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GIIN-FEI HSIJ. Tests for Finite Proper Mixtures of Distributions
(Under the direction of Norman L. Johnson)

A number of hypothesis testing problans are investigated, which

involve the conmon eloment of deciding whether an observed sample can

be regarded as coming from a mixture of two or more component distribu-

tions. These component distributions may be completely or partially

specified, or only be estimated from samples. One of Johnson ’s sta-

tistics (1973) is studied for its asymptotic performance and this

method is applied to derive a test statistic for mixture of three

syninetrical components. Next Thomas’ statistic (1969) is modified and

used in testing mixtures of two continuous components. It is then com-

pared with Johnson’s statistics by calculating asymptotic power for the

case of two normal components against a single alternative. Then sta-

tistics for testing three and four continuous components are derived.

Statistics for testing mixtures of more than four components are also

discussed and an algorithm to derive thom is obtained. Further it is

shown that these kinds of statistics can be used to test (i) whether

it is possible to reduce the ni.unber of components in a mixture , and (ii)

hypotheses involving two or more mixtures simultaneously. A method of

deriving test statistics based on minimizing a nog rov-~ nirnov

statistic among mixtures of two known components is suggested and a

comp.itational algorithm is constructed . Properties of tests based on

these statistics are studied using simulation procedures for some

special cases. 

~~--
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GIAPTER I

INTROIXJC’FION AND &I4tIARY

1.1 l~btivation

Mixtures of distribution functions arise frequently in practice

and very often they present difficulites to researchers. As an

example, similar items from different sources might be mixed together

at a distribution center before they are shipped out to lots for sale.

Doubts regarding the uniformity of quality of these products having

been expressed , a procedure to test whether lots contain products from

two or more sources is desirable. For another interesting example,

see Thomas (1969, pp. 475) .

In this paper a variety of hypothesis testing problems (or models)

are investigated which possess the camnon element that they involve

questions whether an observed sample can be regarded as coming from

a finite mixture of two or more component (distributions) . These

component distributions may be completely or partially specified , or

possibly only estimated from samples.

1.2 Definitions

A finite mixture is p~çper if its mixing coefficients are non-

nagative and sum up to 1. !~bre specifically , the distribution F0
is a proper mixture of the distributions F1, --- , Fk if there exist 

—

k k
w1�O, i1 ,--- ,k, E = 1 such that F0 = E w1F11=1 i—i

• • i  - —  — —
• ~~~~~~~ •- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~ - • . ~~~~~~ •— •~~~~~~~~~~ • • -— •.~~~
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wi’s are not necessarily known. Furthermore , if the mixing coefficients

are positive , we called the mixture strictly proper.

A finite mixture is identifiable if it can be uniqurely expressed

as far as (1) the component distributions, (2) their numbers, and

(3) the mixing coefficients are concerned (Behboodian , 1976) . A finite

identif iable mixture is necessarily proper , but not vice versa.

1.3 Grouping of Problems

Table 1.1 is a list of testing problems concerning finite proper

H mixtures. For convenience, relevant problems , which either (1) have

similar nature, or (2) can be treated by a similar method, are grouped

together into A - F.

The contents of table 1.1 are illustrated by the following:

i). A2: The conditions are that there are random samples from F0 and

F1 respectively and all the random variables are mutually

independent; F2 is known; F1 and F2 are continuous.

The null hypothesis H0 is F0 
= wF1 + (1 - w)F2 properly.

ii). B3: The conditions are that there is a random sample from F0;

F1 and F2 are known, absolutely continuous with density f1 ,f2;

f0(x,w) = wf1(x) + (1 -w)f 2 (x) ; for w’ > w

f0(x,w’)/f0(x,w) is a nondecreasing function of some

suitably chosen function t(x).

The null hypothesis H0 is w �

iii) .F2 : The conditions are that there are random samples from Fa0 and

FbO, and each of Fai’ Fa2~ 
Fb2 is either known or there is

a random sample for it; Fal’ Fa2~ 
Fb2 are continuous.



The null hypothesis H0 is

FaO = WaF l + (1 Wa)Fa2 properly and

FbO = + (1 - wb)Fb2 properly.

Problems in group A test the same kind of null hypotheses,

i.e. that of proper mixtures. Problems in group B have the conuon

element that the component distributions are syninetric and differ only

• in location shift, scale change, or both. Though these conditions

seem more restrictive than those in group A, the condition of continuity
i

i 

is not required. The null hypotheses of problems in group C deal with

“restricted” proper mixtures, i. e. the mixing proportion parameter w

lies only in a restricted (or proper) interval [a,b] of [0 ,1] other than

the entire unit interval. Problems in group D are similar to those of

goodness-of-fit tests, except that (I) the sample Cs) is (are) from the

distribution(s) (F0 or F1) other than the one (f2) we intend to test,

and(ii) we are given an additional condition that F0 is a proper mixture

of F1 and F2. Problem El is that of reducing the number of components

from a given finite proper mixture. Finally, problems in group F test

two mixtures sinuiltaneously.

1.4 &umnary of the Results in Chapter II to V

In chapter II we deal mainly with problems of location mixtures.

First we derive the third and fourth cumulants of a statistic proposed

by Johnson (1973) and find that this third cuinulant is a constant

( with respect to w and n ) multiple of n ~(l - 2w) (Proposition 2.1),

while the fourth cunvlant is entirely independent of w (Propos ition 2.2),

provided that Pr{ X1 = (m1 + m2)/2 } = 0 , where m
~ is the mean of 

- - - . ,-
~~

- . - -.•- 
~~- ..- . - .- - - . - - • • . • - .
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F1, i = 1, 2, and is a random variable having distribution F0.

Next assuming that F~ is distributed as N(m~,a2) for i = 1, 2 , (where

N(m1,o2) means normal with mean m1 and variance 0
2,) we canpite the

third and the fourth (12) standardized cumulants of Johnson’s

-
• statistic for various values of t~ (in2 

- m1)/a and find that for sample

size n � 100, 11]1 < .029 and 1121 < .01131. Furthermore we use a

4-term Gram-Charlier series expansion to approximate the power of

Johnson’s statistic with respect to a single normal alternative and find

that the values of power are very close to those calculated by Johnson.

In section 2.3 we propose a statistic which extends that of Johnson to

the case of three symmetric components, and derive a large sample test.

Next in section 2.4 we derive an approximate formula for the power of

a test for tow components mixture against a “proportional” three

components alternative.

In chapter III we first describe a statistic T2, proposed by

Thomas (1969), in the form used by Hariton (1972) and modify it (to T3

and T4) to obtain large sample (nonparametric) tests for problems A2

and A3 respectively. Then we coinp.zte the approximate power of the test

using T4 in the case of two normal components mixture against a single

normal alternative and compare its performance with Johnson’s tests.

In sections 3.5 and 3.6 we extend the method of deriving a test

statistic for two component mixture to obtain test statistics for

three and four component mixtures and find that large sample tests

can easily be formulated for problem A3- -when all component distri-

butions are known - but not for problems Al and A2.
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This suggests that we might modify Thomas’ ~tatistic. By regarding a

lunogeneous popilation as a “one component mixture” and using a Mann-

Whitney statistic to test whether the popilation distribution is a

specific one, the testing problem can be embedded into problem Al

• (or A2, or A3) with k = 1. By doing so, we find an interesting

algorithm which enables us to obtain a test statistic for a (k + 1)

components mixture from that for a k components mixture, when k=l,2,3,

provided that each component distribution under consideration is either

known or there is a random sample from it. Application of this

algorithm to derive a test statistic for 5-component mixture from that of

4-component mixture appears in section 3.7 In the rest of Chapter III

we deal with problem El, which involves reducing the number of components

for a given finite proper mixture. 1\tio special cases are fully

investigated under the condition that each component distribution is

known, i. e. (1) reduction from 4 components to 3 components, and (2)

- 

- 

reduction from 3 components to 2 components. Large sample tests for

these two cases are also obtained.

In chapter IV we investigate by the M3nte Carlo method properties

of a statistic D, which we propose for use in problems involving

proper mixtures of two known (or specified) component distributions, e.g.

• problems A3, Bl and D2. First we define this statistic formally, then

rearrange it in another form which is easier to manipulate ccmipitationally

(see 4.1.4). In section 4.2 we describe a computer algorithm to

calculate from a given random sample the values of both D and 6~, an

estimator of the actual mixing proportion parameter in the mixture. In

section 4.3 we study three numerical examples — namely, when the two

~~ lLa. - ~_ ... _
~~

._____• 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - _&____ • __._ . .-.— • .••——— ~~~~~~~ • • . • . •  _ _ •  • .•-. -——.— — - — — •
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component distributions are respectively:

(i) F1 N(- l .5 ,l) and F2 —
~ N(l.5 ,l)

(ii) F1 —‘ N(-2,l) and F2 N(2,1)

(iii) F1 — E(l.5) and F2 N(l,1/l 6)

where “E(a)” means “exponential with mean a ”. In order to calculate

the empirical distribution function (e.d.f.) of D, it is first expressed

• as a linear combination of conditional e.d.f.’s (see 4.1.6). Then 200

• samples of sizes 10, 20, 40, each for example (i) and 10, 20, each for

examples (ii) and (iii) are generated to calculate each individual

conditional e.d.f.. From these examples we find that the average of

the values of the estimators (~ over 200 generate samples in each

• conditional e. d. f. are very close to the actual proportions parameter

w, provided that ~ are not too close to either end of the unit interval

[0,1]. To see how the statistic D performs, we also calculate for each

example approximate values of the actual significance levels of D using

nominal significance levels cs. = .05, .025 respectively (see Tables 4.5

— 4.7).

Chapter V contains short discussions of problems not included in

the previous chapters. In section 5.1 we derive a test for problem B2,

using the sample mean as test statistic, for the case when both component

distributions are normal with a common variance. In section 5.2, we

• first extend a lemma dealing with distributions with monotone likelihood

ratio property , and then apply it to mixtures. Next, in section 5.3 ,

we derive a test statistic for problem B4, which can be used together

with a Kolmogorov - Smirnov statistic to form a test. In section 5.4 ,

we show that problems in group C can be treated in exactly the same way

as the corresponding problems in group A by proving that the necessary

____ -
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conditions in both groups, which we use to derive the test statistics,

are equivalent. In section 5.5 we first obtain necessary and

sufficient conditions for the function F0(x) - wF1(x) to be nondecreasing

when both F0 and F1 are distribution functions, and then propose test

statistics for problems Dl, D2 and D3 (without deriving their distri-

— 
bution) . Finally in sections 5.6 to 5.8, we investigate the problems

of testing two mixtures sinvltaneously and derive large sample test

statistics for such problems.
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Table 1.1 Grouping of Testing Problems

(~~tations: * : F0 = wF1+(1-w)F 2 properly

** : F0 = wF1+(1-w)F2 for some w, 0<a�w�b<1, a and b known
S : random sample
K known
LS : location shift
SC scale change
AC : absolutely continuous w. r. t. Lebesgue measure.)

Sym bol F0 F1 F2 Additional H0conditions

Al1 S2 S2 ~~2 continuity3 *
A2 S S K continuity *
P.3 S K K continuity *
Bl S K K,LSk syninetry3 *
B2 S K K,LS ~~~, syninetry w=0 , or 1
B3 S K,AC K,AC *, (5.2.5)
B4 S K LS5 - *

L B5 S K SC6 - *

C]. S S S continuity **C2 S • S K continuity **C3 S K K continuity **1)]. S S - * F2=F, known
D2 S K - * F2=F, known
03 K S - * F2=F, known
_____ — 

F
~
, i=1,--- ,k

__ _ _ _ _ _ _  _ _ _ _ _ _  - 

m
• El S S or K F0= E w ~F~ F0= E w ~F~ properly,

properly 2~ n<k

F F F baO bO ~ = 1 2

Fl S S S or K continuity F~0= w~F~i
+(l-w1)F~2

properly, i=a ,b
F2 S S S or K continuity, same as in Fl

F l=Fbl
F3 S S S or K continuity, same as in Fl

F l=Fbl, Fa2=Fb2

L. 
- • ~~~~~~~~~~~~~~~~ 

-
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Table 1.1 (Cant.)

1. Problems in groups A- -1) can be extended to mixtures of more
than two components, and they will be denoted by adding a ‘prime ’ to
the corresponding symbols, for examples, Al’, B2 ’, C3’ etc.

2. In each problem, random variables among samples are assumed
to be mutually independent.

3. Continuity or symmetry are assumed to hold for every ccsnpo-
nent distributions.

4. This means that F2(x)=F1(x-t) with t known.

5. This means that F2(x)=F1(x-t) with t unknown.

6. This means that F2(x) F1(x/t) with t unknown.

-~~~~~~~~ ---— --~~~~~ —-— - •~~~~~ • - -  —- — •~~~~~~~~~ ----  - —--~~~~~~-—- - •-



G~APTER II

LOCATION MIXTURES WITH S’M~~FRICAL (DMPONENTS

In this chapter we investigate the properties of a statistic

proposed by Johnson (1973) to test mixture of two symmetrical components.

Then we extend the method to derive a test for mixture of three synine-

tric components. Also we study the performance of these tests with

respect to certain alternatives.

2.1 Problem Bi — the Statistic 
~~~~~ ~~ and Its Third and Fourth

Cumulants

Let F0, F1 and F2 be distribution functions. Assume that, for

i = 1, 2 , F~ are of known forms, symmetric about its mean m~ with

ccitinon variance a2 . Suppose that X1, - - -, Xn is a random sample from

F0. We like to test the following:

H0: F0 = wF1 + (1 - w)F2 properly .

Define

= 
{ 

1 if X~< (m1 + m2)/2 for i = 1, 2 , --- , n.
0 otherwise

Let
1 1

X = — ~~~~
— zX~~, Y j~~

Z Y i ,

_ _  ~~~---~~~~~ ~~~~~~~- •~~~~~~~~~~~ • •~~~~~ - • - --- ~~~~~• ••
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= (m1 
- m2) 

-1 
~ 

- m2), = (P~ 
- P2) 

-1(7 -

where P~ Pr {X1 < (m1 + m2)/2 I F.} . (2.1.1)

Johnson (1973) proposes the following statistic to test H0:

t
~x

_
~~y

.

Under H0 both ~x 
and 

~y 
are unbiased estimators of w.

Assuming that Pr{X1 = (m
1 

+ m2)/2} 
= 0

he shows that under H0

nVar (~~~~~ 
- 6~y) nK

2

= (m1 
- m

2 Y
2
a2 + (P1 

- P2 Y 2P1P2 
- 2 (m1- m21

1(P1- P2Y
1P1(E1- m1)

where E~ E(X1 I X1 < (m1 + m2)/2 , F1) ,  i=l,2. (2.1.2)

Note that n~2 does not depend on w. By the central limit theorem a

large sample test can be formulated as follows:

reject H0 if 
- 

~~IK 2 
½ 

> z1_~,2 , (2.1.3)
where z1 1 2  is such that ~(z 1 /2~ 

= l-cx/2 and ~(x) is the standard

normal distribution function.

In order to see more clearly how this large sample test performs

we calculate the third and fourth cumulants ~€ in the following

two propositions.
• Proposition 2.1

With and defined as above, we have under H0,
n2K3 

= n2E(&~ - ~y)
3 

m 4in

= (1-~~){3(mi 
- m2y

2(P,~P2y
1
[f 

2 
(x-m1)

2dF1(x) -

+ 3P1(E1- m1)(m1- m2)~~(P1- 
~~~~~~~~~~~~ 

- P1P2 (P1- P) 2} (2.1.4)
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where P1 is definedby (2.1.1) and E1by (2.1.2).

Proof: See section 2.5.

Proposition 2.2

With 
~ 

and 
~ y defined as above, we have under

fl
3K4 = n3E(

~~
- 
~y)

4
~ 

3fl3[E(63x~
6
~y
)2]2

= (mn.~- m2Y~ [J~x- m1)4dF1(x) - 3ak ]

1 m1~~m2
-4(m1- m2Y 3(P1- P2Y’[J C, 2 (x- m1)

3dF1(x)- 3a
2P
1(E1- m1)]

-6(m1- m2Y 2 (P1- r ’ 2  (x- ~~)2dF1(x) - P1a
2]

-l2(m,1- m2Y 2 (P1- P2Y 2P~ (E1- rn1)2 
+ (1’1~ 

P2Y 4P1P2 (l- 6P1P2 )

-4(m1- m2~~
1(P1-P2~

2 (l- 6P1P2)P1(E1- rn.1)

where P~ is defined by (2.1.1) and E1 by (2.1.2).

Proof: See section 2.5.

From these propositions we find that under H0 the values of fl2K 3
is proportional to (1- 2w), while fl

3
K
4 

does not depend on w at all.

In all, among the first four cwulants of 
~x 

6y’ only the third

cunulant depends on w and this dependence is proportional to a linear

function of w.

Define the shape factors
3/2=

= K4/K2
2

Then under H0, only y
~ 
will depend on w .

In the following we will compute values of and for various

value s of ~~, which is defined as

= (m2- m1)cj~ , for the case that F
~ 

is distributed as

N(m1,0 2), i=l ,2.

