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beam). The limitations of these two theories suggest the
need for a unified approach, where geometric slenderness is
assumed without restricting the wavelength. A possible
approach to the unified theory is outlined in general terms ,
and illustrated in detail by considering the simpler physical
problem of axisymrnetric acoustic radiation by a slender body
in an unbounded medium.
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WAVE RADIATION FROM SLENDER BODIES

by

J. N. Newman

DEPARTMENT OF OCEAN EN(INEFRING

MASSACHUSETTS INSTITUTE OF TECHNOLOGY

CAMBRIDGE, MASS.

ABSTRACT

Wave radiation by a slender body is~ discussed, with
emphasis on the scale of the characteristic wavelenqth

in relation to the disparate width and lenqth of the

body. The discussion is illustrated by revievina the

analysis of oscillatory forced motions of a slender

floating body in otherwise calm water. Two co p-

lementary regimes are considered , where the ctavelength

is long (comparable to the body lenath) or short

(comparable to the beam). The limitations of t~ ese two
theories suggest the need for a unified approach , where
geometric slenderness is assurted without restricting 

- 
/ /

the wavelength. A possible approaèh to the unified ‘- ‘
~ / 

/‘ e SecI-ioq V
theory is outlined in aeneral terrts, and illustrated flflC / F. ’~ Secti on~~~
in detail by considerinc the simpler physical ~ roblem 0— i~,ry ~.o:iof axisyinmetric acoustic radiation by a slender body - 

in an unbounded medium / 
- 

j

• S I C ~

Re~ nier  ~~~~~~~~~ ~ ? : - Z u e r.~’ea rhc f z e ~~ ,
‘ 1. IN~ RODrC”IO~

a~ r Z ~~ed ~~ a :e~ a~~~as ~~:i ~is ~‘~“z z o r : , ~~~~ The field o~ s!en~ er—ship theory is a
;:~~ e t u .~~-r.~~s [.‘:‘t, a ’~ i ~~~~~~~ locical de’;elot~-ent 

cror~ tP’e earlier
‘~or~ o~ ~an:i o~~~cr~ ~~ o we~~e h~ a analysis o~ slender bodies in aerodvna~ ics.

a se ’ . ~~~~ ~~~~;ev ~~r a sioninicant con~o1ication results

~~
-; ~~~~~~~~~~ :~ f~~~’usc — :i o.~: wcr : f3r shins and cther ‘loatina slender

~~.2~ ’C ~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~ bodies , due to t~-e .~xtr~ l cn c Tt h  scale 
-~~ ~is cc ’~~: -~~ J ~- :th ~~-y~ char .~ct~ risric wave—

-
. 

1c~~c~th ( -  , ~~ ~~~st  ~-e rel~ t~ d tc th ’
sr~~r~~~ e or~- t ~ (LI and bc:~rr (B) c~’ the

~~ : r ~ - .~~~’ - ‘~fm .~ ~~~~~~
‘ : .- ‘ :. ‘ . ves~ e~~. ~n .~~~:c’~-ous situation exists ~c~r
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acoustic radiation in an unbounded medium , it is natural to seek a “unified” slender—

body theory where the wavelenath is un—With the fundamental geometric slender- - •

specified in advance . A suggested approachness parameter B/L~~<<l , we seek an
to that objective is tr~e princioal con—asymptotic solution valid to leading
tribution of this lecture.order in c . For th is purpose it

generally is necessary to restrict the First, I shall outline br ie f ly  the
order of magnitude of the wavelength to senarate treatments o~ lone— and short—

one of two complementary regimes. For wavelenoths for the ship-motion oroblem .

long waves, comparable to the body A possible aporoach is then developed for
length , A/L=O(l), whereas in the short— the more general case , and illustrated by

wavelength case X/B=O(l). (Some workers treatina the analo~ous oroblem of acoustic

reserve the term “slender—body theory” or radiation from a slender body in an un—

“slender—ship theory ” for the long-wave- bounded medium.

length regime. A more liberal definition For pedagogic reasons the discussion will
is adopted here , the word “slender ” being be simplified as much as possible. A
applied only to the geometry of the body.) significan t restriction is to consider
In the long-wavelength regime, inter- only the radiation oroblem , with a slowly-

actions are signif icant between adjacent vary ing distribution of the prescribed
sections of the body, but wave effects normal velocity on the body surface. The

are absent from the near field close to diffraction oroblem for scattering of

the body surface. For the ship-motion incident waves can be solved in a similar

problem , the impor tance of transverse manner i f the wavelena th is larce, but
gradients in the inner region is such for short wavelengths the diffraction

that the li~ear free-surface boundary probLen is more difficult.
cond ition degenerates to the “rigid-wall” Another restriction is to neglect forward
condition of zero vertical velocity. speed in the shio-motion problem. This
This greatly simplifies the theory, but simplifies the boundary conditions o~ the- 

• also restricts its domain of applicabil—
problem , and the resultina solution . The

ity to sub—resonant frequencies.
effects of forward speed are included in

In the short-wavelength regime wave the long- and short-wavelenath oroblems,
effects are present in the near field , respectively , by Newman and Tuck (1964)
but one recovers a simple strip theory and Oqilvie and Tuck (1969). No fundamen—
without interactions between sections. tal difficulties are anticipated in adopt—

In one sense this result is very sa t i s fy— inc t~ e suggested un if i ed  approach to
ing, as it provides some rigor to the include forward-speed effects.
otherwise empirical strip theory of ship 

