AD=-AO54 955 RAND CORP SANTA MONICA CALIF F/6 9/2
HAND CALCULATOR PROGRAMS FOR STAFF OFFICERS. (U)
APR 78 E W PAXSON

UNCLASSIFIED RAND/R=2280~RC NL

AD
AD54 G5




e
g
@)
<t
e R-2280-RC
&S April 1978
Q
<T

Hand Calculator ProgramsD D ¢
for Staff Officers T

JUN 3 1978
Edwin W. Paxson

SANTA MONICA, CA. 90406

28 06 06 ogm




This research was gupparted by The Rand Corporation as part
of its program of public service.

- a0 T Y NI B PR Y

Library of Congress Cataloging in Publication Data

Paxson, Edwin W
Hand calculator programs for staff officers.

- -

(cReport; - Rand Corporation ; R-2280-RC)

1. Milit art and science—Data processing.
2. W—W/W?Calculating—machine) I. Title.
II. Series: Rand Corporation. Rand report ; R-2280-RC.
AS36.R3 R-2280 ¢U104; 08ls (355'.0028'54, 78-7310
ISBN 0-8330-0020-9 .

i RS oo Wl

Published by The Rand Corporation




SECURITY CLASSIFICATION OF THIS PAGE (When Date Entered)

REPORT DOCUMENTATION PAGE

READ INSTRUCTIONS
BEFORE COMPLETING FORM

2. GOVY ACCESSION NO.

3. RECIPIENT'S CATALOG NUMBER

& TITLF (end Subtitle)

{ O‘!A.IPORT [ ’!IIOD COVERED
Cn Interimtw"') ]

¥ ———— ———

N -
',‘Hand Calculator Programs for Staff Officers \\

v ewAS e A N —

e

6. PERFORMING ORG. REPORT NUMBER

7 ~1F AUTHOR(®) S
/'Ja’E W. /Paxson l

e — - S——— o @

®. CONTRACY OR GRANT NUMBER(S)

T’imm« NAME AND ADDRESS
The Rand Corporation

1700 Main Street
Santa Monica,-Ca. 90406

10. PROGRAM ELEMENT, ’IOJ!CT TASK
AREA & WORK UNIT NUMBER

11. CONTROLLING OFFICE NAME AND ADDRESS

T3 UONITORING AGENCY NAME & AOORESS(I! different from Controlling Ollice)

e

: ZApr. ™78 1
3. NUMBER O _ SR

UNCLASSIFiED

e, ot—C& ASSIFICATION/DOWNGRADING
SCHEOULE

6. OISTRIBUTION STATEMEN T (of (Al Report)

Approved for Public Release; Distribution Unlimited

No restrictions

17. DISTRIBUTION STATEMENT (of the abetract entered in Block 30, It diiferent from Repert)

10. SUPPLEMENTARY NOTES

19. KEY WORDS (Continue on reverse side Il necossary and identily by block number)
Calculators

Computation

Applications of Mathematics

Computer Programs

Hewlett-Packard HP-67/97

20 ABSTRACTY (Continue en reverse side Il y and 1 ty by Mock ber)

see reverse side

DO . %% 1473  corrion or 1 wOv 68 1 ORsOLE TR 29¢

ucumvv csuunc anon OF THIS PAGE (When Nele Priered)

BV BRI S B e e i




Bin o p o 4 B
o - ot ghait i v Ml - S G R o R (ke S i : - v i P
- ” . y h AT R 3 LSS LA e Pl A iy ke A o3

-~ UNCLASSIFIED

SECURITY CLASSIFICATION OF THIS PAQE(When Date Bntered)

v

Al

Provides 23 programs written for the Hewlett-
Packard HP-67/97 programmable calculators.
Full documentation is given to clarify the
background of topics and to enable the user :
to program a subject of special interest for
a machine other than the HP-67 but with com-
parable power. Several programs reduce
published volumes of tables to one or two
magnetic cards. The programs are grouped
under the headings of geographic and orbital 1
programs, military models, cost programs, and
mathematical functions and algorithms. (WH)

UNCLASSIFIED_




e R T L R R

T ———n

N s 56 S NI
A ——————

] WW"@W v

R-2280-RC
April 1978

Hand Calculator Programs
for Staff Officers

Edwin W. Paxson

s
e S i

SANTA MONICA, CA. 90406

APPROVED FOR PUBLIC RELEASE; DISTRIBUTION UNLIMITED

—— e




-iii-

E : PREFACE

TS 7
FECN -

This report documents and discusses twenty-three programs--

written for the Hewlett-Packard HP-67/97 programmable calculators--

VTN, . b T S

covering a wide range of problems of interest to staff officers in
all the military services. Using this material, the user may quickly
obtain answers to specific questions arising in meetings, at the desk,
1 or in the field. Full documentation is given to clarify the back-

64 ground of a topic and to enable the programming of a subject of

special interest for a machine other than the HP-67, but with com-

parable power.
In general, the report avoids the '"slide-rule'" type of topic
where only a given formula is to be evaluated. Rather, topics are

chosen that would consume too much of a staff officer's time to pro-

S S TR T

gram because the underlying mathematics may be obscure, because

approximating techniques must be sought, or because the programming
{f itself presents problems.

Several programs reduce published volumes of tables to one mag-

netic card.

The major part of this research was supported by The Rand Cor-

poration from its own funds.
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SUMMARY £

The report is summarized by an overview of the topics covered

+~in it.

Part I. Geographic and Orbital Programs

1. Geographic Coordinates to UTM and Conversely

Army tactical maps use Universal Transverse Mercator (UTM) co-

ordinates. For joint operations with the Air Force and the Navy,
coordinate conversion to geographic coordinates and the converse is
essential. Accuracy of this program is better than 10 meters in the
northing (distance from the equator) and 1 meter in the easting (dis-

tance from the central meridian of a zone).

2. Sunrise, Sunset, and Twilight

The times of sunrise and of the various categories of twilight
are important in planning many types of military operatiomns and ac-
tivities, although adverse weather conditions all too often vitiate
such planning. This program gives twilight times for any day of the
year, at any latitude and longitude, and at any altitude. Accuracy is
three minutes or less, except under special conditions such as high i

latitudes.

3. Geodetic Distances and Bearings

The usual formulas of spherical trigonometry that are programmed
to give great circle distances and bearings employ a spherical earth
of some mean radius. Distances can be in error by as much as 20
kilometers. The program here uses formulas of the Natiomal Geodetic
Survey based on Bessel's solution for the geodesic on an ellipsoid of

revolution. Accuracy is good, about 0.1" or 3 meters.

4. Reentry Trajectories

The program uses Sec. 20 (Fourth-Order Differential Equations). |
For a body with zero lift and a given "beta' entering the upper atmo-

sphere, find the subsequent range, altitude, and velocity to impact.
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5. Satellite Orbital Elements

This program solves two of many possible orbital problems: Given
a satellite's injection altitude, velocity, and flight path angle,
find the remaining six orbital elements; or given the injection alti-
tude and the altitudes of perigee and apogee, find the remaining ele-

ments. Equations are provided so that other problems may be programmed,

6. Satellite Tracking

Given the time and longitude of equatorial crossing of a satellite,

select a ground station. Determine if the orbit can be viewed on that
pass, and if so, determine its range, bearing, and elevation from local

horizon to horizon as functions of time.

Part II. Military Models

7. The Deer Hunt (Defenseless Bombers)

The model assesses the expected outcome of a time-limited battle
in which a group of armament-limited interceptors engages a group of

defenseless penetrating bombers. A deer hunt is the paradigm.

8. A Bomber Penetration Model (Defended Bombers)

In this model, the bombers are not defenseless. As part of mis-
sion planning, bombers divide their payloads between defense missiles
and ground attack munitions to maximize weapons delivered to ground

targets.

9. Damage Probabilities, PVN and QVN Taigets

The program gives damage probabilities for nuclear weapons of

given yield and CEP applied against PVN and QVN targets at the optimal

airburst altitude.

10. Four Deuces (Precision 4.2-inch Mortar Fire)

This section is an example of data-table replacement by func-
tional fitting. It applies to the 4.2-inch mortar, reducing firing
table corrections and meteorological conditions to formulas. The pro-
gram yields corrected shell charge and corrected azimuth and elevation
for precision fire, and permits a difference in altitude between mortar

and target.

T s u i bbinics il




11. A Laser Equation

The equation programmed applies to propagation in the atmosphere
and allows for blockage, thermal blooming, and jitter factors. Given
any two of the three primary variables power, range, and average in-

tensity at the target, the program finds the third factor.

12. Shaking the Dice (A War Gaming Example)

This section provides an example of how random numbers are used
in a firefight model to assess outcomes quickly in war gaming. The
example employs a conceptual mortar round with an on~board heat-seeker

sensor that causes the round to home on an armored target.

13. Optimum Allocation of Resources

The title promises too much. This is a topic in nonlinear, con-
vex programming. Military applications arise in search planning,

allocating weapons to target classes, and allocating budgets.

Part III. Cost Programs

14. Log-Linear Cumulative Average and Unit Costing

These programs implement the basic assumption of learning curve
theory as it applies to production. That is, each time total produc-
tion doubles, the cost per item reduces to a constant percentage of

the previous cost.

15. Time-Phased Procurement Costing

Consider a system, weapon or otherwise, with several major com-
ponents. Each component has its own lead time and its own, possibly
segménted, learning curve. Specify a delivery schedule over future
years, and find the New Obligational Authority by fiscal year to sup-

port the program.

16. Cost/Benefit Streams

This model deals with the decision to spend money now as opposed
to later during the life cycle of a weapon system. For example, should
engineering development money be spent now in the expectation that
future operating and support costs will be lower? The yardstick is
the present value of a discounted stream of cost and benefits (savings).
An "internal rate of return" is calculated to provide go-no-go for the

decision.
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Part IV. Mathematical Functions and Algorithms

17. The Normal Function and Its Inverse

The normal function (probability integral) is pervasive in military
calculations. The program is frequently used in conjunction with

others, such as that for the Q function.

18. The Q Function (Offset Coverage Function)

The Q function is used in radar detection theory and offset
bombing calculations, as well as in calculations of collateral damage

to point targets.

19. Linear Programming and 3 X 3 Matrix Games

Many models may be stripped in a meaningful and transparent formu-
lation to three activities as a programming problem, or to three own
courses of action pitted against an enemy's three courses of action,
in order to make a command decision by game theory. This program uses

the pivot method and has some interesting indexing aspects.

20. Fourth-Order Differential Equations

This program supports applications to reentry trajectory determina-

tion, Lanchester models of combat, and optimal control theory.

21. Curve Families and Mach Numbers

Military data are frequently presented as sets of.tables or as
families of curves, with a parameter naming the family member. This
section suggests methods of representing these data through curve-
fitting, using elementary functions. The methods are applied to the
determination of best Mach number for the A-7D aircraft on long-range,

constant-altitude cruise.

22. Ten-Point Gaussian Integration

This is a utility program for evaluating definite integrals as
they arise. Accuracy is usually excellent. For example, incomplete

elliptic integrals are computed to eight decimal places by this method.

23. Truth Tables

A calculus of propositions is tailored for ready implementation

by the calculator. The program systematically solves problems in
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symbolic logic, consisting of a set of logical condftions that the

if atomistic propositions must satisfy. There are real-world applica-

tions, usually overlooked. 4
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TO THE USER OF THLS REPORT

If your temperament is like that of the author, this description
of the psychology of programming will sound familiar: After the
usual time-consuming process of getting the mathematics of a topic
in shape, the urge is to program as quickly as possible and make
independent checks of the validity of the outputs. It works! And
we move on to something else.

Any program, however, certainly including those in this report,
can be improved--can be shortened and made more elegant and transparent.
The result of this product-improvement effort may be to reduce the run-
ning time and to find program and storage space to extend the program's
capability. A reexamination of program logic is part of this effort.
The program may be made more robust, minimizing operator errors that
occur when complex input operations are otherwise required.

If you as a user are interested in a particular topic in this
report, you may choose to make this extra effort, which will be re-
paid with an enriched understanding of hand calculator programming.

Finally, vou are invited to communicate to the author any errors
you detect, errors and unforeseen restrictions being inevitable in
a report of this nature. You are also invited to send to the author,
for possible future programming, descriptions of topics that you feel
may be of interest to some significant subset of the staff officer
community. And by all means, copies of your own programs would be

we lcomed.
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INTRODUCTION

"The general who wins a battle makes
many calculations in his temple ere
the battle is fought. The general who
loses a battle makes but few calcula-
tions beforehand."

- Sun Tzu Wu, The Art of War, ca. 500 B.C.

Programmable hand calculators are little more than five years
old, but they are already in their third generation, the gestation
period being one and a half to two years. Up to now, they are unique
in our inflationary world, in that each new generation has much more
power than its predecessor, but sells for much less. This cost trend
may reverse should these calculators become more competitive in power
with microprocessors.

We can assess the impact in the civilian sector by noting that
the number of user programs submitted to the Hewlett-Packard HP-67
program library is approaching 3000. The PPC (Personal Programmers
Club),* with more than 2500 members, is a nonprofit worldwide group
of people who own and use PPCs (personal programmable calculators).
The monthly club newsletter contains a wealth of programs and imagina-
tive programming techniques.

Remembering that modern digital computers were initiated by the
military under the pressures of World War II, it is curious that
these PPCs, these powerful little animals, are not as equally wide-
spread in the service of the Department of Defense as in the civilian
sector.

The PPCs are used, of course. The Joint Technical Coordinating
Group for Munitions Effectiveness (JTCC/ME) under the JCS has had 25
HP-67 programs prepared for mission planning by squadron ordnance
officers in the Air Force, Navy, and Marine Corps. The Strategic Air

Command uses the HP-65 in bombing mission planning. Some System

*
2541 W. Camden Place, Santa Ana, CA 92704; Attn: Richard
Nelson.
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Project Offices (SPOs), such as the F-16 SPO at Edwards Air Force

Base, use the HP-67. Junior officers are using their own funds to pur-
chase PPCs, which in some cases must represent a tradeoff against a new
TV set. But there is no recognizable community of users in the mili-
tary sector. There is no mechanism--no clearinghouses like those in
the civilian world--to exchange programs, to share ideas, and to state
requirements for new programs. The notion of a loosely organized
"national security users group'" to achieve these implied objectives
naturally comes to mind. We hope that this report may have some
catalytic effect in accelerating such a development.

The hand calculator is particularly suited for military use be-
cause so many applications can be made in the field or in a meeting
where a senior officer wants a quick answer to support a decision, or
where a briefer is to be confounded. But for field use the calculator
as currently designed would probably not meet military specifications.
The operating range for the HP-67 is 10° to 40°C (50° to 104°F) and
the battery pack life under continuous use is about three hours before
recharging or replacement is required. However, current machines are
compatible with avionics, producing little or no interference with
sensitive electronic circuits.

But powerful as they are in their domain, the PPCs are far from
a final answer to personal computing, although this statement depends
on their future evolution. In preparing this report, many instances
occurred where much more storage than available was needed and where
it was frustrating not to have available a programming capability of
more lines of code with a higher-level interpretive language.

Again, the civilian sector is leading the way. More than 120
companies are now manufacturing microprocessors with peripherals for
home use, and more than 900 home computer dealers in the United States
are marketing these machines at relatively modest prices. Memory may
be added, there is keyboard input and cathode ray tube display, with
BASIC apparently the language of choice. The military is lagging,
even though it is a reasonable bet that many staff officers would like
to be freed from the computing-center bureaucracy in doing their daily

jobs.
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But once more, too strong a position should not be taken. Mili-
tary computing in general requires large main frames to support
extremely large data bases and programs with a million or more lines
of code. One would certainly hesitate to try to use a microcomputer
for logistic management or tor solving three-dimensional partial dif-
ferential equations.

Nevertheless, there is a real gap in the spectrum of required
comput ing capability to meet military requirements, a gap whose filling
this report can only adumbrate.

A word of apology is in order. Recorded program cards are not

provided with this report. The reasons are:

® No recipient is likely to use all programs;

e The per-copy cost of the report would be high;

® It requires 10 to 20 minutes to key in a program and check
it; and

° Hopefully, the keyer will understand the program and be

able to modify or tailor it to his or her desires.

[t is recommended that users step through the illustrative prob-
lems to get the mechanics straight. And it is always a good idea to
do a problem twice. Errors in keying are easy to make, especially
when under pressure.

Finally, what is to be said to the staff officer who wants to pro-
gram his or her own problems on a PPC? The natural question for the
officer to ask first is: What bounds a problem that can be "fitted"
to the machine?

The general answer is: If the problem can be formulated as a
chain of subproblems, each of which is within the machine's coding
and storage capability, then there is in principle no bound. For
example, in the prediction of tides by harmonic nnalysis.* 37 con-
stituents (cosine terms) each with three constants are employed. Since
these terms need only be added, one program card and five data cards,

*
Special Publication No. 98, U.S. Department of Commerce, 1940.
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used successively, would suffice. As other examples, six linear
algebraic equations in six unknowns can be solved using both sides
of two cards, and a Star Trek battle can be programmed with eight
cards.

For problems that can be chained, the practical limitation is
execution time, which can be long and hardly acceptable if many prob-
lems are to be run, as in tidal prediction.

But not all problems can be chained. Operations with matrices
of order higher than five, and solutions of partial differential equa-
tions, are usually nonchainable.

Even if a problem should fit, it is frequently hard to see how
to make it actually conform to the calculator's Procrustean bed. This
could be because the underlying mathematics, including approximating
techniques, is beyond one's reach. The help of a specialist colleague
is then essential. Once this mathematical hurdle is cleared, program-
ming--which is really an art form with personal brush strokes--can be
exasperating. Advice? Read and understand good programs, as many as
possible--something that few of us have the self-discipline to do.

As a postscript to this Introduction, an as yet unexploited area
of the military application of PPCs should be mentioned. Two or more
people may operate their calculators in parallel, engaging in a co-
operative, interactive exercise.

For example, two submarines may be allies in a simulated battle
against one enemy boat. The purpose of the exercise is to examine,
by repeated simulation runs, the tactical utility of communications
between the two friendly boats during the battle--ranging from none,
through restricted, to complete information and command exchanges.
Each player has his own program which, by sampling from probability
distributions, shows the output of his sensor systems in respect to
target position and bearing, and the damage, if any, inflicted by
ordnance launched. Each player keeps his own log and battle plot.

At each battle increment (say, 15 minutes of real time), the calcu-
lators may be physically exchanged so that, as appropriate, informa-
tion can be entered in assigned storage registers, and the calculators

then returned to the right boats.
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As another example, a War College seminar may be examining the
cost implications over the next ten years or more of various possible
strategic postures. Weapon systems may be phased in and out. New
systems require research and development monies and time. In general,
each weapon system has cost profiles of funds required for RDT&E,
procurement, and annual maintenance and operating expenses. The cost
envelope of each weapons system with respect to time is calculated by
the seminar member assigned that system. All programs are the same,

differing only in their cost and time parameters. The seminar leader

totals the year-by-year costs of all systems in the posture and checks
for feasibility against an assumed yearly ceiling. After discussion,
the seminar members revise phasing or numbers procured and go through
another iteration to see if the ceiling is reached or exceeded, and

to determine if the posture is balanced in regard to the threat and
required missions.

These examples have indeed been programmed for interactive com-
puting on large computers; but this is time-consuming and facilities
may not be readily available. The suggested use of PPCs in parallel
is an option that can be implemented quickly and can provide a shake-
down for more sophisticated approaches, which in some cases may prove

not to be warranted,




PART 1

GEOGRAPHIC AND ORBITAL PROGRAMS
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1. GEOGRAPHIC COORDINATES TO UTM AND CONVERSELY

1.1. REFERENCES

a. Universal Transverse Mercator Grid, AMS Technical Manual
No. 19, Army Map Service, Corps of Engineers, Washington,
D.C., 1952.

b. Map Projections, P. Richards and R. K. Adler, North-Holland,
1972.

c. Map Reading, FM 21-26, Department of the Army, October 1960.

1.2. DISCUSSION

Tactical-scale (1:50000) Army maps use the Universal Transverse
Mercator Grid (see Ref. c¢). The map borders show latitude and longi-
tude ticks, but it is difficult to locate the geographic coordinates
of a point with any precision. Conversely, Air Force maps use geo-
graphic coordinates only. Consequently, in joint operations such as
targeting, coordinate conversion from one system to the other is
essential. FORTRAN programs exist. The program used at The Rand
Corporation has 132 lines of code. Although perfectly adapted to the
preparation of coordinates for a list of agreed targets, it hardly
meets the requirements of ad hoc field use.

The UTM system covers the world between 80°S and 84°N. Starting
at the 180° meridian of longitude and moving eastward, the globe is
divided in zones 6° of longitude in width, numbered 1 to 60. Each
zone has a central meridian (CM). The following formulas relate zone

number (ZN) to the CM:

ZN (CM + 183)/6

CM

(6 « 2N) - 183

For example, Fort Knox, Kentucky is about 86°W. Hence the ZN is the
rounded value of (180 - 86)/6, ZN = 16, and CM = -87 or 87°W. (See

Ref. ¢ for further details on lettering 8° zones south to north, and

on double-lettering for 100,000 meter squares within each 6° x 8° block.)

e e




The value assigned to the CM in each zone is 500,000 meters,

called the false easting. Hence locations in a zone west of the CM
\ have an easting less than 500,000 and conversely. The northing is
the distance from the equator in meters. For the Southern Hemisphere,
the equator is assigned a false northing of 10,000,000 meters and
numbers decrease southward.

The major complication in coordinate conversion is that allowance
must be made for the earth's oblateness. Hence the equatorial radius
a and the polar radius b must be selected. Actually, a and the re-
ciprocal of the flattening f = (a - b)/a are given. For the Inter-

national Spheroid,

a=26 378 388 m , Lrf =297

)
Since f =1 -\h.- €”, where € is the eccentricity,

i 82 = 0.006 722 67 .

Unfortunately, different spheroids (different a and f) are used
for different areas of the world, for historical reasons. For example,
the Clarke 1866 spheroid is used for North America. The other spheroids
g used are Clarke 1880, Everest, and Bessel. The International Spheroid

2
is used for Europe. (Consult Ref. a.) Consequently, the data a, €7,

n=(a-b)/(a+b) used here have to be changed for certain parts of

! the world.

i 1.3.  EQUATIONS
The full equations for the conversions (Refs. a and b) are quite
lengthy because extreme accuracy is desired in surveying applications.
For military purposes, it is possible to dock the tails of these formu-
i las and still get accuracies better than 1| meter in the ecastings (E')
4 and better than 10 meters in the northings (N)--the distance from the

equator in meters.
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1.3.1. Geographic Coordinates to UTM Grid Coordinates !
2 4
N = (I) + (IDp” + (1IDp (1)
E' = (IV)p + (V)p3 =20, E= 500 000 £ E' . (2)

South of the equator,

N = 10 000 000 - N . (3) ]

The given coordinates are latitude ¢ and longitude A. Then
p = 0.0001 ¢« AA, where A\ is the difference of longitude from the CM,
i
measured itn seconds. E' is the (positive) distance from the CM.
(I) = 8 * k,, where (4)
S=A¢-Bsin2 ¢+ C sin b ¢ .

S is the true meridional distance from the equator in meters and

A 5
A=all -n+ 0.75 0 (1 - n)}

B=1.5an(l - n)

2

C=0.9375 an"(1 = n), n=(a->b)/(a+b)

ko = 0.9996, the central scale factor to reduce

distortion.
)
ko gin” 1Y 108
(I1) = NS M el v sin 2 ¢, where (5)

2 2

v = a/\Ji ~ € sin” ¢ is the radius of curvature in

the prime vertical.




4 3
ko sin* 1" 101°

o o4 =
(II1) = 54 * v sin ¢ cos) ¢(5 - tan™ ¢) (6)
b
(1Iv) = ko sin 1" 10& * v cos ¢ ’ (7)
SR 12 ‘r
kO Sin™ 3"~ 10 5
(V) = - T  Vecr Ml ges” ¢ - XD (8)

\ 1.3.2.  UTM Grid Coordinates to Geographic Coordinates

¢ = ¢' - [(VID) q2 - (VII1) q4]/3600 (9)
A\ = [(IX) q - (X) q°1/3600 (105
g=E +10%>0

" = N/t\ko an

N/ky + B sin 2 ¢" - C sin & ¢"

' | - — -
¢ A (12)
= :
v o= a/Jl - € Sinz ¢" (13)
1012 tan ¢'
| CVRL): o oty : = (14)
: 2k0 sin 1" | 5
|
F
? 10%4 tan ¢'(5 + 3 tan>‘¢')
i (VIID) = S . 7 B (15)
f‘ 24k, sin 1" v
ﬂ' 0

]

6
(IX) 10 ; 1

Hi ko sin 1" v cos ¢'
i

(16)

i 1018 1+ 2 tan® ¢'
(X) = ’

(17)

6k3 sin 1" v’ cos ¢




1.3.3. Data Card (International Spheroid)

g =6 478
€2 = 0.006
: ky = 0.999
10" sin 1" = 4.848
&= 6 6
R
C =
3600
500 000

2.4. PROGRAM NOTES

a. It will be noted that the

from those in the formulas because

338 STO
722 67 STO
6 STO
136 8 STO
645.45 STO
106.99 STO
16.976 STO

STO

STO

powers of 10 in

106 sin 1" is a

o U O =B P B W s

the program differ

stored datum.

b. West longitude is prefixed by a minus sign.

Example 1. N 49°48'00", E 08°24'0"

49.48 STO D, 8.24 STO E, 9 STO
Press A: Northing 5516670
Press R/S: Easting = 456820

The numbers in parentheses are

to UTMC.

7 (CM)
(5516677.7)
(456819.7)

the AMS values.

