heat Loss

In practice the mixture must be confined laterally and there is then the possibility

of losing heat to the sides. For example , heat conduction through th~ wall of the tube

introduced in Sec . 11.2 will result in a heat loss proportional to T — T_,, , if we

assume that the temperature outside the tube at any point is that of the mixture at

x = - . Similarly, thermal radiation (as distinct from chemiluminescence) is present,

though usually negligible, in combustion processes , resulting in loss proportional to

T
4 - T4 . The importance of considering such effects comes from the observed inability

of the mixture to ignite if the tube is too thin, a phenomenon about which our analysis

so far has nothing to say. Then conductive loss, though not radiative, is significant.

Heat losses are normally minimized as much as possible, so that the proportional;t\

factors are small . Our analysis will therefore be based on 0(0
1
) factors, but the

dependence of the loss on temperature will be quite general ; in particular , both conductive



- fl~rZ.a~~ — —--———a...-_.-- , ~~~~~~~~~~~~~~~~~~~~~~~~~

i t t  r a d i a t i v e  losses ar t -  -ovi-red . A term — 6 M 2 -~ (T)  is added to the r>qht—hon - 1 ;;— lr- o

t O . - t,-rno,- r a t ir e  e:;u;t t s r  ( 1 1 .4 )  . seer,-  ~ v a n i s h e s  at  T k-ut is o t h er w i -o- an

a r b i t r i r v  p o s i tiv e  f u z i c t i n , and 6 has th i -  d e f i n i tt o n  ( I 1 . l b ) .  (The f a c t o r  M 2 ensures

tha t  ~ is independent  of the  m a s s - f l u x  and d e n s i t y  u n i t s . )  In p a r t i c u l a r ,

I k ( T — T ) fo r  conduct ive  losses
( 3 0 )  s = (

~~ k ( T 4 -T~~~) for  r ad ia t ive  losses

wher e k is a given constant .

We are therefore dealing with the special case of equations (23—25) in which

(31) 3/3r = f = g 0, h = —M
0

2
4 (T)

The continuity equation integrates to

(32) o (V+v ) = V

with V constant , so that to leading order we are left with the unperturbed steady

equations. Use can therefore be made of the result (13) to write

(33) V = Y ( l— e  £Vs
) T = T + Y e  Vs 

for s > 0 ,

but (14) must be taken one term further. From the perturbed temperature equation we easily

f i n d

(34) T = T + 6 ( t  + V
1
~~(T ) s ]  for s < 0

a result that is needed to calculate ~T/~ s at 0— . (An exponentially growing term has

been discarded as unmatchable with the decay to ambient temperature which occurs on a

scale 0(0).]

The right-hand side of (28) may now be calculated , g iv ing

(35 ) t = -$V 2 where M~~ = ~~( T )  + f ~~( T + ’ e~~~) d :

so that

(36)  V 2 l n V 2 +~~~~~~ O

is the equation for the flame speed . The result is graphed in Fig . I; such C—shaped

response curves are cotmion in combustion theory. The function I consists of two terms :

—7— 

— - _ -- -- ---- - - - - - - - ~~~~- _-- -
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V ,v (Q)

1

— 1 2

S I
.5 

.

