
- AD AOSQ 727 AND DEVELQPMENT

UNCLA SSIFILD

Ac~4 777 _______________

U. U

I 
______________I ___________________________________ ___________ HL•E

I U END

6-78
Do’

S N



‘ O L~ ~ 2.8 ~ 2.5
I. ~

_ _ _ _  ~~~

I Ii
I IIIII~11111’ .25 llIll~ H~II~

MICROCOPY RESOLUTION TEST CH~~T
NATIOf ~AL BUREAU Or STANDARDS- I963- ,~



FOR FURThER ThAN

I.t~ TECHNICAL REPORT T—78--39

TRADEOFF OF HARDWARE AND SIGNAL TO NOISE
RATIO IN MOVING TARGET INDICATORS

U.S. ARMY
IT) I SS I LE Neal B. Lawrence

Advanced Sensors Directorate 
~
_ )  cRE SE ARC H Technology Laboratory

AflD and

D E V E LOP m E fiT ~~~~~~~COfflfflAflD F

1 March 1978

L.A.. Approved for public release distribution unlimited

C.3

Redstone Arsenal , Alabama 35809

DM1 FO~~A 1000,1 APR 77

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  - 

j



F - - 
.! - — —.-“----

~
-— -. ——--- ,--&- — __-~~ — .— 

-
~~~

DISPOSITION INSTRUCTIONS 
—

DESTROY THIS REPORT WHEN IT IS NO LONGER NEEDED. DO NOT
RETURN IT TO THE ORIGINATOR.

DISCLAIMER

THE FINDINGS IN THIS REPORT ARE NOT TO BE CONSTRUED AS AN
OFFICIAL DEPARTMENT OF THE ARMY POSITION UNLESS SO DESIG.
NATED BY OTHER AUTHORIZED DOCUMENTS.

TRADE NAMES

USE OF TRADE NAMES OR MANUFACTURERS IN THIS REPORT DOES
NOT CONSTITUTE AN OFFICIAL INDORSEMENT OR APPROVAL OF
ThE USE OF SUCH COMMERCIAL HARDWARE OR SOF1WARE.

d

___________________________________ ______________  - - -
- -



~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - -—- . .~~ - 
- -

