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I. INTRODUCTION

The ability to provide good estimates of statistical functions of ocean data is an
important area of research within the Naval community. A new approach for estimating
one of these statistical functions, the spectral density function, is the focus of work report-
ed here.

In this report we compare two discrete time spectral estimation techniques for esti-
mating the spectral density function of a continuous time process. This comparison consists
of theoretical results which give the asymptotic performance of the two spectral estimation
schemes along with simulation results for finite sample size estimates. The two spectral
estimation schemes considered are periodic spectral estimation and Poisson spectral estima-
tion. In the first case, samples of the continuous time process are taken at discrete instants
of time which are equally spaced. The Poisson spectral estimate is based upon samples from
the process which are taken at points of time determined by a stationary Poisson point
process.

Theoretical asymptotic results for the bias and variance of the Poisson spectral esti-
mate have recently been developed [1, 2] and are very similar to the asymptotic expressions
for the bias and variance of the periodic spectral estimate. Since only the asymptotic results
are available for the Poisson spectral estimate, the performance of the estimator for a finite
number of samples is not known. Hence, an evaluation of the performance of the Poisson

spectral estimator for a reasonable number of samples is an important first step in the appli-

cation of the theoretical resuilts.




II. THEORY

In this section we present the asymptotic behavior of the bias and variance of the
periodic and Poisson spectral estimation techniques. The periodic spectral estimator is a
consistent estimator of the aliased version of the true spectral density. The Poisson spectral
estimator is, however, a consistent estimator of the true spectral density [3,4]. Similarities be-
tween the asymptotic performance of the two estimators are noted. Derivations of these
= results are presented elsewhere [1],

Throughout this report we let X = {X(t), - ee <t <o} be a continuous parameter,

zero mean, second order, stationary random process with correlation function C(t) eLl and

] spectral density function ¢()) given by
‘ o0
o(\) = J/ C(t) e\t qe/or .
-—O0

A spectral window, used tc smooth the data used in the spectral estimate, is generated as
f follows: Let H(A) be a real, even function which satisfies

[ /oo HQA)dx = 1

(= =]

[ moyian<e.

—oo H
The spectral window, WN()\), is defined by

3

] WNO\) = MN H (MNA) , (II-D)

where MN > 0 is such that ]

Mp =« and MN/N*O,asN—wo .

The corresponding covariance averaging kernel, wy(t), is given by

wn(t) = h(t/My) (11-2)

where li(t) is the Fourier transform of H(A),

o0

h(t) = / HOelth dx (11-3)

{' ~00 3
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A. Periodic Spectral Estimation

Let the process X be defined as X = {X(tn)}°° where the sample instants {t, }
. Nn=-o00
are given by

ty S n/pin=0£1.£2, ..

and p > 0 is the sampling rate. It then follows [4] that X is a wide-sense stationary process

with zero mean, covariance sequence

¢y = C/p) . n=0.%1,...

and spectral density function

o0
SN = p z 6(o\ + 27k p) . (11-4)

k=-o0
Note that s(A) has period 27 and is integrable over [-w.m] with Fourier coefficients

m
¢, = / el gA)dA . n=0.%1,... .

-

Now the spectral density, s(A). of X can be estimated by the usual technique of
smoothing the periodogram of the discrete-parameter stochastic process X. The estimate of
s(\) based upon the samples {X(n/p)}}j:l is

[= -]

SN = [ W =) Iy du (11-5)
00

where Wy (A) is the spectral window (11-1) and In () is the periodogram

2

N
INO) = z X (k/py e IkA} (11-6)
k=1

We note that aliasing occurs in (11-4) unless ¢(A) is zero for X ¢ {-mo.mpl. i.e.. &(N)
cannot be uniquely recovered from s(X) unless ¢(A) = 0 outside of [~wp,7p]. For the spe-
cial case that ¢(N) is zero outside of {-wp.7mp]. then ¢(+) can be recovered from (11-4) and is

given by

o) =-:;s(x/p) . (11-7)




In the case in which the process X is bandlimited, say from -W/2 to W/2, then the sampling
rate p can be chosen large enough so that ¢(+) is zero outside of [-mp, pwl,i.e. wp=>W/2 or

p=W/2r .

The quantity W/2m (cycles per second) is called the Nyquist rate of sampling and is the
minimum rate at which one can sample and still recover the spectral density of the original
process X. If X is not bandlimited or the sampling occurs at a rate below the Nyquist rate,
then aliasing occurs and ¢(A) cannot be recovered from s(A).

The form of (11-7) motivates the estimate for the case when aliasing occurs. Specifi-

cally, define

YO = %s()\/p) = z SO\ + 27kp) . (11-8)

k=00

We note that () is periodic with period 2mp and mtegrable over [-mp,mp]. The
estimate of ¥ (A\) based on the observations {X (n/p)} n=1 is given by

‘A#N \) = %ASN (\/p) (11-9)

and by (II-5)

I =2 [ Wy (D) Inwan (11-10)

Note that since yN(A), the estimate for ¢(M), is periodic with period 2mp then at best we can
recover Y(A) from the sampled data. However, as the sampling rate p tends to infinity
Y(A) tends to ¢(A).

The form of the estimate (11-10) for xlA/N()\) is convenient for obtaining asymptotic
properties of the estimator, however, for practical implementation, the following form is

used

4

N-1 N-m

o=k 2 ) 3 ) 3 X))

j=1 =1 j=1

(1-11)

where h is defined by (II-3). The above form of Y is obtained by substituting (11-6) into
(II-10) and making use of (II-1) and (II-2).




We now look at the properties of the estimate YN(A). The effects of aliasing will be
emphasized.

Theorem 1. Let the covariance function, C(t), of the process X satisfy
(1) tC() el

oo

(ii) z n |C(n/p)| <eo .

n=1

Then the asymptotic mean of the estimate YN(A) is given by

o] = [ [Bo (5] vwneo ()

as N = oo and the 0(1/N) term is uniform in \.

