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CHAPTER I

INTRODUCTION

- In applications of the theory of random processes, a function

which is often important is the probability density function of the

duration r , of surges of a random process above a given critical H

value. A practical method for deriving this probability density

p (a), for a given random process remains unknown. Thus the engineer

who needs to know p
T
(ct) must be content, instead, with approximations

to it.1 The approximation most widely accepted was published in

1958 by 5. 0. Rice.2 This approximation has been proved to be

accurate, but it is difficult to obtain. In addition, Rice ’s work

only applies directly to Gaussian processes and is different to

extend to non—Gaussian processes.

A. N. Denisenko has recently proposed a new approximation which

is far easier to evaluate for Gaussian processes and which can be

1The notation p(~r) is often used for this distribution, but to
avoid confusion between the random variable and the argument of its
distribution funct ion , p1(ct) will be used in this paper. With this
notation, the probability of t being less than x is

J P ~
(cz)d

~

2Stephan 0. Rice. “Distribution of the Duration of Fades in
Radio Transmission: Gaussian Noise Model.” The Bell System
Technical Journal. Vol. 37, No. 3 (May 1958), pp. 581—635.

.4
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2

easily extended to non—Gaussian processes. 3 In his presentation

of this new approximation , Denisenko included computer simulation

data which tended to verify the accuracy of his approximation.

The purpose of this thesis is to check the results of

Denisenko ’s approximation against experimental data, including

non—Gaussian processes.

3A . N .  Denisenko. “Estimate of the Distribut ion of Surge
Durations for Random Processes.” Radiotekhn, I Elektr. Vol. 20,
(July 1975), pp. 1529—1532.
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CHAPTER II

THEORETICAL BACKGROUND

The Mean of the Surge Distribution

While the exact solution for p1(a) remains unknown, the mean of

the distribution is known. For a random process X(t), which at any

given time has probability distribution the mean duration of

a surge above level x0 is

P(X>x
= (1)

— v(x )2 o

where

H P(X>x ) =

and V IS the average frequency with which X crosses x given by

v(x
0
) = 

J~~~
Tx,xt

~~o~~~ 
dy

where 
~x ,x ’~~~’~~ 

is the two dimensional probability distribution of

x(t) and X’(t).1 V

____________________________________

1Petr Peckniann . Probability in Communication Engineering.
New York , Harcort , Brace & World Inc.,  1967 , p .  229 . E l )  is the
expected value operator , ani a prime indicates the derivat ive with
respect to the argument.
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For a normal process having mean ~.i, variance ~
2
, correlat ion

function B(-r ) = E[X(t) X (t+-t)], and correlation coefficient R(T)

B(t)/o ; equation (1) gives

2(x —ji)
E[t] = 

______ 
exp 2 erfc (2)

v’—R ” ( O )  2a a1~

where
2 1 z 2

e r fc (z )  1 — er f(z)  = 1 — — e a da
Pc- 

~~~

If the process x(t) is stationary, exponential, “analogus to a

normal process ” , and with derivative x’(t) independent of x (t ) ,  then

R ( T )  = v B(T) and

E [t J 
~~~~~~~~~ 

(3)

‘1
It is interesting to note that this mean value is independent of the

surge level x0
.

While these results are important and useful, p
~
(a) must still

be estimated because the above calculations yield only the mean of

the distribution and say nothing about how p1(a) is distributed about

the mean. -

2Th1d p. 230.

3Petr Beckmann. Orthogonal Polynomials for Engineers and
Physicists. Boulder , Colorado, The Golern Press , 1973, p. 196.
The expression, “analogus to a normal process ”, means that the two
dimensional density of the process can be expanded in orthogonal
polynomials in a cononical form as explained in this reference. 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -4
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Rice ’s Approximation

The approximation to the surge distribution which Rice pro-

posed is actually the combination of two approximations. First

Rice developed a probability function ~~
1)(~~) which holds exactly

only for infinitesmally small values of a. This function then

becomes the approximation to p (ct) for all “small to medium” values

of a, including those significantly greater than zero. The expressicti

for p(1)(a) is’

(1) (a)  = M22~~
u/ 2 ( l_B 2( a ) ) _3/2exp[t _ 

i+B(a)~~~~~’~~ 
(4 )

where

M22 = (l—B2(a)) — B’(a)

=

x B’(ct) 2 1/2
h 

0 , [
1_B (a)-~

1+B~a) M22

r = 
B”(T)(1—B

2
(a)) + B(a)[B’(a)]

2

(l—B 2( a) )  — {B’(a)
2

J(r ,h) = ~~~ ~~~~ ( x_ h ) ( Y _ h ) e~~ dy dx

~Stephan 0. Rice. “Distribution of the Duration of Fades in
Radio Transmission : Gaussian Noise Model .” The Bell System
Technical Journal, Vol. XXXVIII, No. 3 (May 1958), p. 601.
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Next Rice approximates the distribution of very long surges

(1)
(large values of a where p (a) is no longer even closed to valid)

by

2p (a) = K
1
e (5)

These two approximations (equations (4 ) and (5)) are then

plotted and a value of a is picked below which (4 ) will apply and

above which (5) will hold. At the same time K
1 

and K
2 

are adjusted

so that (i) the resulting curve looks “reasonable”, (ii) the

resulting approximation p
~
(c*) has the proper mean (given by equation

(2)), and finally (iii) 

J (a) da 1 
All of this is done by eye,

so we see that artwork and, experience as well as mathematics play a

role in obtaining pT
(a) by Rice’s method. It has been amply verified

that approximations obtained by Rice ’s method agree well with experi—

mental data.5

Denisenko ’ s Approximation

Denisenko approached the problem by estimating the cumulative

distribut ion function F
~
(a) = Jap (y)dy which is equal to the

5Ibid. pp. 589—599. 
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probability of a surge of length t<a, which is equal to 1 minus the

