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ABSTRACT

Optimal properties are derived and some new geometrical interpretations

given for principal components. Typically, our main results concern the

simultaneous minimization of eigenvalues of certain covariance matrices

which measure the goodness of an approximation. Many popular criteria

like total variance and generalized variance, which are increasing func-

tions of the eigenvalues, are then minimized by the best approximator.

In other situations, the criterion may not be a monotone function of

the eigenvalues. In Theorem 3.2, we derive a general optimal class based

on the non—negative definite ordering of covariance matrices.

Theorem 4.1 gives a result for the sequential selection of principal

components. In the final section, we give a new geometrical interpreta-

tion of the sample principal components .
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SIGNIFI CANCE AND EXPLA NATION

When a large number of charac teristics are measured on a large number

of population units, the sheer volume of data can cause problems. It is

natural , in such cases , to look for ways to reduce tha t data to a more

manageable form .

One way of doing this is the Principa l Component Method , wherein the

• original problem is replaced by an approximation of far lower dimension.

The variables in the approximate problem are certain linear combinations ,

or principal components, of the variables in the orig ina l problem .

Of course , some choices of the exact linear combinations to be used

(approxima tors) will yield more meaningful results than others. Ideally , we

would like to retain as much information as possible, and we seek a set of

principal components which is optimal from this point of view .

In this paper , we deriv e some new properties of optimal principal

component approxiniators and obtain some further geometrical insights concern-

ing this method . We also help clarify a potential weakness in this method

by determining an even more general class of approximators , tha t contains

those selected by the principal component, and exhibiting a situation

where the approximator that would be selected by that method is not optimal.

~1hi responsibility for the wording and views expr essed in this descriptiv e

• summary lies wi th MRC, and not with the authors of this report.
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SOME OPTIMAL PROPERTIES AND INTERPRETATIONS OF PRINCIPAL COMPONENTS

Raul Hudlet and Richard A. Johnson

1. Review of Previous Work

Let X — (x
1 X) ’ be a random vector with zero expectation and covariance matrix

I and let A
1 

> ... > A~ denote the eigenvalues of I and P1 P a corresponding

set of orthonormal eigenvectors. Notice that P
1
, .. . ,

~~ 

are uniquely determined (up

to multiplication by ±1) only if A
1 

> ... > Ap.

Even though Pearson had encountered principal components as early as 1901, the

concept is generally attributed to Notch ing (1933) who was the first to introduce it in

a probabilistic framework . Since then Girshick (1936), Anderson (1958), Rao (1964),

Darroch (1965), Okamoto and Kanazawa (1968) among others have characterized principa l

components by different Sets of optimality properties .

Gi rshick (1936) showed that if the c~~ponents of ~ have variance one, then ~j X ,

a first principal component (P.C.), maximizes the sum of the squares of the correlation

between L X  and each variate X. over all possible linear functions l’X.

Anderson (1958) established that among the class of l inear functions i’X with

= 1; a f irst  P .C . ,  P~X has maximum variance; P~ X , a second P .C . , has maximum

variance among the elements in the class uncorrelated with and so on.

Rao (1964) characterizes the f i rs t  k ( <  p) principal components as a l inear form

= T~ , where T is a k x p matrix, which minimizes the trace or the Euclidean norm

(1 M 11 2 
= ~ M~~.) of the covariance matrix of the residual of X minus the best lin~~r

i,j ‘~

predictor based on Y.

Darroch (1965) was the first to characterize principal components wi thin  the class

of all random variables with at most k ( <  p) dimensions . In this formulation it is

desired to approximate the p component vector X by a linear form AY of a k x 1

random vector Y where A is a p x k ma tr ix of constants. The error of approximation

Sponsored by the United States Army under Contract No. DAAG29-75-C-0024 and the National
Science Foundation under Grant No. MCS77-09574.
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F, may be measured by the tr ice of the

residual covariance matrix = E (X — AY ) (X — AY ) ’ . (1.1)

Darroch showed that F is minimized with respect to A and Y when and only when

AY = + + !~
(
~~~

) (1.2)

which is a linear transformation of a set of k first principal components. Then, the

minimum value is

F = A  + . . .+
~~~k+1 I,

where, is any set of k orthonormal eigenvectors of I corresponding, respec-

tively, to the eigenvalues A
1
,. ..,Ak.

Okamoto and Kanazawa (1968) generalized Darroch’s result, by allowing F to be any

function of the eigenvalues of the residual covariance matrix, which is strictly increasing

in each of its p arguments. Examples of such functions are the trace and the Euclidean

norm. They showed that F is minimized when and only when Ay is as in (1.2), and

then F = F(A
k+l 0). A nice review of these results appears in Okamoto (1969).

Our extensions concern the complete residual covariance matrix rather than just

increasing functions of the eigenvalues. These latter results require invariance under

orthogonal transformations and do not allow an investigator to single out special components

of the observation vector . After first establishing some preliminary results in SectiCn 2,

we show in Section 3 that if the criterion for the fit is the non-negative definite partial

ordering on the residual covariance matrix, then in general no overall optimal AY exists.

However Theorem 3.2 establishes that an optimal class does exist. The implications of

this extension are discussed in Section 3.3.

Principal components may also be introduced sequentially one at a time , by setting

k — 1 above and demanding that at the j th  stage , A .?.,  be uncorrelated with those

selected at a previous stage and that the residual covariance matrix E(X - A ,Y .) (X -

have eigenvalues that are as small as possible. This is the approach taken in Section 4

leading to Theorem 4.1.