2. THE SHIP-MOTION PR ORLEM
• mutiorts. However , the consistent leading— The oroblem of interest here is to analyse

order theory is again oversimpl ified for the motions of a shim , or more aenerally
practical purposes. In particular , the of any elongated vessel floating on the
hydrodynamic effects of the ship ’s for— free surface. Cartesian coordinates
ward speed are absen t completely from the 

~~~~~~ are defined with z=0 the olane of
lead ing-order theory , as suaqested by 

the undisturbed free surface , and the
• Vossers (1962) and confirmed by Joosen
• direction of the positive z-axis uoward .

11 9641 and Ogilvie and Tuck (1969).
It is convenient to nondirensi-nalizo and

Faced w i t h  the choice between these two orient these coordinatos such that the
co~ c1ementary theories, and the obser- longitudinal body axis occumies the  seg-
vation that practical ship motions occur ment (0,1) of the x—axis.
in wavelengths  which generally are inter-

The motions of the body and surround ing
med iate between the leng th and beam ,

.. ~~~~~~~~~~ . ~~~• . ~~•• ~~~~~~~~ .~~~~• • -- •-~ .—-•~~— • • - • - •
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fluid are assumed to be oscillatory in by a suitable initial-value problem , wi th
time, with the complex factor ~~~~ a state of rest at t— —

~~ . A convenient
suppressed. The motions are assumed also aporoach is to retain the time-demendence

to be of small amplitude by comparison to e~~
t 
, but with a comolex freauencv u

the wavelength and body dimensions. Thus having a vanishirtqly small negative mart ,

a linearized boundary-value problem can be
justified , after making the usual assusto- ‘~ —iO . (5)

tion that the fluid is ideal and incompres-
sible. From the definition of the wavenuinber it

follows thatThe fluid velocity vector is expressed as
the positive gradient of a potential 4 (x),

K~~~ K —i0 . (6)which is governed throughout the fluid
domain by the Laplace equation

We shall use (6) in place of (4), since

= ~~ + ~~ . + ~ . 
this avoids the asymptotic analysis to

xx yy ZZ verify the far-field wave form. Further-
Cl) more , (5) and (6) can be utilized in the

acoustic problem of Section 3.
The two principal boundary conditions are

The body geometry is characterised by aon the wetted surface of the body and on
length L~ l , beast (B ) and draf t  CT ) , suchthe free surface. The appropriate
that (B,T) = 0(c) . Our aporoach is basedboundary condition on the body surface S
on the method of matched asymp to.tic ex-is
pansions. Thus, we def ine an inner region
adjacent to the body surface , where

= V~ (y,z) = O(~ ) , and an outer region where
(2) (y,z) = 0(1) . By assumption there exists

an overlap region c < < ( y , z ) < < 1  , where the
where Vr~ is the specified normal solutions obtained separately in the inner
velocity . In the linearized theory, (2)  and outer regions are both valid and can
is imposed on the mean position of ~ be matched. This technique is described
and the f ree—sur face  boundary condition by Van Dyke ( 1975) ,  and was f i r s t  applied
takes the form to slender ships by Tuck ( 1 9 6 3 ) .

In the inner re~~ion , a coordinate-stretch—
= 0 , on z = 0

ing araument  can be used to show that(3)
gradients in the transverse plane

with K=~~
2
L/g . For deep water the flujd (~/~y , 3/~ z) are O(c”t ) , and dominate

motion should vanish as z —‘= , and the lonqitudj nal  der ivat ive 3/ ? x = O ( l ) .
K=2~tL/~ is the (nondimensional)  wavenumber Thus (1) reduces to the two—dimensional
of the radiated waves. Laplace equation

This boundary-value problem is comoleted
~ +~~~ = 0 , (7)by imposing the radiation condition YY ZZ

-½
~..R e”~~~ , as R (x 2 +y~~)V2 _ 

with the error  a factor 1+O (c~
’)

The so lu t ion  in the inner region is of

(4) the form

radiation co:~~ition 
~ (x,y, z) ~(2D) ~~~~~~~ + f ( X )

can be ~~i -t:d ~f the steady—state (8)
O~ cillatory tt~~~— i~ r~cn~tcncc ~~ s repLicoci



104

(20) Lone ¶~ave1encths , K=O(1)Here ~ denotes the solution of a
two-dimensional boundary-value problem , If K = o ( l ) , the dominance of transverse

and f ( x )  is a trivial solution oc (7)  gradients in the inner region leads to

which is determined ul t imate ly  by matching the “ri gid” free-surface condition

to the outer solution.

In the outer recion there is no nre~erred Ofl 5=0 , (11)

direction , and all  three comnonents O f
in olace o f ( 3 ) .  Rv reflection about the

the aradient oPerator are of the same
olane z=0, ~ is the solution of a

order of maanitude. Thus, the three—
two—dimensional flow exterior to thedimensional Laplace equation ( 1) holds

- . wetted contour C of the shin and itsin the outer recion , wi thout siznp l ifx ca— 
- 

.

imace C above z=0 , with prescribed
tion. From geometric considerations , the

norma l velocity V on C and the same
components of the unit normal vector n n 

-— normal velocity on C
directed into the body surface are

From conservation of mass ~~20) wil l
= 0(c) , (9) include a source strenath mrooortional

- 
to the net flux associated with the normal

(nyin2) = 0(1) . (10) velocity V~ on c . Thus for heave and

pitch

The estimates (9-10) must be modified near (20)- 14 —~~~~~c~ x, log r
the bow and stern unless these ends are

sharply pointed . Hereafter we restrict

the body creometry such that (9—10) are rr (v2+z2 )V2 >>c . (12)
uniformly valid along the lenath of the

~ship. Furthermore , a longitudinal source The source strenath c ( x )  is the oroduct
distribution will be utilized subsequently of the local half—beam and vertical velocity .
to derive the outer solution, and it will

The remaining motions o~ the s”ip  wi l l  not
be necessary to restrict the source

result in a net source streneth andstrength near the ends. ~e shall assume
that the source strength is zero at the (20) 1.

• = (xl ‘V log r, r~ >ebody ends, especially in connection with —

various partial integrations ; a stronger (13)

condition may be necessary , particularly
if the solution is to be uniformly valid For sway and yaw the dipole moment u (x)

near the ends. This question is dis- can be related to the added mass of C+C

cussed by Ursell (1962 ), but is not of An arbitrary “constan t” f(x ) can be added
practical importance in the leading-order t~ 4

(20) 
, and this constant contributes

analysis of vertical ship motions, to the pressure in the inner recion adjacent

It is obvious that the body boundary to the body surface. This a~~ects the
• condition (2) is applied in the inner vertical force on the profile C, but not

rec ion , and the radiation condition (4) the horizontal force . This constant is

is valid only in the outer reqion. The sianificant for pitch and heave , and must
free—surface condition (3) must be aoplied be determined by matchinc (12) with the

in both the inner and outer reaions, and outer solution . Ry coninarison , for sway
the manner in which this is done denends and yaw , the constant  can be neolected
on the order of magni tude of the wave— and the local solution in the inner  reciort

length or wavenumber K . is given s imoly  by the two-dimensional

L potential  of the form (13).

• -- -~~~~~~~~ -~~~~~ -- .•~ - .
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Hereafter we consider Only pitch and tematic manner using Fourier transforms ,
heave. In the outer region a distribution following Ursell (1962). With an asterisk
of three-dimensional wave sources is (*) used to denote the Fourier transform
required , governed by the complete free— with resmect to x, we define
surface condition (3). The necessary

source potential or Green function is ~~~~~~~~~~~~~~~~ 4(x ,y,z) dx , (17)
well known, cf. Wehausen and Laitone (1960 ,
eq. 13. 17). For a source of complex

time-dependence e~~
t , situated at the and similarly for other functions of x

By the convolution theorempoint (~~,0 ,0) , the velocity potential
can be expressed in the form G (x-~ ,y,z),
where •* ....L. g * ~~* , ( 18)

/

( k ’dk ’ ,G(x , y , z )  = 