probability of a surge of length ‘r>a. The exact expression for the

probability of a surge of length r>a can be expressed as6

~~~[P(X(t2
)>x , X(t

3
)>x ,. . .X(t )>x IX (t1

)>x )] (6)

where t~~t1 = a and the t
k 

are all chosen so that t
k+l

t
k 

= a/n.

Let U
k 
be the event X(t

k
)>x

O
. Using this to rewrite equation (6)

gives the cumulative distribution

F (a) = 1 - i~~(P(U2~
U
1
)~P(U3{U1,u2). . .P(U 1U1,U2,U3,. ~U~~~f l

(7)

At this point, Denisenko states without proof that

P(U
kIUl,U2,U3,.. .uk l ) <P (ukjuk l

) (8)

He then uses the lower bound of this expression as an approximation

to the left side, ie.

H
P(U

kIUl
,U21U3,...Uk l ) P(U

klUk l) (9)

H Equation (9) applied n—2 times in equation (7) gives

H F
~
(a) = i. — ~~~(P(U tU 1)1~

H or

= 1 — i
~~
[P(X(t

k
) > x

O IX(tk l) >

6p( ) is the probability of the argument in brackets, a vertical
bar means “given that”, and a comma means “and”. 

-~~~~— -- -V --V— — - -~~~-~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - -
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or

= 1 — i~~[P(x(t+~ ) > x~~X(t) > x)]r
~

H and finally, Bayes Rule yields

P(x(t+~ ) > x , x(t) > x )
F (a) = 1 — l~~[ ° ° ) (10)

T n P(x(t) > x )

Up to this point , the density p (a) of the process x(t) has not

been considered. Now equation (10), when applied to a normal

process with mean ~i and varia~ice q
2 
gives (following a Taylor series

expansion about R(O) and some algebra)

F (a) = l—e ’
~~ (11)

where

A(x ) = 
/—R”(O) exp [ 0 (12)

2ir[l—’~’ 
0 2a

and

•(z)  = —a— JZ e
_t 2/2 dt ( 3 )

And finally taking the derivative of equation (11) with respect to

a, yields the estimate of the density of ‘r.

;(a) = Ae
_M 

(i4)

For an unbiased approximation, the mean of this estimate

should agree with the known mean of the surge length distribution.

As shown in Appendix E, this is the case.

-- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ •-VV- V V~~~~~~ ~~~~~~~~~~~ V V V . ’V. —
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The Extension of Denisenko ’s Approximation

The direct application of equation (10) to non—normal

processes results in expressions which cannot be evaluated in

closed form. However, working directly from equation (12) Beckmann

extended Denisenko’s results to non—normal processes.7

Suppose that the surge distribution of a process Y(t) is

required, where Y(t) has arbitrary probability distribution p~(cz)

and corresponding cumulative distribution function F~ (ct)

(1= J Py(Y)dY~ Let the process x(t) be normally distributed with

zero mean and unit variance. Thus x(t) has cumulative distribution

function 4(a) given by equation (13).

The process Y(t) is obtained as some monotonic function G(X)

of x(t), and G(X ) is picked so that Y(t) has the desired distribution

function.

y(t) = G(X(t))

H so

P(x < a) = P(Y < G(a))
- l  t -

H •(a) = F~(G(a))-

or

G(ct) = F~~~(t~(a)) (15)

7petr Beckmann. “Probability Distribution of Surges and
Fades.” Proceedings of the IEEE, Vol. 64, No. 4 , (April 1976),
pp. 571—572. 

~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - -- - V— - V. -— J
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In this way it is always possible to find a function G which

transforms a normal distribution to the desired distribution of Y.

The duration of a surge of x(t) above level x0 will be equal to the

duration of a surge of y(t) above level G(x
0
). Thus to get the

surge distribution of Y(t) above level y0, equation (11) can be

used with the x0 terms in equation (12) replaced by G~~(y0). It

is important to remember that the term /—R”(O) in equation (12)

now refers to the process Y(t) and R~ (r) must be evaluated from

1°’ f~ G(x )G(x
B (r)=_L_ I I ~ 

1 2].

° i_co i~co 21r)l—R~(T)

2 2x —2R (T)x x -xr l  X 1 2 2 ,
expi 2 

jdx
1
dx
22(l_R

x
(’t))

where is the variance of Y(t).

The evaluation of equation (16) can be simplified somewhat by

use of orthogonal polynomials. However, even if orthogonal poly—

noinials are used, evaluating this equation (since the second

derivative of the result is required), and finding G(a) can involve

difficult computations. Fortunately a simpler method exists which

can eliminate these cumbersome calculations.

The mean of the surge distribution of Y(t) can be calculated

directly from a knowledge of Y(t) using equation (1). Because the

mean of Denisenko ’s approximation, ~~~, and the mean of the true

surge distr ibution coincide exactly, the reciprocal of the mean

obtained from equation (1) can be substituted for A in equation (14)

and the problem is solved. 

-V-V —- ~~~~~~ —--V 
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For example, if the surge distribution of an exponential

process is desired, examination of equations (3) and (i4) effort—

lea sly give

= 
R
8
(o) 

exp[- -R”(O) a] (17)

It is interesting to note that this approximation to the surge

distribution of an exponential process is independent of the surge

level x
0

Characteristics of the New Approximation

The key to understanding Denisenko ’s approximation to the surge

distribution lies in understanding the implications of equations

(8) and (9), as these are the only approximations made in the

derivation of the est imate, equation (i4), from the exact expression,

equation (6) .

In Denisenko ’s paper one of the basic premises , rewritten here

as equation (8), was given without proof.

CD1 > CD2

where

CD1 = conditional density 1 P(X(tk
) > x

O IX(
tkl

) > x
0
)

and

CD2 = conditional density 2

= P(X(tk) > x IX(t1
) > x ,X(t2) > x ,. . .X(tkl ) > x )

Critical scrutiny shows this claim to be false. A counter—

example is outlined in Appendix A where it Is shown that CD1 can

L

.ll e s s

tIIIIIIlIlIlI II.
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relationship between CD1 and CD2. If equation (8) were true, then

the approximation of equation (9) CD1 = CD2 would introduce a

consistent bias into the estimate of the surge distribution, i.e.

the estimated cumulative distribution function would always be

greater than the actual cumulative distribution function. Because

equation (8) fails, no consistent bias should be expected in the

— estimate of the surge distribution.

> x IX(t1
) > x

0,X(t2
) > x ,.. .X(tkl ) > x )

= P(x(tk) > xolx (tkl ) > x )

If all of the greater than signs in the conditions of equation

(9) are replaced with equal signs, then equation (9) would be true

for a Markov process. If X(t) is a normal process and Markov, then H

by Doob’s Theorem, x(t) has an exponential correlation function,

R(-r).8 Thus if Denisenko ’s estimate is used to approximate the

surge distribution of a normal process with exponential correlation

function, an estimate which is reasonably close to the true distri-

bution would be expected and inaccuracies in the approximation would

be due to the greater than signs instead of equal signs in equation

(9). If Beckmann ’s extension is used for non—normal processes with

exponential correlation functions, further inaccuracies should be

8J. L. Doob. Stochastic Processes. New York, John Wiley &
Sons , Inc., 1953, p. 233. This result, commonly known as “Doob’s
Theorem”, was never stated as a theorem by Doob. He gave this
result for normal processes as a special case of a much more general
theorem on correlation functions of Markov processes. 

- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -



-- - - V
~~ 

--- - - .---V-~~ 
_ — - _

‘- ------V-V - - - - V - -~~~- - ~~~~~~~~~~~~~~~~~~~ - V-- -V.---V.--- -------V.— -- --- -V---—--V.-- --V— ---V.-~~ — ---V-V-V.-
¶ 

~~~~~~~~~~~~~ 

- .V V.~~V. - ‘V~~~~~~~~~~~~ ’ ’  ~,— — 
_ 

____ ‘ ‘  ________ ~~~~ _ - V _

13

expected because ~~~~~ Theorem no longer applies for the non—normal

cases , unless they are analogus to a normal process (see footnote 3

of this chapter). If a process Y(t) is obtained as a non—linear

mapping of a normal process , as was done in this case, then Y(t)

is not analogus to normal.

If the approximation is applied to a process with arbitrary

correlation function, the accuracy of the approximation would be

very sensitive to how well equation (9) holds for the particular

correlation function in question.

~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~ ~~ ~~~~~~~~~~~ 
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CHAPTER III

EXPERIMENTAL PROCEDURE

To examine Denisenko ’s approximation to the surge distribution ,

H a computer program was used which models the process x(t) by a

digital Monte Carlo simulation and records the duration of surges

above the level x .  The program is capable of simulating X (t) as

either a normal process or an exponential process which allows

evaluation of Beckniann’s extension to non—Gaussian processes as well

as the estimate of Gaussian processes.

The Second Order Autoregressive Process

As indicated at the end of Chapter II, it is necessary to

evaluate the performance of the estimators for processes with many

different types of correlation functions. To give the program this

flexibility, x(t) was generated using a second order autoregressive

process. The discrete second order autoregressive process with zero

mean is

= A
1~X~~1 + A2~

Xk 2 + Z
k 

(18)

where Z
k 

is independent of X
k 

for all k , and is white. Adjust-

ments of the coefficients Al and A2 in equation (18) make possible a

wide range of autocorrelation functions of X.~.
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Generating the Gaussian Process

Because the second order autoregressive process is linear, an

input process Z
k 
which is Gaussian will result in an output process

which is also Gaussian.

To achieve the uncorrelated normal process Zk 
the so—called

“direct method” was used1

Z
k 

= /—2 ln U
k 

cos (2lrU
k+1
)

Z
k+l = /—2 ln U

k 
S~1~fl (2’sUk÷l

)

where the varieties Uk are independent , uncorrelat ed and uniformly

distributed on the interval from zero to one. The values of Uk 
were

obtained from the function RANF of the CDC FORTRAN library. This

gives Z
k 
with mean zero and variance one. Because the output of the

autoregressive process is also required to have zero mean and unit

variance, the output must be scaled as shown in Appendix B.

Beginning in the Steady State

The process generator which results from the considerations of

the previous two sections is

= K(A1~~~1 + A
2~~~2 

+ Zk)

with K the normalization constant given in Appendix B.

1Milton Abrainowitz and Irene Stegun, Handbook of Mathematical
Functions, National Bureau of Standards., 1964 , p. 953. 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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When the simulation is started, initial values for Xk l  and

Xk 2  must be chosen so that the process is in the steady state from

the first sample onward.2 When the generator is in the steady

state , the values X~~1 and Xk 2  will be normally distributed with

zero mean, unit variance, and a non—zero covariance, H.

In Appendix C it is shown that the proper choice of’ X~~1 and

where the astrisks indicate initial values, is given by

X~_l = z
l

and 
_

- 

l Xk 2  = HZ
1 

+ /l—R2 z2

where the values Z1 
and Z

2 
are independent samples drawn from a

distribution which is normal with zero mean and unit variance.

F Generating the Exponent ial Process

The exponential process was generated by taking a funct ion G

of the normal process outlined in the previous sections .

Let the process Y be exponentially distributed

1= ~ exp[— ~ 3 for a < y <

for y < a

2The process generator being in the steady state means that
the process is stationary.
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so that the mean of Y is a+8 and the variance of Y is ~
2 The

cumulat ive distribution of Y is

P(Y < y ) = l _ e x p [ _
9~ ] for a < y < c o

for y < a

H The cumulative distribution function of’ the normal process X is the

~ function of equation (13). The function G, computed from (15), is

G (x ) = 8 [ —  in(4 erfc (i) ) 
+ a) (19)

This solves the problem of mapping the normal process X into a-n

exponential process Y. The computation of this function is

accomplished as shown in Appendix D.

The Process Probability Density Function

To give a quick visual check of the density of the process

a histogram of x(t) is plotted with the data for each

modeling of a process. The number of samples of x(t) used to obtain

five thousand surges is printed in the title of the histogram . The

height of each rectangle of the histogram is normalized so that the

summation of the areas of all of the rectangles equals one .

Estimating the Autocorrelation Func-’ ion

The estimate of the process autocorrelation function is also

plotted with the data for each modeling of a process. To avoid

having to store all of the samples of the process, the estimate of’

the autocorrelation function is based only on the first five 

- - ~V -VV.~~ V • V- V- V A
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thousand samples of the process.
- — a

The estimate of the autocorrelation function R(-r ) was obtained

using the biased estimator

1
~

Na K=1

where

This estimator has the desirable property that the variance of

the estimator does not depend on -r. Because R(T) was only calculated

for twenty five lags and the estimate was based on five thousand

samples , the bias in the estimator is not serious.

The Surge Probability Dens ity Function

For every process which was simulat ed, the actual distribution

of the surge lengths p~ (c*) was approximated by a histogram of the

simulation data.

