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ABSTRACT
We study results on a class of completely integrable systems, for

instance with Hamiltonian

N[

n n
H(x,y) = X yi & Z (xi = x.)“2 + z x? :
i=1 =

i<j J i

using quotient manifolds induced by symplectic group actions, which enables
us to integrate the systems and understand their complete integrability.
In addition, we give a natural interpretation for the scattering maps

associated with these systems.
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SIGNIFICANCE AND EXPLANATION

We study mechanical problems with high degrees of symmetry, or
equivalently many constants of motion. An example of such a system would
be n decoupled oscillators, since such a system would have the associated
n energies of the oscillators as constants of the motion.

In mechanics, the process of studying systems by ignoring symmetries,
or constants of the motion, for instance studying a system in its center
of mass coordinates, is well-known. Using a modern abstraction of this old
and valuable idea, we study certain systems of interest in mathematical
physics, which have many symmetries. We are able to completely solve

these systems using the above idea.
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COMPLETELY INTEGRABLE SYSTEMS AND SYMPLECTIC ACTIONS

M. Adler

(1) Introductior - In this short note we explain the results of "Some Finite Dimensional
Integrable Systems and Their Scattering Behavior", (1], by the author, and of [(5,6,7],

in terms of the abstract machinery set up in the paper of D. Kazhdan, B. Kostant, and

S. Sternberg, entitled "Hamiltonian Group Actions and Dynamical Systems of Calogero
Type", (2], which explains systems first discovered by F. Calogero, C. Marchioro, (3],
and first discussed by J. Moser [4].

Briefly, the systems to be discussed have the property that their eqguations of
motion can be expressed as matrix differential equations which can be easily integrated,
and moreover, the integration process is seen to occur naturally in a space of much
higher dimensionality than the systems in question. The systems to be studied are thus
interpreted as quotient systems, of the much larger systems, where the quotienting out
process is performed by a symplectic action of the unitary group.

The process of quotienting out in mechanics, such as using center of mass coordinates,
i.e. ignoring the position of the center of mass, is indeed a common practice. We
point out that usually quotienting out, or ignoring certain data, is a way of ignoring
the symmetries, or integrals of the system, so as to arrive at some basic equations
to study. Here the quotienting out does not really involve the integrals, but enables
us to pass to the ultimate system to be studied. The integrals are in fact generated
in a much more trivial way, thfough the use of natural Lo rangian submanifolds and
simple éanonical maps, which of course makes use of the quotient structure. 1In addition,
the so-called scattering maps of these systems have a natural interpretation in this
context.

In the first section we merely summarize the abstract machinery of [2] of use in
the discussion, referring the reader to [2] and the paper of J. Marsden and A. Weinstein
[8], for a fuller discussion. We then discuss the results of (1], which entails

referring to [1] frequently.

Sponsored by the United States Army under Contract No. DAAG29-75-C-0024 and the National
Science Foundation under Grant No. MCS75-17385 AOl.




(2) The Symplectic Structures - We summarize and briefly discuss the necessary abstract

machinery needed to discuss [1). Let (M,w,G) be a triple, with M an (exact)
symplectic manifold with nondegenerate closed two-form w = dt, and G a Lie group,
with elements g, which acts on M with a symplectic action. If £ is the Lie
algebra of G, with elements denoted by é, then the action of G associates with

each é the Hamiltonian vector-field é, and the Hamiltonian function fé( ) = -t(é)( ),

yields a Lie homomorphism, i.e.,

(2.1) {(£. ,£. } = £o g 1 [ , ] the bracket in £ ,
gl 92 91192

where { , } is just the usual Poisson bracket, i.e. if

(2.2) Xg J w = df, then xfz(fl) = m(xfl,xfz) = {fl'fz} .

We define the moment map of Souriac,
(2.3) ¢ :M>LY, by om(g) = £gm

with ff the dual of L. The group G acts on itself by conjugation, hence on £ by
the linearization of conjugation, Adj, and on i by (Adj)., and its easy to see
that (2.1) is just the infinitesmal, and hence equivalent version of the relation of
equivariance,
-1 *

(2.4) ® og=(Adjg ) o ¢ .