_ _ _ _  •
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Thai by definition we have

= ~(tj2) ,

P1(E1- m1) = -az(~/2)

m1+ m2

J 
2 (x- m1)

2dF1(x) - P1a2 = - ~~~~~~~ z(~~a~

I ml+ m~

J 2 (x- m1)
3dF1(x) - 3a2 P1(E1- m1) = z(-~)a~ 

-

L:x
~ m.1
)4dF1(x) 

- 3ci’ = 0

-1/2 -x2/2where z (x) = (2ir )  e

It follows after some simplification that

• = ~-2 - 

~~~ (P1- P2~~
1z(~/2) + (P1- P2~~

2P1P2 , (2.1.5)

n2K3(1- 2wY~ = ~~~
- A 1(P1- P2)

’z(~) 
- (P1- P2~~

2P1P2

fl
3K4 = -A~~(P1-P2)k2- 16P1P2)z(W2) 

- l2~~
2(P1- P2)

2z2(~/2)

+ 4~~
3(P1- P2~~~z(~/2) + (P1.- P2Y

4P,P2(1- 6P1P2)

Note that asx÷~~~,

[1- ~(x)]z 1(x) = x~’ + o(x~~), and

• ~~ x” z (x) = 0 , for any k

Hence as ~ approaches

v~(l- 2wY
1y1 [~~~

1z(~/2) - 2 z (~/2)][K
2- 2K 1z(~/2)

+ 2~~
1z(~/2)] 3/’2 -. -~t~

2z(~/2) 0

th the other hand we have
________  

2 1/2 _ 2 1/2
1•  = 1~1~~J:~ T) — ( i v )
~~~ 2~D(t~/2) -l ~~ e~~

2
’~

8

• by L’F~pital’s rule. It then follows that as ~ + 0

A~(l- 2w)~~y1 
- ~) [l-2+ ~] 3/2 

+ 0.

_ _ _ _ _ _ _ _ _ _ _ _  ----••--• 
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Since the function (of tx) , ‘W(l-2w)~~y1 is not identical to zero , there

exists at least one extreme in the range (0 ,oo) . Table 2.1 shows that

a minimum value of about - .28961 for ~iy1(1 2w)~~ occurs when ~
belongs to the interval (2.71, 2.73).

Table 2.1

v~i(l- 2wY 1y1
.0 .0
.01 - .001642
.1 -.016410
1 - .15681
1.5 - .22022
2.0 -.26510
2.5 - .28735
2.7 - .28959
2.71 - .28961
2.72 -.28961
2.73 -.28961
3 - .28604
5 - .12905
10 - .00006

Similarly as ,~ approaches 
~

- [4~z(~/2) - 2~
2z2 W2) + 2~

3
zW2)][1- 2z(W2)K 1+ 2zW2)~~~1

2÷ 0

- 

- 

and as t~ approaches 0,

f 4 12+ ~~ iv2/2 ][1 2+ iv/2 1~~ = -1.13082 

------- •- -



• 
_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _
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Table 2.2

0 -1.13082

.01 -1.13081

.1 -1.12938
• .5 -1.09608

1 -1.00679

5 - .16626
10 - .000047
15 0

From tables 2.1 and 2.2 , for n � 100

< .029 1- 2w~ � .029 , and 112 1 < .01131

For n > 25 ,

~~~~~~~ 
< .058 Ii- ~~ < .0S8 and 112 1 < .045233

Remember that the third and the fourth cumulants of normal distr ibutions

are both zero . It appears that in the case of two normal components,

for n � 100, the normal distribution is a good approximation to that

of the test statistic (6~ 
- K2

]
~
2 
. nv-en for n as ~na1l as 25, we

• can still expect normal to be a good approximation.

• 2.2 Two Normal Components vs • a Sin&le Normal Alternative

In order to assess the properties of the test procedure (2.1.3) ,

it is desirable to study its performance when the distribution F0 is

not a mixture of two components . In this section we will study the

following null and alternative hypotheses:

H0: F0 = ‘~~l 
+ (1- w)F2 properly,

where F1 is distributed as N(m1, a2), i=l ,2.

L. 
- - —~~~ •- _~~~~

_
~~~~A



• -•— •- 

16

H1: F0 is distributed as N(p, T 2) . (2 .2 .~~)

Suppose that X1, --- , X~ is a random sample from F0. We will derive

the cunulants of under H1, up to fourth order , and then use a

4-term Gram-Charlier expansion to compute the approximate power of the

test (2.1.3) with respect to the above alternative H1. Using the same

notation as in section 2.1, under H1
E(Gi~IH1) = (m

l- ~~~2
) U ~ ~~

E(t~~IH1) = (P1- P2Y
1(P- E’1)

where P = ~(K) and K = (~1~~2 -
~i )i~~~~ ,

2
nV2 = nVar 

~ x~~y ’ H1)

(m1- n~ ) 2 2 +(P1- P2) 2P(l- P) + 2(m1- m2Y 1(P1- P2)
1rz (K)

(2.2.2)

n2V3 n2E [
~~

- t~L1 ~E(G x I H.j)~
E(

~y IH 1) I H i
]3

=3(m1- m2~~
2 (P1- P2Y~t

2Kz(K)-3(m1- m2)~~ (P1- P2Y2 (l- 2P)tz (K)

-(P1- P2Y 3P(l-P) (1-2P) (2 .2.3)

n~V4 n3{ER ~- ~~
-E(

~~ IH1) -EO~yH1) I H 1]4 -3V~}

=4(m1- m2Y
3(P1- P2)

4t3z (K) (K2-l) -6(m1-m2)
2(P1 P2)

2T2~

[(l-2P)Kz(K) + 2z2(K) ] + 4(m1- m2Y
1(P1-P2Y

3(l-6P+6P2)rz (K)

+(P1-P2)
4P(l-P) (l-6P+6P2) (2.2.4)

For a 5% asymptotic significance level , the critical region for

rejecting H0 is {~1~ -a~ > l.96/~~} , where K
2 

is given by (2.1.5) .

So the asymptotic power of the test is
- 

P 1. {I
~~

-
~~I>1 .96/cIH1} F~(v2

4”2[-l.96~.ç ~
E(
~~IHl

)+E(
~~IH1)J)

+l~F~ (V2
V2 [l.96,)~~ -E(~~IH1)+E(~ ,IH 1)]) (2.2.5)

where ~ = V2 ‘2 [~~-G~-E(~~IH1) + E(~3 t H 1)} ~

_  _  j
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and F~ (x) = 
~~ Cx) - z (x) [~V3 (x

2 -1) + Thy4 
(x3-x) ] is the 4-term Gram-

Charlier expansion of the cumulative distribution of E .  Table 2.3

contains values of power for various t ,~i and m1.

Table 2.3 Approximate power of the test (2.1.3) for two normal
components against a single normal alternative

F (ct 5% , a l, m2 -m1)

Jj~j  
r= .5 1.0 2.0 5.0
n= 100 400 100 400 100 400 100 400

m1=l

.2 .799 .999 .0786 .130 .265 .501 .693 .753

.4 .999 1.0 .109 .262 .505 .915 .753 .895

.6 1.0 1.0 .116 .305 .758 .997 .827 .975

.8 1.0 1.0 .0825 .180 .918 1.0 .895 .997
m1 2
.2 1.0 1.0 .674 .989 .201 .347 .685 .853
.4 1.0 1.0 .962 1.0 .385 .789 .853 .993
.6 1.0 1.0 .981 1.0 .679 .989 .958 1.0
.8 1.0 1.0 .778 1.0 .920 1.0 .993 1 0

Comparing Table 2.3 with Johnson’s Table lb (1973) , which is

calculated by normal approximation, we find that the values in the

two tables are very close to each other.

For the reverse situat ion in which

H0: F0 is distributed as

~~: F0= ~~1+(l~~)F2 properly,

where F~ is distributed as N (
~i,aZ) i=1 2 , see Bryant (1973 , pp. 28-37),

who uses a different approach.
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2.3 Problem Bl’ — Three Components

Let X 1, X2, --- , X~~be a randan saniple from F0 and F. (x) be of

known forms , symmetric about its mean m1 with common variance a2 ,

for 1=1,2 ,3. Also assume that m1< in2.
H0: F0(x)+w~F1(x)+w2F2(x)+ (l-w1-w2)F3(x) properly. (2.3.1)

Define random variables Y11 and Y21, for i 1 ,2,--- ,n, as follows:

~~~ ...j l if~~1 < a
li 

~ 0 otherwise

~ ={ 
1 if > b

1. 0 otherwise

where a<b are two constants to be defined later .

Let ~~ = 
‘ ~1= i~~1

1’li ‘ ~2 ii1~1~
’2i

• Under H0

~~ w~m1 ~w2m2 +(l-~~-w2)m

• 
~~i l l ~~2”lf 

(l-w~-w2)P13 (2.3.2)

~~2 ~~~~~~~~~ (l-w1-~ 2 )P23
where

P11= Pr{X.1< aIF.} , and

P2~= Pr {X~> b I F~} , i1,2 ,3. (2.3.3)
Eliminating w1 and in (2.3.2), we obtain

E[~ -G~1rn1- n2 -(l-6~ -&~2)m3] =0
where

= ~~l ”13~ 
(P22 -P23)- (72 -P23) ~~12~~l3~ (2.3.4)

(P11-P13) (P22 -P23 )- (P21_ 1’23) (P12 -P13)

and



= ~ 1-P 13)(P21-P 23)- (72 -P 23)(P11-P13) 
. (2.3.5) 

19

2 ( P P )  (P21-P23) - (P22 -P23 ) (P11-P13)

Note that E(~1—w1 and Ew2 ~~2 
Let

= ~~~ -6~1m1-6~m2 -(1-6~1-L~2 )m3 , (2.3.6)

then E(T11H 0) 0 .

Proposition 2.3

Under H0 and the above conditions

nVar T1 a2 + L 0
+ u~L1

+ w2L2 (2.3.7)

where

L0 
= D~D~

2P13(l-P13) + D~D~
2P23(l-P23)-2D1D2D~

2P13P23

+ 2D1D~~P13(E13-m3) + 2D2D~
’P23(E23-m3)

L1 
= -D1D2D~

2(P11-P13+P21-P23) + D1D
1[2P11(E11-m1)

-2P 13 (E13-m3) + (m
1 m3

) (P11+P13-l) 3

+ D2D~~[2P21(E21-rn1)-2P23(E23-m3)+ (m1-m3) (P21+P23-l)]

L2 
= -D1D2D3

2(P22-P23+P12-P13) + D1D~~[2P
12 (E12-m2)

-2P13(E13-m3) + (m
2-m3

)(P 12+P13-l)}

+ D2D~
1[2P22 (E22 -m2)-2P23 (E23-m3)+(m2-m3) (P12 +I’1 3 1)]

(2.3.8)
= (m1-m3)(P22-P23) - (m2-m3)(P21-P23)

D2 = (m2-m3) (P11-P13) - (m1-m3) (P12-P13)

D3 
= (P12-P13)(P 21-P23) 

- (P22 -P23 )(P11-P 13)

E11 = E(X11X 1<a , F~
)

E21 = E(X 1J X 1>b , F1), i=1,2 ,3, (2.3.9)
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and P11, P2~ are defined by (2.3.3) .

Proof: See section 2.6.

Proposition 2.3 shows that nVar T1 is a linear combinat ion of

• a2+L0, L1 and L2. It was hoped that by assigning appropriate values to

a and b, both L1 and L2 would vanish. Unfortunately such values could

not be found handily . In the following we let

a =(m1’in3)/2 and b (m2+m3)/2

and show how the expression of nVar T1 can be simplified partially. It

follows from these specific values of a and b that

Pll ~~l3~~

P11 (E11-m1) P 1~ (E13
-m

3)

P22 (E22-m2)=P23 (E23 -m3),

and L1 and L2 are simplified to the following

L~ = -D1D2D3
2(P11-P13+P21-P23)+D2D~~f2P21(E21-m1)-2P23(F23-m3)

+ (m1-m3) (P21+P23-l)

L~ = -D1D2D~
2(P22-P23+P12-P13)+D1D~

1[2P12(E12-m2)-2P13(E13-m.3)

+(~~-m3) (P12+P13-l)] .

Next we will derive a large sample test for H0. Note first that

and 
~2 are both linear functions of Y11,Y12, --- , ~

y
21~

y22,~~ ‘sn ’
and are both means of i.i.d. random variables. Therefore T1 can

be expressed as a mean of i.i.d. random variables . Then by the central

limit theorem (Var T1< co) , under H0

T1(Var T1Y1”2 
~~. N(0 ,l) in distribution.

LA
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&it Var T1 depends on the unknown parameters w1 and w2 . Using 
~~ 

in

(2.3.4) and 
~2 ~~ (2.3.5) as estimators of w1, w2 respectively, we obtain

an estimator of Var

nVar T 1 a2 + L 0 + 6IL~~~~L~ (2.3.11)

From Var Y11 < co and Var , it follows that 9~ a. 8. and

-
~~ a.s. , hence Var T1 + Var T1 a.~. In the following we state two

theorems which will be used to derive large sample results .

Theorem 2.1 (Slutsky, see e.g. Cramer, 1946, pp. 255)

If X~, Y~,--- ,Z~ are random var iables converging in probability to

the constants x,y,--- ,z respectively, and rational function R(X~,Y~,--- ,

• Z~) converges in probability to the constant R(x,y,--- ,z), provided that

the latter is finite. It follows that any power 
~~~~~~~~~ ~

Z~) with

k>0 converges in probability to Rk(x,y,~~~,z).

Theorem 2.2 (See Cramer, 1946, pp. 254)

Let X1,X2,--- be a sequence of random variables, with the distri-

bution functions F1, F2,--- . Suppose that Fn(X) tends to a distribution

function F(x) as n tends to ~~~. Let Y1, Y2,--- be another sequence of

random variables, and suppose that Y~ converges in probability to a

constant c. Then the distribution function of X~+Y~ tends to F (x-c).

Further, if c>0, the distribution function of XnYn tends to F(x/c),

while that of X~/Y~ tends to F(cx) .

By Theorems 2.1 and 2.2 we have

T1(Var T1)
l
~
’2 

-‘~ N(0 ,l) in distribution.

Therefore a large sample test can be formulated as

Reject H0 if 1T11 (Var ‘r1Y ”2 > z1_~~2. (2.3.12) -•
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2.4 Two Coii~onents vs. Three Cc*nppnents

Let X1, - - - ,X~ be a random sample from F0 and suppose that F1 and F2
are each of known form, symmetric about its mean in1, with common variance

We wish to test the following hypotheses:

H0 : F0 = wF1 
+ (l-w)F2 properly (2.4.1)

F0 = w( 1-Lu ’)F 1+( 1-Lu) (1-w’)F 2+W ’F 3 properly , (2.4.2)

where w’ is known, (0<w ’ <1), and F3 has mean in3, variance a2.