Example 2. Northing = 5516677.7, Easting = 456819.7 to geographic

coordinates.
N STO D, E STO E, 9 STO 7
Press A: Latitude = 49.480
Press R/S: Longitude = 8.236

1 (49°48'01")
0 ( 8°24'00")
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1.5.1 USER INSTRUCTIONS

‘1 1.1 GEOGRAPHIC COORDS TO UTM GRID

INPUT OuTPUT

STEP INSTRUCTIONS DATA/UNITS KEYS DATA/UNITS
1 | KEY LAT (D.MS) STO D 49,48 [sTO|[ D | 49,
[y |
2 | KEY LONG (D.MS) STOE 8.24 [sTOo][ E | 8. ]
~ | (- FOR W. LONG.) g e
TR
L3 KEY CM STO 7 9 '} o7 ] 9.
PR IO 3 g
“ MESSA 0 | |l A ] | 5516670
B
| QUTPUT IS NORTHING (M) IN D S
N ’ B
| 5 | PRESS R/S [ |IR/S]
EE T
| QUTPUT IS EASTING (M) IN E el
B SO S e
[ ik U 28
il i bE A3
o HER
M R
. ~INT. GEOID DATA CARD R W
i b R o bl T
s TR a $376388.806 @ L iis.
€2 0.00672267 1 ¥l ]
T SR ¢ Ko  £.9998600 3 i B
o PR i s 10°%sin 1" 4.84813680 4 = S
A AT 3600.006800 S5 [ ( ]
{00698.““ 6 [ - [ ]
— - — A 5367645.450 A = —
2 B 16186.99680 B [ |
C 1£.97660000 C [
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! ZHIS PAGE TS REST QUALITY ERAGTICABLE i
FROM COV'Y FURNLSHED TODDC oostine—"
{ 1.6.1 GEOGRAPHIC TO UTM COORDINATES
¢ sStee KEY ENTRY KEY CODE COMMENTS STEP KEY ENTRY KEY CODE COMMENTS
CIN TR R nr ¥ =24 |
002 RCLT 36 &7 2%¢ RCLI 36 03]
o> RCLE 36 IS, 0se X -35
004 KNS 16 36 | DEC, DEGS, 060 060  RCL4 36 04
008 : -45 06! \e 53
WE Aes 16 31 | 082 X -35
00T RCLS 36 05 1 083  EEx -23 |
} E* RS \ =351 OX IN SECS ; Cad ] 04 | |
: TONEES PR -23 | S ] i -24 '
010 o 4 7] 066 RCLI 36 46 ‘
! o+ -a4 | 0T Xt 53] |
012 stl 3546 ]p 268 -35 | ;
23 ORLD 36 14 | ees ReLs 36 09
U R LR 16 36 | o0 ot ' ~5% 2
| 01r  sToae 35 14 | LAT. IN DEC DEGS 0T STon 35 4] (D) v (Dp
e 4 o aTe  ROLE 36 0
i \ -39 o TaN 43
018 SIN 4 ary ne 53
Tais ReLe 36 13 [ o 8 5 |
O A X 35 _ Bk - 45 |
3 —Ted RCLL 36 14 arr CHS -22
1 : 082 2 ‘N [ Tecs mete 36 02
! S ~35 ore 608 ¥«
— 084 SIN ] I Y 3 03 ]
i [ 02 RCLE 36 12 ] ; 08 y¥ 3l
i 03¢ \ -35 ] 082 : -J5
1 ey = -~csj 2 081 ROL2 36 82
i » 228 RCLD 36 14 = 08¢ SIN ]
i ¥ 22 R 16 45| RADIANS TR » -35
| PM‘ 030 RCLA Jo 11 : O RCLS Jo 06 | v
T o . 35 = Teer \ -39
{ i 23 ' -85 ; 088 8 ('
j [ 03T BCL3 36 83 ] AR 4 o4 ]
: = 134 \ -35 ow s + ~ad
i [T stos 3]k, S () 88! RCLT 36 83
: - 030 RCLL 36 14 02, v -35
“To3r sre2 35 021 LAT ) 033 RCLY 36 04 ]
L 038 SIN 4] T o i 84
o3 v 53 ] : e ye 3t ]
0 e Rt s o] e€? 03¢ , -35 1
et . =351 T aen . EBM -23
e ! 01 ] [ ese 8 o
TN - -45 . 3 o4
04 CHS -22 oo 1 tec kel 36 4o |
' M8 I 54 j F j 1! 4 o
I Q48 RCLO 36 0@ L yX 31
PreSrar . ¥ -4 Tz s =35 1 () p? :
5 048 1N 527 [ e ROD 36 14 .
P 043 ST08 3308y i I ¢ =55 ] '
oo ] 056 RoLe 36 02 1 0 ST 35 14 ] NORTHING
T 05! 2 0] 1 RS 51 ‘
— -35 1 e R 36 82 ‘
R 083 SIN 41 T 1es cos @ 3
2% RCLS 36 08 | 0 1e  RCLS 36 o8
| losse \ -35 1 -35
1 esé 4 2] T YV R X
REGISTERS T
s “Tho%sin1t" 3600 [“s00000 [ cm [* v koS
[& & i & T ¥ o o
A - " LAT. ¢, D | LONG, \, E | p
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THIS PAGE IS BEST QUALITY PRACTICABLE

FROM COPY FURNISHED T0 DDC

1.6.1 PROGRAM LISTING

——

Step KEY ENTRY KEY CODE COMMENTS STEP KEY ENTRY KEY CODE COMMENTS
¥4 < -3
[ [ 14 RCLY 36 04 ( .
i1 \ -35 e =3
| e EEX -23 [ |
ot 2 o] 3
{ {3 + 24 | b
[ 1He RCLI 36 45 | R AMTENE
g 120 s -33] = .
[ 2t 8T8 35 89 ) (IV)p I 1 ey
122 ROLD 36 02 i r
[ 133 oS 4] £ T
i 53 % MO
128 2 8
| B s -35] = P
L 1 'Th ] A
L - -45 ) PR W ST
L3 ReL2 36 62 ] 52
0 T COS @
¥ . -35] Eh-=
L% e 36 88 s
i - ¢
b o <
T + -24 EEs
M 3 R 36 83 | iy i
L \ -35 o
s ReLe 36 04 | ERa,
. 3 3]
e z g N 3]
o ) X -35]
RRERN 0T N | -23]
; 143 3 06 | - -
el T * éd L | e
‘‘‘‘‘‘ T 45 RoLI 36 46 ks
T4 3 03]
37 g 31
a0 [0 T RS o
145 RCLY 36 @9
W Tise ¢ - =83 ] S i
iR . S708 e EY (2 = D
1182 RCL? 3o 87 ) [
T 36 15 ] Y
e B XYY 16-35 | LONG = CM ? 20 i
155 ST08 2 12
— T 1% RCLS 36 @6 |
15T RCLS 36 09 ] i
ey 1 S -5 -
I J1es stoE 35 15 EASTING
[ T:60 RIN 24 T
O Tre oloLB a1 12 ]
E T 162 KoL6 36 96 3 IEERR L RN
i | 36 89 ] e |
—Lted - -45 | . T T
—Tiec stk @ 15 EASTING RO METAE
t,__ 1:8 MT PICEN ) e g AN MM i
{ LABELS LAGS SEY STATUS
“TUSED |* usED | P y FLAGS TRIG ISP
a b « o e \ ON OFF
i DEG () FIX ()
0 2 A ) v 0 0] GRAD 1) sCl ()
J[r - 2L )| rRaD O | ENG D
3 00 0 N
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1.5.2 UTM USER INSTRUCTIONS
1.2 UTM GRID TO GEOGRAPHIC COORDS
STEP INSTRUCTIONS oAI"zS:ns KEYS vouw'umers
1 | KEY N (D.MS) STO D 5516677.7| |STO]| D | SAME
ey |
2 | KEYE (D.MS) STOE 456819.7| [STO|[ E | SAME
|- < §
| 3 [KEYCM STO7 9 | [stoll 7 | [ _9.0000
e R
| 4 | PRESSA |1l A | [ 49.4801
i I I |
|| QUTPUT IS LATITUDE (D.MS) IN D e
A PO I I I
| 5 | PRESSR/S = "1 IRZS] 8.2360
I b vl
[ | OUTPUT IS LONGITUDE (D.MS) IN E | J1 | | 8°24'00"
e 1.3
i e
E
B et i
,,,,, R
el R
B e e =
B o
o o = P .
S
e .
=i
i AR
A I
o e
e I J J
prs BT
| R B o=
- Sy —
o Sl (i i R,
- e ; l ¢ N
I PRacg, .P&
I Mg
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THIS PAGE IS BEST QUALITY PRACTICARLE
FROM COPY FURNISHAD T0 DDC snssm

1.6.2 UTM TO GEOGRAPHIC COORDINATES
STEP KEY ENTRY KEY CODE COMMENTS STEP KEY ENTRY KEY CODE COMMENTS
oot €1 sLBLA 21 11 ] i
002 RCLE 36 06 e58  TaM 7] :
003 RCLE 36 1S]E 59  x -5
‘ 804 - -45 | o0 1868 RCLE 26 88|
\ 985 MBS 16 31 06! ‘ o]
. 805  EEX -23 | (- B &,
, ee: 6 % "% 4 -247] - 1
i ees < -24 ] 864 RCLE 36 ¢
i @83  sT0I 3346 q 865  + -2¢
i oo 0i@ RCLD 36 14 86 RCL3I 36 &3]
; o1 RCLA 36 11 ] 067 ‘ [
| 012+ -24 ] 068 Y 31
013 RCL3 36 63 869 <+ -24] {
814 & -24 ] o0 | 878 2 © i
gxs RO 16 46_| DEGS. ot 4 o]
: 15 sT09 3589 ¢" 872 % -24
3 017 4 o] $oan 73 EEX -237
018 x -35 ] ers 3 03]
819  SIN 4] 075 e %
020 020 RCLC 36 13 07 x -357
02: x -35 077 RCLI 36 46
822 CHS -22] 878 4 o] |
023 RCLY 36 89 079 X 317 1
«. 024 2 3 e | 088  x -35] |
' 025 X -35 1 881  sT02 35 €27 (V) q4 |
§ 026 SIN 4] @82 RCLY 36 097 |
' 27 RO 36 12 883  TAN 437] |
5 028  x -35] 884 RCLE 36 08" |
: 829 ¢+ -55 ] 885 Xt 537 |
030 830 RCLD 36 14 06 + “24"] |
@31 RCL3 36 83| 887  RCL4 36 647
3 022 + -24 ae8 + -24 ?
! 833  + -55_ 86S RCL3 36 03]
l 834 RCLA 36 11] 090 8% X2 53]
{ 835  + -24_ 091  + -24
1 836 R 16 46 | DEGS 892 2 e
! 237 sT09 3509 ¢ (12) 093 + e
! 038 SIN 4 694  EEX 23]
8l 839 Xt 53] 095 1 o]
| P 1840 RCLI 36 01 096 8 )
i 841 X =35 e9? X -35 ]
| 842 1 o] 958 RCLI 3646 9
043 - -45 | 899 Xt 537
844  CHS -227] 100 108 «x -357]
045 X 54 101 RCL2 36 027
046 RCLE 36 047 e - 5™
847 + -24] 183 CHS -227]
848 1/X 52 188 RCLS 36 8S
849 STOB 35887 v (13) 105 = -2477
0 [ 859 RCLY 36 89 106 RCLS 36 897
851 TaN 3] 107+ -85
852 Xt 53] 108 sHMS 16 35| D.MS
053 3 s 189 STOD 35 14
4 x -35 170 118 R/S 51| DISPLAY
055 5 o] 11 RCLY N6
gs6 + -53 112 oS <
REGISTERS
1
gﬁ a 2 [(vm) qé}? ko Poesinl" [ a0 [ 5ooooo][’ cMm '” v | ¢
1 l§ S3 S4 fﬁ Jss S7 S8 S9
S ST P S L S i, e
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1.6.2 ROGRAM LISTING

THIS PAGE TS BEST QUALITY PRACTICARLE
FROM COPY FURNLSHED 20 DD __—

#"_

STEP KEY B‘Iﬁmr KEY CO&{ COMMENTS KEY ENTRY COMMENTS
13 b 169 RCL2
] X -39 ] 170 + -35 |
[ ]us RCLE 36 04 171 oHMS ] p.ms
:;g kc:.z x.g i ig s;g:  Bansin
18 «x -35 | 174 sLBLB
191X 52 | 175 RCL? )
_l120  EEX -23 176 RCL2 b
T 1 o 1P - 5
j122 2 e« | 178 HNS 10.
:53 chx x.xT et : ?O%SG
i L 5 = Lise by ]
, 126 st B R (X S S
L 12y R e Ll ;
e ew a7
129 Xe 537 e
130 2 e 3
T X -35 ]
— 7 t o1 ]
133 + =35
13 RCLS 36 89
T li3s cos @]
Wy -24 ]
{137 Rete 3608
- 3 Q]
- Ve 3
j4e " ~24 7]
lte4r ReL4 36 04
142 + -24
143 RCLI 36 83 o
e 3 0 W TR
Js 317 ot ) s
1 -24
R ECh 6 0 ]
| 148 + -24 7] R
— 1149 X -23 7 AR TS e
~J1se 2 'y R 7 [ T
_— ‘ o]
Tiss  « -357 s
| lis3 oRar 36 46 g
154 3 03]
[ 155 y 317
“T1%6 -351 (X)q?
1157 cHs 227
158 RCL2 36 027
o -55 1
(w160 RS 36 o]
o v -24 ]
[ T1e2 sto2 & AN (10)
1163 RCLE 36 18]
164 RCLE 36 06 - e
(165 - ~45 ] TR S
[ ]166  x<o° 1645 ] E- 500000 < 0 ? TR ST
167 ¢TOB 22 12 1
168 RCL? 26 @7
LABELS LAGS SEY STATUS
usso " usEpD | > P TRIG oIsP
C d \
0 DEG () FIX L)
2 1 GRAD 1) sG )
2 RAD () ENG ()
J

n

e i i e i S i




2. SUNRISE, SUNSET, AND TWILIGHT

2.1

. REFERENCES

a. Russell, Dugan, and Stewart, Adséronomy, Ginn & Co., New York,
1945.

b. The American Ephemeris and Nautical Almanac for the Year 1977,
U.S. Government Printing Office, Washington, D.C., 1976.

c. Explanatory Supplement to the Astronomical Ephemeris, Her
Majesty's Stationery Office, London, 1961.

2.2.  DISCUSSION
Charts are prepared and issued for cach major military operation
or operational area giving sunlight, moonlight, and tidal data.
Nautical twilight (sun's zenith angle from 102° to 96°) provides enough
illumination for most types of ground activity, although bomb loading
and repair work require artificial light. Civil twilight (sun's
zenith angle from 96° to 90°) permits normal day activities such as
observed artillery fire and visual bombing. Sunrise occurs when the
sun's upper limb has a zenith angle of 90°. This makes the zenith
distance of the sun's center 90°50' (90.83°), allowing 34' tfor hori-
zontal refraction and 16' for the sun's semidiameter. For some air-
craft applications, a correction of 1'.17Vh is added, where h is the
altitude in feet. If H is in kilofeet and decimal degrees are used,

this correction is 0.617VH degrees.

2.3. EQUATIONS

The fundamental relation (Ref. ¢, p. 403) is

cos h = - tan ¢ tan § + sec ¢ sec § cos z (1)

where h and § are the hour angle and declination of the sun at the
time of the phenomenon, ¢ is the latitude, and 2z is the zenith angle.
(The correction of the declination from ephemeris noon to approximate

rising or setting is at most 0.1°, a refinement we will neglect.)
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The sun's declination is the number of degrees the earth's axis

departs from a plane that is normal to the sun's direct rays. The

declination is tabulated in the annual Ephemeris. An approximate
formula is derived and checked against the tables.
In Fig. 2.1, 0 is the true anomaly on day D and a is the eccen-

tric anomaly.

Earth, day D

Orbit

/ ’
/ e s
/ / |
/ / '
/ / {
7] / |
Qa ‘9 i
i Sun 22 Dec
5 Day O
Fig. 2.1— Anomalies
Kepler's equation is
s 2np )
a - € sin a 365 ° (2)

where € = 1/60 is the eccentricity of the earth's orbit. Also,

2
sin a = - —1‘:___6. .._.!i!.“._.e. " (3)
€ cos 0

—
+




v
£

A

Neglecting V1 - €2 (= 0.99986), and solving for 6 yields

1 *€cosa’ (4)

where the + branch is used from the vernal equinox, 21 March (Day 89),
to the autumnal equinox, 23 September (Day 275).

= 21ID/365. This

From (2) a first approximation to o is simply o
o + A in (2) to get the correction

is refined by using a =

sin a
A= m‘s—'a; (radians) . (5)
Finally, using direction cosines, the declination becomes
sin § = - cos § sin v , (6)

where v = 23.44° is the inclination of the earth's axis. The sign

becomes + between the two equinoxes as the earth passes through the
summer solstice, 21 June.

Next a formula for the Equation of Time (EOT) is required. The
EOT is the difference in hour angle of the sun and the fictitious mean

sun used for ordinary time. The difference owes to two causes:

(1)

the variable motion of the sun because of the eccentricity of the
earth's orbit, and (2) the obliquity of the ecliptic

The figure on p. 147 of Ref. a suggests that

EOT = - A sin (6 - a) - B sin (20 + b) (7)

We get from that figure the approximate values A = 8, a = 5.92°,
B =10, b = 4.73°.

Here Day O (D = 0) is 25 December, since the EOT
is 0 on that date.

The éxtrema of the EOT are:

FET




1
12 February D= 49 EOT = -14.29 min !
14 May D = 140 EOT = +3.72 min
26 July = 213 EOT = -6.46 min ,]
3 November = 313 EOT = +16.41 min .
|
i Replace A by A + AA, etc., substitute in (7), take only first-order
terms, and get four linear equations in the unknowns AA, Aa, AB, Ab. :
These are solved quickly by Program 7 of the Hewlett-Packard Math j
Pac 1. The corrected values of the parameters are i

A = 7.4447 o 6 S B = 9.894 , b = 4.941

The resulting mean absolute error throughout the year with respect
to the tabulated values of the EOT is 24 sec.

Rising and setting times are now computed by

Rising = 12 - EOT - h (8)

Setting Rising + 2h .

These are local mean times with respect to the central meridian (CM)
1 of a given time zone. To correct for other longitudes, subtract 4
min for each degree east of the CM, since the sun is earlier, and

add 4 min for each degree west of the CM. The correction is

H programmed .

2.4. PROGRAM NOTES

(1) The day number D (D = D + 3) for a given date is needed,
counting from Christmas as Day 0. Subtract 1 from the month number
and multiply by 30.42, the average number of days in a month. Take
the integral part. For month numbers 1, 8, 9, 10, 11, 12, add 6;

b § for months 3, 4, 5, 6, 7, add 5; and for month 2, add 7. Finish by
adding the davs of the date.

(2) For the longitude correction (f LBL 0) add 360° if West
longitude (entered negative). Then obtain the correct central
meridian by checking whether the fractional part of the longitude

divided by 15 is less than or greater than 0.5 (1/2 hr).




(3) At dates when the sun's declination is close to 0, formula
(4) can yield a number very slightly greater in absolute value than 1.
This would generate an Error signal. Such a number is replaced by 1
in f LBL 5.

(4) This program required 220 sieps. There was not space to
program rising and setting in the Southern Hemisphere. To do this,

proceed as tollows:

® Find the sun's declination on the desired date.

e Change the sign and use formula (6) to get a new B and a

new day number (365 + 0/360), differing by about 6 months.

-,-u
e

Find the rising time tor the latter day in the Northern
Hemisphere.

° Add EOT, - liOTl 5

: Example. Find sunrise on 5 May at 38°S (Central Meridian). Run pro-
% gram with +38°. RCL 2 to get § = 15.48° (the true declination is
16.15%). RCL 1 to get EOTl = ,0600 hr. By (6) with § = -15.48,
0 = 47.9 or 312.1. Choose the latter. D = 317, or 7 November. Run

program with date 11.07. Rising time is 6 h 32 m (6.53), EOT, = 0.26.
Rising time is 6.53 + 0.26 - 0.06 = 6.73 or 6 h 43 m. The value for
this example given on p. 566 of Ref. (b) is 6 h 45 m.

(5) Program running time i{s about 25 sec. Compared with the

values tabulated in Ret. b (pp. 434ff), errors are 0 to 3 min with 0
and 1 the most likely values. The errors can be greater, however,
at high latitudes at dates close to those with twilight lasting all
night.

Example. Astronomical twilight, 50°N, 14 Julv: The computed value
s O h 31 m versus the actual 0 32 for beginning, and 23 39 versus

23 32 for end of twilight.




2.5 USER INSTRUCTIONS

2. SUNRISE, SUNSET AND TWILIGHT

ZENITH A, DATE B, LAT. C, LONG. D PRESS A, R/S

INSTRUCTIONS DA:'NN’::;IN KEYS oﬂ“lm'n
LOAD BOTH SIDES OF PRGM AND DATA CARDS | | | Il & i ]
[ I |
- - e st et i 2 -
ggp:_lm DESIRED STO A N BY | ] & LR
'SUNRISE (UPPER LIMB)  90.83 A 90.83 [ | [ENT] 90.83
CIVIL TWILGHT , . LS IRN | T l I l  ide]
NAUTICAL TWILIGHT 102 , = l [ l :
ASTRONOMICAL TWILIGHT 108 SO, | | | Sy =
_ g | l -
TO CORRECT FOR ALTITUDE IN KFT R HETEN T N I A
ADD 0.617 vH TO THE ABOVE (40 KFT) g [+ | | 94.73 |
¥ SR [sTOl| A | | 94.73
DATE AS MM.DD STOB S T | (o
(N.B, OCT 915 10.09) cheae o b o BOTSTGLITE ) 1o W0 |
€l 1 = e
LATITIDE (NORTH ONLY) SR TR I | e
DD.M. -~ . SIoCW RN 322 | [sTEI[ €] L »39_2“21
s : = | I | 1
LONGITUDE iDDD.MM STO p Dok bl 27 AR S o il |
(= FOR W, LONG) 121° g'w = 1=121.08 | [STO][ B | [=121.08
LR L4 LT LRy R Sy G ST B [ ARG
PRESS A TO GET RISING HH.MM (5h45m) [ | I M| A5
PRESS R/S TO GET SETTING HH.MM (17h 57m) o H | W57 |
B A - TR TR O (1R
DAY NUMBER OF DATE ot R IS T e | | 29
RCL 0 AND SUBTRACT 9 CHECET W I =1 | 282
P R R i I Il
EQUATION OF TIME SN e I |
DSP 4, RCL 1, g H.MS 9 R, - N 02128
'I_'OGET MMSS ~ (12m4és) i |1 | 9 [H.MS 1246
N : , V) RV I I I :
DECLINATION OF SUN ST R e [RCL|[ 2 | | -5.9663
RCL 2, g H.MS to get + DD.MMSS (-5°58') | | [ 3 |HMS |-5.5759
e : I | l
| RISING 1S STORED IN 3 B AW g - e N 5.7632
SETTING 1S STORED IN 4 Coe o o v R A LR 5.4548
(g H.MS) S > R I |
| I |
ERROR MEANS TWILIGHT LASTS ALL NIGHT R -
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2.6 SUNRISE, SUNSET, AND TWILIGHT
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STEP KEY ENTRY KEY CODE COMMENTS STEP KEY ENTRY KEY CODE COUMMENTS
et o MR o MNOTE 1. | & 1 R 1
e ST B e E 2 &7 .
— 1 083 INT i€ 3+ | MONTH TR W A 3_]28 |
- ! 3] S0 ¢ PSS 16-%1_| SEC
: e0f - 457 [l e Rote X
CU S b IR o $S ) ,
[ o X 3] T W3 S W ;
DU R 3| DY T 64 2082 X&) -8
Wy TR 3 ] s X 357 |
ow T 81 Ry Wi N i | e B ] '
W Y N 3] o ra £ 3]
L Lo xe 3] R ? o]
3 en & & oS+ &
L 4 Roee 3 5] oo | e PSS i 5.:
8 2 3 STt 3 &1 EOT IN HRS
T e %y -3 TR TIR TN EOTLIN KRS, G
‘ ae £ran AN 3 ‘* T T Ay 3~ (
k—"_ }_ \-.-‘ bi‘\h .- \‘..._‘ i L tn‘. 3 |
&1 AR 3 2] Tae 5§
L 2 & [ e s xRTPp
S Y 16351 MONTH 27 TR MY X 6T
@ . 2§ ik b R 357
83 <101 So 8 ] MONTH 1 s StE Bile
T RE N o T MONTHS 8 T2 L& sin $17]
i 4 AL BN AND 1 [™ T aw & %]
¢ § % N e N7
[ ] @ sTed 3555 8T] ADD 6 T TRSD  ROLE I 15
facte. LA PR N N
e FASIIIE 8y ST MONTHS 3 TO 7 e - 3§
k. 28 ML R B+ -]
o T aze s 35 ] DA SV HYISR )
T e ste %] ApD S —Twr e %0 datan
e St 20w e 551
N AT TR SO MONTH 2 T8 STOE 38457
—T e : ] o O N e T £
[ e sTer 3555807 ADD 7 = oM RCLE 3 157
a3 CT04 X o I U R 417
W dmT W B R 083 RO 36 &7
i e RCLS ;:: o e + 7] sin 8 (@)
"3 FRC i 4 @ CS8Y X5 28T
a0 M ! 8] WS SN RTINS
04 # o] ¥ oS W@
T ? 8] 8 AUS W BT sin v -osin 23.44°
MY x 3 ¥ x 38
T 044 STee 35-55 2] DAY D ™ e SN e T ()
[T MY TRT T W] EQN. OF TIME Rl I 4
846  RCLY 36 85 182 X 3571 T
" i€ 817 { BF RS s
1 oes s 3 s € oo @ ()
Y ese - -55 7 T Rt 36 6T
e 8 47 e o 4
052 Rlt ] -A e ey
R -35 7 188 RGLC 36 43T
S PSS -5t ] PRI (X R TT T 16 3_| ¢ DEC,.DEGS
S RULY 6 W T W]
3 VT -

REGISTERS

T

RISING [SETTING

* h(HR

S0

°D*,D,D|EOT (HRS)

'<7.447

L3
S

*-9.894

=5.935 | 4.94
-5.95 [ 4.941

S8

W

S
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2.6 PROGRAM USTING

| STEP NEY ENTRY KEY CODE COMMENTS STEP KEY ENTRY KEY CODE COMMENTS
! V :ig R‘;“: s :i“ tan § ;2: &g: 2 18 o s
f e W x4 ZE I B 4 &i £
: Tis e 3643 r Tt i3 %43
i 16 MY fe 36| N O N
‘ 1Y TaN 3 e - 45 ]
{ e x 35| 1 s103 35837
| 0y - 45 | cos h M [T am G T, B
, g 138 Cos 16 42 76 W87 X7 BRANCH CHECK (@)
‘ 1N ! ] i rte ke8] B
| t 122 s &3] T a by
PR - -4 e o 88 ]
'g [T stes 3585 h IN HRS (& T8 x4 ]90>D2 :
! S .v t ¢ et gree 22T
S 2 el 182 2 o]
} P 4; 13 RcLt 3% & T ? & ]
e 3 35| RISING @ | [ts 5 7]
] >——-~L 123 ROLS 3 357 B 3 a7
B T 130 - 3§ TTISE - DY -3 TID >2759
i ot gu s o g
B 132 PRY N PR W_‘ 188 o102 PO )
i [ T3 s 16 357 EUTY U N BT AL |
s 0T R 31| CORRECTED RISING [ 190 ! a.q
] 133 R 3% 3] 19t ML 3615
i , [ 135 RS 36 35 192 (0S N
o T 2 & 187 N 3 ]
2 ) -35_] 19 2 |
; o + -85 198 ~ -
o [ 140 STO¢ 35 T - 45 ] USE - SIGN
41 nes  1¢ 35_] CORRECTED [ ST06 IS & |1-€cos ¢
1 a2 RIN & SETTING 188 1 "
§ {43 #LB di 8_|PRGM NOTE 2 P e 7]
1 MRG0 1] S 288 sTO! 3546 ]-1 INR,
S wng» 16 36 e RIN 23 1 (TO SHOW BRANCH
;ip“ XN 16-44_| LONG POS ? (EAST) L N aIm—_l".’T;"_—‘_'L“ e
‘ | L147 Gron 2216 81 283 1 6
‘ I 3 #3_| IF NOT, ADD 360 o RCLE 38 iS5 3
! [T é 3 I T i
g ~ t a 8] 206 § 3
190 -55_] 2 ¢ @
?i 182 CTWa 22 6 ia S 208 - ¢ _ ]
f L 133 ass e it ] ‘ W g IUS « SGN
O i 210 P STO € |1 + € cos
1 § 8| a8 1 ] ¢
— 1% + &4 a2 ST01 35 4 |+1IN R,
[ 1% FRC i¢ #_] FRAC OF LONG 15 21X RIN 24 ] (TO SHOW BRANCH)
B xgg ST01 35 v :il Iﬂms ST _TPRGM NOTE 3.
anidd . 80 H 16 3i
ffg il s 3] 216 1 8]
Lt o 1634 ar  xy ~4i ]
[ 16 IO 22 6 1d_] (GTO fb) 1218 »Y 16-3%¢ | lsing! >1?
e RCLY 36 35 | E OF CENTRAL MER | & 1 i | REPLACE BY 1
—¢ 164 RUI 36 46 | (BECAUSE OF DIVISION | e RN a4
—ie 4] eY s aBovE APPLIES- | — - ——
s —{ 4 MIN/DEG CORREC~  f—dfmmmoo
. i = %54 TI0N.) 4 -t
——l 168 STOX 3543
s e R LABELS FLAGS SEY STAYUS
)
 NOTE: DATA CARD ENTRIES | e = FLAGS __ TRIG DISP
d 1 ON OFF
. ARE MARKED D IN E oo 0| oea o ex
— 3 4 il = GRAD () SCI
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3. GEODETIC DISTANCES AND BEARINGS

3.1. _REFERENCES

a. Erwin Schmid, 7riangulation Position Computation Without
Tabulations, unpublished Ms., National Geodetic Survey,
July 1972.