We then form the orbit of o € £* under (Adj)., eu, and assume V = 0-1(90) is
a manifold. Then in fact it is a coisotropic manifold, i.e. ('rvx)l (= (Tvx), for all
x € V, with 1 denoting perpendicularity with respect to ww, and we can thus form
S = V/(leaves of the foilation induced by (TV)l), taking S to be connected and

assuming it to be a manifold. Then as a direct consequence of (2.4), it's not hard to

see (although it's not shown in [2,8)), that S 1is a covering space of 6; as follows:
(2.5) S=@9'x 0 , 0'=
a o

where /Gq means we identify elements x,y € M if they lie on the same Ga orbit,




with G‘ the isotopy group of a, 1i.e. the connected subgroup of G which fixes a

by its action on M. Incidentally, this shows S 1is a manifold precisely if e; is one.

By the coisotropy of V, and the transitivity of G on the fibers Su, w induces a
symplectic structure on 0;, W (i.e. we shall tacitly assume w is nondegenerate),
where { , } e { , ;1 is a homomorphism. The structure (8&,uu),G shall be our arena of
activity.

We note that by (2.1), (2.2), functions in M which are G invariant, induce
Hamiltonian flows on M with pointwise fix the image of M wunder ¢, and hence they
induce Hamiltonian flows on 9;. In addition, such functions, if they are in involution
with respect to { , } on M, are via the homomorphism w - uu, automatically in
involution in 4&, thought of, by their G invariance, as functions on B;. This
ends our discussion of quotient structures.

In preparation we discuss the M's which shall come up in the examples.

Let F be the linear manifold of n x n matrices with complex coefficients,
and T.f = & be the cotangent bundle of F, where we shall identify T*F 2 A B
via the bilinear form (X,Y) = trXY. Then the complex symplectic 2-form w, naturally
associated with T.F is

W=2=Iax, . ady, =(ax,ay) ,
ij i
or alternately, we write Hamilton's equations, with Hamiltonian H = H(X,Y), as

(2.6) X = Hy' Y = -Hx '

[
|

where [H » etc. If we restrict w to

X'ij ~ X
(2.7) M, = PLw (XTI e YY),
where * denotes taking the Hermitian adjoint, i.e. [ is just the self-adjoint
matrices, (which we shall identify with the Lie algebra of the unitary group
G = U(n,C)), « vyields a real symplectic structure, with Hamilton's equations
remaining as qiven in (2.6), where it is understood that U is real.

It is interesting to map ¢ » ¢ via

(2.8) L (t) % (xxv) : (:l ) !

2

-3-




% then as one computes

H, = H * Y. , H. =R X
X Zl 22 Y 4,
7 X = 7 YT R
Z1 =X Hy' 22 = (XY) Hy th
and so we may write Hamilton's equations in (Zl'z2) coordinates as
& 7 = » 7 = ,Z -
(2.9) 2, szz1 z, Isz 2] Zl”zl

*
Let us now restrict T to T U(n), 1i.e. we i entify

* * *
= = = -

(2.10) M, = T U(n,C) ((zl,zz)]zlzlar, 2, = 2,}
and restrict T -+ 71 -1 = T. Note T is invertible, and of course we may just

It )

- *
as well identify 1(Mz) with T U(n). In that case, since by the pairing ( , ), X, Y

*
are the usual dual coordination of T U(n), (2.9) restricted to M2 precisely yields
*

Hamilton's equations for the natural symplectic structure of T U(n); that is, uj

to the factor i which must be put in due to our identification of the Lie algebra of
U(n) with self-adjoint matrices, or equivalently we may think of time as being purely
imaginary in (2.9). We omit the necessary, but easy verification that (2.9) restricted
to M2 automatically preserves M2, which is sufficient to insure the restricted w

is symplectic.




