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SIGNIFICANCE AND EXPLANATI ON

Mathematical optimization techniques are now widely used in business, govern-

5 ment service , and the armed forces. A typical problem involves finding the cheapest

method of providing certai n services , using various available sources of supply,

under given con strain ts, e.g. on the level of production of individual sources.

Problems where we know exactly the sources of suppl y and their lim itations, are

called deterministic. Such problems have led to intensive development of mathemati-

cal optimization techniques such as linear and nonlinear programming.

In most situations there is some uncertainty as regards the sources of supp ly

and their limitations. Such problems are called stochastic. They have received

much less attention than deterministic problems , partly because they are much more

diff icult.

The type of problem considered in this paper will be described in term s of

electrical power systems; it should be clear that the model covers very many other

situations. Suppose that the power systems are interconnected so as to form a net-

work . If a system cannot serve the demand of its own area because of (random) excess

demand and/o r (random) deficiency in the electricity generation , then the other sys-

tems help to meet the total demand . How can we design the cheapest possible system

so as to reach a prescribed (high) reliability level ?

The problems considered in this paper are based on the following underlyino

deterministic model:

Minimize (c ’u + d’v)

subject to Au > b , Tu + Mv >

When the ~ is assumed to be random , the model is formulated as a two—stage problem

in which we first decide on u, then choose the random variable ~~~, then find V .

The variable u represents supply , F represents random demand plus deficiency in

various areas , and v represents dispatch power.

c i The responsibility for the wording and views expressed in this descriptive summary
lies with MRC, and not with the author of this report.
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PLANNING IN INTERCONNECTED POWER SYSTEMS :

AN EXA~~ LE OF TWO-STAGE PROGRAMMING UNDER UNCERTAINTY

Andras Prekopa

1. Two—Stage Programming under Uncertainty

Vectors and matrices will be denoted by small resp. capital latin letters . As in many

papers and textbooks on probability~ random vectors will be denoted by greek letters. The

prime mean s transpose .

The stochastic programming model: two stage programming under uncertainty has been

introduced by Dantzig and Madansky 13). Before formulatinq this , we remark that ~to~’ha~ t i

programming models are usually formulated in such a way that first we start from a deter-

ministic problem that we call the underlying deterministic problem, then observe that some

of the parameters appearing in the model are random and finally formulate a decision princi-

ple taking into account the underlying problem and the probability distribution of the ran-

dom variables involved .

In case of the model formulated by Dantziq and Madansky, the underlying deterministic

problem is the following

minimize (c’u + d’v)

sub)ect to

(1.1) Au > b

Tu + Mv > C

Having observed that ~ is random , the model of two—stage programming under uncertainty is

formulated as the following non-linear programming problem

minimize ~c u  +

subject to

(1.2) A u > b

u~~~K
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where K is the set of those u vectors which have the property that for every C in the

set of its possible values there exists at least one v (depending on u and C) such that

Tu + Mv C and U (u,C) is the optimum value of the following linear programming problem

(where u and C are fixed for a moment, u C K, Au > b)

minimize d’v

subject to

(1.3) ru + Mv ~~ C .

This is called the second stage problem and (1.2) the first stage problem. In the practical

application of this model first we decide on u on the basis of Problem (1.2), then C is

realized and finally we decide on v on the basis of Problem (1.3). We solve the first

stage problem only once but then the “experiment” producing the random variable C is

“performed” many times independently of each other. Thus we solve the second stage problem

many times and E(p (u,C)) is interpreted as the arithmetic mean of the obtained Optima .

If C has a discrete distribution , then we can obtain at once the first stage and the second

stage optima l solutions 131.

We recall a few facts concerning this model. We also give the main ideas of the corre-

sponding proofs. F’or more detailed explanation and references the reader may consult the

book of Kall (6)

