
1 
~~D_AO5 l4 918 AEROSPACE IICDICAL RESEARCH LAB WR IGHT— PATTERSON AFB OHIO F/S 12/I “N j

THE MOST EFFICIENT METHOD TO NUMERICALLY COMPUTE THE SCALAR SOL—-ETC(U)
197b 0 W REPPERGER

UNCLASSIFIED AMRL TR 76 88 NL

•



I. 
~
. it

—
. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~SI CUkI l V CL A S ~~I I  ICA l  lOLl UI- 1 ~II -. I A .1 . (lIho.. t)~ t.. ~‘

REPO RT [ OCUMENTA T~ON PA GE

~~~~~~
LTR..7

~i.8jL ~c T ’
~~~ t:iif~~r” ~~b. YYPL~ O~ HEPORT a t~~usoo COVEJ1 ED

~ ~IHEJ~OST ~FFJCIENT~~ETHOI) TO JIIIMERICALLY OtIPLI TE
THE~OLUTTO N OF THE ~.JEADY ~T~TE ~JCCATI ~~~~~~~~~~~~~~ ~~~

f~
__ _

~ -~ ~~~~~~~~~ 

—— 
- 

11U OHMIHG ORG RFPORT Ru 411 1 Il

- I’. C .QNTUACT OR GRA I IT R U M  L R(o) 
—

~~ iie 1 W ./RePPer
~e±J 

____ - /6 ~~~~~~~

I-f. ~~• PERFORMII I (  O U GA N I ZA T I O ~1 U A M E  AN D A DURI SS 
- 10. l’ROG 14 (iL M L M T . PHOJI ~CT • TASK

AR EA ~ U1~ I R U M b I HS

Aerosnace Liedical Research Laboratory , Aerospac e ~~~~~~~~~~~ ,~~~~ 7~~~~~ f~Q
- I,t~~_t vt _ I I L~~c_ I ‘I_ —

Medical Division , Air Force Systems Conmnd, 72220
— Wri qht— Patte rso n Air Force Base, Ohio 45433 ~ 

-

CONTROLL G O F F c HA M~~~A UP A D) RI~SS 

~~ 

)
~~~~llEP L T DATE /

_ _ _  ~~~ i~~ r~ j 
—

14. MOU(TOR~NG A G t f L CV  ttAP/.~ I~ ALiDe4LS~.(iI difIvt~ :tt ir on) ço , ,g ,o f lj , ~~ QIIict’) l~i. f .t .C - j ~~f a)

Unc’assified
1~~ . p r c L I~~~l r I C A T I O~4 / U o w N G R A o l , I~~

~ cHr Du LE

1~~. t)LS 1r~l RuTwu T A 7 E M I _ R T  (oI th,e kPno rt ) 
—

D D C
/ r2 nanrp~

I > —
17. DISTRIBUTION ~T/sTL MENT (ol the tib~ trecI cnte,t’cl l.i block ~~~ II ~lIk,ont Item ileport)

LbU~~
~~~~~ Approved for publ ic release; distribution unlimi ted ~~~~~ E

lb. SUPPI LMEN I FsRY N01 ES 
—

~~~

~~ A paper nrepared for presentation arid pub lication in Applications and ~esearc ’i
— Informantion Systems and Sciences , ~1eiume 1 , Proceedinqs of the First Internationa

Conference on Information Sciences and Systems , Patras , Oreece , 19-24 Auciust 1976.

~~~~~~~~ p~~~y yj OF~D5 (~~ortjnuo ~n s~~to u  do èf r i cc .L~~a. ry Cnd t t hf l~ it y hy b1oei~ nu”bor)

Steady sti’~teRiccati equation
Al gorithm

20. AII S T L A C .  1 (ContInue tin roYr,ae LUM II fa~~Cb$t.Cr~ ~nd l , h n t i l y  by L ’I ork a,unltt)

I
(See reverse ~idc )

_ _ -—

~~~~

—--—-.