(3) Equations of Motion for the Simplest System - We now apply the discussion

Section 2. We shall let (M,uw
Since M. = TL ol x££, L xh
Adj, i.e. by conjugation which

by (if U € U(n,c))

of which the linear version is
u
hence, by (2.3), and the above

(X, Y)(

and so by the identification o

f3.1) A
and we shall once and for all
l«ljk

with v € Rn, v= CE LYok

,G) of Section 1 be

e Lie algebra of U(n), U(n) acts naturally on

-
naturally extends to a Hamiltonian action on T

U,y e uxu ool

o 5 :
(X,Y) ((u,x1,(u,y]) € 'm“‘\.’\.\ ‘

'

) = £5,0X,Y) = C1a,x),¥) = € [x,v),0)

.
£ £ wieh £ through ¢ , ),

=] 1
(o) = 4{x,v)|[x,¥] = o) ,
a
pick @ such that

woillo= Q. )y doR. e ifv & N} .
ik

)T. Note that the isotropy subgroup G
a

and we shall define the reduced subgroup

(3.2) G. = {v]uw
0

In [2) it is shown by a s

can always find a unique U €

uxu”! =
(3.3)
(oyu Y
ik
=1
and hence 6°' = § () /G 1S
o o
(x,y), and moreover it is sho
(3.4) U W
O

form a set of canonical coordi

manifold (see Section 2), and

= v}, with Lie algebra fn = {B!B(v)

imple linear algebra argument that if [X,Y] = a,

Gy such that

Alag X, s X _sssa7%X ) ;, - AR ¢ Al 1
) (- | n i i+l
Bo¥e * 301 =86, 00e, =23 Y2y ;
= | ik 3 1S e,
effectively coordinized by :(xl,x‘,...,xn‘,(yl.

wn in [2], by a local argument, that

n
« J a&x, 4 dy.e foe. (¥
& i i
i=]
nates. Hence in this case, 6', and thus & is
a

w, is nondegenerate, and hence symplectic.
¢

lM] (dX,dY) ,U(n)) of Section

|
{U | vau

a

1n

1.

V3

we

o




We now wish to find functions on 0&, and by the discussion in Section 2, functions
of the form
(3.5) H = H{X,Y) = ¢tr P(X,Y) ,
with P(:,+) a noncommuting polynomial in its arguments will certainly do. If we take

(3.5) as a Hamiltonian function on Ml' then (2.6) yields for Hamilton's equations,

(3.6) X = h (X,¥), ¥ = hy(x,¥) ,
with hi(-,~), i =1,2, polynomials in their arguments, uniquely determined by P(-,-).
As mentioned, H = tr P(X,Y) automatically can be thought of as a function on 8;.

in fact via

(3.7) h(X.Y) = Tr P(x,y), (see (3.11)) ,

and we wish to determine the analog of (3.6) for the system on G; with Hamiltonian
(3.7), or to put it another way, we shall determine how (3.6) transforms in 8;.

So assume we are given initial data (X(0),Y(0)) for Hamilton's equations
with Hamiltonian h(x,y) in ©'. which corresponds to (x(0),y(0)) which we may
identify, and thus set equal to, (X(0),Y(0)) in Ml' Under the Hamiltonian h(x,y),

(;(0).§(0)) - (;(t),;(t)). and correspondingly under the Hamiltonian H(X,Y),

(X(0),Y(0)) » (X(t),Y(t)). By the previous remarks, we must have

(3.8) X(t) = ux(ul, v =uywut, uv=uw .,
with U(t) € Go. (see (3.2)), wuniquely defined, as the H(X,Y) flow in the big
manifold M1 descends to the hi(x,y) flow in the little manifold 6& through quotient-

ing out via G,. Define B(t) € L[, (see (3.2)), by U = -UB, and so by (3.6), (3.8)

% = usxwl = h v = uhl(§,§)u'1 g

where 6&x = x - [B,;], and so we have

(3.9) 6% = h1<§,§). 8y = hy(x,y)
as a consequence of Hamilton's equations on 6;, § = g& hi(x,y). § = - §§ h(x,y)., and

thus we see how (3.6) is transformed in 9;. Note that from the definition of §, (3.9),
and B(v) = 0, (see (3.2)), we can immediately compute the unexpected functional dependence,

* = B(;(t),;(t)). since x is a diagonal matrix.