Following the argument in section 2.1, we may use (6
~

-6
~.,

)K
~~

”2

as test statistic and reject H0 if 1~x y l>Zl~cil2~~2
’

Under H ~

E(
~~

.6
~~
Hi) 

= w’(~m1 m2Y~~m3-m2) ( P 1 P2)
1(P3 P2)] (2.4.3)

H where P1 
= Pr{X1~(m1+m2~ 2 1F1}, i1 ,2,3. (2.4.4)

nVar(t~ -G~ JH1) 
= (m1-m2) 2o2 

+ (P1-P2~~
2P1P2

-2(m~-in2Y’(P1-P2Y1[(1-w ’)P1(E1-m1)+w ’P3(E3-m3)J

+
~~~

‘ (l-w ’) [(m1-m2Y~ (m3-m1)-(P1-P2 Y 1(P3-P2 )]

(2 .4 . 5)
where E1=E(X1IX1<(m1411~2)/2 , Ft), i 1,2 ,3. Note that nVar(G~-~~IH1)

and E 
~ x~~y I H1) depend only on w’, but not on w. And if c~’ =0, then

nVat (~~
-
~~I H 1)  

= nVar (~~
-
~~ IHø) (the latter is given by (2.1.3)).

The asymptotic power of the test then can be calculated by varying F3

and cu in the following formula:

Pr{l~~
-
~~

I>zl ,2 .K
~~
”2 111)

~~C [Var (
~~-G~ IH1) 1 -1/2 t~~~~~~~ -l/ 2 

- E(c-~~IH1 )]) 
V

+
~

([(Var(
~~

-
~~ fH1)1 ~l/2 [ z  K 1~’2 

+ E(
~~

-
~~

(Hj)J) (2.4.6) 
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• 2.5 Proofs of Propositions 2.1 and 2.2

fX1 ,X2, - - - is a random sample fran F0. F1 and F2 are under

the same conditions as in section 2.1. For convenience suppose th~ic. X

and have the same distribution F0, and Y and Y1 have the same dist-

tribution. By definition

and

Let U=X-EX and V Y E Y .  Then we have

EX = t~an1 
+ (l-u)m 2

El = uPi + (1-w)P2

EU EV= 0

= EU2 = Var X = ~2 
+

— 
~~2 = Var y = p

1
p

2 +

EIJV = Cov (X,Y) = P1(E1-m,1) +

EU3 =

EU2V C1~
2w
~~ f x ~

mi
2a lC x P lo

2 w 1 w 1 2 w mfm2
2 Pl~~2

where

WV2 
= (l-2w) (P1 P2

) [P1(E1 m~)+w (1 w)(m1 m2)(P1 P2
)]

• = [P1P2+w(l-w) (P1-P2) 2] (1-2w) (P1 P2)

EU4 = r (x-m,)4dF1 (x) +~~(1-w) (ml-m2) ~~~~~~~~ (l~3Lu+3w2) (m,~
-m

~
)
~

FJJ3V = j0 (x-m.1)3dF1(x) +3w(1-w) (m.1
_m

2) [2J ° (x-m,~)
2dF1(x)-a2]

+3Lu(l-w) (m.1-m2)
2P1(E1-m.1)+w(l-w) 

(1_~~+~~
2) (~~~~)

3( P P )

= _ (l_2w)2(P1
_P
2)f

0
~ (x_m.~)

2dF1(x)+(l_2w)
2(P1-P2)P1o

2

+ w(l-w) (1-3Lu+3w2) (m1-m2) 2 (P1-P2) 2+[P1P2+w(l-w) (P1-P 2) 2]a 2

+w (1 w ) (m.1-m2) 2P1P2

_ _ _ _ _ _ _ _ _ _ _ _ _  -A
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= [P1P2+(1-3~u+3~
2) (P1-P2)

2] [P1(E1-~~)+w (1-~) (~~-m2)(P1-P2)] 
24

EV4 = P1
2P~

2 
+ (l_2w +2Lo2)P1P2 (P

1
_P

2)
2+w(]_ w)(]._3w+3W2)(p

1~
p
2)
4

Proof of Proposition 2.1:

• 
n2E(t~~

-
~~)3 

= (m1-m2Y 3EIJ3 -3(m1-m2Y
2(P1-P2)~ E1J2v

+3(m1-m2)kp1
-p

2) 2E[J~J
2 

- (P1-P2)~~EV3

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

• +3P1(E1-i~1) (m1-m2) ( P 1-P2Y’_P
1P2 (p1-P2y

2 }

Proof of Proposition 2.2:

f l K4 
= (m1-m2) 4 [EU4-3(Eu2) 2] - 4(m1-m2Y 3(P1-P2y~ (-3BU2EtJv+Eu3v)

+6(m1-m2) 2 (P1-P2) 2 [E1J2v2 -EU2 .E\r2-2 (~ N) 2]

4 ( )  -l (P1-P2) 3(EUV3-3EIJV•EV2)+(P1-P2) 
-4

= (nt1-m2Y 4 [f (x~n11)4dF1(x)-3a4]-4(m1-m2Y 3(P1-p2Y1.

[10 ( m )  dF1 (x) -3a 2P1 (E1-m.1) I

-6(m1-m2Y
2 (P1-P

2Y
1

[f ° (x-ni1)
2dF1(x) - P1a 2]

-12 (ni1-m2) -2 (P1-P2) 2P~ (E1-m,~)
2

-4(m1-m2~~
1 (P1-P2)

3 (l-6P1P2
)P
1(E1-m.1)

+(P1- P ) 4 P1P2~~~6P1P2)

2.6 Proof of proposition 2.3

We use the same notation as in section 2.3. By definition

T1 = X -Gi1m1 -~2m2 
- (1

~~l 
-~ 2)m3

IL1 . ~~~~~~~~ --=~~ •~~•~~~~~~~~~~~~ 



= X-m3 + D1D~~~ 1-P13) + D2D~~~~2-P23), 
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where D1, 1)2 and D3 are defined as in Proposition 2.3.

By definition we have

Var = a2+w1(l-w1)(m1-m3)
2+w2(l-u 2) (m2-m3)

2-2w1w2(m1-m3) (m2-m3)

Var = P13(1-P13)+w1(P11-P13)( 1-2P13)+~i 2 (P12-P13)(l-2P13)

~~1~~11 P13) -w2(P12-P13) -2w1~2(P
11-P13

) (P12-P13)

Var = P23 (l-P23)+w1 (P21-P23) (1-2P23)+ w 2 (P22 -P23) (1-2P23)

-w~(P21-P23) 2-w~ (P22 -P23) 2-2w1w2 (P21-P23) (P22 -P23)

c~ov(X1 ,Y11) = P13 (E13-m3) ~w1 [P11 (E11-m.1) -P13 (E13-m3)

+ (m.~-m3) (P11-P13) ]-w~ (m1-m3) (P11-P13)-u ~ (m2 -m3) (P12-P
13)

+w2[P12(E12-m2)-P13(E13-m3)+(m2-m3) (P12~~13)]

1w2[ m 3) (P12-P13)+(m2-m3) (P11-P13)]

Cov (X.1,Y21) = 

~
‘23 (E23-m3) -w~ (m~-m3) (P21-P23) -~~~~ (m2-m3) (P22 -P23)

~~ 
[P21 (E21-~~) -P23 ~~23~~3~ 

+ (~~-m3) (P21 -P23)]

~~2 
[P22 (E22 m2)-P23(E23-m3)+(m2 m3) (P22 -P23)]

_ w
1w2 [(m~-m3) (P22 -P23)+(m2-m3) (P21-P23)]

Qw(Y11,Y21
) = P13P23+w~(P11-P13)(P 21-P23)+ w~ (P12-P13)(P 22 -P 23)

+W1[P23(P11.P13)+P13(P2f.P23)]+W2[P13(P22 P23)+P23(P12
_P
13)]

• +w1~2 ((P11~P13) (P22 -P 23)+( P12-P~3) (P21-P23)]

Therefore
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nD~ Var 1’1 = D~Var X1 +D~ Var Y11 +D~ Var + 2D1D3Cov(X1 ‘~lO

+2D2D3Cov (X1,Y21) + 2D1D2C0v(Y11,Y21)

can be expressed as a linear combination of w1, w2, Lu~~, w~ and w1w 2.

The coefficient of is

D~(m1-m3) 2+D~(P11-P13) (l-2P13)+D~(P21-P23) ( 12 P23)

-2D1D2 [P23(P11-P13) +P13(P21-P23) ]+2D1D3 [P11 (E,11-m1) -P13 (E13-m3)

+(m1-m ) ( P -P1 )]+2D D [P ~ 21 1 23~~23 m3~~~ 1 m3) (P21-P
23)]

= D ~L1

The coefficient of is

D~ (m2-m3) 2+D~(P12-P13) (1-2P13)+D~(P22 -P 23) (l-2 P23)

-2D1D2 [P13(P22 -P23)+P23(P12-P13) ]+2D1D3[P12(E12-m2)-P13(E13-m3)

+(m2-m3) (P12-P13) ]+2D2D3 [P22 (E22 -m2) -P23 (E23-m3)+(m2-m3) (P22 -P23)]

= D ~L2

The coefficient of is

- [D3(m1-m3)+D1(P11-P13)+D 2 (P21-P23)] 2 
= 0

The coefficient of is

-[D3(m2 -m3)+D1(P12-P13)+D2 (P22 -P23)} 2 
= 0

The coefficient of w1w2 is

- [D3(m~-m3)+D1 (P11-P13)+D2 (P21-P23)] [D3(m2-m3)+D1 (P12-P13)

+D2 (P22 -P23)] = 0

The constant term is

D~a2+D~P13(l-P13)+D~P23(l-P23)-2D1D2P13P23-2D1D3P13(E.13-m3)

+2D2D P 23 (E23-in ) = D~(a 2+L0) 

~ ---- -~~~~~~~~~~



ci~APTER III

TESTS USING RANK-TYPE STATISTICS

In this chapter we describe a rank-type statistic proposed by

Thanas(l969) , in the form used by Hariton(1972), and nodify it in

order to apply to problems A2 and A3. Next we compare the performance

of this itx)dified statistic with Johnson ’s statistics in the case of two

normal components against a single normal alternative. Then we extend
• the method to obtain test statistics for three and four components

mixtures, and give an algorithm to derive test statistics for mixtures

of more than four components. Finally in section 3.8 we study two

= 1 special cases of reducing the number of components of a given finite

proper mixtures.

3.1 Problem Al

Suppose that X~1~X12~ - -- 
~
Xm is a random sample from the c.d.f.

F1, i=0,l,2 and that all the X’ s are mutually independent. We wish to

test the following null hypothesis

F0 = wF
1 + (1 -w)F2 properly.

Thomas (1969) , assi.sning (i) the continuity of F0, F1 and F2, and (ii)

n0 n1 n2, proposed a statistic to test and showed its asymptotic

normality. Hariton(1972), assuming only condition (i), expresses

this statistic as

= Wl0 + W02 
- W12 -1/2 (3.1.1)

where
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~ij “i. t ku 
h(X)k

_X
it )

~ (3.1.2)

and h (x)= .(1 if x>0
• 

~0 otherwise.

]~ fine

~~~1) 
fF~dF. = PrfX.1<X.1

}, (3.1.3)

then

(1) c*~~ l/2, ~~~~ (by continuity)

(2)

1 2 2 (3.1.4)
(3) Var W1~ = ii1n. [a. . -(n. +n. -1)c~.. +(n. -1)fF .dF.

+(n.-l)f (l-F.) 2dF.]

(4) CovO~jj~Wjk) = 
~~~~~~~~ 

f F
i

F
~

dF
~ 

-

(For proofs of (2) , (3) and (4) , see Birnbaum and Klose(l957).)

Integrating both sides of the equation F0 wF1+(l-w)F 2 with respect

to F0, F1, F2, we have

1/2 = (uct10+(1-u) ) ct20

aOl ~/2 +

a02 = iz+(1
~~~/2

Solving for u in each equation and equating these solutions by pairs,

we obtain three conditions on a’s. Hariton shows that these three

conditions are mutually equivalent. Hence under H0 a (single) nece-

ssary condition is therefore

a10
+ct02-a12-h/2 0. (3.1.5)

It follows that under H0 p12 0

Let N=n04n1+n2 and suppose that as N

-• -~~ •rn— 
- - - -~~~~~-~~ • - -p

~~ ~~~~~~~~~~~~~~~~~~~ -- - -~~~
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ni/N + r1, 1=0 ,1,2 and there exists c such that O<c�r 1�l-c<1. Then by

the following Theorems 3.1 and 3.2 , T2 has an asymptotic normal dist-

tribution .

Theorem 3.1

Let F1, ~~~~~~~~ be k univariate c.d.f.’s and suppose that for

i=l,2,--- ,k, a random sample {X
~1,

--- 
~X~~~

} of size n~ is available

from F1. Assume that all X’s are mutually independent . Let

N n l
+_
~~
+nk, r1

_—n
~

/N , i=l,-- - k, and also assume that there exists e

such that O<c�r1�l-~<l, i=l,-- - ,k. Then for any integer in, the random

vector

NV2 ((W . . -l/2),(W. . -1/2),--- ,(W. . -1/2))

has an asymptotic multi-normal distribution with finite mean vector and

finite variance-covariance matrix provided it ’s and 
~~~ 

are integers

such that 1�i
~

�j
~~ k .

Proof: As stated in Hariton(1972) this follows from Theorem 5.5.1 of

Pun and Sen (1971), pp. 196 by setting c=2 and
CL - 1 _ CL

~N ( i)~N1~ 
- 

~N,c& 
- NiT l�CZ�N.

Theorem 3.2

Let X be a kxl vector of random variables, and let {XW,~~ -

- - - } be a sequence of vectors of random variables such that X~~ + X

in distribution. Let g1, --- 
~~ be continueus functions defined on Rk .

Then

(g1(X~”~) , ---g~(X~~ ) )  -~
- (g1(X) ,---g~ (X) ) in distribution .

Proof: See Breiinan (1968) , pp. 237.

VarT2 can be derived by using the formulae in (3.1.4) . But since

terms in (3.1.4) involve unknown distributions F0, F1, F2, these terms

•

~ 

- • -• - • - - - -~~~~~~~~~~~~~~~- --~~~~~~~~~~~~~~~ 
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can only be estimated. One possible way is to use the following extended

theorems(see Hariton, 1972) of WOinsky and Kurz (1969 , pp. 447) :

% “b
‘~a%~c i=l j= . k=l 

h(Xck~
Xai)h(Xck~

Xbj) f F~,F~dF, in probability, 
-

T1b nlb ~a
2Wab~

l+ 

~~~ 
i=~. j=l k=1 ~~~~~ ak Xbj + I (l~Fb)

2dFa

in probability. (3.1.6)

Denote the (consistent) estimator of Var T2 obtained in this way by

Var T2 . Haniton then obtains the following large sample test

Reject H0 if 1T 2 1(V ar T2)
1
~
’2 

> 2l-ct/ 2 (3.1.7)

where z1 12  is such that

3.2 Problem A2

Suppose now that F2 is known and X~1 , - - -X~ are random samples

from F
~
, i=O,1 with all the X’s mutually independent . Assume that F0,

F1, and F2 are continuous. In order to test the following null hypothe-

S is

H0 : F0=LuF1 +(1-~)F2 properly,

we define random variables

= f  F~~~(x) dP~ (x)

ni
=1- Z F.(X.k) (3.2.1)

~i k=l ~ 
1

where F
~~ 

is the e.d.f. corresponding to X11,--- ,X~~~. Note that
1 1

Define a statistic

T3 = W]•Ø + - - 1/2 (3.2.2)

H

_  -—~~~~~~~--• --- - • -~~~~~ - -
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where is defined by (3.1.2).

Under H0,
ET3 CL1~ ~ct02 ~ 12 

- = 0

2 2Var R~2= 
~~i2 

- ai2

[ + JF2
2 (x)dF~ (x)} , for i~O ,l. (3.2.3)

Cov (R02,R-12) = 0

n0fl l 1=1 
1
0 h(X0~_X

1~)J [l-  
~~~~~~~~~~~~ 

F2 (X1~)J} CL10CL 12

= CL10 j 1A 
Eh(Xoj -Xli)F 2 (xlk) ~~ 10CL12

= CL~ 0 
CL10CL12 

1 [n nj ( 1 F ( x ) ) F (x)dF (x)+ n n ( n l ) C L C L ]

= 
~~

—[ CL01CL21 + JF0 Oc)F 2~x)dP1~x)]

Cov (W10, R02) = ~ — [CL10a20 
- JF1(x)F2 (x)dFo (x)} , (3.2.4)

and VarW10 follows from (3.1.4).

Var T3 can then be calculated as a linear combination of the above

terms. As in section 3.1 , it is desirable to have a consistent
• estimator for Var T3, so that large sample tests can be applied . For

this purpose, we need the following:

Proposition 3.1

(1) R~2 —a—> CL12

1 “o n
(2) 

~~ J1 ~ 
h(X1. -X0~)F2 (X.~.) p 

> JF0(x)F2 (x )dF1(x)



(3) 1 r F 2 (Xai) 2 p > JF2
2
~x)dFa(x), a 0 ,l

4) 
r~~~hl~ 1 ~~ 

~°h(Xok
_X
li)h(XQk _X1~j

) “ > J 
F1

2 (x)dF0 (x)

as n0, n1, Ti
a ~~~~~ ~~

Proof: (4) follows from (3.1.6) ,

Since 
~~i2 ~~i2 ~

Eh(X1~~X01)F2 (X1~) JF0 (x)F2 (x)dF1(x) for j =l ,--- , n1; i1 ,--- ,n0.

• E[F2(Xai)] 2 = JF
2 ( ) d . F ( )  , a0 ,1.

(1) and (3) follow from the weak law of large numbers. (Since

R0~ 
is a mean of i.i.d. random variables). U~ider the assumption of

continuity, after rearranging the terms ,

~~~~~ ~~ • 1’~ 
h(X1~ -X 0~)F2 (X1~) = fF~~~(x)F2 (x)dF~~ (x) . Since

Fan (x) —> Fa (x) a.~ . (by the strong law of large numbers , and

continuity of Fa (X) )
~ I J n (X)F2(X)d1

~in
CX) - fF 0 (x)F2 (x~dF1(xfl �

IJ(F~ 0
(x) - F0(x)F2(x) dF

~~ (x)I + IJFo (x)F2(x)dF~~1
(x) -JF0(x)F2(x) dF1(x)I

nl
= I + X [F~~~

(X,11) F o (Xi~)1F2(Xi1) I

+ J ~ F0 (X1.)F2 (X1.) - J
°° F0 (x)F2 (x)dF1 (x)~

—> 0 a.~. (by the strong law of large numbers) q.e.d.

