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EVALVAT$ ~~

The necessity f tc  ~~t ~~~~~~~~~ 5~~tu ~ tll3b1C. k*uj c r  ct~ t ‘ t ~~.- ~i ~~r
,~~~~r L s i l i tary application. coss,and ~od teetvol. ! . r  Rod I~i

t he .~ c. to develop ‘t~~~~c tools. ~~~~~~~~~~ øsd prod i a ~~ a*d~ ‘ - ‘ a

improving the esthod to wht ’ah of l tw4r~ f~~ e rrcai l li b i n ~ d~vwIo~~4 nd
tested . Th t~i desire has been ~~~~~~~~ ó~~i *n ~ucb doc’a~~ ei~ ~Join t Logt~~t L ~ u Conmerad.rs’ SOf~~~~~r 5~~U4b i1ity Uo~t$a ,~, Grt ’aap h-. ; fl

(November l97~~ and to n~~~ro’a~.~ ~nduotry i~4 Govwr et ~~-‘oanr -~
~~i symposia. M f.~~.4 t I  • .ff ~’ rv. -~~~~.‘ b.ij~ to develop and ~~~t

* e L ~~* 1 m”deLb for predic t ing the error .ust.ni of !~~~~ 3~~c ~~ t .~~~ .~~

welt ~ dsters-tntng teat criteria ~~~~ seaa.ures. et couplealty. % ‘~~r~~~~ ’ ,

early e f f o r t s  to develop •.s h ond.1~ hm~ .c bcv f r ~~~~~~~’a~~~ r4  ~ad ha’ met
produced eudel. with the desired ‘accuracy mad w~i sbt*lIty .

rM~ r f f ~’ci was Initiated 10 response to this ee.d f r~f  4cve1tsp1ai~
~~~~~~ suftw4re predictive ~i’dcl. ~n4 f i  i~~~ O the goa1~ *1 *ADC IPO

No. 5, Soft~~~.- Coo t Seduction (forosr1~ *AZ)C YPO No. II. ~~~~~~~ 2t C  j(~~~~~~~
Technology). in particular the .* r.i ~‘I Sofiwatc Quality (~of i war. Node~~r c ) .
This report s~~~mri.es the d.vvlepssrnt of mc~ sure. of lang.

~~.- sad p,o~,an
conpl.*tty based upon the applt~mctoo of ~a~~ ta l li~~~-~~~c- theory. ~~~~~~ in
particular Zipf~ * laws. The importance o’ this d o -I op s ent th~ it

the first cohei Ivo at~~enp t to apply ~~ -t a ) ls~c~ ’~ U.oOry lo
the development of softwa re c~~~~les1ty a.a .’.rss . ~ ich in utn wi ll pre4ia~e
a cospr.benaive theory of •~ot ..i~’- couplezity that will p.r.iI ptødlctlmn of
dev.lop.snt e f f o r t  and e rror ~~~.t a ~ t t .

fl~. theory develope d imdpr this effort ‘Ii lead t~. e u h  - - ‘  ‘~~ tool.
for use by software manager. In adequat.!y tr5ci ’ir~ the t-c~~~~~~s: of a
softwar, development In term’a of 11w se of effort or n’asb,r of a ’ t t c~tS.
In addition, th.’ theory developed usder ~~~ effort vi)) provid, the ~~ ~~‘

for r rche r development that w i l l  eventually ~,duca ~~ .r ca~ sbillty 1°
completely define and m.~sure software comples ity. Fln 1li . the n~~~~~~fcs

deve lope d under this effort wi l l  be applicabl, to .;ttc’~~t Air T” ’r r c  sot’-
ware developm ent projects and thus help to produce thc high quality , l~~
cos t software needed for today ’s syste-~~

C2&1fi 2~4&~fr ~ALAN N. SV1~ERT
Project Engineer
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ARST MACi

is a reai se.d (or mea 4VC ot pr~~ ’a si’a. .~orrspIeaüy. &wb
o (inst o,ppLL. ~*t i¼~1ts I r n y  ~is. estimates ~ p, *a~ i s~~~ ’a d’aiit~t ujt

(2) c tnp~ rLson ‘a ’a~~3o’3res of pr ~~ ‘a a~~ • ’ (I) ~. $ur ft.siigig( pIrau~c
the nalysi. of .speelsiia ntal ~~~~~ on err. sod ma$.hu’aer.. ~~ c ~~~~

t hat using eeeaWish. d ~~~~~~~ of st4ti ’aII ll laaguag. ~~~nr -y :1p4’ : ~~~~~~~~~

n*~ Ia able t u  ‘t~~riv~ forn~4ts. for program omp1v.~~, irnj Ia~ ‘~~ those
ebtd inr i b~ Hat.iead 17 In ids *ork on ~~ttware i~an,.i ~~~, ‘T~t~ hoiiitte ~~~be u..d to measure and stud y language con eal’a jr t , ap$,tn~ it t a  ~ a.tsta)
pengram ~~t 1 coInpafing the atculated Lomplas3’a~ is$U~ t~~~~~~~i.c~~ ~~~~~~~~~~~~~

mum problem-program cornplesliy

We present eapeebneatal dala on PDP-;1 ~~~~~~ buy taagtsag. iLlS
p,o$r~ ut.. ~t’ 4) a..~ mbly l~r~~~s~ <- . and FORT RAN •t4tVflL c~~~~. *StICb
ien,rallyv* rify the vwcr. 1. inder1yin~ a.e~~tt p4l~ at 17ip4’ So. t,aW ior
compu ter language.). Appl,rir~ Zipr o  La~~ otata ;n to mu.Lss (ni
length which can be verifIed by compa r ~~ s .~~~~ .tst ..ttc : ***Ot*ipd f ’ a q ~i
computer programs.

The formulas are c ompared with HaIstuad’ so ib and ou rs . $r i~~ a c t

cat length formula. agree within l0~~.2O% tif the mct q .l l.-~&ih opr rat’~
plus operands) although neither is belier for all e*ampes

1.0 introduction

Therr is a great need (or theoretic~ l model. ~~Ich d.c. nbc progrs’
and allow us to quantitatively estimate complealty. r aining ttmc , .iu,a

~~
c

requirements . and development time. In addition i s. rvtai~ as an esttmm te
during the in itia l design per iod, they ‘-an be refined a~~~ th~ r t ’~ tamand used -~ management and analy l. tool. Th.i an a~~~.c  be u. r~~~ to
compare initial design app roache s . programming sty ‘- . di f ferent
algorithms . etc. Earhr work on .~~h a theory is give n A ~.fs . l~ ar d ZO.

Thea report 1. closely linked to 11.1. 19 ot*lch develop. a theory of
program complexity based on linguistic theory. information theory and com •
munications theory. This work discusse the bsc kg r ous’ad lingulsik th ory
(Zipf’~ laws). extend s this theory to pt ctam’~~nc languages , and dev elop.
equation, for program length based on the operator., operand., and c c:w~-slants in the program. T~~ resulta are different from those j r Hal.~ a~~e s
work on Sn f t w a r ’~ Ph y~ ic c .1 ; however , in many examples they are
num ’ r ic i I Iv ~1ose. The’ r ain differen ce. lie In the ba.Ic asswnption and
theoretical development.

2.0 Zipi’ s Law. of Natural Language.

~~~ 1 Introduction

Any Inves ti gator who ha, studied ways of describ ing the struc tu re of
compute r languages come s to the immed iate conclusi on that the task is a

t 
I
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formidable one due l a  the i i n~~t~ j nfin~t e ~s ri . t~ ut progroti ~~c tan
wru .~ with a ~ nhlpoter langui .e. M u t h  ten L~ It-i rned in I t i~l~n~ t h i ~
problem by ~tuiIyin~ thi analogous and -v t n  ntu rt tu.nplex probk ni 1
describing the struc turir of w r utc o ur sp&akcn natura l tangus ~~~. A bCt uf
analogi. s bs.twern ttic elements uf natural and e wnput~~r l.sn~ u~i.. ~ iven
In ribl - 1.

1.*h le I Anolugit . t~~~~ rIt tlønurnlD o (n sturiI
and computer lan. uag.s.

Naturel l .itr r sturc (or di~iIug) Custapti t c-r Prugranis ~suft w .a v )

Book )r ~‘ps~r~h SofIws rr System

Cha pter . A r t t ~ 1 , Conv ersati on PragtaIb
l ragrap h, Section Subprug r~sn . Module, Procrdt~rr
Sentence

phraar . cleu.e expression

t3b JW . I
p - ru ale

Wor d £lc nw nt between spa rS

noun operand

ad;r t i v r . adve rb
verb opeta~ .t
aux i lary verb 1
preposition. conj unction
pronoun

artic le
Punctuation 1

~p~’ ;a l character.

p’ r~o1 ,rm~~
r r4on iPL/l .CR ,etc .

1nu~ ec~inn of Table I show a paralleli m ‘~~~ 
a~ ructurr b. c l - n

natural and com put er language ’ . For example, n’un~ corres pon d to
operands, and punctuation mark parallel sp ecial c haracters. An exact
analogy exists if we ic scri be the natur al langua ge uslng Chom.ky
g rammar 22 and the com puter langu age u ;nc RNF f orm~~

3, which i
e sent ially an adaptation c-if Chomsky ~ z-’~r~- . ~~~~~c v c r , it will only be
necessa ry to conside r words , statement s . operator . , and operand. in ~~~

r

presentat ion nf dat a and de rlvati -n of formula s which follows , ani each of
~b c s e is easy to define and deal with.