~~~~~~~~~~~~~~ 

where 0* is the Fourier transform of

(14)

J0[k~~(x
2+y2 )Y2]ek 5  . (14) After substitu tion of the intearal rem—

resentation for , the Fourier trans-

form of (14) is aiven in the formNote that (14) satisfies the (three—
dimensional) Laplace equation (1), and 

(~~~
‘ 1~~1 +  ikx0*free—surface condition (3). In view of ~~~~~~ ~~
-
~
—
~j

(6) the appropriate contour of inte-

gration is above the pole at k’=K . 
ek ’ z + ik’(x cos9+v sin9)de dk ’dx

With this choice of contour (14) can be
shown by asymptotic expansion to satisfy

(19)
the radiation condition (4). Near the

The x—intearal in (19) yields a deltasource point,’ (14) is dominated by the -

function. After an apmlication o~ ceneral-singularity -

ized harmonic analysis it follows that

dk’ J0 [k
t (x 2 +y 2 ) V2] e k’ z 

~*=
1 exo[z (k 2+ K 2 )~~~~ +j~y] dK ( 20 )
i_ a. (k2 + ~~)V2 —K½

= (x 2 +

where

In the outer region far from the surface = k’ sin 6
of the body, the potential can be ex-

pressed as a source distribution on the
An exoansion of (20) in modified Bessel

body axis with unknown strenqth a (x), in
functions o~ araument (~ k~ r) is derivedthe form
by Ursell (1962). ~or small values o~

~ _L. fl ~y ( ~~~) G (x—~~,y,z) d~ . (16) 
this arriument the leadina—order terms are

0
0* Cr sin 6 , —r cos ~;k)=—2 ioa

!~~~r~i- .— )

In our subsequent analysis it will be 
2 + 

2K J - —cos~~ (K/ ’k’) ~
assumed that -o is a regular function , (k~_ f l½  t - i~~—c oSh~~ (K / k ~~) )

which vanishes at the b.3dy ends.
for  .~ ~ 

}
The i:~r~ r expar.sion of (16), for  smal l  I
(y, z), is r~ r~u i rp d  for  m a t c h i n g  with the (21)
i:~r~~r so l L i t i o n .  This r.e~ rfie1d a~ Pr~ xi—
notion of (16) can ~;c deriv~’d in a sys—
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(tjrsell’ s e~’- ression is conjugate to (21), of Newman (1964). The equiva1~ nce o~ (22a)

due to the opposite convention for the and (22b) follows in a straiahtforward

complex time dependence , and includes manner by partial intearation with the

higher-order terms proportional to Kr.) restriction that the source strenath

vanishes at the body ends.
The inverse transform of (21) can be

eval uated, following Ursell (1962). After The outer and inner solutions are matched

a second application of the convolution by ecuating (8), (12) and (22). The

theorem , the inner expansion of the outer terms proportional to log r match

solution can be expressed in the alterna— automatically , since the same source
tive forms strength has been anticinated ~or the

two solutions. The remaining terms, of

a Cx ) log r order one , determine the “constant” f (x)

in the inner so lution as the sum of the
+ 

~-n~ f a’ (~ )L~ (x— ~~) d~ last two ‘erms in (22a) . It follows that
0 the inner solution (8) can be expressed

ternative forms
1+ 

~~ 
a (~ ) L1 (Kx—K ~) d~ , (22a) 

in the al 
+

= q~
(2D )