After rearrangement,

Var T3 = .~._J [F1
(x)_F

2(x) ]2dF0(x) + 
_~_~J[F0 (x)~F2 (x)] 2dF1(x) 



- 
~~~~~~ [JF~(x)dF0(x) + 

JF0
2 (x)dF1(x)] - 

~~~ (a10 CL20) 2

• 
- ....j~.— (CL01-a21) + n0n1~~1O ~~~~

Therefore a consistent estimator for Var T3 is

• 
- 

Var T3 = 
~~~~~ 

[—
~~

-— 

~~~ 
ii ~

° h~XOk~Xli )h
~XOk -Xlj )]

+ n~ni 
~~~~ 

i~~ ~

° 
~ 

h(Xlk-Xoi)h(Xlk-Xoj)]

+ 

~~~~~~~ 

F2~ (X0~)] + -
~i~* J~i 

F2
2cX11)]

- 

~~~~~ ~~~~~~~~~~ ~~ ~~ 
h(X 0~ -~X11)F2 (X0~)]

- fi ~~ i~~ 
)
~ h(X1~~X01

)F2 (X1~)]

- - 
iç~~0l ’~2l~ 

+ n0~1 
(W10

2-W10+l) (3.2.5)

Let N=n0+n1, and suppose that as N + , ni/N + , i=0,l, and there

exists e such that 0 < e � 
~~~~ 

� 1-c < 1 . Then by Theorems 2.1 ,2.2 ,

3.1, and 3.2 , under H0

T3( Var T3Y 1”2 —> N(O ,l) in distribut ion. Therefore a large sample
— test can be formulated as follows :

Reject H0 if 1T3 1 (Var T3) 1”2 
> Z1 a/2 , (3 .2 .6)

where z1~~,2 is such that ~(z1~~,2) 1- ai’2 

~~~~~~~~~~~~~~~~~~~~~~ - - 
-
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3.3 Problem P3

Suppose that F1 and F2 are known, and that X1, X2, --- , X~ is a

random sample from F0. Also assume that F0, F1 and F2 are continuous.

The null hypothesis is

H0: F0(x) =~F1(x) + (1- w) F2 (x) properly

First define random variables

R0~ fFn (x)dF i(x)~ i=l ,2 , where F~ (x) is the empirical distribution

function corresponding to X1, X2, --- , X~.

Define the test statistic

= + R02 CL12 
- . (3.3.1)

Then following an argument similar to that in section 3.3, when H0 is

true , we have
1El’4 = CL10 +Ct02 CL12 

-

Var R10 and Var R02 can be similarly derived as in (3.2.3) by changing

indices . We have

Cov(R10,R02) 
= -Cov(R01,R02)

= -E {[l- 
~ 
I F1(X~)I [1- 

~ 
~~ 

F2~X~)]}- CL01CL02

= -1 ~a10 ~~~~~~~ 

- 

~~~~~~~~ ~ 
~1

E [F1 (x1) F2 (X~ ) I +

= ~ [a10CL20 
- fF1(x)F2 (x)dF0 (x)J (3.3.2)

It follows that

Var T4 Var + Var R02 + 2Cov (R10,R02 )

= 
~~~ {-~ cz1o 

- CL20) + f [F i (x) - F2 (x) J 2dF0 (x)} (3.3.3)

k 
~~~~ - •  -• - - • • - •
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Hence a consistent estimator for Var T4 is

Var T4 = ~{-(P~0 
- 1~ o)

2 
+ ~ i [F l (X1)-F 2 (X~)J 2} (3.3.4)

By the central limit theorem and Theorems 2.1 , 2.2 , 3.1 and 3.2 ,

T4 (Var T4) 4”2 and T4 (Var T4)~~”2 have a same asymptotic distribution,

viz., a univariate normal distribution N(0,l). Thus a large sample test

can be formulated as follows:

Rej ect H0 if 1T4 1 > z1~~,2 (Var T4)1”2

where Zl a/2 is such that ~~~~~~~ 
= 1-Cg/2

3.4 Two Normal Components vs. a Single Normal Alternat ive

In this section we study the performance of T4 with respect to the

same hypotheses, H0, !-L~ as in section 2.2 and then compare its approximate

power with other tests. Assume that F
~ 

N(m~,a2) , i 1,2. The hypotheses

to be considered are

H0: F0 = wF1 +(l- t~)F2 properly

H,~: F0 ‘~N(ii,t2).

By definition
1T4 = R 10 + R 02 CL12 ~

where R0~ is defined by (3.2.1) and a12 by (3.1.3) . It follows that

ET4 = CL10 + CL02 
- CL12 

-

nVar T4 = -(CL10 
- 

CL20)
2 

+ J[F1(x) - F2(x) ]2dF0(x)

Under H0

E(T4IHO) = 0

nVar (T4 1H 0) = 
~~ c&21) 2 

+ J[F1(x) - F2(x) ]2dF2 (x)

• 
4wJ (Fi (x) - F2 (x)] 2d[F1(x ) - F2 (x)] (3.4.1)

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —~~ -_ ~~~-~~~~ — _-- _ •-
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If , furthermore , we let in~~-m1, then the last term on the right hand

side of (3.4.1) vanishes. Therefore

nVar (T4 1H 0) = ~~ 
- a21)

2 
+ J [Fi (x) - F2 (x)J 2dF2 (x)

x-m x’in x+m~= -[ - ~~~l~~
1)12 

+ a 
1) - 

a 
1)} 2~( 

~ 
)dx (3.4.2)

where ~ x) is the derivative of ~‘(x) and ~(x) is the cumulative

standard normal distribution. Note that in (3.4.2) nVar (T4 H0) does not

depend on w. A large sample test can be formulated as follows:

Reject H0 if IT4 J War (T4 I’-’o)] 
- 1/2 > (3.4.3)

• where zl W 2  is such that 
~
(zi~~,2

) = 1- o/2 and cx is the asymptotic

significance level.

Under H1
p-rn -p-rn

E(T4 1H1) = 
~ (__~) + 

~~~ (~~~~__

1

) 
- 

~~-i~m a l) - I
,“a2~r

2 V9+TZ an

p-rn p+m 2 1
00 

x-rn x+m
nVar (T4~H1) = [~~~~ ( 

1) - 
~~~ ( 

1)] + J [~ ( 1) - 
~~~ (Ia~~r 2 

/ty
Z

+T
2 

00 
a T
(3.4.4)

For a function f (z) having no pole between the real axis and the

lines z=±i~rh, it can be shown by contour integration that (Goodwin, 1949):

2 2 2

J f(x)e~~ dx = h
nLco

f (nh)e
~

fl h 
+ R(h) (3.4.5)

• where IR(h) I � ~~~~~~~~~
We first use (3.4.5) with h=1 to calculate the integrals in 

•

(3.4.2) and (3.4.3) for various values of rn1,p,t with ~2l. When h l

~R (1) I � 2,1T e~~~o .000l8



- •  ----••—---.— - - - -~~ ----- --•~~-— •-~~~-----—- ——--

37

i. e. the approximation (3.4.5) is accurate to 3 decimals with

maximal error ±.00018. From these values we then obtain the approximate

power of the test (3.4.3) with respect to the alternative hypothesis H0
from the formula

+ E(T4 1H 0) 
+( 

[Var (T4 1H1) ]”2 
— 

[Var Cr4 IH1 ) ]”2

(3.4.6)
Table 3.1 contains the approximate power of the test (3.4.3) for

5% significance level with ~2=l , m2=-m.1, and various values of m1,p, and

r. Comparing Table 3.1 with Table 2.3 , we see that for the case of two

normal components versus a single normal alternat ive,the test using T4
(i.e. (3.4.3)) is more powerful than the test using 

~~~~ 
(i. e. (2.1.3)),

especially when r 1 ,2. Next , comparing Table 3.1, for n=lOO ,400 , with

Johnson’s table lIb (1973, pp.24) which uses another statistic, we see

that in most places the power is fairly comparable except that when

r 2 , m1=l , n=lOO , the test using T4 is considerably more powerful.

3.5 Problems Al’, A2 ’, A3’ — Three Components

In this section , the following null hypothesis will be tested :

H0: F0(x)= w1F1(x) + w~F2 (x) + (l-~1-~ 2)F3(x) properly . (3.5.1)

Let X01, - - - , X~~ be a random sample from F0 and suppose that each
0

of F1, F2, F3, is either known or there is a random sample from it.

Also assume that all the r.v. ’s in the samples are mutually independent

and F0, F1, F2, F3 are cont inuous.

Integrating both sides of (3.5.1) with respect to F1(x) ,  for

i—0 ,l ,2 ,3, we obtain
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= W1CL10 + (*32CL20 +(1-~~ ~~2~~30

CL l W  
~~~~~ + t1~~ W . W~~Ct01~~~ • 1 2 2 1  “ 1 2’ 31

a02 = + +(l- 
~~~~

- ‘~2~~32

CL03 = WlQ13 + 

~~~ 
+(~~ 0)1 

-

where CLab is defined by (3.1.3) . We introduce the symbols

A~ 
= ct0~ -

B1 
= -

Ci = CL2i 
- CL3i

for i=0,1,2 ,3. After rearrangement , the above equat ions can be written

as:

A0 w1B0 + w~C0

A1 w.1B1 + w2C1

A2 
= w~B2 + w2C2 (3.5.2)

A3 = + w2C3
A necessary condition for (3.5.2) to have a unique consistent

solut ion for {o~ ,w2 } is that any three of the four equations in

(3.5.2) have a consistent solut ion for fw1,w 2 } . (A consistent

solution is a solution that simultaneously satisfies the designated

- . 
set of equations.) In other words, each of the following four

determinants has value zero ,

A0 B0 C0 ~A0 B0 C0 1A0 B0 C0 A1 B1 C1

A.1 B1 C1 B1 C1 ~A2 B2 C2 A2 B2 C2

A2 B2 C2 ~A3 B3 C3 JA3 B3 C3 A3 B3 C3
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Note that , by definition ,

- A0 = C2 
- C0

B2 - B1 = C2 
- C1

from which, our conditions can be simplified as follows:

(C1 
- C0 - A1 + A0) [B0C2 - B1(C0 

- A0) 
- AQB2] 0

(A0 
- A1) [B0C2 - B1 (C0 

- A0) 
- AØB2 ] = 0

(A0 
- A2 ) [B0C2 

- B1(C0 - A0) - A0B2 1 = 0

-(B2 
- B1)[B0C2 

- B1(CQ - A0) 
- A0B2] = 0

Suppose that B0C2 
- B1(C0 - A0) - A0B2 ~ 0 . Then

C1 - C o _ A 1 + Ao = O

• Ao - A 1 = 0

B2 - B 1 = 0

it follows that A0=A1=A2 ; B0=B1=B2 ; C0=C1=C2. In turn , these

give B0C2 
- B1(CØ 

- A0) 
- A,~B2 = 0 , which is a contradiction. I-~nce

we must have B0C2 
- B1(C0 

- A0) - A0B2 = 0. (3.5.3)

This is therefore a necessa ry condition for (3 .5 .2)  to have a unique

solut ion for

The reasons that (3.5.2) must have a unique consistent solution for
{w~~, ~~ 

are discussed in the following:

If there exist two sets of solutions for (3.5.2), say 
~~~~~ 

and

~ with 0 < 

~l’° 
� 

~~~ 
�w~’ , 0 � 

~2 ’  
0)
~
+W2<1,

~~~~. 
‘+w~~’ < 1, and either 

~~ ~l 
, or 

~2 ~ ~2 
then we have

F0(x) = w1P1(x) + w2F2(x) + (1- 
~l 

- w2)F3 (x)

= w1
1F
1(x) + 

~2 
‘F 2 (x) + 

~
1
~
wi’- w2 ’)F 3(x) for all x
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which implies that

0 (w.1-w1’) [F 1(x)-F3(x)} + (w
2
-w
2
t)[F

2
(x)-F

3
(x) ] , for all x.

• From this , it will be shown that the existence of two non-

identical solutions 
~°~l’~ 2~ ’ ~~1’~ 2~~ 

reduces the problem of testing

a mixture of three components to one of testing two components. This

has already been discussed in sections 3.1 to 3.3, and is not our

present interest.

(1) If 
~~~~~ ~2 ~ ~2 ’  then F2 (x)~F3 (x) , which implies that under

• H0, F0 (x) = w1F1 (x) + (1- w.1)F2 (x) , a mixture of two components.

(2) If ~ ~~~ ~ 
= u~ ’, then similarly F0(x) =w2F2(x)+(l-w2)F3(x),

a mixture of two components.

• (3) Ifw 1~~ w.1
1 , 

~2~~~~2 ’
(a) (w~ ~o)].

’)(w2 
- 

~~ ‘) > 0, then

0) W.. ’
F (x) = 

1 
,
‘ ,F (x) + 

L ,2 ,F (x)0)i~~i ~~2~~ 2 1 
~l-~l ~~~~~ 

2

i. e., F3(x) is a proper mixture of F1(x) and F2 (x).

(b) 
~~ ~~~~~~~ ~~~ 

< 0 and - 

~i
’ I < I~2 ~2 

I
0) - I -

F (x) = 1 
~~~, F (x) + ± -  

~ . 2 F ( x)2 
~2 - ~~2 

1 
~2 - ’~2

i. e., F2 (x) is a proper mixture of F1(x) and F3(x)