—2—
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SectIon 5 illustrates how the results of flarroch (1)6,) and Okamoto and Kanazawa

• (1968) can be viewed as the population analoqes to a genera l iza t ion  of Pearson s (1901)

approach. Both Darroch (1965) and Okamoto and Kanazawa seem to have been unaw~ r e of

this fact. We also obtain a result , Theorem 5 .4,  on the approximation of cross products

matrices .

Lastly in Section 5.2 a seemingly new interpretat ion is given  of the ~amp1e principal

components in Rn .

2. A Prelim inary Formulation

We are interested in approximating the vector X by a random vec tor A? when goodness

is measured by the covariance (1.1) . Different choices of A? produce different

residual covariance matrices and in order to compare them, we give the following definition.

A partial ordering in the class of all non—negative definite matrices A is defined

by the relation > where

P. ~ iff P. — € A . (2.1)

The problem then becomes that of finding the A? which makes (1.1) as small as possible.

We begin by noticing that there is no loss in assuming EX = 0. If this is not the

case and EX = p say, then similar to the regression situation where the best fitting

polynomial is not forced to pass through the origin, we consider the residual to be

defined by

E (X — — AY)(X — n — A ? ) ’  ( 2 . 2 )

where V) is a p x 1 unknown constant vector that one is allowed to vary when searching

for a minimum.

If El ~ 0, the term AEY may be absorbed into the n by replacing X - - Al
by X - (~ + AEY) - (Pi (Y - EY)J . Since n is arbitrary, n + AEY is also arbitrary

and consequently we may restrict attention to V variables with zero expectation. Then

E (X— r,—A V )(X—r ~—AY) ’

= E ( X — p — A V ) (X —~~~— A Y ) ’ + ( f l — p ) ( r~~— J ) ’

) E ( X — i j — A Y ) ( X — p - A Y ) ’  ( 2 . 3 )

with strict inequality unless n U .

—3—
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Thus, in (2.3), we must take n = ~~ . sy assum ing X has already been corrected

for its mean we get

E ( X  — A Y) (X — A?)’ (2.4)

which is just the matrix in the original definition (1.1). Consequently, we may assume

LX = El’ = 0.

Also without loss of generality we may assume E (Y?’) = t
k’ 

for even if rank of

• E(YY’) < k we may replace A? by A*Y* where Y~ is such that E (Y *? * )  = T
k 

and

A? = A*?* (a.s.).

Finally notice that if r = rank of I and r < k, the problem is trivial since

we obtain a perfect fit with A = [P P ,O,...,0J and Y ’ = (PX ,...,P ’ X,...,P’ X )
-l -r - — -1- -r-

so A? = X and

0 = E(X — A?)(X - A?)’ E(X — Al’) (X - A?)’ (2.5)

with strict inequality for any choice of AY unless Al’ = A? ( a . s .) .

Thus in the rest of this paper , unless otherwise stated , we will assume that

EX = E? = 0 , EYY ’ = ‘k’ 
k < r . (2.C)

Lemma 2.1. Under assumptions (2 .6 )  let

B = cov (X,Y) . (2.7)

Then with strict inequality unless B = A

E ( X  - A?) (X — A?) ’ > I — BB ’ > 0 . ( 2 . 8 )

Proof.

E (X . — A ? ) (X — AY) ’ = E (X - B Y + ( B — A ) V ) (X — B Y + ( B — A ) Y ) ’ > E ( X - BY) (X BY) ’ Z B R . Li

3. A Class of Best Approximators

The best current result , on the approximation of X by BY , is due to Okamoto and

!(anazawa (1968) . However , they restrict themselves to functions of eigenvalues of the

residual matr ix E ( X - BY ) (X — By) ’ which are increasing in each argument.

—4—
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Theorem 3.1 (Okamoto and Kanazawa). Let I have eigenvectors P
1 

P corresponding

to the eigenvalues A~ > A
2 

> • . .  > A > 0. Under assumptions (2.6), any strictly

increasing function of the eigenvalues of

E(X — AY)(X — WI)’