~~~~~~~
--- —

~~~~~~~~~~~~~ -~~~

~~ ~i 7 
~~~~ 97UNClASSIFIED

SECURITY CLASS IFICATiON OF THIS PAGE (W?,*i 0.1. EnV.e.d) 
-

DODADT r sI kIrArInI.I D Af ~~~ READ U4STRUCTI0NS
“ -‘ a” ~~~~~~~~~~~~~~~~ I ~~ ~~~~~ ~~~‘ BEFORE COMPLETtN G FORM

I REPORT NUMBER 2. GOVT ACCESSION NO S. RECIPIENT’S CATALOG NUMBER

4. TITLE 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ T*E OF REPORT & PERIOD COVERED

~~~t 
_ _ _ _ _  

: nr~~~~~~~REPO~~L.(R
_______________________________ T 7 8 39

G 

7~~~~~~ Ur~Q( i? S. CONTRACT ON GRANT NUMSE~~ .)

J/~ 
Jerry D./Moore ter Sciences Corporation , and

.44. deal B.JLawrgn US Army Missile Research and

~eve ionmenE Comand _____________________________
B. PERFORMING ORGANIZATION NAM E AND ADONESS .~- . GRAM ELEMENT. PROJ ECT , TASK

~omputer Sciences Corporation ~ 

. - ~~~A LA 4 WORK U NIT_NUM~~ERS

515 Sparkman Dr ive I 1~~623~3A2l4_J
Iuntsville, Alabama 35805 A?~~~~ 23ö3.1lZI4~J1
II. C0NT~~OLLING OFFICE NAME AND ADDRESS IS. REPORT QATI

~ormnander 
_____iS Army Missile Research and Development Cousna 1 MarJt~~J78

~rrN : DRDMI-TE ~m .......~tR U.-
tedstone Arsenal, Alabama 35809 32 — 

-- ~~ Sjp
14. MONITORING AGENCY NAME & AODRESS(U dili.,wI ft.. Co&rollM4 OltSe.) IS. SECURITY LASS.

Cousnander
IS Army Missile Research and Development Coimnand

~TTN : DRDMI-TI _________________________

i~edstone Arsena l , Alabama 35809 5.. g~C~~~ SI~ ICATIONIDOWNGRA OING

IS. DISTRIBUTION STATEMENT (of hi. R.port)

~~0

~pproved for public release; distribution unlimited. ~~~~~~~~~~ 
~\Il. DISTRI BUTION STA TEM E N T  (of U.. ab.Ir.ci snt.r.d In Block 20. IV dllf .rs& from R.p oIf)

IS. SUPPLEMENTARY NOTES

IS. KEY W ORDS (Conf lnu. on r.,•ra • .Id. If n.c..omy ond f d . n ( ff r  by block n.m.b.r)

Radar Finite impulse response
Digital signal processor Fixed window
Mov ing target indicator Moving window
Digital filters Detector

SO \SSTIIIACT~ ( C V ~~ .. ,.om’s . ,,~~.ommy ~~~ M.nfl~~ by block n..b.r )

~4In many radar systems the signal processor contains a moving target m di-
cator which is a high pass filter used for clutter rejection. It can be imple-
mented by either an infinite or finite impulse response filter. Due to transient
and hardware considerations, the finite impulse response is the configuration
most often used. There are two major alternatives for realizing the finite
impulse response filter. In radar terminology these have become known by names -

ABSTRACT (Continued)

DO 
~~~~~~~ 

W3 LD~TIOIS OF NOV UI~ OBSOLETE 
U~~IASSIF lED

SECURITY CLA$SIFICATI0N OF ThIS PAGE (WII.n 0.1. IIi Irsd)

393 I,/2~7



_‘_ ._‘__—r 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

—
~~~----

--
~~~~ 

-,-, -- -—

SECURITY CLA$$IFICATIOM OF THIS PAOI(W5in 5.1 •

~BSTRAC~ (Concluded)

such as the moving window (or sliding window) and the fixed window (or block
window) methods . The implementation methods allow a tradeoff between the amount
of hardware required and the signal-to-noise improvement obtained.

In this report , the hardware requirement for various implementations of
moving and fixed window moving target indicator is discussed and compared . The
signal-to-noise improvement obtained by integration of moving target indicator
outputs is calculated by analytical and simulation techniques for both
configurations.

It is demonstrated that the moving window moving target indicator produces
correlation of noise samples where it is not present in f ixed-window moving
target indicator-systems. It is shown that a square-law detector or a linear
detector does not alter the relative performance of the moving and fixed window
moving target indicator systems. A tabular result that compares hardware
requirements (i.e., memories, adder s, nisitip lexers , multipliers, multiplication
speed) for the moving and fixed window moving target indicator is given. ~

One significance of this effort is that it can be used to calculate th~
signal-to-noise improvement for moving and fixed window systems and relate it
to the probability of detection. It also allows a decision to be made as to
whether increased probability of detection is justified by the increased cost
of the moving window implementation over the fixed window system.

W~ I~ SSIFIED
SECURITY CLASSIFICATION OF THIS PAGL(im..n 0.1. InVsr.d)

..

~ 

_ __ _ __ _ _



- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

CONTENTS

Page

I • INTRODUCT ION . . . . . . . . . . 3

LI. HARDWARE CONSIDERATIONS . • . . . . .. .. . . . . ..  5

III . SNR CONSIDERATIONS . • . . . . .. . .. .  9

IV. CONCLUSIONS . . . . . . . . . . 16

Appendix A. COMPARISON OF SNR AT OUTPUTS OF MOV ING AND FIXED
WINDOW MOVING TARGET INDICATORS . . . . . . . . . 21

Appendix B. PROGBAM LISTING .... . 28

REFERENCES . . . . . . . . . . . . 31

fer

~~~ ~~~~~

o 

BY 
—

DISTRIBflT /M~r ~
DI 

-

_

ti’H



- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ----~~~~~ - -

- -- - - - -
~~~~~~~-- ~~~~~~~~~~~~~~~ -~~~~~~~~~ -~ ~~~~~~~~~~~~~~~~~~~~~~ -- -~~~~~ -

- :~~~~~~~~~~ T 41
I. INTRODUCTION

Signal processors used in radar systems can efficiently solve
the problems introduced by the following:

I) Time of arrival of the received signal due to range
dependency.