Cc) 
~~ 

- 

~1
)
~~2 

- 

~~~ 
< 0 and - 

~l ’ I  > Iw~ ~2 I

F1 (x) = 

~~ 

~~~~~_, F2 (x) + 
°~1~~~~~~’~2 - 

~~~~~ F3(x)

i. e., F1(x) is a proper mixture of F2 (x) and F3(x).

(d) 
~l~~~1 

w2 ’ - w 2 , then

0 = (w~ - w.1’)F 1(x) + (w~ 
- ~2’)F 2(x)= (w]-w1’)[F 1(x)-F 2 (x) ]

-.

~

-

~

• . - —-

~

- - . ------ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ • - • ~~~ • •
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which implies that F1(x)EF2(x).

In each of the above cases (a) to Cd), F0 (x) can be reduced to a

• proper mixture of two components. For example, if F3(x)=u)F1(x)+(1-w)F2(x),

then F0(x)’~w1F1(x)+w2F2 (x)+(l-w1 -w2
)F3 (x)

+ [w2+(1-w)(l-w 1-w2)]F (x)

a proper mixture of F1 and F2. In conclusion, for F0 to be a genuine

— mixture of three components, (3.5.2) must possess a unique consistent

solution {o~ ‘~2~’ 
a necessary condition for which is (3.5.3).

Rewrite (3.5.3) in terms of a’s

0 = (1/2-ct01) (l/2-ct32)+ (l/2-cx31) (l/2-ct20)+(l/2-cx30) (1/2 ct12)

(3.5 .4)

~Xir test statistics will be derived from (3.5.4). First let us consider

problem Al. Besides the random sample from F0, we have for 1=1,2,3, a

random sample X~1,--- ,X~ from F1. Define •

T5 = (l/ 2 -W01) (l/2-W 32)+ (1/2-W31) (1/2-W20)+ (1/2-W 30) (l/2-W 12
)

(3.5.5)

where is def ined as in (3.1.2). tinder H0, BT5 0. Choose c such that

0<c� 
~~~~~~~~ ~~ �l-c<O~ i 0 ,l,2,3, then by Theorem 3.1

~~~~~~~~~~~~~~~~~~~~~~~~~~ ~ 3l h1/2), ~ 12~ j2), (W30-l/2))

has an asymptotic normal distribution with mean

N1t2((ct 1 l/2),(~~~l/2), (ct20-l/2), (ct31-1/2), (cx12-1/2), (ct30-l/2))

(3.5 .6)

and variance-covariance matrix N((a1~))~ i,jl ,2, --- ,6, where

0~~l~~2~~3 
and are listed below. The function g(x1,--- ,x6)

is continuous on R6, hence by Theorem 3.2, NT5 has an 
-
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asymptotic distribution which is that of Z1Z2+Z3Z4+Z5Z6 with

having a 6-variate normal distribution with mean vector (3.5.6) and variance-

covariance matrix ((o
n

)) as follows:

all 
= p Ef dF0 c&~0J+pj ’[fF~dF1-cz~1]

0
22 

— p~~[fF~dF3-ct~3} +p~~[fF~dF2 -a~2]

Li 
033 

= p 1[fF~dF2 -cx~2 ] +p~~ [JF~dF0-a~0]

• 044 
= p3 [fF1dF3-cx13} +p~~[fF~dF1-a~11

= 1
[JF

2dF 2~~ ~~~~~~~~~~~~

0
66 

= p3
1
[fF~dF3-ct~3] +p~~[fF~dF0-ct~0}

0l2
_ 0

34
_ 0

56
_ 0

0
13 

= _P
O [JF1F2dF0-c&10ct20]

014 
= P1

1
[fF

0
F
3
dF
1
-a
01

CL
31]

0
15 

= -P1
’1JF

0
F
2
dF
1
-CL

01
CL

211

0
16 

= -P0
1

( J F F d F -ct
1

ct
30J

023 
=

024 
=

025 
= P2

1
[fF 1F3

dF2
-CL

12
ct

32]

026 
= P3

1
[JF F dF -ct ct ]

035 = -P2 EJF F d P - C L C L I

036 P0
1

[IF 2F3dF0
-CL

20
cz

30]

_
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045 = -p~
1[fF 2F3dF1-cz21cz31]

046 p 1
[JF0F1dP3-ct03ct13] (3.5.7)

where p1 n1/N.

In the following we will derive the asymptotic variance of T5.
Let denote the r-th moment about zero and Kr denote the r-th cumulant .

Then = K
4
+4K

3
K
1~

3K~+6K2K~
+K
1 

. Denote u~111=E(Z1Z2Z3Z4)~ then

can be derived formally as follows (David et al. 1966) :

Write ~~ formally as

~i ’ (r
e
) =

and operate with ~~ on both sides , after cancelling the factor 4 on both

sides , we have

u ’ (r3s) = K(r
3s) +3K (r25)K(r)+K(r3)K(s)+3K(r2) K (rs) +3K (rs) (K (r) )2

+3K(r 2 )K ( r )K( s)+ (K (r)) 3K(s).

Next operate on both sides first with tfr, then with 
vfr 

. After cancelling

certain factors on both sides and putting r=s=t=v=l , we have

Ui111 = K1111~ K0111K1000~K1110K0001~ K1101K0010
4K1011K0100~K0011K1100

~ K1010K0101~ K1001K0110 ~K0110K1000K0001~ K0101K1000K0010

~ K1100K0010K0001 ~ K0011K1000K0100+K1010K0100K0001

~K1001K0100K0010 ~K1000K0100K0010K0001

where Ka~~d 
is the 4-variate cumulant. Since (Z1,Z2,Z3,Z4) has a 4-

variate normal distribution, we have

,

K1000=ct01-l/2 , K =a .4,2 , 
K
0010

CL
20..112 

K CL 1/2

K1100 O , K1010 013 , K1001 vY14 K0110 023

=00101 24 ‘ 0011

-- . —- - • - -

~

•- —— •-- - —- -

~ 

~~ - -
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Therefore

E(Z 1Z2 Z3Z4) =

+~13(ct32-1/2) (ct31-1/2)+~14 (ct32-l/2) (ct20 -l/2)

+(~01-l/2) (ct20-1/2) (
~~2 1./2) (ct31-l/2)

Since E(Z1Z2 ) c y 12 0 , E(Z3Z4)ci34 0 , we have Cov(Z1Z2, Z3Z4) E ( Z1Z2 Z3Z4).

Similarly we have

Cov(Z1Z2 , Z5Z6)=E( Z1Z2 Z5Z6)

= a15a26+cy16a25+a25 (cx01-l/2)(ct30-l/2)+ ci26 (c*01-1/2) (ct12-1!2)

+~15(ct32-l/2) (ct30-l/2)+a16(ci32-1/2) (~ .2 lI2)

+(a01
- ]./2) (ct12 -l/2) (ct32-1!2) (cz30-l/2)

and

Cov(Z 3Z4, Z5Z6)=E(Z 3Z4Z5Z6)

= ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

+~35 (a31-l/2) (ct30~~/2)~ ci36 (a31-l/2) (ct12 1./2)

+ (ct20-l/2) (
~~i~~/2) (ct12 -1/2) (ct30-l/2).

By the same method it can be shown that

Var(Z1Z2 ) = [a11+(a01-l/2) 2 ] [cj22 +(ct32 -l/2) 2 },

Var(Z 3Z4) = [a33+ (ct20 -l/2) 2 J [~44+(ct31-1/2) 2 ],

Var(Z5Z6) =

Finally the asymptotic variance of NT5 can be derived from the following:

Var (Z1Z2 +Z 3Z4+Z 5Z6)

= Var (Z1Z2 )+Var(Z 3Z4)+Var(Z 5Z6)+2Cov(Z1Z2, Z3Z4)+2Cov(Z1Z2, Z516)

+2Cov(Z3Z4, Z5Z6). (3.5.8)



4 46
From the above argument we see that the asymptotic variance of T5

Ci) is not so easily derived, and (ii) has nonlinear terms. And when

we ‘.o~iie tc’ dcrivL’ .1 ~Mlsistc~nt ‘st inLI t ot  t”.’F it , ~‘.r ‘ . e t  LUV~’1Vr )fl

work and have to work out various estimators for different terms in (3.5.8) .

The reason for this tedious derivation is that T5 has terms which are products

of random variables. If we look again at the definition of T5, i.e. (3. 5.5),

• we find that the only possible situation in which T5 is a linear combination

of random variable would be when all the components F1, F2, F3 are known-- 
-

viz, problem A3’. In this latter case we can modify T5 to

• T5 = (1/2-R01) (1!2-ct32)+(l/2-c*31) (l/2-R20)+ (l/2 R30
) (l/2 CLl2)

(3.5.9)

where R01 is defined as in (3.2.1) .

Under H0, EI?0,

n0Var T5 = -[-(l/2-ct32)ct10+(1/2-a31)ct20+(1/2-c&12)ct30]
2

+f[-(1!2-ct32)F1+(1/2-ct31)F2 +(1!2-ct12)F3}dF0 (3.5.10)

• from which a consistent estimator for n0Var T5 is therefore

n0Var T5 =

+ E~ [- (l!2-a32)F1(X01)+(l/2-ct31)F2(X01)+(l/2-ct12)F3(X0~)] 2

(3.5.11)

Since T~ has an asymptotic normal distribution, a large sample test can be

formulated as follows:

Reject H0 if IT 5 J (Var T ) ~1”2 > z1~~112 
.

3.6 Problems Al’. Al ’, A3 ‘—Four components

Suppose that X~1,--- ,X~~is a random sample from F1, 1=0,1,2,3,4.

Assume that all X’s are mutually independent and all F1 are continuous.
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We wish to test the following null hypothesis:

H0 : F0 
= w1F1 

+ w2F2 
+ w3F3 + (1-0)1-0)2-w 3)F 4 properly.

Integrating both sides of H0 with respect to F~, we have

001 
= W]CL11 + + + (1 w1~w2 033)ct41 i0 ,1,2,3,4, (3.6.1)

where ctab is defined by (3.1.3). Denote by

A
~~

= c z0~~
- c t4~

(3.6.2)
C1 ct21 - c t4.

1=0,1,2,3,4. (3.6.1) can be rewritten as

A1 
= + 0)2Ci 

+ i0 ,1,2,3,4.

Following the same argument as in section 3.5 by setting each of five 4x4

determinants to zero, we have

0= [(A3-A0) (C1-C2)- ~A 2 o~ 
(Di-D3)_ (A1-Ao) (C3-C2)]

[(A2_A o)(B3 1
)_ (Bo~~i

)(D2~~3
) ( A3 o )(B2~~i)1 [C2A3-D3 (A2-A0)-A0C3]

0=[(C0-C2) (D3-D1)+(A1-A0)(C3-C2)-(A3-A0)(C1-C2)J [A0B3+D3(A1-A0)-A3B1]

0=[(D1-D3) (A2-Ao)- ~~~~~ 
0)2

1)3) (D0-D3) (B2-B1)J [-B1A2-A0B2+C2(A1-Ao)]

0=[ (D3-D1) (Ao-A2) 
- (A3-A 0) (C1-C2) - (A1-A0) (D2-D3)] [(B3-D3) (C0-A0)

- (C3-A3) (B0-A0)+ (Ci-A1) (D0-A.0) 1 (3.6.3)

By definition we have the following relations:

Ao-A1 
= B0-B1

Ao-A2 = C0-C2

A0-A3 
= D0-D3

B1-B2 = C1-C2p.
__________________
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B1-B3 

= D1-D3

C2-C3 
= D2-D~

From these relations it follows that the first factor of each equation in

(3.6.3) is equal to each other. Suppose that this comnon factor is not zero ,

then the following equations must hold sinv.iltaneously:

-B1D2+C2 (D1-D3)+D3B2 = 0

C2A3-D3(A2-A o)-A0C3 
= 0

A0B3+D3(A1-Ao)-B1A3 
= 0 (3.6.4)

-BiA2-A0B2+C2(A1-A o) 
= 0

(B3-D3) (C0-A0)- (C3-A3) (B0-A0)+(C1-A1) (D0-A0) = 0

&lt

• 
(A3-A0) (Ci-C2)-(A2-Ao) (D1-D3)-(A1-A0) (C3-C2)

= (-B1D2 +C2 (D1-D3)+D3B2J - 1C2A3-D3 (A2 -A0)-A0C3J

+ [A0B3+D3(A1-A0)-B1A31 
- [-BiA2-A0B2+C2 (A1-Ao)]

+ [(B3-D3) (C0-A0) 
- (C3-A3) (B0-A0)+ (C1-A1) (D0-A0)}

which is equal to zero by (3.6.4) , and this is a contradict ion of our

previous assumption. Therefore when H0 is true we must have

(A3-A o)(C1-C2)-(A2-Ao)(Di-D3)-(A1-Ao)(C3-C2) = 0 . (3.6.5)

Or in terms of cx’s

ci’ cx’ +ct’ ci’ +ct’ ci’ -cx’ ci ’ -cx ’ ci’ — C L ’ cx ’ -ci’ ci’ -cx ’ cx ’ -ci’ ci’30 21 31 02 32 10 40 21 41 02 42 10 40 13 41 30 43 10

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ = 0 (3.6.6)

where cij~ = l/2-cx~~. Thus an appropriate test statistic can be defined as 
-

follows:

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~ •• . • ~~~~ • • . •~~~~~ •~~~~~ • •~~~~~~
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T6 
= W30W21+W31W02+W32W10 W~0W~1 W~1W~2 W~ W~0 W~0Wj3 W~1W~0

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
(3.6.7)

where 
~~~~~~~~~ 

and ~~ is defined by (3.1.2). Under H0, FF6=0

• 

- 

(by independence). The asymptotic distribution of T can be derived simi-

larly to that of T5 as in section 3.5 , but it is difficult to identify

unless all the component distributions are known— viz, we are dealing

with problem P.3’ . In this latter case a modified statistic would be

T6 R30ci 2l~~ 31R~2 R~0cx ’ 21-ci’ ~~~~~~~~~~~~~~~~~~~~~~~~~~~ 43
p
1O

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (3.6.8)

where Rj~=l/2-R~ and 
~~ 

is defined by (3.2.1).

Under H0, ~~6 0,

n0Var T6 = - [act10+bcz20l-cct30+dct40]2 
+ J [aF1+bF2+cF3+dF4] 2dF0

where (3.6.9)

a = ct~2 
- cx~2 

- ci1~3 , b = -cx~1 + ct~1 
-

c = c l~1 - c x~1 + a~2 ,  d - cx~1 - c z,~2 - c t~3

Therefore a consistent estimator for n0Var T6 would be
n

n0Var T6 = -[aR10+bR20+cR30+dR40 ] + E0 [aF1(X0.)+bF2 (X0.)

+cF3 (X0 1)+dF 4 xoi.~i
2 (3.6.10)

and a large sample test would be

Reject H0 if fT6 I(Var T5Y
1”2 

> zl_W2 . (3.6.11)

3.7 Discussion and A Conjecture

In the usual two sample tests, an interesting hypothesis is

H0 : F0(x) = F1(x)

where F0 and F1 are the two underlying distributions to be tested , each of
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them is either known or to be estimated from a given sample. Denote by

= JF0dP1

Assume that both F0, F1 are cont inuous. tinder H0 we have

cg
01 - l/2= 0 (3.7.1)

• We may use the statistic

W01- 1/2

to test H0, where W01 is defined by (3 .1 .2) .

In Table 3.2 , the necessary conditions derived from previous sections

when testing mixtures of 2, 3, and 4 components are tabulated. For

completeness, we also include k=1 by regarding it as a ‘one component

mixture’. These conditions are readily seen to follow a certain pattern,

such that the condition of k components can be derived directly from that

of (k-i) components without going through tedious manipulation. The

rules for such derivations can be summarized in the foliwoing algorithm:

1. For k even (integer), generate new terms through substituting

the index i by k every where in the necessary condition of (k-i) component,

• 1=0, 1, --- , k-i, then subtract from the (k-l)-component condition all the

new terms generated.

2. For k odd (integer), first group all terms in the condition

• of (k-l)-components in the manner - shown in Table 3.1, (This can also be

done by preserving the order of terms when (k-l)-componen-t condition is

derived from that of (k-2)-ccmponents.) Next, multiphy each group by

ctik ,where I is the index missed in the group (each group has exactly one

such index) . Then substract all (new) terms generat ed from that of

(k-l)-components . A (conjectured) 5-component condition is derived in

this way. It is only a conjecture and has not been derived analytically.
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Note that for the case of k-components, with k=2,3,or 4, the necessary

• condition is one that includes all the possible combinations of pairs

of different indices out of the (k+l) indices , 0, 1,2 , --- , k. This

can also be seen from the last column of Table 3.2.

3.8 Problem El

In this 5ection we study the problem of reducing the number of

components of a given finite proper mixture by consider ing two special

cases, viz., that of reducing fran (1) four components to three, and

(2) three components to two. The methods used to derive the test

stat istics in both cases are the same; they are included here for the

purpose of completeness, and for the reason that if these two tests are

applied consecutively, we would be able to test for reduction

• from four components to two components.

• In each case, we first derive from the null hypothesis necessary

condit ions , and then test statistics . As before, we may suppose that

each component distr ibution is either known or there is a sample from it.

If not all component distributions are known, the asymptotic distribution

of the test statistic is difficult to identify; so from henceforward

we will suppose that each component is known.