~~ 

~~~ ~ ‘~~~°)

Fig .  1: F lame  ve loc i ty  V versus heat—loss parameter ~.

The no t a t i on  v ( Q)  and ~~(0) r e fers  to Sec. 7

w fe r i -  S , the Poin t  a t  which ~~( 0) = 4v 2 ( 0 ) / 3 ,

plays a ro l e .

-8-



-, — ~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~ 
-

t i e  i t o - - r a l  , .  : .- s , - n t t ,  ; f a -  ; t o >  e a t  lo:,s u l t~ t ) . -  t J , j r - w ) ; , l , -  t i ~. O t ; ’ :r - - ; y t ; ~ I - i

- - - 0 1 > : ; .  t i e; ;  ;: ; t~~: t ! , . - i r ; ; ;  - - ;~~t ; r e  b e h i n > .

The t :  t ; a t t f ;  - -  - - ; -  ~> o t  hea t  loss -1 - t i -  i - .  t i :  I i t ’ .. vi u c i t y , thoug h t  it

- - _ . , -~~ r h .  i t  a >  ‘.‘ s > u e  , the ;,- is no - :- r r . ; t c n d i : , - t  V . i .  - . no f l ~~~.- . Th. . ‘in

- X t  1 rIo t to:; it ; the: ‘f r i -  it , ‘ ; ‘ - i  I t o , t n t  - i ’ t f ; i f ;  t f t . :  cu rve  t i l t ; - ;  La _ k , h f ; :

: i t - h > ; . :; I - i - t o o  e 0 .61)  t~~~es ft .  adi~~f - , t l c -  va lue  f o r  t h e  sam e r . - s s ; r - .

N t . -  t h i t  ‘ t i s  t . - : - a l t  i s ::1 i ’ - . t ; >e t .t  - f  o l l  ;ir ,ro-t ’ - r c . )  The bot tom t r o n c > ;  is  g e n e r a l ly

0.- I :  i - v s - i  t o t o ’  ui;s t. at -le (Itlninons , I J 7 1  ) and ten - , - :’ f no i n t e r e s t , but we s h a l l  ;~~o-t -c-o r

a I i s : u o s i o n  of t i t  ;V ,r -;t u n t i l  the  n ex t  s e c tio n .

i i  I - i s - n known ~~~~~ over 150 ye Or : ;  t h a t  a f l a m e  w i l l  not ropaga to  t t t r  i t ) ;  a w i t -

i t . O : , the I - r i o : ; )  I .  un d e r l yin g  th e miner ’s sa f . ’t y  lam p invented by Davy. This is ~uctct : ’o t -d

t y  t h s  ;,-:;t r s:ultt : a ooid w i r e  gauze  of :;ufft -l ently smal l  mesh is an e f f e c t i v e

- i !  i t i k  it;;> - i i  i:spuiids to v i  I t o o  of g rea te r  than  c r i t i c a l

Ex t  m i s t i - ’: :n smal l  t ; ; t , - ;  can now be exp la ined . l(eat loss by c o n d u c t i o n  th r - tt - :>; the

w,i l l  i s : : - ; , ;  t : o t i a i to u r f , i ~- ,: area and hence t he  r a d iu s , w h i l e  the volume of th.

m i x t u r e  is t o  si t t otal t o  i t s  ) u a r + ’ . The heat  loss > - e r  u n i t  vo lume t h e r e f o r e  va r  t o

i t; . rt ;e lv as th~ r a d i u s , and hence so does the parameter  ~~ . There is t he re fo re  a

- 0 -  l I t t l e  ! 510: r i :> t i:; , tm - k .  i - t i c  ~ t ~~t > i  i- s t - o r ; , below w h i c h  steady combust ion w m I >  not c :ou:

:lowly V a i y t h g  Flames

Flames c m  be ; to ;to ady fo r  a var i, -tv  of reasons.  Evolu t ion  from i g n i t i o n ,  passage

down .i tube f varvin t cross l o t  m e t ;  and i n s t ab i l i t y  are a l l  examples of uns teady comi ts-

tm ,;. f i r: ’ w are in t erned  w i t h  the  o n e - d i m e n s i o n a l  problem of a f l ame  evo lv ing  f rom

is :’  10 1 Lit i t  in  - t . -n . -r o l,  such an evo lu t ion  - , it ;  be expected to take place on an 0 ( 1 1

I ;.~n t o  ,ile. t;; f : - k f Lo re have been n u m e r i c a l  i n tegr a t i o n s  ( w i t h  f , q , h a l l  zero)  that

show t ic omergence of what  i~~- > .- .ir :- to be a steady wave f rom a mass of hot quiescent

gas on such a t ime scale )1Oldovich t Barenbla t t , l95~~)

Our t+- ; - f;ni ques - . an t t o t  d ,- o - r i b e  such phenomena in gene ra l  s ince  the r i g h t  side ( 2 0 )

w i l l  not be s m a l l .  i f ow -v , - i , front the i n i t i a l  developnent there emerges a st r u c t u re ,



- i i i ,  .i; - t  i - I  i .‘ .‘,) by tI,, . 1  nj I.’ cc i i > ) . ’  V , t h i t  i n >  cr 5-i t _ i slower i -v ’ ;t ut t i n  C l , -  t in,,-

i - m i , ’  9 , ,m rsi dii; t rmi i t I l l ; ;  ph.i ;;i’ f t f t . ’  ; ; n t . t ’ ’ a t y  p ; i  s’ , y t ; ; ;  I L , - t i m , ’  f o r  ; v ,t i v  : 0 ,. - i t  l e t  f’ - —

mon .; ( f i a t  - i n  Li , ’  i r m i - ; r p o r , , t i ’ )  111(0 (h .  , i r i . m i y e i s  i t ;  . , i . i  ly  i -  h , ’. i t  Ic: ;:; . I l i x

i i i  I , t .m , > i rig i t  d i r  t f;, e u t  i nn  i t y  ) l m m t  I C  t I  I I I f i a t .  t N. - ~ I l t  ‘ ‘ i i  i i  13. ’) , wh i r  V i t -

now .m f u r ; ;  - I t i ;  i t  ; si t h r  I I i i , ’  p r o f  i l o t ;  ( S ) r • -iii. i i n  i ’ m  I i i >  i f ; ,  - i >  .1 I i ; . .  I I ,ins ’ I i , . I -

To them s-’ i;i ~~t . t  m l . )

137)  +
- .ii / (~). s y C

_V5
)

but i t  i x ) -  i , ’O’ ; i i i i  tot V s ‘ 11 is ’t be needed . As ci i i i , , I Ii. r etti,m u i i i s r  o t t  u r n  i , ;  t i .

c u - - u l i t , ’ i ’ l’/~ft ;  i t  i f — , whi t - m i conieS fu - om the I i ’ n t f ’ i - l  i t i r r i ’  ‘ i l  i i i ,  ‘ m l  i ; i ;;  b~ ) i i id t h e

I Lime ohio t

‘to beq i i i  with , i ons i ;1 , ’ r  ).i.rturba t lii i ;;. di i , ’  solely to the imnsl , t .of  i i i ’:;:; , ‘I ’> i i ’ r i

f — - t h • i f  arid h.’ri, - .’

I 153 ) ‘I’ T,,, 5- ‘ i ,, for s ‘ 0

so tha t -

