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ABSTRACT

The Censored Weibull Program (CENWEIB) is a UNIVAC 1108 computer

program for fitting censored samples to a Weibull distribution or
for generating random data from a Weibull distribution. Maximum

likelihood estimating equations are used to calculate parameters

for the two-parameter Weibull distribution. Moment estimating

equations are used to calculate parameters for the three-parameter
Weibull distribution.
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A COMPUTER PROGRAM FOR FITTING CENSORED SAMPLES
TO A WEIBULL DISTRIBUTION
. (CENWEIB)

1. INTRODUCTION. a. The Censored Weibull Program (CENWEIB)* is
a computer program designed for use on the UNIVAC 1108 computer.
The program can perform either of two specified tasks. First,
given the scale (a) and the shape (B) parameters, it can generate
data from a specified Weibull distribution. Secondly, it can fit a
Weibull distribution to observed data. The program can fit data
obtained from complete, singly-censored, or progressively-censored
samples. Examples of data are the failure of a life-test compo-
nent or the detection of a target in a time-to-detect test. Cen-
sored data are obtained when units are removed from a test before
the event to be measured (e.g., failure or detection) has oc-
curred. There are two types of censoring. In Type I censoring,
testing is terminated after a specified time interval. In Type II
censoring, testing is terminated after the specified event occurs
a certain number of times. In both cases, the data collected
consists of the termination times of the events which occurred,
the time testing is terminated, and the number of items remaining
when testing is terminated. When all remaining tests are termi-
nated at one specified time, the test sample is called singly-
censored. Some tests, however, are conducted so that at the in-
itial censoring only a certain number of items are terminated
while some items are allowed to continue until the designated
event occurs or until they are terminated at subsequent stages of
censoring. Such test samples are called progressively-censored.
CENWEIB can be used for either Type I or Type II censoring,
singly-censored or progressively-censored samples, as well as on
complete (uncensored) samples. The program can accommodate up to
and including 1,000 observations.

b. The Weibull distribution can approximate a variety of dis-
tributions. When the shape parameter (discussed below) of the
Weibull distribution is 1.0, the distribution becomes the exponen-
tial distribution. When the shape parameter is 3.5, the distribu-
tion closely approximates the normal distribution. The Weibul}l
distribution can also take on various other positively- and
negatively-skewed forms. CENWEIB is primarily designed for
samples which are believed to be positively skewed.

*CENWEIB was initiated by Carl B. Bates (CAA) and was formu-
lated and programed by Keith D. Thorp, a former CAA employee.
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c. The basis of the CENWEIB Program is the work of Cohen (ref-
erence 1) and Essenwanger (reference 2). Cohen's scale and shape
parameters for the two-parameter Weibull distribution are calcu-
lated by using maximum likelihood estimating equations. Simple
iterative techniques may be used to derive the required values.
Once Cohen's parameters are found, they are converted to the more
familiar and conventional form used by Essenwanger. Essenwanger's
moment estimating equations are used to calculate the parameters
of the three-parameter Weibull distribution.

d. When more than one sample of data is generated from a
Weibull distribution or more than one sample of data is fitted to
a Weibull distribution, the CENWEIB Program will calculate a Chi-
square statistic which can be used to test the statistical equal-
ity of the generated or fitted distributions.

2. MATHEMATICAL AND STATISTICAL DESCRIPTION. a. Weibull Sample
Generation. CENWEIB uses the Weibull cumulative distribution
function (cdf) to randomly generate Weibull numbers from given in-
put parameters. Uniform random numbers are generated from a uni-
form random number generating subroutine. After a uniform random
number has been generated, the Weibull cumulative distribution
function

X
F(x) = ]0 8 tB'lexp(-t/a) dt/o®, [1]

is integrated from O to x, where x is the point on the distribu-
tion that defines an area under the curve equal to the value of
the uniform random number which was generated. N of these Weibull
values are generated. Then using these N values CENWEIB calcu-
lates estimates (o and B) of the parameters (o and B) of equation
[1]. Substituting o and B for o and B, gives an estimate of the
probability density function (pdf)

f(x) = (B/0P)xP-lexpl-(x/a)B], x 2 0, a> 0,8> 0. [2]