K is a convex polyhedron (14). In fact letting C vary in the entire space from

where C takes its (vector) values, the set of all those u,C vectors for which a v can

be found satisfying Au + B y >  C, forms a convex polyhedron. Assume that it is given by

the linear inequalities

GC< liii

Now, if h is the vector consisting of the components

sup CC

where the supremum is taken with respect to all realization s of C (a zero-probability set

can be neglected, of course), then clearly

K = {uIHU ~ h}

this proves the assertion .
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For every t ix ed  C the se oiid ;t ~~ optimum value U (u, C) is a convex function of

~~~~~ variabl e ii. This  f~~1lows f rom the fact that the second constraint in Problem (1.3)

can be w r i t  t . u  as Mv ‘ — Tu and tha t  the op t imum value of a linear programming problem

iS a ~‘otiv. x fu n e t  ion of the r igh t  hand side vector provided we have an objec t ive  f u n c t i o n

I he m i n i m i z e d . I f  t he  , t  of p o s s ib l e  values  of C is convex,then  p ( u , C )  is convex

both in  u and

I f F:~~’fl e x x ~~t s  and i ’(u ,C) is finite for every feasible u and every C in i t s  set

o f p o s sib l e  v a l u e , ,  t hen  F . ( i i ( u , C ) )  e x i u t s  and is a convex func t i on  of u .  In fac t  the

dual  of p rob lem ( 1 . 3 )  ~ontains the components of C as c o e f f i c i e n t s  of var iables  in the

ub )ective funct ion . I f  such an o b j e c t i v e  func t i on  is finite for every C and E (C) exists

then - as it  is  easy  to see - the expectation of the objective function also exists. The

convexity of E (p (u,C)) follows from the convexity of ~i ( u , ~~) for every fixed C.

In j°1 we gave a variant for the model: two stage programming under uncertainty by

d r o p p i n g  t h e  ‘vnd~ t ion tha t  the  second stage problem must have f e a s i b l e  solut ion for every

C. We reuuir .’ t h e  s o l v a bi l i t y  of the  second stage problem only by a certain probability .

Tin ’ f o r m ul a t i on  ot this model was mot iva ted  by the fact  that  in many appl ica t ions  ( e . g .  in

problems of en q in e er in g  de s ign )  the  w o r k i n g  of the system cannot be ensured by probability I

bur on ly by a somewhat lower probability . In other words, in many cases Prob lem ( 1 . 3 )  w i l l

not have teauihl e solution for every possible C. If  e.g. C has a nondeqenerated multi-

variate norma l distribut ion , th eu  the set of possthle values of F. is the entire space and

the requirement of the solvability of the second stage problem for every C limits the

structure of the matrix N a great deal .

The set of a l l  u ,  vectors for w hic h  t he r e  exist v satisfying the constraints of

Problem (l.i), can he given by a s y s te m  of linear inequalities with variables u and C.

~~~ us w r i t e  i t  (as  before)  i n  t he  following form

( 1 . 4 )  I-hi

Then our new f ir ’ .t t aqe problem is the following



minimize {c’u + E(I.i (u,C )j~

subject to

Au > b

P(GC<Hu) > p

where p is a prescribed (high) probability and (u,C) is the random optimum value of the

new second stage problem :

minimize (d’v + t ’z)

(1.5) subject to

Tu + Mv + z > C

Here u is fixed and such that it satisfies the constraint Au > b. The term d’ v in the

objective function expresses the cost of the second stage activity and t’z is the cost of

infeasibility of the original second stage problem (1.3). We assume that t is chosen in

such a way that all of its cowçnonents are positive thus making z 0 whenever to the given

u and C there exists v such that Tu + Mv > C.

Zn our problem of power systems planning we shall use separable nonlinear function

~ t~ (z~) instead of the linear function t’z. It is not difficult to show that if the

functions t.(z.) are non—decreasing and convex, then lI(u,C) is still convex in u for

every fixed C.

The model of two—stage programming under uncertainty with probabilistic constraint on

the Solvability of the second stage problem will be shown in this paper an important,

practical model construction.
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I
2. The Problem of Planning in Interconnected Power Systems

Finding the r e l i a b i l i t y  of interconnected power systems , or in other terms , f i n d i n g

the Loss of Load Probability (LOLP) is an important subject in power systems engineering

and has an extensive literature 11). Planning under reliability constraint seems to be a

recent idea. One approach has been presented by Scherer and Joe (12] . They assume that

each plant has only one generating unit that can be up or down . Using mixed integer pro-

gramining they find the sizes of the plants subject to a probabilistic constraint. The inter-

connection is disregarded. A discussion of the previous planning models is also presented.

Our approach will be different , the interconnection of the power systems plays an important

role here. Below we list our assumptions and notations,

Assumptions

1. The power systems are connected in such a way that (mathematically) they form a

network (see the definition in Section 3).