~~~“ —b y 1
V who,.’ b — V ,,, ’i’ ,, ~ 

:
1 — 1  

- 
~ 

•

and I ii . ’  I i ,  I ;t e l i ot e ~~ 1 . 1 1 , -  it  ; - )u . inq ~’ Wi ( Ii r ,‘t ;p .’;- I Lu  I l i ’  t i m , ’  1.  The equal  u . n  f i t  V (i

i t ,  t ) i , ’ r, ’t i c e

( 40) )iV + V
31I) V ‘I

N i t ’ ’ t h a t  ( iii’ ) . aram.’t  or I. lieu . ~~‘t ; f rom p o s i t  r v i ’  I ;  n i - t a t  i v , - u ;  ( L u , ’ I , u ’w i t ; number- r i u . t + ’ , i s . - t ;

t h r o u g h  ‘r i ’ ’ , g i v i n g  t h e  f i r  i t  i n d i c a t i o n  t f t . m t  £ — 1 i t ;  rot S yj  u - a l

Wi’ a r e  o n l y  f t . ’,’ t o s 1’is- i f y  ( h i ’  i r o t  i~~L vii ;,, ’ i i )  V and t ) i e r u  t h e  ~t , ‘~~.‘nI .u f ) r i ’ X i t i t . i —

i i ’, ,  to SI ; ’ r ombimot  ion fi ’’lci is uniquely I. ’t ‘ r m i r u ’ ’.t . A;: m e r i t  u . n . ; , >  I t  ‘ ‘v i o ; m t ; l y ,  I t i e  ) i  ,‘.e’I t I

approach .1.>,’;; n u t  solve  ths ’ ’t . ’i , . ’p  ut m i i i  S i i i  — v , , l u , ’ f r  ‘ f l  ‘iii s i l o - , - t I ~~- l i i i t i , u l  , ‘ v ’ i r m l  i , ’ u u

t uk,’ , ; i’~~’ - ’’ on l It , ’ 0(1) t unr.’ ’ , - ,,l,’ . 1(u ) from l i i i , .  ( t i l l  i i i  , l , ’v . ’ I,’ 1~n, ’ tu t  , ‘ i n , ’ l ’ l , - ; ;  a

O t r u , ’ t u i e , .)i.uI,u. I i’r i iti’ i ) by t I r e  ~ iusrle v u  i . u t ’ l ’ -  V , t hat  - k i m ; ; - ’- . on ( l i i ’  i f ; ) t i n  i i . ’ .