Because the process x(t) was simulated by a discrete process,

only surges of integer length could be detected . The rectangles

are all centered over integers and the height of the rectangle over

integer I is equal to the number of surges of length I , divided by

5000. Thus the width of all rectangles is one and the sum of a-li

rectangle heights equals unity. 
V

Conf idence Intervals

The histogram of surge lengths represents an estimate of the

true surge length distribution. Because an evaluation of another 

~~~~~~~~-—_-V-
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estimate (Denisenko ’s ;(a)) is made by comparing it to the histo—

gram, it is desirable to 1~ave a measure of hc~’ accurately the

histogram represents the true surge distribution.

To accomplish this , the 5000 surges represented by each

histogram were divided into twenty separate epochs of 250 surges

each. By examining the variation from epoch to epoch of each

rectangle, a 95% confidence interval was calculated for each

rectangle. The confidence interval was indicated by tick marks of

length one third above and below the top of each rectangle.

In the calculation of the confidence intervals, it was assumed

that the heights of the twenty rectangles were normally distributed

about the true value, and that the epochs were independent . The

first assumption can be partially justified by saying that the

heights represent the sums of repeated independent trials. In order

to have epochs with low correlation (if not independence), the

process was run for one hundred samples after the end of each epoch

before starting to take surge data for the next epoch. During this

one hundred sample period between epochs data was still taken for

the computation of —R”(O) (to be discussed later), the histogram

of the process probability density (not to be confused with the

surge density), and the autocorrelation estimate.

Because the process x(t) is modeled by the discrete process

certain quantization errors will be present in the surge length

histogram . These errors are discussed in Appendix F. These errors

make it incorrect to say that, “the true distribution lies within

the confidence interval with probability 95%”, which would be true

if the quantization problem were not present. The confidence

- - - —-— — V .  ~~~~~~ V--V V~~~~~~~~~~ - VV.~ -~~~~~ -— -~~-~~ 
—~~~~~~- —~~~ -V - V - V  --
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interval is still useful, though, as an indicat ion of the variance

of the histogram. If the confidence interval for a given rectangle

is small then the height of the rectangle may well be close to the

true value of the distribut ion, and, at worst , it can be said that

any errors made were committed in a consistent manner.

Epochs Beginning in Mid—Surge

Breaking up the simulation into epochs introduces the potential

for another type of error not considered in Appendix F. If the

process X,~ is above the surge level x0 when the epoch begins, then

the first part of that surge will have been ignored and the resulting

surge distribution will have bias.

To avoid this, the program checks X,~ at the beginning of each

epoch and if it is greater than x0 then the remainder of this surge

is ignored and the epoch effectively begins with the first sample of
- 

~- 
the next surge .

Finding the -R”(O)

To calculate Denisenko’s estimate of the surge length distri-

bution from equations (U) and (12) or (17), the value of —R”(O)

for the process X
k 

is required.

The autocorrelation function of a second order autoregressive

process is known exactly.3 Let A
1 

and A
2 

be the coeff icient s of

the second order autoregressive process. If the roots of the

3Gwilyn M. Jenkins and Donald G. Watts, Spectral Analysis and
its Applications. San Francisco, Holden—Day , 1968 , p. 166. 
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equation y2 — A1y — A2 0 are and 
~2 

and if these roots are

real then

2 ~‘r~ 2 F r Iir
1(l — 

~2~~1 
— — 

~1~~2R(t) = 2 (20)
— +

and if the roots are complex

Fri /K cos~21Tf —

H(’r) 2 
(21)

a cos+X 0

where

K = V ~~~

A
f =1— arc cos( 1 -)

H 0 2-tv 2/r
2

and 
2

•
arc tan (

1

~~~~~~~~~~
2

tan 2i r f )

l + K

H In theory then, all that needs to be done is evaluating the

second derivative with respect to t of’ the proper equation ((20)or(2l))

and evaluating it at zero. The problem is that the function R(’r)

often has a sharp peak at -r = 0 and thus R(T) has no first

derivative at zero, and therefore the second derivative does not

exist at this point. This problem can sometimes be avoided by

defining a new R (r) function in the neighborhood of zero with a

A
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“rounded” peak, but the results become very ambiguous.~
V-V.- —

In the continuous case , the quantity —R”(O) is the expected

value of the square of the first derivative of’ the process. The

first derivative of a continuous process corresponds to the first

difference of a discrete process. This gives the estimator for

—R”(O)

-R”(O) = 
~~~~~~ k 2 ~~~~ 

-

For N on the order of fifty thousand samples (which was

usually the case) this estimator is accurate. To avoid the problem,

outlined above, of derivatives not existing, this estimator was

used for the value of —R”(O) in the calculation of Denisenko’s

estimate p ( a ) .

Plotting Denisenko ’s Estimate

To facilitate easy comparison of Denisenko ’s estimate,

p(a), with the histogram of the experimental data (a curve as close

- - to the true pT(a) as is possible to obtain) the estimate p (a) is

output as a smooth curve on the same plot as the histogram.

Because the process x(t) is modeled by the discrete process

it is Impossible to accurately detect surges of length less than

one. The histogram rectangle corresponding to surges of length one

extends from one half to one and one half. Thus the histogram ha-s

“Petr Beckmann , Probability in Communication Engineering.
New York, Harcort, Brace & World Inc., 1967 , pp. L~24—226. 
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all of its area in the region a greater than one half . The
— 

estimate ;(a) is of the surge length distribution of the continuous

process X (t )  and thus it has all of its area in the region a great er

than zero. If a direct comparison Is made between p (a)  and the

histogram , one would not expect a good fit of the two curves even

if both were error free representations of the true distribution.

This Is because they have differing lover bounds on their definitions.

To avoid this problem , and allow a more accurate evaluation of

Denisenko ’s estimate , the smooth curve which is actually plotted

is a scaled version of Denisenko ’s estimate. Let p*( a ) be this

scaled estimate. Then

;;a =

where K is chosen so that

Ip*(a)d a = l

Thus

1 — 
J 

p~~~ da

and the curve p~(a) is only plotted for values of a greater than

one half.

The Surge Cumulative Density Function

In addition to the plot of the surge probability density

function , a plot of the surge cumulative density function is given

with the data for each simulation of a process. The experimental

— - V~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - -~~ -- -~~~— -  ~~~~~~~~~~~~~ 
- - ~~~~~~~~~~~~~~~~~~~~~ _ - - - V— - V ,V.—



- — - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -

I 
- 

~

—- ~~~~~~~~~~~~~~~~~~~~ 
- -V -—-—--

~~-~~~~~~~~~
-—-

- 214

-

V 

data is plotted as dot s and Denisenko ’s estimate of’ the cumulative

density is plotted as a smooth curve. As with the PDF estimate,

the CDF estimate is scaled and only defined per values greater

than one half.

- 1 — —

I
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DISCUSSION

The data from eleven different simulations is included in this

chapter. All of the data for each simulation is presented in a

single figure.- The equation in the upper left part of each figure

ki describes the marginal distribution of the process X~. A1 and A2
are the coefficients of the second order autoregressive process

(see equation (18)) which was used to generate the process Xk.

Because the graphs are reproduced in small scale, the values printed

along the axis are difficult to read. For this reason, the extreme

values for each axis are typed at both ends. Because all scales

are linear, the reader can easily interpolate between the extreme

values.

What constitutes a “good” fit is a question which is left

entirely up to the eye of the reader and no attempt has been made

to define an index of performance such as mean square error or mean

absolute error.

Processes With Exponential Correlation Functions

If the coefficient A2 of the second order autoregressive

process is equal to zero and the process is Gaussian , then the

correlation function of the process is exponential. Figures 3 and ~

show that the correlation function is also approximately exponential

if the process is exponential.

-- V
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As discussed at the end of Chapter 2, good performance of the

estimator should be expected for processes with exponential correla-

tion functions. The fit of the estimate to the data (looking a-t

probability density function plots) in figures 1 through 14 is much

better for Gaussian processes than exponential ones. Comparison

of fIgures 1 and 2 as well as 3 and 14 shows that the performance

remains roughly the same as the surge level is changed.

Processes With Periodic Components

The processes represented in figures 5, 6 and 7 cause the

estimator performance to be worse than it was in the exponential

case. Again the fit is better for Gaussian processes than exponen—

tia-l. Comparison of figures 5 and 6 shows again that the performance

of the estimator is not strongly affected by changes in the surge

level.

The processes of figures 8 and 9 have correlation functions
V 

which are very unexponential in character. With these processes,

the estimator does not fit the data well at all and does not even

have the correct shape. These processes have a band pass spectrum

and so, while still random and stationary , they have a definite

periodic component. If a process has a periodic component and the

surge level is less than the magnitude of this component, then

obviously the most probable surge length will not be zero. This

intuitive notion is verified by figure 8. -

The form of Denisenko’s estimator guarantees that the estimate

of the surge duration distribution will be exponential, and thus it

will always predict that the most likely surge length is zero. With -

__ ___ ___ __ _  J
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= .~~‘ exp - .
~
. A
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Fig. 14 Data From Simulation No. 14
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Fig. 6 Data From Simulation No. 6
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this in mind , it is not surprising that the estimator does not do a

good job with processes having periodic components.

If the process has a periodic component, and the surge level

is adjusted so that the most likely surge length is one, then the

flaws in the est imator will occur for surge lengths less than one

and the quant izat ion discussed earlier will hide these flaws and

give a fit which is apparently very good. This is what is happening

with the processes in figures 10 and 11. These figures also show

that the est imator performance is dependent on the criterion used to

evaluate performance. If for a certain application one is concerned

with getting a good fit to the cumulative density function of the

distribution then the estimator would be said to perform better with

the exponential process. If instead, one were interested in a good

fit to the probability density function of the distribution then

the estimator would be said to perform best with the Gaussian

process.

Conclusions

It has been seen that the performance of Denisenko ’s estimator

of the surge length distribution depends a great deal on the cor-

relation function of the process. In general, the estimator

improves as the correlation function of the process approaches an

exponential function.

It is also concluded that the estimator does not work as well,

when applied to non—Gaussian processes. It should be remembered ,

though , that Ric e’s estimate does not work at all for non—Gaussian

processes , so in this case the extended Deriisenko estimator may well

_ 
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2
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be as good as one can do.

So finally, if an application requires an estimate of the

surge distribution of a norma.]. process, and the correlation function

is similar to an exponential funct ion , then Denisenko ’s estimate may

well be good enough , and is far simpler to obtain than Rice ’s. If

the correlation function is not close to exponential and good

accuracy of the estimator is required , then Rice ’s method , first

introduced in 1958 , stIll stands as the best solution.
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APPENDIX A

A COUNTER-EXAMPLE OF THE CLAIM MADE IN EQUATION ( 8)

Consider the process x ( t )  which is normally distributed with

zero mean and wilt variance for all t. Let the autocorrelation

series of x ( t )  be such that

R(O) = 1

and 

R(l)=O

R(2) = r

and consider surges of x ( t )  above level x0 = 0. The claim of

equation (8) is:

P(X (t )  > olx(-t—l) > a) > P(x(t) > o lx ( -t— l ) > 0, x(t—2) > 0)

(22)

H Let x(t) x1, X(t—l) x~, and X(t—2) = x3. Now because

COV(x13x2) = 0 and x1 and x2 are both normally distributed , x1 is

independent of’ x2. Thus

P (x
1

> 01x2
>0) P(x

1
>O)

=l - .~~(0)

= .5 

V
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Now
P(x > 0 , x2 > 0 , x > 0 )

P(x1 > 01x2 > 0, x3 
> o) = P(x2 > 0, x3 

> 0)

But again because R(l) = 0 and x2 and x3 are both normal, x2 and

x
3 

are independent .

So 

P(x2 > O , x
3
>O) = P(x

2
>0)~~~P(x

3
>O)

= [1 — •(o))[l —

1 1
2 2

= .25

Equation (22) now says

•5> 1 2
2;

3

or

.125 > P(x
1
> 0 ,x2

> 0 ,x
3
>O) (23)

The term on the right is

V 

iiiP~~l,x2,x3) ~~l ~~2 dx3 (214)

Using vector notation, the integrand is written as 1

1Single underlining of variables will represent column vectors,
double underlining will represent matrices and a raised T is the
transpose operation .

~ 
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- xl

P( x ) = P  Z
2

X
3

The multivariate normal density with zero mean is

= 

(2ir)
d/2

1E 1
]/’2 exp[— ~~ ~T 