is minimized with respect to A and ? bY the choice

AY — 

~~~~ 
+ +

• That is, the eigenvalues of the residual matrix are simultaneously minimized. 0

Remark. One can conclude from Theorem 3.1 that the sum of residual variances (trace) is

minimized, the generalized variance (det.) is minimized, or the sum of squares of all

entries (sum of squared eigenvalues) is minimized .

We show below that dropping the invariance condition, implied by the restriction

to functions of eigenvalues, heads to a whole class of optimal solutions derived from

the partial ordering of non-negative definiteness.

3.1. Best Approximators

Lemma 2.1 tells us that, in trying to minimize (1.1) under assumptions (2.6), we

can only improve the approximation if the matrix of A coefficients of Y is chosen as

the covariance between X and Y, Now B must be found such that I - BB’ is as

“small” as possible and then a Y that produces such a B found . The next theorem wiil

give us the structure of the non-negative definite covariance matrix I - BB’. It will

be seen that there is no B which uniformly minimizes (2.8) but rather a collection of

B’s which are optimal in a sense.

Theorem 3.2. Let I > 0 be of order p and ranic r and have eigenvectors

P — 

~~l
’”

~ ’~p
1 and eigenvalues A

1 
> ... > A > 0. Then under assumptions (2.6), set

A diag (A
1
,.. .,A )  and

r i o ]
• A l~

’2RI 
k 

I9 ,A 1/’2 
o

rk — = p ~ oJ px; R r x r orthogonal)

0 0

—5—
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I’k 01
so that by changing R~ IR’ the different elements of are obtained. Then

L° OJ
(1) (Completeness of r

k
). Given any random vector A?, there exists an element B*Y*

in the class such that

E(X — B*Y*)(X — 8*Y*) < E(X — AY) (X - A?)’
with strict inequality unless (a.s.) A? — B*Y* .

(2) (Minimality of rkl .  Let BY, in ç, be given. There is no BY in rk (with

BY not a.s. equal to B*Y*) such that

E(X — BY) (X — BY~~ < E (X — B*Y*)(X — B * Y * ) ’  .

3.2. Proof of Theorem 3.2

We now proceed to develop a proof of Theorem 3.2 through a series of results.

Theorem 3.3. Let I of order p and rank r be n.n.d. and B he p x k such that

I - BB~ > 0. Then there exists an orthogonal matrix R of order r such that

BB’ = 

[l/2 R~~ 

0 

:]
RA 112

where D = diag (d
1
,. .. ,d~); 1 > d

1 
> > d

k 
> 0; A diag(A

1 
A
r
) and P is

orthogonal of order p and its ith column P. is an eigenvector of I, corresponding

to the ith largest eigenvalue of I, namely A .(i — l , . . . ,p ) .

Proof. By the spectral decomposition theorem, an orthogonal matrix P exists such that

[A ol
E = P I

Lo oJ

where A is a r X r diagonal matrix with diagonal entries A 1 
> > ~ 0. Then

rA 61 r1~ ol
I — SB’ p1 Jp ’ — BB’ > 0 <.—> j — P’BB’P > 0 . (3.1)

L0 oJ Lo
From (3.1) it i -lear that the lower right hand corner of P’BB’P must be zero,

that is

Ic 1
P’B — (3.2)

L° J

-6—
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for some r x k matrix C. Equation (3.2) then takes the form

~ -

I I — I  I —  I (3 .3 )
Lo oJ L o  oJ [ 0 oJ

and we may thus restrict attention to the upper left corners.

A — cc’ > 0 <~~~ > x — A~~
”2cc’A~~

’2 > o . (3.4) t
Again by the spectral theorem an orthogonal matrix R exists such that

1 2  1 2  ro ol
R’A / cc’A / R = (3 .5 )

L° oJ
where D = dia~ (d1

.....d~); d1 
> . . .  > d~ . Substituting in (3.4)

rD ol
I — A 1’~

2cc’A 1,”2 > O <~~~~> i — I I > 0 . (3.6)
— r Lo oJ

• From (3.2)

Ic
B P I

0

so

rcc’ ol
BB’ = I~’ . (3.7)

Lo oJ
Equation (3.5) gives

= A1/2
R[ 0]RtA

h/2 
(3.8)

which in (3.7) yields

BE’ 

[l/2R[D 

0 

:]R~
A h12 :]~ . 

•

Finally, (3.6) shows 1 > d
1 

> > d
k 

> 0. 0

Theorem 3.4 shows that the choice D = is best.

—7—



Theorem 3.4. Under the conditions of Theorem 3.3 , let

A 1~
’2R[k 01 1/2

B*B* ’ P [0 oJ P’ . (3.9)

0 0

Then

(i) 0 < I — B*B* < I — BB (3.10)

with strict inequality unless B*B* BB’.

(ii) (Admissibility of B*). If B is an arbitrary p x k matrix such that

0 < I — BB’ < I — B*B*~ (3.11)

then

BB’ = B*B*’ . (3 .12 )

Proof. (I — BE ’)  — (I — B*B*’) = B*B*~ —

By Theorem 3.3 and (3.9), this can be written as

~~~~~~~ 01 
- 

A1/2R[: 
:]R

A1/2 0

0 0] 0 0

A h/2R [k 
— D 

01 1/2 
0

= [0 oJ I’’ > 0 (3.13)

0 0

since, by (3.6), 1 > d
1 

> > d ~ > 0 . Notice the inequality is Strict unless 0 =

in which case BB’ = B~B~ ’.

Suppose ~ exists such that (3.11) holds. Then, proceeding as in Theorem 3.3,

R orthogonal and I) diagonal exist (the notation being clear) such that

Ah,’2d~ 
Ol h,2 

~
= Lo oJ P’ . (3.14)

0 0

-8- J



From (i) of the present theorem

A 2
~ [k 

0] 1/2 o
= p [o oJ P’ (3.15)

0 0

is such that

0 < I — B*r’ < I — ~~~~~‘ < I — E~B~ ’ . (3.16)