The proof of Theorem 1 is given in [1]. By letting N = o we see that

lim E [\[/N()\)] = ¢@A)

N = o0
and the estimator Y () is an asymptoticaily unbiased estimate of ¢ (X). However. recall
that we are interested in estimating ¢(\), the spectral density of X, and not y(X). the spec-

tral density of X. From (II-7) and (11-9). the best that we can hope for is an estimate of

¥ (A), which contains an aliasing error, e(\), defined by

€)= YA -o6(M)

z o(N+ 27 kp) .
k=-o0

k#0

Note that the aliasing error is independent of N, the total number of samples used to form
the estimate, and therefore cannot be reduced by increasing the sample size.

The following theorem gives the covariance of the estimate @N(?\) for Gaussian
processes.
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Theorem 2. Let X be a Gaussian process with covariance function C(t) satisfying
iy tC(t)el

(i) z nlCn/p)| <oo .

n=1

Let the spectral window be given by (II-1) and suppose H(A) is bounded and differentiable

with bounded derivative. Then asymptotically (as N — oo)

N M - =
cov [wN(x), ¢N(#)] = N[5, 5)\,_#] by +et? [ H2wdu

where 57\ u is the 2mp-periodic extension of the Kronecker delta function

1,if A-u (mod 2mp)
BA = { i
H 0, otherwise ,

and the 0(+) term is uniform in X and 4. Moreover,

M oo
ZTTTN [¢(>\)+e(7\)]2 f H2(u)du , A # 0 (mod p)

-0

Var gy ~

[= ]

M
ar—r oM +e1? [ HAwdu. x=0modmp) .

—00

The proof of this theorem follows the proof in [5, Theorem 5.6.2].

The results of Theorem 2 are valid for non-Gaussian processes as well, under addi-
tional conditions on the fourth-order cumulant function of the process X [5, 61. It can
now be seen by Theorems 1 and 2 that for Gaussian processes the estimate @N()\) con-
verges in the mean-square sense to Y (A) as N—>co. However, it does not converge to ¢(\)

due to the aliasing error e ()\).

B. Poisson Sampling

The motivation for Poisson sampling is discussed in [1, 2]. Among the sampling
schemes which yield consistent estimates of ¢(X) from the observation {X(tk)}:?=l' the
Poisson sampling scl}.eme"'ié the simplest and the most fundamental [1]. Here we only intro-

dace the estimate and state its bias and covariance for the sake of comparison with the

periodic estimate YN ().




e

Assume that the process X is sampled at instants {t, } given by
tg =0 (1-12)

= = I
t th-p T, n=1,2....

n

where the {a, }are independent identically distributed positive random variables with a
common exponential distribution F(x) = 1 ~eBX_ 1t is assumed that the sampling instants
{t, }::0 are independent of the process X. Note that §is the uv:age sampling rate and as
shown in [2], almost every realization of the point process {tn }n=0 has a “density” of
points g.

Given the observation {X(tk)}llj=1 , we consider an estimate ‘;NO‘) of the spectral

density ¢(A) as follows {1]:

N-1 N-n
pu(N) = —— X Xty b (kY o 1-13
¢N( ) = _”BN (tk+n) (tk) 1 M Cos (tk+"—(k) (11- )
n=1 k=1 N

where h(t) and MN are as in (II-1) and (1I-3). It can be seen that the estimate has an almost

identical structure to that of the periodic estimate (11-11). Define the bias of the estimate
(11-13) by 1

b [anv] = & [dne] s

We then have the following results [ 1] stated here without proof.

Theorem 1': Let the covariance function of the process X satisfy tC(t) e L. Then,

asymptotically as N—oo,

E [q)N()\)] = f WNA-) ¢(u) du+0(—111')
where the O(1/N) term is uniform in A.

Theorem 2': Let X be Gaussian with covariance function C(t) satisfying |C(1)| <
b(t) for all t, where b(t) denotes any continuous even nonnegative function on the real line
which is nonincreasing over [0,20) such that tb(t)e Ll' Let the spectral window be given by

(I1-1) and suppose H(A) is bounded and differentiable with bounded derivative. Then

asymptotically as N—oo




e o

o

oo

A A 2
cov [y 0. ¢N(u)] = 2B(8y + By ) [¢(x)+%%2] [ H2wau

-0
2 \
M M
N N
+0 <N2 log N ) .
where 8)\ u is the Kronecker delta function

1,A=u
0, +*u ,

8)"#

and the 0(*) term is uniform in A and u. Moreover
M 2 -~
Var [¢N(>\)] ~ g [«n(x) + %r%l] (+85 [ Hlwdu .
00

The results of Theorem 2’ are valid for non-Gaussian processes as well, under addi-

tional conditions on the fourth-order cumulant function of the process X [11.

C. Comparison

In order to compare the asymptotic performance of the periodic-estimate (1{-11)
and the Poisson-estimate (11-13). we assume the two estimates to have the same number of
samples N, identical window functions H(X) and identical sampling rates p=8. It is then
seen by Theorems 1’ and 2’ that the Poisson-estimate @N(M converges in the mean-square
sense. as N—o0, to the spectral density ¢(A) for any positive value of the average sampling rate
B. On the other hand. it is seen by Theorems 1 and 2 that the periodic estimate (1I-11)
does not converge to ¢(X), as N—oe, unless ¢(A) = 0 for |[\| > mp. Comparing now Theorems
1 and 1', we find that for the periodic-estimate J/N(M we have

o] - [ [hon (53] owane [ [dwn (5] e

]
+ ———
0 (%)
where the second integral represents the increase in the mean of the estimate due to the
aliasing error. On the other hand, for the Poisson estimate dN(A) we have




[~ -]