(y, z ; x ) + K P
or ~~~~ 

1 o 
a(~ )L~ (Kx-K~ )d~

(24a)

or
a (x) [log (Kr) + y + ri]

• = •~~
20

~~~( y , Z ; X) +L a (x){lo~~(K)+Y1niJ

+ ?t:;. f a ’ (~~) L 2 (K x—K~ ) d~ (22b)
1 ‘~

+ I a’(~ )L 2 (Kx—K ~ )d~ . (24b)
Here the kernels L~ are defined as ~O

The potential ~~~~~ is the solution of
—log (21u1) sgn (u), (23a) the two—dimensional Laolace equation (7),

the riaid free—surface condition (11),
L (U )  “-

~~ ~H0(IuI)+ Y0(Iu )+2i J0(IuI )] ‘ and the body-boundary condition (2). The

arbitrary constant in this solution is
(23b) determined uniquely by the requirement

ç luI that (12) holds at larce distances from
L2 Cu) =[_log 2 Iu f—y —

~~~~~ + i Li (u ’)du’] the body section , with an error o(l).J o
- The source strength a is determined by

sgti (u) (23c) continuity , as twice the product of the

local watermlane beam and vertical velocity .

and, in the usual notation , H , Y and The only effects of the free surface are on

denote the Struve and Bessel functions the second term of (24a).

of order zero . The last term in (22a)  There are two practical objections to the
vanishes as K~10 , leaving the result above theory. One is that waves exist
for a slender body in an in f in i te  fluid only in the outer region. The other is
with the kernel (23a) governing lonqitud— that the leading-order force ooposina the
inal interactions along the body . The motion of the ship is hydrostatic ,
last term in (2 2 a )  can therefore  be in te r— proportional to the waterniane area and
preted as the free—surface correction , and hence 0(c). By comparison , the hvdro-
the corresponding kernel (2~ b) can be dynamic force and the inertial force due
derived in a direct manner by subtractina to the mass of the shin are 3(a). Thus ,
(13) frcn (14), following the aomroach to leadjna order , there is no resonance