.
7

b. P. A. Smith i_lnd H. G. MilSSt‘)’, & JOSS [“)'«‘;fl'xl".' J‘\")’ 4';.’(' I‘I.\‘lt)(‘:¢t'
Inverse Computation, The Rand Corporation, P-4950, January
1973.

3.2, DISCUSSION

The programs usually written for great circle distances and bear-
ings assume a spherical earth of some mean radius and employ the ele-
mentary formulas of spherical trigonometry. The results can be in
error by as much as 20 kilometers. To the geodesist (which I am not),
such programs are to be anathematized.. But bevond the evident demands
of surveying, there are applications in the military and international
domains where much greater precision is required.

In 1828, F. W. Bessel gave the general solution for the geodesic
on an ellipsoid of revolution. Two differential equations must be
solved as part of Bessel's rigorous procedure.

Unfortunately for rigor, the geodesist's world is neither perfect
nor static. Periodically, the semi-major and semi-minor axes of the
geoid are changed.somewhat in value. We recommend using WGS 72 (World

Geodetic System 1972), now rathe;mgﬁﬁvﬁalJg\acceptvd‘ which assumes

T
i,

a =6 378 135.0 m b, = & 356 7505233 m ,

and hence a squared eccentricity of

3 2
ez =1 - (b/a)‘ = 0.006 694 407 .
(The reciprocal of the flattening f is 298.256.)

The forward problem in geodesy. takes the latitude and longitude

of a station, an azimuthal bearing measured clockwise from north, and
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a distance or geodetic segment, and asks for the geographical coordi-
nates of the terminus of the segment. The {nverge problem wants the
geodet le distance between two stations, given their geographical co-

ordinates, as well as the bearings of each station from the other,

The equations for the solution of these two problems are rather
lengthy. To conserve space in this report, they are not reproduced
here.  They are found in Ret. b, available from The Rand Corporation,
Publications Department, Santa Monica, CA 90400.* For those readers
who delve into this reference, note that in the formuand solution pro-

grammed here there is a replacement in formula (8) of

l"‘__kA, h)’ l_k‘

=N
L+ k774

o &
since K7/4 ts loss than 1 x 10 b. and there is a deletion in formula
(10) of the term

23 13 « cos 6 8" ¢+ sin 3 AS'
48 cos 0 ¢ sin B »

)
which is of the order 1 x 10

This 1Is done to save scarce program space and to accelerate exe= E

cution slightly. In comparing the results with the more exact values

ftound by the National Geodetic Survey, the resulting latitude may be
¢

In error up to 0.2" (6 meters), and the longitude by considerably

less than this,

(1) There arve three places in the program where care must be

taken to ensure that the arctangent gives an angle in the correct :

: -1 5
quadrant. The 'g tan ' function on the HP=67 produces angles only

In quadrants [ and 1V, but the rectangular=to=polar-coordinate con- q

version provides the correct quadrant for +/+, /-, =/=, and =/+. Key
e e ]
Price to private {ndividuals: $3,00 postpaid, i
' H
i
|
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in the y value, the numerator with ¢{tg sign. Press ENTER. Key in
the x value, the denominator with its sign. Press g * P. Press
h X « y to get the angle.

(2) Stack manipulation is used in two places to hold values in
stack storage until they can be placed in primary storage, avoiding
the extra steps involving '"f P «> §' if secondary storage were used.
It is good practice in such programming to use 'SST' in run mode and
get successive traces of the stack contents by 'g STK'. (This is
pre-bugging rather than de-bugging.)

(3) Because of program size (218 steps), the user is asked to
make, if necessary, a simple tinal correction to the displayed longi-
tude (8 and 9 under 3.5.1, User Instructions). It is important to
use '360, CHS, h H.MS+' rather than straighttforward subtraction in

step 8.

Examples. The tollowing comparisons with National Geodetic Survey

values use their geoid constants of

a =6 378 145,00 m b =6 35 759.76 m

A

€ = 0.006 694 545 .
Moreover, their nperse solutions (geoid distances as segment lengths)
are used to check forward solutions. (Note: To convert kilometers
to nautical miles, divide by 1.852 exactly.)
Let the station of origin be the municipal airport at Fairbaunks,

Alaska=-64°49'08.95", =147°51"'51.36". Then we tind

Place Los Angeles Jakarta Tel Aviv

Azimuth 135°12'18.42" 281°25'57.06" 35794526, 32"
Kilometers 3961.6444 =11344.3480 ~9259,2287

Latitude 34°02'59,93" -6°10'00.16" 12°04'59.79"
A lat 0.07" 0.16" 0.21"
Longitude -118°13'59.96" 106°49'59,93" 3446 '0000"
A long 0.04" 0.07" 0.oe"




A0

If the azimuth (bearing) is greater than 180°, the distance is entered
as a minus quantity. The A's show the difference with respect to the

NGS's more accurate value (0.10" in latitude is about 10 feet).

3.

5. PROGRAM NOTES (INVERSE SOLUTION)
(1) In this program also,” the 2-parameter arctangent procedure

must be followed to get angles in the correct quadrant.

(2) Again because of program space, we neglect terms involving
k3 and ekCept for one case those involving kz.

(3) On the first R/S if the number appearing (the difference
in radians of the longitudes of the second and first stations) is
greater than n, then key CHS, hn, 2, x, t, R/S. Otherwise we get
the greater of the two geodesic distances between the stations. Of
course, this is readily programmed but we do not have remaining avail-

able space.

We now repeat the above examples using the inverse solution.

Place Los Angeles Jakarta Tel Aviv
Latitude 34703 -6°10" 329045
Longitude -118°14" 106°50" 34°46°
Kilometers 3961.6400 11344.3418 9259.2221
A (meters) 3.8 6.2 0.0
Azimuth 135°12'18.62" 78°34'03.00" 02°14"33.65"
A AZ 0.20" 0.06" 0.03"
Back AZ 158°45'02.66" 155°07'39.00" 178952'19. 11"
A B/AZ 0.08" 0. 01" o.01"

In this program, azimuths arve less than 180° and give the angle
from N to the eastbound portion of the geodesic. .

The accuracy should be acceptable to all but the mnét demanding
user., We pay for this accuracy in the usual coin ot ln&rvuscd com=
puting time. The reader may wish to program using a mean carth radius
and the formulas of spherfcal trigonometry, as ment ioned in Sec. 3.2,

.

to persuade himself,

et
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Because of lack of program space, the user must take account of

three procedures:

If both given latitudes are negative (Southern Hemisphere),
change signs of both latitudes and both longitudes.

It both stations have the same longitude (meridional arc),
the program will show an error at step 044 (1/tan 0). In
this case add 0.01' to one longitude (0.01) and run from the
beginning, although the solution is unstable for such small
differences in longitude.

Registers A, B, C, D are used both for initial and inter-
mediate storage. If a new problem is to be run with the
same first station, its coordinates must be restored. You
can, however, store the coordinates also in S6 and S7, being

careful to precede and follow by f P +> §,

e ot

bﬂ‘ R
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3.5.1 USER INSTRUCTIONS

2P

3.1 GEOGRAPHIC COORDINATES OF A GEOQDETIC
SEGMENT FROM GIVEN POINT
(FORWARD SOLWUTION)

——

»

sTep INSTRUCTIONS ... . KEYS Wi
1 | LOAD DATA AND PROGRAM CARDS SN 5 vy | e
e
2 | KEY LAT OF STATION (D.MS) STO A 64.4909 | [STOJ[ A |
| | (-FOR S. LAT) |
o | e
| 3 | KEY LONG OF STATION (D.MS) STO B -147.5151| [sTOl[ B |
(-FOR W. LONG) D | DG
| S
| 4 | KEY AZIMUTH (D.MS) CLOCKWISE FROM 135.1218] |STO|| C |
| | NORTH, STO C AN |
o g e
| 5 | KEY SEGMENT DISTANCE IN KMS, CHS B S
| [IF AZ > 180, STO D (IF INPUT IS IN s | I
NAUT. MILES KEY IN, MULTIPLY BY b M i)
1.852, STO D) 39%1.64 | |STO]| D ]
IV W
6 | PRESS A TO GET LAT (D.MS) | J[A_] ] 34.0300
W S 0 | G
7 | PRESS R/S TO GET LONG (D.MS) [ I[R/S] [-118.1359
s |
| 8 | IF LONG > 180 , KEY 360, T | T
| cHs, h H.Ms + R | MR
b ]
9 | IF LONG < -180 KEY 360, h H. MS + VIR | BB
S
| DATA CARD i
e 0 e
€ STO 0 0.081 819 356 [sTO][ 0 |
B TR |
__|Y1-€2 5101 0.99 647 176 (STOl 1|
T TR W
~ |b STO 2 (IN KMS) 6 356 .75023 [sTOl[ 2 |
BIR S |
~ [ wes 72) i g 6
[ B
T, W
= -
o | BN \
i 1 ]

L
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FROM COPY FURNLSHED 10 DDC e

3.6.1 FORWARD SOLUTION
ooS‘TEP ;:: E"‘IRBV - KEY CODE COMMENTS STEP KEY ENTRY KEY CODE COMMENTS
0o WELR 2l i "G5, 5108 35 08
ez <o 3 66 ] s  FCL6 36 66 ]
23 3 16-2z | RADIAN MODE es? 4 04
ee: Pi  16-24 ] Co X -35
e RoLC 36 13 ] £sr CIN 41
035 HMS» 16 36] gsz @ 68 ]
aer IsR 16 45 | 0ET : -24 ]
gg_ X ég-:: ] 261 CHS 22
oo T o1e STOE 35 15) A e e
g1 RCLA 36 41 ] Vi -35
c* urrm; :: 3‘5’ 353 FRCLE 36 86 |
et TAN 43 ] 070 gf? X -gg ]
u;:’ RCLI So-g;_ fer: eI 41 ]
017 TEN' 16 43] B i
TR 35 64 ] < 1
e oo 4] i cie 3 06
@ 1220 FCLE 36 15] e 2 62 ]
g2:  SIN 41 err ~35 ]
222 5 -35 gre + -55 ]
223 050 16 42] g7 B3 ]
pi: ©TC5 35 65] e el
£ vgti 36 :g £ar  RCLE 36 68
22" CHS -2z ] Geroeclo 3614 ]
222 ENTH -21 ] G T
02T RCL4 36 4] cas ec2 36 62
030 gt THN 431 POLAR COORDS - ~24 ]
LAl f; o; IN CORR. QUAD €8T  £T03 35 83 ]
ok -41 ] gee  ST+9  35-55 83 ]
Oi'l F;gg gg 66 | ese  RCL3 36 83 ]
e cos @ e 35
23:  CHS 2] 22 N e
077 ENT -21 ] 00 eils 3669 ]
oz RCLe 36 2:: €54 2 62 ]
g2 8 ] 635 ¥ =35
o0 f:j? p%i 36 :15 gee c08 42
041 ¢ ] By % -35 7
Lo T =351 TO GET X2y, oy gsc  PCLB 36 88 ]
P v 341 IN SAME QUAD 695 xe 53 ]
045 5707 3507 s o
946 RCLE 36 86 g x -35 ]
es7  RCL 36 61 ] TR 8 05 ]
058 & -24 ] YR 247
212 PCLS 36 65 ] 15 RCLS 36 69 ]
050 g;(; SIN 1] 1e¢ oS 4]
14 pir el T RCL3 36 63 ]
05z ot 6 43 ] 1e:  SIN 41]
= 62 ] 102 x -35]
L -24 ] W__|:: RCLE 36 €8
05 TN 43 ] - -35
vl ba 8 112 o -435
- =g - . REGISTERS
Vi-¢€ b As', o [ ¥y 12% Ym Ty Oy | MsAp s551‘.25'.'“’
S0 S1 S2 S3 S4 Iss S6 S7 S8 S9
A B C D
¢1 | _ﬂ1 ay TS lE 01*1 AN

NI TSN S

L
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THYS PAGY 1 : |
BEST Qir, »
FBOM COPY Fuy ggpm -ITY PRACTIOARTY |
onng ;
3.6.1 PROGRAM LISTING |
STEP  KEY ENTRY KEY CODE COMMENTS STEP KEY ENTRY KEY CODE COMMENTS
e 113 RCL3 36 83 153 : -24 |
14 + -55 ] 17 170 CHS -22 | |
e 318 B Ao 171 PCLS 36 69
(42 RCLE 36 06 ] 72 SN 4]
1r + -55 173 RCL3 36 03]
11§ ENTH -21 ] STACK 17 2 6z
115 ENTH -21 ] MANIPULATION 175 X -35]
120 122 RCLE 36 66 ] L JfS . Dg 42 ]
12 + -55 177 -35 ]
122 §T103 35083]20 78 - -55 |
LT -41 178 RCLE 36 68
124 8T8 35 @6 | o, 180 18¢ 2 62 |
25 2 8 5! : -24 ]
135 §T:3 35-24 05 ] o 182 ! 61
13> ROLE 36 06 ] 183 + -55 ]
28 SIN 41 ] 124 FOLS 36 09 ] 4
123 ERTH =21 1TO GET 1y, oy 155 X -35 ] 3
130 130 RCLE 36 66 ] 18¢ + -55
131 cos L g 1s% RCLS 36 65
132 RCLS 36 85 188 C0S 2]
13 cos 42 182 x -35 ]
134 j -35 ] 190 192 FCLS 36 88 ]
35 3F 34 ] 181 X -35 ]
{2z v -41 122 4 04
137 ENTY -21 153 : -24 ]
{38 REL? 36 67 194 RCLO 36 66 |
138 - -45 7 198 % 53]
120 142 STOE 35157 A 185 A -35 ]
4L s -41 ter i 81
132 §TO7 35 67 ] 186  RCLY 36 61 |
H: Rl 3es] ? 9% - -45 ]
134 £0S 42 ] 200 262 RCLS 36 85]
145 ROLS 36 65 2e:  cos 4]
14€  SIN 41 ] 2e2 X -35 ]
147 -35 207 RCL9 36 89 ]
e N 16 41 ]y 24 x -35]
143 ¢cro4 35647 2 aoE e -45
150 iS¢ TAN 43 ] 285  RCLE 36 15 ]
£5¢ RCLY 36 o1 ] 27 + -55 |
152 * 24 ] e RCLB 36 12
12 TANY 16 43 ¢ 208 HMS» 16 36 ]
159 R0 16 46] 2 20 Tzt¢  O0+R 16 45]
1S5 aHMS 16 35 21! + -55 ]
1% RS 51 1 DSP LAT 212 R 16 46
£t PCLS 36 85 ] 217 3HNS 16 35 1 DSP LONG
153 2 62 214 RN 24
152 ~ -35 ] 215 sLBLE 21 68
160 152 SIN 41 ] 218 -41
151 RCL3 36 03] BE - -45]
162 4 94 ; 212 RIN 24
153 x -35 ]
165 C0S 42 =
158 -35 ]
16 PCL8 36 08 ]
167 X -35 |
55
184, : i LABELS FLAGS SET STATUS v
P P 3 i . ¥ FLAGS TRIG oIsP ;
a I # » K : cDO| oes ol ex o ;
0 2 3 4 , O GRAD O sc O
) 3 = RAD O ENG (O ;
rr W 3 00 n
EIy ]
‘
{
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3.5.2 USER INSTRUCTIONS

3.2 GEODETIC DISTANCE BETWEEN TWO STATIONS,
AND THEIR BEARINGS

(INVERSE SOLUTION)

INSTRUCTIONS

INPUT
DATA/UNITS

KEYS

OUTPUT
DATA/UNITS

LAT. OF 1ST STATION, D.MS STO A

64.4909

- IF S. LAT

LONG. OF IST STATION, D.M.S. STO B

-147.5151

- IF W. LONG.

LAT OF 2ND STATION, STO C

34.03

LONG. OF 2ND STATION, STO D

-118.1359

ON R/S, IF > 7 (3.1416),

KEY CHS, hm, 2, x, +, R/S

ON NEXT R/S, SEE DISTANCE (KMS.)

ON NEXT R/S, SEE BEARING STATION
1 TO STATION 2 (<180, FROM N TO

EASTBOUND PORTION OF GEODESIC) D.MS

ON LAST R/S, SEE BEARING FROM STATION

2 TO STATION 1 (AS ABOVE) D.MS

| DATA carD

FOR S HEMISPHERE SEE NOTES

|esTO ¢

0.081 819 356

1-€2_ STO 1 0.996 647 176

b STO 2 6 356.750 23

(WGS 72)

[STOI[ A ]

3961.64

135.1218

158.4502
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FROM COPY FURNLSHED T0 DDC gt
3.6.2 INVERSE SOLUTION
STEP KEY ENTRY KEY CODE COMMENTS STEP KEY ENTRY KEY CCDE COMMENTS
001 60! +LELm o1 11 ac?  RCLS 36 85
€a2 FrD 16-22 ] RADIAN MODE ae: + -55
a2T  RCLA 36 11 | gse  °T06 35 08|
804 HNS9 16 36 | 060 asé  RCLA 36 11 _
aes  OR 16 45 es!  RCL? 36 o7 |
3 TAN 43] ez (S 42 ]
037 RCLS 36 81 e e -24]
s x o [ [ 053 TANY 16 43
£2>  STOR 35 11] tany, 25T oT09 35 89
010 01> RCLB 36 12] eceé  Cos 4]
ary EMSs 16 36| gs;  ROL7 36 o7
iy DR 16 45_ ese SIN 41 |
g:T  STOB 35 1z ¢e v -35]
21+ RCLC 36 137 070 T2 ENTH -21]
! Q1€ HmS» 16 36] “FaTrcReLr . 3w
{ @is DR 16 457 gp2 008 42
‘ MT TAN 437 ome 3F 347
aIs RCL 36 81 B 3y -“-‘
210 X -35] ] 16-51
020 220 ST 3513] tan g o s1! 35 81
i 2t RCLD 36 14] 2 077 P3S  16-51]
? 323 HNS» 16 36 er>  RCLS 36 89
it £33 OR 16 457 373 C0S 42
iy g2¢  STOD 35 14] 080 26 RCLS 36 85 ]
B 23 RCLA 36 1171 gst  SIN 41
B 82¢ RELC 36 137 poz X -357
R 32> - -457 88T ENTH -21
| 228 sto3 35 83] 22: RLLB 36 68
1 ezs  RCLA 36 117 28° oS 42]
| 030 a7 RCLC 36 13] -2 P 347]
l az + -557 -0 -41
i a3z STO4 35 047 I 16-517
! 037 RCLD 36 147 252 8T02 35 6z
{ 234 RCLB 36 127 0% @t RCLI 36 817
* hkig - -45] 33! - -45
i £3c RS 51 g2 §T03 35 837
A v STE 3515 g - 2 RCLI 36 817
3 a%s 2 2172 M 884 RCL2 36 827
' a2+ -241 g+ -557
o0 @s¢ STCS 35 851 AX%/2 acs 2 827
i T SLELE I 1z as; = =247
242 RCLS 36 85] oee STO4 35 847
04T TAN 43 Jer  pas 16-51]
Co TR 52 00 102 RCLS 36 897
24 =03 36 03] el SIN 417
W X -351 2 PARAM tan-! 182 RCLO 36 887
24T ENT? =21 107 x -357
04°  RCLY 36 684 164 RCL 36 617
P 34 rer + -247
050 ese  X2v -41 188 TANY 16 437
gs!  ENTt -21 e 2 827
as2  ENTH -21 168 - gl
057 PCLS 36 85 €2 TAN 437
e = -45 110 1ie ne 53
; 0ss  sTov 35 o7 e B 16-51
RS ¢ -41 142 Sros 35 85
REGISTERS
T ‘\Fl-ez o J_ton tﬁ, 4 fan \F; S AN/ Sani+1/2] Ay 8 Ayl 9 V!
1 i S2 i S3 i S4 i S5 i <6 S7 S8 Sa
[so : o, l o, l Ao I o k
A B8 C E 1
¢|/M wl r —a‘l ¢2/f0f\ W2 12 lAﬂ :ﬂz‘ﬁ'
§ * v
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3.6.2 PROGRAM LISTING

S$'UP  KEY ENTRY KEY CODE COMMENTS STEP KEY ENTRY KEY CODE COMMENTS
N &2 LR [ - -24 ] :
1§ 2 8] LM O b R -22]
) T N -24] [T i RULS - 3648
e 1T RS 36 84 BT e 53
1w 2 2 e X -35 ]
s § T X -35] T Ry A3
R LR 4] R 4 T 41
T - -35 | T 36 84
120 RCL3 M 63 3 i 2 0
- 2 SN a1 W Ay S -35]
123 -35 o @
F ok 18y 2 g W T2 -35]
O 131 RCLS 36 05
183 RCLI 36 81] 182 v -35]
5 iy ! el ] ) dEs + -53
BE + -85 1185 ROLZ 360
{23 + -24 1 ies ‘ -55 ]
130 s SR n;-snj 18¢ 1 el
13 ROLS 36 @5 13 RCLS 36 @57
I3 2 2] 158 - -457]
3. -24]) 182 + -247]
12 - -45 ] % 15¢ PSS 16-51]
15T WOL3 36 3] 131 RCL2 36 82
13 \ -35 182 8 -35]
5 + -55 ] 133 ReS 517 DISTANCE
28 PSS 16-51] 134 1 81
13 RCLS 36 89 36 - BNTS -2l
IS 80 oS 42 133 ROLY 36 877
4 x -35] (3T TAN 437
142 2 8 (55 RCLR 3 11
S 3 -24] {38 SSBD 23 147
44 RCLO 35 80 0 by RS 517 AZIMUTH
fiet e 53 201 ! o]’
WL X -35] Ses  EnTt -217]
L L4 RCLE 36 15] 22T RCLE 36 887
T + -55 20¢  TAN 437
38 2 e 20%  RCLC 36 13
150 HE, - -4 ] [ Tser  eSBD 23 147
151 8TO6 35 86 ] e QTN 247 BACK AZIMUTH
€2 RCLS 36 85 T WAL T
393 - -45 ] 2330OTARS 16 43]
if: DSPE -63 06 ) 210 a1c. s 417
[ 155 RND l6 24 ate \ -35]
— 16-421 LOOP 31T OMS -&2
- L 22 13] 33 +p 34]
— . ) U -417]
| 158 RCL3 36 63 25 R 16 48
o 2 8] 33 SHNS 16 35]
g o { \ -35 ] > RIN 24
ey “F:E: SIN 41 ST SIBLC ol I3
] 163 RCLd 36 04 212 ROLE 36 86
% [ic: 4 (] 2 220 STOS 35 @5
iy 01y X -35] g8 €T 22 137
bl I L0 42]
v & s gslt ;
i LABELS FLAGS SET STATUS
r T E - B E FLAGS __ TRIG DISP
a ]b c d o 1 ON OFF
o OO DEG () Fix 0O
0 1 2 3 4 VR G GRAD L} ESG H
2 00| RO
. ' i 3 00 n
Ahnaase " S p— e

TR




4. REENTRY TRAJECTORIES

4.1. REFERENCES

a. M. M. Moe, "An Approximation to the Re-Entry Trajectory,'
ARS Jowrnal, January 1960, pp. 50-53,

b. R. Blum, "Re-Entry Trajectories: Flat Earth Approximation,"
ARS Journal, April 1962, pp. 616-620,

4.2. DISCUSSION

For a body with zero lift and given weight-to-drag ratio (beta),
entering the upper atmosphere at time 0 with assigned altitude, velocity,
and path angle, find at desired time intervals the subsequent range,
altitude, velocity, and path angle to impact.

An "exact" solution (an analyvtic solution is not possible) re-
quires the numerical integration of two second-order difterential
equations, both highly nonlinear. The technique is to merge a program
for the functions of the differential equations with a slightly re-
tailored version of Program 20, which solves fourth-order differential
equations, also providing on a separate card an initialization program
to determine values for the variables at the tirst time interval, t = h.
This merging, retailoring, and initialization is a useful model for
similar applications in other work, when a particular set of equations
is to be solved frequently.

The equations adopted are those for a nonrotating round earth.

There are three assumptions:

1. In the weight-to-drag ratio 8 = mg/CDA. the drag coefficient
is held constant, although it actually varies with Mach
number ;

2. Surface gravity g is used uncorrected for altitude by (rv/r)g.
where 5 is the radius of the earth and r is the distance to
the body from the earth's center;

3. The density of the atmosphere is approximated by
p(y) = 0.00237 exp {-v/24,000} slug/ftj. vhere v = r - r
is the altitude in feet (Ref. a).




We have at Rand an on-line, time-sharing program in JOSS, written
by D. C. Kephart, which pertorms the numerical integration using the
tourth-order Runge-Kutta formulas and a time interval of | sec. Heonce
a convenient base of comparison with the simpler and coarser predictor

corrector approach of Program 20 is available.

4.3.  EQUATIONS

The basic variables are:

r = distance from earth's center (ft)

¢ = polar angle from initial vector to current vector
V = speed of the body (ft/sec)

0 = angle measured positively downward from the local

horizontal to the velocity vector.

In these variables, the equations of motion are

. F
Ld —‘dsP)_ e
E dt (r de/ m cos § (1)
d:r 1 ¢ FD
o b - ((‘Q‘) =g+~ sin Q' A2
Vs dt m
dt
where the drag force due to air is FD = p(y)V‘CDA/I. We also have
r(d¢/dt) = V cos 8 , dr/dt = -V sin ©
(3)
& 2 2
VT = (dr/dt)” + (r d¢/dt)” .

Using the variabies
x = r ¢ (range) y=r -r,  (altitude)

u = x A A
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the system of four first-order differential equations is

\ T D y
PEPTAIESEN S RE 11 ) L
vV = B u (> =y 28 v
l-,
e

where

{357

2.2 2
(1+y/rc) 3 U S

<
]

As a matter of interest, it will be found by computing dVO/dt
and dOO/dt that for some reentry altitudes V can {nereaqse initially
and 0 can decrease (pitch-up). An example will illustrate these
phenomena.

Turn now to the determination of xl. oY v1 at t = h, the
first time increment, which are values needed for the method of Pro-

v u

gram 20.  This will be programmed to initialize the numerical inte-

gration. We have

)

, s ! e (f
+ \Oh + v h™/2

b
]

B
' sl A | 5 y
uoh + u) h™/2 v Yo

u u

]
<
+
<

L}
0 + u0 h v

where h is the interval of integration (10 sec seems suitable).
The equations for the flat-earth approximation are tound from

(4) by putting T, = M The interested reader may wish to try pro-

gramming this case along the lines of this section to compare the

answers with those for a round earth.

4.4.  PROGRAM NOTES

Program 20 is modified as follows:
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1. At the beginning of LBL A, 4 is stored in registers D and
E, replacing VO and OO used during the initialization.

2. Most of LBL 4 is deleted, since we are working with 4
equations and we want to compute velocity and path angle
for display.

3. The subroutine programming of u' and v' is straightforward,
but we have had to use program steps for g/2 and g because
storage registers are not available.

i

Example. Reentry conditions at t = 07 are

i 250,000 ft VO = 30,000 ft/sec g = 1000 00 =0
lhe tabulation below shows values at intervals of 30 sec, although

the step size used was 10. The numbers in parentheses are the outputs
of Kephart's more refined integration procedure. His density function

was used,

0.0027 exp {-y/23,500} ,
instead of

0.00237 exp {-y/24,000} ,

whose constants are stored on our data card (in S8 and S9).

After the "knee" of the trajectory the altitudes are in error
by about 1000 tt low. The reason is that 10 sec is too great an inter-
val in this region. If h = 2 sec is used, the maximum error in altitude
reduces to about 80 ft and the other values are sensiblyv exact. And
if h = 1 sec, the value used in Kephart's calculation, the maximum
difference in altitude is 3.5 ft.