4 Efonm] = [ Wnoewowau+o (&)

-0

with no aliasing term and no dependence on the sampling rate 8. For the variances of the
two estimates, we see by Theorems 2 and 2’ that the variance of the periodic estimate is
proportional to [¢()\) +e(N)] 2 whereas the variance of the Poisson estimate is proportional
tof |o(A) + (‘:"(T([)}l “. It is clear that the aliasing error () increases the variance of the
periodic estim;‘;te while for the Poisson estimate the variance is more complex. In fact, as
shown in [1], there is an optimal value of 8 which minimizes, for each fixed X, the variance

and hence the mean-square error of the Poisson estimate. namely

Bo(N) = C0)276(N) . (11-14)

In any case. the relative value of the two variances cannot be determined without specifying

o).

pi i




11I. GENERATION OF DATA

In this report we consider three spectral density functions which are associated with

different second order random processes. Specifically, the spectral density functions consid-

ered are
o
o) = ——— | (I11-1a)
o +22
2
24\
o0y = ——= i - (111-1b)
(12-202)" +4a22
and
ax2 ax2
S(\) = 2 al“/m + 2a\‘/m . (ll-1¢)

3 3
(32-202)" +4a2a2 (2-12)" +4a?22

These spectral densities have been chosen because they possess certain characteristics which
are found in data obtained from the real world. The first spectral density (IH-1a) is a tirst
order Gauss-Markov process. This spectrum is fairly flat and could represent wide-band noise
which has a constant spectrum. The second spectral density function (111-1b) could repre-
sent a carrier modulated by a narrowband signal. Finally. the last spectral density function
(II-1¢) represents two closely spaced carriers modulated by narrowband signals.

The remainder of this section describes the generation of data which represent
sampled values of the associated random processes. The aliased version of each of the three
spectral densities is derived and the dynamic representation of the three spectral densities is
obtained. The dynamic representation provides a recursive method of generating the sample
values. Finally, the statistics of the random variables which are needed in the dynamic

representation are given.

A. First Order Gauss-Markov Spectral Density

The first order Gauss-Markov spectral density function (HI-1a) has the simplest
structure (Figure 1) of the three spectral densities used in the simulation. It represents a
nonbandlimited low pass spectrum and provides a test of the bias of the spectral estimators

(11-10) and (I1-12). The correlation function R(t). is given by

R(t) = eIt

Since the spectral density function is not bandlimited and the mean-square bandwidth also

does not exist, we will refer to the half power noint (or 3 dB down from the maximum) as

10
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the nominal bandwidth of the process. The nominal bandwidth of (Ill-la)isA =1.0
(radians/second).
In this case, the spectral density of the discrete parameter process X is an aliased

version of ¢(\) and is given by

YN = D> e+ 2rk)

k=—o

)
1 o
27 14q2-2q cos Mp

with q = e~®/P_ This follows easily from the Poisson summation formula which gives s(\) as

s = 5= > Rawjpyeind

Nn=-00

and ¥ () can be obtained from s(A) by (11-8).

The Dynamic Representation

Since ¢(\) is a rational spectral density function, the dynamic representation of the

associated process can be obtained via the procedure outlined in the appendix. We have

1 12

Y P
iN+o

s = 2

and by (A-2)

X'(t) + FX(t) = Gu(t)
where u(t) is a Gaussian white noise process with correlation function 8(t)/2a. FF = -a. and

G =y/2a. Then by (A4)

t

X(t) = d(t-7) X(7) +f B(t-v) G u(p)dy (111-2)
T

where P(t-7) is given by (A-5).
Therefore, a recursive representation is obtained for the process by replacing t with tk+) and

7 by ty in equation (I1I-2). This yields

t
k+1
-aft -t —aft -
X(t: 4p) = e i+ “)xnknG f e K ) aw
k
~alt -t
=¢ K+l k)X(tkHG €k (11-3)

12




with

t
-0 t -
€ = f e (k) V)u(v) dv .

In order to simulate the X process the{t, } must be known and the €, must be ob-
tained. Let X(t5) = X(0) =0. The €) are zero mean Gaussian random variables since they
are obtained by a linear operation (integration) on Gaussian random variables u(t). Now
only the variance of € has to be obtained in order to completely specify the behavior of the
X process at the instants {t) }.

The variance of € is computed as follows

t t
k+1 k+1
2 -t -v) -ty -
EGI: = E f f ¢ (k1 V)e (tery =) uy)u(n)dedn
tg ty
Wl WKL g L mp) —adty g -m)
= e k+1 e k+1 6(v-n)dvdn
k tk
R ey, v
= f ¢ k+] dV
B
=dalty 4 ~t
=_’l_[,_c (it k’] .
Ja
4 The variance ofnk =Gegis
I ) gy -t
: Eni = G2 - Ee, = R(O) [I e 2kt k)] . (111-4)

Also, it can be shown that the €y are independent random variables. This fol-

lows from the definition of €k in terms of the white Gaussian noise which makes the €y

uncorrelated, and since the €y are Gaussian it follows that they are, in fact, independent.

Poisson Sampling Model

The following model describes the method used to generate the sampling points and
the values of the process at the sampling points. Let the sampling instants {t) } be generat-
ed by a Poisson point process (11-12).

lnaekautiisentni
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5 Then the dynamic representation is

X

2 X(0) =0

3 ~altpy) - 1)

Ly X(tpp) = ¢ KK Xt +my

where the ty are given by (11-12) and 7 is a sequence of independent zero mean Gaussian

random variables with variance (equation (I111-4))

02 = [l —e-z(tkﬂ-tk)] .
Nk

Note that the variance will change for each k.

Periodic Sampling Model

In the model for the periodic sampling case the {t } are determined by
ty = kh.k=0.1,2.... (111-5)
where h is the time between samples. The sampling rate, p. is given by

p = 1/h .