3.8.1 Reducing Four Components to Three

Let X1, ~~~ 
Xn be a random sample from F0 and suppose that F1, F2 ,

F3, F4 are known, continuous. Also assume that F0 is continuous and that

F0= ~1F1 + ~~F2 + ~~~~ “-(1- ~~ -
~~~~~~ -w3)F4 properly. (3.8.1) 
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We wish to test the following null hypothesis:

H0: 1-~~1 w2 w3 = O

• 
- 

Define ctj j  as in (3.1.3) and ~~ B
~
, C1, D1 as in (3.6.2). Under H0,

we have

F0 
= ~~~ + ~2F2 +(1 

- w1- w2)F3 properly. (3.8.2)

Integrating both sides of (3.8.2) with respect to ~~ i0 , 1, 2, 3, 4,

we obtain

A1 
= + w2C. (3.8.3)

As discussed in section 3.5, when (3.8.2) holds, then necessarily

B0C2 
- B1(CQ - A0) 

- A0B2 
= 0 . (3.5.3)

If this is so, then the first four equations in (3.8.3) have a unique

consistent solut ion for Cw1~ w2 } . Let this solution be

(A)
1 

= (A1C2 
- A2C1) (B1C2 

-

= (A1B2 
- A2B1)(B2C1 

- B1C2Y~
From the assumption (3.8.1) and H0, w1, w2 must also satisfy the fifth

equation in (3.8.3), 1. e. we must have

A4 = (A1C2 - A2C1)(B1C2 - 82C1)
4B4 + (A1B2 

- A2B1)(B 2C1 
- B1C2)C4

or 
0 = cx04(B1C2 - B2C1) + cx01(B2C4 

- C2B4) + ci02(C1B4 
- B1C4)

- cx34(B1C2 
- B2C1) 

- ct31(B2C4 
- C2B4) 

- cx31(C1B4 
- B1C4)

(3.8.4)

• 
- The right hand side of this equation is a linear combination of

a01, and a02 (the only non-constant terms). (3.5.3) can be rewritten as

0 = cx10C2 
- CL20B1 

- cx
30(C2 - B2) + ~(B1 

- B2) (3.8.5)

In the above argument we find that (3.8.4) and (3.8.5) are two necessary

conditions for both assumption (3.8.1) and H0 to hold. Therefore we may

— --- • •

~

- • • • •

~
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define test statistics

T7 
= L~0C2 

- R20B1 
- R30 (C2 - B2) + ~-(B1 

- B2) (3.8.6)

T8 
= (R04 - ci~4)(B1C2 

- B2C1) + (R01 
- c*31)(B2C4 

- C2B4)

+ (R02 - ct~2)(C1B4 
- B1C4) , 

(3.8.7)

where is defined in (3.2.1). Obviously expectations of T7 and T8 are

equal to the right hand sides of equat ions (3.8.5) and (3.8.4) respectively,

and Var T7, Var T8 and Cov (T7, T8) can be calculated by using (3.2.3) and

(3.3.2) as in the following

n Var T7 = -(C2 c~ 0 
- B1a~0 

- (C2 
- B2 )c~ 0]2

+ J[C2F1 
- B2F2 - (C2- B2)F3]2dF0 = t11 , say,

n Var T8 = - [( B1C2 -B2C1)a04 +(B2C4 -C2B4)a01 +(C 1B4 -B1C4 )cz02 1
2

+ f[(B1C2 
- B2C1)F4 +(B2C4 -C2B4)F1 4-(C1B4 -B1C4)F2 }2dF0

, say,

Cov (T7, T8) = -[C2 ct~0-B~c~0 -(C2 - B2)a30] [(B1C2- B2C1)ct04 +(B2C4-C2B4)a..~1

+ (C1B4 
- B1C4)ct~~} + f[C2F1 

- B1F2 -(C2 -B2)F31.

[(B1C2 - B2C1)F4 +(B2C4 - C2B4)F1 +(C1B4 
- B1C4)F2]dF0

= t12 , say

t11,t22, and t12 can be estimated consistently term by term by Proposition

3.1. We will denote these consistent estimators by ~~~ 122 , and t12 res-

pectively. After rearranging , T7 and T8 can each be expressed as means of

n i.i.d. random variables, i.e.

T7 
= 

~ k=1 
(C2Fl (Xk

)_ B
lF2 (Xk)~ (C2-Bz)F3 (Xk)+(Bl

_ B
2)/2} (3.8.8)
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n
18 = — f (B lC2-BZC]) (l-F4 (Xk)-c

~4) + (B2C4-B4C2)(l-Fl~Xk
)_a

3l)

+ (ClB4~B4Cl)(l~F2 (Xk)_cz~2)] (3.8.9)

Hence if nVar T7 < ~~~, by the central limit theorem,

T7 (Var T7Y
1”2 -

~ N(0,1) in distribution.

And if nVar T8 < c o ,

T8(Var T8)
1
~
’2 

+ N(0,i) in distribution.

Let T = (T7,T8), then T has an asymptotic bivariate normal distribution .

Def ine 
~ ~ -l11 12

Q
~~
= n T t ~ 

T’
- 12 22

then On has an asymptotic chi-square distribution with 2 degrees of freedom

(Wilks, 1962 , pp. 261). Applying Theorems 2.1 and 2.2, 
~ 

and

•‘ -1
- til tl2

= n T T’ (3.8.10)

Fl 
- t12 t22 

-

have the same asymptotic chi-square distribution with 2 degrees of freedom.

Under H0, ET7 = ET8 0, so On has an asymptotic central chi-square

distribution. Otherwise On has an asymptotic noncentral chi-square dist-

ribution with 2 degrees of freedom and noncentrality parameter

t11 t12 -l
n (ET) (Fr) ’. (3.8.11)

- t12 t22 -

Therefore a large sample test is

reject H0 if is too large. (3.8.12)

3.8.2 Reducin~g Three Components to Two

Let X
1
, --- ,X be a random sample from F0 and suppose that F1, F2,

F3 are known, continuous. Also assume that F0 is continuous and

• - -
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• F0 
— w1F1 + ~2F2 

+ (l-w1-~2)F3 properly. (3.8.13)

We wish to test the following null hypothesis:

H0 : l-w1-w2 = 0

Under H0,

F0 = ~1F1 
+ (1-~1)F2 properly. (3.8.14)

Integrating both sides of (3.8.14) with respect to F~
, i0 ,l,2,3, we have

= o~B~ - (3.8.15)

When H0 is true , the following condition must hold :

C~iO 
+ CL02 

- a12 
- 1/2 = 0, (3.1.5)

H from which it follows that the first three equations in (3.8.15) have a

unique consistent solution of 
~l’ 

Let this solution

= A2 / B2 (ct02-1/2)/(ct12-l/2)

Substitut ing ~~ into the last equation in (3.8.15), we have

(ct03-ct23) (ct12-l/2) (ct13-ct23) (ct02 -l/2) (3.8.16)

Def ine T4 as in (3.3.1) and

= (R03-cx23)(ct12-l/2) 
- 

(ct13-c&23)(R02 1/2) , (3.8.17)

where is defined by (3.2.1). (3.1.5) and(3.8.16) are two necessary

conditions when the assumption (3.8.13) and H0 both hold. nVar T4 was

derived in (3.3.3) and will be denoted by s11. While

nVar = - [(ct12-1/2)a30+ (c*13-a23)ct20]2
~ [(ct1~2-l/2)F3+(ct13-ci23)F2J

2cW0

= S
~~ 

say,

nCov(T4,T9) = - (a10-ct20) [(ct12-l/2)cz30+(a13-ct23)ct20]

+f(F1-F2) [(~~2 f2)F3+(~~3 a23)F21d1~0
= 

~12’ 
say.

Similarly we can estimate s11, 
~12’ ~22 

consistently by Proposition 3.1,
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and we will denote these estimators by S11, ~l2’ ~22 
respectively.

Following the same argument as in section 3.8.1, we may use

A 
s11 s12 -1

• . P = n(T ,T ) 
A (T ,T )‘ (3.8.18)

- as a test statistic and

reject ~ if is too large. (3.8.19)
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(}IAVfER IV

A SIMJLATION STUDY

In this chapter we sttxly a new statistic which can be used to test

hypotheses of proper mixtures when the components are known, e.g. problems

A3, Bl and D2. A computational algorithm is constructed and properties of

this kind of statistics are discussed . Then we use simul ation procedure

for three special cases .

4.1 Outline

Let X1, --- ,X~ be a randon sample from F0 and suppose that F1 and F2
are known, continuous and

F (x) � F (x) for all x. (4.1.1)

We wish to test the following null hypothesis

- 

- 

H0 : F0 u~F1+(l-w)F2 properly. (4.1.2)

Define a statistic

D = inf sup F~~(x) - F0(x)J
0�w�l x

= inf sup lF0~(x) 
- wF1(x) 

- (1-w)F2~x) j  (4.1.3)
0�w�1 X

where F~~ (x) is the empirical distribution function corresponding to

-- ,X~. D can be rewritten as

D = inf max K.(w) (4.1.4)
0�w�l j=l,--- ,n ~

where

K~(wI = max ~1i. a. - wF1(X(~))- (l_w)F2(X
(3))f~

-—~ -- ~~~~~~~~~~~ -~~~~~~ -~~-- --
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- wF~ (X~~~) - (1-w)F2(X(~))I (4.1.5)

and X
(J) 

is the j-th order statistic of

Ou the other hand the distribution of D can be expressed as a weighted

mean of conditional distributions (Behboodian , 1972) as follows:

Pr{ D� d H }

= ~ (n)
i(l~~)

n-iPr{~~d, i out of n X’s are from F and the

rest from F2}, (4.1.6)

where w is the probability that X1 comes from F1. We will use (4.1.5) to

calculate the conditional distributions and then use (4.1 .6) to obtain the

(unconditional) distribution of D.

4.2 An Algorithm

In this section we describe an algorithm which enables us to compute

from a given random sample the values of D and a~, the latter minimizing

the expression (4.1.3). From (4.1.5) (w) ,as a function of w , is defined

in the following ways:

(1) When 2j—1 
~ F2(X(.))~ we have

K~(w) = F2 (X(J)) 
- 

~~~~ 
+wt F 1(X (J) )-F 2 (X (~) )1~ (4.2.1)

an increas ing function of w.

(2) When F2 (X(~)) < 
2~-l < F1(X

(J))~ 
we have

~F2 (X
(J)) 

+ -J -_ + w [-F1(X
(J)

)+F2 (X
(3))] 

if 0�w<w~

K~(w) = 

F2 (X
(J)) 

- iLL + w[F1(X
(~)

)-F2 (X
(J)

)] . if w~~w�1

(4.2.2)
with w~ ~2~~l -F2 (X (~) ) I [Fl (X

U)
) ~F2(X

(J)) J~~, decreasing first in the
(4.2.3)

interval [0,w~), then increasing in the interval [w~ ,1].
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(3) When F1(X
(J)) � we have

K~(w) = —~~--~ - F2 (X(.) ) + w[-FJ (X(.))+F2(X(.))]~ (4.2.4)

• • a decreasing function of w.

It can be seen from the above argument that , for each j =1, - - - , n, (ce)

is either a straight line segment or a sequence of connected straight lines.

And from (4.1.4) we see that the value of D is attained when 0 is the

minimax point ameng all the intersection points of straight lines K~ (w) ,

-- ,n. Using this fact, we construct a computational algorithm for

finding the values of D and 0 when a random sample is given. (Programs

written in Fortran IV are available from the author.)

Step 1 : For each j =l ,--- ,n , let a (j) 1,2 or 3 according to whether

K~(w) is of case 1,2 or 3 respectively . Let

• b(0) = max K.(0). (4.2.5)
• j=l,--- ,n

Denote by
diC.(w)

KJ(0) dw 
— 

w 0

Then find j 0 such that

K! (0) = max { K!(0) : K.(0)b(0) }.
3 3

If mere than one such j 0 exist, choose any one of them,

Step 2 : If a(j0)=1, put

D=b(0), and 0=0 (4.2.6)

and the algorithm stops. Otherwise let w0 O and proceed to step 3.

Step 3 : Cor~~ute the intersection points of the l ine with

all the other lines K~(w) and denote these points h~ (s,~ ,B
1) for j -j 0.

miii max (w~~, w
0 ) 

42 . )
j�j0 

3

L. 
_ _ _ _ _ _ _ _ _ _ _—
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Step 4 : If ~ �1, put

D=K. (1), and 0=1 (4.2.8)

and stop the algorithm. Otherwise let be such that

K~~(w1) = max {K~(w1): j �j0, t4=w~} 
. (4.2.9)

If mere than one such j 1 exist, choose any one of them.
Step 5 : If a(j1) 1, or both a(j1)=2 and -w. ~, with w ’~ defined by

(4.2.3), put

D=K. ((i) ) ,  and 0 w 1 , (4.2.10)1

and stop the algorithm. Otherwise proceed to step 3 by changing indices

appropriately.

4.3 Numerical Results

For exploratory purpose three numerical examples are studied by the

simulation procedure . Namely, when the component distributions are res-

pectively:

(1) F1 N(-l.5,1) and F2 —‘ N(l.5,1)

(2) F1 N(-2 ,1) and F2 
— N-(2,l)

(3) F1 E(l .5) and F2 N(l ,1/l6)

The simulation procedure can be described as follows :

(a). For each i=0,l,--- ,n, where n is the sample size, a set of random

numbers O(
~
,--- ,X~

} is generated according to the distribution F1, and a

second set of random numbers {Xj+1~~~
Xn} is generated according to the dis-

tribution F2. They are then combined to form a sample for F0, denoted by

s(iln), subject to the condition that i out of the n random variables are dist-

tributed as F1 and the rest are distributed as F2. Applying the algorithm in

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~r u - t % ,&rn. :-
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section 4.2 to s(ijn), we then obtain a pair of values of (0,D).

(b) Repeat (a) until the desired number of samples is achieved

(200 in our cases) and the pairs of values of (~ ,D) are computed.

From these values of D, we compute the condit ional empirical distributions

of D, denored by F~ (x I i )~ subject to the condit ion that i out of n X ’ s

are distributed as F1 and the rest are distributed as F2, il ,--- ,n.

(c) From (4.1.6) we calculate for fixed w the unconditional empirical

distribution of D.

For case (1), samples of sizes 10, 20 , 40 respectively were

generated. The resulting empirical distributions are sunm~arized in

Table 4.1.

For cases (2) and (3), samples of sizes 10, 20 respectively were

generated. The resulting empirical distributions are suninarized in

Tables 4.2 and 4.3.

- - -  — - - - - —---- —-,------— — ---- ~ - —- -—.-- -—------ — —~~~~~

-

~~
~-



H Table 4.1 Bnpirical distribution function of the statistic D
calculated by (4.1.7) when the components are
N(-I,5), N(].,5) respective~v

Sample size n = 10

w .0 .05 .10 .15 .20 .25 .30 .35 .40 .45 .50
d
.095 .0 .0 .0 .0 .0 .0 .0 .0 .0 .0 .0

.120 .01 .025 .037 .046 .053 .058 .061 .063 .064 .065 .065

.130 .04 .060 .072 .080 .087 .092 .096 .099 .10]. .103 .103

.140 .075 .097 .112 .124 .134 .143 .152 .160 .166 .170 .171

.150 .150 .164 .180 .195 .211 .226 .240 .252 .262 .267 .269

.160 .210 .224 .246 .270 .294 .317 .336 .353 .365 .372 .374

.170 .250 .277 .311 .343 .373 .399 .422 .440 .453 .461 .464

.180 .290 .336 .383 .427 .467 .502 .531 .554 .571 .581 .584
— .190 .320 .390 .454 .511 .560 .600 .633 .657 .674 .684 .687

-: .200 .355 .439 .514 .579 .632 .675 .707 .730 .746 .755 .758

.210 .395 .494 .578 .647 .700 .740 .769 .789 .802 .809 .812

.220 .470 .559 .637 .702 .754 .793 .820 .839 .850 .856 .858
- 

- 

.230 .535 .617 .689 .749 .800 .835 .863 .882 .894 .900 .903

.240 .595 .669 .732 .785 .827 .860 .884 .901 .912 .919 .921

.255 .665 .731 .784 .829 .865 .893 .915 .930 .940 .946 .948

.265 .705 .575 .802 .842 .876 .904 .925 .941 .951 .957 .959

.280 .740 .797 .842 .878 .908 .931 .948 .960 .968 .973 .974

.285 .775 .802 .858 .890 .917 .938 .954 .966 .974 .978 .980

.295 .815 .851 .881 .907 .929 .948 .963 .974 .981 .986 .987

.315 .840 .877 .906 .929 .947 .962 .973 .981 .986 .989 .990

.330 .855 .894 .923 .945 .962 .974 .982 .988 .991 .993 .994

.355 .895 .925 .947 .963 .975 .983 .989 .993 .996 .997 .998

.385 .935 .952 .966 .976 .983 .989 .992 .995 .997 .998 .999

.395 .95 .963 .973 .980 .986 .991 .994 .996 .998 .998 .999

.415 .975 .982 .986 .990 .993 .995 .997 .998 .999 .999 .999

.595 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0

_ _
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Table 4.1 (Cont.)

Sample size n = 20

u .0 .05 .10 .15 .20 .25 .30 .35 .40 .45 .50

d
.059 .0 .0 .0 .0 .0 .0 .0 .0 M .0 .0

.094 .015 .047 .067 .082 .092 .098 .102 .105 .108 .110 .111

.108 .10 .134 .179 .214 .238 .251 .261 .269 .276 .282 .284

.122 .220 .288 .355 .402 .433 .453 .468 .481 .492 .500 .503

.129 .275 .361 .437 .488 .522 .546 .566 .582 .594 .602 .605

.143 .425 .504 .587 .650 .694 .724 .743 .755 .763 .767 .769

.164 .580 .661 .737 .792 .831 .859 .878 .890 .897 .901 .903

.185 .725 .779 .838 .880 .907 .924 .936 .944 .951 .954 .956

.199 .785 .833 .879 .914 .937 .953 .963 .970 .975 .978 .979

.227 .880 .913 .938 .957 .971 .98]. .988 .993 .995 .997 .997

.262 .955 .966 .977 .986 .992 .995 .998 .999 .999 1.0 1.0

.339 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0

• Sample size n = 40

w .0 .05 .10 .15 .20 .25 .30 .35 .40 .45 .50
d
.040 .0 .0 .0 .0 .0 .0 .0 .0 .0 .0 .0

.060 .010 .016 .023 .025 .029 .034 .036 .035 .033 .034 .034

.080 .165 .191 .236 .264 .284 .305 .327 .344 .352 .353 .352

.100 .420 .518 .564 .597 .631 .662 .682 .692 .698 .704 .707

.120 .635 .748 .796 .828 .857 .882 .899 .910 .918 .923 .925

.130 .735 .827 .876 .902 .918 .931 .940 .948 .954 .959 .961

.140 .805 .870 .913 .940 .954 .963 .969 .975 .980 .983 .984
• .150 .860 .903 .942 .965 •977 .983 .987 .989 .990 .992 .992

.170 .945 .954 .973 .987 .933 .995 .997 .998 .999 1.0 1.0

.190 .965 .972 .983 .992 .996 .998 .999 .999 .999 1.0 1.0

.210 .980 .991 .995 .997 .999 .999 1.0 1.0 1.0 1.0 1.0

.270 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0

-- —~-~~~ - - - -- 
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Table 4.2 Empirical distribution function of the statistic D
calculated by (4.1.7) when the components are N(-2,1),
N(2,l) respectively

Sample sizen=lO

w .0 .05 .10 .15 .20 .25 .30 .35 .40 .45 .50

d
.085 .0 .0 .0 .0 .0 .0 .0 .0 .0 .0 .0

.120 .020 .027 .040 .053 .061 .066 .069 .069 .069 .069 .068

.140 .055 .095 .130 .157 .175 .186 .192 .195 .197 .198 .198

.160 .150 .213 .263 .301 .326 .344 .357 .365 .371 .374 .375

.180 .270 .347 .409 .455 .490 .515 .533 .546 .555 .560 .562

.200 .415 .499 .566 .618 .656 .683 .702 .716 .724 .729 .730
• .220 .515 .604 .671 .720 .758 .787 .809 .825 .837 .844 .846