2) Large amplitude c lut ter  signals.

3) Incoherent phase o f the returned radar signals.
4) Low signal-to-noise ratios (SNR ) of returned signals.

One system conf iguration that has been successf ul in these regards
is the quadrature channel digital signa l processor (Figure 1). Prac-
tical implementat ions are possible due to reducing the RF signal to the
Doppler frequency baseband range, i.e., the video signal. The range
information is preserved by sampling during the interpulse period at a
rate which is determined by the transmitted pulse duration, i.e., the
use of range bins. However, the target velocity which is proportional
to the Doppler frequency is not preserved by this type of processor.
Other processors such as Doppler filter banks or fast Fourier trans-
form (F~~ ) systems can achieve Dopp ler information at the coat of more
hardware. Signal-to-clutter considerations dictate the use of moving- —

target-indicators (MII),  but this adds to the hardware complexity.
Since the processor extracts amplitude information by a square-law or
linear Uetector while ignoring phase information, the coherent phase
of the return signal is not needed. SNR improvement is necessary for
improved target detectability and is obtained by the noncoherent inte-
gration of the detector outputs .

The ~~I in the quadrature channel processor must perform the clutter
canceling (i.e., high pass filtering) for each range bin. Two or three
pulse cancelers are used in most radars because they are simple to
build ; however , they are not suitable for all app lications. Other
design methods have been devised to meet various types of specifications,
e.g. ,  the or iginal methods were identified as delay—line cancelers (see
Chapter 4 of Reference 1). There are methods available today tha t will
maximize “improvement factor” [2] or target passband while meeting
minimum improvement factor specifications [3]. The finite impulse
response (FIR ) configuration is most often used because of the desirable
transient response characteristics , i.e., an N coefficient filter will
reach steady-state output conditions after processing N sample values.
Infinite impulse response (IIR ) filters are not often used because of
their undesirable transient response properties . This condition may
change as a result of a technique tc minimize the III trans ients
produced by ground clutter environment through the use of an initializa-
tion theory (41. Only FIR filters are considered here because of the
hardware savings that can be realized.

3
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There are two major al t erna t ives avai lab le for realizing the FIR
filters used in the ~ff I. In radar system terminology these have become
known by names such as the moving window (or sliding window) and the
fixed window (or block window) methods. An N-pulse moving window MXI
will produce a valid output a f t e r  receiving the f irst  N pulses and sub-
sequently one output for each additional input. The fixed window
approach provides an output after receiving the first N pulses, another
output after receiving the second set of N pulses, etc. The f ixed
window and moving window concepts are depicted for a three coeff icient
filter in Figure 2. The number of outputs from the magnitude unit
(i.e., residues) are determined by the total number of pulses available,

and the number of pulses , N , used in ~t~e filter. The moving window

fil ter produces I(.~~ residues

K~~~~~ (N~~ _ N ) + l  , (1)

while the number of fixed window residues are

— Integer [N
e/N] . (2)

Assuming that N~ is an integer multiple of N and that the total number

of pulses remains constant between systems , it follows that

- 
— N( Krw - 1) + 1 . (3)

Two main considerations are involved in the decision to use moving
window or fixed window, viz., (1) hardware complexity and (2) SNR
improvement . The following sections show that a tradeoff is available
between these quantities.