~~~ 
(25)

where d is the dimension and E is the covariance matrix.

In this case , d 3  and

(1 0 r

1 0

0 1

So

2
1—r

and

4 0 B

1 0

0 A

1 .V where A = 
2 and B 

= —rA. Now equation (25) gives
l—r

(A 0 B\
\ /
’X
l

-

V 

P( = 

(2 )3~
’2 /i~r

2’ ~ ~ 
(x
l
,x2,x3) o) (

~ ::

LV. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ V~~~~~~~~~~~~ _ J
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Evaluation of the product in the argument of the exponential gives

+ 2Bx1x3 
+ + x~)

Returning to scalar notation and substituting into equation (24)

yields

P(x1 > 0, x2 
> 0, x3 

> o)

= 

(2~)~~~ 
,
~~~~exp 

{ 

A~~+2Bx
l
x
3
+Ax~+x]~~ 

~~l ~~2 ~~ 3

= 

(2d
312 

~~~~~ 

Ax~+2Bx1x3+Ax~ 1 iexp[_ ~~ Jdx2
dx
3
dx
1

Using

fexp(_ ~—)dt = (26)
2

to evaluate the inner integral yields

0, 0, x3 
> 0)

2Bx +x +Ax2
= “Ti I exp(— —~)I exp (— 1 3 3j ~~

J~~ (21r)~~
’2 /-~~‘J 2 J o 

2 3 1
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— 
completing the square in the argument of the second exponential

yields

0, x2 > 0, x3 
> 0)

Bx 2

= K
1 iexp 

[- ~~~~~ ] exp[2~~~ ~~exp 
~~ X

3 )~~~~~~ 

]  ~~3 ~~l

where

1
J

~~ (2~)~ ’~ /J~~
2’

V The change of variable in the inner integral

Bx
H z = / K x  + —_!

gives

0, x2 0, x3 
> 0)

2B 2
K 

(A- —)x
1 2

= —
~~ 

J
exp -- 2 

A J exp(- -~--) dz dx
1

Bx
1

Using the fact that

rexp (- ~—)dt = (1 - erf(—~))2

_

~~~

_ _  
- --
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1

— v  gives

P(x1
> 0, x2 > 0, x

3 
> 0)

I = 
W 1(1 - erf(—~-- x ) exp[- A/~ - B

2 
x2J dx

I 2(2w ) 3~
’2 

~~~~ 
1 2V’~ 

1

and the change of variable

z= ~-

yields

P(x1
> 0, x2 > 0, x3 

> 0)

= 

~ 
- erf(Bz)) exp(- (A

2 
— 3

2 A ) z 2) dz

which is this standard form from a table of integrals2

1(1 — e rf ( 8 x) )  exp (~i2x2) clx = 
2dz 

1n(~±~)

where

r~z J ~~ and B = B

21. S. Gradshteyn and I. M. Ryzhik. Table of Integrals, Series,
and Products. 14th ed., New York , Academic Press , 1965, p. 6149 and
p. 10141. The pertinent equations are 6.286(1) and 9.121(7). V
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So finally

P(x
1 

> 0, x2 
> 0, > 0) = 8B~z 

ln(Z)

where
l+z -

1—z

Evaluating this expression for r in the autocorrelation

sequence equal to .36 gives 3

P(x
1

> 0, x2 
> 0, x

3 
0) = .169149

and recalling equation (23) gives the contradiction

.125 ~ .169149

The value .169 is not surprising because .125 is the probability

of all three variates being greater than zero if they are all

independent , but in this example, x1 and x3 
are positively

correlated.

In order for this to be a valid counter—example, a process with

H autocorrelation sequence R (O) = 1, R(l) = 0, and R(2) = r must have

an extended autocorrelation sequence which results in a positive

definite matrix. As proved by Burg, the only requirement for this to

be so is that the three by three matrix with the above values be

3The integral was f irst evaluated by a computer program using
trapazoid rule integration from zero to twenty. This gave the
result P(x1 

> 0, x2 
> 0, x

3 
> 0) .155, and the above calculations

are a verification of this.

— —V.—V—-—~~ _~~~~~ V. _
~
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positive definite.L
~ For r less than one, the three by three matrix

is positive definite so this is a valid counter—example.

- ~John Parker Burg . Maximum Entropy Spectral Analysis. A
Dissertation Submitted to the Department of Geophysics and the

V Committee of Graduate Studies of Stanford University in Partial
- Fulfillment of the Requirements for the Degree of’ Doctor of

H Philosophy, May 1975, p. 22.
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APPENDIX B

NORMALIZATION OF THE AUTOREGRESSIVE PROCESS

Let 
~k 

be the unnormalized output of tl’e second order auto—

regressive process.

~k = A1~~~~1 + A
2~~~2 

+ Z
k

where Zk 
are successive samples drawn independetly from a normal

distribution with zero mean and unit variance. Zk 
is independent

of X~ for all k and j. The variance of 
~k 

is a function of A
1 

and

A2 
and will not , in general be unity. Thus if’ Xk 

= 

~k 
the process

X~ will not be stationary. The task is to find a normalization

constant C such that when X,~ = CYk, X~ has unit variance for all k.

= c(A~A~~1 + A
2
X~~2 

+ Z
k
)

and C will be found such that E [X
k
2) = 1. Expanding the square of

X~ gives -

= 1 = C2E(A~X~ 
~ 

+ A~~~~2 
+ 2A

1
A
2~~ l~~ 2 

+ 2A
l~~~l

Z
k

+ 2A
2
X
K 2

Z
k 

+ Z~ }

Collecting terms and evaluating the expected values gives

= + A~ + 2A
1
A
2

E (X
k l Xk 2 ] + i) (27)

L .  
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5].

where
‘— - V .

E[X~~1X~_2] = E[C(A
l
X,
~~2

A
2
X
~~3

Zk_l)X~~2I

= + CA
2
E[X

~~l
Xk 2 ]

V Using the stationarity of X,~ gives

E[~~~1~~~2] = CA
1 
+ CA

2
EIX

k1
Xk 2 J

CA~
— 

1—CA2

Substituting this result into equation (21) yields

+1)

or 

1 CA2 
= c

2
A~(l CA2

) + 4(1_CA2
) + 2~~4C + 1 — CA2

Regrouping like p owers of C gives

0 = c3(~~A2 
- 4 — A2

) + C2(A~ + 4 + 1) + CA
2 

— 1

The process generating subroutine solves this cubic equation

for the three roots of C, picks the smallest positive real root

and uses this value to normalize the process.