~~~~

—.— ---

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

• ~~~~~ i’ll a ,. ,,, c u  s .~~.., • 1 . $ . . ,~ . .  a

A



Abstract fraction cxpatst ion of ~‘f using the 1a r gt ~~t reciprocate
of the di f fe rence  be t w een 7( and i t~ rc~;ucc tLve con—
vcrg cn ccs  as th o ci ~ n. i t  of the  f s . i c t  ion expa n s ion ,
th is method is mos t e f f i c ie n t .  For the case of the

This paper will consider the ne,nericaL calcu— riccati equation , iii. ’ pcrtodLc property of the con—
lat l on  of the steady state riccati equat ion ut t l— tinned fraction coefficients gives convergents which
izing a continued fraction approach. The method are id e nt i c a l  to the periodic term s (hence , most
cons idered  here has many s i m i l a r i t ie s  wit i t  the par— efficient). It  is hoped tha t  these resul ts  can be
t i t tone d a l g o r i t h m  appr o ach [1.21 considered by ext ended to the m a t r i x  case to obtain the most
D.C. La in i o t i s  f o r  the so lu t ion  of r iccat i  type efficient expansion.
equations. First the  m at r i x  r iccat i  equation in
steady State is conv ert ed (by a coordinate trans—
formation) into another riccati equation wh ich  can
be expanded iii a ratrix continued fraction form. The
transformed matrix rtccati equation may not be in— . . . . .. - • .~ ~~ .. ~~

.

ver tib le  and therefore restrictions are made on the
general matrix case to guarantee the proper inver—
~ion p roper i t ies .

The scalar riccati equation is then considered in
ar effort ta g’ ie ‘ri — *. ~~~ ~ ‘i u’- 1on of the — — —

matrix equation . A numerical procedure is outlined
to iterate on the solution of the ~calar steady state
equation. Upper and lowe r bound approximations are
obtained fo r the st eady  s ta te  case based on N terms
of the cor . t lnu ed f r a c t i o n  expansion.  Theorems arc -. •