Wi-ion £ “ I , h i i t ;  ,i s j .  m l  i v , - , and when £ I , I ’ i t ;  f t ’ t ;  I S i i ’ ’’ . ‘i ii. ’ t i e r  £ i t;  I . .

( Ii’’ m ore r r j - i . ) i y  V -Cr.ur i ’js ’s , qo f l i r t  wiron £ — I — 1 ) )  i )  or  - ; m , l l , ’ r  t I,,’,, - i r . ’  i i - ’ 1 ( 1 )

— I s ) —

--—_ - -

~

--  “
~~~~~~

- .‘ _



f t . - h - - n  thi’ ; lo w— I us,’ u; , u ) , ’  arid the re s u l t  ( I ) - )  i mp i  l u ’ s

V • 0 or 1

W. ’ i r u l e r  tk i .-ut the i n ,  t i , u l  u ’ v o l u t  i o n  ends at  one of S .f ; , - se v a l u e s , though, wit  may c x i  ‘ 1

I f ’ - i l l  imat . ;  v a l u e  ti, be t . ‘ ,m - f u. ’;I more slowly in t as t N ,  l ,ewis  nurnbe r q u - t ’-: f u r l  l ; u i

i t rn 1 on the  scale i;f 1/0. I t  is t empt ing  to take  u n i t  Lewis  r u i m l , ’r  in - i  combust u _ it;

) i , I , ’m , .  > ‘, - , - m ; t s e  of tb ,  s i mp l i fj c at i on s  stemming from global Oh v a b — Z e l d o v i e h  v a r i a ble s

(Sec . 1 . 7 1 ;  bu t  in v ie w  of th e . r . ’5 . tnl  a t y p i c a l  behav io r  such t emp ta t i on s should c e r t u u : ; i y

f t . - r i ’s u S I  f o r  u n t ;t . ’a ;h y problems .

The v a l u e s  14 1 )  ar e  also possible  t ;t eady states as t - , •. i i ow u t v c r , the  f i r s t

1 t~~’s j or t d s  to t = ~~~, when our a n a l y s i s  b reaks  down but  i n d i ; ’at ,’s t h a t  the f l ame

l ’ t f l ) - i - t  m l i i  r . ’ hf f , ’ m  f rom it s  a d i a b a t ic  v a l u e  by an 0( 1 )  amount .  A d i s c u s s i o n  i i f  the

it:r n u r i i f o r m i t y ,  in the context  of van i s h i n g l y  small heat loss , has been g iven by

f ’ ;; - k m a : . t . ’r ( 1 q 7 0 ) .  The second is u n s t a b l e  when 0 is negative , i.e. £ > 1. For ,

- i  - - - - r i i t u ’j  t i  ( 4 0 ) , when V is loss than I i t  w i l l  be d r i v e n  towards 0 and when ;  V

1’~ - ; t  ‘ i ’- , - , -  t h a n  1 i t  w i l l  be d r i v e n  towards

I t  ::~ -f i t I ’, ’ t hought , t h e r e f o r e, tha t  steady f l a m e s  of Lowit ;  number j r  , ‘, m i  or t hat ,

i i i  rio ~-ra; -t t o i l  ; : 0e r ,’st; but laboratory experienci ’ shows otk t i ’rw  i t ; , - . M o , . : ’ . ’  i - i  , i f

!l, im ,-t , w t t i ;  £ > 1 .,re to be discarded on these ground s then so must flames wi l l ;  I I ,

s i t u - ’, ’ f l y  a i r ’  also uns t ab l e  when t h r e e— d i m en s i o n a l  d i s tu rbances  ,ire peiIsiIt ~ -.i (Cli. VI).

>1 , -  t m t  t h a t  f l a m e s  are s t a b i l i z e d  by b u r n e r s  sugges t s  tha t veloci t ’1- .mi u d  t hermal  - t  u . f i • i l ’

p l ay  ar t  imp or t a n t  rd .’ . Indeed , i t  is not d i f f i c u l t  to dev ise  a one—dim ens iona l “0 .-i

( t i - . 101 t f u. i I sI oh I j zes f lames  in t h i s  way.  However , it is ur i l  i k . ’ ly  t f t , i t  such m i - - f i i i :  sms

w i l l  ‘ - x i - i . m  i n  t; t ,ii - I , t I l imi t; )‘ropaq5ljflq down ;;i;i f,i rn ; html ’ .’;; .

To b~ - ;i i r ,- , owl  S n u m ber s  are usually not f a r  f r o m  1 ;;o that , in v t i ’ w i ’ >  t h e

it r i  i -c urt - ‘ ‘if I);,- :;l,.w—I mm ’ ;  s - a l i t  when £ — 1 • 0 ( 1  / f i ) , i t  i s  :;ott ; , j v a l . l  ,‘ that p r O  u c—

l i o n s  i t t  - u  t ; l o w — t i m e  a n a l y s i s  are o f t e n  not ap p l i c a b l e .  /111 .;r;;aI ive)y , stable flani , ’:-