2. The system must have a realiability level I — LOLP > p where p is a probability

(near unity in practice) prescribed by ourselves.

3. We may increase the power generating capacities of the existing systems and the

t ie  line capacities among them for cost.

4. No distinction will be made between capacity and reserve capacity or demand and

deficiency. We shall simply use the terms “capacity” and “demand” .

5. Each power system can help others to the extent of its surplus power generation

capacity and the tie line capacities. The tie line between systems a and b is not

necessarily the same as that between b and a, further these two may have different

capacities.

6. Power dispatching and outage cost money. The first one will be assumed to be

linear while the seond one nonlinear of a fixed charge type.

—5—



Notations

N number of rower systems in the pool;

X~ generating capacity of the jth system, to be determined;

~hk 
capacity of the tie line between system h and system k, to be determined;

bus power at the jth system ; it can take on positive , zero and negative values

depending whether plant j helps other(s), serves only its own area or receives

help from others;

ihk power dispatched from system h to system k; it is assumed tha t  lhk 
= - 

~kh ’

+ 
1’hk ‘~

1hk ~~~

~~

— 
10 if X

hk~~~~
O

‘h k S
~~ i~~~< 0

p prescribed lower level for 1—LOU’

C3 
random demand for electric power (including deficiency) at the jth system;

c
3
(x) cost function of the generating capacity at the jth system;

chk (y) cost function of the interconnection capacity between system h and system it;

dhk cost of dispatching one unit of power from system h to system k (dispatching

cost is assumed to be a linear function)

t~ (z) cost of outage of magnitude z at system j when no other system is able to

assist to meet total demand;

prescribed lower resp. upper bound for x .

y
l~~ .v~~ prescribed lower resp. upper bound for y~~.

Let A(x ,y,C) denote the event that for fixed x and y the total demand in the

~-,o1 can be met by a suitable power dispatch. The event A(x,y,~ ) will be given in terms

of linear inequalities in the next section.

-6-



We define further a dispatch function d (x ,y,C) that is the cost of the minimum cost

di spat.h necessary to meet the total demand in the pool provided it is possible i.e.

A (x ,y,C) occurs. In general , no formula can be g iven  for d(x ,y,C); for every x.y.~

the minimum cost dispatch (flow) can be determined algorithmically.

If A (x ,y,~~) does not occur , then instead of the area demands — x., j

we use the increased demands C . — x. + z., j = 1 N, add the suet of the3 3 3

t.(z
3
), j = l , . .. , N values to the cost of the flow and treat Z

N 
as nonnegative

variables. Both from the theoretical and practical point of view it is desirable to chose

the outage costs in such a way that t .(z) is monotonically increasing in (0,~ ) further

there is a fixed charge at z 0, i.e.

10 if z 0
t .(z) =

~~T. ’O if z > 0

Clearly we can choose T
1 

T
N 

so large that if A (x ,y ,~~) occurs, we obtain  automati-

cally z
1 

= ... = Z = 0 in the optimal solution of the just described extension of the

f low problem. Let ii u (x,y,C) denote its optimum value .

Now we formulate our planning model in the following way

minimize  [
~ 

c.(x.) + 
h k hk hk +

subject to

P(A(x,y,C)) ~ P

(2.1) 1) (u)
x. ~ • all i

~hk ~ ~
‘hk 

< ~~~ , all h,k

— 7 —
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3. Ajj~lica tion of the G a l e - H o f f m a n  Theorem fo r  the  Deternination of i i .  ~~ rr-~

of t~1near I n e q u al it i e s .

The feas~ h i l i t - .’ theorems f o r m u l a t e d  by Gale resp. H o f f m a n  c o n c e r nin g  ! v t w - r~. ;i

resp.  c i r c u l a t i o n s  ar e  e s s e n t i a l l y  the same . The p r e sen t a t i on  g iven  b ;  ;aI ~ ut - ‘ . ‘ r  : w e l l

t~ ) our problem. Thus we follow h i s  way of t h i n ki n o .

A ne twork  [ N , y )  cons i s t s  of a f i n i t e  set of nodes N and a £.~j~~c i tv_ f u n c tion  v

d e f i ned on the r s luvt  set N N , where y ( a , b) can t a ke  on n o n n e g a t i v e  va lues  and + ~~ .