See errat a,  Page 115. 

~~~~~~~~~~~~~~ ~~~—
.

—. ----- - - ~~—-~— - ----- ---~- ~~~~~~~~~~~~~ - — -  - -~~ ~~~~~~~~~~~~~~~~~~ —~~
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of the pitch and heave notions. A simple For K>>l , the intearal (20) for 0*

dimensional argument can be used following can be approximated by deformina the con—
Newman (1977), to show that the resonant tour of intearation , following Oqilvie
frequencies are of order (g/B)

1
~
’2=0(c~~

l’2 ). and Tuck (1969) and Faltinsen (1971).

With branch cuts o~ the square-rootThese defects in the long—wavelength
function on the im aginary axis betweenslender-body theory can be overcome by
tiK and i nt i n it y , the contour o~ i r te—including higher-order terms in C
gration can be deformed to the unoerfollowing Newman and Tuck (1964). Alter-
(lower) ha l f  olane for Positive (necative)natively we can revise our assumption
values of y The resultinia inteeral isregarding the order of magnitude of the
0(1/K), and the dominant contribution isfrequency , and treat the short-wavelenath

problem where X/L=O (c) or K=O(c 1 ). from the residue. (Recall prom (6) that

the imaginary oart of K is a small
Short Wavelengths , K=O(c ’) neaative quantity , and thus the moles
With K=0(c_t ), both terms in the free— of (20) are adjacent to the real axis in

surface boundary condition (3) are of the the second and fourth cuadrants.) The
same order of magnitude in the inner contribution from the residue gives

region. Thus we anticipate significant
exp (Kz—i~ v~ 

(T(2 _k’)~
.’~Jwave effects in the inner region adjacent G* ~ — 2-i

(l—k~ /K
2 )~~to the body. The same is true in

the outer region , with the assumPtions

~ —2i~i exn (Kz—i Ky] . (25)that radiated waves are present, of
wavenumber K , and that the gradient
is proportional to K . Thus , in the Usine the last form o~ (25), which is valid
short-wavelength regime , the free- for K>~~ k~ , the inverse trans~orr’ of (18)
surface condition (3) applies in is given in the form

r both regions.

• = ~~
— ia (x)exo (Kz—iK y~ ) . (2~ )

Since the boundary-value problem for the
This is the amoronriate inner exnansion c~outer solution is unchanged from the long
the outer solution ~or the short-waveler,nthwavelength case , the solution can be con—
case.structed ii’. an identical manner. Re-

stricting our attention to vertical The inner solution is governed hy the two—
motions of ships with symmetry about th~ dimerisipnal Laolace eQuation (7), the body—
plane y=3, the outer solution is given by boundary condition (2) , and the free-
a distribution (16) of three—dimensional surface cor,dition (3). Since the ratchira
sources (14), and the Fourier transform requirement (26) is mathematically identical
of the outer solution is given by (18). to a two-dimensional radiation condition ,
Only the transform 0* rtuust be reevaluated , the desired inner solution corresnonds to
with K=O(c~~~). (Throughout we assume that the forced notion of the ~rofilo C , with
k=o (1), or that longitudinal variations the f low constrained to the plane
of the quantities transformed are governed x~ constant. This proh er has bec~r. studied
by the ship ’s length as opposed to the extensiveJv , for . variety of body cr0-
wavenunber. This ansurptioru is not valid iles. A conncndiun ~ results is niyerm
in the far field , where radiat~ i — -ayes of by u ’ucts  (i-?~ a) . ‘-ar io~~ c~~~ j - - : ~~+r fr-o~ ra~-s
lar-~ e wa enunbcr K rrona~ are in all nc~-.’ ~ :-~ i~~t f’ r sc~ vin~o th ’s rrc~~ - -n ~~~~

radial d~ recttons • Howeu~’r th~ fourier arhitror ” ~c:~ profi e C, ‘us c ccr -~o~
trnns~ ornec1 -~u unt iti cs are to be used only Chaoman (1~~~’fl.
in the r:atchin~m region where this assuno— With the i: ;r .

- - ~~~~~~~~~
. 
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manner , the problem is comnletely .,olved . A Comoo.~ite ~oproxirvttion

Since the f r e e — s u r f a c e  condit ion ( 3 )  does An “interi,olation ” bctween the two

not allow an a rb i t r a ry  constant to be theories outlined above has been con—

added to the inner solution , no interac— structed by Maruo (1970), in a similar
tion exists between different sections of manner to the additive comoosition of

the ship. Thus we recover the strip matched asymptotic expansions.* First

theory of ship motions , with the flow at we note that the inner solutions ~or
each section of the ship independent of K=O (l) and K=O (c~~~) possess a common
the shape or motion at adjacent sections. •‘overlap ’ expansion . Thus the formal

approximation of ( 2 4 )  for tar~ e K isAs noted in the In troduction , the last
equal to the approximation of the strip—conclusion is cause for mixed feelings.
theory potential for a”m aZl K • TheOn the positive side, it provides a
former result is obtained simply by notin~rational basis for the striF theory,
that the kernel L2 , defined by (23c),which originally was introduced to ship
vanishes for larce values of its argument.hydrodynamics in a heuristic manner. On -

Thus the large-K approximation of (24)the other hand , we began with a ful ly -- -

is given by -

three—dimensional problem and it is -

(2D)1disappointing to f ind tha t in the f inal  lim (x o(l))~~ +~— a (x)(loa(K)-+y+’Tj).result three—dimensional effects are K-~~
absent from the inner solution. ~tore— 

(27)

over , if forward speed is included, as The small—K approximation of the strip-

in Ogilvie and Tuck (1969) ,  the leading— theory potential can be obtained by ex-

order solution in the inner region. does’ pressing the solution as a source plus

not depend on the ship ’s forward speed. wave—free potentials , following Ursell

(1968), and noting that the second term
As in the analogous situation for the

of (27) is the low—frequency limit of the
long-wavelength theory, one may over—

source potential , minus the loa(r) termcome the def icienc ies of the simple strip 
in •C2D .

theory by including higher—order terms

in c . In effect this is done in all Following the rules for additive comoosi—

strip theories of ship motion where for— tion , we add the two inner solutions and

ward—speed effects are included. Ogilvie subtract their common limit (27). It

and Tuck (1969) derive a consistent follows that~~ _.~~~~ 0
higher-order theory , including terms of K

+
relative order c”~ but neglecting 0(c). strip~ 

~~ j0
~~(~ )L1 (Kx_K ~ )d~

Included in the neglected terms are con-
tributions to the force and moment pro— —

~~~~~ 0ix ) (log (K) + y + iTi)

-portional to the square of the forward = — a(~~)L~~(Kx—K ~ )d~ . (28)~n 
Ii5 tnspeed , which are assumed generally to be o

of practical importance. This is a composi te inner solution, wi th
This situation is not entirely satisfactory . the property that it contains the KzO(l)
As has been stated aptly by Ogilvie (1976) and K=O (€ ’1 ) results as limitina cases.
in the context of wave—resistance theory , However ( 2 8 )  does not sati s fy  the inner

- “we are more likely to make practical boundary—value problem for all values of
progress by developing a better linear K , since the interaction terms added to
theory than by devising second-order

corrections to an inadequate l inear  ~ See errata , Page 115.
theory ” .

* Ccnc’itatjons bY Marue we reported in
discussion of Chang (1977). ~ s im i lar
approach is described by. Tuck ( 1 9 6 6 ) .