may Iru’ - u phenomenon of finite activation energy about which .isym~-to > i c  t he or y  )-ro’.’id,tt ;

I . u ’ u l  l~~ rsforma t i o n .  Finally, stable flames may be the result of client i ‘,u l ki net I ; ’;; mci

—ii —
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~-cin~- 1 ici t ,- ,) (juan that ,ido1-ti ’,I f ; . : l  ,- . Whatever the ‘‘xl la,ual ui , a c t i v . u t l o r u — i - n , ’ r ;’.’

au yni~’t;. t i t s  for £ � 1 u - an  - r o e  i ,Ls ’ usefu l qu.ul i t at iv e  i n s i g h t s  even thoug h the a~ -j 1 u ,ii t ii ty

of the mouL,’l cannot 0,~ J u t ;  l i t  ied at the . - s u n t t i m e .

To ; f , : t e r n , i n i , ’  the e ff e c t  of heat losses we still lit I • g • 0 but  now take

h = —M~~~~(T). The i ’ f f e -t s  of ; t t ; I , - , m . f i n e s s  and heat loss are  then  seen to be a d d i t i v e , i . , :
U

—bV
2
V —

so tha t we end w i t h

( 4 ) )  0’.’ + V 3 1n V 2 
, ~‘v = 0

as t h e e.pt.ution governing V. I . ’  t h e  possible stead y s ta te  ( 8 7 ) ,  plotted in Fiq . 1 ,

mus t now be added

V • 0 for  all ~

Ihowevor , the latter corresponds to t • “, a n o n — u n i f o r m i t y  which has ye t  to be t r ea ted .

The question of which branch of the multivalued response in Fig . 1 will be observed

iii practice can be answered in the context of our present model . The arrows in Fig . 1

give the dmre ct ion in which V changes according to the differential equation (43) when

b is positive (i.e. £ ‘( I) . The lower branch of (36) is therefore predicted to be

uns ta~ole , a resul t  in accord wi th general belief . However , Spalding & Yumlu (1959) claim

to have observed the slow branch which , in the absence of other effects , can only  be

reconcile 1 with our analysis if b is negative (i.e. £ > 1) when the arrows are

reversed . (The fact that they used a special stabilizing apparatus suqqests that there

wer e other e f f ec t s, cf. Sec. 7.)

6. Non-Uniform Ducts

We consider ducts whose cross—sectional area A varies over distances of order l , ~~.c .

(44)  A • Q(6x) — a (f  Vd’r-~s)
0

In  the usua l one-dimensional  tr eathuent  of such slowly v a r y i ng  duc t s , the divergences  iii

the basic equations (1.53 ,54 ,56) now give rise to extra terms

—1 2—
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which correspond to

(4 5) 1 = F ( X ) O v , g = £
1
F (X ) D Y/Is , h = F ( X ) I T , ’t 3 s ,

where

(46)  F ( X )  = C’ (X ) / Q (X )  w i th  ~ = Vdi .

We have neglected iSs in the argument of C for s = 0(1), i . e .  F is the l o g a r i t hm ic

derivat ive of the area at the location X of the flame sheet .

It  is easily seen that IT/Is = 0 at 0- , so that the extra terms

( 4 7 )  F ( X )  f [i 11Y/Is + IT/Is + (Y+T—T ) ( 1 — 0 ) V ] d s  = - b F ( X )
0

in t V  come from the integral . They lead to

( 48) by + V 3tn V 2 - b F ( X ) V 2 
= 0

as the replacement for the governing equation (91).

An immediate consequence is that a flame sheet propagating steadily (V = 1) down

a duct of constant cross section will in general accelerate on entering a diverging

section (0’ > 0 ) ;  whereas if it enters a converging section (0’ < 0) i t  w i l l  slow

down (Sivashinsky, 1974). The only exception is b = 0(C = 1) .  for then V = 1 irrespec-

tive of area changes . Again , £ = 1 is exceptional.

The FIX) makes the differential equation (48) very difficult to discuss in general .

However , if the area changes very slowly indeed , more precisely 0( X) = Q( E X )  where