This is entirely of theoretical interest as a comparison of two
methods of numerical integration: the fourth-order Runge-Kutta and
the extended Hamming predictor-corrector method employed here. In

the practical sense, the variation of the drag coefficient with Mach

IR e




lib

x y Y 6
TIME RANGE ALTITUDE VELOCITY ANGLE
(sec) (n mi) (ft) (ft/sec) (deg)

20 97.33 199 751 29 993 4.60

(97.37) (199 753) (29 987) (4.58)

50 242.03 132 807 28 692 4,05

(242.07) (133 228) (28 730) (4.00)

80 363.79 80 636 19 009 4,27

(364.40) .. (81 490) (19 176) (4.19)

110 422.90 46 342 6 657 8.26

(424.67) (47 349) (6 786) (8.06)

140 441.84 19 889 2 109 23,19

(444.03) (20 860) (2 218) (22.36)

160 446.25 3 474 1 154 43.38

(448.64) (4 328) (1 207) (41.82)

170 447 .37 -4 333 921 55.10
(==) (=) () (==)

number, the departure of the atmosphere from the ideal one used in

the calculation and, above all, the probably asymmetric ablation of
the nose cone can vitiate such accuracy. Taking h = 10 sec is a
reasonable choice that minimizes computing time while yielding accept-

able accuracy for the purposes to which this program should be put.

Y atadalaidilon Rl o SR Lo
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4.5 USER INSTRUCTIONS

4. RE-ENTRY TRAJECTORIES

sTEP INSTRUCTIONS . 05 KEVS Wi I
| 1 |LOAD DATA CARD (BOTH SIDES) | | [ Il | __0.00
2 | TIME INTERVAL h, STO D, STO 1 10 0] 00 S e
2 | n L fal S Lt B R L N SRS SR .. S L i

TN T D Y T I SN ESRENIE B o) 85 W R AT
| 3 [BSTOB, V STOD,8,STOE 1000 [STO|l B | | 1000.00
(6 IS POSITIVE DOWNWARDS) 30000 [STO|| D | | 30000.00
ooy 5 |stOl| E | 5,00
4 |y, STO 6, STO7 250000 [STOll 6 | | 250000
Y, . [STOf| 7 | | 250000
5 | LOAD INITIALIZATION CARD I I | | 250000
: ey ,
6 IMESSE ® Yy ||l E | |[224358.95
et I W 4 |G D .
7 | LOAD FROGRAM CARD W ETY :
e 1 k
8 | PRESS A [ Il A 4
AEE | Rk
9 | SEE t (h PAUSE) G eI 20.00
, ; s il
SEE RANGE n.mi. (f-x-) e | i, 57.32
g La) :
SEE ALT fr (f-x-) [ 11 | | 199752.44
TR | RSN
SEE VEL f1/SEC (f-x-) : |1l || 29989.44
) .
SEE ANGLE (f-x-) <t L 4.60
, , S A
10 | IF MORE TIME NEEDED TO RECORD, USE R/S T P 30.00
" Lo | AT
(NOTE: VALUES DO NOT AGREE Reeid R 146.00
<ot A LN . b ik
WITH EXAMPLE IN TEXT BECAUSE - [ 1L | | 176225.76
b e ,
A DIFFERENT DENSITY FUNCTION N [ 1l | | 29870.78
8 T g BRI, TS
IS USED HERE.) b it o d 4.4
338 o 3 e
. T L
S | e

|
|
!
%
;

T AT -
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4.6 RE- ENTRY TRAJECTORIES (INITIALIZATION)
STEP KEY ENTRY KEY CODE COMMENTS STEP KEY ENTRY KEY CODE COMMENTS
0ot be. ¥BIF_— T TN RLY 857 RCLA 36 11 | (LBLO NOT NEEDED
862  6SB3 23 853 ] Vo(COULD BE RCLD 858 = -24 | FOR INITIALIZATION
863 i a1 | 859 1 @: | - -SEE STEP 002.
864 & g5} g/2 060 268 + -55 | BUT WILL BE NEEDED
885 x> -5z 861 P2s 16-51 | FOR RE-ENTRY PRGM.)
85 i ai | 862 RiL! 36 61
3 a7 X *-35 ] 863 X -35
@68  RCLB i 12]B 964 Xe 52
863 24| 865 RCLS 36 65
: il 618 RCLT 36 6r | 666 XE 53
§ a11 p2s 1€-5: | (SEC) 967 + -55
i @12  RCLS 36 @3 868 Fp4 5
813 £ -24 869 P35 16-51
814 e 33 | 070 878 RIN 24 1 Vo
815 X -37 ] @71 #LBLE 21 15
@16 RCLE 36 ¢ ] 72 RCLE 36 15
617 X 35 873  C0S 42
818 sTOC 2z 13]gply) Vo/28 874 RCLC 36 14
813  RCLS ki es+ 875 3 -35 |V, cos8,
620 828  Pz2S 16-5: ] (PRI) 876 RCLE see]
82i 2 82 | 877  RCLA 36 i
i [ 6z x -35] ere + -24
— | 823 RCL? 36 e7 ars 1 a:
— [ 824 RCLA 36 11 060 ase + 551 +ye/re
825 +' -g5 861 <+ -4
azé = -24 a8z  F2 16-51 | (SEC)
az7 + -55 883 <708 35 6
828  CHS -22 @84  STOI 35 81 | Vocos8/(1+y, /Te)
€23 P2 i6-51 685 RCLE 36 15
030 838 RCL! 3 a1 ] up 88  SIN 4
83} X -35] 887  RCLD 3€ 14
a3z 25 i-51] 888 X -35
833 RTH 21 ] vo 889  CHS -2z
634 #LBLa i 15 II J(IN PRI,) 090 8%  STG4 25 @4 | -V, sin8
835 RCL7 36 o7 @31  ST0S 35 @5
836  RCLA 36 L1 892 _ P25 16-81 F(_PR_I) _____
837 + -55] yothe 693 ~ GSBE I
838 P25 6-51 ] (SEC) 894 28 16-51 | (SEC)
839  RCLI 3 81 @95 STO0Z 35 62 ul
846 RCLA 36 11 $96. . Pac  _jessilqEm) . o
841 s -24 897 €SBa 23 16 ! j
842 Xz 53 898 P35 16-51 |
843 X -3 839  STO6 35 66| v
844 3 a2 ) 188 F3S 16-51
‘ 845 2 a2]g 181  RCLG 36 o€
; 846 - ~62 162 X -35
- 847 2 ez 163 25 16-5: | (SEC)
; 848 - ~45 184  RCL4 36 @4
: 849  RCLC 36 13 185 + -55
950 858 RCLS 36 @5 186  STOS 35 85| v,
851 X ~35 187 RCLG 36 &e
@52 - -45 188 RCLZ 36 62
‘ 853 P25 16-31] 189 P25 i6-51 | (PRI)
’ 854 RN 241 Y% 0 116  RCL@ 36 6
855 #LBLY Z: 05 111 X -35
@56  RCL? 36 67 | Yo 112 + -£5
REGISTERS
E‘T h 1 h 2 3 4 5 6 yo 7 yo 8 9
k| 7
' % et W T % P % (e | % [ % [ 00257 ~24000
A 20903040 |° B c  (018) T 7 ]‘ 8, )
B8 ¢
U
i*:LJEE!E%*
e ——

i

SEE S
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{ 4.6 PROGRAM LISTING

STEP K_EV ENTRY KEY CODE COMMENTS STEP KEY ENTRY KEY CODE COMMENTS
1 A TR 16-51 | (SEC) i s e
114 8101 35 al v, S e
! [ 1us Rroe 35 ¢ AT TSR A e
1 e Rz N9 TN COAISRARE RO S
H TR 1 7 P2s 16-51 | (PRI) R | e
, ___l1s RoLe 36 @0 e )
: i T A -3¢ R
i E—jme T2t
% ) 282 - et ppiemiiniies
§ 23 + )
] —J123 RoLe 36 02 T
! 124 X -3§ 180
! 125 st03 3% o3| x,
¢ 126 F3S i6-51 | (SEC)
g a7 RCLY 36 a4
! 128 RCLE 36 0€
} 129 P38 16=52 | (PRI)
’ ) 138 RCLO 36 Q6
131 \ -35
132 2 6z
133 + -24
134 + e ) 190
135 RCL@ 36 a0
136 A =33
137 RCLe 36 @6
138 + -55
138 sT07 se|y
%o 142 RIN 2411
14/ RS 51
0 |
A DATA CARD ¥
; = SECONDARY STORAGE
6.8 ¢ :
P :
(AP - 1
.00 3
8,88 3
L G008 S
fe- dae ¢
ek T
2.3Ta6e006c-CE ¢ DENSITY CONSTANT
160 -3400d.0d 2 ALT, CONSTANT
20803046.60  » EARTH RADIUS (FT)
é.d6 &
d.o8
‘ ; 6.0 O
£.66 &
6.8 i
LABELS "~ FLAGS SET STATUS
@ ° Useo | N iNnTIALZE] FLAGS __TRIG DISP |
* ysep [ ¥ g E ) o D0 | oee 0| mx 0O
0 1 2 3 4 (10 GRAD (1 sCt (O ‘
2 00| RAD U] ENG 1)
5 F ’ useD | 3 00 n
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4.6 RE-ENTRY TRAJECTORY PROGRAM (ROUND EARTH)

KEY CODE

COMMENTS STEP KEY ENTRY KEY CODE COMMENTS
e 00! siBLn -« i1 1(PRRGM NOTE 1) 857 DSZI 16 25 46
o L L | @58 RCLi 36 45
B ¢ a4 bo{ 058 ¥ -55
¢ Sie B’ u %) 868 0SII 15 25 46
805  STCE 3t s | @61 RCLi 36 45
80 3 L@ | e62 4 04
— 00 ST0! 35 46 863 X -35
808 ET0C ée 13 864 & -55
| 909 sLBLC i 13 | (SEE PRGM 20) 065 S 85
- 010 €SB 23 45 866 3 -24
@11 ISII 16 26 46 867 IS i6 26 46
012  ST0i 35 45 868 ISZI1 16 26 46
813 RCLO 36 @@ | 069 ISZI 16 26 46
a14 X -35 070 @78  STOi 35 45
a15 2 82 | 871  RCLD 36 14
816 X ~35 72 1 1
@17 052! 6 35 46 73 - -45
@18 OS2I 16 25 46 74  STOD 35 14
819 RCLi 36 45 875  X=0? 16-43
eze . -5 67 6104 22 o4
821 ISII i6 26 46 077  IS2I 16 26 46
@22 RCLi 36 45 878 ISZI 16 26 46
823 DSZ1 16 25 46 @29 6104 22 81
824 STO: 35 45 080 088 sLBL4 2 84 | (PRGM 20 STEPS)
825 R -31 881  RCLE 36 15| 077
826 IS21 i¢ € 4€ 882  STOD 35 14
7 ISl 16 26 46 883  6SBZ2 23 @2
828 ISZI i6 26 46 884  RCLI 36 8. | 080
| 829 STO; 35 45 @85  PSE 16 51 | ¢
o0 838 RCLD 36 14 886 RCL3 36 83 | 082
831 1 a1 087 é a6
832 - -45 888 é 0d | (TO GET N.MIL.)
833  STOD 35 14 089 8 88
834 X=8° 16-43 3 890 [} aé
835 £708 22 0@ 831 3 -24
836 ISZI 16 26 46 892  FPRTY -14| 083 x
837 ISZI 16 26 46 : 5 67
838 610C 8213 233 22#,\- 3°-? usy y
| 839 LBLO 21 88 | (SEE PRGM 20) @95 GSBS HGel SRR
848  RCLE 36 15 896 STOD 35 14 %
841 STOO 35 14 89”  FRTX -14
842 RCLO 36 @@ 898  P3S 16-51
843 ST+1 35-55 @1 899  RCLS e5) v
844 §5B2 23 62 100 1880 PSS 16-51
045 3 a3 181 RCLD 36 14
046  STOI 35 46 182 + -3¢
847 6701 22 81 183 CHS ~&¢
848 alBLI Zi 81 | (SEE PRGM 20) 184  SIN“ 16 44 8
849 GSBi 23 45 185  PRTX -4
550 856 ISZ1 16 26 46 186  GTOA 22 11
851 RCLi 36 45 187 slBL3 21 83
@52 + -55 188 25 16-54 | (SEC)
853 RCLO 36 80 189 RiL! 36 8!
054 X ~-35 10 1e RS 16-51 | (PRI)
855 2 2 11 RIN 41y
85  x -35 112 eLBLT 218;
REGISTERS
0 f 7] 3 0 __Is_— 6 7 ls )
% Y 52 S4 S5 S6 's.v l§ S9
A 8 C D Je 1

e faio il




4.6 PROGRAM USTING

STEL _K_!_V_E_N'_I-V KEY CODE COMMENTS STEP KEY ENTRY KEY CODE COMMENTS
I T L T ) MR R
1 1e roLs 36 85 3 176 RTN N
L _JUS oS 16-51 |1 171 8LBLS 21 89| (PRRGM FOR V)
s __RIN 24V 1172 RoL7 36 o7
| | 117 eBLe S 12T(PRGM FOR o) | 11723 RiLe 36 11
| 118 6SBS 23 @5 | SEE PREVIOUS | 1ve + -24
1T ! o1 | LISTING ) E—Yars ! o1
20 120 6 13 176 + -55
121 - -62 [l T4r. a8 16-51
| | 122 ! al 178 RCLI 36 @1
123 \ -35 BEE X -35
124 ROLB 3 12 L T X& 53
125 B -24 181 R(LS 36 85
126 RCLT 36 a7 182 IS 53
27 PSS i6-51 183 + -55
128 RCLS 36 @3 184 54
128 + -3¢ 185 PSS 16-51
% 13@ e 33 186 RIN 24
131 \ =35 187 WlBLS o1 a2
132 RCLS 36 88 188 PSS 16-51
133 \ -35 189 RCLT 36 a7
134 S§TOC ¥ 13 %0 19@  STO0S 35 as
135 RCLS 36 @S 181 RCL3 36 a3
136 PSS 16-51 192 st0! 35 @l
137 Z a2 FERT S 16-51
138 \ -35 194  RCL® 36 09
139 RCLT J& a7 195 sTOv 35 e
m) 148 RCLA 36 . 196  RCLS 36 @s
141 + -35 197 ST03 35 83
142 B -24 198 RN M4
143 + -55 199 RS 51
144 ON3 =32 %6
145 P2S i6-5i
146 RCLI 36 al
147 A\ =35
148 28 16-51
149 RN 24
150 158 slBla 21 16 11 [(PRGM FOR V')
151 RCLY 36 a7 ;
152 RCLA 36 1
153 + -55
154  PsS 16-51 0
155  RCL! 36 a1
156  RCLA 36 11
157 + -4
158 Xe 53
159 X -35
160 160 3 83
161 2 2
162 . 62
163 2 a2
164 - -45 &
165 RCLE 36 13
166  RCLS 36 a5
167 X -35
168 -45 —
;%g “FLAGS SET STATUS
START |‘ % 17’ FLAGS TRIG ISP
a Ib © d 0 [ | OFF ;
o OO DEG () Fx O
0 0 2 3 r 00| grap ) | so O
lﬁ 2 00| RAD 0| ENG 1)
F s 00 n
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5.  SATELLITE ORBITAL ELEMENTS

N
5.1. REFERENCES

a. R. H. Frick, W. I. Rumer, and E. H. Sharkey, 7rajectory and
Orbit Plotter Instruction Manual, The Rand Corporation,
R-418-PR, October 1963.

b. Space Planmers Guide, USAF Air Force Systems Command, 1 July
1965 (For Official Use Only).

5.2, DISCUSSION

The orbital elements are

1. Injection altitude (n mi) H

2. Injection velocity (tt/sec) Vt
3. Injection flight path angle (deg) Yq
4. Period (min) T
5. Eccentricity (dimensionless)
6. Semi-major axis (n mi) A
7. Perigee altitude (n mi) Hp
8. Apogee altitude (n mi) H"
True anomaly (deg) Y

(at injection measured
from apogee)

The program below solves two of many possible problems:

A. Given 1, 2, 3 find the remaining elements.

B. Given 1, 7, 8 find the remaining elements.
Reference b uses a sequence of nomograms to solve these problems.
Some of these nomograms are difficult to read with any precision be-

cause of close interval spacing for relatively large increments.

5.3.  EQUATIONS

In Fig. 5.1 distances are measured in units of earth's radius

(3437.9 n mi) and velocity in units of /REg6 (25,943 ft/sec), the
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surface orbital velocity, and C the surface gravitational accelera-

tion (32.174 ft/secz).

r = R/RE - v = V/VRESO (1)
C =RV cos Y, =RVcosy c =C/ 3g v 02)

: i g X ; RE‘O

y: 8 Ré
WFT - F . TRy (3)
2
2
2 1 1 tan 1
p = (r - - —2—) + = 3 + (4)
1 C rI

The orbital period is

Re 5f2
T, = 2m /EE T 5

Other pertinent relations are

| N Sl 5
r " 3 p cos(0 vI) (6)
C
tan Y = -r p sin(0 - VI) @A)
N R TN
L.%-0, el L (8a,80)
a ¢ P ¢

where Lo rp are the apogee and perigee distances,

r -r

g = 2P (cccentricity) (D)
r1 b
rq * ¥

a= ~1-75-E (semi-major axis) . (10)




5.4. PROGRAM NOTES

Flag F3 (set by digit entry, cleared by test) is used to direct

the program to Problems A or B. The program flow for Problém A (equa-

tion numbers in parentheses) is:

1.

Vit

10,

HI'

VI’
Yo
LBL
LBL
LBL
LBL
LBL
LBL

LBL

LBL A, GTO LBL 0 (1), r

I

LBL B, GTO LBL 1 (1), v,

LBL C, GTO LBL 2, v,

L

D

(2), 1/C2, (3), |E| (total energy/non-dim.)

(8b), Hp
(8a), H
(5) T0
9), €
(10), A

(), vy

This program can be appreciably shortened by a judicious use of

subroutines.

A suggested exercise is to rewrite it to see how many

problems other than A and B can be packed on one card.




5.5 USER INSTRUCTIONS

5. SATELLITE ORBITAL ELEMENTS

HD
ster| PROBLEM A INSTRUCTIONS By oA
1 | KEY Hy(n. mi.), PRESS A, SEE r; 100 1.029
2 | KEY V; (f.p.s.), PRESS B, SEE vy 26000 o 1.003
3 | KEY ¥ (degs), PRESS C, SEE »; 2 = 2.000
4 | PRESS f e il .046
5 | PRESS D, SEE Hp (n.mi.) e 46.534
6 | PRESS E, SEE H, (n.mi.) . 405.442
| 7 | PRESS f a, SEE Tg (mins) | 92.866
| 8 | PRESS f b, SEE e I .049
| 9 | PRESS f c, SEE A (n.mi.) | 3663.9
10 | PRESS f d, SEE v (degs) | 47.442
Tl 1 N -
| | PROBLEM B |
b =
1 | KEY H;, PRESS A, SEE r 150 | 1.044
2 | KEY H, PRESS D, SEE rp 100 | 1.029
3 | KEY H,, PRESS E, SEE r, 600 | 1.175
; 4 | PRESS C, SEE y; ] 2.273
3 5 | PRESS B, SEE Vi AL 26047
6 | PRESS R/S A .454
7 | PRESS fa, SEE Tg i 97.62
| 8 | PRESS f b, SEE € e .066
9 | PRESS f c, SEE A 5 3787.9
10 | PRESS f d, SEE v; - 39.203
o
|
N o l
43— |
DATA CARD @.cadocGeseee o T,
0.cPA000B88 1
— I.000aaee08 2
£.006000008 3
¢.000000008 4
C.000000088 S5
0.0080000008 6
J437.900060 7
25073.32006 8
22,842600080 9 HESEFISHOSET!
£,000000000 A
C.000600006 B
€.000000000 C - kil
¢.000000000 D S S
7,000000000 E
0.981890““ I —_———
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5.6 SATELLITE ORBITAL ELEMENTS

STEP KEY ENTRY KEY CODE COMMENTS 3TEF <eY ENIRY “€' CODE CCMMENTS
001 031 #LELR ar 11 ¥ e 53
ee2  FI7 16 23 837 ~ 1888 + -55 ]
Qa7 STo@ 22 ee ] __1 ass 5 54
ea:  RIN 24 60 j&ée RCLE 36 66 |
ces +LBLE 21 12 gs! =35 |
ees  F3? 16 23 @3] C6Z  TANY 16 43 ]
ear  6TO! 22 81 @63 ST02 3582 |
008 RCLC 36 13] g4 RIN 24!
es g 5471 365 #LELD 21 14
610 g1 14 s2]e 83 FI7 16 23 63
2:1 RCLE 36 @8 87 GT03 22 83
g1z # 24 c/n 858 RCLC 36 13
617 RCL2 36 82 £5¢ RCLA 36 11
&1+ cos 42] o0 lere + ~55 ]
ais - -24 Cc /r cos Y5 arl 1N 52
et Rcte e8] 1 1 a7z §T03 35 83 ]
as X -35 ] ar3 1 1]
1&  sto 35011y, 87+ £ -45 ]
15 RS 51 ] €7t RCL7 36 67 | H,
020 220 ROl 36 @@ 2Te ¥ -35 ]
ger 1 521 1/n e RIN 24
222 RCL! 36 61 A7 sLBLE 21 I5 |
027 RCLS 36 @8] €?s  F3? 16 23 63 ]
02 + -24 ] o0 lese o104 22 04
Ry | ¥t 53 681 RCLC 36 13 ]
228 2 82 ] 222 RCLA 36 11 ]
gy e -24 83 - -45
028 - -45 ] £34 1% 5¢ ]
022 - st 35 15][E| 285 ST04 35 04 ]
530 832 RIN 24 086 t a1
TaT Wl 21 I3 8w - -45
032 F3° 16 23 63 ecs  RCL? 36 @7
ez ero2 22 e2] as8 X =35 ] H,
23 RCL3 36 83]r, 0% |8 RIN 24
8y 1 52 ] 230 4LBLe 21 68
23¢ RCL4 36 84]ra 092 RCLT 36 67
e 52 ] 033 % -24 ]
32 + -55 94 1 81 ]
29 2 82 095+ -55 |
oa0 030 = -24 0% sTOe 3568 |
e4:  sTOC 35 13] 1/c2 23T RIN 24
342 RCLI 36 63 03¢ aLELI 21 61
643 10X 52 03:  RCLE 36 88 /
044 RCLY 36 04 100 120 ¢ -24 ]
045 1% 52 107 sto 35 81 | v,
e4s - -45 102 RIN 24
e4” 2 8z 103 #LBLZ 21 82
R -4 184 STz 35821
243 SToR 35 11]p 105 RIN 24
5% €5c RCLe 36 @@ 165 +LBL3 21 83
95 14X 52 13 RCL? 36 67
852 RCLC 3613 o8+ -24
s - -45 1es 1 o1 |
854 ye 53 110 116 + =55
355 CHS -22 [ |11 sto3 3563 ]rp
gs€ RCLA 36 11 e Ta_ _RIN &%
REGI =
1 4 5 ? B fa——==—igw
N T S T , Re  ['VReao [goVat
S0 1 lsz S3 S4 85 S5 S7 S8 S9
[»] E 1
s » § e ||
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5.6 PROGRAM LISTING

o g

A -

STEP KEY ENTRY KEY CODE COMMENTS STEP KEY ENTRY KEY CODE COMMENTS
[ [ 11T WRd a1 W T I T e
1114 ROLZ 3607 e - 53
s+ -24 17! 2 82
—Taus 1 o1 I - -24
B SR -55 TR Y e -45
[ Tue stod 3504, [ 1:ir¢ STE  3515]) |E|
T Tis o 24 T ]:7S RCLe 36 68
(%13 wiBla 21 18 11 126 1% 52
L t8r  RelE 36 15 177 RELC 36 13 ]
122 1 a1 T 45 |
132 ] -62 | e xe 53 ]
134 5 85 T 180 RCLZ 36 62 ]
x 31 | 181 TAN 43 ]
126 1% 52 | 182 RCLO 36 8 ]
120 RCLY 36 89T, 183+ -24 ]
128« -35 ] 164 xe 53]
123 RIN 24 g 4 -55 ]
S 130 ALBLb 21 16 12 186 % 54 ]
13 RCLY 36 04 | 187 STOR Suje
132 RCL3 36 @3 185 RIN 24
e - -45 ]
3¢ RCLE 36 04 £
35 RCLY 36 63 ]
A -55
¥+ 24 ] e
135___RIN 24
159 ¥LBLc 21 16 13
o 14 RCLZ 36 83
31 RCL4 36 04 ]
g 4 -55 |
143 2 82 ] "y
144 % ~24 | oy
145 RCL? 36 o7 ]
14§ x -351A
140 RIN 24
37 LBLd 21 16 14
143 ROLZ 36 82 ]
W [150 TN 43 ]
15! RCLO 36 88
122 ¢ -24 ]
153 RCLA 36 11°]
15+ -24] 1 21
1S5 SIN 16 4
155 RIN 24
15~ (l8le 21 16 15
152 RCLE 36 @8
155 RCLI 36 @
= jie o« -3
16: RCL2 36 &
162 C€0S 4]
163 . -35
184 Ne Ssj 220
wvmmes {7 RN e 52 ]
155 sT0C 35 13]1/c2
16 RCLE 36 04 L
g8 1ok 52
LABELS FLAGS SET STATUS
" h P % e TN R FLAGS __ TRIG DISP
o RN - SRR VN W LTS DG | oee o] mx 0
1 3 4 t GRAD ([ sct O
N . el S p fa 1 8 RAD 0 | ENG D
A g W . 2 3 D0 n

4

Rl LA L
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6. SATELLITE TRACKING

4

6.1. REFERENCE

a. R. Henson, "Computerized Satellite Tracking," 73 Magazine,
February 1977.

6.2. DISCUSSION

%
Amateur radio operators make extensive use of OSCARS (Orbiting

Satellites Carrying Amateur Radio) for long-range communications.

The OSCARS are in near-circular, sun-synchronous polar orbits a: an
altitude of about 1500 km. OSCAR comes within range of any given spot %
on earth twice each day, local morning heading south and local eve- |
ning heading north, and may be within range for as much as 25 min.
An ephemeris provides time and longitude of orbital equatorial
crossings (EQX). The problem is: Given the latitude and longitude
of a ground station, determine whether or not a given orbit can be

viewed and, if so, find the time the bird rises over the horizon and

from then on determine its range, bearing, and elevation at desired
times until it disappears below the horizon. Figures 6.1 and 6.2,
prepared by W. B. Graham (K6QB) of The Rand Corporation, show an ele-

gant solution for his station in Pacific Palisades, California. (See

examples below.)

The problem is clearly of military as well as amateur interest.

6.3. EQUATIONS

Notation:

A

it

station latitude (north only)
B = station longitude (- if west)

B = orbital inclination measured counterclockwise from

the equation (<90° posigrade, >90° retrograde)

T

*

For details on present and futuce OSCARS, see a series of articles
in @57 magazine (ARRL) starting with the January 1977 issue (Vol. 61,
No. 1).

- = = w .
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! ~107.63°W
90° .. > 910
; i
| 80°
1
i -1 950
| 70° |-
| s
; g . 1000
1 i
; 2 EQX = 115°W 1100 -
: L 4 50° J 10 5
| _§ 12 0
E 120¢ / 11200 &
$ 400 | &
= o 1300 &
| s | S
! = 1400
-:‘ % 30° |- 6 % B ]5m
| w 130° 1600
{ N |
20° P 1800
' 16
2000
140°
o 2
; 10 , ) |20 2200
, ! " 250
i 0° 22 /2, 150° 2 2834
2 TR TR i o i Sy LR SIS Y A | ey R 24
330° N 30°  60° E 120° 150° S 210° 240° W 300° 330° N
360°/0° 90° 180° 270° 360°/0°

Azimuth (deg. CW from North)

Azimuth and elevation of OSCAR 7 from Pacific Palisades, Ca. :
as a function of time (t, minutes) after ‘s
Northbound Equatorial Crossing (EQX, W°).