-— -~~~~~~~~~~~~ - 
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the strip—theory potential •strip and negative directions. The apProPriate
violate the free-surface condition (3). solution symmetrical about y~ O is con-

In the interpolation theory of Maruo posed of two equal and opposite incident

(1970), the interaction terms of (28) waves , or an “incident standing wave”.

are multiplied by a higher-order factor This homogeneous solution violates the

(l+Kz). As a result the free-surface two—dimensional radiation condition but,

condition (3) is satisfied. However, the from (26), that objection applies only

uniformity of this correction is doubtful for short wavelengths. As a result,

for large K, and a troublesome term wh ich we anticimate that the contribution to

results is ignored in ~~~~~~~~~~~~~~~~ commutation the inner motential from the homoaeneous

of the hydrodynamic pressure force, solution must vanish in the short-wave—

lenath reaime. More aenerally , a non—
A Unif ied Solution

zero contribution from the homogeneous
To overcome the deficiencies of the long— 

-

solution is both necessary and amoropriate
and short—wavelength theories, it is

to match with the outer solution.
logical to seek a “unified” theory which
embraces both as special cases but is valid Thus , the unified slender-body theory for

throughout the wavenumber regime ship motions in calm water is based on

O(1)~ K f O(c ’). To ensure that all retaining the complete free-surface

leading-order ingredients of the two condition (3) in both the inner and outer
limiting problems are included , the regions. The inner problem is simplified

guiding priciple is that boundary-value principally by imposing the two-dimensional

problems are formulated in the inner and Laplace equation (7), which is valid for

outer regions such that for all relevant all vavenumbers provide4 waves in the

values of the wavenunber no terms of inner reaion are parallel to the x—axis.

leading order in the slenderness parameter The inner solution is assumed to consist

are neg lected. of a linear combination of the two-

- - dimensional strip-theory potential ,
Proceeding on this basis for the ship— -

corresponding to forced motion o~ themotion problem , the outer problem is un— 
-

body, and of the two-dimensional homocene-
changed , but in the inner region both -

ous solution for diffraction of incident
terms of the free-surface condition (3)

standing waves by the fixed body. For
are retained in the “inconsistent” manner

the outer solution a longitudinal distri—
suggested by Ogilvie (1974). The strip-

bution (16) of three—dimensional sources
theory potential of the short-wavelengtr.

(14) is assumed. The resultina inner
regime is a particular sol--tion of the

and outer solutions can be matched , in
resulting inner problem. However for

a suitable overlap region B~~y~ <Larbitrary wavelengths it is not possible --

- to match this solution with the outer This unified theory of ship motions can
potential. Indeed , for long wavelengths , be compared to the modi fied stnic theory
an arbitrary additive constant must be of Grim (1960). Grim solves the two—

allowed in the inner solution , as in (8). dimensional problem with aporopriate

Since the free—surface condition (3) does singular ities , and assumes a corresnond inc

not permit such a constant to be added to distribution of three-dimensional sincu—

the inner solution , a nontrivial homo— larities with the same coefficients. To

geneou~ solution is reauired . correct the resultina error in the body
bcimn~ arv condition , du~ to the chan~-’~ fronThe only ~olutior~i of the hc~’oacnoous 

-

rrobl~ n L r .  th~ i~~:;um rc.~~:cn are the ~~~ C tO ta~~’o • a ~~~~ 
- ,

dtf~ ract~ o~ ‘ol~ tion is ’introduced. ~ercvolocitv ~-otcntial~; of t~-r ~ ~~ffraction the i n ci d o n i  wuvu s  are associated w i t h
problen , for scatt~ rinq of incident w~~~’.’~~~g radiation -‘ulonq the hull from th~’ three—mov ing pu~ t the fixed body in the :)critive

~ 

—~~~~~ -~~~~~-- - -~~~ ~~~~~~--~~~~~- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~ — -~~~— -
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dimensional wave source. Grin anticipates The inner region is defined by the scale

that this “longitudinal diffraction of the maximum body radius, r 0(c). Here

problem ’ can not be realized physical ly ,  a coordinate stretching argument can be

as has been confirmed mathematically by used to reduce (29) to its two-dimensional

Ursell (1975). form

Aside from the lack of a systematic form-
•~, +~~~ + Kalism based on asymptotic approximations , yy zz 

2~~ = 0 • (31)

and the introduction of additional
assumptions by Grim to simplify his comp-

utations , the principal distinction with with the error a factor 1+0(c 2 ) as in

the present unified theory is that we (7) . The most ceneral axisyminetric

supplement our inner solution with a solution of (31) is
1

diffraction potential for transve rse.
incident waves. The resulting solution 

= ~~~~ (X)  ff0
W (Kr) + a2 (x) H0~

2
~ (Kr)

is strictly two—dimensional, and well
defined both mathematically and physically. 

(32)

The expected longitudinal interactions

along the hull arise indirectly from where a
~ 

and a
~ 

are coef ficients

matching with an outer solution. - which may depend on x , and
denote the Hankel functions J ti?

The analysis of ship motions based on the 0 0
With the assumed time dependence

unified slender—body theory is now in i~.ut H and H0~
2
~ represent in-e

progress, bGth with and without forward .coining and outgoinc waves , respectively,
speed. Rather than pursuing either study for larce Kr.

- 
here in detail , I shall describe instead -

a simpler but analogous problem where the The outer solution is a longitudinal

same approach can be illus trated more distribution of acoustic sources along

exp]icitl~ . 
the body axis. Thus, as in (16)

3. AN ANALOGOUS .~COUSTIC PflOSLEZ4 i. 11
— j c(~ ) G (x— ~ ,r) d~ , ( 3 3 )Let us consider a slender axisymmetric a

body, of radius r=r0(x), which radiates
acoustic waves in the surrounding medium, where