Let Xy = X(kh). Then the dynamic representation simplifies to

Xy = 0
Xie = €Ky + 0y

where the {Ok} are independent identically distributed zero mean Gaussian random varia-

bles with variance

og = [1-¢2/P) .
k
Note that the variance of 6 does not depend upon k.

B. The Narrowband Spectral Density

The spectral density used to represent the process X for the narrowband case is given
by

2a A2
3
" (V2-a2) +4a222

[ ]

o(\) = (11-6)

R L

14




where 2 a/m is a normalization constant such that the correlation tunction evaluated at 0 is
equal to 1, i.c., R(0) = . A representative form of the spectral density given by equation

(I11-0) is shown in Figure 2. The correlation function is given by

* o0
R(t) = f o) elth gx
e )
= it (cos wit -\—Nu;sin wot). t>0 (111-7)
where
) )
wo = )\'—az
o o

The maximum of the spectral density occurs at A = A, and is

oAy = 1/2ma . (111-8)
The half-power point, A, is obtained by solving

o\ = o(Ay)/2
for A}, which yields

A = \/:a2+7\2+’u I (111-9)
h = o - o

By adjusting A, and A}, the “bandwidth™ of the narrowband stochastic signal can be made

to provide an appropriately narrow peak to the spectral density.

The aliased version s()\) of (I11-6) is derived as follows. Let rin) be the correlation
function of the discrete random process X. Then r(n) = R(n/p) where R(*) is the correla-
tion function of the continuous time random process. Therefore. s(A) is given by the Poisson

summation formula as

s(\) = 2—'7r z R(n/p) e”1NX - (111-10)
n=-oo
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; Since R(*) is an even function, s(*) may be rewritten as

0 oo

& sQ\) = —,—'1; R(0) + z R(n/p) e~inA + z R(n/p) ein?
n=1 n=1

[= -]
= L [RO+2Re > Refp) emint
n=1

T T e T e el

From (I11-7) the correlation function can be written as

wotia e|-r(w0+ia) + W, ~ia ei‘r(—wo+iu)

‘ R = 2w0 2Wo
Now .
hnd g & .
z R(n/p) e~ i\ = lf_i' z em[(woﬂu)/p-)\l
..WO
n=1 n=1
woit i /o=
K in[(-w,+ia)/p-
L T 2 Jnl(-wotia)/p=A]
Yo
n=1
- wotia Jiwg-a)/p-id  wg-ia e(iwo—u)/p-n\
2w, l\e(iwo—a)/p—n\ 2w, I_e(—iwo—u)/p—i)\
_ e . cos B™+isin B=-e~d/P
=73 (wtia) = ’
=W, ]+e—_d/p _2e—d/p cos B™
+ _ cos Bt-isin Bt-e"/P
(w,-ia) = '
| +e-28/P _2e=a/P (o BY
where

B* = wo/p+X and B” = wy/p-\ .

Therefore,

- .
2 Re z R(n/p) ¢~ iNA

n=|

cos B =P _ L gin B=  cos BY-¢md/P - L gin Bt
w w

[ = omi/p o + 0
: [ +¢=28/P_2¢=a/P cog B- 1 +¢™28/P _2¢=8/P (o5 BY




AYA.WA,‘..n. ,‘.<V<n.,,.
,‘. A e . j

Hence, the aliased spectral density is

ema/p (cos B~ ~¢4/P --“'/i sin B')

] [
q = e +
s(A) 3 l 1+ e-2a/p . 2e‘a/p cos B™

e=d/p (cos Bt -e-a/p - L gy B+)
Yo
1 +¢-28/P _ e3P o5 BT

+

By (11-8) the scaled version of the aliased spectral density in which we are interested is given
by

w
p

, W , 2w,
-2 (q3+q) sin —-0] cosL+ 24 q2 sin =0
wo P P w0 P

2w 2x)

1-q%+2 [(q3—q) cos

_ L
YA = 3p

+ cos ==
p

(I11-11)

2 w
(1 +q2) —4(q3-q) cos F-Ocos%+ 2q2 (cos
where q = e=alp,

The Dynamic Representation

From (A-1) we have

iA 2
(V)2 + 2a(ih) + 2,2

.22 o
#(A) = pe (111-12)

and by (A-2) the dynamic representation for the process X is
X" (0+2a X (D + A2 X(®) = u' (V) .

Using (A-3) the F and G matrix becomes

22 1
F = . (I11-134a)
..)\2 0

G = :, . (I1-13b)

In addition X (t) has the representation (A-4)

t
X() = ®(Ltg) X(tg)+ [ @(t.1) Ger) U(r) dr

b

where &, the state transition matrix, satisfies the (deterministic) differential equation




.
dd(t.t,)
, —gr - Few® . (111-14)
Taking the Laplace transform of equation (I11-14) and using the fact that ¢(t,t) = I yields
‘ N ~
sh(s)-1 = Fd(s) (111-15)
where ®(s) is the Laplace transform of
o111 91,(D)
P(t) =
d71 (1) 977 (1)
Solving (I11-15) for &3(5) and using (IT11-13a) gives
®(s) = (sI-F)”!
1 s 1
=575 (111-16)
s-+2as+>\o _)\2 s+2a
o
Taking the inverse Laplace transform of (I11-16), the state transition matrix becomes
o1 (1) = emat (cos wot—i sin wot) (I1-17a)
Yo
1 —at .
P12(1) =5 A sin wy, t (111-17b)
B (t) = _.>‘_2 e—at g Il-17¢ é
21 W sin wot ( ¢) 4
o
— .—at a_ .
¢22(t) = ¢ (cos wo tt V-sm W, t) . (111-17d)
0
The recursive dynamic representation with tg =0 is then
X(Ik.H) = X| (e }=9¢) 1 (tk+1—tk) X (t) + o5ty -ty X: (tk)
]
tk+1 ]
[ s u@ dr (111-184)
k
and
X:(tk_H) = ¢2l(tk+l -t X () + 27 (g ~ty) Xz(tk)
tk+1
( [ ey tp-numar (111-18b)
: fy
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Define the random variables 8) and Ny as

tk+1
0, = f 011 (teay -1 u() dr ,
tx
tk+1
ng = f ¢ (g =T u(r)dr ,
t
k

and assume the initial values of X and X2 are zero, i.e.,

X(0) = X5(0) = 0 .