0 < e << 1, there is an approximate solution

(49) V = 1 + EbF ( E X ) , F = a~/ a
in which V differs just a little from 1. It represents a balance between the effect

of area change and that of enthalpy deficiency at the flame, temporal variations playing

no role.

There have been attempts to discuss the effect of curvature on unsteady flames by

supposing that the difference between the speed of a slightly curved flame and a plane

—1 3—
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f l a me is  1-r , ; ~~Ji  I t o t t a l  to tOte c ru v a t u r e , w i t h  the constant  of -‘ ;,~~o t I. i ’ ; t - , u l  t I ,  f i t - i  riO t n j

only on the mixtur e prol-erties ar I not on the p ar t i c u l a r  uns t ead y proc -s t  . M ;ir ’o;h , ’i t t

(1964, 
~

- . 22) has d i s cussed f l - -.me stability in th i s  way . The r e s u l t  (49) i-rov -li: t~ a

r a t i o n a l  j u s t i f i c a t i o n  for ‘ uch an assumption,  when it is realized that curvature manif -st s

i t s e l f  through f r a c t i o n a l  cha nges in area . In  p a r t i c u l a r , i t  shows tha t  the constant  of

p r o por t i o n a l i t y  changes s ign as £ passes th rough  1.

7.  An F . le r ien tary  F l a m e Holder

An ex t ens ion  of the present  discussion provides sonic ins igh t  into the nature  of f lame

holders or b u r n e r s .  The basic f u n c t i o n  of a burner is to m a i n t a i n  a f l ame  in a stable

rest pos i t i o n :  the f l ame  is brought t~ rest  by applying a cou n t e r fl o w ;  s t a b i l i t y  is

ensured by appropriate velocity and thermal gradients . Veloc i ty  gradients  can be produced

by expansion of the m i x t u r e  as it leaves a tube or by flow to the rear of a b l u f f  body,

whi l e  therma l gradients  a r i s e  qui te  naturally by conduction to the burner , to montion

some commo n examples . These can be modelled by a one-dimensional fo rmula t ion  of propaga-

t ion along a non—uniform duct with a counterfiow , incorporating heat losses which depend

on location as well as temperature. For simplicity we shal l  only consider conductive

losses through the side walis for which the linear law (30a ) holds with k a slowly

varying function of x, just as A is. The perturbation terms are now

(50) f = F ( X ) Ov , g = £~~~F(X)Iy/3s, h = F (X ) I T / I s  — M
0

2 k ( X )  ( T T )

The counterfiow changes the velocity condition ahead of the flame to

(51) v~~~ v ,,, as x - x ~~

so that c o n t i n u i t y  now requires

(52)  p (v+ V) — v _ + V = ‘)r (sa y)

to leading order . At various places in the preceding analysis we must now replace V

by 1”. As a consequence the expansions (27), (33), (34), (37) and the enthalpy result

(42) with the extra term (47) still apply if V is everywhere replaced by ‘
~
‘ excel t

in (1-p)V , which must be replaced by ‘(1 — pV . Not ing tha t

—14—
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( 53)  0 = k ( x ) ( T — ’ r )

then  gives

(54)  t ~~ b’~’~~~~ — •(X)~1
1 

+ bF ( X ) V 2 t 1 where M~~~( X )  = 2Y k ( X )

so tha t the governing equation becomes

(55)  b’~f + 1?Qn ,J.2 
+ 0 (X ) ’) f  - bF (X ) V ~j  0

Without counterfiow , i.e. v = 0 and ~1= V , we reach a combination of the two

equations (43)  and (48 ) as expected.

In the absence of heat losses (0:0) there is a stationary solution

V = 0 provided 9! = 1 i . e .  v~~, = 1