Equations (3.9) and (3.15) show that (3~l6) is equivalent to

I’ o~ r~ o]
k 

~R’ > RI k JR’ . (3.17)Lo oJ L° 0]
It is easy to see that (3.17) can hold only if the equality holds, for it is clear

that the f i rs t  column of R , say is an eigenvector of the right hand side of

(3.17) corresponding to the eigenvalue 1. Since the eigenvalues are l’s and 0’s,

by the Courant-Fischer minimax theorem,

rlk ol
= 1 

~~[O 0j~~~~ 
~~~

For equality, must be an eigenvector of the left hand side of (3.17) correspond-

ing to the eigenvajue 1. Similarly it can be shown that the other columns of R are

eigenvectors of both sides corresponding to the same eigenvalues and thus the two sides

have the same eigenvalues and a common set of orthonormal eigenvectors which implies

rIk o]_ r~ ol
RI IR’ = RI k IR ’ . (3.18)
[o oJ [o oJ

(Notice however this does not imply R = R).

The next lemma gives us the general form of B*.

L~~ ta 3.5. If B*B*’ is as in (3.9) and B* is p x k then B~ is of the form

1~1~’2 R [1
= [oJ (3.19)

[ o
where Q is an arbitrary orthogonal matrix of order k.

L _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _- - -



r~ 
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~~~~~~~~~~~ 

-

~~ 

-
=

proof. We can rewrite (3.9) as

- 
[l/:R[I

k]1 OJR ’A~~
2, OJP ’ . (3.20)

Vinograd ’s theorem then implies that

B5 — 
[h/:R[I

k]] — 

[

h/:

R[Q]] (3.21)

where Q is k * k orthogonal . 0

It remains to find ~~* which satisfies the conditions in (2.6 )  and such that

E ( X Y 5 ’ )  - B*. Although the argument that follows is very similar to that of Darroch

( 1965), it is given for completeness .

Lemma 3.6. Let

[~
_h/2

R 111
— ~‘ L°i (3.22)

and B* be as in (3.21). Define ~~* — H’X. Then l’* is (a.s.) the only k X random

vec tor s a t i s fy ing

E ( Y~) O

E(Y Y5’) — 1
k 

(3.23)

E (XY ’) — B~

Proof.  Since

and 

EH 

~[: :]~ 
. 

[

1/:

R[Q]] - 
~~h/ :

R[Q]] - B5 • 

•

‘

-10- 
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H’B5 = [ ( Q ’~~0 ) R ’ A ~~~
2 , 

[A

l/:

R[Q]] ‘k (3 .2~ )

the conditions on the moments follow.

If Y al so satisfies ( 3 . 2 3 ) ,  then

E (Y — H ’~ ) (~ — H’~ ) 1
k 

— E(l’X’H) — E ( H ’~~~’)  + 1
k 

= 0 (3.25)

so Y = H X  = Y~ (a.s.).

Remark. It must be noticed that even though (3.21) shows that B5 is arbitrary up to

a choice of Q so Y~ in Lemma 3.6 may change, the product B~Y~ is invariant.

B5?5 = 
[A

1/:

R[Q]] ~l/2

[~ 1/2J~ k 0l ..l/2 
j

= 

~‘1 L0 oJ (P’x (3.26)

L °

which does not depend on Q. We are now ready to prove our main result.

Proof (Theorem 3.2) . (1) Let A? be given. With B — cov (X ,Y ) ,  Lemma 2.1 establishes

the t

E(X — BY) (X - BY) ’ = I - BB ’ < E ( X  - A?) (X — A?) ’ (3.27 )

with strict inequality unless B — A.

Since I — BE’ > 0 from (2.8). Theorem 3.4 gives B5 such that

0 < I — B5B5 ’ < I — BE’ (3.28)

with strict inequality unless B5B 5’ — BB’ . Next, let Y~ be as in Lemma 3.6 so

E (X — B*Y*) (X — B5?5) ’ = I — B5B5’ < E (X — Al’) (X — Al’) ‘ (3.29)

with strict inequality unless B~ B5 ’ = BB ’ and B — A. Suppose that equality holds.

Then B5B5 ’ = BE’ and by Lemma 3. 5 applied to BE’ , there exists an orthogonal Q,

of order k, such that

• 
, —11—

_____________________________________ -A
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~

• • - -  -

~ l/2 Rf ~11
B = P

~ 
Lou 

. (3.30)

[ o  J
Lemma 3.6 then implies that (a.s.)

1’ = ( ( Q ’ : O ) R ’ A 1”2 ,o ) P ~ X (3. 31)

and by the remark after Lemma 3.6, B*Y* = BY (a.s.).

For the proof of (2) , we construct B*Y* , just as B5Y 5 was constructed in part (1),

such that

E ( X — 8*1*) (X — B~y~) ‘ — I — B~8~ ’ < E(X — B5?5) (X — B Y 5 ) ’  (3 .32 )

That is, I — B5B5’ < I — B*B*’ but then part (ii) of Theorem 3.4 implies that

= B585’. As in part (i). jt then follows that B~Y~ = B5?5 ( a . s .) .

3.3. Some Implications of Theorem 3.2

When predicting X by By with v k x 1, if loss is measured by a function of

the eigenvalues of the residual covariance matrix , then Okamoto and Kanazawa (1968) give

conditions under which principal components are optimal. Other Objectives, which are

not expressible as functions of the eigenvahues, head to the selection of other members

of the class rk .

To illustrate this point, we consider the case k = 1. Suppose that,  for a g iven

vector a , it is desired to find BY such that

— Bl’)(X — BY) ’a (3.33)

is a minimum. This nonotone , non-decreasing loss function over the class of non-negative

definite matrices is not a function of the eigenvalues. Here

- BY)(X - BY)’a — a’(E - BE’)a =

Var(a’X) — Cov2(a ’)C,Y) > Var(a’X) — Var(a’X)Var(Y) = 0

with equality if and only if Y ~~‘)[. That is if Y — (~~‘I~)~~
”2a’~~. Then

B — E(XX’a/(a’Ea)1~
’2) — (a ’Ea)~~ ”2Ea

By — (a’Za)~~~(a’X)Za (3 ‘~~ )

— 12—



with this choice of BY , the residual covariance matrix is

I — SB’ = I — (a’Ea) 1
Iaa’E (3.35)

and the loss in (3.33) is zero.

Now let PAP’ be the spectral decomposition of I (we assume Ii * 0) with P

orthogonal and A — diag(A 1, ..., A ) ;  A
1 

> ... > A .  We may write a cPA 1”2r where

c is a constant and r e R~ , r ’r 1. r.en, BY may be expressed as

BY = (a Ia)~~~(a ’X ) E a = PA 2rr ’A~~~
2P’X = PA 1/2

R[ 0]R
~ A _h 12

P~~ (3 .36 )

where R = 