For: 60°W < EQX < 150°W

Fig. 6.1— OSCAR 7 ascending
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=60 =

~ 66°E
90° Ao

910

950

1000

8

Range, (st. mi.)

2500

]2834

s o B : EQX = 60°E i
g 46
'!; N 48 \,\_q
-§ 50° |— 44
[<]
F 50° Pi E
S 400 f- —{ 3
§ -\
S | | i~
830° ]
w 42
i al 40° Tl
20° |- ]
Liine Dl
” 0|
AL NPT
& 57 ] '* ﬁ
oo L A“" ,“AQ-I" ol NI
09° | R B BE 7 35
N 30° 60° E 120° 150° S 210° 240° W 300° 330° N 30°
360°,/0° 90° 180° 360° /0°

Azimuth, (deg. CW from North)

Azimuth and elevation of OSCAR 7 from Pacific Palisades, Ca.
as a function of time (t, minutes) after
Northbound Equatorial Crossing (EQX, E°)
For: 12°E < EQX < 110°E

Fig. 6.2— OSCAR 7 descending
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H = orbital altitude (n mi)

T = orbital period (min)

a = latitude of subsatellite point (SSP) at time t !

i
Y = longitude of SSP at t ,
t = time from EQX (min)

YO = longitude of EQX northbound (- if west, t = 0 at

this node)

R, = earth's radius (3437.9 n mi)

E

{ 4

D0 = arc from station to ascending node (EQX) § ;
D1 = arc to point of tangency of suborbit with latitude B ;

Dy, = arc to SSP of closest approach

D = arc to SSP

t, = time of closest approach

ekt et i

o At, = time to rise above (go below) the horizon
0 = bearing from station north
¢ = elevation above horizon

R = range from station to satellite (n mi).
By the law of sines,
a(t) = Sin.l [sin B ¢ sin (360 t/T)] N (1)

By the law of cosines,

to

y(t) = cos_l [cos (360 t/T)/cos d(t)] - 2 + Yo o (2)

where t/4 is the correction for the earth's rotation. Also by the

law of cosines,

D(t) = cos_l [sin A+ sin @ + cos A ¢ cos a * cos (B - Y)]. 3)
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The equations for 8, ¢, and R are:

-1|sin o - sin A * cos D :
B(t) = cos [ R T ] - (4)
_p [cos D - 1/(1 + H/RE)
$(t) = tan e ] 3 (5)
R(t) = (H + RE) sin D/cos ¢ . (6)

The above equations are essentially those of Ref. a, except for (6).
Critical times are dealt with by the following equations (which

are somewhat in éfror because their derivation assumes the suborbital

trace of the satellite is a great circle, which is not true on a

rotating earth). For the time t, of closest approach,
t, = e tan_1 (cos D,/cos D,.) (7)
* 360 1 Qe
and the incremental times to zero elevation are
At, = I-;l— cos D/cos D (8)
* 360 *
where D is the arc length to the SSP at zero elevation and

cos D =1/(1 + H/RL) . (9)

Finally, the period in minutes is

=

2m E H S

6.4. PROGRAM NOTES

1. 045, 046: Change B to first quadrant to get latitude of
orbit tangency.

SO e s camia A e il
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2. 115, 116: For retrograde orbit, subtract in (2).
3. 117, 118, 119: These steps produce the sgn of t (% 1), since

the HP-67 does not have this signum function. 1
4. 120, 121: For t < 0, south of the equator, move time back- i
ward so that posigrade and retrograde orbits reverse in getting SSP
longitude by (2).
5. LBL ¢ corrects longitude if outside (-180, +180), y > 180 .1
becomes =360 + y, and y < =180 becomes 360 + Y.

6. LBL 1 gets bearing clockwise from station north,

Example 1. In Fig. 6.1, the ground station is at 34°03'N and
118°33'W. The satellite is retrograde at an altitude of 790 n mi
and has an inclination of 102°. Track the satellite when in view if

the EQX is 110°W at time O.

Solution.
34.03 £ H (34.05) STO Ay 118.33 f H (118.55) CHS

STO B; 790 STO C; 102 STO D; 100 CHS STO E;
-1 h STI.

A: T = 115.11, t, = 11.68, -29.74 (will come in view).
R/S: RCL 5, y = -100.39; RCL 4, a = 1.31 (SSP)

R/S: RCL 3, t = 0.043; RCL 7, 6 = 148.72, RCL 8, ¢ = -1.27

Time t for first appearance is slightly small. Try t =1
STO 3, PRESS B, RCL 8 and get ¢ = 0.51. Try t = 0.8 and get
-0.12, which is good enough. The following table is prepared

by successively storing t in 3 and recalling 7, 8, 9:

t(3) 0(7) $(8) R(9) (n mi = 1.1515 stat mi)
0.8 148.40 -0.12 2842

4 144.56 11.47 2154

8 132.20 34.11 1380

12 62.63 60.68 1014

16 1.62 31.70 1435

22 348.65 2.69 2654,

These values are plotted as solid bullets in Fig. 6.1.
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L Example 2. All values are those of Example 1, except the EQX is 70°E.
|
i
| Solution. Proceed as before. Note T/2 = 57.5 min and STO 3, Press B,
!

§§ -124.39 in register E. Change the sign of the inclination B to minus
%Q
i

Hence the satellite will approach Pacific Palisades from the north.

RCL 7, 6 = =-124.39 is the descending node (EQX, moving south). Time

will now be measured positive to the south of the equator. STO

and STO D. Now go back to square one and redo the problem from LBL A o |

: on. The results are tabulated below and again plotted as solid bullets |

4 in Fig. 6.2 for comparison.

éf t t(corr.) 9 ¢ R (stat mi)

1 ~3% 35.5 19.14 ~19'" “2847

: -18 39.5 23.88 14.95 1991

i | -14 43.5 36.65 41.33 1241

H -12 45.5 61.85 61.46 1008

| -10 47.5 136.24 65.43 981 s
i -6 51.5 181.04 28.90 1506

b | -2 55,5 188.51 8.23 2323

1 +5 58.0 190.72 -.47 2866 q

Ephemeris EQXs are given in ZULU time (GMT or UTC - Universal
Coordinated Time for the radio amateur). Correct for local station

time.

i

:
"
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2 6.5 USER INSTRUCTIONS

6. SATELLITE TRACKING

STEP INSTRUCTIONS o “"‘m'“' it KEYS 5 :’,"mn
| 1 | STO DATA IN Ro, Ry, R? 1| ey
¢ i RIS
2 | STATION LATITUDE, STO A (CONVERT TO | Il |
| DEC DEGS BY fH IF NECESSARY) S
| | I & 5
E| "3 |sTATION LONGI‘__[_QQ@__S_TQ‘L( FOR W. LONG, | I A
i CONVERT TO DEC DEGS BY fH IF NEC) ) IR i RS | we aE, KRN
H W RS RO T S TR SRR A R
j | 4 | ALTITUDE (n. mi.), STOC Sl I = 2
3 Rl = l I |
] | 5 'ORBITAL INCLINATION, STO D (CC FROM G o I R R
i F RRCRIRIERY (0 5 e e B | i T
Ly i . o IR £l Ak e
3§ | 6 | EQX LONGITUDE, o I | i R
; NS R M e e l | 5 T
2 7 | FOR POSIGRADE, 1 h ST I I T
| | FOR RETROGRADE, -1h ST1 SRS 7 e S O
: ks l 1 S CRIVERY
| | 8 | PRESS A, FIRST f-x-SHOWS T D [ [ 5 RN
ki I I [l o iy
E 9 | SECOND f-x-SHOWS TIME OF CLOSEST = == GRS
, | APPROACH BB TR R e | | : ]
i 20 IR ) SRR B I NG
110 |ON R/S, IF NUMBER IS POSITIVE SATELLTE | | | || | | 1
_ | WILL NOT COME IN VIEW. 62| SN A il o S
TS, [ I I g
1 PRESS_ 3_/_§ ON“!-lALT RCL 5 TO GET T [ I | t 5
| APPROX LONG OF SSPONFIRST | | | || & B
| | APPEARANCE. RECORD. RCL4TO GET | | [ | | |
L1ciln He L SRSl IR | . g
e COSETTONE CRETRTAE Ty e I & |
12 | PRESS R/S. ON HALT, RANGE IS W Y ) |
| DISPLAYED. RCL 3 TO GET TIME L . { | | s
| TO GET BEARING, RCL 8 TO GET ELEVATION | P e e % ! :
| I | , 4
*ﬁ R P R R I I a5
[M LSRRI AR e H & 8
A TeR TR aoe & wesee
l | —.
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6.5 USER INSTRUCTIONS

6. SATELLITE TRACKING

STEP INSTRUCTIONS ok KEYS s
13 [ ELEVATION WILL NOT BE EXACTLY 0. [ R
CHOOSE t TO ADJUST, STO 3, PRESS B A
TO GET ADJUSTED ELEVATION, e
REPEAT THIS REFINEMENT AS DESIRED. FET_% ['[::]l
14 | THEN t STO 3 (t +0). Ee M ]
| | PRESS B. RCL 7 TO GETS. R ) |
RCL 8 TO GET #. RCL 9 TO GET R. s
| | TRACK SATELLITE TO DISAPPEARANCE . SIS
e -
15 | SEE EXAMPLE 2, SECTION 6.4, FOR B 2
| | DESCENDING ORBITS B P
e T
16 | THE SSP LAT AND LONG ARE FOUND | aE
BY RCL 4, RCL 5 B
T e
|
e diee
e
N T
Ry e
BT
| ST
e, s el
SIS G
it
= .
[ |
LS )
L3 A e
RS | TR
VSN a——— |l. ;:f{:".f“{
T vy -

f , e .
1 | e 11 T .,J::;,;,.
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6.6 SATELLITE TRACKING

STEP KEY ENTRY KEY CODE COMMENTS STEP KEY ENTRY KEY CODE COMMENTS
e 001 +BLR 21 11 05" 5106 3586 | t, @)
822 RCLC 36 13 ] ass  P2s 16-51 J(PRI)
007 FcLe 36 06 JRe 05¢ STO3 35 63 |
004 ¢ -24 | o6 hese ferx - ofefOPL |
a0s 1 a1 | 26 G564 23 04
acé + -55 | 1+H/R¢ es2 €SB 23 85 ]
aer  P2s 16-51 ] (SEC) 267 GSB6 23 86
cee  sT03 35 83 06+ P28 16-51 J(SEC)
008  I.X 52 @55 STOS 35 85
10 ¢1e  cosY 16 42 _ €66 RCL8 36 66 ]
21! sT08 3560 |D (9) g7 - -45 JIF>0, SAT WILL
@12 RCL3 36 83 | ese _PS 31 NOT COME
13 1 81 €52 RCLO 36 00
e14 & -62 ] a70 €78 o0 42 b VeV
015 5 85 | p7!  RCLS 36 85
218 yx 31 g7z cos 42 (8)
er>  Pss  16-51 J(PRI) gre . ¢ ~24 7
218 RCLI 36 01 ] ars oS4 16 42 ]
a1s ) -35 7S RCL2 36 62
[ace P25 16-51 }(SEC) g% -« 3 ~24 1
821 sTo1 3581 17 (10) arr sTo? 35 87 ] At
22 3 83 O76s = FeS 16-51 | (PR)
023 6 86 gr2  £T-3 3545 83 |
024 a 86 esc  &T0B 22 12
0% E -24 £81  RIN 24
025 X Lol B82 »LELB 21 12
827 sTo2 35 82 ] 360/7 827  GSB4 23 84
227 RCLI 36 61 654  GSES 2365
25 PRIX -14 1 DSP T (PERIOD) 085 G5B 23 66
0 03¢ F2s 16-51 1 (PRI) PRE GSE? 23 07 ]
0s: ] 86 | 88”  GSB8 23 88
aI2  5T04 35 04 |, g2c  6SB9 23 09
237 FRCLE 36 15 239 RCLS 36 88 1 DISP. RANGE
034__ST05___35651Y%__ _ _ _ _ _ [w 03¢ RIN 247
83 G966 23661 031 <LBL4 21 o4 10
@3 C0S 42 £82  RCLI 36 83 7
@3"  P2S 16-51 1(SEC) 893 P2S 16-51  (SEC)
£3°  5T04 35 84 1COS Dy 084  RCL2 36 821
227 PRCLI 36 61 gas X =351
040 4 64 ] 236 SIN 417
041 s -24 T 297 RCLD 36 14 1
g42 B2 16-51 1(PRI) 098 SIN 41
247 §T03 356311/4 pa3 - =35
14 RCLD 3 14 | ) 160 SINY 16 417
245 SIN 41 J(PRGM NOTE 1) 01 P2 16-51 | (PRI)
345 SINY 16 41 1 102 ST04 35 04 1
047 ST04 35041 _ _ | 183 RIN 24 1
T GBS 2365 105 JLELS 21 85 @)
042 €SBS6 23 86 165 RCL3 36 83
555 as cos 2] 13¢ FsS 16-51 1 (SEC)
R 16-51 1(SEC) 37 RCL2 36 82 1
€52 RCL4 36 04 1 1es X -35 1
053 5 -24 1 162 cos 42 7]
054  TaN 16 43 | 10 110 M 16-51 1 (PRI)
855 RCL2 36 62 ] 111 SCL4 36 04
55 : -24 | 112 08 42 ]
REGISTERS
Oz ol st F30 P ¢+ ' a P v P o | e " ¢ [P v
- 7
5 ' 1 [P0 [Preure Plos Do’“ T Ml e P
A A la 8 c H D B ]E Yo 1 +1
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6.6 PROGRAM LISTING

STEP KEY ENTRY KEY CODE COMMENTS STEP KEY ENTRY KEY CODE COMMENTS
T ] " Tlige WY - 21 87 4
114 cos+ 16 42 = T17¢  RCL4 36 04 “
115 RCLI 36 46 | = (POSI, RETRO) 7L SIN 41
5'5 R'_:' 35-::; 72 RCLA 36 11
oL 7T SIN 41
112 RL3 36 @3 |(PRGM NOTE 3) fn RCLE 36 86
118 ABS 16 31 75 cos 42
120 12¢ 3 -24 | SGN e X =35
124 X -35 177 B -45
122 RCL3 36 03 178 RCLS 36 66 |
22 4 o4 179 SIN 41 |
24 = -24 180 18@ = -24
125 - -45 131 RCLA 36 11 ]
125 RCLE 36 15 137 008 42
g7 + -55 183 2 -24 |
126 sT0S 35 051y 184  cos- 16 42 ]
2% ABS 16 31 185 sTO7 350716
() 130 1 el 186 RILS 36 65 |
13! 8 08 137 RCLB 36 12 ]
132 ] 08 188 Xv? 16-34 ]
13z a2 -4l o [ 189 €TOL 2z o1 |
134 0y 16-34 1 1v1>180 190 180 RIN 24
135 cTO8 22 @8 131 +LBLS 21 88 | ®)
136 RIN 24 192 RCL6 36 86 |
T ILELD 218 [(PRGM NOTE 5) 192 G0S 42 |
3% RCLS 36 85 184 P2s 16-51 J(SEC)
13% RCLS 36 05 195 RCL3 36 03 ]
%0 142  ABS 16 31 15 1% 52 ]
141 3 -24 | SGN 197 - -45
142 RCL2 36 82 100 28 16-51 ] (PRI)
143 X -35 13 RoOL6 36 06 |
144  CHS -22 [0 [200  SIN 41
145 RCLS 36 85 201 s -24 ]
14E + -55 202 TANY 16 43 ]
<7 8T0S 35 85 |CORRECTED LONG., 203 ST08 35 88 |
142 RIN 24 v 284 RIN 24
1357 ¥LBLE 2l 86 3) 285 WLELS 21 89 6)
1% 152 RCLB 36 12 205 RCLé 36 66 ]
151  RCLS 36 85 287 SIN 41 ]
52 = -45 285 RCL8 36 68 |
153 Cos 4?2 2ee  co0s 4@
155 RCL4 36 84 W 120 ¢ -24 |
155  cos 42 211 RCLC 36 13
156 X -35 212 RecLe 36 68
=T RCLA 36 11 212 + -55
155  cos @ 214 -35
152 X -35 215 sT09 35 85
760 162 RCL4 36 64 218 RTN 24
162  SIN 41 217 ¥LBLI 21 81 |(PRGM NOTE 6)
162 RCLA 36 11 2:0  RCL2 36 82
152 SIN 41 212 RCL? 36 87
15¢ s -35 =0 | 22 - -45
165 + -55 221 sTo7 35 07
166 Cos~ 16 42 222 RTN 24 |
157 ST06 35 66 |D (1)
163 RIN 24 TR
LABELS FLAGS SET STATUS
1d g a kL, FLAGS __ TRIG DisP
a [b c d e 1 . 030'5‘ DEG O X O
0 1 ¢ 3 4 = | GRAD O sct O
Ak 2 00| RAD O | ENG O
F 7 S8 &  ; [P
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7. THE DEER HUNT (DEFENSELESS BOMBERS)

7.1. REFERENCES

a. C. H. Builder, The Penetration Integral and Tables, The Rand
Corporation, R-1257-PR, June 1973.

b. N.J.J. Bailey, The Elements of Stochastic Processes, John
Wiley and Sons, New York, 1964.

c. A. T. Bharucha-Reid, Elements of the Theory of Markov Pro-
cesses and Their Applications, McGraw-Hill, New York, 1960.

7.2. DISCUSSION

Reference a deduces an integral and constructs tables to assess
the expected outcome of a one-sided, time-limited battle in which a
set of armament-limited interceptors engages a set of defenseless
penetrating bombers. The formulation also applies to a set of vessels
transiting a minefield where each mine has a fixed number of warheads
of some description. There are undoubtedly other military applications.

Builder's original paradigm is preferred. At the beginning of a
hunt, there are A deer and B hunters, each of the hunters armed with
m rounds of ammunition. Encounters are at random with parameter A.
A hunter can expend only one round on each engagement, with kill prob-
ability p. The hunt lasts T units of time.

In Ref. a, the parameters adopted are

j = ApBT k = pmB/A , (1)

which provide a bridge to this discussion. The parameter j is the

potential number of lethal encounters per deer during the hunt, based

upon the expected encounter rate, while k is the potential number of

lethal encounters per deer based upon the total hunter armament. The

parameters A and p are perhaps the more natural ones to employ. ;
A much simpler approach to finding the expected values than

that of Ref. a is adopted here. This approach is adequately illus-

trated by the cases m = 1, m = 2.
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For m = 1,
da _ (olaf
= -Apab -l Aab , (2)

where a and b are, respectively, the number of deer and the number
of armed hunters remaining at time t. Division gives a first inte-

gral a = pb + o, where a = A - pB. Whence

A(A - pB)
- pB exp {~(A - pB) At} ’

a(t) = A 3)

and a(t)/A is precisely the PS of Ref. a if (1) is used.

The a and b found by (2) were called the expected values. Ac-
tually they are the deterministic values. Using the methods of Ref.
b (p. 118), which set up a partial differential equation for the

moment-generating function,

TR Y at - Mg s 4)

where Hig® Mop 2res respectively, the means or expected values of a
and b, and My is the correlation between a and b. Hence for (4) to

agree with (2) we must have

L7 T )

or Exp (ab) = Exp (a) * Exp (b). This is not true because the popu-
lation sizes are mutually dependent. (See Ref. c, p. 184.) Conse-
quently, we proceed with the understanding that we are dealing with
deterministic values rather than expected values.

Turn to the case m = 2., At time t the values are a, b b

1! 2’
where bl hunters have one round left and b2 still have one round
pouched. The deterministic equations are:

& dbl db2
— = - — = - 3
F i —Apa(b1 + b2) 3 3t Aab1 + )\ab2 v i )\ab2 v (5)

il

i
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Two integrals are found immediately:

a - pb1 = 2pb,, = A~ Zph
(6)
b1 = —b2 f:bz/B
Whence,
db >
S —Xpb2[2 - [sz/B] —sz(A - 2pB) . (7)

For particular values of the parameters, (7) is readily integrated by
Program 11 of the HP-67 Math Pac 1. The results agree exactly with
those of the table for m = 2 in Ref. a.

In principle, for m > 2 numerical integration is possible. In
practice this would be very time-consuming, if not infeasible, for
the HP-67.* The next section provides a completely different, al-

though heuristic, approach.

7.3. EQUATIONS

Again take m = 2. (The symmetric equations to be derived are
readily extended to a general m.) On each encounter, A decreases on
the average by p. Hence a(n) = A - np is the expected number of deer
just after the nth encounter. The average time to the next encounter
is At = 1/(Aa(n) * b(n)), where b(n) = bl(n) + bz(n) is the remaining

number of armed hunters after the ni/i encounter. Then

bl(n + 1) = bl(n) e bz(n + 1) = bn

with probability b](n)/b(n). and

bl(n + 1) = bl(n) ! L bz(n) = bz(n) =l

with probability bz(n)/b(n).

*
But see Sec. 20 for m = 3, 4 application.

e ————

Lw-d TR e i U Lk DR N b5 ) il e e i i i i gt (S b IR i A & e i o g, ad s




SRR T e e

o, T

Hence the capected next state (s
hl(u + 1) = lhl(") - 1] - hl(n)/h(u)

+ Ibl(u) + 11 ¢ b,(n)/bn) ,

b,in ¢ 1) = b (n) h‘(n\/h(n‘

¢ Ih . in)d I B (nd bin}
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b, 2b2 + 3b

1 + 4b, = 40.00

3 4

*

which is the expected number of remaining rounds.

7.4. PROGRAM NOTES

I. The program is designed to show the running history of the

hunt by successive engagements. A PAUSE of 1 sec displays the engage-

ment time and the remaining expected number of targets. If more time
is needed to record, key h SF 1, which will give a 5~sec f -x- flash-

ing followed by a l-sec PAUSE. At any time, stopping the program by

R/S permits an examination of the current status of the hunt by

t(RCL 9) , a(RCL A) , b(RCL B) , \\*(R('l. 8 .,

niqmr B! h|“{|| )
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7.5 USER INSTRUCTIONS

‘1 7. THE DEER HUNT (m < 4)

A (STO A) B.m (STO B) X\ STO C p STO D

STEP INSTRUCTIONS ox‘r“:w;ns KEYS o.?#’.',_"}"u.'n
| 1 | f CL REG (IMPORTANT) il
e
2 | INITIALIZE BY STORING AS SHOWN ON S A
| | THE CARD. (20 HUNTERS, EACH WITH 4 (R ¢ S0
. | | ROUNDS IS STORED AS 20.4) o el
S § e
M A A o SRRy e LR
el e e | T e
3 | 4 | ON EACH PAUSE, t AND THE REMAINING | | | | | ik
: TARGETS a ARE DISPLAYED, TO MONITOR SRR R NRR ! R R
THE HUNT s ol S ¢ A - |
: | R |
. . —_—
‘ 5 | IF MORE TIME FOR RECORDING IS DESIRED, E ]
KEY h SF 1| TO GET A 5 SECOND PAUSE E ..
|
6 | THE MUNT STATUS MAY BE REVIEWED AT ANY s |
TIME BY 1S THEN FOR '
1
LY
!
N A ! u
i ! ! ‘
- . ]
.-
- -
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7.6 THE DEER HUNT

STEP KEY ENTRY KEY CODE COMMENTS STEP  KEY ENTRY KEY CODE COMMENTS
| 081 slBLA 21 11 T ST S 8]
| @2 RCLB 36 12]B.m NTER
] 083 STl 35 46 059 #BL3 21 83]m =
; 834 INT 16 34]B %1868 RCLB 36 12
1 ees stoe 35 12 061 STO8 35 00 ‘-
| 886 RCLI 36 46| 062 STOS 35 05
: 087 FRC 16 44] 863 _c108 22 08 ‘;
888 1 o 064 sLBLE 21 06 |
| 805 (] ) 965 RCLA 36 11] ;
w1810  x -35 ] 066 STOI 35 46_ ;
@11 STl 35 46]m 067 1 o1 ]
T0 GTO (i) 868 RCLE 36 00]]
013 olBLd 21 84 |m = 4 869  1/X 52] 1
814 RCLB 36 12] oo | era - -457]
815 ST08 35 09 071 STOE 35 15
816 ST07 35 07] 672 RCLS 36 85
817 €T09 22 @9 073 x -35
015 #LBLS 21 89 o7 ST06 35 6] SAME
019 RCLA 36 11 075 GCSBD 23 14
) e28  STol 35 46] a(n) 076 RCLS 36 5] PATTERN
i 821 1 o1] 7T RCLE 36 80
822 RCLO 36 04 s + -24]
i 623 11X 52 ] 078 + =55
2 024 - 45 ] B | @52 STO4 35 @4 !
2 STE  3515]1-1/b(n) es! 6SBC 23 13] |
825 RCL? 36 07] 032 RCLI 36 03 |
y 07 x -35 ] 837 RCLO 36 007
€28 ST08 35 88]by(n+1) 08  + -247]
(029 GCSBE 23 15] 035+ -55
\ o3 RCLZ? 36 07 0s;  sto2 35 €27
. 0: RO B0 @s” ¢see 231270 __ _ o _ | |
@ - -2 @ T — B
' _ -85 ges  STOS 35 05
[ Je stes 3 eslbynt1) [ ose Rcle 36 647
[ Jer w23 04] r 09 T3 B W RESET
0 s xe e Pz 26 82 VALLES
-t e me -t st1 B o] e
i m - " —ton 0 M 0]
- .aj e e me
'ee & P | .
r woom wul” ‘ - ene CER B 1
. L z ™ W BN
o wms se (™ w8
.- . [. " ™ - e
IS z L e ’ “
- sl . e T
£ L .
L i 4 g v " -
s = g
- - - R
P 4 3 -9 . e
' - \ -
! : Y -~y B o .
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-
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7.6 PROGRAM LISTING

—88

STEP KEY ENTRY KEY CODE COMMENTS STEP KEY ENTRY KEY CODE COMMENTS
113 ¢S8C 2313 169 RCLO 36 80 |
114  RCL3 36 03 ] 170 170 + -24 ]
115 RCL8® 36 00 | 171 - -45
116 =+ -24 ] 172 STOB 3512]b(n+1)
17 + -55 172 RCLI 36 46 |
118 sT02 35 82 ] 174 RCLO 36 00 ]
19 c8 @wey . 175 X =35 ]
20 1128 RCLE 36 64 | 176 RCLC 36 13 ]
121 sT03 35 63 ] 177 X -35]
122 ncsz 33: @] RESET 761X 52 11/Xa(n)b(n)
123 sTO1 o 179 ST+9 35-55 @9
124 RCLB 36 12 ] VALUES w1168 RCLI 36 46 ] SRR
125 ST00 35 00 181 RCLD 36 14]a(n) -p
126 €107 22 07 8z - -45 ]
137 aLBL] 2T 0T [m =1 183 sTOA 35 11 a(n+1)
128 RCLA 3 11 la(n)<0? 184  RCLS 36 097t
129 x<8° 16-45 7 185  F1? 16 23 81 | CHECK FOR PSE
130 138 RS 51 ] 186  PRTX 14 fuxc- ¢
131 RCLB 36 12 [ p(n+1) 167 PSE 16 51
132 sT08 35 60 ] 188  RCLA 36 117
133 1 o1 7] 188 F1? 16 23 81 ] CHECK FOR PSE
134 - -45 ] 190 188 PRTX “14]1f-x- a(n+l)
135 STOB 35 12 ] 191 PSE 16 51 ]
136 RCLA 36 11 Ja(n+1) 132 RIN 24
137 sT0I 35 46 183 WLBLC 21 13
136 RCLD 36 147 194  RCLE 36 15
139 - -45 7] 185 RCLI 36 01 ]
140 148 STOA 35 117 185 X =357
145 RCLI 36 46 7 127 RIN 24
142 RCLO 36 007 1S5 ¥LBLD 21 14
143 X =357 (135 RCLE 36 157
145 RCLC 36 137 200 | z6c RCL3 36 83
145 x -35 ] 20! x -35 7
146 I/X 52 ] 222 RN 24
147 5T+9 35-55 89 7| CURRENT ¢t S07 WLBLE 21 15
F142  RCLS 3 07 20:  RCLE 36 15
e F1Y 6230 200 RCLS 3 05
b Tise  eerx MY fexe ot r— -35
{ (19! P 16 51 E 2 e 24
“1i%: e BN "
! Tt wam
% "% 0L en- olns) [
.- u " 1 - 4
i mu BN lsn <0 |
e v e
:w oo
i 8
R SRR e — !
) LY ] .o
. » - e “ : B
v ’ ’ - v » .
» . ™ ¥ ' » ¢
B . . ' '
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8. A BOMBER PENETRATION MODEL (DEFENDED BOMBERS)

8.1. REFERENCES

None.