The flame speed relative to the fresh mixture is the same as that for a uniform duct.

That is , the area changes do not affect the flame speed to leading order , in s t r i k ing

contrast to the unsteady problem discussed earlier where there was no counterfiow. Of

course the d i f f e r ence  is that the flame sheet itself does not encounter area changes here.

The corresponding condition is

( 56) v
2

tn v 2 
+ 0 (0)  = 0

when heat  losses are present . Not surprisingly, this is just  the relation (36) with V

replaced by v and with 0 g iven its value at the origin ( i . e .  any f i n i t e  x ) ;  so

that  Fig . 1 applies. In either case , with or without heat loss , the location of the f l a m e

is inde te rmina te.

When the flame is moving , v becomes a function of X. For it is the mass f lux

of t r u e  c -ounterflow which is held fixed , whereas the area 0(x) at the f lame varies w i t h

its posit ion . That is the area which is effectively constant in the integration (52)

of the equation of cont inui ty  on the x— scale ,  so that

(57)  v = 0~~ (x ) .

Accordingly, we should write v ,~(0) in the condition (56).

To investigate the stability of a stationary flame, time dependent solutions of

equation (55) are sought in which V is small (though still large compared to 5), so

—1 5— 
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;h0t ‘~‘ i t t f e r : -  just a l i t t i , -  frem v .  Thi’ linear equate-ri ;u.v ’-rring small changes

f rom the rest  I’~ s i t i o n  is

(58 ) x + (b 1D - 2 F ( O ) 3 v  ( 0 ) X  + ( 0 ’ ( O )  - D F ( 0 ) v  ( 0 ) ) b 1v ( 0 ) X  0

whi r,;

( 9 )  0 2v _ ,~ ( O ) [ l  + 2 ~n v _ , ( 0 ) ]  = — d 0 ( 0 ) / d v ~~~(0) ;

and the  necessary and s u f f i c i en t  condit ion for s t a b i l i t y  is tha t  the coef f ic ien ts  of both

X and X are pos i t ive .  The s tab i l i t y  c r i t e r i a  are the re fo re

(60)  2 F ( 0 )  < b 
1
D arid ~~

‘ (0)  ~ D F ( O ) v (0)  according as b ~ 0

To see how these condi t ions car t  be met , consider a duct  whose cross section varies

in size but not in shape. The argument  used for a circular tube at the end of Sec . 4

t h e n  shows tha t  the heat-loss c o e f f i c i e n t  varies inversely as a linear dimension of the

cross section, . e.

(61) k =

I t  fol lows that  t ’ ( O )  = -~~~0 ( 0 ) F ( O ) , so that  the second criterion (60) may be wr i t t en

(6 2) l ( 0 ) F ( 0 )  ~ } v 2 ( 0 ) F ( 0 )  according as b ~ 0

since Dv (0) = 2 ( v 2 (O )  — 0(0)).

To interpret  these conditions, note that the der ivat ive  0 is posit ive/negative on

the upper/lower branches in Fig .  1. When the Lewis number is less than 1, i .e.  b > 0,

a f lame is stable only i f  i t  correspond s to a point on the curve above S and the duct

converges; indeed on the lower branch the convergence must be s u f f i c i e n t l y  rapid , i.e.

(63)  F ( 0 )  < D/2b

When the Lewis number exceeds 1, i .e. b < 0 , there is stability only on the lower

branch and then the duct must converge or , for points above S, diverge su f f i c i en t ly  s lowly:

(64) F ( 0 )  < D/2b

A wel l - insula ted  duct  mus t  therefore  converge and then the f lame wi th v small

i s s l a i le  for £ > 1 w h i l e  that  wi th  v ,,,, close to 1 is stable for £ < 1. The resu l t s

for a uniform duct in Sec. 5 are a limiting form of these conclusions.

—16—
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