With the usual assumptions of linearized —iK (x 2+r 2 )‘~acoustics, the Laplace equation (1) is G(x,r)= e

replaced by the reduced wave equation - 

~~~~~~ r 2 )~4

(V 2 + K 2 ) ~ , (29) Fourier transforms can be used as in
Section 2 , to derive the inner expansion

where K=~iL/c is the nondimensional wave— of the outer solution , for purposes of

number and c is the speed of sound . The matchina with ( 3 2 ) .  Here we follow a

body boundary condition (2) is unchanged, modif ied approach , matching the trans-

and the radiation condition of outgoing forms of both the inner and outer solutions.

waves at infinity can be replaced by the For this purpose the transform of the

complex wavenumber (6). inner solution (32) is

For simplicity we assume axisymmetric (1) (Kr) + a,* H~~
2
~ (Kr) (35)4~* a1 * H

forced motions of the body , with normal
velocity V ( x ) . The leading—order boundary
condition on the body takes the form Using the convolution theorem (18),

evaluating G* from (34), and relating
— —V(x), on r r (x). (30) this to the intearal representation 

- - - - -~~- ~~~~~~
-

~~~~~~~~~~~~~~
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of the Hankel function, the transform of where the last equality follows 9rom
the outer solution is the boundary condition (30). This is

the u strip theory” result, with the
(2 K (r/j~~—K

2)
for flk~~K). 

inner solution identical to the two—
dimensional radiation from a circular

t~~i H~~~
2
~ (r/K

2 k2) 
} 

cylinder. Since a~—0 , the two-
dimensional radiation condition is

(36) satisfied in an analogous manner to
the strin theory of ship motions.

Matching now can be performed ira the Lone Wavelengths, K—O(1)
transformed domain, by equating (35) and 

~or (k,K)—O(l), and small r, the Hankel(36) for a suitable range of r in the functions in (35) and (36) can be aporoXi-
overlap domain r0<cr<< 1. As in Section mated from the leading terms in their
2, we assume that k—0(1), and scckrc<l infinite—series re~resentations. Matching
in the matching region. the two transformed solutions after this
Short Wavelengths, K—O (c)~~~ is done gives the result
For short waves, where K)>Ik{ , the
second form of (36) applies. After cx- (ai *+az*)(14 K2r2 ) + ~~- i(a1 *_a2*)1 l_4K~r 1  - -

panding for small values of Ik~/K
the transformed outer solution is 

[Lo~(i Kr) + y + 4 K2r2]

; ...L ~~~* [H0
(2)(Xr)

0 * [l+i(k2 _K 2 )r2]

+ ~ (k
2r2/Kr)H1 

(2) (Fr)] , 
2~r 4

{1o~~(~ Kr) + y + ~~ 1oa(!k
2/K 2-l~~

- 

— 
where the error is a factor l+O(k’r2/K2 ).
Equations (35) and (37) can be matched to 

4 
(k 2...K2 )r2 + 

{~i/2}], 
for {~~k !~~K}leading order with the results

( 4 3 )
( 3 8 )

Here y 0.577... is Euler ’s constant,
5 2 * — ~~r. i0~ (3~~) and the error ira (43) is a factor

- and the error is a factor l+O(k 2r/K). l+o((kr) ,(Kr)~~). To leading order for

Transforming (38—39) determines the small r , it follows that
coefficients 

1 1 log (k~ /K 2 -1)
* — 0 *+ a2 

~~~~ 11o5(1_k 2 /K 2 ) +a2 — 0 , ( 4 0 )

— ig . (41) (44)

Thus , the inner solution for short wave— a1 * - a * = — ic~ , (45)

lengths is given to leading order by

where the error is a factor
;=a : (xi u0 

(2) VIx ) (K r), 1+0 (kr) ~ , (!<r) ’).V. H 1 
(2) ‘Kr )

The inverse t r an u f orm  of ( 4 5 )  is si rply
(42)

~~~~~ -~- 
—•- •— --- --

~~. ~~~~~~~~~~~ 
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a1 — a2 = ic . (46) (52) in (33). This asnect of the lona—

wavelength oroblem has been studied by

The inverse transform of the factor in Pond (1966), who deduces the source
braces in (44) can be related to the strencith (52) in a atobal manner without
exponential integral, after a contour consideration of the inner solution for
integration in the complex k-olane with the velocity potential. Chertock (1975)
branch cuts on the real axis for Ikf>K . has presented a more general slender—body
Another application of the convolution theory Cor the lone-wavelength case,
theorem then gives the transform of (44), starting with an integral equation ~or

the exact three—dimensional solution and

a1 + a2 = ia + ~~ c’( L(Kx—K~))d~ 
using physical arguments to approximate

- the three—dimensional singularity

(47) distribution. No attempt is made to
reduce the inner solution to the form

Here the kernel L is defined by (51).

For v ery long wavelenaths , K<<1 , the
L(u) E1 (i!u~) sgn (u) (48) 

kernel (48) can be approximated from the

infinite-series expansion of ( 4 9 ) .  In
and 

the limit K-~-0 , (51) tends to the
j~~ —t classical inner solution for an unbounded

E (z ) =l  f— dt (49)I incompressible fluid ,

is the exponential integral . 4 = c (x) log r

-Af ter solving (46) and (47) for the 
+ 
1 f ’~~ log(2~ x— )sgn (~ —x )d~coefficients a and a2 ,  and substitut—

ing in (32), the inner solution can be
expressed in the form

4 
4 

ia (x) H0~
21 (Kr ) This is consistent with the corresponding

limit of (22)

+ J (Kr)f a’(~~)L(K —K~ ))d~ . ~~~ 
A Composite Approximation

i T O  j a The inner solutions (42) and (51) are

valid in the mutually exclusive reaimes
Finally, if the Bessel functions in (50) K”0(c

1
) and K=Q (i), respectively.