II. HARDWARE CONSIDERATIONS

One of the standard methods of realizing an N coefficient
moving window FIR filter for one range bin is shown in Figure 3. This
system requires ( N - l ) d e l a y  units , N multipliers , and a suimning unit
with N input ports . Alternat ively, a cascade of (N - 1) sunining units ,
each with two input ports , could be used. The multipliers and adders
must be capable of operation at the pulse repetit ion frequency (PRF) ,
i.e., each t ime a new sample is provided for the range bin. Typically
this rate is slow (~ 5OOO Hz) as compared to the digital hardware capa-
bility (o~lO MHz). Consequently , it is possible to reduce the number of
multipliers and adders by t ime multiplexing single units . A multi-
p lexed moving window configuration for one range bin is shown in
Figure 4. This system requires (N - 1) delay units for the input
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samples and one delay unit for accumulating the output during the multi-
plexing operations. The rate of ope’~ation for the multiplier and adder
has now increased to N times the PRF. This is still a very low rate,
e.g., a nine-coefficient filter and a 5000-Hz PRF would require 45,000
multiplications and sums per second. Consequently, the multiplexing
can be extended to multiple range bins as shown in Figu.~e 5. Additional
control circuitry is required for routing the app~opr~ate range bin
samples into the corresponding string of (N - 1) delay units. In addi-
tion, the entire MTI requires K range bin accumulator units, K . (N - 1)
sample delay units, a multiplier and one, and a two-port adder. The
rate of operation is now K • N . PRF. When 1000 range bins are used
with a PRF of 5000 Hz and a nine-coefficient filter , the multiplication

6and sunzning rate is 45 x 10 operations per second. ThLs exceeds the

easily obtainable rate of 10 X 106; however , special hardware and
designs are capable of obtaining these rates.

It is possible to simultaneously reduce the number of delay units
and the required rate of operation of the multiplier/adder by converting
to the fixed window approach. Figure 6 shows a single range bin sys-
tern; a multiple range bin configuration is shown in Figure 7. Note
that the input samples are only used once; this eliminates the (N - 1)
delay units required for each range bin in the. moving window realiza-
tion. The range bin accumulators are still required. The rate of
operation is K . PRF , e.g., a 1000-range bin, 5000-Hz system will

require 5 x 106 operations per second. This is well within the state-
of-the-art hardware capability.

Table 1 presents a sunnary of the hardware requirements for the
various configurations discussed in this section. The appreciable
savings that can be obtained in hardware by using the fixed window
configuration is paid for by a reduction in the system performance as
discussed in the following section.

III. SNR CONSIDERATIONS

The purpose of the integrator shown in Figure 1 is to increase
the SNR prior to the threshold comparison. In this ana lys is , clutter
signals are considered to be sufficiently suppressed by the Mfl filter
such that they are negligible in comparison to the wide band Gaussian
noise at the output of the I~ff I f ilter. The theoretical analysis is
performed for the square-law detector_(1

2 
+ Q

2

) but has not been per-

formed for a linear detector (~~~~~~~Q2); however, results obtained by
simulation are included for both detectors. It can be anticipated that
the two detectors will have similar probability of detection perform-
ance characteristics (cf ., Figure 42 of Marcum [5], or as repeated on

9
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pp. 68 and 69 of Meyer and Mayer [6]) .  Results obtained for the square-
law detector are in agreement with those stated by Hall and Ward [7] and
Kretschmer [8] for the RF counterpart of this problem without quadrature
channels.

A detailed derivation is presented in the Append ix and a sunmary
of the more important steps are presented in this section. The main
objective of the analysis is to relate the SNR at the integrator output
for the fixed window and moving window structures. Only the SNR. is
cons idered , i’.e., probability of detection is not specifically analyzed.

There are several forms of the SNR that could be used for this
analysis . For example , Hall and Ward [7] used a noise-only analysis
and defined a ratio of normalized noise variances to obtain the effec-
tive number of independent samp les integrated. An equivalent procedure
is to use the ratio of signal-only output to noise-only output . The
signal-only output of the integrator for a sinusoid input with peak
value P is

A 11
~~~~~

Rk m K P 2 (4)

For SNR purposes it follows that

(5)

The noise-only output variance can be expressed as given in Appendix A
by Equation (A lO), i.e.,

~~~~~
k—i j—1

. (6)

The SNR at the residue unit output is

(7)
aR

‘4 
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while th~ SNR at the integrator output is