.

~~~~~ 
.-

-
proved on the convergence proper t ies  of the continued -

f ract ion expansion ut i l i z i n g  mathemat ica l  induct ion.
By using the cont inued f rac t ion  a lgor i thm , the d i f f -
erence (or er ror)  between the riccati solution and
the first N terms of the continued fraction expansion
can be bounded frets  above and below;

A theo rem f rom ~umber Theory demo n st rat es tha t  the - -.~ - - .  ~~.i .-‘ — ‘  - ~~~~ - - . - -
.

r iccat i  equat ion  is a quadra t ic  curd and i t  must  cx—
hibt t perlodicity in its cofltinued fraction expan-
sion. This result  was demonst ra ted  in Liiusiiig the
par t i t ion ed  a lgor i thm method.  The type  of periodicity
obtai ned here is s l igh t ly  d i f f e rent  but  has many of
the same similarIt Ies as obta ined in [iJ .

if the problem of interest were to approximate  the
numerical solution of the r i ccat i  equat ion us ing  a ~- . • - ~~~~~~~~~ - -•~~ ~ - .

math emat ica l  approach called , ’ App roxi innt ion by Conv er—
gents ’ , an inves t igat ion  is made on this approach of
cont i nued f rac t ions  in the ca lculat ion  of an i r ra t ional
number ( such a s # ) .  By considering the continued
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THE MOST EFFICIENT METHOD TO NUMERICALLY COMPUTE THE SCALAR SOLUTION OF THE
STEADY STATE RICCATI EQUATION

DANIELW . REPPERGER
Wright Patterson Air Force Base

Dayton, Ohio (U.S.A.)

Mstract fraction expansion of~~ using the largest reciprocals
of the difference between ‘11’ and its respective con—
vergences as the elements of the fraction expansion ,
this method is most efficient. For the case of the

This paper will consider the nesierical calcu— riccati equation , the periodic property of the con—
lation of the steady state riccati equation util— tinued fraction coefficients gives convergents which
izing a continued fraction approach. The method are identical to the periodic terms (hence, most
considered here has many similarities with the par— efficient). It is hoped that these results can be
titioned algorithm approach [1,23 considered by extended to the matrix case to obtain the most
D.C. Lainiotis for the solution of riccati type efficient expansion.
equations. First the matrix riccati equation in -

steady state is converted (by a coordinate trans-
formation) into another riccati equation which can
be expanded in a matrix continued fraction form. The 1. Introduction
transformed matrix riccati equation may not be in-
vertible and therefore restrictions are made on the
general matrix case to guarantee the proper inver— The riccati equation has been extensively studied.
sion properities . The approach used here will consider a continued

The scalar riccati equation is then considered in fraction method for numerical calculation of the
an effart to give Incite in to the solution of the steady state matrix riccati equation. The continued
matrix equation. A numerical procedure is outlined fraction approach has similarities to the partit~orod
to iterate on the solution of the scalar steady state algorithm method [1,2J . By using the continued
equation. Upper and lower bound approximations are fraction approach , the main advantage occurs due to
obtained for the steady state case based on N terms the fact that the riccati equation can be approxima—
of the continued fraction expansion. Theorems are ted by a finite number of terms of the known matrices .
proved on the convergence properties of the continued If a truncation is made after N terms of the contin—
fraction expansion utilizing mathematical induction . ued fraction expansion , then an upper and lower bound
By using the continued fraction algorithm , the diff— for the difference between the actual riccati solu—
erence (or error) between the riccati solution and tion and the approximation can be obtained for the
the first N terms of the continued fraction expansion scalar case. The difference between the two bounds
can be bounded from above and below , can also be calculated which gives an idea of the

A theorem from Number Theory demonstrates that the ability of this approach to squeeze the true riccati
riccati equation is a quadratic surd and it must ex— solution between the respective bounds . Some examples
hibit periodicity in its continued fraction expan— are worked to illustrate the advantages of this
sion. This result was demonstrated in Lijusing the approach. In order to apply this approach , it is nec—
partitioned algorithm method . The type of periodicity essary for the development of basic theorems before
obtained here is slightly different but has many of the continued fraction method can be utilized.
the same similarities as obtained in LlJ.

If the problem of interest were to approximate the
numerical solution of the riccati equation using a 2. Conversion of The Riccati Equation Into
mathematical approach called ,”Approximation by Conver— The Continued Fraction Form
gents”, an investigation is made on this approach of -

continued fractions In the calculation of an irrational
number ( such ash ). By considering the continued The problem of interest is the solution of the

following matrix equation :
The research reported in this paper was sponsored Tby Aerospace ~fedical Research Laboratory , Acro— A P + P A — P R P + Q 0 (1)
space Medical Division . Air Force Systems Cemmand ,
Wright Patterson Air Force Base , Ohio 45433. Fur— The unknown matrix P is nxn and the matrices A ,It, and
ther reproduction is authorized to satisfy needs Q are all nxn and kn~~n. It is initial ly assumed that
of the U.S. Government. R is positive definite; the remaining conditions
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(such as P and Q both symnetric and positive defin— 3. The Scalar Riccati Equation
ftc. A canonical and stable , and the controllability

stated Consider the following equation:

as f~w assumptions as possible . Theorem 1 illustrates aP + Pa — P r + q — 0
the method to convert the matrix riccati equation with
(1) into the form in which the continued fraction r>0, q>O , and a(O
approach can be used , equations (4a—b) now become:
Theorem 1: The solution to equation (1) with K
positive definite can be specified as the solution K 0 

2of the following matrix equation: L. qr + a
equation (2) now becomes:

W W — K W - - L - O  (~)
where W2 — (qr + a2) — 0

P — W R 1 + R
_1

AT (3)
Proof: which has a solution specified by:
Substitute equation (3) into equation (1) yields s

w - (6)
+ AR AT + ~fl~ lAT + R”IATAT

~ T 
It is easily seen that W always has one positive

_(W l+ R A T)R(WK4+IC A) + Q 0 root because: 2or q r + a > 0

F “. —l P is specified by:
~~~-l + A1( AT + WR ’A + R 1A A -WWR W a