Since u(7) is a zero mean white Gaussian noise the random variables 8) and ny are also Gaus-
sian random variables with 0 means. The sequences {0} }::_l and {nk }:_] are each a se-
quence of independent random variables since each 8y (and n;) is generated by white Gaus-

sian noise over distinct time intervals. However, 0k is correlated with ny since the time

interval of noise which generates each random variable is the same. Note that 6, and n,, for

k#n are independent by the same reasoning as above.

In order to completely describe 6y and my an expression for their variances must be

computed. The spectral density for the white Gaussian noise. u(t), is constant and equal to

¢, (\) = 2a/m
and the correlation function of u(t) is given by

R,(t) = 2m - 2a8(t)/m = 4ad(z, .

The variance of 0k is

tk+1
02=E|0|2=4a[ 62 (tp.1-m)dt
Ok k 11\ k+177
tk
Ak 5
= 4a [ 97 (Mt
o
-QuAk .
l+e (awo sin 2w A +a“ cos 2wy Ay —)\o)/w
where
Ak = tk+l-tk
w2 = )\2—d2
) o

(111-19)
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Similarly, the variance of n is

-2aA
22 2 k(
(o]

AR awg sin 2wy Ay ~a2 cos 2wg Ay +A2 JwZ (11120)

The cross correlation of 8y and ny is given by
Ax

E6m =4 [ 911000t
0

Tk

7 =21A
a)\a e 42k (cos 2w Ak—l)/w(z) ,

and the correlation coefficient is

Pk = rk/oek 017]( . (HI-21)

We now have the dynamic representation for the narrowband process X(t), with

initial conditions ty = 0, X(0) = X5(0) = 0 given recursively by
X(ty1) =61 Q) X)) + 01 2(41) X5 (1) +0y (I1-22
Xoltge 1) = 031 (A1) X)) + 929 (A1) X5 (1) + (111-22b)

where Ay =t 1 -ty the d)ij(') are given by equations (1II-17a) — (I11-17d), and the ) and Ny
are correlated zero mean Gaussian random variables with variances oy 2 and am(2 given by
(I11-19) and (I111-20) with correlation coefficient py (11-21).

The generation of the narrowband data is begun by transforming two sequences of in-
dependent zero mean Gaussian random variables into two sequences of correlated random
variables with a specified cross correlation. This transtormation will provide the proper meth-
od of generating sequences of the random variables Nk and 0. Given two sequences of zero
mean. unit variance Gaussian random variables {Xk}und {Yk} we will obtain the transforma-
tion which will yield two sequences of Gaussian random variables {6) } and {nk} with vari-
ances {agk} \ {o%k} , respectively, and correlation coefficients {pk}.

For simplicity of analysis the time subscript, k, will be omitted. Let

{'W:I [cos o -sina F@
= _ ] ] (111-23)
| Z sin « cos & | n

where 0, n are the desired Gaussian random variables. Note that

(0 Cos o sin & "W
= . (111-24)
K ~sin CcOS « N/

We will find the appropriate a = a(gy, 05, P) such that W and Z are independent. Also, we

find the variances, a%v and 07 of Wand Z.
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Since W and Z are Gaussian random variables, then orthogonality and independence

are equivalent. Therefore, from (111-23)

- 120 2y .
0 = EWZ = > (an-oo) sin 2a+paoonc052a

and solving for « yields

_ 1 -1 2 2
= e t- - R
o =3 tan [2 pog, n, (onk aek) ] . (111:25)
Now, for the variances of W and Z, we compute
2.2 2 2

og,t0o g,—-0
Ez? = 41

cos 2a - 0g OpP sin 2o .

Restoring the subscripts and using (III-25) for tan 2« yields

05 +02 o)
2 _ 0k vy g 2 2 22 2 )
7 T 2 2\/(0’7k'°9k) *4pi %y Oy (1-26)
Similarly,
02 +o2 r
2 _ O ng 2 21\2.. 22 2
‘w2 2 \/(onk_oek) F40 %, Oy (=27

It can now be seen that the observations {X (tk)} E=l can be generated recursively by
Monte Carlo simulation as follows:

(i) Obtain from a zero mean, unit variance Gaussian random number generator two
sequences of numbers {Xk}]I:L] and {Yk}]Ij:]‘ Also, obtain a realization of the sampling
points {tk}kN=l. For the data used in the periodic spectral estimate the set {ty } is obtained
by (111-5) and for the Poisson case by (1I-12).

(ii) Compute Var lBk]. Var [nkl »and py from (111-19), (111-20) and (111-21)
respectively.

(iii) Compute Var kal, Var [Zk] . and oy from (111-27), (111-26) and (111-25).

(iv) Set W = (Var W, 1+1/2 X, and Z, = (Var 1Z,1}!/2 v,

(v} Compute Hk ard ng-

(vi) Finally, compute Xty 1) from (I11-22b) and then the observation X(tg4)) by
(I11-22a).
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C. TWO CLOSELY SPACED NARROWBAND SIGNALS

A spectral density resembling two closely spaced narrowband stochastic signals is the
final spectral density case investigated (see Figure 3). This data set demonstrates the ability
of the Poisson spectral estimation algorithm to resolve two narrowband signals closely spaced

in frequency. The spectral density is of the form,

Za)\z/w N 2u)\2/1r
+4a222 (32-2,2)2 +4a222

(111-28)

where Ag and Ay are the center frequencies of each narrowband signal and a is as previously
defined.