The reader may comment that natural and comp u’.’ r lang uages are i-cal ly
di fferent th in~~a and like apples and oranges cannot be compared . Th follow-
ing thoug ht problem rebutes this argument. Suppo s we take a programmer
who understands a particula r comp iter language and give him ~ conipl’t
listing with comments and doc umentation of a compute r program. W e instru t

- - ..
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him to st ud y  the  c o m p u t e r  p r o g r a m  un t i l  he u n d e r s t a n d s  it and then produce
a r t po - l w r ~t t e n in good Eng l i s h  c o n t a i n i ng  p ar a g r a phs , complete sen tences ,
and a l g o r i t hms w r t t t t n  as a sequence of steps without mathematical  notation .
T his  would produc e a repor t  which ano ther  p r o g r a m m e r  could read and hand
p r o .  ess (perha ps with  the aid ol a nonprogrammabl e  ca lcu la tor)  to produce
an ou tpu t . En p r i n c i ple , the r epo r t  and the  computer  p rog ram would be equiv-
a lent . Thus , any  s tud ies  one mi ght make of the element s of the computer
p r o g r a m  would have to bear  a closc resemblance  to the equ iva len t  elements
of the r e p o r t .

~ ?.tp f ’ s F i r s t  Law

Before we d i scuss  Zi pf ’ s law it is convenien t  to introduce a few t e rms
used in d e a l i n g  wit h rv’.tura l  l anguage .  Unfo r tuna t e l y ,  t he t e rm word  is
ambiguous  in the sense tha t  a l l  the words  in the abst ract  of this  repor t  mean
somet h ing  di f f e r e n t  than all  th e words in the d i c t i o n ar y .  We use the t e r m
token  to r e f e r  to al l  the words  of the abs tr ac t .  The term 

~Y2! is used to re-
f e r  to the words  in the d i c t i o n a r y .  Much Of ~~

ur  e f f o r t  wil l  be cen te red  on the
cou nt in i z  of  T~r l the numbe r of t i m e s  t h e  r pa r t i c u l a r  type occurs  in a
samp le of ri t o k e n s .  We have used the s u b s c r i p t  r because in our compa r-
iso n of word types  we will  orde r the types  in t e r m s  of the i r  f r e q u e n c y  and
ass i gn r anks .  The most f r e q u e n t l y o c c u r r i n g  type  will be ass igned rank 1,
the second most frequent type rank .~~~, etc. I f we assume there  are  t word
types in  our sample of n tokens then clearly

( 1 )

C l e a r ly ,  when we begin to col lect  our s t a t i s t i c s  t h e r e  will  be a n u m b e r  of
types , t k t  which occur  the same n u m b e r  of t imes , k. These will  essen-
t i a l l y t i e  f or t h e ~an - .c ra n k r , so we ca n a r b i t r a r i l y  assi gn the ranks f rom
r to r - k + l to these type s which occur  k t imes .  Usi ng the above defini-
t ions  we can w r t  a summat ion  equation s i m i l a r  to Eq. 1 for  the types

t = t  (2 )
k~~l k

The absolute f r e q u e n c y  of occur rence  for  type r is n ; however  the rela-
t i g p  f r equency  of o c c u r rr r c e  1r is simply 

~ r “~ 
r

Zi pf s tudied the re l a t ionsh ip  between f reque n cy of occ u r r en ce1 n and
rank r for  words  f rom Eng lish , Ch i n e s e , and the Latin of Platus. r The
resu l t i n g data is g iven in Fig.  I . whe re  Zip f plotted ~ne log 1~ of n on the
abc i ssa  and th e log 

~ 
of r on t he o rdinate .  Note that the ~~ ta for  Eng lis h

is an ex ce l lent f it t~ a s t r a i g h t l i n e , as is  t he data for  Latin for  ranks
l a r g er  than 10.

3
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FIG. 1 OCCURRENCE FREQUENCY VS. RANK FOR ENGLISH AND
LATIN WORDS. (FROM Z IPF, REF . 1, PLATE IV).

If we had plotted log 10 
~r 

on the abciss a we would have obta ined 1~~~r same
result shifted by the scale factor n. The st r ~~t r c - ss  of ~~c i~ ~

- plot s on log.
log pape r is an emp irical justificati on (we will d i c c u s s  late r t hc -c ret t c al
justifications) for the relationship

t r ~~ Constant c . (3)

Careful study of Zipf’s data and that of others shows the constant a, (the
slope on log-tog paper) ii approximatel y 1: thus we arrive at the sim ple
relationship, generally called Zipf’ s first law , given below

r c  (4)

which can also be written in the form

c’ nn (5)r r

4

_ _ _ _  - .. 
—



Inspection of Eq. 4 yieLds the tac t  that the eonstas~i c Can t~r inter-
preted as th. relati v e frequency of the rank 1 word type . Tbsr. are aon~~t heo retic4l and practical problems with th is ubi. iuus t f l terprr tat I ~ n. In a
pract ical ~en bt- , LI we use the r4U0 t’f 0115$ to determin e ~ t i~~ constant ~~.
we w il l probabl y obt ain a poore r es tim ate of c tItan c ould be obta~sod bymeasuring the y-axis intercept of the •t !~~I~~~~ L,t line fitted tu the da ta  on log-
log pape r, s ince Zip?. law holds le;s ai w.U at times (or the Lowest i

Theoretically , we can examin, some of the propertie of the frequency dl..
tr lbut ion to se e if we can interpret it .*~~ a probability distribution. Letttng
Pr be the probabi lity of occurrenc e foe the rth ranked word ,, thc- summation
of all the Pr ’ yield.

I, ,t I n)  
0 •~~~~ f —

-
~~ r nra t ral ral

Substituting Eq. 1 Into Eq. t~ ~-t obtain
t

— ~r ’
r= l

as of course It should.

2. 3 Word Typ e

We can obta in othe r fundamental relations based on the numbe r of typ e .
via summation of Zipr s law. If we sum both s ides of Eq. 5 w r  get a dif -
ferent result.

I, l 1‘S 
~ ~~ fl 

‘
~ — (8)

— r — rr~~I r~~l

The summation of the series h r  is given by

1 1 I *— ) . 5772  + In t + - 
L!tU+l) 

. . (9)

Subst itution from Eq. 1 and Eq. (retaining only 2 terms for modest size t)
into Eq. ~ , and rea r rangement y ie lds an expression for th e con ’t ant c in
terms of t.

1
C = 0 .5772  + in t (10 )

* L. Jolley , ‘ Summation of Series , ” p. 36, n. 200, and p. 14, n. 70.
Dover Publications. NY 1961. (Note the constant 0 .5772 is called
Euler. cons tan t ,  see “Differential  and Integral Calculus , ” R.. Courant,
vol. 1. Interscience Publishers.  NY 1951 , p. 381, 420. )

5
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If we know the number of typea , I. we can uae Eq. L 0 i o e~~in~at t  t .
e v e r , we not ice that a. I r.’ases , c dea. ~~~~~~~~~~~~~ From Eq. 4 ~
t hus . the frequenc y of the t irbt rank (and al l the ou t er ranks ) c hangea s a * i~ i

c which Ar t  turn v ar ie s with t. Howeve r, ~f we t hj sa ~ of our 5 t a t t~~ t~~ a a~~ a
sampl e and appl y the relati ve frequen cy interpr etat Ion of prub~ b~ltty,
wou ld expect t r to approach finite ~ s lu-s  aa the s~mp1e s i te  ~number ~
to kens. n) approa c hed inanity , it appears that in natural 1angua~ ’- te~ t .
we would expect t to Increase with n. Th~- c oncept of p1 beuni~ 

g
of sample size is contrad ict ry it we ~i su:itt random ?ta t&. t i c alIy indepen-
dent token ’ or the n token. repres ent an ~ rta i t z . s ry  a h t ’ e f ro m a la rge r
wor k. However , if we require tha t the n tokens reprr r n u son ‘- coh e ssv r
unit (e.g. • abs tract , paragrap h. chap t er . pap. . et c . )  then t~t u~ reason able
that the author ’ s ‘t ~ Ir and work pr ’b.i ilitit s will change with l’-~~ th. * Jf
such is the case we would need ‘~l~~t.s i t -  • t i t t r  ri -nt t~~’-rn length . and t }~~tr
assoc iated value s of c so that we would inve~ u~ atc the val id ity of E q. 10.
The way In wh ic h t varies with ~.irnpIr ~a t z e n is stated by examining how
the type -tuken ratio, T = tin, vane , with n.

We can derive an v~ uat ion for the i.,p -‘luken r a t Io by constdt .ning the
behavior of Eq. 5 for the s mallest rank ,wht Lu is -- . i i re r max ~ t ( ( .j .  . if
there are 100 type s , t hen the largest  rank I. obvi ously IOU). In mo~i ca ~~
the rarest type (largest rank) Wil l occur only once ; thus . 