Random variation may actually cause the true Weibull distribution
parameters produced by the generated data to be different from
those originally inputted.

b. Cohen's Maximum Likelihood Estimation

(1) Parameter Estimation. The method used to estimate
Weibull parameters in the development of the two-parameter Weibull

e
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distribution in CENWEIB is Cohen's maximum 1ikelihood (ML) estima-

tion technique. In the development of this technique, Cohen uses
the following forms of the Weibull pdf and cdf:

f(x) = (Y/e)xY'lexp(-=Y/6); x20,y>0,8>0, (31
F(x) =1 - exp(-x"/0), [4]

where 6 is Cohen's scale parameter and
Y is Cohen's shape parameter.

Cohen develops his parameter estimating equations from the maximum
1likelihood function. For complete samples the likelihood function
is:

L(xl,...,xn;v,e) = _?H(Y/e)x¥-1exp(-x¥/e), (5]
1:

where X;, X,,....,Xp are all uncensored observations. Taking the
partial derivatives of the natural logarithm of equation [5] with
respect to Y and 6 and setting the results equal to zero, we get:

dlnL n n 1 n
~ =_J-Z]nﬂ— Zx]nx= [6]
¥ Y= T
InL a 1 B
e ¥ Y = 0, 7
20 o 62 ,./;‘lx‘ i

I Xy ln X5 1 i B
jsl—=> .=~ == 3 n P (8]
; R :
L300 ¢ k. i=1
2 Xy
i=1

Using standard iterative procedures, this can be solved for the ML
estimate Y. After solving for v, 6 can be determined using equa-
tions [6] and [7] so that
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~ n X‘I.Y\
5= ¥, 9

The """ denotes an estimator. Maximum likelihood estima*ing equa-
tions are analogous for Type I and Type II censoring. For singly-
censored samples, the ML function is:

=
™ n)'[ ‘1 xr exp(-——-)][l - F(xT)]N " [10]

where N is the total number of observations and
n is the total number of uncensored observations.

F(x1) is the Weibull cdf at the termination point, x7. Then,

dln L n Lo o
5y =7+ 'Zln X; --é-z xjIn x; = 0, (113
i=1
aln L IR
T e e Y ¥y =

where }E* denotes a summation over the whole sample with the cen-
sored observations being assigned the value XTe

From these equations, we get

—-]—-V—J-Z*XYM - S RN ;_"m > o8 [13]
Zf*xi Y LA .
Again, ? can be calculated using iterative techniques, and
W,
0 = :S—;L- [14]

For Type I progressively-censored samples,

n K
= ¢ JT¢txp) TTrn - Ferpa™ [15]
i= i=1

—
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where C is a constant,
k is the number of times censoring occurred,
T; (i =1,...,k) are the times of censoring, and
ri j%hthe number of ob§ervations randomly terminated at the
stage of censoring. Then,

n

) i o
LL3. WL B 21 x; -—Z**xYln x; =0, [16]
i SRS B

dln L ** e

6 '—e-‘" ezz i [17]

where Y** denotes summation over all the observations, with an ob-
servation censored at time, T;, assigned the value T

We can then derive:

22**x¥1n TR N L
- — S — Z ]n X'l [18]
Z**X.ii Y n i:l 1
After determining v,
= X"l m. [19]

The two estimating equations for the Type II progressively-
censored samples are analogous to equations [18] and [19] although
intermediate steps in their derivation differ. As can be seen
from the above, the likelihood equations for each of the three
censoring cases (complete, singly-, and multiply-censored) are
different. However, the parameter estimating equations derived
from maximum 1ikelihood equations are basically the same. This
enables us to use one equation, each with the appropriate summa-
tion, to estimate the scale and shape parameters.