V.  ---.--- V ~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~ 
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APPENDIX C

INITIAL VALUES OF THE AUTOREGRESSIVE PROCESS

Often when generating an autoregressive process, one sets the

initial values equal to zero . This gives a process which is not

in steady state from the beginning , but has a start up transient.

Instead, the initial values Xk l  and Xk 2  of’ the second order

autoregressive process should be chosen according to the formulas

= Z
1 

(29)

and

= RZ
1 

+ /~~~
‘
z2 (30)

where the values Z
1 

and Z
2 
are independent samples from a normal

distribution with zero mean and unit variance. R is the covariance

of Xk l  and Xk 2  which was shown in equation (28) to be

KA~
R - 1 X A

By inspection, ~~~~ and X~~2 
have zero mean , and X~~1 has unit

variance. The variance of’ Xk 2  is

k -

—----V-V —-~~~-— _ j~~~~ _ # ~

_
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_______ — — - V  —V. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~-V 
_______ ________ ________ ___

—V. —— -. 
-

~~~~~

53

Var(X~~2
) = E[X~

2
2
) — (E(X~~2

])2

= E[(RZ
1 

+ /~7z2)
2] — (E[Rz

1 
+

= E[R2z~ + 2RZ
1~~~~~~

Z
2 

+ (l—R
2
)z~ 1 — (RE[z~] +

R
2E[Z~] + 2R ~~~~~~E[Z1Z2] + (l-R

2
)E[z~ ]

= R
2 

+ (l-.R
2
)

V = 1

So the variance of 
~k—2 

is correct.

The covariance of’ X~~1 
and Xk 2  ~~ 

-

cov ( x~~1,x~~ 2 ) = E[X~~1,X~~21 — EEX~~1
)E[X~~21

= E[Z
1
(RZ

1 
+

= E[RZ~ + ~~~~
T
Z2
Z
1
]

= RE[Z~] + 1ci~~~
’
E[Z

1
Z
2
]

= R

Thus it has been shown that if X~~1 
and ~~~~ are picked

according to equations (29) and (30) then they have the proper

means, the proper variances , and the correct covariance. 

— - V - - - V-- -—-~~~ -- ~~~~~~~~~~~~
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APPENDIX D

CO?’~UTATION OF THE MAPPING FUNCTION G(x)

Equation (19) gives the mapping of a normal process into an

exponential process. The computation of this function was required

every time that an exponential variate was needed. The program

generated about 50,000 exponential variates for every simulation,

so an efficient way of’ computing the error function was required.

The error function was approximated in the following way.1

erf(x) = 1 — (a
1
t + a

2
t
2 

+ a
3
t3 + a14t

14 
+ a

5
t5)e

_X2 + c(x)

where

1t _
l+px

p = .3275911

a1 
.2514829592

a2 ~ .28141496736

a
3 

= 1.142114137141
‘I

a14 ~~1.1453l52O27

a
5 

= 1.06114051429

and the magnitude of the error c(x) is less than 1.5 l0~~ .

1Milton Abramowitz and Irene Stegun. Handbook of Mathematical
Functions, National Bureau of Standards, 19614, p. 299.
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APPENDIX E

THE MEAN OF DENISENKO’S ESTIMATE

Equation (114) gives Denisenko’s approximation to the surge

— length distribution as

—Actp (cz ) = Ae

where

V— R” (o) (x —

A(x0) = (x —
~~~~~

) 
exp ~

— 2
2 [l —~~ 

o 2a

and

•( z )  = ~~ J:_t2,2 dt
So

E[r] =~~

x —~~~i

2~(l - ~ ( ° )
~ (x - )2

= 
_ _ _ _  

0— exp [+ 0
2 ]/~R”(O) 2a

2(x — u )  x —~~~~

= — exp 2 
{2[l — ~ ( ° ) ] }  (31)

/—B”(O) 2a a

With some algebra , the function • can be expressed in terms of the

error function;

__________ 
A
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‘ p  •(z) = + I erf(—~)2 2

substituting this into (31) yields

— (x )2 x — i i

E[p (a)] = 
_ _ _ _ _ _  

exp ~ 
° 

2 ~ {2f1 
— — — erf ( ~ ) ] }

p”—R”(O) 2a 
2 2

or
2(x — i’ ) x — i

E[p (ci)) = 
_ _ _ _ _ _  

exp f 
° ] (1 — erf’ ( ~ )} (32)

2a’