In this case we assume that XO and X are two zero mean independent random
processes with correlation functions

in (1) =77 (cos W T —-‘:—isin w; T ) ,i=0,1

where
2 2 R .
w = A -a- i=0,1

and corresponding spectral densities
5
pg 2an/n

- AN - P =
¢ (N = fu Tij(T)dT- a2 L, =0l
~00 ()\"')\j-) +4a- A~

Define the process X(t) as
X(t) = Xp(t) + X (0.
We then have by using the assumption that Xo(t) and X (1) are independent that

R, (1) = E Xg (1+7) X (D + E X (t47) X (1) = RXO(T)+ Rx' (1)

and therefore

; BN = BN+ 6 (A)

2a )\2/1r + 2a )\3/7r

(A2-292) 2+4a222  (A2-3,2)% +aala2

-—
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The aliased version of ¢(A) is
YO = Yo+ ¥ (N

where Yo(A) and Y1 (A) are as in (HI-11) .

. Iw.
l—q4+2 [(q3-q) cos Wi_2 (q3+q) sin ]cos Aio q2 sin i
P ‘”i P Wi p

1
B 2mp 2.2 A w 2
(1+g%) —4(q —q)cos p +2q cos—p—|+cos—p—

where q = ¢74/P_ i=0,1

All other parameters are as previously defined.

The Dynamic Representation

Since the spectral density ¢(A) is of the form

Po(id)
QqiM)

P(M)
Q,(in)

(M) =

then the dynamic representation of the process X(t) is simply the addition of the dynamic
representations for Xo(t) and X](t). These dynamic representations are derived in exactly
3 the samc manner as for the narrowband case considered in the last section.

The process X(t) for this case is generated from (I11-22) ,
Xt ) = Xg () + X ()
where

Xi (1) 7 811 Qi) X () + 05 12 () X o () +03 ol
=0,
s X2 () = & 21 (A) X; () + ¢4 25 (B)) X 2 () + 15 ¢

In order for XO and Xl to be independent

{ El0gx 0kl =Elngxnxl =El8gxm k]l =Elngx81xl1 =0

must be satisfied and hence four sequences of random numbers must be generated instead of
two anumws as bcfore The matrices ¢0 lJ(t) and ¢ lJ(t) for this case are given by (11I-17)
where WO = )\02 - a2 for ¢ lJ(t) and wl =N- 2 - a2 for ? lJ(t)
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The expressions for 6, | and nj k are taken from (111-24) and are of the form

Ok = Ajk ©O8 & i + By  sin o5
i=0,1
nl,k =- Al,k sin ai’k + Bl,k coS O‘i.k

where {A; \}, and {B; k) are four sequences of independent, zero mean, unit variance
Gaussian random numbers and ¢ y is defined by (111-25).

.y =t 2 -
al,k an Pl Oei Oni/ (Uni Ooi )]
The values of Pj» Uoi and Oni are obtained from (111-19) through (111-21). Specifically,

-2a A A
00i2=]+e k(awism2wiAk+u2c052wiAk—)\i2)/Wiz

o)

~2a A
S

, 7 7 2
a W, . -3 cos 2w - .-
awjsin 2w Ap —a”cos 2 w; Ak + )/wl

-2aA
Y R 2
P = (d)\i e (cos 2 w; A - 1)/wi )/Uoi,k o"i.k

where
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IV. SIMULATION RESULTS

The simulation was performed for each of the three spectral densities using the uni-
formly sampled periodic estimator and the Poisson estimator. For each case simulated both
estimators were provided with the same or corresponding parameter values. The number of

time samples was held constant and equal to 1000, and the Parzen window h(t), given by

1-612+6 103 <
h(t) = 2(1-1th? law<n (IV-1)
0 1<t

was used as the covariance averaging kernel for both estimators. The Parzen spectral window
was chosen because it reduces the variance of the estimate and is everywhere positive in the
frequency domain. This spectral window eliminates the possibility of yielding negative esti-
mates for the periodic estimator and reduces the probability of negative estimates for the
Poisson estimator. Corresponding sampling rates p for the periodic case and (average)
sampling rates for the Poisson were used for cach spectral density, specifically p = 8 for each
case. Several different values of the sampling rates were considered for cach spectral density
in order to determine their effect on the estimates.

The value of the truncation point My of the estimators was chosen for cach case as
the value which minimizes the mean squared error over the frequency range investigated.
The procedure for choosing the My was to compute several estimates of the same spectral
density while varying My; and then selecting the My for the case of smallest mean squared
error. The values of My for the periodic and the Poisson estimators do not. in general,
cotncide. This is because the periodic estimator is actually estimating the aliased spectral
density rather than the true spectral density as in the Poisson case.

The results of the simulation for each of the three spectral densities are presented in

the following sections and a summary of this work appears in [7].

A. First Order Gauss-Markov Case

For this case three sampling rates were used tor both the Poisson and periodic esti-
mates. These are p =f =2, 4 and 27 radians/second. For the Poisson case the sampling rates
correspond to average values. These rates were chosen as being multiples (2, 4, 27) of the
half power point of the spectral density. They are representative of sampling at approxi-
mately the 4. 9 and 13 dB down points of the spectral density. The number of data points
used in the simulation was N = 1000. My was selected on the basis of smallest mean square
crror, the Parzen spectral window (IV-2) was used and o« = 1.0.

Spectral estimates for these sampling rates are shown in Figures 4, 5, and 6.

The continuous curve appearing on the graphs represents the true continuous time spectral




density ¢(X). The spectral estimate $(7\) for the Poisson case and $(X) for the periodic is
represented by a continuous curve with square symbols. The graphs for the periodic case also
contain a dotted curve representing the aliased spectral density Y(\).
: * Figure 4 compares the two sampling techniques for p = § = 2 radians/second. The
periodic graph shows a large amount of aliasing with period 2mp which inhibits for any X a
reasonable representation of the true spectral density ¢(A). On the other hand the graph
representing the Poisson technique does not indicate any aliasing effects and for all X pre-
sented on the graph a fair estimate is provided.