are expanded for small Kr, it follows that These solutions Possess a common approxi-
mation ira the “overlap region ” l<cX~~c

1

4 ~~ c(x)[log (~
. Kr) + y +

— r~V [log~~
. Kr) + y + . 

ill , (54)

+ 
~~~~~ 

0 ’ (~) L (Kx—K~ ))d~ . (51)
which follows by assuminq Xr~~l or

At this stage the boundary condition (30) K > l  in (42) or (51), resoectively . Thus

can be used to determine the source a composite solution can be derived by

strength addition of (42) and (51), and subtraction

of (54), ira the form
c (x)= —2ir r (x)V (x) , (52)o 

• 
V (x) ~4 (2) (Kr~

K H. ~Kr
and the inner solution is completed. 0

The outer solution and f a r - f i e ld  radiation ~~ I (~~)L(Kx-JridE , (55 )

patterns can b dsrived by substituting 
— -.

~~

-—  —
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with a defined by (52). The analogous radiation condition. The only question
formula for the ship—motion oroblem is which remains is to confirm that (33) and
(28). Once again the composite solution (50) can be matched for all possible
is correct in the two limiting regimes wavenuinbers, in some appropriate overlap
where K—O (l) or O(c 1 ) , but the region close to the body in the outer
validity is not uniform throughout the problem and far from the body in the
intermediate range of wavenumbers since inner problem.
the last term in (55) violates the The overlap reaion is expected to exist
wave equation. for a range of r such that e<<r< l,

or when r_O (era), O<cz<l . Since the
Fourier-transform parameter k=O (l),
kr=o(1). However the value of Kr in
the overlap domain is not restricted to

A Unified Solution this range. In particular, when the
The deficiency in (55) can be overcome body is radiating short waves, the match-
simply by observing, that the results jag must be carried out in the ear—field
of our derivation for the long-wavelength of the inner solution , where Kr>>l
case , up to and including (50),are con- Since the matching condition (43) neglects
sistent with the corresponding short— a factor l+O(Kr)” , and the unified inner
wavelength results. Thus, for Jkr/K<<l , solution (50) derives from this condition,
the Fourier transforms (44-45) yield the possibility exists that (43) is not
(38—39). Similarly, since the integral valid throughout the range of all wave—
in (47) tends to zero for K>>l , (46—47) numbers K~0(c~~~), in spite of the fact
yield the coefficients (40—41) and the that it yields correct results in the
inner solution (50) is domiiiated by the limit K=O(c ’). This question can be
first term, proportional to H (2) , in resolved by noting that the error in (4 3)

0
agreement with (42). is a factor l+0(Kr)~~, whereas the error
From this standpoint the inner solution in the short-wavelength results (38-39)

(50) apparently is valid for all wave— is a factor l+O(k 2r/K). Requiring these

numbers KfO (~~
1 ) , provided the source errors to be of equal magnitude gives a

strength is determined in accordance condition for transition between the

with the boundary condition (30). This short- and lona—wavelenath matching

gives an integro—differential equation - relations ,

for the source strength,
k2r/K = (Kr)~~. (57)

ia (x) H1 
(2) (Kr0(x))

If r”~O(c~~), the transitional waver.urber

+ ~~
. J (Kro(x))f a’(~ )L(Kx—K~ ))d~ = V(ic). is 

-

K = ~~~~~~~

(56) and the error in matching is a factor

1+0(c~~ ”~ ) . Thus the matchina er-or wi~~To conf irm that (50 ) is the des ired . -be O(~~) if the overlap reoion ~s defir.e~“unified” solution, we note that this ‘i.by r=0 (c’ ) at the transitional ~avenu~ hervelocity motential satisfies the two— —¼ -K = c . A r~ore co ’oletc’ s~~ 1”sis is
dioensional wave -~cuntion (31) ar~i the -- necess.~rv to orove that the full i~~ t~~on
bound~ rv c-oudit~ on ( 3 0 1  in the inner  - - - -- - i s a c c u r a t e  to 0 ( e )  w i t r l  t h i s  p a r t~~cu la r
f i e ld ;  t~ c cerrespondir .g  outer solution -- choice of the  overlao recion . Nevo r the—
(33) snti .~fios the threo—din,c-nsjenal- 

- less it is apoarent that the relative
wave equ .at ion  ( 2 9 )  and the aonrnnri -~ -ø - - -

.-~~~~- - . ~~-~~
- -
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error in the unif ied inner solution (30) Joosen, W. (c.1964J. O ,~~~~1tC n.z ~~~~~
is 0(1) for all wavenumbers. 8h~~~ . at f,z”;~i: ’ i arc..-.. NSMB

Publicat ion No. 268.
The unified solution (30) can be compared

Maruo, H. 1970. An improvement of th’
with the composite approximation (35).

slender body theory for osc i11at~~1~The latter result is equivalent to re—
ships with zero forward speed.

placing the Bessel function 30(Kr) by Bulletin of the Faculty ofits limi t of unity , in the second term
Eng in.erir.g, Yokoh ama ~at~ onalof (50), and determininq the source
Universit’i , 19, 45—56.

strength a in each term of (50) from
Newman , J.N. 1977. Marine  H y J ro d y n a r i € . .~,

(42) and (52) respectively.
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Errata

The term in (22a) involving the kernel has been deleted from
(24a) and (28). TO correct this error the second line of (22a)
should be inserted before the plus sign in (24a), and before the
first plus sign in (28).
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