8.2. DISCUSSION

This penetration model is offered solely as an example of how
the HP-67 can assist the analyst in his preliminary study of the fac-
tors bearing on a problem and how these factors interact. Model-
making is, or rather should be, an art form drawing the essential
elements from reality and illuminating their articulation. The author
holds to the view that an initial model should be economical and
transparent. The ornaments come later.

A group of bombers with integrated fire control for mutually
supporting self-defense against interceptors makes a corridor pene-
tration to a set of targets. The payload of a bomber can be divided
at pleasure between defense missiles (AAM) and ground attack munitions
(ASM). This loading is decided prior to the mission by choosing the
number of AAM to be fired against each interceptor based on the ex-
pected number to be encountered. At equal intervals of time during
the penetration, a clump of interceptors comes within range of the
bombers' AAMs. The bombere fire firet. Each of the surviving inter-
ceptors of the clump makes a single pass, allocating fire uniformly
over the bombers, and then withdraws from the battle. As the battle

rogresses, sore and sore AAMs are fired per surviving bomber at the

e Inter optoy e~y




K=A+r ¢ S, the payload constant

r = ratio of ASM to AAM weights
k = AAMs expended per interceptor encountered ?
Q = probability an AAM will miss an interceptor !
I = interceptors per clump

q = probability an interceptor will miss its target ; .{

N = duration of the penetration with unit of time

the interval between interceptor mass attacks

T = ASMs on target

yrEx =y,

Then

because I ¢« Q**k interceptors survive and this divided by Bn is the
expected number of passes per bomber.
The number of missiles fired per bomber on the nth engagement equals

kI/Bn. Hence the number of AAMs per surviving bomber to target is

re

A= KI(L/B, + 1/B, + ..o+ 1/B)) (2)

"the planning assumpt ions were realized in combat. The number of

bombers surviving to target equals “MA|. gince a‘ter the last engage-

sent by A t b in turn recelive return fire Fimall

Al
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quickly, and (2) this exploration is informative since it shows the

sensitivity of the outcomes to k (as well as to the other parameters).

Example.
B=10, K=30, r=3,Q=1/2, I =10, q =1/2, N=3

K A P4 T

2 7.30 5.31 40.19
1L (g g 18 1.95 16.40
3 9.87 7.52 50.47
4 12,55 8.73 50.78

3.5 i1 8.22 51.54

Note how flat the bombs-on~target curve is for k = 3 to 4. Going from
k = 3.5 to 4 decreases bombs on target by 1.5 percent, but Increases
bombers saved by 5 percent of the original force. This s¢ ing is not
trivial if bombers are to be recycled for follow-on attacks. It

illustrates the insight that quickly prepared "toy" models can provide.

8.4, PROGRAM NOTES

None.
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8.5 USER INSTRUCTIONS

A BOMBER PENETRATIO

N MODEL

INSTRUCTIONS

INPUT
DATA/UNITS

GUTPUT
DATA/UNITS

B STO B

10

KEY K PRESS A

30

o ——

3

KEY Q PRESS R/S

AN, L S 19
AL, £ R e vat T R

KEY N PRESS R/S

KEY k PRESS B

| 9 | THE REGISTER CONTENTS OF THE PROGRAM |

| | LISTING SHOW HOW TO RECALL OR REPLACE

] ANY PAPAMETERS OR VALUES

D L s A

Windny nibentie S-S U USSR U—— f’—J
U LY S S R i

G B al o i o vt Y ok

— — — — — — — . o e s e e . o o e —— — —— o (o e o

SN

30.00

3.00

8.22

11.19

pRe=veemensazas “—‘J

LR
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8.6 BOMBER PENETRATION

AR U 545 SN N A HA> 557 10! e 1T AR SN0

STEP KEY ENTRY KEY CODE COMMENTS STEP KEY ENTRY KEY CODE COMMENTS
001 801 sLBLA 21 11 J INPUTS 057 CHS 22 ]
aez Sto! 35 01 ]K 053  RCL1 36 01
ee3 RS 51 059 + -55 |
@0+ STO2 35 ozj r 060 es¢  RCL2 36 62 | (3)
@05 RS 51 061 + -24 ] b
@25  ST03 se3]Q 262 RCL® 36 00 ]
] @87 RS 51 862 X -35 ]
208 sT04 3564 |1 @6+ STOC 35137 T IS DISPLAYED -
aes R-S 51 @aés RTN 24 3
010 aie  ST0S 3565149
@11 RS 51
a12  sT06 3506 |N ‘
013 RIN 24 ]
@14+ ALBLB 21 12 | 070 -'
015 ST09 3509 | k
815  RCLB 36 12 ]
, 017 ST0@ 35008
: 013 /X 2]
: 812 sT07 35 07 1/8, :
g 620 26 1 61 ] |
21 STOI 3546 |1 hst] j
j 022 erac 22 13
€23 #LBLC 21 13
4 824 ISZI 16 26 46 080 1
] 825 RCL3 36 83
§ 026 RCLY 36 89 ]
b 027 yx il :
{ 828 RCL4 36 64
! ga: X -357
030 030 RCL8 36 887 B,
031 - -24 7
032  RCLS 6657]g
833 XY -417 x
34 yx it ok 5%
a3s  RcLe 36 88 ]
a3s X =357
637 ST 35607
838 1% 5271 n+l
039 ST+7 35-55 677 3
040 @43 RCL6 36 6
241 1 o1
# 942 + =35 | TO GET N +1
i @42  RCLI 36 46
| 845 K=V? 16-33 7] PEN, COMPLETE ? [0
@45 GTOD 22 147
@46  6T0C 22 137 LOOP
t3: B0 2T I3
245 RCLO 36 07| B
042 1/X s2] MY
% |eS0  ST-7 35-45 07 i
oS! RCL? 3 077
0> RCL4 36 047
”’ ® - -=-1 - sy
p%:  RCLY s o
—Jw - =] [ *
e B A 125 A
T—— — S— - - — v— - — - 4
a " Q - QFNT—HI,,F e _
re— B e g 1
'y Y . a | A : - :
t : . : ’ : » ’
k N £y . - >
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9. DAMAGE PROBABILITIES, PVN AND QVN TARGETS

9.1. REFERENCES

a. D. C. Kephart, Some Aids for Estimating Damage Probabilities
in Attacks Against Targets with P and Q Vulnerability Numbers,
The Rand Corporation, R-1168~PR, March 1973 (For Official
Use Only). i

b. Physical Vulnerability Handbook--Nuclear Weapons, Defense
Intelligence Agency, 1975 update.

9.2. DISCUSSION

The program in this sectior was prepared by D. C. Kephart of The
Rand Corporation. He has also wcitten the program for Texas Instru-
ments' SR~52 hand calculator.

The program gives damage probabilities for nuclear weapons
applied against PVN and QVN point targets at the optimal airburst

height. For these two classes of targets 'psi' is given by:

Overpressure, psi 1.1216 x 1.2V (v = adjusted PVN)

0.02893 x 1.44° (v

Dynamic pressure, psi adjusted QVN)

9.3. EQUATIONS

Notation

VN.K = Vulnerability number

V = Integer part of VN.K

K = Fractional part of VN.K = [K-factor]/10
w = Warhead yield in kilotons

C = Weapon CEP in feet

A = VN adjustment

v = V 4+ A adjusted vulnerability number

R = Weapon radius in feet

P = Single-shot probability of damage (SSPD)
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3

3 Formulas for PVN

g

i

: _E 26,13 K ,20,1/3,2 1/2
| 2

i A = 1n(S7)/1In(1.2)

i v = V+A

] R = w/3[6383.35 x 0.8836%] if v < 20.5
{ R = w’/3[1900.05 x 0.9368"]  1f v > 20.5

P=1- exp 3-R2/2/[c2/1n(4) + 0.04R2]§

: Formulas for QVN

S satisfies the cubic equation

§'s o @3 4 1 2 gl
A = 1n(s¥)1n(1.2%)
v=V+A

K= wi/3[6561 % 0.87918" 7 4F v < 15.4

R = w/3[23.42 + 2736.9 x 0.92883Y] 1f v > 15.4
i t=1- exp|-R/2/[C*/In(4) + 0.098°1}

| P=t if t € 0.82

Q = 2.826t - 0.94t> - 0.866 if t > 0.82

P=Q it Q<1

P = 1.0 i Q \
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| 9.4. PROGRAM NOTES
'% None.
i 9.5. USER INSTRUCTIONS
VN.K Sto A (K = K factor, 21Q7 = 21.7, 42P6 = 42.6)
Yield, KT Sto B
GEP. ft Sto C P
PVN Key A Adjusted Vulnerability Number -pause-
Calculate ¢ Weapon radius -pause-
QVN Key E Single-shot probability of damage (SSPD)

Compute time 10-12 sec for PVN, 12-22 sec for QVN

Display SSPD Key B Calculate PD for one more shot

Key CEP, ft Key C Calculate SSPD [After Key A or Key E; quick SSPDs
using new CEP values. Compute time 3 sec.]

i S s R S S i I S

EXAMPLE

=4

2139 Sto A
1000 KT Sto B
5000 ft Sto

(5]

s el

Adj VN Weapon Radius SSPD

§ VN = 21P9 Key A 12.509 13575.496 0.973

j VN = 21Q9 Key E 17.253 7891.371 @732

k| Display SSPD Key B PD = 0.928 (21Q9, 2 shots) S
-j Key 6000 Key C SSPD = 0.627 (21Q9, 1000 KT, 6000 ft CEP)




D=A054 955 RAND CORP SANTA MONICA CALIF F/6 9/2 "'\
HAND CALCULATOR PROGRAMS FOR STAFF OFFICERS.(U)
APR 78 E W PAXSON :
UNCLASSIFIED RAND/R=2280-RC
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! (PVN) : (QVN)
| PVN RCL5 QVN RCL5
: fx>07? fx=07?
N| Yy N[ Yy
f P—S f P-S
A | v
/3 &
o SF2
Y
N
7 \ 4 8 8 5 J
6 7 CUBICINS (6)[ Y A, v Y | PART
L (J <.0017? v<15,47 OF R
N
, 8 A 3
PART
OF R, ®12 B2
! 7 7
: N PART
3
; v<20.57 OF R,
3 2 3 : 4
2 PART e | PART OF
i OF R le 2 SSPD
2
i
: | b (FINAL
3 C 9 s e ( !
) (QUICK) & SSPD L B 82 Y _Pjt___
1 ENTER CEP o o8 <. -
1 | N N 1
B y A
ONE MORE 1= (1-P)2 DSP P Q N
SHOT (PVN) Qs<1?
1 (FINAL) Y
FINAL P P=1
(FINAL)
I
,' Fig. 9.1 Damage probability program logic skeleton ]
| :
4
St ot y 4
t
. .
4 [}
I"’ X
P
v
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9.5 USER INSTRUCTIONS

9. DAMAGE PROBABILITIES, PVN AND QVN TARGETS Z’

STEP INSTRUCTIONS & A:'mrs KEYS D,?,“Eu’",:n
1 | LOAD DATA AND PROGRAM ¥ s
O
2 | VN.K STO A 21P9 21.9 [STO][ A | 21.900
& e i
| 3 [ YIELD (K1) sTO B 1000 l[51 H B Jl 1000000
[ 4 | CEP (FT) sTO C 5000 [sTOl| € | [5000.000
o S N S
| 5 | PRESS A . ADJ VN - A 12.509
B e WPN RAD. [ |l | [|3575.5
o, AR SSPD R e 0.973
o i B e
| 6 | WITH ABOVE ENTRIES BUT [
N plSTe S ) S
A 21 Q 9 TARGET ADJ VN I EEEE 17.253
WPN, RAD. ] [#e%1.3n
SIS b SSPD AN | 0.732
RNy BN
| 7 | IF CEP 1S 6000 FT AGAINST 21Q9 4000 e 0.627
AR
| 8 | FOR TWO SHOTS AGAINST 21Q9 e 0.861
(CEP= 6000) oS
¥ ==
e, figiesabil S
_% [FTEE e
WAL el P
el o
o
ol R el
L [ G
| W
XD e el
bl R
.~ iy g ST
T |
o s
i | e
| g | e
H? | S
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: 9.6 DAMAGE PROBABILITIES f
% STEP  KEY ENTRY  KEY CODE COMMENTS STEP  KEY ENTRY  KEY CODE COMMENTS
, joor I alken 2D HTVN, K (Wl}l‘zt 857  PSE ¢ 51 ]DSP R,, R
i 86. RO 32 05 1IF NOT 'IN PRI 058 At 53 ] a8
§ 863 <7 i3 | CHANGE TO PRI, 859 sT05 37 03 |R2 R2
3 o¢ v Fas 163l e = = 06 860 i -62 | _2’ 1
i 085 #LBLT . er |PRI 861 [} ée
: déc é 8 0y SR a4
Fth [ o 063 #LBuv T
008 FlLb 3 12 064 X -35 5
hest. i -24 85 sT07 35 67 ].04 RZ, .09R
L 818 R0 36 iy 86 RCLC 36 i3
CI P 3i 067 #LBLS 209
812  RCLw 36 ii 868 Xz 53
813 FRC 6 44 663 4 a4
oi4 -35 3 07 ere LN 32
815  S§T0S 35 65 |K (20/w)” CH| 3 -24
Pl __ 2 s3eINSEC? 72 ROL? 3¢ 67
817 6TG 28 @l 57 a3 + -55
| 015 i 3 074 1N sz
; | 813 : -iv 0rs : az
§ @ Xt 53 076 ¢ -4
: 21 : di 77 RCLS 36 88
§ 022 . -55 s x -35
23 RCln 3 L 879  CHS -22
3 24 FRC 16 44 080 ase e 33
3 825 - -45 851 CHS =22
o 8z I5 54 882 i @l
| 827  RiL3 3 83 883 + -55
: 03 : él 884  STOE iEale (5)
4 | 829 # -i4 885  RCLS 3¢ &5
50 830 ‘. 55 886  x#@° :6-42 1 IN SEC ? (QVN
831 LA 32 ) OW_CTU\\—:T?TTT"—__'('——L'J
! 83: " [ 888  RCLS 3¢ 83| DSP P (PVN)
1 033 . -35 | on $2 889  RTN 24
4 834 1 a: 0% 898 sLBla i i i:
.. 035 ; -6: 891 RCLS 3 a8
] 836 2 az 832 s -6
f 837 Lh 52 833 & o '
i 0 Lo lA @) 854 2 % behiic :
k| | 838 Cln 36 .l 895 _aNYT . _Jg-o¢ 1B o, TN ;
i | = 4@  INT i6 34 8% 6TOb I ic f‘
: 841 + -5 lv (2) 897  RULE 36 1S
842 FSE .S S| DSPv (CAN USE 898  RCLS 3¢ a8
843 RCLO 36 00 f- x=) 899 x -35 |
g 4 _ XovT__ ic-34|BRANCH__ __ _ _ f& ] see . -6 :
E 045 oT0: 2 02 181 s as
846 Re il 182 4 a4
847 RCL4 3 o4 183 RCLS 36 93
843 N\ -41 184 e 53
948 ¥ o4 165 \ -35
050 856 RCLS T 106 - -45
851 A -35 | PART OF R, (4) 187  RCLI 36 46
@5. #Lbis P 108 . 45 4
853  RCLB 36 12 109 8T0§ ses|lQ (12
85¢ RCLD 35 i4 170 110 i al ,
65 31 e _xeye | ie-3sf1sQ?_ (3 _ i
856 N =35 112 T RTN 24
REGISTER
° 20.5 [6383.35[ 0.8836 [*1900.05 |* 0.93¢48 2 "o4r3 PP Pro/w)® 1
15.4 [ 6561 [2o.8792 [ 23.42 [*2736.9*0.9288 [ 0.001 [ 1, 5, [Zk, 1,QfK(20/w)" :
A WN. K I' KT C  CEP (FT) 0.3333 t 2.826 |'  0.866 4
i
3
E
— = — g m,ll J
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9.6 PROGRAM USTING |
STEP KEY ENTRY KEY CODE COMMENTS STEP KEY ENTRY KEY CODE COMMENTS ‘
113 #Blb <1 T€TZ[DSP P (QVN) (11) ) 169 INT 16 34 ‘
114 RCLS 36 88 T2 170 + s5lv (@)
115 RT 24 171 PSE 16 51| DSP v (CAN l’pSE
116 #LBLZ 218z 172 RCLE 36 08 5 -x=)
‘ 117 Re =31 v 173 %¥? _ _J6-34fv< 1542
3 118 RCLZ 3¢ 8 17'4L 6105 'f‘ o5 | e
: 119 Y -4l 75 Ré -31
120 128 ) ) 3i 176 RCLS 36 a5
121 RCLI 3§ at iz X2V -4 ?
122 x -35 178 ¥x 31 i
123 ET¢3 4 @3 PART OF R1  (3) 179  RCL4 36 64 |
124 LBl < I3[ VN, K (QVN) 180 186 X -35 |
i§ 125 RCLS 36 85| |IF NEC. CHANGE 181 RCL3 36 63
] 126  X=07 i6-42] TO SEC' AND 182 + -55 | PART_OF Ry (9)
! 127 R3S 16-51| SHOW BY F2 183 #LBLE 21 86
3 128 SFZ 6 &l &z 184 RCLE 36 12
H 129 6107 22 67 185 RCLD 36 14|
b ™| 130 sl8L: 21 6] (FROM 018) 186 vx 3| wh -
4 131 1 o1 187 x -25 !
4 132 ROLA 36 i 188 PSE 16 51| DSP R,, DSP R,
¢ 133 FRC 6 44 189 52 53 (CAN USE
134 - -451 1~K 1% 19 5108 35 &5 o
135 ST06 35 a8 181 : -62
i 135 i at 182 6 a9
H 137 ST07 35 87) 193 9 03
136 #LBLS Z7 66 194 ET04 ZZ 64
i 139 RCLT 36 o7 195 *LBLS 21 85
p | 130 148 RCLS 36 @3 196 R¢ Sxie K%
Y 143 X -35 197 RCLZ 36 62
4 142 RCLS 36 a2 195 | X3y -5l
143 + -55 199 ¥ 3i
I 144  RCLD 36 4 @0 | 288  RCL1 36 61 - .
% 145 ¥ 31 281 X -35 ]| PART_OF R
1 146 RoLr 36 a7l s, T s a T i [ 1 (8 ]
E | 17 kY -41 283 R<S 51
¢ 148 8707 35 87} Spaq 204 *LBLC 21 15 | (NEW CEP)
{ 149 A -4 205 G105 2 @85
| 150 150 . -24 286 ¥LBLB 21 12](ONE MORE SHOT)
| 151 i al 207  CHS -z2 | -P
! 1% - - ~35 208 1 o1
153 aBs 16 31| |1 =Seq/ S, 208+ -55
154  RCLE 36 86 310 218 Xz 53
155 _x¢v? _ _ 16-35| TEST FOR ACC __ 211  CHS -22
158 ~¢ T @ LoOP 212 1 ol
157 RCL7 3 @7 CTE AR =55 [ (=0
158 LN 32 214 RS 5}
153 i a1
3 160 ; -62
161 S a5
162 X -35
163 ! é:
164 y -62 Bl
165 z ez
166 LN 32
167 : 24| A (7)
168 RCLA 36 1) £
__LABELS l: FLAGS _ SET STATUS
(]
DATA CARD ENTRIES ARE : FLAGS TRG ISP
o 00O DEG O FIX O
SHONNBY:] 1 o0af{ Graoao | sct O
2 OO RAD DO ENG O
3 0D n—

e s e e i . -
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10. _ FOUR DEUCES (PRECISION 4.2-INCH MORTAR FIRE)

10.1. REFERENCES

a. FT 4.2-F-1, Firing Tables, Mortar, 4.2-Inch, M30, Department
of the Army, December 1954.

b. FM 23-92, 4.2-Inch Mortar, M30, Department of the Army,
February 1961.

10.2. DISCUSSION

The 4.2-inch mortar, M30, is a rifled, muzzle-loaded weapon, known
affectionately to the Army as the "four deuce." The tube, elevated at
angles of 45° to 60° (800 mils to 1065 mils) delivers indirect fire to
almost 5.5 kilometers, depending on the propellant charge, elevation,
and round selected. X

Indirect fire units use a meteorological message (a coded weather
report) from division artillery in conjunction with unabridged firing
tables to prepare firing data. As of 1961 (Ref. b) a rather time-
consuming and largely manual procedure was used, which even sacrificed
almost all tabular interpolation to save time and avoid errors. This
section shows how the procedure of that era would have been simplified
had a programmable hand-calculator been available then.

The primary task is to reduce the tables, which were based on
range firings conducted at the Aberdeen Proving Grounds, to a set of
formulas. This is accomplished by data fitting, a task for which the
HP-67 is admirably suited if one has at hand Program 3 of the Standard
Pac and Program 14 (Polynomial Approximation) of Stat Pac 1. Mark
that this data fitting is purely empirical. It is based in no way on
the physics and mathematics of exterior ballistics.

The only problem posed by the tailoring of formulas to number
streams is the choice of the formula type to be used. Initial guidance
is provided by plotting families of curves and staring at them. (See
Sec. 21.)

The resulting formulas are simple and so is the required program-
ming. You pay for this double simplicity but can exploit it. The

large number of constants generated by fitting exceeds available
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storage space. But because the program is short, there {s space to
put constants, sometimes rounded, in the program itself. This is
program/storage tradeoff.

The next subsection gives formulas that correct the fire for
nonstandard conditions, in the order in which they will be programmed.
This is also the approximate order of the manual calculations in the
examples of Ref. a. The program significantly modifies the methods
of that reference in respect to automatic interpolations, allowance
of difference in altitude of mortar and target, ballistic winds, and

elevation corrections.

10.3. EQUATIONS

General

(1) This program is restricted to the M30 firing the HE shell
M329 with extension (long-range fire).

(2) The range of charges is 25.5 to 41 and increments of 1/8
are permitted.

(3) Elevations are restricted to 800 to 900 mils (#), since
the tables are so restricted for charges above 32.

(4) Hence charge is selected so that 850 # (47.81°) elevation

gives the approximate desirved range (1 @t = 360/6400° =
0.05625 = 1/17.778).
(5) Meters rather than vards are used (1 vd = 0.9144 m).

Notation

H ~ Altitude of mortar position in meters |
C |

R‘ Chart range in meters
C

Rl Range corrected for difference in altitude of mortar and i

target

Ry Rl corrected for metro and ballistic factors

R(800) Range for E = 800 #, a function of charge m

Au Azimuth of fire (mortar to target) in mils, CW from N
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850 #, the initial elevation

Corrected elevation ()

The initial charge selected

Corrected charge

The angle of fall in mils (impact angle)
Powder temperature in F°

Muzzle velocity error in ft/sec for lot used (0 if not known.

This can be obtained onlv from trial tirings.)

Deviation in shell weight trom [+] [{] (-1, 0, +1).

(Weight is measured in squares and stamped on the shell.)
Altitude of target in meters
Altitude of meteoroiogical data plane (MDF) in feot

Azimuth of ballistic wind in s (W from N. (This is the
direction from which the wind blows. It is an average of

winds up to the maximum ordinate of the trajectorv.)

Angle between AU and Aw = 3200 in deprees

Density of the air as percent of standard tor the MDP altitude
Corrected density for mortar altitude relative to MDY
Ballistic wind in miles per howr

Drift deflection because of shell rotation (alwavs to the

right)

Deflection correction, final (w)

Correction tor range wind (tail or head), meters
Correction for round weight, wmeters

Correction for powder temperature, meters
Correction for actual air density, meters

Correction for VE, meters




T A A =5 S e 5 I

D= - (ol + Py Pyt t 05). meters

P Change in muzzle velocity due to change in powder temper-

ature (ft/sec)

Metro Msg

HM' Aw. W, & are known when the Metro Message is "solved." The
message also gives air temperature, which is not relevant for mortar
calculations. The message has 12 lines in addition to the heading.
The initial digit is the standard altitude number. The correspondence

is

Alt. No. 0 1 2 3 4 5
Height (ft) 0 600 1500 3000 4500 6000
Alt. No. 6 7 8 9 0 1

Height (ft) 9000 12000 15000 18000 24000 30000

The lines of the message give Aw. W, § (and air temperature)
appropriate for the maximum ordinate of the trajectory resulting from
any particular combination of range, charge, and elevation.

For this program (800 # < E < 900 #, R > 3250 m), always use line

"‘ l’»{‘\.t“‘yt

C = 25.5 Line 3
C = 41 Line 5
C > 36 and E > 850 Line 5 .
Formulas
E = 850 # (1)
(8]
C, = 11.932 exp (0.000231 R ) )
W = (867 + 4C ) (360/6400) 3
Rl =R, + (HT - Ho)/tan w (4)

(R} > R if target is above mortar)

PR




§

D

Dl

[eDS

0‘

P

05

‘\

=100~

60 - 0,003 (n“/o.;uas - "M)

(H‘ is changed trom meters to feet)
L
). 05625 - 3200 -
0.056 (Aw 32K Ao)
0.064 E - (C_+ 1)/2
O O

-{d + 0.8 W sin a]

(The tube is pointed for firing at A+ D W)

L
(0.325 G~ 4.682) W ocos a
8

(The term in parentheses is the unit eftect

for a tail wind of 1 mph, Col. 15 ot tables)
(17.879 In C_~ 72.914) r

8
(Unit etfect in parentheses Col. 17)

Al

=23+ Q.68 T - 0.005 17 | T = 70°
)

15.29 - 0,48 T + 0.0038 T , T > 70°

(Table of App. A of Ref. a, titted)

(16.3 - 2.5 In Cu) P

(Unit MV effect in parentheses Col. 18)

(11.037 - 0.7293 C“)\Gl = 100)

(Unit 1 percent effect in parentheses Col. 10)
(16.3 - 2.5 1In U‘) s VE
.

=Py + 05 + Py + 0, +0g)

(Note the - sign)

(5)

(0)

(7)

(8)

)

(10)

(1)

(12)

(3

(14)

(15




R, = R, +p (16)

2 1
- This is the corrected final range.
C, = 11.932 exp (0.000231 R.) (17)

(This is the corrected charge for E = 350 #.
It is to be rownded to the nearest 1/2
charge.)

R(800) = 52.51 + 81.73 C,

(18)
= y
+ 2.96C, = 0.043 CJ
(Fitted from bottom line data of tables)
: / ” 0.712
E., = 800 + [6.416 - 0.093 C,][R(800) - R,] ¥ (19)

This is the final Qlovutinn at which to lay the tube. Note the
correction of Cu using E.= 850 # and the tinal RZ' But then E = 850 #
is forgotten and the procedure is to go to new formulas to get E, with
respect to the baseline elevation E = 800 #h. This procedure yields a
small correction to the initial 850 #.

Note: Because of lack of program/storage space, formula (11) is

rewritten as

e 7
P = -(0.02 AT + 0.005 AT") AT = 0 (20

—
= 0.05 AT + 0.0038 AT L ¢ B

and the user enters AT = T - 70°, the deviation from the standard

powder temperature with the proper sign.

Checks
To provide program verification, a step-by-step example is cal-

culated manually. These results are then compared with the Army's
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field procedure, which does not require interpolation and rounds off

‘various values. Yards instead of meters are employed in these checks.