P r + r
_WR~~AT _g’l ATmJR_ l — R_1ATRIr1AT + Q = 0

Note that under the standard assumptions , if W> 0,
simplifying yields: q>O , a<0, and r>0, it then follows that P> 0

always. -

WW + ti_1ATR_AIW + [~~IrlATR — Q1t~ — 0 The continued fraction expansion for W is trivial
h e nce , if the choice is made of the form ; in this case. In order to investigate the scalar

T riccati equation in greater detail , convergence
K — —R~~A P. + A (4a) theorems will be proven based on Euclid ’s Algorithm

3] with the proper notation used in continued
L QR + AR ..1ATR (4b) fraction expansions.

then equation (2) will follow.
it is noted that the matrix K may be singular

but if K is synanetric , Q positive detinite and syrn— 4. Convergence Theorems on The Continued Fraction
metric, then the matrix L will be positive definite. Expression For The Riccati Equation

To conclude the study on the matrix riccati equ-
ation , the continued fraction approach ( for the
matrix case) will be investigated using equation (2) Consider the scalar continued fraction expansion
in lieu of equation (1) . The next theorem demonstrates of the form:
the advantage of expressing equation (1) in the form
of equation (2) for matrix continued fractions., w — + 1
Theorem 2 a1 + 1

If ~J’1 exists and K ~ 0, then a2 + 1

W - K + L  
53 + _ 

+ 1
K+L SN

The continued fraction notation of equation (7) will
— be specified by:

K + LIK + LI K + L( K+ ~~~]—l J~~ ]~
‘l (5) V — <a5, , a1, a2, a3, —— ,a.t,

if W•” exists and K—O , then W — [L]l/2 which is The following definition is essential to discuss con—
different from standard matrix square root notation. vergence properties of continued fraction expansions.
Proof:  Definition :
Equation (2) can be written Let a

~~ 
a1, a,, ——— be an infinite sequence of in—

it tegers , all posttive except perhaps a . Define two
V - K + L V’4 — K + V sequences of integers .(h.j~ and1K)~ Inductively as

1/2 folLows:
Thus equation (5) follows ; if K — 0, then V — L
as indicated above. h,,2 — 0, h..,1 — 1, h~, — aj h1..1 + h~..2 (Ia)

The scalar riccati equation will now be considered
in an effort to etudy the numerical algorithm presen— K 2 — 1, K = 0, K1 — a~ K~~1 + ICj.4 (8b)
ted here and to gain incite into the solution of the
matrix case. for i~~ 0
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Note: K0 1 . K1—a1IC0~~ K0, K2~~ K1 continued fraction expansion from the calculation
of an upper and a lower bound.

Hence: CM > K~_1 >1 for N ~ 2 Theorem 5
As a lower bound

K 1 ~~ K5, — 1 for j even forms an increasing sequence , i.e.

Theorem 3 r0
• For any positive real number x

~~N—l 
+ hN..2 As an upper bound

<~~O’ ~i’ SN—i ’ = r~ for j odd forms a decreasing sequence, i.e.
xK~~1 +

Proofs if ~F O , 1mp1ies~
+ h,.,2 and u r n  r exists and for every j  ~ 0

_______________ 
N

xK_1 + K_2

which i~ true from the substitutions (8a—b). 
2J~~ 

rN ( r2~+1 (j an integer)
mm

For 141 the result is i.e.

c~~, ~> = a0 + 
1 

= 
xh0 + h,,1 r <r2(r4< 

--- <11m r <—- <
~S
l(
~3<rl

xK0 + K_1 In order to prove theorem 5, the following two
lemmas must be shQwn :

which is true by the substitutions (8a—b). Using Lemma (1): The following equations hold for i~l
mathematical induction it is necessary to assume
that the results hold for .~~o,al, ——— ,aN.,l , x> . hjKi_i — h1_1 K~ = (_ 1) i~~ (l0a)