~ r x ‘ ~~ St$b
stitut~~g t hese values In Eq. 5 y ield s .tnut hc r ~tt t .  rp~ rtation’”~or th e c on-
stant c

~~~~ ( 1 1)

Equating Eq. 10 to Eq. 11 y ields

1 , ~77~ + in t 
(12)

and we now have an expr ession for the dependent e of ‘r on t . In order to
relate 1’ to 11 we substitute t = n r  in ~~~~~~~ 12 and solve f o r  n obtaining

! o. cr~zl
n =  4 e  ~ ( 13)

Clearl y. n increases with decreasing 1’ or equivalently ‘r decreases
with n. The shape of this relationship between ‘r and n agrees well with
the shape of the sparse data in the literature; however , the nvrnerical
value s are in poor agreement.~ * We can obtain an equation r e l a t i n g  n to
t by substituting t / n  for 7 in Eq. 12 and solving

n = t(0. 5772 + in t )  . (14)

ef .  Ref.  15 p. 245.
See Miller  Ref. 4 , p. 124.

6
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~~ . -I Z tp~p Second Law

W. - can derive a second form of Zipf’ s law from the flr~ t form b~making ot her assumptions about the behavior in the region whe t r r ~b
la rger . 1 

~a It We compute the de rivative of ‘~r 
with respect to r f roe

Eq. 5 and take its magnitude

dn r -flc cn
a (._~7~~S . 2  (iS)

r r

Eliminating r by substitution from Eq. ~ ‘~~ ‘~~ Eq. 1 5 yields

dn n 2

~ _L. (1 6)dr cn

In the tail of Ziprs law, there are several identical i t  values: thus there
Is a plateau of k typ es  with the same i t  value ~ hich are t ie d for the
rank. The cu rve becomes a s t a i r ca i~e f unctiun and we define the slope as
the vertical decrement (r to r + I ~ 1) over the horizontal width (which is
tk), thus

= . ( 17)

In the tail n r ax l a n ( = l , n r ~ _ l ) = 2 a n d k = z . thus in thls reg1on
n = k. and s’~~st ituting into Eqs.I nd 16 y ie lds  the second form of
Z’ipf’s law ,

= £~. , ( 18)
k

Experimental verification of Zipf’s second law is given in Figs. 2, 3,
and 4 . We can also derive a second set of basic equations using the
second law. Combining Eq. 2 with 18 we obtain

n 2v cn c’ cnt = ,i —
~~~ 

— / —
~~
‘ = -i—’ c n ( 1 ~

)
1~~l k 1~~i k

*“Handbook of Mathematical Functions , ” NBS, 1964 . p. 807 , see
Rien-iann Zeta function.

7
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FIG. 4. EXPERIMENTAL VERIFICATION OF ZIPF’S SECOND LAW.
(Latin Words )

Combining Eq. 19 and 10 yields

n = -
~~~~‘ (0. 5772 + In t) t (20 )

and by substituting t = nT in Eq. 20 and solving we obtain

(.~L. - 0. 5772)
n = ~~ .e  . (21)

Note that except for a factor of n 2/6 the results given ~n Eqs. 13 and 21 and
14 and 20 are identical. The occurrence of either 6/n 0. 6079 or unity
as a coefficient in these equations arises due to the slightl y different
assumptions made c oncerning the behavior of Zipf’s law for smaU ranks
in the two derivations.

Since Zipf’ s second law is derived from the first, we can verify the
fact that a is unity ( cf. Eq. 3) by plotting 1r ~~~~ f( cf . Eq. 4) on log -log
paper or tk vs. k2 ( cf. Eq. 19) and checking for a unity slope. The
z-axis intercept is the value of the constant c in the first law plot , and the
intercept of the second law plot ii cn. From Eq. 17 we see that the
second law contains the derivative of the first law; thus , the statistical fluc-
tuat ions of the data will be accentuated in the second law plot. (Thus the first

• law is better for curve fitting.)
9
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Zip1’. law (or Zip( type laws) have t kQwfl to apply t ’~ wide -_ r~ety of
different ph.nomenat ’~ 

I~

(1) The population of the larger Cj t *e~
, (even bette r tor sne*rt polilan

districts) for e- .e ry U.S. census sU.te 1790. als ) ~U ~~~~~ of
Europe (but not for Great Dritatn) .

(2) U the cons tant a is equal to if:, the L*w holds for lb. income of
people in the U. S. (called Pareto’s law ).

(3) Th. product of the number of student s attendtnr a univt rsity
from a particular state and thr dl.tance of the ~t~ate I rm the
un iversity is proportional to the pupulatt on of the s tate (experi-
ment ally ver if ied foe Harvard . MIT , and Princei n).

(4) The same law (a. 3) apph-b to numbe r of chart .’ accounts at
Jordan Marsh Co. in Boston in var ious cities and t ’)Wfl S of Ne”
England.

(5) The “ interchange between the c it~~s is proportt~ nal t o  the
product of the populations divided by the distance L e t  ween them
and applies to Telephone Call.. Railway Express packares .
Truck and Passenger trips, and many othe r t hings.

(6) Many different language. and language elements.

Thus, Zipf’ s law seems to hold for a wide variety of ~organized” behavic r,
of both humans and mschines.

2.5 General ized 2
~F

11
~ 

Law

The fact that Ztpf’ s law in its simple f~~r;ifits many sets of data leads
to the rather s1n~ le and powerful theory deve loped in Sections 2. 2-2 . 4. In
many cases , the experimental fit to Zipf’ s first law is only close enough for
the ensuing theory to be thought of as a gross approximation. In such cases.
two generalized forms of Ziprs laws will yield a better fit between theory
and data. In such cases , the algebraic expressions and computations be-
come more cumbersome. However , a simple computer program solves
the computational problem and parametric studies provide sensitivity in-
formation on how the results change as parameters vary. Of course the
simple Zipf theory will still hold well enough to provide some insight into
the results.

One generalized form of Zipf’s law (suggested by several authors) is of
the form

= = 
(r +A ) B (22)

We can easil y see the role which the constants play by taking logarithms of
both sides of Eq. 22 and rearranging them.

10 
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In in C-B in (n A ) (. S)

c learly if A u 0 and B I we obta in Ztpl’ . tir.t Ia~A .  The c onstaat 8
represents the slop. ~ the plot and A l~ a shift parameter. For c on-
venience we w ilt call thi, the slope -rank .hift form. Thc- ro~c- of A can be
ill ustr a ted 11 we set B s I and r . 1

in p 1 • in C - in (l+A) • in 
~
-I-

~A- 4)

If AxO , then C is the frequency of the first rank . I. e. • be v az1 intercept.
If A=0. 1 the intercept I. about 1. 1C and it A.-O. 1 the inte rcept Is about
0. 9C. Exa mination of Eq. 23 shows that for large r, the effect of A Is
negligib le. These results are illustrated in Fig. 5. wher e v.r 5~~e that B
allow , us to match a general slop . other than unity and A adjust. for

AsO

A’O SLOPE~~B

FIG. 5. ROLE OF COEFFICIENTS A. ~,C IN EQ. 23.

der ivations from straight line behavior for the initial ranks.

The pl~4
ys ical meaning of the constants A , B, C have been studied in

linguistics and the following observations have been noted :

(1) Va lue s of B greater than unity occur in individuals who possess
a limited vocabulary, suc h as young children.

( 2) Values of B less than unity are associated with large vocab-
ularie s , e.g. , Jame s Joyce or collections of writing by various
authors as in a newspape r or anthology.

11
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(3) Va lue, of A greater than sero occur if the prob.bUii,~ of the
first rank wo rd I~ small as io the C4 ó c  in Engl ish ol wund~ i~ 1-
Lowing ‘the e . or in a higMy infle ted language.

(4) Values of A less than zero occur U the probability of u s e  hrs’
wo rd is large, as In the c~~ e of words following o( (~ uhe being
very frequent here).

In order to derive the modified basic eoualions for the slope-rank ~.hi1u
form of the law we will apply Eq. 1 to £~. £2

t I
0 $  

~ 
flr Cfl ~ B (25)

rul rul (r+A )

we can sum the above series with the aid of the Euler- Maclaurin Formula’
which relate. finite sum of a function to the integral of th. function.

2 2
= 

12 tB IZA +~~(B+3)A+ B +5B+6 
- 

1

82+76+12 l2(B_ i)(A+ l) B
~~ (B-I Kt +A ) 841 J

For the special case where B 1

n —~‘~~~t In(t+A) - ln (A+1)+ 6A+ 7 
z (27)

12(A+I)

and where A = 0

r ~B r 2_ f  12 
~ B f B + 5 B + 6  1 8— 

[B2+7B+lz j ~ 12(8-1) - 

(B.l)tB
~~ 

(2

Similarl y one can show that

r B
I lZt

C f l (  2 (29)
LB +7B+ 1 2

* See Ref. 14, p. 322
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l i/B

(B2 478 +
12 ( 3 )

12
t (B 2 +7B + l2 ) k~~~

1”
~~

When we plot Zip f law da ta , sometimes we have found experimental resulti.
on log-log pape r which look like the straig ht lines with different slope..
(The reader who is familiar with the control system literature will notl
the analogy with Bode plots. ) Limiting our model to two piecew ise-linea r
segments (see Fig. 6) we obtain

Cl
B1 

l< r (D

( r)  c c
B B

C (D) (D) 2

B D < r < t
(r )  2

Again, by using the low order te rms irs the Euler— Maclaurin formula , on
the two segments

( lZt 

.

\

Bz 
B~+5B 1+6 B

2 
- Bi 1

~B~+7B2+l2) l2(B1-l)D
2 1  

- 

(Bi~~1XB 2~~1)D~~~~~~~(B2~~1)t 2

(34 )
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—~~ _.~~t - — (is)
B~ t 7Il

~~* 12

B2 ( 3ta )

1% -B
C1 • • C2/D 2 1 ($ 7)

• C2/D’
~~ (3$ )

SLOPE B~

B2

FIG. 6. A TWO SLOPE PIECEW ISE - LINEAR
GENERALIZATION OF ZIPF’S LAW.

In Appendix A we show that the b~ sic form of Zipf’s law , as well as
other important probability distributions , can be derived from a linear
graph model.

3.0 Zipf’ s Laws Applied to Compute r Languages

3. 1 Introduction

In Section 2. 1 we began our discussion of the analogies between natural
language and computer language. In essence , the analogy is close enough
so that we suspect at the outset that computer language will obey one of the
or iginal or generalized forms of Zipf’ s law. Othe r convincing evidener
would be the development of a stoc hastic model similar to that presented in
Appendix A which gene rates compute r programs. Of course in the final
analysis , proof is dependent on how well experimental data plotted on log —log

14
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pa pt~r lit /zpl I~ ws and L,y the predi nun a ~ ~r~ c> ~1 ~-~y $ur~nu1ab 5~ e

vt lop~d in th.~ analyot. .

~ ±~j~~rt i~ ,nta1 Evidence

Wr h4ve examined 4 nurnb r of compute r pro’rans~ and al~ ii (tnd that
some for o(Zipf~ low .ee—m s to (Ii th. data faIrly ~se1 l. Th. data s r c

listed in T~bt~~. 2 t~ L. and the Zipt plot. nrc given in Figs. 7 to 17 .

lab le 2 - E~cpe rirn.nu4 1)-s ta on Ctunputc r ?ri rams
and Zipl’s Law.

Prograsn Figures Type s Token.

1. PL/1 Flbonacci: 7 Operators 12 3* Operators
Numbe rs Progr4t - II $ Ope rand . 9 24 Op.rahd

Lines long, on p. $1 ~‘ Operator’ . is 2$ “ Totalof R.et. 8 Operands

2. PL/1 Student G rade. 10 20 1)7 Operators
Program - 27 lui.-s  long . 11 31 105 Operand.

on p. 178 of Ret. $ 12 51 .~2Z Total

1. MIKBUG - ExecutIve 1 3 25 190 Operators
Program for \1u mic ro- 62 1 32 Operand.
processor 87 322 Total

4. PDP-ll Assembly Language 14 Operators 39 137 2 Token.
Frog rams

5. Variable Names in 3 PL/I 15 Codes . 24 . 14 370 , 238 . 1 9 3
Prog rams

o.  FORT RAN Statement Types l~ 40 200k . and 10k

(Table 2, ~ .f .  18) 17

In program No. 1 we have separately s n ;~~~~. .- ‘ -  .~rrrators, operand s, andcombined operators and operands. f Sc. ~ :r~. . 4 ,5 and Figs. 7 .8, 9 . )
Note that we have followed Haist .~d 17 in our definition of operators
and operands. Basically in PLIL operators Include: key words, comparison
ope rators , “:“ . arid s :”. The ope rands include: va riables and constants.
Exc luded from both lists are declare statement and comments. Labels are
considered part of the GO TO statement , I. e. • GO TO Label 1 is an
operator. Labels which are not used are ignored as are comments. Note
that a simple ZipV s law fits operators and ope rands well (ef. Figs . 7 .8):
however the combination of operators and ope rands is better fitt ed by the
first generalized form of ZIpDs law ( cf. Fig. 9).

In prog ram No. 2 we find that neither the operators ( cf. Table 6) nor
the operands ( cf . Table 7) fit Zipf’s law too well ( ef. Figs. .10. 11).

15
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Table I R~nk. r.Li bLl*i v Data for Opera l uss (
~t

Program ~~~~~~ . 1 ii Table

r-Rank 2r 0
~~~~*~~ ~~rftbo l