And now for comparison, the exact mean , equation (2), is rewritten

as follows

2(x —
~~~~~

) x — l i
iT 0 0

• E(p ( c i ) ]  = 
_ _ _ _ _  

exp [ 
2 ~ {erfc ( )}

2a a1~

V or
2(x .- i) x —~~~i

E[p (a)) = 
_ _ _ _ _  

exp f— ° , 
] {i — erf ( ~~ )}

1—R”(O) 2a’ av’~

Comparison of this expression with equation (32) shows that

Denisenko ’s approximation gives an unbiased estimate of’ the mean.

- 
3
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APPENDIX F

ERRORS DUE TO QUANTIZATION

The process x(t) is modeled by the discrete process X~. X~

can be thought of as the sampling of’ x(t) at integer time increments.

A possible segment of the process x(t) is shown in figure 12 where 
—

tick marks indicate sampling times and the axis is the surge

threshold. The following list details some of’ the possible errors

due to quantization. Numbers refer to the numbers on figure 12.

1. A short surge is ignored.

2. A surge of’ length .95 is ignored.

3. A short surge is recorded as having length one.

14. A surge of length 1.9 is recorded as having length one.

5. A surge of’ length .5 is ignored.

6. Three separate surges of’ lengths 2.5, 3.5, and 2 are

recorded as a single surge of length nine.

7. A series of short surges is ignored.

8. A series of short surges is recorded as a single surge

of length four.

L. 
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I

o
Fig. 12 One Possible Segment of x(t) 
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APPENDIX G

THE COMPUTER PROGRAM

The process modeling, the calculations of the estimators,

and the output of data were all done with a FORTHAN program written

for the CDC “RUN” compilor. All graphical output is done with the

— - CDC 280 microfilm plotter, using subroutines in the CUGLIB library.

In addition to the four plots shown in figures one through

eleven, the program output s an additional plot , an example of which

is given in figure 13. This plot is for the data of simulation

number six. The plot is the cumulative distribution function

subject to the mapping

1 K

where A is given in equation (10) of’ the text, K is the normalization

constant derived in Appendix B, X is a point of’ the cumulative
V 

distribution function and X* is the mapped point which is plotted.

The nature of this mapping is such that Denisenko ’s estimate

becomes the straight line y = x. Thus to see how well the experi-

mental data fits the estimate, one looks at how straight a curve

through the points is. The line y = x is also plotted for

reference. It should be pointed out that no additional information 
V

is contained in these plots which is not already in the regular

cumulative density function. For this reason, it is not included

—V ~~~~~~~ V~VVV.V. ~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~
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CU4JLATI\’E DISTR !BUT ICN OF 5000 SURGES
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Fig. 13 An Example of a CDF Subject to a linearizing Mapping
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with the regular data in figures one through eleven, but it does

give a quick indicat ion of how well the estimator performs for a

given process and the routine has been left in the program.

Also included in the program are subroutines which separate

on the microfilm the plots of one simulation from those of the

preceding simulation as well as that following.

Each simulation requires one data card which contains the

surge level in columns two through eleven, the coefficients of

the autoregressive process (A1 
in columns twelve through twenty—one

and A2 in columns twenty-two through thirty—one) and a one in column V

one for a normal process or a zero in column one for an exponential

process. Preceding these cards is a seed card for the random

number generator which is any number in octal twenty format. The

last card in the deck should have a single nine in column one. 

V-~~~~~~V.~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ • - V - V  V.~~~~~~~~~~~~~~~~~~V~~~~V - V - V  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - V - - V  -—- V-- - — - V — V  J
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PROGRAM SEPI E S ((~lP T,0UT PU T ,F ILMPL ,TAPE INPU T ,TA~~~~~ULtPUT )
DI ME P JSI C I D~~A~~( LOO ) ,SJ~ C .(20 ,25O),OUTPUT (5000J
REAO( 5 ,1) SEED

1 FO~O’AT (020 )
Q .RANF I SE ED)
00 2 1*1,100
RE AD (5~~3) IF”nR ~~,~~LEV ,A1 ,~~2

3
IF (1FN0 ~ U .~~~.’,I ~

.c it’ ~
CALL CMI ~4IT(O .)
CALL IN CLSP
CALL FRA U E
CALL A~ POwD
CALL OM A I N ( A1 , A2 ,SLZV,C MA R ,SURG ,OUTPUT, IFNORM )

2 CONTINUE
-4 CONTINU E

H
EN D

SUBROUTP1E A RROW %J (A1,A2 ,SLEV ,IFN O RM )
CALL I N C I S P
CALL ? ‘APIO.,l.,O. ,l.,O ., 1.,0.,1.)
CALL SETLINE U )
X$HFT 0.

5 CONTI N UE
00 1 1 = 1 , 3
R1zI
X= . 135— . 006*1 R I — I .  I SH FT
YSTOP .897—.006* (R1—l.)

I CALL L Y t E I X ,.05 ,X ,Y SIQP )
00 2 I~~1,3
RI * I
Xz.141+ .006*(RI—1. )+XSHFT

Y STOP= .897— .006 *(  ~ 1—1. )
2 CALL LYhE( X ,.05,X ,YSTCP)
00 3 1*1,6
RI*I
YTOP .9, • 006*tR 1—i . I
YBTr’=YTCP— . 138
*LFT=XS I4FT

V. xMID= .139.J~sHFT
XI4HT • 276 + ~SHFT
CALL LYP~E I X R PT, Y PtW ,XM tC, Y TOP I

3 CALL LY hE (X~’1O~ Y tC P ,X L F T , f8i M )
IFU SHFT .NE.0) (,C IC ‘.
XSHI-T • 724
GO 10 5

4 CON TINUE
CALL LA 8PL T (A1, A2 ,SL I~V ,1FN CRMI
R€TuR ”I
END

V - - -V V~ - -  V-VVV-V V V~~~ V • ~V ~~~~~~~V.~~_~~~~~~VVV V V. ~~~~~~~~~~ - - 
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H
SUBROUTI NE A R RCW O
CALL INCL SP
CALL MAP IO ., i.,0.,1.,0., 1.,0..1.)
CALL SETL INE t I )
XSHFT O.

5 CON TINUE
00 1 1=1 ,3
RI~~I 

V

~ ..135~~.O06* (Rf 1.I+XSHFT
YSTCP .103+ .005* (R1 t.)

1 CALL LY NE (X,.9~~,X,YStOF )
00 2 1=1 , 3
R1~ I
X*.141+ .006*(Rt—1. )+XSHFT
YSTCP . 101~-.jC6*(R I t.)

2 CALL LY N ,(X ,.95,X, YSTOP )
DO 3 1=1 ,6
RI*I
YBTP .l— .006* (Rt—t.)
YTOP Y B TM + .13 8
XLFT XS)-~FT
XM IC .138 .XS HFT
XRHT .276+XSb FT
CALL LyNE( xRHr,~~rcp ,xMrD, y 8rM )

3 CALL LYN E t X~~I D , YI~TM ,XLFi ,Y tOP )

IFL XS HFT .NE.0) GO 10 4
XSHFT . 724
GO 10 5

4 CONTINUE
CALL OPT ION (1 ,O , 3,G,0I
CALL CSTRIN G (.3 945,.6381,L2hPLEASE PUTS.)
CALL cSTRINS (.3594,.S19i,i5ht~E 

FOLLOW INGS .)
CALL CSTRtN G (.3594 ,.5264,L5~~FCUR PLOTS Q’~S.)

CALL CSTRL!4G (.418 ,.4?36 ,1CHTHE SAME S.)

CALL cSTR IN~~(.3 82~~,.4209 ,13Ft 8 X 10 1~ C iIS.)

CALL CSTRiNG(. 4531,.3682,7HP~~1NTS.J
CALL FRA ME
RETURN
END

SUBROUTINE L~~B P L T C V AI, A 2 ,SLE V,1F NCR N)
CALL M API0.,1.,0 .,I.,o.,l.,o~ , 1.)
CALl. O P I I C N  (1,0,3 ,0 ,0)