A flow i on 1t’1,v (  is de fined  as a f u n c t i o n  on N X N atisf-;ir ~~ the r la t i

i ( a ,b) + i ( b ,a) = 0
for a l l  a , b ~ N

i ( a ,b)  < y ( a ,b)

A network demand q is a real valued func t ion  on N. A nega t ive  q w i l l  be inter-

~reted as a supply .  Note tha t  we already used the term demand concerning power uv , t ” and

denoted by C~ the demand appearing in th~ area that  has to be s a t i s f i e d  prirni r ; iv h~

system 3 and by other systems on ly  in the case if system j has no powe r enough to  do

that. In what follows wil l  be termed area demand (of area j )  or s imply demand . In

our planning model the network demand at system j will be civen by C . — x . and this can

be positive, zero or negative as well.

If S,T are subsets of N , then we define

q ( S)  ~ q(a)
a~- S

i(S,T) = )~ i(a ,bY
a S ,bET ,

Clearly q ( S)  is an additive set func t ion  and i ( S . T )  is a d d i t i v e  in S and T whenever

the other set is f ixed . ?~ re explicit ly ,  we have

q(S
1 u S2 ) = q ( S1

) + q (S2 ) if S
1 

n S
2 

=

i ( S
1 U S2 , T) = i( S

1
,T) + i ( S

2 , T~ if S
1 

n S2 
= ~

i ( S,  T1 U T 2
) — i ( S ,T1) + i ( S , T2 ) if I’

l 
n ‘!‘

2 
=

-8—
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These definitions inply for every S and T

i(S,S) — 0

i ( S ,T) < y(S,T)

The network demand q is called feasible if there exists a flow i such that

i (N,a) > q(a) for every a E N

This implies that

i ( N ,S) > q~S) for every S C N

Theorem 3.1 (Feasibility theorem) . The network demand q is feasible if and Only if for

every S C N we have

( 3 . 1 )  q ( S )  < v ( S , S)

where S — N - S.

In the above presentation it was more convenient to write i(a,b), y(a,b) and qla)

instead of subscripted variables. Now we return to our problem of interconnected power

systems and reestablish the notations ‘ab and The notation q(a) or q will not

ba used. The network demands are C1 
- x 1 

- X
N

; these syr.bols will be used in the

sequel.

The feasibility theorem provides us with a system of linear inequalities expressing

the event A(x ,y,~ ). The inequalities (3.1) give necessary and sufficient condition that

the whole cool can be supplied by power. The y function give the tie line capacities.

Let us consider some examples. The first is a network consisting of two nodes (see

Fig. 1) . Assume that y12 
= y21 and lot them denote simply by y.

C 1 
— x 1 C2 

—

0 0
1 Y 2

Figure 1.

Then q(l) — C1 — x
1 , q(2) = C2 — x2 and (3.1) gives

—9-



C1 
— x1 + - x 2 

< 0  (5 is empty)

(3.2) r.~ — x1 
y (S — (2))

C2 
— x2 

< y (S — {l }

If S is empty, then (3.1) holds trivially because negative values are not allowed for y.

We can give also a system of relations in terms of the bus powers i1 
— 1 and i2 

- -i.

In fact these have to satisfy the inequalities

-

(3.3) x2 
+ i > C2

- y <  i < y

The inequalities (3.2) give the solvability condition — with respect to i - of the system

(3.3). In other words, (3.2) is the projection of the convex polyhedron (3.3) given in

onto the R
5 space of the variables x1

, x2, y, C~ C2.

Consider now the network of three nodes illustrated in Fig. 2.

A
Figure 2.

Assume that the tie line capacities are symmetrical and introduce the notations

— - y21
, y2 y23 — y32, y 3 

— y11 — y 31 . 
Then the relations (3.1) give the following

system of linear inequalities

-10- 
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1

.zy
1
+ y

2 ‘ 
-

(3.4)  C 3 — x 3 < y2 + y3

C2
— x

2 + C 3
— x

3~~~ Y1

+~~3 — x
3~~~y1

+ y
2

The system of linear inequalities which has to be satisfied by the bus powers i1, i2,

i
3 — —(i

1 
+ i

2) is given by

x2 — i2 ~~C2

x3 + i 1
+ i 2 > C 3

(3.5)
+ y3

) < i1 < y
1 + y3

— (y
1 

+ 
~
‘2~ ~ 

‘2 ~ + y2

—~y2 
+ y3

) < i
1 + i2 

< y2 + y3

The convex polyhedron (3.4) is again a projection of the convex polyhedron (3.5).