~~~~~~~~~~~ 
is orthogonal. consequently BY is in the class defined

in Theorem 3.2. That is , over all possible predictors, the loss (3.33) is minimized

when BY is as in (3.34) which is a member of r1.

As a further specialization, suppose our main concern is variable one. To reflect

this , we may take a’ = (1,0 , .. . ,O) so that (3.33) equals entry (1,1) of the residual

covariance matrix. In this situation, we may simply take (X
1
,0,...,0) as our predictor

and have X — (X
1
,...,O)’ = (0,X2,...,X ) ‘ , which has residual covariance matrix with

• entry (1, 1) equal to zero. However the predictor (x
1
,0, ... ,0)’ does nothing to predict

the remaining variables and conceivably, one can find a predictor that is as good at

• predicting X1 and yet gives better prediction of the other variables. Any other

predictor will give a residual covariance matrix with entry (1,1) greater than zero,

unless the predictor ’s first entry is (a.s.) X1. We are then limited to predictors

of the form AX
1 with A a p X 1 vector having 1 as the first entry. From (3.34),

we obtain the predictor

;~-; 
E
(1)

X
1 

(3.37)

where 1
(3) is the f irst column of I , and 

~ll 
its (1,1) entry. This predictor

also gives a residual covariance matr ix with entry (1,1) equal to zero.

We conclude our discussion by showing that, among all predictors AX1 
with first

entry X
1
, (3.37) gives a residual covariance matrix whose entries are smalher than

—13—
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or equal to those corresponding to the residual covariance matrix given by any other

predictor of the prescribed form .

To this end let a predictor AX
1 be written as

X = l~1•~j AX1 [
~1 1, I = 1°1h 2i

L~J L’~1J ~ Il

then X - AX
1 has residual covarjance matrix

r

La I
ll 

— 

~~~ 
— ca~ + co

11c’
but

l11 
- a1c’ 

- caj + c~11~ ’ = 

1 

- ~#~~c] + Ill 
- 

~h~l

> - 
o~~ ~l

9i

4. Introducing the Principal components Sequentially

Here we extend Theorem 3.1 to the sequential selection of approximators. Suppose

k - 1, so that the covar iance matrices are of the form E(X - AY) (X - Al) ’ where A

is a p x 1 vector of constants and Y a univariate random variable. I~ this section,

we sometimes write A IM] to denote that A is an oigenvalue of M.

Let P1 be an eigenvector of I, corresponding to its largest eigenvalue , and

A~Y1 P~Pj X. Theorem 3.1 establishes that this AX has the property that the ith

largest eigenvalue of the corresponding residual covariance matrix E(X — P
1

P~ X) 
~.! 

-

is less than or equal to the corresponding eigenva lue of any possible residual covaria nce

matrix (i —

Proceeding in a sequential manner , we seek A 2Y 2 unoorrelated with A1Y
1 with

th. same minimizing property among the class of AY’ a uncorrelated with A1
Y
1
. Then

£313 uncorralated with A1Y1 and A 2Y2 , and wi th the minimizing property is desired,

and so on. The next theorem tells us that principal components are the solution.

—14—
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Theorem 4.1. Let X be a p x 1 random vector with zero expectation and covariance

matrix I of rank r. Also let P CAY JA is a p x 1 vector and Y a random

variable with El’ = 0; El’2 1) . For j  = 1 r , let  A l ’ . E P.  Then,

A . ( E ( X  - A l ’ . )  (X - A .Y . ) ’ j  ~ A [E( x  - Al ’) (X - A Y ) ’ J  (i = l , . . . ,p )

for every A? in P uncorrelated with A I A . I . , if and only if A . ? . = P . P~X
1 1 j— 1 3— 1 j 3 -j—j-

where P . is an eiqenvector of I corresponding to the eigenvalue A~~(IJ.

Proof. For j = 1, application of Theorem 3.1 provides A
1
Y
1 

= P1~jX where 
~l 

is

as stated . For j = 2. Let P = (P
1
:c) 

~~l
’
~ 2 

P )  be orthogonal where

are eigenvectors of I corresponding respectively to X2(II A (E). so that

X = PP’X = 
~1!1~ 

+ CCX and

E(x — A2Y2 ) ( X  - A
2
Y2)’ = E( !1P~ X + cc’x - A 2Y 2 ) ( P

1P~ X + cc’x - A 2Y 2 ) ’

= E(
~1!~~

) (~1~j~)’ + E(cc’~ — A 2Y 2 (cc ’.~ — A2Y 2
)

= A
1
P
1
P~ + E (cc’x — A 212 ) (cc ’x — A2Y 2 ) ’

where the cross terms are zero because P
1
P~X is uncorrelated with cc’X and A 212 .

The result now follows from Theorem 3.1 by noting that cc’x has covariartce matrix

cc Icc ’ = cc~ (P l :c)A [~1]cc~ ~ X .P .P~ = 
(12 )

Alternatively, if B
2 

= E (Cc’XY2
) = CC ’E(XY

2
) = cc’u, say. From Lemma 2.1, we have

A 1P1Pj + E(cc’x — A2
Y2) 

(cC x — A
212)’ > + cc’~cc’ — B2B

— A 1P1P~ + cc’(E — uu ’)CC ’ . (4.1)

Since c’p
1 

= 0, by simply multiplying (4.1) on the right by P
~ 

we see that

is an eigenvector corresponding to the elgenvalue A~~. Similarly any eigenvector of

the second term, perpendicular to P1
, is also an eiqenvector of the whole right hand

side of (4.1) for the same eigenvalue . Thus to minimize the eigenvalues of (4.1) we

need only minimize the eigenvalues of the second term.

—15—
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But

cc’(I = uu ’)cc ’ = rccc’x — A
2

?2
) (CC ’X — A

2 Y 2
) ’

and cc’x is a vector with zero expectation and covariance matrix CC ’ICC’. From the

result for j = 1, we must take A2
y

2 — u 2u~X where 
~ 2 is an eigenvector of cC’ZCC ’.

Thus A2
?2 — 