1 0. 35 11

2 0.t~ • c
0. 10 • 3

4 0.065
5 0.065 1-~’11 LiST
6 0.065 + 2
7 0. 0 12 $~ROCEDURE *
$ o.oi: GET LIST 1
9 0.032 IFT) l} .N 1

10 0.032
11 0.012 GO TO
12 0.032 END

31

Table 4 - Rank-Probability Data for Operands of
ro~ r.~m No. 1 In Table 2

r-Rank 2~
.Prob

~
.bj fliy Symbol Count

1 0. 25 LAST-F

2 0.17 N 4
3 0. 17 PREV F 4
4 0.083 FIBONACCI 2

5 0.083 LIMIT 2
6 0.083 REPEAT 2

7 0.083 TEMP 2

8 0. 042 2 1
0. 042 1 1

Total 24

16
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anguage Theory Me~isures at Complexity

The use of nu’.*er of statements as a measure of complexity is often
used. It is recognized that such a simplistic measure does not truly gauge
tht program. Often there are programs with a few lines conside rably more
complex t ” In programs wi th many lines . As a better measure Haistead (Refer-.
erice 27) suggested operator and operand count. The analogy between operators ,
operands and verb nouns suggested the application of Zipf’s Law from natural
Languages to progra ing languages.

The relationships between nuther of operators and operand types , as
well as their frequency of occurrence , was shown to follow the basic Zipf’s
Law. An extended form of Ztpf ’s I :.w has been derived which more closely
models some of the experimental data.

The theory culminates in an equation which relates operator and operand
length to the nuv~er of ty pes (References 9 and 25). If we estimate early in
the design the nu~~er of input and output varibles and operators (which will
be used in the program) we can obtain an estimate of the program length.

These results correlate well with the results which Halstead has obtained
using sof tware science techniques (Reference 21 , Chapter 3, and Reference 27).

17
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Table 6 - Rank-Probability Data for Operators
of Program Nu. .~ in Table 4

r - Rank - Probability Symbol Count
1 ) . 31
2 , . 2 3
3 0.14 IF TIIEN 17

4 0. u 4 3  • S
5 ‘) .034 SLIIS1R 4
6 0.026 : 3

7 0.026 ( )  3
8 0. ) .~u SKIP 3

9 0 .0~~ + 3
10 (

~.02b PUT LIST 3

11 u~ 0l7 I 2
12 0.017 GO TO 2
13 0. 0085 P R O CED U R E  I

OPTIONS MAIN

14 0.0085 PAG E 1
15 0.0085 L IN I~ 1
16 0. 0085 GET LIST 1
17 0.0085

18 0. 008 5 / 1
19 0. 0085 -

20 .0085 END
Total 117

I
18



Table 7 - Rank-Probability Data (or Operands
of Program No. .~ in Table 2

_____ ~~.Pruo4 b illty ~~~~~~~~~~

FINAL- LETTER . 0

GRA m:
3 O. ) 7  STUDEN T DATA

4 O .O S7 5. t tD .  ~ ~~~~~~~~

A 0.057 FINAL
I). 037 :.:::)fl RM-7tS1

7 0. 057 :_ .

O. 0s7 0

Posii:~~. 4

t O O .O ~~ 3 4
11 O .0 5~ 2 4
12 0. 0 35 0 4
1 3  ). ) 2 ’  B I

A

IA ~) . O 2 ’  4
B

17 0. 2 C 3
0

I’ ~. ‘)2’ 3

2 )  0 .0 1  ‘.AL.c~RA D~~S 2

~~. )V .  2
22 0 .0 1 ”  STUD

2 3  ) .01~ PROCS. sS-\FXT-

-:4 ) .  ‘ ) ‘  T E R M ’.A~
2 5 . 3 0 ’ ’  ‘ I t 1~; ~ ;~ :Ai.  . . C OU~~SiT ’

44

2 ’  0 . 0 0 5 - 1

5 )  O . 0 O ~~5 0. 1
1 N[)EX 1

T ’~~ I 105

I ~



Table ~ - Rank-Probability Data f~~r Operators  P lus
Ope rands of Program No. 2 in Table 2

r - Ra ri k ~ - P r b ~.L , i l 1 t .  Symbol Count

1 0. 16 •
2 0 . 13
3 0.077 IF T11I:N 17
4 0 . 0 4 1  1
5 0. 027 F I N A l - L E T T E R - G R A D E

0. 027 S T U D E N T - D A T E
7 0 .02 7 ML D - T E R M  6
8 0.027 F I N A L  0
4 0 .02 7  M ID T E R M - T E S T  0

10 0.~~ 27 F IN A L -  FI- .:3F
I I  0 .027  F I N A L - G R A D E  0
12 0. 023 5
13 0.0 18 SUBSTB .  4
14 0 .0 18  POSIT:0N 4
15 0.018 3 4
16 0.01~’ 2 4
17 0 .01 8 0 4
18 0.0 14 3
19 0 . 0 1 4  3
20 0 .014  SU~ I’ 3
21 0.014 3
22 0 .014  P U T  LIST 3
23 0.014 b 3
24 0 .014  A
25 0.014 4 3
26 0.014 B 3
27 0 .0 14  C 3
28 0 . 3 1 4  D 3

0 . 0 1 4  F 3
30 0. 009 2
31 0. 009 GO TO 2
32 0.009 FINAL-GRADES 2
33 0 .009 ‘ 2
34 0. 009 S T U D E N T - NA M E  2

0. 00~ PRO cE SS-NEXT-STRING 2
36 0.009 T E R M I N A T E  2
37 0. 0045 P R O c F :N U R E  OPTIONS M A IN  1
38 0 . 0 0 4 5  PAGE 1
3? 0. 0045 LINE 1
40 0 . 0 0 4 5  GET LIST 1
41 0 .0 0 4 5  1
4 2  0 . 0 0 4 5  / I
43 0 . 0 0 4 5  -

44 0.0045 END 1
45 0. 0045 ‘THE F I N AL . . .  GRADE
46 0. 0045 10 1
47 0 .0045  1
4~ 0. 0045 44 1
4~ 0. 0045 - 1
50 0. 0045 0. 5 1
5 1 0 . 0 0 4 5  INDEX

Total 22 !

20
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Table 9 - Listing of Fibonacci Numbers PL/I Program
(p. 81 of Ref. 8)

F1B~~NACCI: PRØCEDURE ;
N = 2;
GET LIST (PRE V F , LAST F, LIMiT) ;
PUT LIST (PREV F , LAST F);

REPEAT: TEMP = LAST Fr 
—

LAST F = LA~ r_ F + PREy_ F;
PREV F = TEMP;
PUT LIST (LAST_ F);
N = N+l;
IF N < LIMIT THEN G~~ T~~ REPEAT;
END FIB~~NACCI ;

F 21



FINA L-G AC ES PROCEDURE C’T I~ .5 :;4;r.
THE PR OCE C LAL CAL L:~T E 7~.4E FINA L ~~‘ A 3 FS ~~‘-~ I ‘~ L BE CIv E~’ . It- ;

~L~I C0 ) R SF . LSIN~ TH E ‘ ( 5 )  G~AD~S V E ,V ~ L ‘ . T N  ‘ T f ~~ ’ 1~~~T
AND TH E FINAL TEST 0 T HE C O’J~’S€ , ( 4 -IT IS . ’ ( RA,. ~L IS CAL’ LII-N
FOR EAC H T LCP’ .T .