-6-




We specialize to the case H = Hf = tr f(Y), for which we compute, (see (3.6)),
hl(X,Y) s £'(Y), h2 = 0, and thus conclude from (3.6), (3.9)
(3.10) Ex L), Y ed,
(3.11) §x = f'(y), 8y =0 .
Since (3.10) is immediately solvable, we have in fact solved (3.11) by the use of (3.8).
We also note that since clearly the Hf's are in involution on Ml' being functions

only of Y, that by the homomorphism w ™ W r the hf's‘ hf = tr f(;). are in

involution on 0;, and in fact are generated by n independent functions, h(J) = tr(§)3,

7 = 1,2 u.sn. Thus h =tr{% ;2) gives rise to a completely integrable Hamiltonian

system.




(4) Scattering Maps - Upon inspection, one observes that the map

(4.1) R W 5 ML . ) n,A : A) + »‘,_.'. (aee £3.1) .
4
is a canonical map with multiplier =1 in Ml' and hence so is its projection
in 0;, since  ® y_  1is a homomorphism. This map, .L' is precisely the scattering
map for system (3.11), with f(s) = % 52, which is discussed in (1], Theorem €, and

was observed by J. Moser. More precisely, in the above case, (3.11) with f(s) = -

one shows the time evolution of the system is given by

-

(X,y) = (gt + p+ Olt L), p + Olt %)), t + += ,

with
n_ & (xt0),y60))* (a,p)
P
Similarly one defines the g rotation map
=k
. 2 ) .
(4.2) O v (X,y B2 X+ Y. 0 =¥), ny s Kow R g

which is easily seen to be canonical with multiplier -1 on M (here one uses that
X, Y are Hermitian), and the corresponding canonical projection, n on 8. 1In
E
" ; 1 =2 =2 - .
fact, in (3.7), if hix,y) = 3 tr(y - x ), then the time evolution of the system given

by (3.9) is given by

1
[SFod

£ & + Tt o+ %t Tt -2| ¢t}

(x(t),y(t)) =2 * e +pe ,qe - pe ) + O(e e

with
np(x(O),y(x)) = (q,p)
This is shown in [1], Theorem 4. Moreover, as one easily checks
Nnenoepenl, o: (XY = (X,-v) ,

hence

» s=F
n., = Mn p_ o , and b [ § I ) = b =y)
P P ° p np y ( op(x Y (X, =y

Note that we have shown, by the time reversibility of system (3.9), that

- - ¥ .
np : (@q ,p) P (q,p). These latter statements are shown in [1], Theorems 5, 6.




(5)

Two Equivalent Systems - We now

respectively

(5.1) a) h_(x,y) = tr f(x.y),

By the canonical map of Section
f

then via n , transpose the results

(3.8), and (3.6) » (3.9), it is only

manifold M _,
L

for 2 2 (;,;) for

dt

{(X,¥Y.
the equations on the big manifold,

quotient manifold

We thus need only study the system on M1

(5:2) H1

and we first show the Hf's

g

then since, taking increments,

6H(l) C

(2)

where O means terms of at least

3 [
£5=3) HX =g

(2)

etc. for H o By (2<6) (Zv2)

by, (where (A,B) = tr (AB)),

in (5.3), we find

(n(l),H(Z)}

where we have used [fé(XY),XYl = 0,

We have thus through ﬁ.

are in involution, and thus by the homomorphism « » Wy

ftr £Gy)1's, [tr £05 (% + 7]

rather than the quotient manifold B

which enables one to compute the generator

are in involution.

) fl(X‘{) s

the Poisson bracket { , }

(H(l),H(Z)\

= (Yfl,fZX) — (le,Yfz) =

shown the

(x - y)1's

investigate the systems on &' with llamiltonians
a

! - - - -
b) hz(x,y) = tr f‘j [x * y) % = yl)

4, it is only necessary to investigate case a), and

to case b). Also, via the transformation formalism

necessary to study the equations on the full

5 The formalism says substitute £
B, and solve
1 and via (3.8), pass to the solution on the

with Hamiltonian

Hf(X,Y) = EESEARY )

Specifically assume

HZ = tr fz(XY) ’

(2)

tr(fi(XY) « (6% « ¥ = X » §¥1) £ O i

second order, we have

' () S
£y, HO=£107 K,

(1) (2)

of H ;B

Gy 02
HY 'HX ).