CALL C ST R E~~C . 3 ~~3 ,.~~,ô~iAl = S.)
CALL CSTRD .G(.383,.5,6,.~~2 =5.1
CALL CSTR ING (.453,~ 35 , 3ti=S.)
CALL CN UMB R( .5 ,.6,4I ,41-F8.4)
CALL C P~L PR(.~~,.5,A2 ,4HF8 4)
CALL CNU M8R(. 5 ,.35 ,S1EV,~~..F8.4)
CALL C S TR IN G ( .32 4,.373 ,6h-Sugr,$ .)
CALL CS 1RI ’~G c .312,.32 6, 7f~LE VEL.S.)
E F (IFNC P’- .Ec.L, CC TO I
CALL CSTR IP ~G .3C3,.74 7,13I .~EX P O~IENflALS. )

CALL CSTRfNG( .44[, .747,8~~ Q,~M At$.1
2 CALL CST~~ING(. 43 ,.7,9I.PRCCESSS .)

CALL FRA M E
R E T U R N
(NO

~ 

- - V ~~~~ - -—
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SUBROUTINE CW AI ~. (AL ,A 2 ,SLEV ,C MAR ,StRC ,OU TPU T , I P~OR~!)
UI P’ENSt CN C~ AR( tO0),SURG(20,250 .* ,OUIP IJTI 5OCO)
INOCUT*O
ITCEL S000

H IRUN ITCTL/20
RU N= I RU P.
Rz.95
BETA= 5 .
ALP*IA=O.

SRG O
ZSFST O
11 RUN= 1
IPOCH 1
ICNT O
IRUNC=O
RTCNT=0.
RTA LJ*O .
OLS 1=0.
CL *1.
DO 2 1*1,100
OM A R( I )=O.
00 2 .1=1,20

2 SURG (J ,!) O.
3 C O N T I N U E

CALL PROCESS (C1, A IPP4A ,BETA ,OUT, IFNCRM , A 1,A2 )
RTCN T=R TC J~T +1.
RTAIJ=R TA U + (CLST— CUT )*(CLST—OUT)
OLST =OUT
INCCUT= PWCUT+I
IF (INDOUT.GT.5000 ) GO TO 11
OUTPUT I JN OC U T )= LUT
GO 10 12

11 INOCUT=5000
12 1F IIFN O R’~.EC.0) GO TO 13

LO t.JT=OUT*5. .50.5
IF (IOUT .LE .1 ) !CUT I
GO TO 14

13 IOUT= ICUT*2. )+1.
14 IFIIOU T .G E. l OO ) ICUT=100

0MA K(1Ot)1 )=O’~AR( ICU I )+1.
IF (CUT.GE .SLEV) ISR G=1
IF(ISRG.EC .1. ANC .t1 .~U’ .EC .1) ISFST*1
ILRUN *O

- 
- 

IFICUT.L T.SLEV.AN C. ISRG .EQ.1, GO TO 4
IFIISRG .EO.O )- GC TO 3
ICNT= ICP.TI-1
GO TO 3

4 IF(ISFST .EC .1) ~,C TO 17
IF (ICNT.GE .100) ICNT= 100
SURG (IPCC H ,ICN T I-=SU ~ G tI PCCM, tCNT ).1.
Ii~uP.c*1RuNC +1

17 I SF ST O
ISRG*0
I C N T O
GO TO 3

5 IPCCH=IPCCM+ L
IF (IPOCM .GE.2l) GO TO 18
00 19 1= 1,1 0 0
CALL PRCCESS (C1, A L P~iA ,BE TA ,OUT ,IFNORM , A1, A2)
RTCN T *RTCNT + I.
RTAU .RTA U + (CL ST—O UT ) ‘(OLST—OUl ) 

V

OLS T ’OU I
INGOUT ~~1NDC lJT+ 1
IF (1~10CUT .GT .5C0O CC TO 20

- V.~~~ V 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ A
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65

I.BESIA VA/I A
OUTPUTIIM)UUTI=0(JT
60 10 29

20 IIIOCUT= 5000
29 1 F( IFNCRM. EC.0 )  GO TO 21

IOU 1*00 7 *5. + 50. 5
IF (IOUT .LE.t) I CUT*L
GO TO 28

27 LouT=cour *2.p. 1.
2$ 1FtI0UT.GE.1 (~0) ICUT IOO

OM A R ( IC U T F D M A R I IC U T ) * 1 .
19 CONTI~)UE

(1RUN* L
IRUP.C*0
GO TO 3

18 00 21 1.1,100
5015*0.
00 22 J=l ,20

22 SUM*SU M ,SIJRC (J , I)
X8A~~ SU M /2O.
1FIXBAR.EC.0 .) GO 10 25
CI*O.
DO 23 j=1,20

23 CI*IS U RGl J ,I)—X ~ AR )*(SURGt J ,I ) XBAR )
C1 C1l1 9.
CI~~.4644*S~ RT (C 1)
G0 T0 26 V

25 SURG(2,1I O .
GO 10 21

26 SUR~~I2 , I FC I / R U N
21 SU R G I 1 , I F X 8 A R /R U N

WR E TE(4,81 RTCNT
a FOR M4 T (*1 THE M A R G I N A L  CIS TR IBU T ICN OF THE PROCESS BASED ON *,FO

1.0.* SAM PLE S s )
W R IIE (6,15) -*1 ,A2

iS FORV A T(*0A1 *,F8.4,* A 2 * , F 8 . 4)
WRITE (6,16)

16 FORPA T(*O*)
00 6 )1 , 100
IF (IFNORM .E~~.l) CMA ~~t1)= 5 .*CM AR (1)/RTCNT
£F (1FN CRM .E ~~.O) CM A ~~(1I=2. *CMAR (I)/RTCN T

6 WRITE (6 ,7) I, CM A R ( I )
5 7 FORMAT(1 5 ,F20.8 )

RTAU ZR TAU/RTCN T
SURG I3 , I = ITCTL
SLIRG (3 ,2)=RTCtIT
SURG (3,3) SLEV
SURG (3 ,4)XA I
SURG I3 ,5FA2
SURG (3,6) 17.CCUT
SURGI3.7 ) IF P~ORM V

CALL OUTPLCT 1D ,~AR .SURG,DUTPUT ,IFNOR ~~,RTA U ) V

RETURN V

END

____ - - - V
V .— -  -- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -
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SUBROUT IP.E CUT PLCT (CMAR ,CURG .OUT PUT , IFNO 1M ,*IAUI
CIMEM S IC N CM A R(L0 O ) ,SU R G (~~0 ,250),UUTPUT (50OO )
CALL SElL 17-4E (1)
CALL IND ISP
8IGzO .
00 54 1=1,100

— s iFtCM4R(I) .G ~~.eIG) e IGacPAR lI )
Y MAX =S. * RIG/4.
II  * 100

55 IF (DMAR(II ).GT .0 .) O TO 56
V 11*11—1V

t I 00 10 55
56 R 11 tI

IBIG=I I
XM AX =RI 1/2.
IF (IFNCRM .EQ.t ) XMAX =R[ 115.—9 .9
XM INXO.
ISPL L
IF (IFNOR M .EC.0 ) CC TO 60
11*1

62 £F (CMAR III) .GT.0 .) GO TO 61
11=11+1
GO TO 62

61 R11 11 -

ISML I I
X M I P . = ( R t I — 1 .  115.—9 .9

60 CALL O P T I O N ( t , O , 2 , O,O )
I SURG (3,2)
CALL C STRI~ G (2 42 ,973,41I1MARGI’I AL DISTR I BUTION OF SAMPLESS.)
CALL CNU MB~ 1 650,973 ,I,2)-16)
CALL C STR IN G (5O t~,75 ,3 I-~X S.)
CALL MAP S( X MI ~t,X ,~AX ,0.,YP’AX , .~ 5,.95,.15, .9)
IF (IF ’IORM .EC.O) GO TO 63
YTCP=DM AR( 1)
CALL IYNE (X P’ZN , YTCP ,XMIN ,O.)

63 DO 57 I= I SM L ,IBIG
RI—I
XSTAR T= (R1—1 .)12 .
X ENCz RI/ 2 .
IF (IFN ORM .EC.1) XST A R T Z tRI—1 . )15.—9.9
IF (IF PIORM. EC .1) x~~4C=X SfART*.2
YTCP=DMA R(I)
IF (I.EO.100 ) GO TO 59

V 
YNT D M A R I I +1)

V IF(yrop .GE.YNT , GO TO 59
CALL LYNE (X E~ D,V TC P ,X EN O ,YNT )

- 

- 59 CALL LY~ € (xs r 4~~r ,YTcP ,xENc ,vroP I
H 57 CALL LY P.EI XE NO, YTCP ,XENO ,O .)

CALL OPT I QN1L, O ,2,l ,O)
CALL CS TR ING (75,400,I4NOEN SITY OF XI.)
CALL FRA ME
INDCUT=StJ i~G (3,6)
Ai*5tIRG(3 ,4)
A2=SURG (3,5)
CALL SPI MICU TP (JT,INOOLJ T ,A1,A2 )
CALL INC ISP
810*0.
00 50 1=1,100

50 IF (SURG(1,1) .GE .BIG) BIGxSURG ( 1,1)
YM AX 5.*~lIG/4 .
IF II FM O R M .EQ.O) GO 10 64
XaSURG ( 3 ,3)/1 .414213562
CALL ERF’ICP4IX,Y)
PHI~~.5+Y/2.

~ 

______ j
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FCTR I RrAU ,t6. 3Id53* (i—p HII ))*EXp t ..5*SuRG( 3,3)*SU1~.~(3,3)5
GO Ti) 66

64 FCTR=S QRT (R I3J/.3 .)
66 COR I=EXP IFCTR /2. )

YIOP=FCT R *EXP (— L .*FCTR* .51*CORT
IF (YTOP .CE .8I0) Y MA (=S.*YTOPF4 .
11*100

51 IFISIJRGIL ,tI) .GT .0 .I GO TO 52
11—1 1— 1
GO 10 51

52 R 1I=II
XMAX zRII + .5
I~~SURG (3, 1)
CALL OPT ION (I,C,2 ,0,O)
CALL CST RI ~ G (25a ,973 ,41HNOR MAL IZED D IS TRIBUTION OF SURGESS .)
CALL CNU MI3R (707 ,973,f.2H151
CALL CST RINC I 45G , 15 ,14 hSU~ GE LEGNTP’S .)
CALL MA PSI.5 ,X PA X,0 .,YMAX , .15, .95, • 15,.9)
YTOP =SURG(1,I)
CALL LY P~E (.5,0.,.S,YTOP )
DO 53 1=1 ,11

X STA R T=RI — .5
XE NO’RI ..5
yrcP=suRG ( 1,1)
IF (I .EQ.L 00) GO 10 58
YNT=SU RG( 1, 1* 1)
IF (YTOP.GE .Y P.T)GO TO 53
CALL LYNE (XE~.D ,Y T O P , X I~NO ,YNT )

58 CALL LY~’.E(XST AR T ,YTCP ,XE N D ,YTOP )
CALL L Y N E t X E N ~),YTCP ,XEN0,O .)
X STAR T XS I ART+1 ./3.

YTC P=SURG(I,t ) .SURG (2 ,fJ
CALL LYN E (X S TART ,YTOP ,XENO,YTOP )
YrCPzSU R G (1,1 )~~SU~ G (2 ,l1

53 CALL L Y P.E IXSTA R T ,Y TOP,XENO,Y IOP )
X 1J~C=RII/50O .
XSTART= .5
YTCP=COR T*FCTR*EXP(_ 1 .*FCTR* .5)
LaO 65 1=1 ,500
R I—I
XEN Oz.5GR !$X INC
YN TzFC1R *CCRT*EXP (~~1 .*FCTR *XEN Q)
CALL Ly p E c x s rA g r ,vr op ,xENc , yt ,irl
X STAR T~~XEND

65 YTOP YNT
CALL O PTI CH (1,0,2,1,0)
CALL CSTRINGI 75 ,42O,1 8I~NUM BER OF SURGESS .)
CALL FRA M E
MR 11(16,9)

9 FORMA T IS1 THE SURGE DIST R IBUTION CF THE PROCESS*)
WR I IEI6,15 ) SURG (3,4 ) ,SURGC 3 ,5 )