/ THE NAME AND THE GRADES O~ A STIJDENT A~ E ‘~ i r - , A Ct- ~~ ‘ -C TP
STRIN G VARIABLE.

DECLAR E STI J DE NT-OATA CHAR (30) “ARYI ’ . .- .
DECLAR E POSITION FIXED C E C I . ’A L ? ,O .  ~ r-.L’~x ~. T j  It-It .AT A .

THE LETTER GRADES ARE PLACED IN C~~’.” I~( l E T  Y R I T - J G  / A ’ t ;  S iT ’  CT

LEN GTH O ’IE. NJ ’ ’T ~ IC G( ;C-E S :-f~E E~ T IT ;  IF T EOF ~ VARIA~L€S .
DECLARE (MIDT ERM, FINAL , F I NAL— UTT E R—GRADE)  CHAR 1).
DECLAR E (MIDTERM..IEST , FINAL—TE Y , FINA L—GR AD E FiX ED CEC 2 . ,

A CHAR ACTER STRIN G VARIABLE CI FIXED LENGTH IS USED PC~ THE
PRINTIN G O~ TIlE STUDENT T- . A P~~ F .  IT V. ILL ~PO h O E A L I C  ~h~ NT IN THE
OUTPUT STREAM .

DECLAR E STUDENT NAME C 4 - ’ A T A C T E R  15):
/ PREPARE THE P.~GE HEADING. .
PUT LIS T (‘THE FINAL GRADES RECE IVED IN T HE PVI C0’JRSE’)PAGE LINE(10),
PUT LIST (19)’ ‘ 11(44)’ — ’) St ’IIP (O);
PUT SKIP (I);

PROCESS_ NEXT_ ST UDENT:
/~ ACQUIRE THE DATA CT ONE 5TU3~ENT . ~~/

GET LIST (STUDENT—DATA ) ;

7* THE END OP THE IN?’JT STREAM IS REACH ED ‘.‘. H E’ . I .  :IL T RI ’ ~ G IS
ENCOUNTERED OUTING THE DATA ACQLiEITIC ’~

IF STUD ENT-DATA “ THEN GO TO TER MINATE)

/* LOCATE THE Ei .~ OT THE STUDENT NAME. ‘/
POSITION • INDEX (STUDENT-DATA ,’,

/‘ LOCATE THE MIDTERM AND THE FINAL T N) T E S L L T S .
MIDTERM = SUBSTR (STUDENT t)ATA , POSITION 1, I);
FINAL • SUBSTR (STUDENT—DATA , POSITION ~ , I);

/~ CONVERT THE MIDTERM A ND T h E FINAl . TEST ~E SUl T S  !NTC NIJMIRIC
GRADES. •/

IF MIDT ERM = ‘A’ THEN MIDTERM—TEST 4
IF MIDTERM ‘B’ THEN MIDTER M-TE ST 3;
IF MIDTERM = ‘C’ THEN MIDTERM—TEST 2;
IF MIDTERM = ‘0’ THEN MIDTERM—TEST 1,
IF MIDTERM ‘F’ THEN MIDTE RM—TEST 0;
IF FINAL ‘A ’ THEN FINAL—TEST 4;
IF FINAL ‘B’ THEN FINAL—TEST 3;
IF FINAL ‘C’ THEN FINAL—TEST 2;
IF FINAL ‘0’ THEN FINAL—TEST 1;
IF F INAL ‘F’ THEN FINAL—TEST 0;

7.’ CALCULATE THE FINAL GRADE T I-It STUDENT EdLI RECEIVE. /
FINAL—GRA DE (MIDTERM—TEST + 2 * FINAL —TEST) /3 .

~ 
0. 5;

7* DET ERMINE THE FINAL LETTER GRADE. •/
IF FINAL—GRADE = 4 THEN FINAL—LETTER-GRADE •
IF FINAL— GRADE • 3 THEN F 1NAL— LETTER — GRADE = ‘B ’ ;
IF FINAL—GRADE 2 THEN FINAL—LET TER—GRADE ‘C’ ;
IF FINAL— GRADE I THEN FINAL—LETTE R—GRADE ‘0’;
IF FINAL—GRADE 0 THEN FINAL — LETTE R—GRADE ‘ F’ ;

/ DISPLAY THE FINAL GRADE OF THE STUDENT . V
STUDENT—NAME = SUSSTR (STU DENT — OATA , 1, POSITI ON — 1) ;
PUT LIST (‘i , STUDENT—NAME 11 FINAL—LETTER- G RADE) SK IP~
GO TO PR OCESS..NEXT-STUD ENT; / GET THE DATA O~ THE NEXT ETUDENT. ‘/

TERMINA TE: END FINAL—GRADES;

Table 10 - Listing of Students Grades  PL/ I  P r o g r a m
(p. 178 of Ref . 8)
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Table 11 - Operator  Counts for  ‘I ’hr s~~’ . t ’t t c r  OP Codi’s
Plotted in Fig. 14. (Also includes system calls .
ma c ros 1 a s sembler  di~ - ‘ct ives , etc. which w e rt  not
included.

M0V 644 MUL 4
JSR 186 ASR 3
GEN 98 BH I 3
JMP 70 BLO 3
C LR 68 BM I 3
RIS 64 GPL 3
ADD 56 20S 2
BEQ 51 ;WE 2
CMP 47 NOT 2
ASL 39 ROL 2
SYS 39 RUN 2
BNE 33 US E 2
SO~ 33 0.0 1
BIT 31 40S I
BCS 27 80. 1
DEC 27 ;32 1
BCC 22 ;GO 1
1ST 21 ;IF I
BIC 20 GPL 1
SUB 20 ALL 1
INC 17 BVC 1
BGE 12 COM 1
BIS 12 DIV 1
THE 12 FWD 1
FOR ij GET 1
ARG 9 I;O 1
BLT 9 ITS 1
END 8 N-i 1
AND 5 NEW 1
ASH 5 PTR 1
BGT 5 SEE 1
BLE 5 SET 1
NEG 5 SUM 1
RO~i 5 WAY 1
BPL 4 YES I



l able 12 - 1~u i i k - Fr e qu e n cy  Data for  FORTRA N Statement
T ypes  f ur  P r o g r a m  5 of Table 2

,E__ Lockheed Data - Stanford Data -4.
- 

. 
Statement  Type Rank Pr obabi1i ty~ Number  Rank Probabili ty* Number

A s s i g n m e n t  1 0. 38 78435 1 0. 50 4869
IF 2 0. 14 27967 2 0 .084 816
GO TO 3 0. 120 24942 3 0. 080 777
Call 4 0 . 0 7 3  15125 7 0.035 339
Con iinue 5 0 .0 3 8  9165 8 0.032 309
Write  6 0 .037  77~~5 4 0.052 508
Format 7 0.037 7685 6 0.039 380
DO 8 0.636 7476 5 0.047 457
Data <3 0.021 446 8 18 0.0029 28
Return  10 0..01?~ 3639 10 0.019 186
Dimension 11 0.017 3492 11 0.015 141
Common 12 0.014 2908 9 0.027 263
End 13  0.012 2565 12 0.012 121
Buffe r 14 0.012 2501 - - 0
Subroutine 15 0.010 2001 15 0.0095 93
Re wind 16 0.0083 1724 23 0. 00062 6
E quivalence  17 0 .0066  1382 13 0 .0012  113
Endfi le  18 0.0037 765 29 0.0002 2
In tege r  1~ 0 . 0 0 3.? 6~~7 17 0. 0035 34
Read 20 0.0028 586 16 0.0094 92
Encode 21 0. 0028 583 - - 0
Decode 22 0.0027 557 - - 0
Print  23 0 .0017 345 25 0. 00052 5
Entry 24 0.0013 279 20 0. 0015 15
Stop 25 0. 0091 190 21 0. 0011 11
Log ical 26 0 .0082  170 22 0.0009 9
Real 27 0 .00071 147 28 0. 0003 3
Ident 28 0. 00051 106 - - 0
Over lay 29 0 .00039  82 - - 0
Pause 30 0 . 0 0 0 2 7  57 24 0.0006 6
A ssign 31 0 .00027  57 27 0. 0004 4
Punch 32 0. 00025 52 26 0 .0005  5
External  33 0 .00011 23 31 0 .000 1  1
Complex 34 0. 000029 6 - - 0
Name List 35 0. 000024 5 - - 0
Double 36 0.000014 3 14 0.010 99
Block Data 37 0. 0000048 1 30 0. 0002 2
Implicit - - 0 19 0. 0016 16
Input - - 0 - - 0
Output - - 0 - - 0
T OTAL 207 ,941 97 10

Comment (28 ) 52 .924  ( 11) 1090
Continuation (7) (7) 636

Knuth counted IF s tatements  twice , thu s the total is actually hig~ er than the
numbe r of statements.
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However , a r easonab le  fit is obta in e l i  for  the i r  s u n  ( cf .  Table 8 and F i L .
12). The Listing s of p r og rams  No. I and 2 of Table 2 appear in Tables ~
and 10.

The MIKBUG is a TTY handler and simple debugger  for  the M6800
microprocessor .  Fig. 13 shows the relations between the rank and the
counts of operators  (OPcodes), operands (variable names and statement
labels) and their total. Fig. 14 shows the relat ion between the rank and the
OP code counts for several PDP-11 prog rams. Both of these examples are
in assembly language. As in most hig her  languages , the uppe r par t  of the
operand plot is flattened , and the lowe r part  of the operator  plot drops off
more rapidl y than the uppe r part.