(2) Variance-Covariance Matrix. Cohen's variance-covariance

matrix is approximated by using the estimated values of the pa-
rameters to construct the information matrix. The inverse of the
information matrix is the variance-covariance matrix. The ap-
proximate variance-covariance matrix is thus:

s
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r-azln L
VR A
921n L
g 909y |2 4

E]

321n L

dyao
azln L

362

-1 v(Y) Cov(Y,8)
Y»6 . - A . [20]
Cov(Y,6) V()
7,6
-

Calculation of the second partials of the complete sample ML func-
tion for the information matrix gives:

len L l TR 2
2 3.8 ;2-+7§ t_x1(1n x;1¢, [21]
i=1
2 ol
3°In L =
- ——— lA --%? Z_x?ln X [22]
3ya8 1,0 g i=l
2 s
3In L n 2 Y
- 5| -3 +=3 2 X§. (23]

The second partials of the ML functions for the singly- and
progressively-censored samples can be taken in a similar manner to
obtain results analogous to equations [21], (22] and [23].

Essenwanger's Moment Estimation

(1) Parameter Estimation. In Essenwanger's more conven-
tional notation, the Weibull pdf and cdf are:

C.

f(x) = (8/aB)xB-Lexpl-(x/0)®]; x 2 0,a>0, 8 >0  [24]

F(x) =1 - exp(-x/a)B [25]

where o is Essenwanger's scale parameter and
B is Essenwanger's shape parameter.

CENWEIB calculates Weibull parameters based on Cohen's form of the
Weibull distribution and con¥7rts to Essenwanger's form using the

relat1onsh1ps B= vy and o = In other words, Cohen's and

| Essenwanger's shape parameters are the same, but the scale
’ parameters are different, although related to each other.

1 outputs Essenwanger's parameters.

6

CENWEIB
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(2) Variance-Covariance Matrix. Essenwanger's variance-
covariance matrix is:

- 1 & -1 i
12 (~afin )y + e /C12
(-1 L

1 ) 1 1
(-aeln —B-)Cll + <CX_B-—-B>C12 [(-GB“'I -E-)Cll + O‘—B—B—/Clz][-asln 'B']

i -1 t-n
+ L=a®In ey + 9 Jepplla ® ]
8

. [26] .

where the c's are the elements of Cohen's variance-covariance
matrix:

c c V($) Cov(y,6)
. | b : [27]
Cy1 o2 Cov(Y,H) V(9)

(3) Distribution Mean and Variance. The mean and variance
of the distribution, in Essenwanger's notaticn, are:

b= all1 +, (28]
. 1
o = R(I(L +5) - (W +3)12), [29]

where

I'(x) =/°°tx'1exp(-t)dt
0

for a given value of the argument x.
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(4) Three-parameter Weibull. A segment of CENWEIB calculates
parameters for a three-parameter Weibull distribution.
Essenwanger's form of the three-parameter Weibull distribution
function is

F(x) =1 - exp[-6§é§4s], [30]

where § is the location parameter. The location parameter identi-
fies the starting point of the function on the abscissa. The two-
parameter Weibull form will force the starting point of the func-
tion to be at zero on the abscissa. Since the three-parameter
form does not force this, it allows the fitting of a curve to a
set of data which may more closely approximate the data values
than the curve produced from the two-parameter form. Although
CENWEIB plots only the two-parameter Weibull distribution, the
parameters of the three-parameter Weibull distribution are also in
the output as an aid to the user. Estimates of the three parame-
ters are found using Essenwanger's moment technique. The shape
parameter moment estimating equation is

3
c - 3ab + 2a
B = (b . 32)3/2 ) [31]
where a =['(1 +%)
p =11 +-§)
¢ =T(l+3)

As can be seen in the above equation, B, the shape parameter, is
the only unknown. It can be found by employing iterative tech-
niques. Once B has been found, the scale parameter is given as

a =\G%/(b - af)
and the location parameter is given as

§=u-aa

where u is the population mean.
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d. Hypothesis Testing. When more than one sample of data is
generated or more than one sample of data is fitted to a Weibull
distribution, CENWEIB calculates a Chi-square statistic with two
degrees of freedom in order to test the statistical equality of
the distributions. To compare the two distributions, the null
hypothesis