1S

given

Y= and thus

2
H£ : substituting

(1)
([Jx ’ \

tr(flfQXY) = tr(flf2X1) =0,

(n(l),H(Z)?—z

and so 0.

H,'s, H,6=H_-=

5 2 £ fX - Y1),

tr £ (X v)
so are the

respectively, and so

-




tr(% ;;), tr(% [x + ;] - [x = ;]) respectively give rise to completely integrable
Hamiltonian systems on U&, as observed and proven in [1]). This is thus the second,
and more pleasant proof of that fact.

Now by (2.6), (5.3), Hamiltons equations for the system of (5.2) are
(5.4) X =£9(XY) - X, ¥ = -YE'(XY) ,
and Since (XY). = 0 as a consequence of (f'(XY),XY] = 0, we immediately inteqgrate
(5.4) to obtain

£ Y -f! Y

(5.5) NEN Koo R o¥o’ ,
where the subscript 0 denotes evaluation at t = 0. Thus by (3.9), the corresponding
equations on U& for the systems of (5.1)a are
(5.6) 6x = £'(xy) - x, 8y = -yf'(xy) ,

while (3.8) implies the time evolution of (5.6) is given by

! £ri(x Yo)t

(5-7) = diag(x ,x LX) (1) = v te 2 =Rl etcl

PYEE 0
The canonical map n (5.4), implies the corresponding equations and time evolution for the

system with Hamiltonian H2 = tr f(% [X + Y] « [X - Y]) are

(X +0) =G X+Y] - [X-¥]) * (X+1], 3

®-0 = X-¥) £ G Y] X -],

(5.8) with {% [(X+Y] - [X-Y} =0, and >
vl " - -
(X + Y) = [exp - {¢tf b (X, # X * 1%, = XN - (X, + XD,
(X - Y) = [XO - Yol . [exp(tf'[X0 + Yol * [Xo - Yol)] ' J

where the changing of minus signs, t =+ -t, comes about because n is canonical with
multiplier ~1. We now use the same procedure, (3.9), as above to transpose (5.8) to 0;,

i.e. system (b) of (5.1), thus concluding

(5.9) 36X = IX,£'] - [£,y],, 257 = [y.£'] = [£',x], .
where [A,B] = AB + BA, f' = f'(; [Xx +y] * [x -y]). Note the simplicity of (5.8), (5.9),

=10~




when f(s) = s. We could equally well study the systems gotten by 'stretching’

X" u - X, in (5.1), (5.2), which tend to have compact behavior and thus give rise to
periodic solutions for ¢ purely imaginary, see [1], in fact for f(s) =s, u = /-1,
all solutions are periodic with one and the same nonprimitive period. @

Note that our studying the case, H = tr f(XY), h = tr f(;;), makes it unnecessary |

—

to study the (Sutherland) case where our manifold is

* *
T U(n,c) = {(U,R}|Uy =1, R=R} ,

and our Hamiltonian is H(U,R) = Hf = tr f(R), with Hamilton's equations given by (2.9),

(U,R) = (21,22), for after the change t » it, we would get the same formal results as
(5.4)-(5.7), including the involution statement, via the map 1, (2.8), where we

identify (X,XY) = (21'22) with (U,R). We note that the condition (X,Y) € Aa' |

namely [X,Y] = a 1is transformed into [U,U-lR] =, 1ies Ri= UT%RU = Q. L - oy e i)

e e

-11-
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(6) Yet Another System on 8 - We now discuss the system of Section 6 of [1].
4
One may either regard the Hamiltonian of this system on o' as
1
. I =28 »
(6.1) I, = it (XYY * X))
1 2
or
1 =3~ -
(6.2) By, = il v & )l
2 .

as hl, h2 differ by a constant. Of course in the full manifold the corresponding

Hamiltonians,

(6.3) H

h[% (XY)2 + XY

et @v?x) vox)

“

(6.4) H

i

LS}

are far from identical. Although it is shown in (1] that (6.1,2) is a completely
integrable system, we Shall not show (6.3,4) Are.coﬁpiétéiyﬂintégrablv ngfums. in fact
we have not been able to do this.