Three PL/I  programs are plotted in Fig. 15 . Onl y var iable na mes are
shown. The flattened upper part can again be seen. In one respect com-
pute r operands diffe r quite markedly f rom their natural language analog
noun s, or f rom words in general.  The second form , or low frequency form ,
of Zipf’ s law is not followed tha t well in the compute r p rograms .

We have explored how well PL/ I  and assembler ope rators  and operand s
are  fitted by Zipf’ s laws and their extensions.  One can also explore how
well statement types in FORT RAN fit Zipf’ s law. Knuth ( cf .  Ref. 18)
studie s data on about 200 , 000 FORT RAN statements collected at Lockheed
Aircraf t  and 10 , 000 at Stanford. His data is converted to Rank-frequency
data in Table 12 and is plotted in Fig. 16 and 17. Note that in Table 12 the
statement types rank differentl y for the Lockheed and Stanford data.

(1) The top 10 ranks are  quite similar except for  “DATA” .

(2) Similarly the top 20 are the same except for  three exceptions
(14 , 23 . 29).

(3) Stanford Programmers  are eithe r unaware or choose not to use
ENCODE , DECOD E , IDENT , and OVERLAY.

(4) Stanford Programmers  use DOUBLE on occassion, while
Lockheed Programmers  almc’~t never use it.

(5) Lockheed Programmers  produce about 2 - 1 /2  times as many
comments as Stanford ones.

(6) The large 0. 5 probability of Stanford’ s assignment statements
seems to indicate that the Stanford code is more simplistic (for
better or worse 9 )  than the Lockheed code.

The most amazing fact is that with all these differences , the data is rea-
sonably well fitted by a two segment piecewise linear Zipf law over man y
decades , and the constants C and B are  almost identical for  both plots.

Based on the above data and our previously d rawn ana log ies between
compute r and natural languages it is fair  to conclud e that computer pro-
g rams  do follow Zi p f1 s law and its extensions. Conclusion s on how closely
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the fit is in genera l , and whethe r there are any major exceptions or classes
of data which fit particular fo rms  of the model, must await further study of
data . The use to which we put our Zipf’ s law models is discussed in the
following section .

We can explore how well the formulas for the constant C and the num-
ber of tokens n estimate the actual values observed in the data . In Table
13 , a comparison is mad e for 4 cases between the calculated value of Pi C.
and the experimental value p 1 =n 1/n . and the model abcissa intercept.
Similarly we compare the acfual value of n with the calculated estimates.
In all cases the agreement is reasonable. Additional data comparing cal-
culated and actual value s of n is given in Sec. 3. 4.

Table 13

Campai-ison of Calculated vs. Experimental
Values of p1 and ii

Calculated
1 — 

~ l Model Calculated Data
Fig. No. t 0. 5772+ln t ~ l n Intercept t(0. 5772+ln t) n

-7 12 0 . 3 2  0 3 5  0 . 3  37. 5 31 —

8 9 0. 36 0. 25 0.4 25 24

9 21 0. 28 0. 20 0. 35 75 55 —
12 51 0. 22 0. 16 0. 25 23 222

3. 3 Laws of Complexity and Length

The fact that Zipf s law can be applied to computer programs is of in-
te res t  but of little practical importance by itself. Also being able to cal-
culate program length from the number of type s appearing in the program
seems unimportant unless the relation used forms a part of a more com-
prehensive theory of program complexit y. * Such a theory is being devel-
oped,19 and a sketch will be given here. It is hoped that by this means the
number of programming e r r o r s , development effort , etc. , can be related to
othe r parameters .

Briefl y ,  a compute r program indicates to the compute r which function
to use in mappin g input data to output data. The functions of practical in-
teres t  are defined in terms of simpler functions , and these in terms of yet
simpler functions , etc. , until functions are reached which are evaluated by

Of course there  are many obvious uses of such a length measure which sug-
gest  themselves even without such a general theory: ( 1) to use as an im-
proved normalizing factor instead of statement length in comparing debug-
ging data 21 , (2) as a managerial tool in comparing and r anking
programs by complexity . (3) as a parameter to use in correlation studies
of experimental data on number of bug s . man hours , etc.
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the com puter  h a r d w a r e  or b y s y s t e m  s u b r o u t i ne s .  The cu I l l n l ( -x i ty  of a
function can be measured  by the ex t en t  to w }-i i ch  it can be (1( ( Ofl)p~~- . ( ]  i n t o
simpler funct ions , as is well known in swi t ch ing  t h eo ry  and r e (  u r ~~i\ ’e funct ion
t heory .  The numbe r of levels in the funct iona l  d & c o n i p o s i t i o n  will be re la ted
to t he number  of var iable  and p rocedu re  n a m e s  u sed in the p r o g r a m .  So:n •
i n te res t ing p r e l im ina ry  r e su l t s  have been obtained on the t r a d e o f f s  between
pr ogram lengt h , nu mber of input  and output bits , h a r d w a r e  comp lexity,
stora ge r equ i remen t s , and execut ion time. 19 For examp le: 1) t he product
of execution time and ha rdware  comp lexity is approximatel y cons tan t ;
2) a minimum expected prog ram length can be defined , but it de pend s on the
probabili ty of using the funct ion , not its comp lexit y; 3) t r y ing to reach the
minimum prog ram length  might requ i re  excess ive l y la r g e  “ com piler ” corn-
plexity and s torage space. Some defin i te  bounds re la t ing  the above para-
meters  have been ob tained and will be reported e l sewhere  (Ref .  19). Of
course , the quantitative results  app ly s t r ic t l y on ly to the stated mathemat ica l
mode l and t he i r  application t o actual  p rog ramming s i tua t ions  will have to be
stud ied.

One met hod of initially estimating p rogram length - :  ( number  of t ok ens )
is to estimate the number of types . We assume the ana ly s t  initiall y has a
complete descr iption of the problem and that a pa r t i a l  anal ys i s  and c hoice of
ke y a lgor i thms has been made. An e lementary  approach m i g h t  be to esti-
mate the token size by

(1) Est imating the number  of opera tor  type s which will be used in the
language by the ass igned p r o g r a m m e r s .

( 2) Estimate the number of input var iables , output  va r iables , inte r-
med iate var iab les , and cons tan ts  w hi c h  w i l l  be n e ed ed .

( 3) Sum the estimates of step (1) and (2)  and subst i tute  in E c u . 1 t , 20 ,
26 ,or  34.

3.4 Relationship to “So f tware  Physics”

The initial motivation for  the application of Zip f’ s law to com puter
languages came from a review of Haistead’ ~ 17 work  on So f t w a r e  Ph ys ics .
Earl y in his work he a r r ives  at a formula  for  p r o g r a m  length

L = 
~~ 

log 2 ~~ 
+ 

~~2 log 2 ~~ 
( 3 9)

where

L Prog ram length

= Number of opera tor  type s

= Number of operand types

In addition one must add othe r classes of s ta tements  and p r o g r a mming
elements such as: com-nents , dec la res , cer ta in a s semble r  d i rec t ives .
etc.
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Ln terms of ou r  notat ion the an u l o g ou s  quant i t i es  are

t =  ,? l + 
~~Z 

(40)

(4 1)

Note that Eq. 3< ) and E qs. 14 and 20 are  of simila r form.  In Table 14 , we
compare the actual numb er  of tokens with the number of tokens calculated
usin g Eqs .  14. 20 , and 3 <) .  Both the average er r o r  and ave rage magnitude
e r r o r  a re  com puted. Both Eqs. 14 and 39 y ield good agreement  between
actua l and c alculated resul ts .

C onclusion

A connection has been established between some well-known results in
t he statistics of na tu ra l  languages (Zi pf’ s law) and some recent observations
on the re la t ions  between various paramete rs  of computer programs , mostly
initiated by the work of Haistead. Also, a mathematical model is presented
which can y ield both the ori g inal Zip f law and the binomial distribution as
special cases. This derivation is a generalization of that of Mandeibrot. The
model can be applied to such diverse processes as the generat ion of a com-
pute r p rog ram by a contex f ree g ra mma r , and to the summation of random
var i ab les (cent ra l  limit theorem) .  Work is continuing on relatin g the length
mes sages obtained to the number  of p ro g ramming bugs and men-h our s  of
e f f o r t .
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Table 14 - Compa rison of Length Estimation Formulas

Samole Actual Estimate 3 Es t ima te  I E,t imaee 2
Source & Type N u m b e r  of

Tokens Eq. 39 ~ E r r o r  E q .  14 ~, E r r o r  E q. 20 % E rr o r
___________________ 0 ________ __________ _______ _______ _________

L a w s on - l i  55 72 + 31 76 +38 46 -16Statements FIJI

Lawson- 27
Statements FLIt 222 240 +8 230 +3. 6 140 37

,L11(B IJG - M6800
Micro 87 481 +49 378 +17 230 -29
Exec. P rogram

Halstead Ex: 49 -6 32 -38 20 -62

Halstead . Ref.
(17) CACM #1 104 104 0 109 +5 66 -36

CACM #2 82 77 -6 89 +8 54 -34

CACM #3 453 300 -34 275 -39 167 -63

CACM #4 132 139 +5 155 + 17 ~4 .28

CACM #5 123 123 0 124 + 1 75 -39

CACM #6 98 101 -i 3  ioq +12 61 -37

CACM #7 59 62 +5 67 + 13  40 -31

CACM #8 131 171 -11 124 5 ~~

CACM #9 314 288 -8 280 -11 170 J -46
CACM # 10 46 52 + 13 62 +35 38 -17

CAC M #11 53 52 -1 62 +17 38 -28

CACM # 12 59 62 +5 71 +20 43 -27

CACM # 13 59 57 -3 71 +20 43 -17

CAC M # 14 186 163 -12 170 -9 103 -45

Average - - + 2 . 1 ”~ - + 5 .S ’~o - - 33 ’~oE rr o r

Average
Magnitude - - 10% - 17. 2% - 33%
Error
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Appendix A - Derivation of Zipf’ s and Other Related Laws

A. 1 Origins of Zj pf’ s Law

By Zip f’ s law we mean a rank-probability distribution such as p = d r .
or a general izat ion such as p = C/(A+r)B , or a segmented straight fine
function on log-log paper . Thi s law is usually attributed to Zipf in con-
nection with word frequencies;  however , others have priority not only in
linguistic s but also in othe r areas  such as incomes, particle size, popula-
tion , etc. An analogy may be drawn to the central limit theorem, in that
many ph ysical  processes in several field s imply a simple common probabil-
ity distribution. The advantages in using such a distribution , if it is shown
to be valid in the area under investigation , is that such properties as infor-
mation content (entropy)  or the type-token ratio may be calculated from 2
to 3 easil y estimated parameters  instead of f rom perhaps thousands of
individual probabilities. A model will be introduced which yields both Aipf’ $
law and the binomial distribution as marg inal cases. The model is a
generalization of that suggested by Mandelbrot and others.