.240 .605 .682 .745 .794 .833 .863 .886 .903 .914 .921 .924

.260 .705 .770 .822 .862 .894 .917 .935 .948 .957 .962 .964

.280 .785 .831 .869 .900 .925 .944 .958 .968 .975 .979 .980

.300 .840 .875 .905 .929 .948 .962 .972 .980 .985 .987 .988

.380 .955 .968 .977 .983 .988 .992 .995 .996 .998 .999 .999

.490 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0

Sample s i z e n =  20

cu .0 .05 .10 .15 .20 .25 .30 .35 .40 .45 .50

d
.058 .0 .0 .0 .0 .0 .0 .0 .0 .0 .0 .0

.094 .050 .076 .082 .084 .087 .090 .094 .098 .102 .105 .106

.112 .150 .228 .258 .268 .271 .275 .282 .292 .303 .311 .314

.130 .280 .397 .456 .487 .504 .515 .528 .543 .558 .569 .573

.148 .445 .564 .629 .669 .696 .715 .713 .746 .758 .766 .769

.166 .620 .719 .771 .806 .828 .844 .856 .867 .877 .884 .886

.184 .740 .819 .860 .886 .905 .919 .930 .938 .943 .947 .948

.202 .815 .877 .909 .930 .947 .959 .968 .974 .978 .980 .981

.220 .875 .925 .949 .964 .975 .984 .989 .993 .994 .995 .995

.238 .905 .963 .975 .983 .990 .994 .997 .999 .999 1.0 1.0

.256 .930 .978 .986 .992 .994 .997 .998 .999 .999 1.0 1.0

.418 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0

- --~~~~~~~~~~ p — -~~~ -~~~ - -- -
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Table 4.3 thipirical distribution function of the statistic D
• calculated by (4.1.7) when the components are

E(l.5), N(l.l/l6) respectively

• Sample sizen=10

cu .0 .1 .2 .3 .4 .5 .6 .7 .8 .9 1.0

d 
—_____________________________________________________

.085 .0 .0 .0 .0 .0 .0 .0 .0 .0 .0 .0

.120 .01 .018 .029 .041 .052 .059 .058 .052 .042 .034 .035

.160 .175 .215 .260 .299 .322 .327 .318 .299 .271 .235 .205

.200 .420 .501 .565 .619 .657 .675 .670 .638 .576 .488 .405

.240 .600 .712 .771 .813 .841 .853 .847 .821 .773 .699 .605

.280 .800 .855 .885 .905 .919 .925 .922 .904 .868 .815 .755

.320 .870 .915 .937 .948 .955 .958 .954 .942 .918 .885 .840

H .360 .920 .955 .967 .972 .973 .973 .972 .967 .956 .938 .910
.400 .970 .985 .988 .987 .989 .990 .991 .991 .988 .978 .960
.440 .985 .992 .995 .996 .996 .996 .995 .994 .992 .986 .985
.560 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0

Sample sizen= 20

cu .0 .1 .2 .3 .4 .5 .6 .7 .8 .9 1.0
d
.058 .0 .0 .0 .0 .0 .0 .0 .0 .0 .0 .0

.103 .075 .122 .149 .168 .178 .178 .172 .157 .142 .136 .085

.121 .180 .283 .342 .362 .372 .384 .393 .382 .355 .324 .210

.139 .325 .453 .517 .545 .571 .593 .598 .580 .555 .530 .430

.157 .500 .615 .674 .706 .737 .758 .759 .743 .718 .672 .545

.175 .640 .727 .788 .820 .841 .850 .845 .833 .823 .787 .645

.202 .810 .854 .883 .905 .922 .936 .940 .931 .911 .873 .760

.238 .910 .946 .958 .966 .974 .978 .977 .973 .968 .957 .890

.265 .965 .973 .985 .990 .991 .990 .986 .982 .979 .965 .935

.301 .975 .992 .996 .997 .998 .998 .995 .992 .992 .986 .970

.418 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 
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Tables 4.1 — 4.3 show that:

(1) In general, as the sample size n increases , the entire range of

the empirical distribution function moves toward zero. This is as expected,

since when the hypothesis of mixture is true, the value of D would be close

to zero.

(2) For the two normal cases , value in Table 4.1 is less than the

corresponding value in Table 4.2 for fixed n , d and ~~. This indicates that

the statistic D performs better when the two ccmponents are further

apart.

(3) In all three cases,as the actual mixing proportion cu increases

from zero to one, the mean of e. d. f. ‘s first decreases, then increases

The same phenomenon holds for aink st all the percentiles of the e.d.f.

In other words , the statistic D when used to test the hypothesis of mixture,

will perform better when the actual mixing proportion is near .5.
— (4) In all three cases, when .1 < cu < .9 , the e.d.f. ‘s reamin

relatively constant for varying ~~~ . This is especially true when sample

size n becomes larger.

The average values of 0 over each 200 samples are summarized in

Table 4.4. It appears from Table 4.4 that unless the actual proportion

= i/n is close to either 0 or 1, the averaged values of 0 are very close

to cu. This is an indication that the above procedures can also be used to

estimate the true proportion parameter of the mixture.

Using nominal significance levels x = .025, .05, we also calculate,

from the above values of D , approximate values & of the actual significance

levels in Tables 4.5 - 4.7. MDre explicitly, the &‘s are calculated by

the following formula :

_ ____ _  J
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Table 4.4 Average values of 0 over 200 generated samples
(In cases (1) and (2) , whencu> .5 , use 1-the value
corresponding to 1-cu.)

The actual Case (1) Case (2) Case (3)
proportion

• from F1, cu n = 10 20 40 10 20 10 20

.0 .0555 .0560 .0382 .0635 .0411 .1051 .0880

.025 .0511

.050 .0701 .0612 .0732 .0987

.075 .0743

.100 .1072 .1092 .0995 .1182 .1052 .1738 .144 5

.125 .1286

.150 .1575 .1415 .1430 .1763

.175 .1710

.200 .1964 .1945 .1964 .1926 .1969 .2210 .2012
- - .225 .2173

.250 .2384 .2378 .2406 .2576

.275 .2622

.300 .2908 .2941 .3064 .2948 .3059 .2944 .2967

.325 .3277

.350 .3498 .3454 .3552 .3443

.375 .3692

.400 .3909 .4011 .3975 .4085 .4080 .3809 .3739

.425 .4280

.450 .4510 .4461 .4487 .4352

.500 .5022 .4890 .4977 .4906 .5006 .4739 .4525

.550 .5546

.600 .5930 .6116

.650 .6403

.700 .6703 .6472

.750 .7463

.800 .7308 .7787

.850 .7909

.900 .7768 .8429

.950 .8577

1.000 .8294 .8823 

—-~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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= 

JO 

~~ )~~~1~~~~~ ~~~~~~~~ ( 
no. of points (G~ , D) above the Dla curve

I i out of n X’s are distributed as F1) , (4.3.1)

where the D1~~ curve is formed by connecting all those ioints (~~~ ~
Di...a i)

i=l, --- , n, with D1_~,~ satisf ring

1 -ct Pr{ D < D1 •~ 1 I ~ 1 (4.3.2)

Tables 4.5-4.7 show that

(1) As sample sizes n increase, in general, the approximate values

of the actual significance appear to approach the nominal significance

level (ct). This fact is as expected, since as n increases, the performance

of the test statistic usually improves.

(2) When cu is not too close to either 0 or 1, the values of ~~ remain

relatively constant . This is due to the fact that when cu is close to either

0 or 1, the small number of random variates generated for one component 
-

causes a great deal of variability among the 200 combined samples, which

in turn causes the values of D to become larger. Hence at both ends of

[0,1] we tend to have larger values of ~ -

(3) In the cases of two normal components, corresponding values

in Tables 4.5 and 4.6 are fairly close to each other. This indicates

that if we use the statistic D to test (4.1.2) and reject if D is too

large, then this test would be consistent with respect to the distance

between the components.

(4) The values of ~ are closer to the nominal significance levels in

both normal cases than in the exponential-normal case.

I
L .  -
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Table 4 5 Approximate values a of the actual significance levels of the
statistic D when the components are N(-l.5,l), N(1.5,1) res-
pectively (When cu> .5, use the values corresponding to 1-cu.)

a .05 a .025
n = 10 20 40 n = 10 20 40

.0 .0700 .0800 .0775 .0325 .0425 .0550

.05 .0591 .0685 .0695 .0287 .0309 .0389

.10 .0501 .0554 .0526 .0236 .0262 .0298

.15 .0420 .0462 .0446 .0205 .0226 .0238

.20 .0349 .0406 .0433 .0166 .0192 .0227

.25 .0291 .0375 .0448 .0132 .0166 .0237

.30 .0248 .0360 .0475 .0104 .0151 .0246

.35 .0220 .0353 .0501 .0084 .0142 .0247

.40 .0203 .0347 .0512 .0070 .0126 .0233

.45 .0195 .0342 .0510 .0062 .0131 .0213

.50 .0192 .0340 .0507 .0060 .0130 .0202

Table 4.6 Approximate values ~ of the actual significance levels of the
statistic D when the components are N(- 2 ,1), N(2 ,l) respec-
tively (When cu> .5, use the values corresponding to 1-cu.)

a .05 a .025

n = 1 O  20 n = l O  20
H

.0 .0825 .0500 .0550 .0350

.05 .0711 .0340 .0420 .0170

.10 .0599 .0291 .0321 .0141

.15 .0497 .0287 .0247 .0144

.20 .0409 .0296 .0192 .0152

.25 .0338 .0309 .0153 .0162

.30 .0285 .0322 .0127 .0173

.35 .0247 .0331 .0112 .0182

.40 .0222 .0335 .0105 .0186

.45 - .0209 .0336 .0101 .0188

.50 .0204 . 0336 .0101 .0188
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Table 4.7 Approximate values ~ of the actual significancelevels of the statistic D when the components
are E(l.5), N(l,l/l6) respectively

a = .05 a = .025

n = l 0  20 n = l O  20

cu
0 .0925 .0350

.05 .0667 .0532 .0255 .0267

.1 .0508 .0508 .0202 .0204

.15 .0403 .0467 .0171 .0160

.2 .0331 .0416 .0153 .0131

.25 .0279 .0364 .0139 .0116

.3 .0242 .0318 :0129 .0108

.35 .0215 .0277 .0120 .0101

.4 .0197 .0243 .0111 .0095

.45 .0188 .0222 .0103 .0093 - 2

.5 .0186 .0217 .0094 .0099

.55 .0192 .0229 .0090 .0113

.6 .0206 .0253 .0088 .0134

.65 .0227 .0282 .0089 .0154

.7 .0258 .0308 .0096 .0168

.75 .0297 .0327 .0111 .0175

.8 .0345 .0345 .0136 .0183

.85 .0401 .0384 .0176 .0211

.9 .0463 .0476 .0235 .0277

.95 .0529 .0656 .0316 .0376

1.0 .0600 .095 .0425 .0500
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CHAPTER V

MISCELLANEOUS PROBLFMS

In this chapter we study various problems which have not been

discussed in the previous chapters.

5.1 Problem B2 — M rmal Components

Let X1,--- ,X~ be a random sample from F0 and suppose that F1 and F2
are of known form, synmetric , and F2(x) F1(x-t), t>0 known. Assume also

H that

F0 
= + (l-oi)F2 properly . (5.1.1)

We wish to test the following null hypothesis:

H0 : = 0 or 1. (5.1.1)

Assume further that F
~ 
is distributed as N(m1,c~

2), i=1,2. (note that

mfm1
=t>O.) Behboodian (1972) shows that under (5.1.1) , the sample mean

= —k--- E X~ has density

f(x ,cu) = ~~~~~~~~~~~~~~~~~~~~~~ _!i~ [x-m2+ ~ t}
2}. (5.1.3)

It follows that , for O<w<l

is a decreasing function of x, and is an increasing

function of x. (5.1.4)

Therefore a test can be formulated as follows:

Reject H0 if b < < a (5.1.5)

L. — ~—--— - ‘—— ~~—~~~~——~~----------
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where a, b are chosen such that

a a-m.~
J 

f(x ,0)dx =
~~ ~ 

L = l-a/2 , (5.1.6)
-

~~~

• ,b b-rn
I f(x ,l)dx 

~~~~~
, 

1 ct,-’2 . (5.1.7)
~ -oo

and ci. is the level of significance.

The above method can be applied to the case when there exists a sta-

H tistic with density satisfying (5.1.4).

5.2 Problem B3

Let X1, - - - ,X~ be a random sample from F0 and suppose that F1 and F2
are of known forms , and have densities f1 and f2 respectively. Also assume

that

F0 
= cuF1 + (l-cu)F2 properly , (5.2.1)

then F0 has density f0 cuf1+(1-w)f2. We wish to test the following null

hypothesis:

H : c u �

against the alternative hypothesis

H1 
: c u �  w1,

where 0�w0<w1� 1 . First let us state a lenina.

Leema l

Let X1,--- ,X~ be a random sample from F0. Assume that F0 has density

f0(x,w), where cu is a real-valued parameter, and that, for w<cu’,

is a nondecreasing funct ion of x. (5.2.2)
f0(x,~)

Then the test

• ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
-— 
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1 if L~ (X1~--- ~X~ ;w.~ w1) > C

= r if ~~~~~~~~~~~~~~ C ( 5 . 2 . 3 )

0 if ~~~~~~~~~~~~~~~~ < C

where
n f (X.,w’)

Ln
(Xi,~~~,Xn;w,w’) =~~~~ ° , (5.2.4)

i=1 f 0 (X~,w)

and c and r (0<r<l) are constants determined by E ip(X1,--- ~~~~~cu
D

maximizes the minimum power for testing H0 against H1-
— Proof: See Lehnann (1959), pp. 330.

Lemma 1 can be extended by slightly altering the assumption (5.2.2) as

follows:

Lenina 2

If in Lenma 1, instead of (5.5.2), assume that for cu < cu’

f (x,cu’)0 is a nondecreasing function of some suitably chosen function
f0(x,w)

t(x). (5.2.5)
— 

Then the test 1 if Ln (t (X1) , 
- - 

, t (X~) ; w0 ,w~) > c

• 
~~~~~~~~~~~~~~ = r if L~(t(X1),---~t(X~);cu0~w1) 

= c (5.2.6)

0 if ~~~~~~~~~~~~~~~~~~~~~ < C

where
n

L (t(X,1 ), --- ,t(X );w,w’) = II V 1

i=i

and c and r(0<r<1) are constants determined by E~~,(t(X1), --- ~t (X~))= c&~

maximizes the minimum power for testing H0 against H1~
Proof: A slight modification of Lehnann ’s proof for Lenina 1.

-— —- — - —  —— — —— - - —  — — —~~~~~~~~~~
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In the case of a 2-component mixture, the density of F0 is of the form

In order to apply Lemmas 1 or 2, f0(X ,w) must satisfy the

assumptions (5.2 .2) or (5.2 .5) . Note that we may write

f0(x ,w’) , -

— = 1+ cu

f0(x,w) 
___________ _ _ _ _ _ _

f1 
(x) 

~~2 
(x)

= 1+ cu - 

. (5.2.7)
f1(x) -l

[f2(x) 
- 

1) 
+ cu

- 
I For w<w’, this is a nondecreasing function of f1 (x) If 2 

(x). Hence if we

let

t(x) f1(x)/f2(x) , 
(5.2.8)

we may apply Lemma 2 to obtain a test (i.e. (5.2.6)) which maximizes the

minimum power for testing H0 against H1. If further f1(x)/f2(x) is a non-

decreasing function of another suitably chosen function t1 (x), then

f0(x,w’)/f 0(x,w) is also a nondecreasing function of t1(x) , Lemma 2 can be

applied.

5.3 Problems B4 and B5

Let X1,--- ~
Xn be a random sample from F0 and suppose that F1 is known ,

F2(x)=F1(x-t) (in problem B4) or F2(x)=F1(x/t) (in problem B5), with t

unknown. We wish to test the following null hypothesis:

- .  
H0 : F

0 
= 

~~1 
+ (l-cu)P2 properly.

Owing to the presence of the nuisance parameter t, we can not apply the

methods discussed in sect ions 2.1, 3.1, 3.2 or 3.3. Behboodian (1976) uses

a method of moments to estimate the (unknown) parameters A and t. We could

of course use this estimated value of t, and apply the methods discussed 

-
~~~~

- —- -.- •~~~~~ --- - --
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in the previous sections as if both components were known to have these

estimated values to derive test statistics. In the following we will explore

another approach to problem B4.

Denote by F~~ (x) the empirical distribut ion function corresponding to

the random sample X1, --- ,X~. Without loss of generality, in the following 
H

we will assume t>O, (if t<O the following still holds by exchanging F1(x)

and F2 (x)). Then ~~~~ 

(x) � F1 (x) , and

F0(x) = F1(x) + (l-cu) [F2 (x)-F1(x)] � F1(x) . (5.3.1)

It follows that for i=0,l,--- ,n,

~ 
IF~~(x)-F0 (x) ~ max (~~~ 

- Fl(X (i))~ Fl
(X(i+l))- ~~

-)

(i)~ 
— (i-i-i)

where X
(Q)

-cx , X (fl +l)
c0. Therefore

_ QD<X<00 0 f l O  � 
~~~~~~~~~~~~~ 

-Fl(X (i))~ Fl(x(i+l))- ~~~
)]

and then

D = inf sup IF~~(x)-F0 (x) I 
> max [max(~. - Fl(X(i))~

4 O-~w_1 -~<x<~ i=1 ,--- ,n

F1(X(1+1))~ 
!~~ }

� D (5.3.2)

where D~ is the Kolmogorov-Smirnov statistic, the distribution of which

can be used along with (5.3.2) to obtain a test for H0.

5.4 Problems Cl, C2, C3

Let X01, - - - ,X~~ be a random sample from F
0 
and suppose that for

0
2, F

1 
is continuous and is either known or there is a random sample

r,n- 
~~~~~. 