R. = 5320 (nearest 10 yd) , H_ = 1505 ft , H_ = 1210 ft ,
e - o iy

A =%4825#, wgt= [] (r=-1), T =55F,

VE = - 12 ftf§ch

q

Solving the Metro Message (heading and line 5),

e R 08303

Y26 25 R TET R e
we get: message from Station 1F, MDP = 1200 ft, as of 0830 hr; this
is msg tvpe 3 (for mortars); standard altitude for line 5 is 6000 ft;
ballistic wind blows from 2600 #, strength 25 mph; air density is

95.7 percent, and air temperature is 85°F.

The above conditions were taken from Ref. a. They could be
realized, for example, at Hunter Liggett Military Reservation in
California on a day in November with Santa Ana winds blowing. Use
Map Series V8958, Sheet 1755 1 NW, 1:25000. Put the mortar position
on Hill 1516 (66960 73900) and the target close to the junction of

two dirt roads and almost in the bed of Fria Creek (62095 74000).
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Note: Yards rather than meters are used below.

Quantity Field Method Formulas
R 5300 5320
H, 1500 1505
E 847 850
C, 36.5 36.71

w 1009 1014
R, 5255" 5256

| 94.8 94.8
d 38 35.6
D -57 ~52
P 113 114
P, 9 9
p; =15 R &
(A 88 90
Py -91 -96

o 104 106
R, 5151 5150

The field method now selects a new'jcharge for which the adjusted
range R, is bracketed by a 50-yd tabular interval in the tables. In-

terpolation is now used in general. Here we can read off

C2 = 35.5 E, = 854 w .

Formula (17) yields c, = 35.41. Round this to C2 = 35.5 and

obtain, via (18) and (19), E, = 853 .

10.4. PROGRAM NOTES

"When I know more of gunnery
Than a novice tn a nunnery,

['Ll be the very model

Of a modern Major-General.”

- W. S. Gilbert, The Pirates of Penzance, 1879

*
The field method corrects 5320 by 1/2 the altitude difference in
yards or by -50 yd. We have used the more accurate value -65 yd.
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10.5. DATA CARD

.3048

115952
4.682
72.914
11.037
52.51

RUN.

-104~

sT0 7, 9/

fP<->8
S86.0, . .6
$T0 2, 112
ST0 &, .0
STO. 6, .7
ST0 8, 81

fP<->8
f W/DATA.

160 h ST I

00231 STO 1,
. 879°NGT0N 3,
038  STO 5,
293 . STO'7,
273 STO9.

RECORD BOTH SIDES.
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10.5 USER INSTRUCTIONS

10. FOUR DEUCES

STEP INSTRUCTIONS D. ‘.YN ;3;.73 KEYS D:‘P Jmﬂ
_1 | LOAD DATA AND PROGRAM CARDS _ JExAmPLE} | | |
R CEN O SRR S SRS N - A I e | :
[ 3 |Rg(m) STOB i 4864.6 I | l
4 |Agh) STOC i L BT § e BPOE SN
[ 5 |Hy(m) STOD o ey TR EIRE ) e
6 Ir STO 0 -1 e ) L
7 |T (°F) STO 1 LI P |
8 | VE (fps) STO 2 i -12 I | | |
9 |Hu(f) sTO 3 ; 1200 O
10 | Aw(f) STO 4 : 2600 l [ l
11 | W (mph) STO 5 25 S RN
8,  STO¢ 4 DS | e
P .
13 | PRESS A /7 SECS, SEE CORRECTED AZ [T 1A [ 478
R -
14 [ PRESS B/7 SECS, SEE CORRECTED CHARGE W G IR 3541
bl
15 | KEY IN, ROUNDED TO NEAREST 1/2 T s
e e
16 | PRESS R/S (5 SECS), SEE CORRECTED EL : T 0 | W2 853
B N T
A : D ahts i
WARNING, IF NEW RUN 1S TO BE MADE Pl R
WITHOUT RELOADING THEN 0 STO 8. R ] ey
ALSO REGISTERS B AND 6 MUST BE CHECKED, | B L e TR
ol )
5 D
2 (R
L R | A
e
TR Y
i ) o
e o e
l
, e S R [
; e N i B N
Mol b W e
§ P I WIREIIE s ol NEN
st s

S s adncadhidian
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10.6 FOUR DEUCES v
STEP KEY ENTRY KEY CODE COMMENTS STEP  KEY ENTRY KEY CODE COMMENTS |
p- (0a: sLBLR &1 1T, i 1 o ) .
a2 e 16-51 ] (SEC) (LA + -55 :
s eCT ROLB 36 12 ) a8z 2 62 |
q 20t Ll 36 01 ] W loee ¢ -24 ]
ot x -35 | F—lwmer -45 ]
$ o0 & 33 ] 52 RCLS 36 09 ]
; g0T RCL® 36 @@ 9€2 SN 4]
0 -35 ] es:  RELS 36 @5 ] |
@83 STE  3515]C, (PRI) ase ¢ -35 j
010 10 28 16-51 ] R : -62 ] |
2M!OFCLD 36 14 ] s 8 8
2:2  RCLA 3 1 262 . -35 ]
0:7 - -45 ] 288 ‘ -55 7
@14 FRCLE 36 st N L -22 ]
ars 4 8] f~—tgz: poic . 3% 13 A, +D RECORD
017 X -35 o . -55 1
01 8 88 ] ¢T3 RTN 24 ]
9 218 6 86 ert wLBLR 2 12
3 01 7 e s RS 3689
‘ 020 . -55 ] 2¢ Cos 4 s 1
i 2! RCLI 36 46 47" ROLS 36 85 ] '
; ea2 X -35 ers X =35 ]
1 237 TAN ] 87§  ROLE 36 15 ]
H g2 + -24 ] 080 pg? 4 -62 ]
i 2°  PCLB 36 12 28! 3 85 v 4
s + -55 262 2 8z
@7 508 35 12]R, 3T 5 85 7
k. 227 RCLE 36 66 ] o84 ) -35 ]
" 227 POLA T 36 1] 23T P2 16-51 7 (SEC)
| & Tex RCL? 36 67 ] e PCLZ 36 82 ]
k| 23! + -24 1 ey - -45 ]
;~ 332 FCLI 36 @3 £se -35 7
b O et -45 ] per P35 . 16-91 (PRI)
3 e 3 83 o [09c ST08 35087 o
| 23 -351 02: ROLE 3615 ]
i 03:  EEX -23 622 N 32 7
| az" 3 83 ] 892 P3S 16-51 7] g
z 03° : -24 ] aar  PCL3 36 63
: a32 - =45 ] aes x =35 ]
! o4 24C 06 3506 ] 3, 03¢ RCL4 36 84 7
eroeCLd 36 04 1 AT -45 7
e42 3 83 ] 298 P2s 16-51 7 (PRI)
g2 2 82 ] gas  FoLO 36 00 ]
g (1] 08 100 1e? « =357 p
04 @ 00 :0r €Teg 35-55 087 2
2eg - 45 Th ) The
per ROLE 36 13 ] 100 ROUl 36 01°
040 - -45 104 Xevo 16-35 7
04> ROL 36 46 107 6701 22 017
CT A ¢ ~33 20706102 22 02
or: sT09 35097 a 197 SLBLC 21 13
or: 5 85 e 1 017
oe? 4 8] 103 6 06 | §
oe . -62 110 112 ‘ -62
0s< 4 64 | 3T 3 03
{S: RCLE 3615 [ ROLE 3615 i
REGISTERS o ;
1 5 7 9 .
r T-70 VE w 8o/8, 048 zpi a 3
11.932 [*'.000231 > 4.682 [ 17.879 > 914 0038 (11,037 [ .7293 | 52.51 [°81.73 _
® Ry/Ry/Ry Hy E Co/Ca | 9/160 M |
DATA CARD ENTRIES ARE SHOWN As (]
' :
1
|




10.6 PROGRAM LISTING

STEP KEY ENTRY KEY CODE COMMENTS STEP KEY ENTRY KEY CODE COMMENTS
4 RN | 32 | B L -3
114 . -62 5 [170 * + -55
i [ 115 4 8¢ 171 RCLE 36 68 :
1 B -24 —[ire + -55
117 - -45 [0 [ 17 RCLB 36 12
118 STOD 35 14 ] MV. UNIT EFFECT 174 - -45
[ e X -35] p 125 : -62
2 [120 cTe8 35-5588] 3 176 ? 'Y
12:  RCLS 36 86 e 1 (7]
82 EEX -23 £y 2 02
122 2 a2 179 ¥ 3l
124 - -45 180 180 6 (™3
foe ' p3g 16-51 ] (SEC) 181 : -62
125 RCL6 36 66 182 4 04
ter  Rit? 36 87 123 2 8z
: 28 ROLE 36 15 £&4  RCLE 36 15
128 X =35 ] 138 - -62
N 0 130 - 7 48] 138 @ 00
g g € 1 -35 ] o, 137 9 89
) 16-51 ] (PRI) 18¢ -35
i 137 8T+8 35-55 @8 137 - -45
134 < RCL2 36 82 | 190 190 ) -35
135 RCLD 36 14 ] 18: 8 08
i3e X -35] pg ysh e Y]
177 cT+8 35-5588] P 127 e 00
13 PRCLS 36 88 ] 194 v -55 ] E, RECORD
122 CHS -22 ] 195 P8 16-51 ] (PRI)
160 140 RCLB 36 12 (35 PIN 24
TR TR i 137 *LBLY 21 a1 ]
22 s¥oB 35 121R, 198 eout 36 81
4T FS 16-51 ] (SEC) 1:2 Ne 53
144 RCLY 36 81 200 2ec 2 02
148 X =35 ] ae [ 0 |
145 eX 33 ] 202 a 06 |
147 RCLO 36 6@ 28 : -24 ]
148 -35 202 CHS -22
14 RS 51 JROUND R/S 285 RCL! 36 81
150 15¢  STOE 35 15 ] C, Jes 5 85 ]
151 3 03] 207 a 0 |
152 ¥ 31 ] £8¢ 3 -24 ]
157 ‘ -62 fa¢ . -55
54 @ 06 #w__T210 erOC 22 13 ]
e ] 84 210 wlBL2 21 82
ez 3 asj 212 PCLI 36 01 ] {
157 3 -35 213 2 82 ]
158 M8 =22 ] 3t e 00 ]
158 RCLE 36 15 ] 2L * -24 ]
160 142 2 53 ] {5 PCLY 36 o1 ]
2 62 g7 e 53
¥ . -62 i 8t PSS 16-51 ] (SEC)
162 9 89 (216 ROLS 36 05 ]
164 6 06 | 220 T[22 X =35 ]
gE ~ -35 a2 + -55
e -55 ] 22 P23 16-51 ] (PRI) |
I5?  BCLE 36 15 _ 28T gr0C 22 13 | ;
58 BCL9 36 89 il |
LABELS FLAGS SET STATUS -
" Az PP usb |° EL | T = FLAGS __ TRIG DIsP 1
a lb c d ) 1 ON OFF |
o0 ®| DEG ® | FIx ®
e T APEN
20 ® ‘
o T 3 0® L— |




11.1. REFERENCE

a. L.

LL. A LASER EQUATION

Peckham and R. W. Davis, A Simplified Propagation Model

Jor Laser System Studies, Air Force Weapons Laboratory, Tech-
nical Report AFWL-TR-72-95, August 1972, ASTIA No. AD902736L.

11.2.  DISCUSSION

The laser equation programmed in this section was brought to my

attention by Lieutenant Colonel R. S.

applies to propagation in the atmosphere.

and parameters used in the equation shows the factors considered in it.

Symbo L

B o oy

ol

IR
Ipy,
e

Q

AT

Meaning

power
range

average intensity
blockage factor

thermal blooming factor
atmospheric extinction
pewer reduction factor
beamspread factor
wavelength

diameter of primary
output mirror

one sigma jitter/tracker
one sigma jitter/platform

one sigma jitter/boundary
layer

one sigma jitter/atmosphere

angle between beam and
target normal

DeLaney, USAF. The equation

A listing of the variables

Units

watts
km

5
watts/cm”

microns

meters

microradians
microradians

microradians

microradians

deg




D

e B e 5t el - s LL

~109-

L1.3. EQUATIONS

[ @ oo 00 b * K+ p * exp (~aR) - cos O
2 2 2 2 2 2

Y - - 2 - - - -

k, *+ ™R [€0.9 k2 A/p) + “(OTR + O0py +0p *+ 00

The number 100 is needed to pget the intensity at the target

.
watts/em”™ when R {s in kilometers.

We will program three problems:

° Given P and R, find 1°
@ Given 1 and R, find P

° Given | and P, find R.

In effect, the program is a digitized nomogram.

We will use Newton's method to get R given 1 and P.

b )
.

R Gy

where

100 « b + Kcos O

L i o 9
kl c w[ (0.9 k, A/D)T + 407
O e e
= + = =
9. S Tn T %, T
We want the root of
(B} » 1P MRS - LG
P ) )
then £’ (R) = =(a + 2/R) LPe m\/Rh %
=R o
LPe - IR;
- Bl Gl ‘

(1

in

3

(0)
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The only point of interest is the determination of a good start-
ing value Ro. The function c‘uR/R2 is concave upward and extremely
flat for even moderately large R. If an initial R0 is picked that is
greater than R, it may well happen that the flat tangent projected
backward will generate negative values for the successive Ri'

For the root of (4),

B w aa A= LP/T .

A first approximation is VA, but this is clearly too large. But
taking

/A

B Y (7
(8]

a value smaller than the actual root is found.

The program also computes the illuminated area by

: % -
0.01 HR2[(0.9 K. &/D)" % 40%] sec 0 . (8)

11.4. PROGRAM NOTES

(1) The program is an example of the use of the flag F3 to find

the solution of any one of three problems. The program structure is:

P R L
*fLBLA *fLBLB *LBLC
hF?3 hF?3 hF?3
GTO1 GTO2 GTO3
Calculate P Calculate R Calculate 1
*fLBL1 *fLBL2 *{LBL3
STO A STO B STO €

hRTN hRTN hRTN

REROT ST
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Flag F3 is set by data entry, and cleared by test. If you key P and
press A, F3 is set, P is stored in A, and F3 is cleared. If you then
key 1 and press C, I is stored in C. Now press B. Since F3 is not
set, the step "GTO 2" is skipped and R is calculated.

(2) For the preceding probiem, an "h PAUSE" shows the successive
steps in the convergence:to two decimal places. When P is large

and/or 1 is small, the convergence is slow because the value of RO

0
that is large but still smaller than the expected final root. Then

STO B, GTO 0, R/S.

from (7) is small. You can speed up convergence by choosing an R
execute the sequence: Key RO’

Example. Let the parameters be:

b =0.9, K

1, a = 0.1, kl =105, ky, = 20/9

A=3.6,D l; each of the four sigmas = 4 (so that

02 is 64), 0 = 60°. Then PRESS E to initialize.
(1) P = 10b (EEX 6), PRESS A, R = 4, PRESS B.
Now PRESS C to get 1 = 1299.60 Q?tts/vmz.
PRESS D to get 309.47 cm2 for the illuminated area at this range.
(2) 4, PRESS B, 1299.90, PRESS C. PRESS A to get
P =1 000 002.64 watts (because of roundoff in 1).
6

(3) 10, PRESS A, 1299.60, PRESS C. PRESS B to get

R = 4 after two iterations (3.99, 4.00).

gl ST . S ISR L LRl R e | S W N MR R TV R PSSR St S R
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11.5 USER INSTRUCTIONS

1

A LASER EQUATION

AREA

INSTRUCTIONS

INPUT
DATA/UNITS

OUTPUT
DATA/UNITS

STO THE 9 PARAMETERS IN REGISTERS 0-8.

(SEE REGISTER STORAGE AT 11.4.)

PRESS E

'KEY P, PRESS A, KEY R, PRESS B.

PRESS C TO GET I,

KEY P, PRESS A, KEY I, PRESS C.

PRESS A TO GET P.

KEY P, PRESS A, KEY I, PRESS C.

PRESS B TO GET R

PRESS D TO GET [LLUMINATED AREA
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11.6 A LASER EQUATION

STEP KEY ENTRY KEY CODE COMMENTS STEP KEY ENTRY KEY CODE COMMENTS
oo car WLBLE 21 15 e5 RCLA 36 11 ]
28 RCLS 36 95 ] Cose -35
207 RCL4 36 04 ] o R 36 L
oc: X -35 ] 060 20 -35
205 RCLE 36 6 ] 0 RCLE 36 2] .
e - -24 ] ] g e s3]R
0T h -62 ] (E 2411
oes ) 8] 0t RIN 24 (0
0 x -35 ] Tis WLBLE 21 12
L R 53] 055 F3° 16 23 83
20 RCL?Z 36 @7 5™ g0z 22 82
o 4 04 ] £ RCLS 36 091 L
T -35 es  RCLA 36 11 ]
(S * =55 070 ks < -35_‘
as P 164w ™ Fer: wic . %13
a1 X -35 ek - -24
p1>  EEX -237] R 7' 54 ] g
213 2 2] ors STl 3546 h STI VA
a1 CHS -2271072 erc  RC 36 82
s —Ter -35 ] R -35 ]
02! STOE 35 15'4 SPOT AREA, R=1 o 2 6z ]
D22 ORCLE 3§ @8] e+ -24 -
e37 RCLI 36 01 ev:  CHS -2¢
Ex X -35 ] bK CON S 357
225 RCLE 36 88 ] 230 RCLI 36 46
928 £as 427 cos § g3 X -35
x> -35 ] 03T sToB 3512 Re (7)
22 RCLI 36 83 k Tre WLBLD 21 08
pzr - 247! 0T RIS 36 09]
@[ RCLE 3615 ] e€:  RCLA 36 14
: - -24 es” X -357]
e sro9 BIeL (3) 052 RCLE 36 127
0 kTN 24 ges  xe 53]
TSR 2T T O -24
e F3° 16 23 83 ] 20 RCLB 36 12
o gT0r 22 81 ] 0:2 RCL2 36 8]
2T ORULBE 3612 233 \ -35
07 RCLZ 36 827 'é g9 e 27
029 x -35 7 per & -247]
0 & e 33 ] exp (aR) ass  sT0! 35 45| LP exp (-aR;)/R?
24t RCLB 36 127 397  RCIC 36 137
04> x2 537 6 - -45
o4 x =357 23%  RCLI 36 46
24+ RCLE 36 1371 100 180 -24 7]
¢4 X -35j 121 RCL2 36 827
per POLS 36897 L 102 z 82 7]
04> - -247p (1) 107 RCLB 36 12
248 RN 24 10 - -247]
T NELC 2T 13 105 -55 ]
o 0Se  FI° 16 23 03 ] w0 - -24 7]
eer €703 22 831 107 RCLE 36 127
2 RCLE 36 12] TR -55 ]
20 ROLZ 36 02] 100 ST 35 14 Riyy  (6)
e X =35 ] 10 1:€ RCLB 36 12
95T CHS -22‘ (-ak) T —45__ g
eL & exp (-a 13 DSk2 it1=Ri
aemsttns .
2
¥ B ky k, D o
}go— lss S9
E 1 =
i ' R/R; }E Riai SPOT AREA VA

L




11.6 PROGRAM LISTING

STEP KEY ENTRY KEY CODE COMMENTS STEP KEY ENTRY KEY CODE COMMENTS
[Tt RND 16 24 ] -
‘14 X=6°  16-43 | CHECK FOR 2 PLACE
15 GT04 22 84 ACCURACY
s RroLD 36 14 = 2 g
(= st 35 12 MOVE R, =
[ [:12 PSE 16 51| SHOWCURRENT VALUE[
L8 Groe 22 80 | LOOP
- ©3TaLBLI 2l o1
20 st Bule
122 RIN 24
127 eLBL2 21 82
12¢ sto8 35 12]R 180
12 RN 24
~ 125 «BL3 21 03
| 30 sT0C 351371
: 128 PIN 24
127 WLED 214
i %0 T 15j
’ ‘Tt RCLE 36 88 ]
i £32 - cos 427 cos 8
‘ :33 + -24 |
i 10 RCLE 36 12] R £
' 137 Xt 53
k 1 -35 ] ILLUM. AREA (8)
! 13" RIN 24
B (T WBLd 21 04
: (35 RCLB 36 12] FINAL R
h 23 ‘40 RT 24
i
i -
H
|
|
| 750
!
210
'w p——
k
220
LABELS FLAGS SET STATUS
P F R PN L @3 [ FLAGS __ TRiG oisp
a t c d e 1 ON OFF
: 1085 | od| &8
0 1 2 4 1
STO 2 STOR STo 1 2 00 RAD 0O ENG O
[ N 3 00 n
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12. SHAKING THE DICE (A WAR GAMING EXAMPLE)

12.1. REFERENCE

a. E. W. Paxson, Partially Diseriminatory Mortar Fire, The
Rand Corporation, P-5807, February 1977.

12.2.  DISCUSSION

In manual war gaming, people instead of computers make the tac-
tical decisions depending on the situation. Yet there are recurring
events, such as firefights or air intercepts, whose outcomes must
be assessed systematically on the basis of agreed-upon rules and
planning factors. The assessment consists of taking a sample from
a probability distribution function for outcomes, since the game cannot
move on without a definite result. War gamers call this "shaking the
dice." It will not do to say, "The probability {s 0.4 that at least
three tanks of a company of 10 will be destroyed." The game demands
a statement such as, "In this firefight 3 tanks were immobilized and

one was set afire."

" In any game, there are usually large numbers of recurring events

of the same type. One expects that the results for this set of events
will average out--giving the mean behavior of the model underlying the
event type. To clarify this statement, the simple fundamental principle
of the Monte Carlo method (sampling from a probability distribution)

is invoked. For example, suppose an event can have four outcomes

01. 02, 03‘
Py + Py + Py + Py = l¢ -Put P

04 with respective probabilities Prs Pos Pys Py where

3'
R o p2 @y Ty PB -y Py T Pyt
P4 % * ps ok Py + Py 1. Take a large number M of random numbers
uniformly distributed over the interval (0, 1). By the Law of Large

Numbers, one expects, then, that of the M random numbers,

plN will be in the interval 0 to Pl'

pzM will be in the interval P1 to P2‘

P,M will be in the interval P, to P

3 3

pAM will be in the interval P3 to 1.
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This section shows by an example how hand calculator programs
can provide assessments of this nature to speed up the play of manual
war games.

A game (or series of games) is set up to test the behavior in
a full tactical environment of an innovative weapon system, which
is to destroy enemy armor as part of a combined arms torce.

The proposed system envisages a new type of mortar round that
has a heat-seeking sensor head controlling the maneuver of the round
to a target during the steep terminal phase of the trajectory. These
rounds are ripple-fired at a set of atrmored targets, picking targets
at random. The sensor head will reject targets previously set atire
or exploded (K-kills).to avoid the moth-and-flame effect. But pre-
viously immobilized vehicles (M-kills) may wastefully absorb rounds
that home on the still-warm engines. Such overkill is a common battle-
tield event.

If at any time t during the engagement there are j vehicles still
moving and k vehicles either still moving or immobilized by previous
fire, then the probability P(j, k, t) of the state (j, k) at time t
can be determined analvtically (see Ret., a). But the analvsis is
complex, as are the resulting formulas for P(j, k, t). For use in
war gaming, it would still be necessary to sample with respect to

P(j, k, t). It is much more economical to adopt the procedure of the

. \ / v
following subsection. S
12.3. EQUATIONS
Let r be the probability that a round gets an M-kill, immobiliz- 1

ing the target. Let s be the prnhabf‘ity of a K-kill, with the tar-

get exploded or set afire. Initially, there are A moviug targets,

against which N rounds can be fired during the target exposure interval.
Then the state changes per round, with their associated proba-

bilities, are shown in the following table, remembering that of Kk

targets one is picked at random: 4

P "
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State Change Probability Reason
3, k) > (1, k) Py = 1 ~s - rj/k| No K-kill and no M-kill
of a moving target
Qe B} >0 -1, %) p, = rj/k M-kill of a moving tar-
2 get, k does not change
(G, k) > (J -1, k- 1) p, = sjlk K-kill of a moving tar-
3
get, k reduces by 1
o 9 RS SR G ) P, = s(l - j/k) K-kill of an immobilized
target

The corresponding ‘bounds in the interval (0, 1) are

Pl = 1 -s - rijlk, P2 = 1 =g, P3 =1 - s + sj/k, Ph = 1.

Psevdorandom numbers over the interval (0, 1) will be generated
by the multiplicative linear congruential method. Let RO be the

initial "seed," a seven~-digit decimal fraction. Let m be the multi-

plier, and let Ri be the it/ pseudorandom number generated. Then

: = frea ion ; ) DR
R1+1 fractional part o (le)
In the Hewlett-Packard Stat Pac 1 (section 04), the values

Ro = 0.5284163 and m = 997 are used. With these choices, the number
of different random numbers before returning to R0 (the period of the
sequence) is 500,000. The sequence passes the standard tests for

%
randomness.

12.4. PROGRAM NOTES
Figure 12.1 provides the logical flow of the programming.

It is essential to save the last random number, to be used as

the "seed" for the next evaluation.

*
Other "good" pairs are: R_ = 0.1111111, m = 291; R_ = 0,7742713,
m = 997. b ;.
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A ENTER
5 (OUTPUT)
NhSTT | e ROUNDS LEFT.
A STO A, B . " FINAL jo ke
7 LAST RANDOM
NUMBER
TY
CALCULATE | ALL ROUNDS
Pro Pyr Py ’ EXPENDED ?
(SUB|ROUTINE)
NEW RANDOM
NUMBER R
IR NO CHANGE
ik DSZ
lN
R e ¢ [l
< —————>
2 DSZ
lN
Rep? B S R
_ k—k=1
lN DSZ
k—k-=1
DSZ

Fig. 12.1.— Program flowchart
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3 12.6 USER INSTRUCTIONS
|
‘ 12. SHAKING THE DICE '?
|
STEP INSTRUCTIONS ou;':tl;’;us KEvs Df‘u:szl'“
1 | LOAD PROGRAM EXAMPLES] | || l
b |
1 2 | STO .5284163 OR OTHER SEED IN Rg e
; l | ;
3 | STO 997 OR OTHER MULTIPLIER IN R, SRR NI
l | |
‘ 4 |STOrINR, 2 |STOl| 2 | 0.20
‘ [ | i
} 5 [STO s IN Ry 4 Istoll 3 1 | o0.30
7 I} aeed
|
3 6 | INITIAL TARGETS A, ENTER 5 i | |ENT | 5.00
{ [ | |
' 7 | ROUNDS FIRED N, KEY, PRESS A 6 z Il A | 0.
: (NO ROUNDS LEFT .) : I |
. 2 MOVING TARGETS, ! I l
' t | |
! I M=KILL, 2 K-KILLS DTy 3.
1 | i
RECORD OR SAVE NEW SEED, ‘ [ | | 7500827
(HERE NEW SEED 1S IN Ry.) L 2 o]
{ [ z
NEXT RUN WITH SAME VALUES 5 | [ENT| 0
| H l
0 MOVING TARGETS 6 i A 0
t N |
2 M=KILLS, 3 K=KILLS l I l 2
it l
RECORD OR SAVE, [ 1l | ] .7336883
l |l l
NEXT RUN, WITH NEW SEED IN R, 5 1 [ENT] 0
T | e
3 MOVING TARGETS 5 l [ A 3
| | I
NO M=KILLS, 2 K=KILLS. ‘ | & 3
| I i
RECORD, ! | | 8173707
I [ |
I l
[ l




12,6 SHAKING THE DICE

S 1% ARG <A SN o b

STEP  KEYENYRY  XEY CODE STEP  KEY ENTRY  KEY CODE COMMENTS
00t [ 000 WlBLA 2. ~ T RSY D821 1o 25 @ Iy
Loz st 3 4 —1es8 grop 22 12 INO CHANGE
——a 0T AR i ass  E108 Y I
S 35 i oo 60 &LBLD 21
.} eed Sicy I8 5 86  RCLR 3¢
|| edc  wlBLE o2 P62 1
L1 eer RCLB 3¢ 12 863 -
s h=a” (643 P64 STOR 3¢ j=1
e eIls 22 @5 —__less sl 2€
abid 10 i al Bos  GTOB &2
81! R X il AR T Ty S 3% A
810 ROLE I8 48 . 31
(U + 2 g @8 RCLW Ry
814 STaC 35 43 o ara 1
15 RoL2 36 8 i 0”1
ole \ 35 ar2 810w ki j=1
air - -5 3 ROLE X
8i8 RCLZ 383 T vy 1
83 - 45 "1 .8% -
020 20 STOd 35 4 1875 5708 3¢ k=1
a1 i P VT (" IR (Yo 3¢
@22 RCLI 3¢ &3 T8 GTOR 2B i
a3 = N 87 «LBLS <1 0% ] A
@24  STCS 35 25 080 88¢  DSPG ¢33
05 ROLC 36 I3 [ Jes1  RoLI 36
82 Rl 36 03 “las2  PRIN ROUNDS LEFT
@ \ 38 883  RCLA 3 i
ace ‘ 55 ] @84 FRTA , FINAL
o2 ST06 35 0¢ ] 085 FRCLE ¢ )
030 030 RO+ J6 24 wee  PRTA FINAL k
63l eaft ST 0T NEXT RANDOM NR 887  DSF? €3 0
32 NeYT 16-35 | 888  RCLO Je a0 | NEW SEED
PRI fo 22 02 889  RTN :
03¢ RCLS 3¢ 05 ] 080
835 ALt 2 a0 ) STATE CHANGES
836 N {635
03" 103 22 03
@3¢ RCle 6 06
832  RCLY Jo v
o 40 N (6-35
41 ET04 23 o4
@42 ROLE 36 13
@43 ! ¥
a4 - ] 100
@45 S0 38 iz
86 08! 2% 46
[ R <0 i1 SKIP ON ZERO
@48 G108 22 85
W45 LB T
%0 650 RCLe 36 Qi
051 RCLL J6 &
L \ -3%
as; FRC LS NEXT R IN R
@54 sTo0 35 a0 1o o N
955 RY 34 ] = B e
050  wlBL. o) 02
REGISTERS
) \ ? K] 5 (3 U 9
.5284163 997 r P3
= S S2 X 5o T § e
A B0 (o] 13 1
j I k
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13.  OPTIMUM ALLOCATION OF RESOURCES

13.1. REFERENCES

a. Hanan Luss and Shiv K. Gupta, "Allocation of Effort Resources
Among Competing Activities," Operations Research, Vol. 23,
No. 2, March-April 1975.

b. A. Charnes and W. W. Cooper, "The Theory of Search: Optimum
Distributions of Search Effort," Management Science, Vol. 5,
1958.