~~~~~ 
gives the result for j = 2. Similarly for j = 2 r .  0

Remark. The procedure was only carried through r stages where r rank of I, instead

of p stages. The reason for this is that x = + + 
~~~~~ 

(a .s . )  so that

any variable uncorrelated with P1
P~X, .. ~P~P X  is uncorrelated with X and then

E ( X — A Y ) ( X — A Y ) ’  = Z +A E ( Y 2)A’ > 1 .

If one insists on introducing p components , then since (a s .)

= ... = P X  = 0, P ~1P 1X ., . . ., P P X  may be taken as the extra components. How-

ever no matter how the extra components are introduced, stages r + 1, . . . ,p are irrelevant.

Remark. An alternative way of sequentially introducing the f i rs t  r (= rank of I)

principal components is to begin as above with A
1
Y
1 

— P
1PjX having the property that

its eigenvalues are less than or equal to the corresponding eigenvalues of any possible

residual covariance matrix. However, as a second step, we consider the residual

X - P
1
P~X = z which itself has zero expectation and covariance matrix

E - A
1~~~j ~~~~~~ Applying Theorem 3.1 to the residual Z, one finds that- i=2

Al’ = 
~~~~~~~~~ 

gives a corresponding residual covariance matrix

— 
~~~~ 

(~~ — ?~?~~
) = I — 11

P
1P1 

— 12P2P

such that for i — 1,...,p; its ith largest eigenvalue is less or equal than the

corresponding eigenvalue of any other possible residual covariance matrix. In this way ,

the first r principal components nay be introduced sequentially in terms of approximat-

ing successive residuals. We then have

Corohlary 4.2 .  Suppose we select the approximators one at a time from the residual

covariance of the previous stage . Let - be the residual matrix after

q Steps. Then the choice AY — 
~~q+1~~~~+1~~~

’ for stage q + 1, minimizes the eigenvalues

of E(Z - Al) (Z - AY) ’ .
• -q -q

— 16—
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5. Some Sample Interpretations

5.1. p—Space Interpretations

~~~ 
~~l ~~ 

= x denote n observations on the p x 1 random vector X. We

can think of the n observations as n points in R~. Moreover , one can assign

probability 1/n to each observation vector and apply the results from the population

model to obtain the sample results. We intend, however, to go in the reverse direction

a~d show how Pearson’s (1901) result may be extended to hold for all increasing functions

of eigen~ .1ues . This frames the result by Okamoto and Kanazawa so that it may be viewed

as a natural population analog. In our developeent, although we speak of projections on

planes not passing through the origin we really make suitable translations and take

proper projections on subspaces .

Suppose that we are interested in finding that line which best fits the n given

points, in the sense that the sum of the squares of the distances from these n points

to the line is a minimum. More generally, we ask for the hyperplane of dimension k(<. p)

which best fits the data in the above sum of squares sense.

Let x = x . ,  be the centroid of the n points and S = (mc . - x)  (x . -

the cross products matrix . We have the following theorem due to Pearson (1901).

Theorem 5.1 (Pearson). The hyperplane of dimension k (< p) such that the sum of

squares of the distances from the points to the plane is a minimum is of the form

- k{
~I~ 

= x + ~~~~ S R }

where P = ~~~~~~~~~ ,P~~) and its k columns constitute a set of k orthonormal eigen-

vectors of the cross products matrix S corresponding respectively to the k largest

eigenvalues. 0

If x + P~j . is the point in the plane closest to mc then

pp . — PP ’ (x . — mc) 
~l~ i~~ i 

— + + !k!k~~ i 
— mc) 5.1)

and if A 1 
> ... > A are the eigenvalues of S then the sum of squared distances from

the points mc . to the hyperplane equals

SS (distances) — Ak+l + 
.. + A . (5.2)

—17—
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Pearson ’s result then tells us that the “best” hyperplane is determined by

and the point nearest to is mc + P
1
P
i
(x
~ 

- x) + + 
~k~

’k~~i 
— x).