We shall study both (6.3,4), and then relate them in case the associated differential
equations on 9& have the same initial data. Since the calculations are so similar to
those of Section 5, we just give the results. For simplicity we set XY = Z. Then
with the Hamiltonian of (6.3) we calculate, from (2.6),

X =12X, 2=-X,
and since [X,Y] = a, (Yx). = =X, we have %—(XY2X) + X = e ol a constant, and thus

we arrive at, again using [X,Y] = a,

2 :
(6.5) % - % o -2 = el o
Letting 2 = -2a-lé , we find a. = L a.e. = ! a @, hence we have
Lk ¢ A T [t DO 1 T : i
0
r a, al( )
- L expC.t ,
0
al al( ) 1
(6.7) ﬁ
0 o i/
T, = D (X;Y) = at t =0
& Rl Lov’y) ¢+ tx, -2
_l?_—




For the Hamiltonian of (6.4), we find

. i
- [Z ¥X, = -
Z [2 X,2) X
x - 2 yx) =L oxz + 2
2 5 2 2 <
which motivates us to define the derivation 6,
a 1 ¥
St~} = 5= ) = [=
£} 3t £~ [2 X, 1 -
and thus we have from the above,
1
(6.8) 8z = =X, X = 3 (Xz + 2X)
Clearly if U(0) =1, 6 = -U(% ¥X), we have the following rule of transformations

B & 3. e
for matrices A = A(t): 1if A = UAU 1, then (é%) A = U6)AU 1. From (6.8) we conclude,
using that § is a derivation,

(6.9) 5(% 22 4 1) = q, a(% 22 = §z) = 0 ,

hence by our rule of transformation,

1 a2 N
> Z -2 = e2, e2 a constant ,
and thus letting Z = ~2a;132, we find
i, =Lae
2 2 caat C
a, a2(0)
¢ % expC_ t ,
a2 a2(0) 2
(6.10)
0 ¥ 1
€, = BX;Y) = at t =20
2 2 x o B 1
2 (XY)™ + 5 X, 0

’

We now consider the case where the X(0) of both systems are the same in ﬂ; and

moreover xI(O) > 0. Then since both equations (6.3,4) are the same as seen in ©°'
o0

.

they both must have the same long term behavior of X as projected down into ',
o

In [1], Section 6, it is shown that systems (6.3,4) have the following long term

'scattering' behavior:

-13~




1

+ + = -
(log x, xy) = (A t + B + O(t ),~x+o(t2)), £ > t@

where log x = (log x_,...,log x“), Xy = (xly

1 . X yn). By arguments in that same
n

14"

section, it's clear that the spectrum of Cl' or alternately C2, precisely carry
+
the data ) , and hence we must have

Dl(X.Y) = DZ(X'Y) '

~

where denotes spectral equivalence. By (6.7,10), (3.8), this implies

(6.11) ol(i,;'r) ~ 02(;,9)

Moreover it follows from (6.5,9) that Dl(x,Y), DZ(X,Y) are isospectral matrices of
the differential equations (6.3,4), and so in particular Dl(;,;), Dz(;,§) are for

the (6.1,2) flow, and thus we arrive at

(6.12) D, (X(0),¥(0)) ~ lim D, (x(£),y(t)) ~ lim D, (x(£), ¥y () ,
t»tm t»tm

which yields the scattering behavior of system (6.1,2) as discussed in Corollaries 11.2, 11.3,
of [1], which essentially maintains that the system scatters as if it is completely
decoupled, and just constrained to maintain a fixed order on the line.

I wish to thank J. Moser, who suggested this research and encouraged it, and
C. Conley, at those seminar at the University of Wisconsin at Madison, these results

were first presented.
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