By doubling the sampling rate to p = § = 4 it is seen, Figure 5, that aliasing in the
periodic estimate is reduced. This is because as p becomes larger ¢(\) becomes smaller out-
side the interval [-wp, wp]. This estimate for the periodic case is still very poor. The corre-
sponding Poisson spectral estimate is very good with only slight fluctuations from the true
spectral density ¢(A). The reason this estimate is so good, especially at the origin (A = 0). is
that from (II-14) 8 = 4 rad/s is near the optimal ( rad/s) for X on or near the origin.

The periodic spectral estimate for the sampling rate p = 8 = 2x rad/s, Figure 6,
begins to resemble the true spectral density ¢(A) but is still heavily influenced by the aliasing
error. The Poisson estimate still provides a good estimate, especially in the tail
1 A= 2
- For curiosity’s sake the frequency axis of the Poisson graphs was extended to X = 21
and spectral estimates were computed. The resulting estimate, which is not shown here,
closely followed the true spectral density all the way to A = 21 with no sign of aliasing or

increasing error.

4 B. Narrowband Case

Here the two estimates (II-11) and (I11I-13) were evaluated for the sampling rates

p=8=2ma=0.6rad/s (IV-2a)
p=pf=22rad/s (IV-2b)
p=p=3.2rad/s (IV-2¢)

The sampling rates were chosen to represent a sampling rate well below Nyquist (IV-2a), one

at the 3 dB point on the spectral density (IV-2b) and finally a sampling rate (IV-2¢) far above
the center frequency. The first rate (2ma rad/s), in addition to being below Nyquist, is well
below the peak of the spectral density. From (11-14), this is the optimal rate for estimating
the peak at A = A,

As with the first spectral density simulated, N = 1000. My was selected on the basis
' of smallest mean square error, the Parzen spectral window (1V-2) was used. and the parameters

a and Ay were chosen to be 2.1/22 and 1.0 respectively.
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The results for the simulation of this spectral density are presented in Figures 7
through 9. Figure 7 shows the results of the estimates for p = § = 27a rad/s. This sam-

pling rate is well below the band which is centered at A, = 1. The periodic estimate shows

no resemblance whatsoever to the true spectral density ¢(A). The majority of the error is due
to spectral aliasing. The Poisson estimate for this case provides a slight bias, in frequency, but
otherwise a very good estimate of the spectral density. No aliasing is present in this graph for
any A. Figure 8 shows the spectral estimates for the second sample rate p = § = 2.2 rad/s.
The Poisson estimate in this case undershoots the peak at A = 1 by about 20% which is about
1.0 dB. The periodic estimate is much improved in terms of aliasing for this sample rate but
is still poor for frequencies between A = 1.0 and A = 1.5. The estimate is biased in amplitude
for most of the A but for portions of the spectral density the estimate is reasonable. If we
had extended the frequency axis of the graphs for the periodic case another pair of peaks
would erroneously appear every multiple of 2wp. This would not occur for the Poisson esti-
mate. The third sampling rate, p = = 3.2 rad/s, was used to generate the estimates shown

in Figure 9. In this case, for A < 1.5, the periodic estimate is very good but for A > 1.5 the
aliasing error dominates. The Poisson estimate gives a good representation of the true spec-

tral density over the entire range of the graph.

C. Two Closely Spaced Signals

This case, as described earlier, was generated by adding the time series of two narrow-
band signals with different center frequencies. The center frequency spacing was determined
in such a way that the null between the two peaks is located at the common half power
point (-3 dB) of the two peaks. The values of the parameters in equation (I111-28) used for
the simulation are the same as in the narrowband case with the addition of the parameter
A| = 1.334. Because the bandwidth (I111-9) is dependent on the center frequency the band-
width and the height of the two peaks differ slightly. Two sampling rates were used in eval-

uating the estimators for this spectral density:

p=p=2marad/s (IV-3a)
p=p=3.2rad/s. (IV-3b)

These two sampling rates provide an example of sampling well below the two peaks and
another of sampling above them in frequency. Other parameters used for this spectral den-
sity are identical to the narrowband case (i.e. N = 1000, a = 2.1/22). The results for this
spectral density arc presented in Figures 10 and 11. Figure 10 shows the results for the
sample rate (2ma rad/s). The randomly sampled estimate (top of Figure 10) shows fairly
large oscillations with frequency but does succeed in providing a fair estimate of the spectral

density. It is of significance that even though the crossover point between the two peaks is
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2 Figure 11b. Periodic spectral estimation of two nearby *narrowband signals sampled at
o = 3.2 rad/s with MN =585,




only 3 dB the estimate does indeed separate the peaks. For the periodically sampled estimate

there is no resemblance of the estimate to the true spectral density. In this case the aliased
spectral density is not even well estimated. It should be noted that the amplitude axis has
- been scaled down in the graphs to accommodate the large aliasing effects from the periodic
estimates. Figure 11, which is for a sample rate of 3.2 rad/s, is improved for both the ;
random case and the periodic case. The random estimate demonstrates less variance but
otherwise has changed very little. This shows, as in the other spectral densities simulated, ‘
that the Poisson technique does not depend strongly on the sampling rate. On the other
hand, the periodic estimate shown in Figure 10 is much improved, particularly for A <1.5.

Still, for the estimate at higher frequencies in Figure 11 the aliasing error drastically dis-

torts the estimate. j

D. Data Integrity ;

In a simulation study where synthetically generated data are used the question concern-
ing the quality of the data arises. The theory assumes the Poisson sample spacings (111-6) and
the data X(t) are uncorrelated from sample to sample. In addition, the Poisson sample spac- .
ings and the data are assumed not to be cross correlated. Unfortunately, for a simulation of
this type that is not possible.