SNRA — — K
SNRA K SNRR . (8)

For totally independent residues such as from a fixed window !,ff I it is
shown (Appendix A) that the number of residues integrated is equal to
the SNR improvement, i.e.,

K
~~~~

KFW • (9)

The residues are correlated for a moving window MTI and K
e 

depends
on the total number of res idues integrated, K~~, and the coeff icients
of the M]~I [cf ., Equation (A.27)]. If the residues were totally cor-
related, the Ke would equal 1 and it follows that

H ~~~~~~~~~~~~ . (10)

There may be major limitations to using the results of this SNR
analysis and extending this to performance considerations such as the
probability of false alarm and probability of detection. The outputs
of the integrator for a moving window and fixed window M1~I are described
by different probability density functions. Marcum [5] has analyzed
the case when pulses of statistically-independent noise plus signal are

H noncoherently integrated. This is equivalent to analyzing the fixed
window }ff I .

An analysis has not been performed for the case of correlated noise.
An approx imation of the performance can be obtained by making a number
of assumptions and then using Marcum ’s results. If the number of

- - 
residues integrated are sufficiently large, the central limit theorem
indicates that the integrator output viii become Gaussian. The mean
value and variance of the output are then sufficient to calculate
detection or false alarm statistics. This suggests that the Marcum
results for N-pulse noncoherent integration can be used for the moving
window Mfl if X

e 
is used instead of the total number of residues .

Append ix A shows the der ivation of K when a square-law detector
2 2 C

is used ; i.e., R — I + Q . A simulation program was written to verify

15

~

. 
_



——-~~~~~~~~~~~~~~~~~ - - ---V .--- - -—- -~~-- - - V~~ -~~~~~~~ 

these results. It was possible to include the simulation of a l inear

detector , i.e., R _ / i2 + Q2 . Comparisons of the results for a three-
pulse canceler is shown in Figure 8. It is noted that this moving
window l~ff I produces approximately three times as many residues as a
fixed window Mfl [cf ., Equation (3)], but correlation reduces this to
an effective increase of approximately 1.5 t imes as many residues . It
is also noted that there is little difference in the linear and square-
law detectors .

The effect of the coeff icient des ign method is illustrated for the
binomial technique [9] and the Houts and Burlage technique [3] in
Figures 9 , 10, and 11. The relative results for the design methods
depend on the number of coefficients used and can be very significant.
Table 2 presents the mathematical relationship between K and K

~w 
based

on a least-squared error £ it to calculated points. e

IV. CONCLUSIONS

The implementation of either a moving window or a f ixed
window MEL in a quadrature processor determines the amount of hardware
required and the SNR improvement obtained. 

V

The difference in hardware used for either structure is inconse-
quential if only one range bin is implemented but , typically, radars
contain a large number of range bins, i.e., greater than 250. Due

- - to the range bin requirement, the amount of hardware for either struc-
ture proves prohibitive unless multiplexing is used. If multip lexing

- t is used , the additional amount of hardware necessary for moving window
over fixed window is not significant (except for memory); however , as
previously stated, the timing restraints for the multip lexed iinple-
mentation of a moving window processor is beyond the present state-of-
the-art .

In the future , as component speed increases and size decreases ,
the implementation of a moving window MEL will become less hardware
and speed critical; however , there will still be the problem of cor-
related noise in the MEl outputs As previously presented , the effec-
tive SNR improvement is reduced by the correlated noise and is a func-

H tion of the particular MEL used , i.e., binominal , Houts-Burlage , etc .

The utilization of either a linear or square-law detector affects
the SNR improvement. Even though the linear detector is slightly
better , the difference is not considered significant. The linear
detector will have a dynamic range advantage; Hall [ 10] has stated a
collapsing loss disadvantage.

16
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T&BLE 2. LINEAR RELATIONSHIP OF K AND K~~
USI* LEAST SQUARES METHOD e

Ke
Houts-Burlage Binomial

Three-pulse MEl 1.537 X~~ - 0.689 (Same as Houts-Burlage)

Five—pulse MEl 3.222 - 2.130 1.895 K~~ - 1.128

Six-pulse MEl 3.667 2.611 4.721 K~~ 
- 3.583

Nine-pulse MEl 7.456 K~~ - 6.322 2.469 IL~ 
- 1.776
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One application of the analysis is in specifying a quadrature proces-
sing system, i.e., MEl coefficients and number of transmitted pulses .
First , calculate the SNR improvement for fixed window and moving window
systems and relate this to the probability of detection. Then , deter-
mine the cost of additional hardware for the moving window MEL . UI.ti-
mately, a decision must be made as to whether increased probability of
detection is justified by the increased cost of the moving window inçle-
mentation over the fixed window system.
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Appendix A. COMPARISON OF SNR AT OUTPUTS OF MOVING
AND FIXED WINDOW MOVING TARGET INDICATORS

The system configuration used in this analysis is discussed in
Section I and shown in Figure 1. This is a baseband system with quadra-
ture channels I and Q. The kth residue Rk is assumed to be calculated
as

Rk ’I
~~

+ Q
~ 

. (A. l)

The integrator forma an input for the decis ion element as

A
~~~~~~~