We may also think of P . as determining a privileged direction in R~. The line

S R} is the line perpendicular to P1
,...,P.1 which best fits the points

- x 
~n 

- 
~ x~ 

or equivalently the line that best fits (no restrictions now)

the residuals x~ 
- —p 

1
P’ ~ . We now show how Pearson’s result can be

extended to a statement about eigenvalues.

Let P be a p mc k matrix , p = 
l~~~~~

1
~n
) be a k X n matrix and x a p X 1

vector, then the points mc + Pp . (i — 1,...,n) all lie in the hyperplane parallel to

that spanned by the columns of P. consider the matrix

i~l 
(x~ — x — 

~~~~ 
— x — Put)’ . (5.3)

If x + Pp. is the projection of over the hyperplane then the trace of (5 .3 )  gives

us the sum of squared distances from the x ’ s to the hyperplane and Pearson ’s result

• tells us how to select mc and P. Her e we show how to make the eigenvalues of (5.3)

as email as possible by a correct choice of 
~~~~~~~~~~~~ 

It is clear that the columns

of P can be taken to be orthonormal in the following optimization.

Theorem 5.2.  To minimize the eigenvalues of the matrix

ii (~~~ 
— x — ~~~~~ 

— — Pi~~) ‘ (5.4)

x may be selected as x ,  and

—

where x~ 
stands for the matr ix x with each of its rows corrected for the mean and

constitute a set of k orthonormal eigenvectors of the cross products matrix

S corresponding respectively to the k largest eigenvalues A 1 > • . .  > A~~. Thus , any

increasing function of the eigenvalues is minimized by this choice.

Proof. Withou t loss of generality , we may assume that P~ — ) Pp~ — 0 for , if this

is not the case, x may be replaced by x + P~ and I’ by Pp~ - Psi . Suppose then,

— 0. We have the non—negative definite orderi ng

—18—
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~ (x .  — x — P ~j ) ( x — x — p ~~ ) ’  =~~~(x . — x — Pp. + x — , c )(x . — x — p , j . + x — m c ) ’

~ (x .  — x — Pp.)(x. — mc — P u . ) ’  + E(x  — x) (x —

I ~ (x.  — x — Pi~~) ( x ~ — x — Pu .)’ (5.5)

with strict inequality unless x — mc so that x must be taken as the centroid of

Next we write I = 
~~ 

y )  = 

~~~ 
- 

-‘~~
“‘

~ n 
- x) and obtain

i~ l 
~~~~~ 

- - 
~~~j~~

’ = Cl’ - Pp)(Y - ~~~~~~~~~ 
~ i ’

~~ r~

The above matrix has the same nonzero eigenvalues as the matrix

(I — Pp) ’ (Y — Pp)

and we have

(I — P p ) ’ ( Y  — Pp) = (l’ — PP’l’ + PP’Y — Pp)’(l’ — PP’Y + PPY —

(I — PP’Y)’(Y — PP’Y) + (pP’Y — Pp)’(PP ’Y — Pp)

I (Y — PP’Y)’ (Y — PP’l’)

with Strict inequality unless PP’Y = Pp or P’Y = p . With this choice we have

Cl’ - PP’Y)’(Y — PP’Y) = Y ’ ( I  — PP’)Y

We want to minimize the eigenvalues of this matrix or equivalently of the matrix

(I — PP’)YY’(I — PP’) = (I — PP’)S(I — PP’) = QQ’SQQ ’

where Q is such that (P:Q) is orthogonal. Next , consider the product

ro o l
~QQ’SQQ’ (P Q) = I I (5.7)

L~’J L° Q’SQJ

which has the sante eigenvalues as QQ’SQQ’ . Its eigenvalues are k zeroes and those

of the lower right corner of

rp,1 rP’SP P’SQl
I jS(P Q) =

L~’J LQ ’SP Q’SQ

The Poincare separation theorem (c.f. Bellman (1970) , p. 117) shows that

A 1(Q’sQ ) > A
k+l (S1,...,A IC (Q SQ] > A (S)

with at least one strict inequality unless an orthogonal matrix of the form

rRl 0

• La R2
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with R 1 of order k exists , such that

rR’ o lIp’l FR o l1 II J S ( P  Q) l ~ diag( 1 1 A
L0 R~JLQ’J L° R~J 

p

where A > ... > A are the eigenvalues of S.1 —  — p

Then the columns of PR
1 

must constitute a set of k orthonormal eigenvectors of S

corresponding respectively to the k largest sigenvalues A~ I I A k . Finally

PP PR
1RjP

’ gives the desired result. 0

We now state the sample version of the result by Okantoto and Kanazawa (1968) or

Okamoto (1969). Our intention is to illustrate how this is connected to Pearson (1901).

Theorem 5.3. Let X denote the random variable which assumes each of the observed

• sample values mc .’ i = l,2,...,n with probability and U denote any corresponding

k x 1 vector. Then, the eigenvalues of

E(X - — AUUX - x - AU]’ = 
~~ i~~~ 

~~~ 
- x - Au.) Cx. — x - A u . ) ’

are simultaneously minimized over all A of dimension p mc k and all sets of  values

for U by

A*~~ 
— (

~1~j + ~~~ + 
~k”k~ ~~~ -

where ,P~ is a set of orthonormal eigenvectors of the matrix 

~ 

Cx . - xl (mc . - x l ’

corresponding to the k largest eigenvectors.