We wish to test the following null hypothesis :

l4~ : F
0 
- + (l-~)F2 for some w in [a,bl with O<a<b<1, known .

(5.4.1)

-

~

•—— 
-

~~~~~~~~~ 
--- -~~~ —- - - - -  ~~~~- - --— -~~~~• _ _ _
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We show in the following that we can use the test statistics,

T2, T3, T4 discussed in sections 3.1 
- 3.3 for problems C1, C2, C3

respectively.

Define
*

F
1 

= bF1 
+ (1- b)F2

*F2 
= aF1 + (1- a)F2 (5.4.2)

&ibstituting these expressions into (5.4.1) and simplifying we may

express F0 as

N c u - a  * b -  *
b - a  F1 + b~~ a F2

Let

U) b-a , (5.4.3)

* * * * *then F = cu F +(l - cu )F , with 0 � w~ � 1. Since both F and
* 

0 1 2 1
F are distribution functions, H can be reformulated as2 0

F0= :1
* + (1 _cu*)F2

* properly (5.4.4)

In other words, H0 is true if and only if H0 is true.

Define

= 
J 
Fi
* dF0 , i=l, 2 (5.4.5)

and * * *• = 
J 
F1 ‘

~ 2 
• (5.4.6)

From the assumption of continuity of F1, F2 and the definitions , F1*

and F2 are continuous, hence we have

* * * *
— ~0i 

= 1 Ct~ 0 , CL21 = 1 - CL~ 2

Following the same argument as in section 3.1, under H0 we have a

necessary condition

* * * 1
CL10 + (102 

- CL12 
- 

~~
. = 0 , (5.4 .7)

By definition, 
~iø 

bCz~0 +(l- b)CL20, 
~~~~~~ 

aC~10+(1- a)CL20 and



~l2 
= ~-(1+ a -b) + (b- a)a12 , where a~ is defined by (3.1.3),

hence we may rewrite (5.4.7) as

0= a10 + 
~02 

- 

~l2 ~ ~~ ~ l0~ ~02 
a12~ ~~

-) (5.4.8)

Define

T2
*= (b- a)T2 = (b- a)(W10+ W02- W12 

-

T3
*= (b- a)T3 

= (b- a)(W 10 + R02 ~~l2 
- (5.4.9 )

*T4 = (b -a)T4 
= (b -a)(R10 +R02- a12 

- 
~~
-) ,

where ~~ is defined by (3.1.2) and 
~~ 

by (3.3.1). The variances of

j T
2

*

, T3
*, T4

* can be derived by using the variances of T2, T3, T4
respectively. Similarly, consistent estimators of these variances can

be derived from those of T2, T3 and T4 by multiplying the factor (b-a)
2.

Then large sample tests can formulated as follows:

(1) Problem Cl

Reject H0 if IT2 I (Var T2 )~~
’2 

> z1 ~~ 
(5.4.10)

(2) Problem C2

Reject H0 if 1T3
*

I (Var T3 )
1”2 > z1~~,2 , (5.4.11)

(3) Problem C3

Rej ect H0 if IT4 (Var T4 )~~
”2 > z1_~,2 (5.4.12)

where z1 a/2 is the (1- ct/2)xlOO percentile of the standard normal

distribution.

— 
- 5.5 Problems Dl, D2, D3

&lppose that each of F0, F1 is continuous and is either known , or

there is a random sample from it, and assume that

F
0 

= wF1 + (1 - w)F2 properly. (5.5.1)

We wish to test the null hypothesis:

--

~

-

~

-•- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ --- - -—- -——-.- - - - - ~~~~-—-—--•- --——-----



T 
• 

- - - 

- 
-

79

H
0
: F

2
= F, a specified d. f .

Before discussing how to test H0, let us first analyze the testing

problem a little further . Given F0 and F1, does there exist a real -

number w in [0,l]such that F0- wF1 is a nondecreasing function? The

answer to this question is contained in the following:

- i Proposition 5.1

Let F0, F1 be two cumulative distribution functions satisfying the

condition that whenever P0 (x ’) = F0 (x) for x < x’, it implies F1(x’)=F1(x).

F 
Define

G( x,~ ) = F
0

(x) - U)F1(x) (5.5.2)

then G(x , w) is nondecreasing if and only if

U) < U)
0 , (5.5.3)

wI’c F0(x’) - F0(x)re = inf{ 
- 

: x’> x , F1(x’) > F~ (x)} (5.5.4)
F1(x ’) F1(x)

If furthermore, F0, F1 possess densities f0, f1 respectively, such that

whenever f0 (x) = 0 it implies that f1 (x)= 0, then G (x, w) is non-

decreasing if and only if

f0 (x)
w � izLf{ f (X)

: f1(x)> 0}

Remark: If F0 is a proper mixture of F1 and F2, then the mixing

proportion ~ must satisfy

O � W �  U)

On the other hand, by a similar argument, Proposition 5.1 can be

applied to

H (x ,~~~ U~o (x) - ( 1  -w )F2 (x)

and then ~ must also satisfy

1~~

~ 

~~~~~~~~~~~~~~~
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where• F(x ’)-F(x)
= jflf~ 

0 0 • : F2 (x ’) > F2(x), x t >x} (5.5.5)
~ F2 (x ’) - F2 (x)

In order that w to be unique, we then must have

= 1 - 
, (5.5.7)

which can be used to derive test statistics for testing the hypothesis

of mixture. (Not shown in this paper) .

Proof:

Suppose that G(x, cu) is nondecreasing , then for x < x’ such that

F1 (x ’) > F1 (x) , we have

~, 
~ F0(x ’) - F0(x)

F1(x ’) - F1(x)

rt follows that, by taking infimum , U) � U)
0 - Conversely if

then for x’ > x and F1 (x ’ ) >F1 (x), we have

F0(x’) - F0(x)
, or

F1(x ’) - F1(x)

G(x ’, w) � G(x, w)

. 1  For x ’ > x and F1(x’) F1(x) , we have

G(X ’, cu) - G(x ,w) = F0(x ’) - F0(x) � 0 -

If , furthermore, F0, F1 have densities f0, f1, respectively, then

G(X ,U)) is nondecreasing if and only if

f0(x) - 

~f1(x) > 0 for all x .

The rest of the proposition follows. q. e. d.

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

• •• ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ • • •
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From (5.5.1), F2 can be expressed as

F2 
= ( 1- ~~~ (F0 

- wF1) (5.5.8)

Conversely if there exists an ~ in (0,1) such that F
0 

- 

~F1 is

nondecreasing, ( 1 - 
-1 (F0 

- 

~F1) would be a distribution function

and F0 would be a mixture of F1 and (1 -w) -l (F0 
- wF1) . From

Proposition 5.1 there might be infinitely many such , and the null

hypothesis H0 : F2 = F states that there is one ~ which will make

( l-wY
1(F(~ - ~~~ 

equal to F (a. s. )

Now under H0, we have

F0 = F1 + (l-U ))F

and so we can use the statistics T3 and T4, discussed in sections

3.2, 3.3, to test H0.

• Another possible line to attack would be to use the following

statistics as in Chapter IV:

inf sup F~~ (x) 
- U)FIn Cx) 

- (1 - w)F(x) , (for problem Dl)
• • 0�w�l X 0 1

H 

~~ ~~x 
IF~~(x) 

- U)F1(x) - ( 1 - w)F(x)~ , ( for problem D2)

~~~ 
IF0(x) 

- U)FIn(x) 
- (1-~ )F(x) I ( for problem 03)

0�w�1

where F
~~~ 

(x) is the empirical distribution function.

5.6 Problem Fl

In this section and the next two sections, we study problems of

testing two mixtures simultaneously. Let ()(0•a} and {X0~b } be

. •~~~~~ • • ~~~~~~~~~~~ 
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random samples from Fa0 and FbO with sample sizes ~a0’ ~bO 
respectively.

Assume that all the X’s are mutually independent. Suppose that each

of Fai’ Fa2~ 
Fbl, Fb2 is cont inuous and is either known, or there is

a random sample from it. We wish to test the follwoing null hypothesis:

H0: Fa0 = 

~a
1
~al 

+ 
~ 
1 - 

~a~~a2 
properly and (5.6.1)

FbO = WaFbl 
+ (1 - 

~b~~b2 properly. (5.6.2)

For each single mixture we may use the test statistics T2, T3 or T4
discussed in sections 3.1 - 3.3.

Since all the samples under consideration are assumed to be

independent , we can combine the test statistics for each single mixture

to form a test statistic for H0 . In the following we use an example

to illustrate how the statistic can be derived.

&ippose that Fa.~. 
is known and for each of Fa2~ 

Fbi, Fb2 there is

a random sample {)(2~
a}, {x.b} {~~ b} of size ‘1a2’ ~b1’ %z 

respectively.

Also assume that all the samples are mutually independent. For testing

(5.6.1) we use

T3
a = R a +~~02

a 
- ~~ a - (5.6.3)

where R1~
a is similarly defined as in (3.2.1) and W~~

a as in (3.1.2)

For testing (5.6.2) we use

T2
b 

= 
~10

’
~ + w02

b 
- w12

b 
- 
1 (5.6.4)

Var T3
a, Var T2

1’ and their consistent estimators Var T3
a, Var T2

b

can be similarly derived as in sections 3.3, 3.2.

There are many possible methods of combining these two independent

statistics, T3
a, T2

b, to test H0. We will consider three of them:

—A —. _____•__ __ ~ _~ — _ _ _•  — _  -- _ - -- - ——•——--— •-•—• •—-——-—-- •— — ——S— __  ___~~~~ •~ ___ — -•—-- .— — •—- — _—_—-— -—- -- —•_ - -- -—-—--• •—-- _ __ - —-—-• -
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(1) as all n’s tend to oo ,

110 = (T a) Z (Var T3
ay l 

+ (T2
1’)2(Var T2

1’)1 
—> (5.6.5)

in distribution.

(2) Given observations T3
a 

= ta ‘ T2
b 

= tb 
, define the following

random variables:

_ 2l o g Pr{T3
a >t~~}

-2log Pr(T2 > tb }

then a bT11 
= - 2 log Pr{ T3 > ta} 

- 2logPr( T2 > t~} (5.6.6)

will have approximately a chi-square distribution with four degree of

freedom. ( ~ 1
a and T2

b are continuous, this would be so exactly.)

(3) This will be discussed in section 5.7.

5.7 Problem P2

Let {X01
a} and {Xo~

b} be random samples form FaO and FbO with sizes

‘1a0’ ~b0 
respectively. Assume that these two samples are independent.

Suppose that each of Fal’ Fa2~ 
Fb2 is continuous and is either known

or there is a random sample from it. We wish to test the following null

hypothesis:
-

• 

H0: Fa0 U)aFal + ( 1 - c~a a 2  
properly (5.7.1)

and FbO = (%Fal 
+ ( 1 

~b~~b2 properly (5.7 .2)

The difference between (5.7.1) - (5.7.2) and (5.6.1)-(5.6.2) is that Fal
and Fbl are not necessarily identical in C 5.6.l)-(S.6.2), but are

identical in (5.7. l)-(5.7.2) .  If is known, the method discussed in

section 5.7 can be applied here, but not if Fai is only given by a

--
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random sample. For in this latter case the test statistics for each

single mixture are not necessarily ( or usually) independent. Hence

we have to investigate their covariance structure . On the other hand,

the method given below can be applied to section 5.6 - (This is why it is

included as method (3) at the end of that section.)

First suppose that there are random samples {x 1~
a} , { )(~~a} { X2~~}

of sizes 11a1’ na2I nb2 from each of Fal’ Fa2~ FbZ respectively. And

H assume that all samples are mutually independent. For testing (5.7.1)

we use
a _ a a a 1T2 

— 

10 + 02 
- 

12 
- 

(5.7.3)

where W~~ is similarly defined as in (3.1.2). For testing (5.7.2) we use

b _ w b w b w b 1T2 
— 

10 
+ 

02 
- 

12 ~ (5.7.4)

Then Var T2
a and Var T b can be derived by using (3.1.4), while

nal C~~(T2
a, T2

b) = (~~~a 
- 

~21~~~ 01 
- ~~b)

+ J1~ao 
- F 2] [FbO 

- Fb2]dF l (5.7.5)

Define matrix
Var T2

a CovCF2
a,T2~
)
)

= (5.7.6)
1 

Cov (T2
a, 12

b) Var T2
b

Let N = naO + nal + + nbo + rib2 
, and assume that as N —>

n../N —> r . .  and that there exists c such that 0 < c � ~~ � 1-c < 1

for all n ’s. Then under H
0 

N
112 (T a, T2

b) has an asymptotic bivar iate

normal distribution with mean vector (0, 0) and variance-covariance matrix

lim N E .  

-~~~~~~~ .-—--- _ - --_ • ~~~~
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Denote the consistent estimators of Var T2
a , Var T2

b, Cov (T2
5, T b)

which can be derived as in section 3.1, by Var 1a, Var T2
b, Cov(T2

a ,T2
1))

respectively, and introduce the matrix

Var 12
a Cov (T2

a, 12
b)

S
1 

= Cov(T2
a, 12

b) Var T2
b (5.7.7)

Then by Theorems 2.1 and 2.2, the statistic

T12 = N(T2
a, T b)S -l (T a T2

1’)’ (5.7.8)

has an asymptotic central chi-square distribution with 2 degrees of

freedom under H0 - Generally it has a non-central chi-square distribution

with 2 degrees of freedom, and noncentrality parameter

~~~ a ~~ b) ~ 
-1(Er a ~ b)~ , (5.7.9)

• N-~where Er denotes the expectat ion of 1.

Suppose that 
~a2 

is known and there are (mutually independent) random

samples from each of F’ s. Then , instead of T2
a , we use

a _ a a a 1
1
3 

— W 10 + R02 
- R12 

- 

(5.7.10)

to test (5.7.1) and use

T13 
= N(13

a, T b)S -l (T a T2
b)t (5.7.11)

to test H0, where 
~2 is similarly defined as S1, i. e.

Var T a Coy (T3
a T~)

S2 = -. b 
A b (5.7.12)

cov(T3
a, T2 ) Var T2 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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5.8 Problem P3

Let {X0~
a } and {x0~

b} be random samples form Fa0 and FbO with

sizes 11a0’ ~bO respectively . Assume that these two samples are mutually

independent. Suppose that each of Fai’ Fa2 is continuous and is either

known or there is a random sample from it. We wish to test the following

null hypothesis:

H0: Fao = U)aFal + (1 - 

°~a~~a2 
properly (5.8.1)

and FbO = 

~b~al + 

~ 
l
~%)Fa2 

properly - (5.8.2)

Note that the difference between (5.6.1), (5.6.2), (5.7.1), (5.7.2) and

(5.8.1), (5.8.2) is that Fal Fbi and Fa2 
= Fbz in (5.8.1), (5.8.2).

If both 1
~a1 and ~a2 

are known, we may apply methods (1) and (2)

discussed in section 5.6. If only one of Fal and ~a2 
is known while

there is a random sample for the other , we may apply the method discussed

in section 5.7. Now suppose that for each of Fai’ Fa2~ there is a

random sample {Xl~
a} {~~•

a} with size 
~a1’ ~a2 

respectively. Also

assume that all samples are mutually independent. For testing (5.8.1)

we use

T a _ W  a + W  a 1 —

2 — 10 02 
- 

12 Y , (5.8.3)

where W~
a is similarly defined as in (3.1.2). For testing (5.8.2), we

use 
—

T2
1’ = w

10
b 

+ w02
b 

- W12 
- 

~~
- (5.8.4)

Then Var T2
a, Var T2

b can be derived by using (3.1.4), while

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -
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a bCoy 
~~2 

, T
2 

)

= 
~~~~~~~ 

{ 

- (~o1
a 

- a21 a01
b 

- 
) + f(F0 

- F 2) (FbO - F 2)dF
1}

+ n~2 {
~~ 02

a 
- aj2)~~02

b 
- 

~~~ 
+f(Fa0 

- F
l

)(FbO ~
Fbl)dFaZ}

1 1  2 2 1 2 ( 2
- nalna~~ 

- a12 
- a21 

- a12a21 
+

j  

Fa1 ~
Wa2 

+ 

f~a2 ~~a1

(5.8.5)

Define the matrix

Var T2
a Cov (T2

a, T
2

b
)

= COV (T2
a , T2

b) Var T2
b (5.8.6)

and denote the corresponding consistent estimator of E3 by S3.

Let N = 

~a0 + 

~bO 
+ 

1 
+ ria2 , and assume that as N —> ,

n
e

/N —> r1~ and there exists c such that 0 < c < 

~~ 
� 1-c < 1

for all n’s. Then under H0, by Theorems 3.1 and 3.2 , the statistic

T14 
= N(T2

a, T b)S -l
(T a 1 b)t (5.8.7)

has an asymptotic central chi-square distribution with two degrees of

freedom. In general T14 has an asymptotic non-central chi-square

distribution with two degrees of freedom and noncentrality parameter

~~ N(ET2
a
~, E12

b)E3
1(ET2

a, El~2
b)t - (5.8.8)

I 

~~-- ---~------~~ -~~~~~ ~~ - -- -
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