A random number generator* was used to generate exponentially distributed
(mean = 1) random numbers {a}‘r(i‘ for the Poisson sample times {tk } 'I:J___] and normal
(0, 1) random numbers which were used as a basis for simulating the data {X}E=l . Sample !
auto- and cross-correlations for the random numbers used in the simulation were calculated.
The sample correlations resulting from random numbers used in the first order Gauss-Markov
spectral density for lags to +10 were calculated and the more significant values are given in
Table 1. For the autocorrelations, normalized to 1 at zero lag, the correlations were consid-
ered acceptable with the exception of {a) } forlag = 1. Similarly the crosscorrelation values
under 1.0% were considered good. It is possible that numbers with smaller sample corrclation
values could have been generated with successive computer runs, but numbers with sample
correlations of this order were considered to be representative of the random number gener-
ator and therefore the results of this simulation could easily be duplicated.

Another approach would have been to generate many sets of numbers and compute
spectral estimates for each set of numbers and average them together. This would have been i
very costly and since this simulation compares two different spectral estimation techniques,
this was not necessary.

Sample correlation values for random numbers used in the other spectral densities

simulated were very similar to those in Table 1 and are not presented here.

; *A software random number generator from the International Mathematics and Statistics Library (IMSL)
‘ was used for the random numbers. The UNIVAC 1110 computer was used in the simulation.
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TABLE 1
. {Xk} (Olk} {O‘k}{xk}

F Minimum

r of £10 lags 4.27x 107 260X 107 8.03X 107

lag = 3 23x 1073 184X 107" 261X 1072

=2 32x 1073 204 107 5.40% 1073

= 12 1073 720X 1070 -323% 1070

=0 1.0 ) 8.03X 1075

=-| -1.2x 1073 720X 1077 5.80% 1073

=22 3.2x 1073 264 % 1074 237X 1070

=-3 23x 1073 184X 1077 181X 1073
Maximum

of £10 lags 386 X 107 S7.20% 1070 5.56 X 107"

SAMPLE AUTO CORRELATION FOR DATA {Xj }, POISSON SAMPLE TIMES {o }
AND SAMPLE CROSS CORRELATION FOR {Xy } AND {oq }. AT LEFT IS
CORRELATION LAG AND MINIMUM AND MAXIMUM CORRELATION OVER
THE LAG RANGE *10.
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V. CONCLUSIONS

The objective of this work was to provide a fair comparison between two techniques
for estimating the spectral density of a continuous time stationary process.

The main feature of the Poisson spectral estimation technique is its ability to estimate
the continuous time spectral density ¢(X\) rather than the aliased discrete spectral density
Y(M). It is this property that eliminates the problem of spectral aliasing which is inherent in
some degree in all real world spectral analysis.

From the results presented in this paper it can be concluded that the Poisson tech-
nique out-performs the periodic technique in a wide variety of circumstances. This is signifi-
cant because the periodic technique is the standard method used in spectral analysis. In the
first order Gauss-Markov case the Poisson technique was shown to yield good estimates of a
“wide band” low pass spectral density. The successful estimation of the more complicated
“narrowband” spectral density demonstrated the Poisson technigue’s ability to handle spec-
tral estimates of the “narrowband” class. Finally, in the last case considered, the Poisson
technique showed the ability to distinguish two *‘narrowband” signals closcly spaced in fre-
quency. These three spectral densities were chosen for the simulation largely because they
represent the type of spectra typically encountered in ocean data.

The comparison of the Poisson and periodic techniques for the spectral densities

studied showed the Poisson to clearly excel in the following cases:

a. When the spectral density is not bandlimited.
b. When the shape of the spectral density is not known a priori.

¢. When the sampling rate is constrained to be below that of Nyquist.

If the signal to noise ratio and noise power are known beforehand the optimal sampling rate
for them may be computed and the Poisson technique used to provide spectral estimates

The main disadvantage of the Poisson technique is that it is more difficult to imple-
ment than the periodic technique since FFT (fast Fourier transform) type procedures cannot
be used. Development of techniques to efficiently extract Poisson distributed data samples
from continuous time data and compactly perform the spectral estimates would make the
Poisson technique more appealing for practical applications.

The Poisson theory applies to other areas of signal processing as well as spectral den-
sity estimation. This could result in using the Poisson technique in applications such as cross

spectral estimation, estimation of the coherence function, and antenna array beamforming.
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APPENDIX
In general, if X has a rational spectral density function, i.e.
. |
o0 = |RUN ? (A1) ‘
- Q@A) N
where

m
a) PQY = z b; (A
&

n
b QW) = > (@)
=

and a, = 1, with m <n, then X(t) formally satisfies the following stochastic differential

equation:
XM @ +a,_ XOD @)+, +a X(@® = by UM ) +. .. +b,UM).  (A2)

U(t) is a stationary white noise process with E U(t) U*(s) = 8 (t-s).
Now, (A-1) can be represented as

X(1) = FX()+GU()

< where
i h
—an_l 1 0
—dn_2 0
F =
1
h-ao 0 O_] (A-3)
rbn-l-
! bn-2
G = s
f
4
’ b
| 0 ]
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an(t)-d

with
Xt = X(t)
X5(t) = Xy +a,_; X(t)=b,_; U(t)
Xp(t) = X, (0 +2a; X()-b U .

The solution of (A-1) is given by

t
X(t) = @(t, ty) X(ty) + f ®(t,7)G(r) U(r) d7 (A-4)

b

where the state transition matrix (b(t,to) satisfies the (deterministic) differential equation
49,1 = Fon
dt 3 b

whose solution is given by
o(t,r) = eF -7, (A-5)

Equation (A-4) is known as the dynamic representation of the random process X.