Ha: al az : [33]

The hypothesis is tested by calculating
2 A A A ._1 A A

A A A A lo%la) ola,B) aj - ag

= [0, = a,, B; - B A = ~ ~ 34]

i, ek Tl T8 T } o

where the variance-covariance matrix is

o2(a) o(a,B) V(a;) + V(ay)  Cov(ay,B)) + Cov(ay,B,)
= .[35]
o(@,B) %@ | cov(a,By) V(B)) + V(B,)
E 3 -+ COV(&Z,éz) _

The Q-statistic is approximately distributedzas a Chi-square vari-
ate with two degrees of freedom, i.e., Q ~ x“(2) (see references 3
and 4 for more detail). An inspection of the Q-statistic shows
that close agreement between the two distributions yields a small
statistic, while a large difference between the two yields a large
statistic. Therefors, to test the null hypothesis, compare Q with
x¢(l-a, 2). If Q 2x4(l-a, 2), reject the null hypothesis at the

a-level of significance; otherwise, do not reject the null hy-
pothesis. By rejecting the null hypothesis, we are saying that
the two distributions are not equal.
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3. COMPUTATIONAL PROCEDURE. a. Appendix D contains the flow- ;
chart for the program and a complete listing of the computer pro-
gram. First, the program checks to see if data are to be fitted
or if data are to be generated. If data are to be generated, the
program generates the required data with specified scale and shape
parameters, orders the data, and censors it. If data are to be
fitted, the program first orders the data, then calls the WEIBUL
subroutine. Using the data, this subroutine calculates parameters
for the three-parameter Weibull distribution using moment estimat-
ing equations. An iterative procedure is used to calculate the
parameters if there are censored data. Then, Cohen's parameters
are calculated for the two-parameter Weibull distribution using
maximum likelihood estimating equations. Again, if there are cen-
sored data, an iterative procedure is used. First, Cohen's vari-
ance-covariance matrix is calculated. Then, from Cohen's vari-
ance-covariance matrix, Essenwanger's variance-covariance matrix
is calculated and the parameters for Essenwanger's two-parameter
Weibull distribution are calculated. Using the PLOT subroutine,
the Weibull cumulative and probability distribution functions are
plotted. If there is more than one sample of data, Chi-square
statistics are then calculated to compare each sample of data with
each previous data sample.

4, INPUT PREPARATION. The deck of input cards follows the pro-
gram EXECUTE (@XQT) card. A FINISH (@FIN) card is the last card
in the deck. The program terminates when the FINISH card is read.
There are two types of input deck: one for data sets and one for
use when data is to be generated by the program. Both types are
described below.

a. Data Set Input. Data set input must consist of four card
types. The data are grouped; that is, if two or more data values
are identical, the data value is given along with the frequency, |
indicating the number of identical data values. Each type of in-
put card is described in Table 1. Card types 3 and 4 are repeated
for multiple samples.

b. Data Generation Input. When the data are to be randomly
generated by the progran, seven card types must be used. Each
card type is described in Table 2.

5. NUMERICAL EXAMPLE. a. Problem Description. The example
problem consists of 68 completed observations and 32 censored ob-
servations. The sample was progressively censored with three dif-
ferent censor times.

10
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Table 1. Description of Cards for Input Data
Card Format Program  Explanation
type variable(s)
1 I5 IDATA IDATA=0, read data
2 15 NRSAMP NRSAMP = number of data samples
3 215 N,K N = number of uncensored data
groups
K = number of censored data
groups
4 15, JFREQ(I), JFREQ(I) = number of ake values
in the i*" group
F10.5 VALUE(I) VALUE(I) = common valgﬁ of data
in the i*" group
Table 2. Description of Cards for Randomly Generated
: Data
: Card Format Program Explanation
3 number variable(s)
] . 1 15 IDATA IDATA = 1, generate data
'fil 22 15 172Q 1ZZQ = number of random numbers
E < to be skipped
3 I5 INO INO = number of data points to
be generated
4 415 NA, NB, NA = number of scale parameters
NC, NS NB = number of shape parameters
NC = number of censor percentages
NS = 0, uniform censoring
= 1, censor upper 75 percent
5 6F10.2 ALPHA(I)  ALPHA(I) = the iM scale parameter
6 6F10.2  BETA(I) BETA(I) = the itP shape parameter
7 6F10.2 CEN(I) CEN(I) = the ith censor percentage