To calculate the partial sum for N terms, it is which implies
necessary to use: (_ l)i 1

~~~~~~~~~~~~~~~ 
— 
~~0)

al)

___
,aN_l,aN~’ 

1
> 

r~ — r~~1 — Ici K~~,1 (lOb)

Lemma (2): for I ~ 2;

= 
(aN + i/x)hN_l + h~~ 2

h iK i,_2 — hi...2 Ki — (—1)~ ~i 
(h a)

+ i/x)K N_i +
which implies :

(-1)
= Z(SNhN 1 + 

~‘N-2~ 
+ 1’N—l 

= 
°1N + hN_l — rj_2 — (lib)

K1 K1 2
+ KN_2 ) + KN 1  ~~N 

+ KN..1 -

First to prove (lOs—b) . Using equations (8a—b) , the
Thus if the results hold for N—i , then they hold for proof will follow by mathematical induction:
N. Since they hold for N=0 and N=l, then they hold For i——l , it is easily shown that :
for all N. Q.E.D.

The next theorem is useful for determining upper h
1 
K 2 — h_2 K 1 = 1

and lower bounds for sums of the sequences.
Definition : Also using equations (8a—b) , the following result
Define rN ~~o

,al, — —— a,?. for all integers N h0, holds for 1=0:
Notice that rN is the approxiination after N terms of h

0 K_1 
— ~~~ K0 ——1

the continued fraction expansion.
Theorem 4 Now assume~r — 

1
~N h~~1 K~_2 — h1..,2 K~..,1 — (_1)i_2N c

xhN l  + hN_2 using equations (8a—b) Implies :
Proof i <ao, ai, —— , a.g~~l,x>

+ 
~N 2  h1K~~1 = h1_1 K~ (a~h1_1+hj.,2)K1..1

from theorem (3). Now replace x by aN. This implies — (h1_1) (a1K1_1 +

a.d hN_l + hN_2 = a~h1 1 K1~~ + h 1,2 K~_1 — ajKj,.ih~_i 
— h1,1 K~..2

• T
N 

— <~,‘~u ’ —, a
~> 

= (9)
S

N 
K~_1 + K.~~2 — — (h 1~,1K1 2 

— h~_,2 Ki_i) = (_1)i 1

but the definition s (8a— b) imply that equation (9) since hiKi_l — h1,,1 K~ = (_1)i”l
can be written

les:
T

N 
— 

~~
. E. ~~. 

this impi

- (_ l) 1~
1 

= r 1-r~~ 1 (12)
The next theorem examines convergence of the K 1 “çT~7’ K 1 I(

~
_
~
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Hence lemma 1 is shown . To prove lemma (2) , i t  is Theorem 6
observed that: The continued fraction which represents a quad-

ratic aurd is aeriodic. The term quadratic surd from
h K — h ,2 K0 — numbet theory Li.] means a quadratic equation similar
o —2 to the riccati type.

and equation (h a) holds fo” the case 1—I (which is Proof:
easily ver ified)~ proceedin g as before: . if x —

h1 K~..,2 — h~_2 K~ — (a jh t .,j + h1.2 )K 1_2 Let —

+ K 1_2 ) Then x 4,.~
) implies

xh + hn n—I.
— ajh 1_1K 1,, 2 + h 1 2 K~,_2 — a~h 1., 2K j_l — h~ _2 K t.,2 x — ____________

XK0 + K ~~ 1
or x satisfies an equation of the form:

— S j  1h1_1K1...2 — h1_2 K j_.j ] — Sj  I (—l)~ J
X x 2 + T x + c  - 0 where~~ +0

which implies ’ becsuse each K~~.O. The converse of this theorem
can also be shown but the proof is more difficult.

h~ K 1_2 — h
i 2  

K1 — (—l)~ a1

or hi h 
5. A Scalar Example

i—2 — 
(_ 1) i 

Sj Example 1:Ki 
— 

~~~~~ I(~ g1,2 Consider the solution to the following riccati
equation by the continued fraction approach:

or i (ia) a— -i , • r—2, q—1 i.e.—

K 1 K 1,,.2
—p —p —2p2 + 1 — 0

Hence the results of lemma 2 hold. Now the proof of
theorem 5 will be demonstrated: or 2p2 + 2p —h = 0 which has roots
Since each 1C~)~O, a1>O — + ± lcp —
we know