R
k . (A.2)

An analysis by Hall and Ward [7] has considered the RI counterpart of
this problem but does not use quadrature channels. The main point of
their analysis is to show the equivalent number of statistically m dc-
pendent residues that are obtained in a moving window MEL.

1. SNR ANALYSIS FOR FIXED WINDOW MEL

The I or Q channel outputs for the kth residue determination
for a fixed window MEL are given by

y~ (kNT) — ~~~~ C~x~ (kN T -nT)~~{a = I ,Q}, k = 1,2 , ... , K~~ , (A .3)

where the filter has N coefficients C0, C1 ... CN_ l ,  and xa( ) represents

the input to the channel. The signal component of the input and the
noise component of the input are analyzed separately. Since the output
is taken at multiples of N input samp les , it follows that the output
will have reached a steady-state value for the sinusoidal signal corn-
ponent . The same statement is true for the moving window MEL. Also ,
the signal component inputs to the I and Q channel are in quadrature
and the residue calculation will y ield an answer that is proportional
to the magnitude-squared value of this component . Consequently, only
the noise component is considered in the details of the analysis.

21
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Assuming white Gaussian noise with variance a2 and zero mean va lue as
the input signal in Equation (A.3) and then determining the variance 

. -

of the I or Q channel output, a~, gives

2 12
— E1y (kNT)

N-l N-l

— E C
nCmX(kNT - nT)x(kNT - mT)

n 0  m 0

(A.4)

where the statistical independence is used for the x( ) terms when
n � m .

The residue term and the decis ion term are calculated per Equations
(A. l) and (A 2),  and the variance of A can be related to the variance
of R.K as follows

- E{ (A - A)
2) - E{A2) - A2

KFW KFW KFW
— E ~~~ ~~~ 

Rk
R
j 

- E
2 

~~~ 
Rk

k1. j1

— - E2{R,
K}] 

r
~
,W4 . (A.5)

This result uses the statistical independence of the residues in the
fixed window MEl . Since the variance of A has been increased by the
factor of K~~ , it follows that the SNR has increased by a correspond ing

amount since the signal component will increase by 5~’ 
i.e.,

SNRA — KFW SNR.~ . (A.6)
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2. SNR ANALYSIS FOR MOVING WINDOW MEL

The analys is for the moving window MEL follows the same
pattern presented in the preceding section. Two differences are
encountered. First, the number of residues calculated is not the same
as for the fixed window MEL. If the same number of input samples are
processed in an N-coefficient filter, the number of res idues for the
moving window MEl are

— N(5w - 1) + 1 , (A.7)

where is the number of residues calculated by the fixed window MEt.

The second difference in the analysis is that the residues are not
necessarily statistically independent. It is des irable, and poss ible,
to perform an analysis similar to Equation (A.5) and obtain an equivalent
number K

e 
of statistically independent residues, i.e.,

SNRA — K
e 

• SNR
R . (A.8)

This form results by expressing the variance of A as in the first part
of Equation (A.5), i.e.,

- E 
~~~~~~~~~ 