3This card eliminates the need for a new random number seed in
the uniform random number generating subroutine by skipping IZZQ
random numbers.
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b. Program Input. The program input consists of the four card
types listed in Table 1 and four systems cards required by the
UNIVAC 1108 computer (@RUN, @ASG, @XQT and @FIN). The input cards
for the numerical example follow.

Example

ARUN /TP A10GA«F1830ABI9TBeUNCLASSIFIED 24200
dASGsA OBWEIBULL.
3XQGT OEWEIBULL.RUN

177.
246,
252
263.
283.
294.
331.
367.
379.
386.
411.
423.
441.
483.
502.
08.
519.
531.
542,
S50.
cE3.
SEB.
583.
$89.
601.
613.
621.
c82.
T72.
8U6.
820.
340.
854.
872.

P HEEBRFEARPRERBRPERRBRARPBRRPREBPEBEPRBREORPERRSO9SO

12
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398.

969.
1033.
1066.
1ces.
1107.
1184,
1273.
1309.
1351.
1374,
14861.
1494.

245.

Tu2.
1434,

-
N CH R R PR B RE RO

aFIN

Cc. Program Qutput. The program output consists of the uncen-
sored and censored data, moment and maximum likelihood parameter
estimates, variance-covariance matrix, the pdf, the cdf and other
information. Output from the above numerical example follows.
Using the given inputs, the shape parameter (2) is calculated to
pe 1.91 and the scale parameter (), 993.24. A shape parameter of
1.91 gives a positively skewed distribution lying between the ex-
ponential distribution (8 = 1) and the normal distribution (R =
3.5). On the cdf graph, the ones (1) are the computed cdf, with
the twos (2) representing the observed cdf using only the uncen-
sored values, i.e., (Z(uncensored value)/(total uncensored + total
censored values). Tne threes (3) represent the observed cdf using
all values, i.e., [ Z(uncensored values + censored values)]/(total
uncensored + total censored).

Example

DATA FITTING OPTION HAS BEEN CHCOSEN

NUMBZR OF GAMPLESS 1
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censored
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s Read data

] ¢

Read number of
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to be skipped

Read number of
numbers to be
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Read number of scale 5
and shape l Subroutine ORDER I

parameters, number of
censor percentages, Order data
uniform or upper 75
percent censoring
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Read scale and
shape parameters

and censor
percentages

Generate
data

Subroutine ORDER

I Order data J

Subroutine WEIBUL

Calculates Weibull
parameters,

variance-covariance

matrices and plots
CDF and PDF
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Compare Weibull
distributions,
if more than
one sample
and print Xé

No

Is
there
another
sample?
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Subroutine
WEIBUL

Subroutine MOMENT

Calculates mean and
variance of data and
three Weibull
parameters

Calculate
Cohen's two
Weibull

parameters

rSubr‘outine VALUE I

Calculate Cohen's
shape parameter
estimating equation

Calculate
Cohen's variance-
covariance

matrix




F——--———--“

<-‘ e 'T‘:"‘

CAA-D-78-5

Subroutine INVERT

Inverts
information matrix

Calculate
Essenwanger's
variance-
covariance
matrix

Calculate
Essenwanger's
parameters

Plot
Weibull
distributions

Subroutine PLOT
Prints a Weibull
CDF and PDF
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Subroutine
MOMENT

Calculate
arithmetic mean
and variance
of data

Subroutine COMP

Calculates
Essenwanger's
shape parameter

estimating equation

Calculate
parameters for
three-parameter
Weibull
distribution
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