A. 2 Linear Graph Model

A linear graph model will be described which can give rise to any
probability distribution over a countable numbe r of events , then certain
particular cases will be identified with some familiar probability distri-
butions . and finall y several physical interpretations of the linear grap h will
be given. Consider a directed linear graph with no circuits (paths returning
to their starting node) and with but one orig in (node with only leaving
branc~)tes). Divide the nodes into 3 classes:  an origin node which has only
branche s leaving it. terminal nodes which have no branches leaving them.
and intermediate nodes which have one or more branche s entering from
othe r nodes and leaving for othe r nodes. Each intermediate node j  will
have associated with it a probability distribution p~~j) giving the probability
of leaving by one of the n~ branches:

= 1 . (A. 1)

Thus each path from the origin passing thru nodes 1 (the ori g in ) ,j~ 1j  ,. . - ,

has a probability 3 m

p~ 
(1) p. (j

2
) , , p. 

~

. (A— 2 )
1 2 m-1 3m- 1

provided that the branch decision probabilities at each node are independent.
Finally, each node will have associated with it a probability p . which is the
sum of all of the path probabilities from the origin to it. The ~um of the p .
over the terminal nodes (index set T) is clearly unity:

41



p - = I , (A . 3)
j ( ‘

~I-

It is the distribution p .  which will be of i n ter e s t  h e r e .

It can easily be shown that the branch  p r o~~~ < i lit it -s p . ( 4 ~~ an !~~• - hos~ n Se

as to yield any desired probability d i s t r ibu t ion  p~. This will u sua l l y re-
quire the to be d i f fe rent  for  each node j . If t he re  ar c •  onl y a ft~ u i i
ferent distributions Pj (J ) allowed , then the p over the  t er m i n a l  nodes wil l
belong to one of a few regular  dis t r ibut ions .

A. 3 Generating Graph is a Tree

If the generating g rap h has no r een t r an t  paths , i .e . , if t h e r e  is a uni que
path from the ori gin to a given node , then the result ing probability d istribu-
tion p . is easier to charac ter ize , and it will be a Zipf type if the r esult in~’
tree is3hoinogeneous (branch probabilitie s independent of n o d e ) .

The probabilitie s pj  are easy to calculate in rank o rder  in this case
i. e., so that

p 1~~. p 2~~ ~~~~ ... . (A .4 )

This calculation is facilitated by associating with each branch a length
In l ,,~ = 1.(j) .  Then the log probability associated with a node is simply

1

the (unique) distance f rom the orig in. If the t ree  is homogeneous , let n be
the number of branche s leaving each intermediate node and going to another
intermediate node , and let be their lengths with

0 < 1  < I < . . .  < I1 2 n

The numbe r of intermediate nodes at a distance of x or less f rom the
origin, R(x) ,  will then satisf y the following difference equation

R(x) = R ( x - L )  + 1 x > 0 ~
1 1  

1 
(A. 5)

R(x) 0 x < 0 
)

This can be proved by noting that every  intermediate node (except the origin )
within radius x is contributed by a branch of some length I~ and by no
other. The above difference equation has a solution which is asymptot ic  to
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x
BR 0 ( x ) = e

i (A. 6)

where  B is given b y ~ B 
=

j = l

and in fact  R 0 (x) is a good smoothed approximat ion t <  the discontinuous
step function R(x) for  all x .

Now let there  be t branches going to terminal  nodes f r o m  each inte r-
mediate node ( including the orig in),  and let their probabilities be
p r~ 

W e m u s t  hav e
n+2 ‘

~~ 
‘ ~~

L
~ n~ 4.t ’

n n+t
p . +  “ p . l  (A. 7)

i= 1 1 i=n+ 1

n - I .  -f-t - I .
1 e 1 1 (A.8 )

j = 1 i n+1

and the re fo re  B is grea ter  than 1 i~ there are to be n o n - z e r o  t e rmina l  prob-
abilities. The total number of terminal nodes at dis tance x or less f rom
the or ig in is n ow

n~~t
r = ~~~ R(x - I.) . (A. 9)

i=n+l

Using the smoothed approximation to R , and noting tha t x = In _!_ 
. the

des i red  ran k probability relationship is approximately

1.
1

n~~t ~~~~~~~ _ _ _r e 1/ B
i=n+l Pr

or 1. B

where C = e 
- 

B )  
(A. 10)
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A b e t t e r  t ee l  t r i ~~ for the cab .- U i ay  be t t b t a s , t t d  i i~ t h. spet i.il  ~ ~-..

where all p. a r e  .- - - i t l  ~o 
) . In t h i s  a sL~1 4 n + t

Is = 
~~~~~~

- 

~ 
• (A. L i )

A. 4 Genera t ing  G raph for  the  Binomial  l) i st r ~~~.~~-~

As a c o n t r a s t  to the t r t ’ t jus t  d i scuased . - o s  x . ~ r ~ gene r . t t i n~ ’ g r ap h
such as shown in Fi g. 18. H e r e  all  t er n ~inat nodes a r ’ -. t tb .  t~~~~ e~- t  I.~ .1 ,and there  are  many r een t r an t  paths .  it can be seefl  t h a t  t h e  num~~.-r  of pa t h s
to the 1th node at the ~ th level is ( i’- ) , and t h . t  li the downwa rd hui t-s
a re  made with equal probabi l i ty ,  th~ te r n , t t i ~t l Pr babi1iti .-~ a re

—4
~
—. (

fl ) , (A . 1~~
2

This is maximum for  i n/  2, and it decreases towa rd s the side ap p r ox i r n - -t i t - ly
accord ing  to a Gaussian d is t r ibu t ion

~~~~ 
d~

kr  
. (A. 1 5)

This decreases  ve ry  rapidl y compared to ~~~~ ihe r e e n t r a n t  pa ths
the rapid decrease because they  make it less probable that  a g iven t r a v e rsa l
will reach the ou te rmos t  nodes .

The completely reentrant graph of the t v p  shown in F i g .  l~ can be
described in t e rms  of e i ther  a ra nc ~~- r i i  walk or a ~uu~ -ri.itj on .f random
va riables (sideways unit de f l ec t ions ) .  T h u s ,  t his c a t  i l l u s t r a t . - s  the  n-
t ra l  limit theorem.

A. 5 Physical Interpreta t ion of Genera t ing  G r a p h

The original i n t e rp re t a t ion  of the t r ee  b y M .knde lb~ ot was the  gen e ra t i -
of a word of a natural  language by adding a le t te r  (n = 2 6)  or a w o r d - t e r m i n a t -
ing space ( t = l ) .  The reent rant  g r ap h of Fig. 19 could r e p r e s e n t  the random
walk followed by a ball falling throug h Galton ’ s peg bo ard  (an educat ional  aid
for  demonst ra t ing  the Gaussian d i s t r i b u t i o n ) .  Re tu rn ing  to the t r e e ,  it
might represent  the repeated division of a whole into par ts , thus exp la i n i n .
Zipf-l ike distr ibutions of income , sand particle sizes , e t c .

More to the point he re , t he t r e e  mig ht r epresen t  a repeat  of t h e  p ro-  £
duct ion rules  of a context  f r ee  g r a m m a r .  A simple ex~i y n ~~le i s  the palin-
d rome  g e n e r a t o r  (Fi g. 18):
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FIG. 18. INFINITE HOMOGENEOUS TREE FIG. 19. FINITE REENTRANT GRAPH
G IV I N G  A Z IPF D ISTRIBU T I ON. GIVING THE BINOMIAL

DISTRIBUTION. - .