R
k
R
j 

- E2 
~~~

k—l j —l k-i

— 

~~ ~~~ 
- ~2] . (A. 9)

Manipulations are performed to obtain

- 

- 

a~ — 4 
~2 

- 
2 

Pj  k 
. 

~A. 10)

where 
~kj 

is the normalized covariance of the k and i residues. Com-

paring to Equations (A.5) and (A.8) yields

23
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K
e~~ 

~~~~~~~~~ 

. (A.ll)

The analysis can be completed by a process that evaluates in terms
of the filter coefficients.

The L or Q channel output for the kth res idue determination in a
moving window MEL is

ya(hT) 
~~~~~~~~~ 

C xa(hT - nT), (a — I,QJ , (A.l2)

where the requirements on h are

h — N ,N+ l , ~~~~~~~ . (A.13)

The kth residue occurs at h — N + (K - 1) and the relationship between
and is given by Equat ion (A .7) .

The determination of the normalized covariance begins by
considering

~kj 
— 

a2 (A.14)
R

and evaluat ing the various terms . First ,

4 — ~2 - .

Since I and Q are assumed identically distr ib~ted, zero mean, and
statistically independent , then

a2 _ (~~
2 + Q 2)2 —

12 4 , (A.l6)
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and

R
2 _ (I4 +2I2Q2 + Q~).~~~~~+~~~~~ _ 2 L4 +24

For the white Gaussian noise as the input x( ), it follows that I and
Q are also Gaussian and that the fourth moment is related to the mean
squared value as , -

4 — ( 2 )  — 34 . (A.17)

Thus , from Equation ~A.l6)— 2(34) + 24 — 84 . ~A.l8)

Using Equations (A.18) and (A. 16) in Equation (A.l5) gives

4 — 84 - 44 — 44 - ~A. l9)

and 

— - 1 . (A. 20) 

-

The second part of the evaluat ion takes

— (I
~ 

+ Q~ )(I~ + Q~) — ~~~~~ + 24 ~A.2l)

and substitutes in the preceding expression to obta in

(A.22)
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Using the procedure for the expected value of the product of the

squares of Gaussian variables as suggested on pages 205 and 206 of
Wozencraft and Jacobs [11] allows a s imp lification to occur , viz.,

l~I~ - + çr~ çij+ i—i- çr~- (?)2 + 2(lkIj )
2

+ 2(I~I.)~ 
(A.23)

Substitut ing into Equation (A.22) y ields

~kj  
— 

~~

[

~~
+

2(Y~~ 1
2 

- ] — 

(

_•__

)

2 

. (A. 24)

From Equation (A.li) it is seen that 
~kj 

is summed over all k and j .

The evaluation of will depend only on the magnitude of the differ-

ence between k and j .  By constructing a matrix containing 
~kj 

as

elements and then recognizing that — k and that 
~kk 

— 1, it can
be shown that ~ j

/ 2

~~~ ~kj — K~~ + 2 
~
‘
~MW - 1) 
(

L
k
I
~~
i) . (A.25)

k—i j.l i—l I

The evaluation cintinues by forming

N-l N-l

1k+i 
- C C  x(kT - nT)x(kT - ~~ + iT)

11—0 m—O

— c~~~ c 2 
, 

(A. 26)

where Cm_i — 0 for (m - i) < 0. The 4 term in Equation (A. 25) can be

evaluated as in Equation (A.4). This allows the equivalent number of
residues to be formulated from Equation (A.ll) as

26 
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2
K — ~MW 

. (A .,27)
e N-i

K~~-l

+ 2 (K~~ - j )

i—I

n 0  -

This can be expressed in terms of the number of residues calculated by
the fixed window MEL by using Equation (A.7) and can be related to the
output SNR by us ing Equation (A .8).

A computer program was written to compute the results of Equation
(A.27) . A listing of this program is included in Appendix B.