15 FURM A T(*OAL *,F8.4,* A 2 * ,F8.4)
WRITE(G,l b )

16 FOR IIATC* O *I
00 10 1*1 ,1! -

-~~~

T1 * F CT R* EXP (— L. * FCTR * RI )
T2 11*CCRT

10 w RI TE I6 ,11 ) I ,SU PC IL ,I ) ,SUR G I2 ,I),T 1, T2
11 FORMA T (15 ,F 15.8, * •CR— *,F15.8,* T1.*,Fl5.8,* T2—* ,F15.8)

I SURG (4 ,2 ) CC RT
CALL CIJF (SURG ,1t, MI A UI
RE T U RN



r ~~~TTT :::-~: T.~~T1 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
-------- ___

V ~~iVAMB1.~ COPI 68

‘— f t .

SUBROUTINE CU” ISURG,TI, RIAI J )
0IMCN SIC ’~ Stie(G (2O ,250 )
*NAX I I* 1
CALL INC(SP
CALL O P I I C P 4 I 1 , O . 2 , O , O )
CALL C S T R I N G ( 4 5 6 , 75, I4H S UM GE LEG NT)~$.)
I SURGI 3 ,1)
CALL CN UM PR(707 ,97 i , I ,2 H 1 5)
CALL CS TRI (28 8,fl3,4LHC (~M uL A IIVE OI STR IEI JT ION OF SURGESS .)
CALL OPTION(I ,0 ,2 ,l ,O )
CALL CSLU NG(75 ,420,IEHNU PBER OF SURGES).)
CALL MAPSIO .,X MAX,0.,1.2,.15, .95,.15,.9)
YaO .
DC 1 1= 1 ,11 V

X*I
Y Y +SI JRGII, I )
CALL X S TR IP.GIX ,Y ,3H*S.)

V 
FCTR— SURG (4,t)
CORI SURG( 4,2)
WRIIEI6,6) RTAU

6 FOR)~AT (*1 THE VALU E  OF — R DOUBLE PRIM E (0) .*,F15.8 )
M R I T E ( 6 , 9 )  FCTR

9 FORPAT(SO THE V A L U E  OF ALPHA =*,F15.8 )
W RITEIb ,10) CORT

10 FOR MATL ’ O THE VALUE OF THE INTEGRAL TO ONE HALF * ,FL5.8)
RI 1.11
X INC (RII— .5)/500.
XST ART = .5
Yr OpaO.
00 2 1—1,500
RI— I
XEND=RI*XINC +.5
YNT.1.—CCR T *E XP(—1. *FCTR*XEND )
CALL LY P. E IXSTA R T ,Y T CP ,xENC ,YNT)
XSTART Z XE NC

2 YTCP*YNT
CALL FRAME
A L— S IJRG( 3 ,4) . -

A 2 — S U R G I 3 , 5 )
IFNCR M = SUR GI 3, 7)
SLEV SURG (3 ,3)
CALL AR~ ChU (A1, A2 ,SLEV,I FNO RM )
CALL INC ISP
CALL OPT IO N(l,O ,2 ,O ,O)
CALL CSTR ING (456,75,I4HSL~ GE LEGNTH$ .I
IsSL)RGI3 ,1)
CALL CNU MO R (70 F ,973,I,2H151
CALL CS TR ING I2 9~~,’fl 3,41h C LaM ULA T 1VE DISTRIBUTION OF SURGESS.)
CALL QPIION(I,C,2,L,O)
CALL CST RtNG c 75 ,42o,13 i-tr~u’~eER OF SURGES).)
CALL P1AP (0.,I.,O .,t.2,.15,.95,.15,.c)
CALL LYP.EtO .,O .,O .,1.2)
CALL LYP.E(0.,0.,1.,O.) - V

CALL LYP.EtO. ,0.,L.,1.)
CALL OPTICNU ,O ,0 ,Q,O)
00 3 1=1,13
R I—I—i
R I—RI/ lO .
CALL LYP.E (—.003,R I ,.003,RI)

3 CALL X N U M B R I — .030 ,Rl,RI,4 1-F3.i)
V X LST— O.

1.0 4 I~~1, I1
Al —I
Xaj . —CC PJ * EX p (  — 1 . ’ FCTR* R! )
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. 1~ 
OIF X — * L S T
JFI* . GE..~~8) CC TO 7
IFI0IF .LT..03) GO TO 4
XL ST— X
CALL LY NEI X ,— .003,X,.003 )
XST—X
IFII.GT .9) X ST=x— .OO5

— CALL XNU” $R(X ST ,— .022,l,2) 12)
— 4 CON TINUE

CALL OPT ZCNI L ,O ,2 ,3 ,O )
V 7 Y*0.

00 5 1—1 ,11
RI— I
Y*Y+SURG ( 1 ,1)
1 1  .—CC RT*EX ° (—t.*FCT~ *R I)

S CALL X S T Q L N C  ( X , Y , 3 H * $ . )
CALl . FRA M E
RETURN
(NO

SUBROUT INE PROCESS (CL , A LP M A ,BETA, CU T,I FNORM, A l ,A 2I
IF (C1.EC.O.) CC IC I
V I S A 2 * I 6 1 * A I — A 2 * A 2 — 1 . )
V 2 = A I * A 1 +A 2* A 2 + l .
IFIV I .EC .0 .1 GO IC 14
P V 2/V t

H
Rz~ i.fVl

V8=(2.*P*P*P— 9.*P*Q,27. * R)/ 27 .
RAD .V R* V ~/4. +YA *V A t V A/27 .
IFCRAO.Lr .O . I GO 10 5
£F (RAO.EC .O .) GO TO 6
AR G =—V8/2 .,SCRTIR AD )
IF (ARG .LT.0.) GO TO 7
ACAP=AR G*~~II./3.1
GO TO 8

7 IaCA P=—1 .$ I—1. *ARG)**(1.13 .)
8 AR G=—V 8/2.—S CRT (RAD)

IFIARG.LT .O. ) GO TO 9
BCAP—ARG** (L./3.)
GO TO IO

9 8CAP=_ 1 .$I—l. *A RG)**(i./3 .)
10 FACT= A CAP +BCA P

00 70 11 -
6 ARG =—V 8/2 .

IF (ARG .LT.0.) GO TO 1.2
ACAP =A RG** ( 1 .13 . )
00 10 13

12 ACAP =—1 . * 1 — i . *AR G~~**( 1./3.)
13 FA CT =—ACAP -

GO TO 11
5 X IP=S QRT(— t .$RA C I

PK S=—V 8/2 .
gM AC= SQRrCpK8*P~~B+x I M *X I M )
A N C L =AT AN 2 (X I M , P1 (0)
REL .R MAG *~~( 1.13. )*CCS (ANGL/3.)
X I M A J = R P A G $ *  (1.13.) ‘S t N t  ANGL /3 . )
FAC TI=2 .*REL
FACT2 =— FACT I/2 . —x ~~~~~~ . 73205080B—P/3 .
FACT3 =—FACT 1/2 . ,X IMAJSI.732050808—P/3 .
F A C F 1 — F A C  T I—P/ i .
FACT=1.E50
IF (FACT L . T.C~.. A’aC.FA CT I .LT.Fe.CT ) FA C T=FA C TL
1F (FACT2 .GT.O..~~.~~.FA CT2.L T.F ACT ) FACT :FA C TZ
IF (fAC13.Cr .j .. ”~C .F4CT3 .LT .F-~C1) FA C T=FA C T 3

V V .
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1 7°

00 10 15
‘ ii FAC T—F AC T — P/ 3 .

60 10 15
14 FAC T=1.IS CR TII. ,AI*61 +A2 *A2)
15 RL*FA CT*A 1/ (1.—F ACT *42)

IF (FACT.GT.L.) ~~ ITE ( 6,2) A 1,A2 ,FA CT
2 FORMAT (*0 FOR A L = ~~~~~~~~~ ANC *2 =s ,F 9.6,* THE SMALLESI POSIT!

LVE ROOT WAS •,tt5 .8 )
C22 SQ RT (  l. —R 1’ i41)
Cl—O.
NCM I 

-

CALL NCR MIX NC R M , P4CH)
X152.XNCR7’
CALL NC RM (X NCRM ,N C H )
XM 1a Ri*X M2’ C22*~~r (C RM V

CALL NO R M(X NQ R M , NCH)
Xz (A1*XN1 oA2 ~ XN2+Xt1QRN )*FACT
XM2 XMI
XM Z X
IF IIFN OR ” .EQ.O) CC TO 3
CUTSX
G0 10 4

3 X =X/ L . 41 4 2 13562
CALL F RFN CTN ( X , Y )
O U T Z O E T * * t — 1 . *AL QGI .5— .5*Y ) +ALPH A )

4 CONTINUE
RETURN
END

SUBROUTINE NO R M IXN CRM ,M CH )
P1—3. 14 159265 4
IF ~~~~~~~~~~~~~~~~~~~~~~ CC TO I

- I U 1—RAN F (0)
U2—R4 1JFIO1
X RC *ISCR T (_ 2 .*.~LCG (u1 )) )*COSI2 .*PI*tjZ)
X K E* ( S C R T (~~2. s ALC G ( U 1 ) j ) * 5 1 N ( 2 . sp !s U2)
X NORM-XR O
NCN O
00 10 2

I X NCRMSX RE
NCI-l-l

2 CONTINUE
RET U RN
(NO

SUBROUT INE ERFP.CTN (X,YJ
P .327591L
A l— . 25482 9592
A 2 — .2544 96735
A 3 — I .4 2 14 1 37 4 1
A4~ — 1.4 53  152027
*5—1.061405429
SINE—I.
IF (X . G E.O.)  CC TO 1
SINE——i.

T*1./( I. +P.r,
POL l—A l ‘1 +A2 *T *  T - ’A 3 ’ T  ‘T *T+A4t 1*54. sAS *T** 5 .
Y SINE *(I.—P C LY sEx P t—~ sx )3
X— X’ St NE
RETURN

— (NO

- - -
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SUBROUTINE SPTM (CUTPU T ,IN0001,A 1,A2)
OI KENS ICN CUT~ UT ( 5O0O I
Sw,*0. -
W , I IT E(6 ,4)  tND C~J T

4 FO RPAT (* I  ISl E CO RR ELA TI ON FUNCTICN OF TH~ PROCESS BASED ON ‘.15
1,’ SA M PLES ’ )
WRI1E(6 ,3 ) A 1 ,A2

a FORP ’A T ( * 0A 1 P ,F8.4. * A 2** ,Fe.4)
W R I T E ( 6 , 6 )

6 FORI ’A T (* OL AG S CORRELAT iON’ )
RN000T INCCUT—1
CALL INC ISP
CALL OPTIGN (I,O ,2 ,0,O)
CALL C STRIN & 1 280,973 ,3T M CC RRELAT ICN FUNCTION OF THE P~lOCESS 5.)
CALL C S T R I N G ( 4 9 6 , 7 5 , 1 C H T I M E  LAG S. )
CALL MA P S ( O .  ,25. , -1 .5 , I .5 ,  .15, .95 , .15 , .91
CALL LYP.E (O .,O.,25..O.)
XOLD=O .
YOLD O.
DO 1 Izl ,INOOUT 

—

SUM ZSUM ,00TPUT (I )F
AVE —SU MIR N
00 2 1=1,26

SUJI O. -

ISTCP L P.CO UT—INI
00 3 IT= I , ISTC P
INDX IT S ! M 1

3 SUM=S UM.ICU TPU T (IT )—AVE )~~(DUTPUT (INCX )—AV!)
SPECT— SUI’/RN
IFUMI .EC.O ) SPZERO= SPECT
SPECT*SPECT/SPZERO
RX (Ml
CALL LYP.E(XCLD ,YCLD,RX,SPECT )
XOLD=RX
YOL C*SPECT

2 WRITE (6,5) IWt ,SPECT
S FORMAT (15,F20 .8)

W R IT E ( 6 ,7 )  SPZERC
7 FORMA T (*0 THE VA R IA N C E  OF THIS SAMPLE WAS *,F15.B)

CALL OPTION (1, 0,2,1,0)
CALL CST RI NG (75,3 60 ,25HCCRRELAI ION COEFFICTEA ITS.)
CALL FRA M E
RETURN
(ND 

--- - --V —V. - -
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