The third example will be the network illustrated in Fig. 3. The tie line capacities

Figure 3.

— 11—
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are assumed to be symmetrical and will be denoted by y
2 = y

12
, y

3 
= y13 , y4 

= y14
. rho

relations (3.1) are specialized as follows:

C 1 — x 1 + C 2 — x 2 + C 3 — x 3 + C 4 — x 4
< 0

C2 — x 2

y~

C 4 — x 4~~ y4

C1 
- x1 + C3 

— x3 ~ y2 + y4

(3.6) C1 — x 1 + C 4 — x 4
< y2 +y 3

C 2 — x 2 + C 3 - x 3

+ C 4 - x 4
< y2 +y

4

C 2 — x 2 + C 3 — x 3 + C 4 — x 4
< y 2 + y 3 + y 4

C 1 — x 1 + C 2 — x 2 + C 3 — x 3 y4

+ C 4 — x 4~~ y3

The number of relations cor,tained in (3.1) equals 2N_1 if w’e disregard the trivial

relation obtained in the case S — N. Fr ets (3.1) we can immediately conclude

Theorem 3.2. The linear inequalities determining A(x,y,C) consist of inequalities

of the form:

Partial sum of the Ci
’s <

Partial sum of the X
j
’S + Partial sum of the v S

— 12—



Theorem 1 also tells us what partial sums have to be catsbined. We can wr i te  them auto-

matically if all pairs are assumed to be connected with eventually zero capacity tie lines.

The form of the inequalities emphasized in Theorem 2 will be important when proving the con-

vex programeing property of our optimization problem in case of a multivariate gamma distri-

bution. 

~~~~~~~~~~~~~~ ~



4. The Use of Multivariate Probability Distributions

A probability distribution defined on the measurable subsets of RN is said to be

logarithmically concave (logconcave ) if for every pair of convex sets A, B C RN and

0 < A < 1 we have the inequality

(4.1) P(XA + ( 1 — A) B)  >

If the random vector C € RN has logconcave distribution , then the same holds for all linear

transforms of C (81 . Must important in this respect are the following theorems.

Theorem 4.1. If C has a continuous probability distribution and its probability

density function is a logconcave point function (i.e. if f denotes the density, then for

every u , V C RN and 0 < A < 1 we have f(Au + (l—A)v) > [f(u)]~
’[f(v) I~~ ), then the

probability distribution of C is logconcave i.e. (4.1) holds where

P(C) = P(~ e C)

for every measurable C c RN.

Theorem 4.2. If g1(z.w)~~....g~ (z~w) are convex functions of all variables in the

entire space and C is a random vector having (the same number of components as w and)

a logconcave probability distribution , then the function

(4.2) P(g
1
(z,~ ) < O ....,g~ (z,C) < 0)

is a logconcave point function of the variable z.

Theorem 4.1 was proved in [7). Theorem 4.2 easily follows from Theorem 4.1. For a

proof see (7] . Further theorems of similar type are proved in (2).

The most immediate examples for logconcave distributions are the following:

a. Uniform distribution in a convex set D c RN; the

probability density equals

10 if z~~~D
(4 .3 )  f ( z )

a D

where ( D (  is the Lebesgue measure of 0 assumed to be finite;

—1 4—

.

~

- . . —--~~i~



b. Normal distribution ; the probability density equals

~~~~~~~~~~~ ~~~~~~~~~~~~~~~ N(4 .4 )  f(z) = —
~~~

- e z C R
(2 ,T ) /

where C is the covariance matrix assumed to be nonsingular and m is the expectation

vector.

We shall use a third multivariate distribution that is not necessarily logconcave. The

joint probability distribution function will be loqeoncave, however. This is the multi-

gamma distribution introduced in (10).

Let C1.... SCM be gamma distributed random variables with parameters A
1
, 8

1.

where A~ > 0, i — 1,. ..,N and > 0, j — 1 N. Thus if 8. > 0, then C .

has the density

~~~~~~ —A .~
A ,3 z 3e ~

(4.5) 
1’(8.) • Z > 0

If 8
) 

— 0, then by definition P(C. = 0) = 1. A gamma distribution is said to be standard

if the A parameter equals 1. The random variables C1 A lCl~
...,r

~N 
= A

NCN are clearly

standardized. Assume that every is a partial sum of a collection of independent,

standard gasina distributed variables n3 ,...,~i ,  where r = 2N~1, thus

(4.6) C A O

where A is an N x 2N 1 matrix with 0, 1 entries , all columns of which are different

from each other and from the zero vector. A representation technique producing the

(approximate) (4.6) form for C is given in 1101 .