________ 
and (—l)1’a~ The positive root can be written p— .366———

rt—ri_2 K1K1_2 Now using the continued fraction approach , we knowr
1

— r  — K
p satisfies the following equation:

it follows for j= an integer:
‘, 1p . -
~~ -

r
2~ < r~~ from equation (13). 

snd w satisfies: w2 — qr +
From e~uationa (12,13), we know for a1).O and j an =(l)(2)+l (14) 

-

integer: V 2 
— 3

rZj_l
’>r23+l and r

2~ <r2ji 
To illustrate the applicability of this approach, if

Therefore: w2 — qr +

~0 ~~2 
<
‘
~4 <——— and r

1). ~~~ r )~——— or w — ‘IT.

It remains to show that: w — 1 + ( \Ii’ — 1) (1~~

r2~ ~~~~~~~~~~ <r2n+2j_l~~~2i.,,1 
or 

___________ — 1 4w =  1+
The sequence r0,  r 2, r , , — —— is monotonically increa s— 

~~~ 
+ 1 J ~‘ + ~ [i +\ ‘  —3 h p

ing and is bounded above by r 1 and since all r~>O, 
‘
~~
‘ —

it has a limit [4]. In a similar manner the sequence
r1.r ,r5,——— is monotonically decreasing and is — ~ + 1 1 +
bounaed below by r 0 and thus has a limit. The two 1 + ‘E~— ~ 

1+ ~ r -t
1.

limits are equal because: 2 2 

[ 

I I -

liml r1 — r
1 1 1 = 

~ 
K~_1 

— o 
I. 

~[~ + ii~fi—.’~~ K
- 1+

as i—~-~~ 1 + 1
Since each K 1).K 1_1 3 the proof of theore m 3 is z+ 1
complete. 1+ 1

Before examples are worked it is necessary to con— 2+ ——
sider the periodicity of the riccati equation in the
coefficients of the continued fraction expansion.
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Since — 1.7320508— ——— Example 2
Then the continued fraction of interest is; Let~ , be the irrational n umb er U, i.e.

1 6’ —
( 1,

2+ 1 
Hence a~, = [Ye] — 3. To calculate a1, compute

1+1 1
Ii

Now it is necessary to calculate the K and h terms . 0

Table I illustrates this calculation , Now tR e
concept of “best possible approximations” will be 1

considered for the scalar riccati equation and for 1 — 
~ 7.06+—

any irrational number. .14159

h1 K~ ________________ 

a1

h_ 2 = 0  K_ � = 1

1 K_ 1 = 0 r~-r1 ..,1 r -ri _2

= 1 K0 1 1.0 a, • = 1 Using

h1 = 2 K1 = 1 2.0 1.0 
_______________ 

a1 = 1 h~r~~= g-~ f o r n > o
= 5 K2 = 3 1.667 

— 
— .333 

— 
.6667 a2 = 2 

—

h3 = 7 K3 = 4 1.750 .08333 - .2500 83 = 1

h.. = 19 K.. = 11 1.7272 - .0227 .06060606 a.. -‘ 2 r 1 - r 1 •,~~ K1 K1_ 1
= 26 K s — 15 1.7333 .0060606 - .0 166666 a s  — 1

— 71 K, = 41 1.7317 -.001626 .00434589 a, = 2 ( ~~ 
a1

- 97 K7 = 56 1.73214 .000439 -.0011905 87 = 1 
r 1 - r 1 -2= K1 K 1 ...2

= 265 K, = 153 1.732026 -.00011 67 .0003188267 a~ = 2

h, = 362 K, = 209 1.732057 .00003127 
- 

-.0000354409 a, — 1

= 989 K1, = 571 1.732049 -.0000083795 .000022893 a~, = 2

6. The “Beat Possible Approx1ma~ion” 
N~w compute a 1 E~ ] — 7. In this manner we
calculate (using double precision (29 digits) on a
CDC 6600 computer) the following numerical results i

Given an irrational number 4’ , the following contin— ,j
ued fraction expansion is “best poss ible ” [53 for t i  — 

~ o 
3.141592653589793238462643383279

numerical computation of 
~ 

— 7.0625133059310457697930051531
Procedttre: 

~2 
= 15.99659440668569411310599874

Using the notation S j  —[~ 11wher
e a1 denotes the 1 3 — 1.0034172310133977856369454934

nearest integer smaller than tne irrational number 
~~~~~
, 292.63459101223866070785852178