27
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App endix B. PROGRAM LISTING

28 -

_ _  -V--V----.--—~~~~~~~~~~~~ - 



- — --- -V--~~~~-V— --V_

V - - - -- -  _ _  
_ _ _ _

BEST AVAI LABLE COPY
~oo’~~ ~‘V 1 Q N  74/ 74 OPT =1 VTN 4 .2.743 55

~~~~RAM KEQN(INPIJT,0UI~ t)T.TA-)E~-,,TAPE6 ,TAPEI )
C
C T H IS PROG~~A”  CA L~~UI~ A T E S  THF SNP G A I N  P0SSIBL~ WHEN
C C H 4 N ~~ING FPOM VIX ~~) To MOV ING ~1HT)OW M T I .  THE A NA L Y S IS
C ASSU”ES THAT ME S IOIJ~ (° °?  • O°°?. THE PARAM EIcRS AR~
C KFW NUt~’4~~ OF P1~-IDWS FOP FIXED WINDOW
C NC = N(JMF3~~ OF FILT’ P COEFFICIENTS
C KM~ = NUMNE~ ~~ RESIDUE S FQP MOVING WINDOW
C KE = EQUIVALENT N’J~’i-3FP OF RESIDUES FOR
C MOVING W INDOW
C DB = KE/KF~ EX~~ EcSEO IN DR
C CC ) COE FF ICIENT ARRA Y
C CK ( ) = SHIFTED VERSION OF COEF. ARRAY
c d c c  ) = P R O D U CT OF CC ) AND CK()

DIMENSiON C (3S),C~~(I S).CTC (l5)DIMENSION X(IS),Y (IS)
PEAL KE
WRIT E (6,104)

104 FOR~’A T (1H1)
PEAOCS,99) NC

99 FOR~ AT (I2)
READ (5,100) (C (I),1 1.NC) V

100 fOPP~8T(4F2O.L0)WRITE (6. 101)
101 FOP~’$T //2X.2tMTME COEFFiCIENTS AR~ / )

WRI TE (6.I02) (CII) ~I 1 . NC)
102 FORMAI(IX .41F20.)0,?X))

- W R T T E ( f , , 1 t 1 )
113 FOR MJ.T f // SX .2HNC,6X,4 H KFW. ~~X , 3H’(MW.6X ,3H KE,SX ,2 HOB/.)

C
C SUM CN~ °2
C

SUMCSQ=O .
00 9 J=1,NC
SUM CSQ=SUMCSD.C (J) *~ (J)

9 CONTINuE
N CM 1 = NC—i
00 12 KFW =2 , 16

C
C SUMMING COVARIANCE TERMS
C

K14WM=NC°15. I
IC MWM =KM W M * 5
FKM=FLOA T ( KMWM) /5 .

FKM=S. D*AI NT (FICH)
KMW: IC* ( KFW — 1) . I

SUNDE N ‘(MW
00 10 Kr 1,P-4 CM L

C
C CORRELATION PRODUCT CM—I *CM
C

SUP4CTC O.
DO 1) MP)=1.NC
C T C ( M P I ) r O .0
I F ( ( M P I— K ) .01.0) C T C ( M P I ) = c ( M D l_ ~~)e C (MP 1)
SUMCIC SUMCIC.CT C(MPI I

29
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BT�[AVA1IARLE COPy
OGRAM ~~~~ 74/74 OPT= 1 FIN 4 .?~~7435’

1) CONTINLIE
PMO =suMCTc/sIP-lcso
RHOS~~~ HO0D 2
‘(DEL =KMW-r(
SUMOEH=SUr-IDEN.2.0.FLOAT (KOEL) •RHOSO

10 CONTINUE
KE=FLOAI (KMW) *~2/SUUOEN
FRFW=FLOAT (‘(FM)
DR=1O ..ALOC,I0 I KE/FRFW )
WRITE (6.103) NC,KFW.’ (Mw,KE,DR

103 FOR’- ’AT ( 1X .19 .2 1  I0.2F10 .2)
X C I) FLOAT CKM W )
V ( I )  =KE

12 CONTI NUE
STOP
END

30
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