If a standard gamma distributed random variable ii has 8 parameter > 1, then by

Theorem 4.1, g has a logconcave distribution . If 8 < 1, then write

I 1/8
(4 .7 )  g —

and observe that

—15=



8
a.) n is a convex function of n

8
b.) n has a logconcave density

The first assertion is trivial. The second assertion can be proved as follows. Let z > Ii;

then the probability density function of fl
8 

at the point z equals

(4.8) ~~~ P(fl
8 

< z) — P(fl < = 

~~ l/~ 
t
8
~~e

_t
dt = 

~~~~lV 
e Z 

.

The function: equal to zero if z < 0 and equal to the right hand side expression of (4.N)

jf z > 0, is logconcave. Thus has a logconcave distribution .

Now if in (4.6) fl~ has parameter < 1, then we represent fl. in the form (4.7),

otherwise we leave n . unchanged. Then express as 
~ 

C~ , j = 1,.. .,N and substitute

the thus obtained expressions for C
3 

into the inequalities determining A (x,y,C) . Using

Theorem 3.2 and Theorem 4.2, we immediately obtain

Theorem 4.3. If = 

~~

— C~ . = 1 N and C has the form (4.6) (where r has

independent standard gamma components), then

P (A (x ,y , C)

is a logconcave function of the variables contained in the vectors x and y.

As en example consider the case of N — 2. Assume that A
1 = 1, A2 

= 1,

(4.9 )
+ f l3

where = 2 , 82 — 1/2, 8
3 

— 3/2. Substituting C1 and C2 
intO (3.2) and writing

‘~2 = (/~~)2

we obtain the inequalities

-16-



2n
1
+ (/ç)

2 + n < x + x

+ ~~~~~ < x 1 + y

+ 1
3 x2 + y  .

The probability tha t all these inequalities are satisfied, is a logconcave function of

x
1
, x2, y.

-17-
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5. Detailed Formulation of the Problem for N 2 and N = 3.

In case of N — 2 we start from Relations (3.3). We use the nonnegative variables

and i~2 but omit the subscripts for the sake of simplicity. We have the equality

1 = 1 — 1

The case that at the same time i’
~ > 0, i > 0 will be automatically discarded by the

optimization principle provided d
12 

> 0 and d21 
> 0. The second stage problem is the

following;

minimize (d
12i”~ + d

21i + t
1

(z
1

) + t 2 (z 2 ) J

subject to

+ -
x1 i + i  # z 1 > C 1

x2 + i ~~ — i + z 2 > C 2
(5.1)

+ -
- y < i  - ‘  ~~y

i+ , i , z , z > 01 2

The first stage problem is the following special case of Problem (3.1):

minimize [c
1
(x
1
) + c2 (x 2

) + c(y)  + 5 (p ) ]

subject to

/C1 + C < x1 + x 2 \
I .

~~
.

( 5 . 2 )  C1 ~~ x1 + Y ) > P

x2 + y ~J

(91) (u)x ~ x~~~x ,

< y < ~ (u) , ~ — 1, 2 ,

where 
~ 

— p (x 1, x2 , 
~ C1’ C2) is the (random) optimal solution of the second stage pro—

blem and p is a prescribed (very high) probability. The 12 subscripts are omitted in

c , y and ~ (L )  ~ (u)

—18— 
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In this special case the value of the objective function of the second stage problem

can easily be expressed in terms of x
1, x2, y, C2. Four cases have to be investigated.

a.) C1 
— x1 < 0, C2 

- x2 < 0. Then p 0

b.) C1 
- x1 < 0, C2 - x2 > 0. The optimal solution is

i” = min(x
1 

— C1’ C2 
— x2~ y), i = 0, z

1 = 0, z2 
= C2 

— x2 
— ~~.f and p = d

12i
4’ 

+ t 2 (z 2 ) .

c.) C1 — x1 > 0, C2 
— x2 < 0. The optimal solution is

i ” = 0, i = mln(C
1 

— x 1 , x2 
— C2’ y), z2 0, z1 

= C1 
— x1 

— i and p = d21i + t
1
(z
1).

d.) C1 
— x1 > 0, C2 

- x2 > 0. The optimal solution is

i~ = i = 0, z1 
= C1 

— x1
, z 2 

= C2 
— x2 and p = t1(z 1

) + t 2 (z 2
) .