then a1 (1—0 ,——) is computed as follows: 
= 1.5758180949841629954527421461
= 1.7366595609113341887024369765

a e [‘
~ 
] now proceeding as an algorithm, — 1.3574791573503535151332712575

V8 = 2.7973658867611542733590927681
let 1 

~ 9 — 1.2 54 129398564984 6777332901666

i — 
~

‘o~~ o and a~ — 
~io — 3.9350032l35077287460064698245

~ii 1.0695150407541735890218572566
• inductively it follows that 

• 
— 14.385376015764735321479897720

1 This gives rise to a0—3 , a1=7, a2—15 , a3—1 , a4—292,— 
~~1~~~ a

1 
and a1 — 

[F1] 
a 5 l , a6 l , a 7 1 , a8~~~, a9 1, a 10— 3 , a 11 1 , a 12 14

An example will now be worked with the irrational which res u lt~ in the following partial fraction
mumberil to illustrate this approach . expansion;

I

t 

135 
•

-~~ -~--—.~ — •.—~ ——,—~ 
- .- • -— 

~~~~—— • -  -~~~~~ - -  • • ~ — - -  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - •- •--• -••——--~~• - - “-•~~- •-- -~~~~— --•--



r 
I ç ,

~ 

— —-=— -=— -———-—— -~- -~~~ —.~~~~~ •s~~&4;—• ——

3
1 • 1 + 

__________________

7+1 1+ 1
15+1 2+ 1_______________________ - 1+1

292+ 1 —

1+1 • 
—

1+1 
—— I t is noted that this expansion is identical to the

one giv~’n in equat ion (16) . Thia result occurs des
2+1 to th e toilowin g identity :
1+1 

-

3+1 1 + ‘{r
1+1 1

14+ ,., 
— 1

— 
- which results in: — 

~

‘ 

+2 for all j
The first 8 terms are calculated and expanded ( the
computation s are excessive) , with ai = 1 ( i odd)

2 (1 odd)
r — 3 — 3.0

— 22/7 3.142857142857—— Since the square root of 3 is an irrational number
r2 333/106 = 3.l41509433962264l5094—” (as the solution of any quadratic equation may be),
r3 — 355/113 — 3.14159292035—— the “most efficient” method to numerically compute
r4 — 103993/33102 — 3.141592653011—— the solution to this riccati equation has been demon—

r3 — 104348/33213 — 3.14159265392142— atrated by equation (16). This technique is numer’-
r6 

= 208341/66317 — 3.141592653467— ically illustrated here in an effort to develop an
r7 — 312689/99532 — 3.1415926536189—— algorithm for the matrix case and when the solution
r8 — 833719/265381 = 3.l4159263358l07777-~— to equation (2) is not known apriori.

It is noted that 9 terms of the fraction expansion -
give rise to accuracy beyond 9 digits. The first 4
terms gave an accuracy of 7 decimal places. It can 7. Conclusions
be explicitly shown Ls~i that this numericalapproach is the most efficient method to numerically
calculate an irrational number to any number of
decimal places. The proof will, not be given here. A continued fraction approach is used to inves—
Now this approach will be worked for the solution to tigate the solution to the steady state r iccati
the riccati equation (14). 

- equation . Theorems are proven to demonstrate an
Example 3 algorithm which converges for the steady state
Expanding the square root of 3 to 30 decimal places scalar case. Some examples are worked to demonstrate
yields: the “mos t efficient” method to compute the solution

to the riccati equation.

F0 — ‘IT — 1.732050807568877293527446341505
Now the calculation of the a1 and f will proceed
as for~~1. 

1, 
- -
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1966.
In th is manner , the “most efFicient” method to

calculate the solution to the riccati equation (14)
is as follows using the continued fraction approach:
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