Proof. The result follows directly from Theorem 5.2 or as a special case of Theorem 3.1. 0

We also have another geometric interpretation in terms of approximating cross

product matrices.

Let a hyperplane be {y ly — x + P~ ; ~ E R~’} where P = 
~~~l 

is p mc k with

orthonormal columns. The projection of a given point mc . into this hyperplane is the

point v . — * + PP’ (x~ - ~~). Let S = (~~. - x) (~~. - ~~)‘ denote the cross products

matrix and let

— 
~ ~~~i 

- ‘~) 
~~ 

- ~j)’ — ~ PP ’ (
~~~ — 

~
) (

~~. 
— 

~~) ‘PP ’ = PP’SPP’ (5.8)

-20—
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I
denote the cross products matrix of the projected points. We want to find a hyperplane

in R~ , passing through the centroid x, and such that is close to S.

Theorem 5.4. In order to minimize the eigenvalues of the discrepancy in sums of cross

• product matrices

S — S — S - PP’SPP.
v 

-
over all k dimensional planes passing through mc , we must take the plane where the

columns of P are a set of eigenvectors of S corresponding to the k largest eigenvalues.

Proof. Let Q be such that (P Q) is orthogonal. The eigenvalues of S - PP’SPP ’

are exactly the same as those of

[
~ ‘1 Ip’l r ~ E~’SQ~1I IS(P Q) — I IPP ’SPP’ (P  Q) = 1 I

LQ’SP

whose eigenvalues are k zeroes together with those of Q’SQ .

Front the argument given after equation (5.7), it follows that the hyperplane has to

be of the f orm

(vi” = x + Pu; I~ S Rk} (5.9)

where P — 
~~~l

’
~~~~~

’
~~k~ 

and 
~l
’”’

~ k 
constitute a set of orthormorma l eigenvectors of

the matrix S corresponding respectively to the k largest eigenvalues A 1 I I
Remark. If , a l ternat ively ,  we consider the residuals x . — v . with v .  as in (5 .8) ,

~]. ~~i - i

then the cross products matrix for the residuals is

S = — — !i~~
’ = I (x . — x — PP ’( x .  — x) ) (x . — c — PP ’ (x .  — m c ) ) ’

and Theorem 5.2 tells us that , to minimize the eigenvalues of 5r ’ the hyperplane must

also be taken as in (5.9).

5.5. ~~~pace Interpretation

A geometrical interpretation of principa l components in n space does not seem to

have been given by previous workers . Let x — (x1. . ,x )  denote n observations on

the p-vector X. If the i—th row of x — 
~~l ’~~”’~~n

1 is denoted by y ’ and the i—th

row of X * — 
~~~~ 

- 
~~~~~~~~ 

- mc) by y
~
’, then these rows are points in R

n
.

-21- 
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With the mean corrected rows of the data matrix, it  is natural  to apply Euclidean

distances and inner products . Suppose then, we ask for the plane of dimension k(< p)

which best fits the p points determined by the rows of x * and which passes through

the origin. If

c — Cc c ) =-1 -n

-p

denotes the points in the hyperplane with r being the point closest to yb’ , we

want to minimize the sum of the squared norms of the rows of the matrix

I : I = (X e — C) (X* — c ,...,x~ — c 1 (5.10)
-1 -1 -n -n

I y~’ — r ’ I• L~ ~Jwhich is clearly equivalent to minimizing the sums of squares of all the entries of the

above matrix or to minimizing the sum of the squared norms of the columns. From

Pearson ’s rerult , the best choice of C is then

C P
1
P~X~ + + 

~~~~~~~ 

(5.11)

where 
~k are as in (5 .1) .

For the case k = 1, we can consider the problem as one of first projecting the rows

of X* on any n X 1 vector a ’. These projections are given by the rows of

= Ca 
(5.12)

where Ca ~~ of rank I when rank (X c )  1 1. Thus, the sum of squares of the i-th row of

Xe — Ca is the squared distance from y~ to the line determined to a. Moreover, we

know that the choice a’ = PjX * = — ‘~~“‘!j~~!n 
— ~~) ) ,  the sample values of the

first principal component, produces Ca of the form (5.12) or

x*X *nP1
P~X*/PjX*X*!l = S~1~jX

d/~jS~1 
— X

1~~ 1!jx
d/A

i 
—

conforming to the optimal choice of C given by (5.11) with k = 1.
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Remark. The f i r s t  pr inc ipal component rninutizes the sum of squared distances to the

rows of the mean corrected data matrix ~~~~. This is illustrated in Figure 5.1. Our

geometrical interpretation helps us understand the relative importance of a row with

large length (sample variance) in determining the principa l component.

Remark. If the rows of x * are first scaled to become unit vectors, then extracting

principal components from the new matr ix is equivalent to using the sample correlation

matrix P. As the vectors in the geometric interpretation are now all of unit length,

minimizing the sum of squared errors is equ ivalent to maximizing (minimizing) the sum

of cos 28 . (sin 28 . )  where 8 . is the angle between y’ and a.

It is easy to see that P x * determines a privileged line in n space. It is the

line perpendicular to Pjx * that passes through the origin and which best

fits the rows of X C or equivalently the line through the or ig in which best f i t s  the

rows (no restrictions now) of the residual x~ -

~3~~ 3

Figure 5.1. Case p 3, showing sample first principal component

minimizing the sum of squared distances

— ~.II 2 + lI~ — 

~2 ’ I + lI~ — r3 11

from the y~ ’s to line .
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