FIG. 20. SPEC IAL CASE OF TREE WHIC H FIG. 21. FINITE TREE GIVEN THE
GIVES GEOMETRIC DISTRIBU— UNIFORM DISTRIBUTION.
lION.

e e—e e—c e*e—c A+e— c

e + e — e  A + e - e

FIG. 22. REENTRAN T PATHS IN GENERAT ING
AN ALGEBRA IC EXPRESSION.
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0- 
~ = ( A .  14)

If the probabi1i t~ of us ing  e a c h  r u l e  is equa l  ( to  1/5) fo r  all s tep s ,  t h e n  B
is Ir . 5/ ! n2  = ~~ . 32 b y so l v ii u ~

2e  B = I A.  15)

and the approximatL d is t r ibut ion  is

(A. h i

Probably the most  s u c c e s f ul  th e o r y  of n a t u r a l  l a n g u aL e s . and i. . r t a i n l y
of computer  languages.  f r o m  the mathemat ica l  point of vi e w i~ t hat s ta r ted
b y Chomsk y . The Backus N o r m a l  Form has become the s t a n d a r d  way to
formal ize  the g r a m m a r  of compute r  l anguages .  C o n s i d e r  the f r a g me n t

(expression) : = express ion  { +I_ I / I* }  çexpression>

<~expressio n> : = A ~ B I C ~ D

Let e represent  <expression? and consider the d e r i v a t i o n s

e~~~e - e~~’e - C~~~e + e - C= ~’A + e - C=~- A + B - C

e~~ ’e - e~~’e + e - e= ~A + e - e~~>A + B - e~~’A + B - C

This i l l u s t r a t e s  that  r e e n t r a n t  path c o r r e s p o n d s to d i f f e r e n t  ways to d er i v e
the same expression.  In a f requency  count t he re  is no way to d i st i n g u i s h  the
A+B- C’ s which were  gene ra t ed  in these  two ways , and usual l y in m a n y
others .  This example does not il lus t ra te  an ambiguous g r a m mar .  since
onl y the second der ivat ion is a left most der iva t ion .  Since r e e n t r a n t  pa ths
can occ ur even if the language is inheren t l y un ambigu ous .  the cases between
the t ree  and the Galton board a re  of paramount i n t e r e s t  in s tud y ing t he
stat istic s of the elements  of a p rogramming  language .

A. 6 R e m a r k  on “ L e a s t  E f f o r t ”

Several  au thors  have explained Zi p f’ s law as a i e s u l t  of a in fo rmat ion-
maximizing or c o s t - m i n i m i z i n g  p r o c e s -~, but t his S e t - m s  to eithe r i nvu lve
c i rcu lar reason , or to beg t he quest ion.  The a rLllm ent may be s imp li f ied

-1 (~
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t & >  S U f l i ( t h L i ( 1  l ike t h i s :  le t  c. )~~ the  c os t  associated with t h e  ~~ word ,
pt r~eins rct )resenting its 1 e n i ~’1h. If the c1 a re  s u b j e c t  to co nst  r a i r i t  - - such

r e q u i r i n g  t hat no word h~’,~in anothe r word , Shannon has shown t h a t

IL ~ p 1 Im ~ ~. 
~ 

c . = C . A. 17)

If we wish to m i n i m iz e  C with fixed 1-1 the p t 1 n ~ u i 1  value of c~ i s

c 1 log ~~~
— . (A. l.~)

The same rela t ion should hold if we wish to maximize H with fixed C, or
to m a x i m i z e  H/C. if  somehow it is known that

log k i (A. 19)

then p~ follows Zip f’ s law. This m e r e ly t r a n s f e r s  the problem to ex-
pla in ing  wh y c~ v a r i e s l o g a r i t h m i c a l ly ,  at3d in fac t  this  is usually done by
a g e n e r a t i n g  t r e e  such as d e s c r i b e d  above.

L~~~

. 

_ _ _ _  
- .  — .• 

_ _ _ _ _ _ _ _ _ _ _



r~~~ 

- 

R e i t  r i - l i c e  S

1. ‘ i h e  P s y c h o —  b i o l u~~v of L a n g u t n t :  An  tnt  r o d u c t i o n  to Dy n a m i c
Ph i l o l ot ~v , ‘‘G. K. 1. i p f , Fi rst Edition H 5 by Houghton Miffi n Co.
F i r s t  \ t . 1. 1 . P r e s s  p a p e r b a c k  e d i t i o n , 1 165.

~~~. N i t i o n a l  L o i t y  and Disunity, ” G. K. Zi pf , 19 41.

3. ‘ H u m a n  B e h a v i o r  and the Princi ple of Least Effort , “ G. K. Zi pf ,
A d d i s o n -  \ V e s l e y ,  1) 4 1 .

4 . “ L a n g u a g e  and C o m m u n i c a t i o n , ” G. A . Miller , McGraw-Hi l l , 1q 5 1.

~~ . “On Human C o m m u n i c a t i o n, ” C. Che r ry, M. I. T. P res s , Second
E d i t i o n , 1 ) 7 0 .

n . “The Estimation of Probabilities: An Essay on Bayesian Methods , ”
1. J. Good , M . I . T . P r e s s , 1965.

7. “Sys tem Eng i n e e r i n g , ” H. Goode and R .  Machol , M c G r a w - H i l l , l~~57.

8 . “The P L / I  Machine :  An I n t r o d u c t i o n  to P r o g r a m m i n g , ” E. N e u h o l d
and H. Lawson , J r . , Addison-Wesley, 1 ) 7 1 .

9. “On R e c u r r e n t  N o i s e  L i m i t i n g  C o d in g , ” B. \ l a n d e l h r o t , P r o c e e d i n g s
of the Sympos ium on I n f o r ma t i o n  N e t w o r k s , p. 205 , Pol y t e c h n i c
Press , Brookl yn , N Y , 1954 .

10. “On the Theory  of Word  F r e q u e n ci e s  and on R e l a t e d  \ l a r k o v i a n  M o d e l s
of Discourse ,” B. Mande ib ro t , P r o - e e d i ng s  of Sy m p o s i a  n A pp l i e d
Mathemat ics , Vol. XII , p. 100 , A m e r i c a n  M a t h e m a t i c al  S o c i e ty ,
Providence , RI , 1961.

11 . “Stud y of Genera l  Di g ital Codes  wi th  Emph a s i s  on Si gnal  C o mp r e s s i o n . ”
A. Laemrnel , Pol ytechnic  In st i t u t e  of B rook l yn , R e p o r t  No.  PIBEP-
73-125 , F a r m i n gdale , N Y .

12. “Human Memory and the Storage  of Informat ion, ” G. Mille r , I. R. E.
Transac t ions  on Information Theory ,  Vol. IT -2 , No, 3 , pp. 129 - 127 , 1956.

13. “Study of the A ppl ica t ion  of C o d i n g  T h e o r y , ” A.  Laemmel  and
B. R u d n e r , P I B E P -  6 ) - 0 3  I , Pol y techn ic  I n s t i t u t e  of B r o o k l yn ,
June 1969, p . 4 - 2 .

14 . “A T r e a tt 3 e  on A d v a n c e d  C a l c u l u s , ” P. Franklin , Dover Publications ,
New Y o r k , D o v e r  E d i t i o n , 1 )64 .

15. Symbols,  Si g n a l s  and Sy s t em s  in N o i s e ,  J . R .  P i er c e , H a r p e r and
Rose , 1) 6 5 .

48

A
- .t-~ _ _ —- ----,- - - -~~ ~~~~~~ - — I ~~~~~~~~~~~~~~~~~~~~ 

— -  — ----- —--————-—- . - — - - -.~ -~



R e f e r e n c e s  ( c o n t i n u e d )

16 . “A Theory  of W o r d - F r e q u e n c y  D i s t r i b u t i o n , ” A . P a r k e r - R h o d e s  and
- - J. Joyce , N a t u r e , Vol .  178 , p. 1308 , Dec . 8 , 1956.

17. “Sof tware  Phy s i c s :  Basic  P r i n c i ples , ” M. Haistead , IBM Research
R e p o r t , R J I  582 , I BM R e s e a r c h, Y o r k t o w n  Hei ghts , N Y , May 1975.

18 . “An E m p e r i c a l  Stud y of F O R T R A N  P r o g r a m s, ” D. E. Knuth, Stanford
U n i v e r s i t y  Computer  Sc ience  Depa r tment  R e p o r t  No.  CS- 186 , 1970.

19. “A P r o g r a m m i n g  Theory  Based on Communica t ion  Theory ,  L i n g u i s t i c s ,
and Swi tch ing  T h e o r y , ” A. E. Laemmel , unp ublished memo.

20. “ S o f t w a r e  Eng i n e e r i ng , ” M. L. Shooman , Notes  for  cou r se  ES 909,
Poly techn ic  I n s t i t u t e  of New Y o r k .

2 1 . “ P r o b a b i l i s t i c  Models  fo r  So f twa re  Re l i ab i l i ty  P red i c t i on , ” M. L .
Shooman , p. 195 , S ta t i s t ica l  Computer  P e r f o rmance Evaluation,
W. F r e ib er g e r , Ed. , Academic  Press , New York , 1972.

22.  “T h r e e  Models for  the Desc r i pt ion  of Lan g ua ge , ” N . Chomsky,  IRE
T r a n s .  on In form. Theo ry ,  Vol. IT-2 ,~ 1956 , pp 113-124 .

23. “The Syntax and Semant ics  of the Proposed In t e rna t iona l  Al gebra ic
Language, ” C . Backus , UNESCO c o n f .  on Info. Proc. ,  P a r i s ,
1959 , pp. 1 2 5 - 1 3 2 .

49

_ _ _ _  A 
- .



F — ~~~~~~~~ ~~~

MISSION
of

Rome Air Development Center

RAW plans and conducts research , exploratory and advanced
developzient programs in coimmand , control, slid comsw,ications
(C 3) activities, and in the C3 areas of informatior~ sciences
and intelligence. Th. principal technical mission areas
are con,nunications, electromagnetic guidance and control ,
surveillance of ground and aerospace objects, intellig~ ice
data collection and handling, .Lnf or mstiOf l  system technology,
ionospheric propagation, solid state sciences, m.icr0W 1~ ’

physics and electronic reliability, maintairzibilitg and
compatibility.

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 6

‘
~~ ‘#~ ..iY;

“~‘e ~~~~~~~~

/
I
i

-

, 

1 
I.

~ 

- 

~~~~~~~~~~~ - -  -~~— -— -~~.. -~~~~~~~~~~~~~~~~~~~ - -
~~~~ -~~ ~~~~ - - - -  - - -~~~~-- - --.~~