If 
~~ 

C2 have a continuous joint distribution and their joint probability density

function is f(v1, v2
), then the expectation of p can be written in the following manner

— 
X
l

E(p) = f f (d 12 min(x1 
— v

1
, v2 

— x2 , y) +

x2 -
~~

+ t2 (v 2 
— x2 — min(x1 

— v1, V
2 

— x2 , y ) ) J f ( v 1, v2 )dv 1dv 2 +

x2 —

+ f f (d~ 1 min (v 1 — x1, x2 — v2 , y) +

-
~~ xl

+ t1(v1 
— x1 

— min(v
1 

— x1 , x2 
— V

2
5 y ) ) ] f ( v 1, v2 )dv 1dv2 +

+ f f (t
1

(v 1 
— x1

) + t 2
(v 2 

— x2 ) ] f ( v 1
, v2 )dv 1dv2

X
2 

X
1

If the network consists of three nodes , then the configuration given by Figure 2 is

the most general. If somewhere there is no interconnection then we set the tie line caps—

city equal to zero. We start from Relations (3.5) and use the representation

+ . - + . -
= 

~l2 
— ~l2 + 

~l3 
— 1

13 ~
( 5.3) 

— + + —
i2 i

12 
— i12 + i23 

— 

~23

-19-
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The cases > 0, i~~ ‘ 0 will be automatically discarded in the problem provided the

coefficients of these variables are positive in the objective function. The second stage

problem is the following:

minimize (d12i~2 + d21ç1 + d13i~ 3 + d31 i 3 + d231;3 + d32i 2 +

+ t
1

(Z
1

) + t 2 (z 2) + t 3 (z 3) )

subject to

x1 — i
1 + z

1 > C 1

x2 — i 2 + z 2
> C~

x3 + 1 1 + i 2 + z 3 > C 3

ti 1 I~~~y1 + y 3

1i 2 1 ~~y1 + y 2

Ii’1 
+ i2 1 ~~y2 + y 3 ,

where i
1 and i2 are given by (5.3). The first stage problem is that special case of

( 2 . 1 ) ,  where A ( x ,y , C )  means the system of linear inequalities (3.4).

—20—
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6. 1~~marks Concerning the Numerical Solution.

We intend to return to the numerical solution of Problem (2.1) in another paper. In

the special case when E(p) is disregarded in the first stage problem, we obtain a proba-

bilistic constrained stochastic programming problem similar to that investigated in Eli] .

There numerical example is presented using the normal and the multigamma distributions and

the nonlinear programming method of supporting hyperplanes proposed by Veinott [13]. Of

course other nonlinear programming methods can be used too.

When computing function values in the course of the optimization process, the LOLP is

obtained in case of the assumed capacities. Thus, as a by-product of our theory , we obtain a

method for finding the LOLP. In general the LOLP are obtained by simulation , using the in-

equalities defining A(x ,y,~~). In some special cases it may be possible to express the

LOLP more explicitly . If e.g. C has a discrete distribution of some simple type, then we

may be able to add the probabilities belonging to those ~ values which satisfy the inequal-

ities A (x,y,C). This sum equals 1 — LOLP.

Conclusion

We have expressed the condition that interconnected power systems can assist each other

to meet total demand in the pool in terms of linear inequalities containing the area demands,

area generating capacit~.es and tie line connection capacities as variables. This provides

us with a tool for the Ilonte Carlo simulation of the system reliability = 1 - LOLP. More-

over , imposing a lower bound on the system reliability and minimizing total investment cost

we are able to plan power generating and tie line connection capacities of interconnected

power systems. A model is formulated for the same problem where the operating and outage

costs are also included . In this case the numerical solution is still possible if the num-

ber of interconnected systems is small . The method of solution will be presented in a

further paper.

Acknowledgement. The importance of the author ’s variant of two stage programming under

uncertainty in planning of interconnected power systems was recognized by the author after a

discussion on the subject with Professor K. Szendy to whom the author expresses his thanks .
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