This is a topic in nonlinear (convex) programming. The bibliog-
raphy of Ref. b indicates optimum search as one military motivation
tor the study ot programming of this nature. Another military appli-
cation asks for the optimum allocation of weapons to a target system
organized into classes of targets of given number and value for which
the weapons' kill probabilities differ. Civilian applications arise
in allocating advertising budgets, portfolio selection, and budgeting
(Ret. a). :

The problem is formulated as follows. Let B be the available
resources to be allocated to N activities in the amounts X,y X,y .y

1 2

where

It Xy is applied to activity i, the return on the investment is
Qi(xi). which is a differentiable and strictly concave increasing
function. For example, in the weapon allocation-application, if there

are 'l“ targets in class 1 all of value \'i. and if the SSPK is l‘i. then

.\'i/'l‘i]
) = T - - P 9
“‘(Xi) e (1 I() s (2}

-
Higher authority or other considerations may dictate that some
activities be assigned minfmum (nonzero) resources.
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since on the average xl/Ti weapons are applied to each target and the
square brackets contain the kill probability per target. Figure 13.1

20
shows [1 - (1 - O.S)X/ (]. Note the rapid decrease in marginal re-

turns for the larger values of x. One "standard" form for Q,(x,) is
: e |

Q(x;) = S [1 - exp (mex )1, 3)
N \ ) FE Q = ang = - i - P 2
which yields (2) if 84 l‘lVi ind m (l/Fi)Fv(l li)
We now want to maximize
Row Q]+ Qulan) & iy + G te) (4)
subject to (1).
13.3.  EQUATIONS
From (3),
BQi(xi)lax{ = Sm exp (—m(x[) . (5

) o) »oac SESTE at S &
Reindex the activities so that imi 91+1 mH‘1

returns at the origin. Introduce the Lagrangian multipliers MQ and

, which are the marginal

maximize

Q
Q,(x,) = M, = X, = ;) /
Eg% - Rt L ( E;% i }
To this end
Q. (x,) 9Q, (x,)
e W Sy S ey -
ax, My Ty By eRe sy 8

express the marginal equilibrium. We find that the successive MQ

are connected by

c2 ol e g ey
B e ke

|
1
|
4
]
|
{
|

PP
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" 1 Q
_ *ok - (S Wk . WX i (
MHI Zl l/m( ( 1 mHl) (l/mRH) Mk‘ Zl:l/ml (6)
4 where eat means "t() t he pnwv]‘” and Ml - S‘ml exp ("“m“) .
| The solution algorithm is to stop at that € for which
hQ+l LI < NQ+I & (7)

; Then
: S.m

* | Ry Ml ; 5

X, = f ) = T )

\i ‘“i { M. i 1 L (8)

and the maximum reoturn is

£ S,m, - M,

N T \ ’
) - AR )
R N Z & . (9)

. R et

i=1 i
Y
v% Figure 13.2 shows the physical realization of this algorithm.
i The Q that gives the maximum return is used first, then the Q that .
s : A
| vields the next=highest rveturn, and so on. Find the X, where the

slopes of the Q=curves are all equal, since taking a unit of resources

trom one pocket and putting it into another (moving away from the

——— el

marginal equilibrium) decrecases overall returns, Clearly, stop when
even the marginal return at the origin of an activity cannot contribute
as much as its more lucrative tellows.
At is characteristic of such solutions that some activities re-
) cvivv"; no effort, l"n‘r example, in some air detfense problems, targets

e e & of- very low value get no defense allocation.

A cmu:id-orvd or experienced guess can frequently come within 5
percent of the calculated optimum. This is again typical of these
prohlvms.: But (1) vou never know how close vou are to the optimum,
(2) the lmhrnvvmvn( being interest on an investment, making many in-
§§§tmvnts @dds up} and (3) if, for reasons external to the model,
certatn u"bcn(inns to certain categories are specitied, vou will

know what penalty is paid.

e i,




j =125~
!
i 1.0~
| SeE
!
0.6
Q(x)
0.4
g 0.2 |-
|
3
. 0 ] L | | | ik | |
i 0 10 20 30 40 50 60 70 80
H X
', Fig. 13.1— A return function
i
§i
- - Q,
t ~
1 =
. XX P 55 Q2
- - = ~ 1=4
Z Qy
P xy' =
| ” ~ Q4
Xs* o
o L
X4‘ Q5
| 7=
3 Z
.

Fig. 13.2— Solution algorithm
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Example. Based on estimated initial position and drift, a damaged
ship may be in one of four search sectors with estimated probabilities
0.5, 0.3, 0.15, 0.05. Because of weather and sea conditions, the con-
ditional probabilities that one search sortie will detect the target
in these sectors are 0.1, 0.3, 0.4, 0.2, respectively. Find the best
allocation of 20 sorties to maximize the detection probability.

We have

Sector s ] m sm Reindex
1 0.5 0.1 0.105 0.053 3
2 0.3 Q3 05357 0 LHOY it
3 (S e T 0.077 2
4 Qg5 0.2 0.223  0L01% 4
* * * *
The program yields X, = 5.4, X, = 31 Xy = 1.5 B, = 0. The sum

is 20 as it must be. The detection probability is 0.73. Figure 13.3
shows the Q functions and the solution points and illustrates the
algorithm. But it indicates also that the schematic of Fig. 13.2 is
not the general case. That is, it is not necessarily true that

* * *

X, 2 X, X

1 g e

13.4. PROGRAM NOTES
Although short and simple in structure, the program has several

elements of interest.

(1) LBL A loads l/ml using indirect storing. LBL B loads Simi
into protected secondary storage, also using indirect storing. But
care must be taken to indicate whether f P +> § puts the memory in
the primary or secondary storage mode. This is particularly important
when exiting from a loop in the middle of a label.

(2) LBL 1 determines the successive x: (Eq. (8)) by f 18Z up
to R,

(3) LBL 2 then determines R* by forming the sum (Eq. (9)) in

reverse order from ¢ down to 1. f DSZ provides the exit by skipping

on zero.
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Number of sorties

Fig. 13.3—A search problem




13.5 USER INSTRUCTIONS

13. OPTIMUM ALLOCATION OF RESOURCES

STEP INSTRUCTIONS Rt e KEYS B 8
) |fCLREG, FP—S, FCLREG | N aemians | ?
e & R R ST § R
BRI A o p ) Gt SN RO N |
| Sy m 28, mp2...25umn C8 . o [ I l e
SR R
3 | KEY m,, PRESS A R | TR ’
KEY m,, PRESS A W it | ;
g Tt TOeE ]
KEY mp, PRESS A SO ’
l H I
4 | KEY 10, h ST 1 S P
R e ]
5 | KEY $ym,, PRESS B l I | |
KEY Sy;m2 , PRESS B ! [ l
£ , T
KEY Sn mp PRESS B AR B
ok O ST
6 | KEY B, STO B \ I |
At :
7 | PRESS C, STOP GIVES NR OR e R :
X; USED IN OPTIMUM A SO _
i H l 4
8 | PRESS R'S SUCCESSIVELY TO GET R TR $
x)lx?l"" XN e l H |
o T
9 | A FINAL R/S SHOWS THE MAXIMUM 31 ] %
RETURN ACHIEVED 2 - ]
£ PR R :
g R e o
(A SECOND EXAMPLE IS ON NEXT PAGE) (L e
TR | R 3
: T L A
Ty
3 R :
= T .
| e
| 3 G |
e 1 e
| i
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E IS BEST QUALTTY PRACTICABLE
FROM COFY FURNISHED 10 DDC

13.6 OPTIMUM ALLOCATION OF RESOURCES

STER KEY ENTRY weY COOE COMMEN] ST ~EY ENTAY KEY CODE COMMENTS
oo | @8t sLBLA 21 11 [INDIRECT STORAGE @sc_ <tac 35 13
1 e8> 12y 52 OF 1/m; | ese  ReS 23“
lees 1321 16 26 46 : . .]-858 ] |
| | eas sTOS 35 45 STO (i) 00 es2  srol JJS ;;;d
305 RIN a4 05 E€ToM 2 :
r 005 +LBLF 21 12)SINCE 10 IN Ry, 062 wLBLY 21 81 JLEFT 030 IN SEC
: —Teer szr 16 2 46 INDIRECT STORAGE 05T ISZ1 16 26 46
| leos st 35 45| OF S o 12 —J.C6¢ ReLi 36 45| S; m;
022 emy 24 JOF SimiIN 11,12, ... e Fee 36 11 ]
00 1 pie +LBLC 21 13 LR RS - -24 |
(0 1 81 _ _les LN 32
1 n: st 35 45} h ST I (RE-INDEX) | 288 Pas 16-51 | PRI
2> RCLI 36 01 [ " less RGti 36 45]RCL(i) , V/m;
 Jat: stop 35 14 [1/m) o ore x =35 | Xi* (8)
o Les i o s e R 51 ISEC
8i€  RCLB 36 12 Bl TE 28 16-51 |
gL -35 ) 36 46
N -22] —Bm, —Tor+ Relc 3 132
= | 019 & .. 33 e 16-33 | FINISHED ?
020 g2e 28 16-51 | SEC [ lere @02 22 82 |
P e .t 35 81] S| M, gz~ 610y 22 83 1LOOP
i g2s X -35 ] —[ePs aLBL? 21 82 JLEFT 076 IN SEC
' 837 STOA IS IMy (6) 978 RCLE 36 45 | RCL(i) ,S;m;
gs¢  Erop 22 14 oao 930 RCLA 3 11 ]
J3F WLBLD 21 14  lest - -45 |
| € ISIr 16 26 46 ] o TR S 16-51 | PRI
827 RCLA™-- 36 11] : _Jeac ReLi 36 «g_{ 1/m;
038 RCLi 36 45 - [ | e X -35
. [l ke 16-35]Sp4,mp ey < Mpay(7) 235 stea 35-55 8@ |(9)
| 03¢ (R (13 22 15 oS eSS 16-51 | SEC
. 03:  P3s 16-51 ] PRI es™ DS 16 25 46
| ji-Foaze  Rel: 36 45] i (LRI (i 22 82_|LOOP FOR SUM
I 837 RCLD 3 14]% — S 12-23 1 PRI
o3 + -55] 1 oo [ es2  ROL 36 88
‘ @3c  STOE 35 15 NEW PARTIAL SUM | 231 RTN ]
aT:  RCLA 36 11 ]
! 8zT  RCL 3 14]
! 23 RCLE 36 15
' o33 * =24 | i it
i 040 343 2. M Mi**Z /3 ]
g4t ROLS 36 45 ] 17
242 RCLE 36 15 ] i
a4z “ ‘24_(], mi+|)/2
244 P 16-51 ] SEC ] 100
e4c  RCLS 36 45 ]
045 N2Y -41 =
[ Ly yx 31 ]
HE X -;sj* 285 B
| 847 STOR 3511 ] Mi+1(6) LABELS
050 a5 RCLE 36 15 ewiten M 1/mi g Sim; € My 0(5),7551|E 2
¢5: STOD 35 14 ] - : - - -
252 GTOD 22 147]LOOP
b [ 055 WLBLE 21 15 0 e 2 RT 3 4
20 RCLI 36 46]4+1 [sﬁ ‘F’j - ﬁﬁ
eSS 1 o1 |
055 - -45 14 - Jsrent"“ SR T, | NG IS
REGI $ o . o s S A
3 B % !] = A 5 ;"" g L !— A !'n il 9 17k
. = _'_"'“lﬁ,?.“":_“??":' R SN *“"_'"_‘l“—“' e T :T
¢ y 1Y 0a ¢ X7 T e
i B ¢ 4 z l/m; }‘_I/m; I
(PES—— " B B T e S RN SR s A £ B "l B AT Meilat
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EXAMPLE. B = 200 weapons are to be allocated to 150 targets
in 5 value classes to get maximum return.

T vi Pi

Class Number Value SSPK m Sm Re-index

s

S0 00513 .25647 5
80 Ol1116 89257
90 01189 1.07002
80
50

.05
e

01277 1.02165
01386  .69315

U wWwN -
88ESS
—_NwWwes W
ann —-w

.3
4
)

The formulas are: Q= 9S; [l-(“P;)xi"/Ti] p
Si=Ti vi, mi=—dn(1~P;) /T;.

KEYINm, PRESSA [ .ous _84.10

- el T Al | 8s.e
e L - ] .01386 : | 7215

10 h STI B S = NN ——— .-,_*._.__.__]_éi.w

KEYINS, MESSS ] 1.0%m02 | 107 |
i iy - T ~1.1.02165 1.02 |

| 89257 |
69315

wwwwwG'%))))I’

R (DA e o W T 7, | 0.2
Y R P 200 | (sTO | 200.00
DSP 0 > s e e R O

PRESS C B T e A
(NO WEAPONS APPLIED TOCLASS ) [ |

. ' SRR Sl 3o S ESEEEE
R/S Pl v TR NSNS

PR RS WL BN 8
(Sum s 200)

0

e

o oD
S5
o

(5.}

L DR el ol i el SRR s ek o] . SRR R/S
| (THE VALUE ACHIEVED IS 140) —— s
: Sl e e R g

ASRSLEERST G I ANEE | SSRGS § R ) SRON | SR IS | § D § G e SEEE G SNES § st 3 O B I § SR WSS RS PO BRe SR § SIS ¥ SRS

—
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PART III

COST PROGRAMS
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14. LOG-LINEAR CUMULATIVE AVERAGE AND UNIT COSTING

* 14.1. REFERENCES

“. a. H. E. Boren, Jr. and H. G. Campbell, Learning Curve Tables,
? The Rand Corporation, RM-6191-PR, April 1970 (3 vols.).

b. . R. W. Hamming, Numerical Methods for Scientists and Engineers,
McCraw-Hill, New York, 1962.

N

14.2. _DISCUSSION

Learning curve theory assumes that each time the total quantity
of items produced doubles, the cost per item is reduced to a constant
percentage of the previous cost. The relationship is given by the

power or log-linear relation
»

r

where x is the cumulative production quantity. If y is the average
cost of the first x units, we have the cumulative average learning
curve. If y is the cost of the xth unit, we have the unit learning
curve.

For plotting purposes, the midpoint X corresponding to the

lot average cost, is t5 be determined.

14.3. EQUATIONS

If S is the fraction to which cost decreases (the learning curve
percentage) when the quantity is doubled, the slope of the learning

curve is

b=0nS/n2 . (1)

Then, with a the cost of the first unit,
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is the average cost of the first x unfts, and the total cost for

first x units is

The unit cost at the xth unit is

preng [xh+l ol o l)h+l] ]
u

v

Let (xm. vm) be the midpoint tor the first lot of n units.

) . i
> AL 28 PR an , and using (4), x is the solutfon of the equation
(>~ m

th T e l)h+l i nh - 0

m m

The above equatfons apply to the log~lincar cumulative case,
pp 1y

For the log=lincar unit curve, the unit cost at the xth unit

y
u

and the cumulative average cost tor the tirst n units is

since the total cost (s

the

(3)

(4)

Then

(5)

(6)

WD,

(8)

(9)
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The only programming problems are posed by Eqs. (5) and (8).
In applying Newton's method to (5), a good first estimate is

needed for Xne We have

+
£(x) = xb d5 G - l)h+l T nb
L
= xb+l - xh : (1 - l/x)b+1 - nb 3
: . b+1
and using the first two terms in the expansion of (1 - 1/x) , the
first estimate for x is
Xy = n/(b + l)l/b L (10)

which is very close for large n.
To get an excellent approximation for the sum in Eqs. (7) and

c

(8), use the Gregory formula (Ref. a, p. 158):

n=l
: B2 4 g "
f S e =y g R z_:l £y gy @eg - R p)
0 5
ST
=55 Wi, + 8°F o)+ ...

b ; : ;
Because x is integrable, the formula can be applied in the backward
. " b
direction to get the sum. Since x 1is steep for small x, we start

the sum at x = 4. (Hamming calls this "low cunning."”) We have

. n+1
xh = 1 + 2b + 3b +f xb.dx - E [3h e (O l)b]
x=1 3 3

Lol

S o

i it e e 002 - i
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yvielding the rather inelegant result

()

1 b 105 h n + 1 3 b
t 5 (o = 1) - p 0 +|:b'~-~+~ o 8] (T R

L4.4. PROGRAM NOTES

1. In finding a first approximation to the root of Eq. (5) by
expression (10), a value less than 1 arises for small n (<5). This
would lead to an Error signal hvcnuso‘of (x - l)h+]. LBL 2 provides
a starting value of 1.01 to avoid this.

2. For small values of n (=5), get ) xb by manual calculation
(not programmed) .

3. The programming done here involved experimenting with the rela-
tively uncommon second-order Newton method for the root of f(x) = 0.

- *
The formula is

Fix ) Elx ) £%(x)
n n n

akl T Tn T F (x ) e TR B T
“n 2(f (xn))”

compared with the first-order method's

; (xn)

O s )t
n

xn+l

Convergence to a given accuracy is somewhat faster (20 percent in
running time) but at additional programming cost to get {“(x). The
tirst-order nethod is used, emploving DSP 2, { RND, to pet two-decimal-
place accuracy.

2

4. Obviously, a = | in programming, since a {s simply a multiplier.

*
There is a tvpographical error in this tormula as given on p. 82
of Ret. a.

e Al i AT A, Pl bR 4 s ARl S .

|
|
!
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14.5 USER INSTRUCTIONS

‘114. LOG- LINEAR CUMULATIVE AVERAGE AND UNIT COSTING Z’

g

INSTRUCTIONS

INPUT
DATA/UNITS

ouTPUT
DATA/UNITS

KEY IN % AS .XX, PRESS A
KEY IN n, PRESS R/S

FOR CUM. AVG., PRESS B.
SEE CUM. AVG, COST

PRESS R/S. SEE CUM. TOT. COST.
PRESS R/S. SEE COST OF nTH UNIT
PRESS C. SEE MIDPOINT X

FOR UNIT COSTING, REPEAT 1 AND 2
ABOVE, DSP 3.

PRESS D. SEE COST OF nTH UNIT,
PRESS R/S. SEE TOTAL COST.
PRESS R/S. SEE AVG COST.

PRESS R/S. SEE MIDPOINT X,,.

.69

T

81

:

i
o

el
A

=
w

0.690
0.465

0.095

7.706
0.044

19.85

0.690
0.465
0.095
15.021
0.185

23,281
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14.6 LOG - LINEAR COSTING

STEP KEY ENTRY KEY CODE COMMENTS STEP KEY ENTRY KEY CODE COMMENTS
oor  T"par sLBLA 21 11 057 ST0A 35 11 ]
a2z STO0R 35 117]S R 23 00 ]
2T RsS 51 ] t-_., 058 GSBI 23 o1
a¢s  STO2 35 62 |n os0 1 aso - -24
205 RCLY 36 11] e&!  CHS -22 |
ces LN 32] 862 RCLA 36 11 ]
oeT 2 62’ 053 + -55 |
aes LN 32 [ ess  sv08B 35 12| x;,4, SEE NOTE 3
eos + -247] 8¢S RCLA 36 11 ]
010 @:>  S§T08 3588]b (1) e ~ -45
S35 1 o1’ 95T RND 16 24| 2 PLACE ACC.
012 + -55] |Less  x#e? 16-42] OK ?
£13  STC! 35017 p + ) ase  ere3 22 837 LOOP
14 RIN 24 070 avc  RCLB 36 12]
0IF ¥LBLE 2 12 CuM AVG 2~ FRIN 247 Xm
31 RoL2 36 627 a-: sLBL@ 21 88
217 RCLE 36 667 ez RoLa 3 117 x;
a1s 'Y 3]y, (@) ors RCLI 36 81
018 RsS 517 a7s ¥ 31
020 p2c  RCL2 36 82 075 RCLA 36 117]
02: RCLY 36 817 a7 1 8l
222 y 1T Q) KAS -~ 45
22T RsS 517 ars  RelUd 36 o1
e+ RCL2 36 82 N yx 31
2zt 1 817 ‘ oe! -~ -45
82¢ - -457 8- RCL2 36 82
27 RCLY 36 817 28T RCLE 36 88
Ttz T 31 08¢ vx 31 ]
gz2 =~ i @) ass  ~ 45 RTINS fix.) (5
030 230 RIN 24 0gs  RIN 24 !
TITWLBLT ZI 131 CUM AVG MID-PT. o LBLI 21 81 |
032 DSP2  -63 62] 088 RCLA 36 117] x;
037  RCLI 36 61 £3°  RCLO 36 80
234 RCLO 36 86 080 03¢ yx 317]
03 14X 5271 2°1  RCLA 36 1]
ikl % 31] a22 1 ]
03" RCL2 36 62 a3z ~ -457]
032 + -241 g8 RCLG 36 987
- SR V7 527 xo (10) acs yx 317
040 e4c 1 817 8s¢ - -45
e Xy -u% a9 RCLI 36 817
842 XEY? 16-35 038 x -35
@43 €T02 22 6] e R SR 338 RIN 24 RTNS  f'(x;)
844 STOR 35 117 x, 100 ToT #IBL0 2T 19| UNIT CURVE
245 STOB 35 121 18! RCL2 36 82
02¢  §T03 22 83 102 RCLB 36 00
Ty VLBLZ 48 187 yx JIj
648 i o1 184 RsS 51
24e . -621 s RCL2 36 82 1
0% ese @ 08 1es 1 o1]
05! 1 o1 ] ——l i s -55°
05z STOR 35 11] x4 165 RCLI 36 @1]
25> 8TOB 35 12] 102 - -24
054 __ gra3 22 83 N BT 3 83
5% ¥LBL3 21 83 | i1 ENTt -21_
0S¢ RCLB 36 121 x; + 1 12 8 88 o S
HEGISTERS
T R - R Nt 1
i 541 F n 3 h 5 B "J
Lgp 51 S5 S3 3 S5 D 57 e
ry 8 C D 3 1 i
Se x; L X 41
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E | 14.6 PROGRAM LISTING

STEP  KEY ENTRY KE_V CODE COMMENTS STEP KEY ENTRY KEY CODE COMMENTS
| b Iy =+ 243/ T J1és RCLe 36 66
i 1n: - -457] 3 e 1 52
115 RCL2 36 82 ] 12! 4 31
_____ 11§ 1 o1} 112 RN 247 X (9
12 + -55
112 RCLO 36 00 S
30 ¥x 3
120 120 «x -357] LAST TERM IN (11)
121 RCL2Z 36 82
122 RCL@ 36 80
183 S ¥ 31| £
124 3 66 180
so% + -247] -n%%
28 - -457]
{ 127 ReL2 36 827
i 128 1 el
i 122 = -457]
| 130 130 RCL@ 36 @8 ;
1 131 yx 317 &
122 5 857 ;
127 RCLE 36 99
134 yx 3t £ |
! - . -55 ‘
! 138 2 62 |
4 13" 4 7] |
i S -24 |
E! 120 4 -55] |
¥ 140 130 4 ‘4: A 25
{ 14! RCL@ 36 OO_J =
| 142 e a.
| 133 & 96”]
| 134+ -24 20
1 45 = -45]
b | 14¢ 5 857 ]
E | 147 ENT? -217] 3
! 148 8 85
1 149+ -247] o
E | 150 150 3 83
a 18:  RCLY 36 017 |
3 152 - -24 i |
B o -457] !
184 3 83 210 |
155 RCLO 36 06 ,
182 yx 31
A -357]
15¢ + -55
L S 82
160 152 RCLO 36 08 ,
R 317]
162 + -55
TR 81 : ‘
154 + -55 n 220 {
165 RS 5113 x8. () .
—l ks M2 NR}= T s :
O G B -24
J56 RS stlY_ (7) 23
® L:A_T_BELS FLAGS SET STATUS
3 :
" b |’cum ave | miproinT [UNIT cuRVE[* " FLAGS __ TRIG oisP
a b ¢ d e [ ON OFF
o 0D OD| DEG D] FX D
G AT T T P8 8| | &8
5 7 3y Q. U fn
A
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15. TIME-PHASED PROCUREMENT COSTING

15.1. REFERENCES

None.

15.2. DISCUSSION

The costing approach of this section is a hitherto undocumented
model owing to H;~C. Massey of The Rand Corporation. For definite-
ness, the model ﬁill be explaipéd in terms of aircraft procurement,
although it appiies equally to ‘the procurement of any system with
any number af cdﬁponents. The initial batch of test articles is not
priced, it being assumed that they are %unded from another account.
But the average prices of the batch's Combonents provide the costs
of initial articles for learning curve calculations. Overruns and
inflation are not included. The model determines, by fiscal year,
New Obligational ‘Authority (NOA) required to meet the production/

delivery schedule.

15.3. EQUATIONS

Specify that two required sequences of possessed aircraft (Sn, Tn),
n=1, ..., N, are to be in the fleet at the end of year n, where
Sn are squadron or UE aircraft and Tn are training aircraft.

If A and B are flying hours per year per aircraft (FH/Y), for
squadron and training aircraft, the cwnlative fleet flying hours

through year n are approximately

n

H = igl [AS, + BT ] . (1)

The cwmulative fleet attrition is given by

s




T .

A fraction A of the fleet is assigned to command support (pipeline).
With allowance for these two factors, the memdative number of air-

craft to be procured through year n is

Qn = (1 + 1) P“ + a - (3)

If the fleet is to be kept in a steady-state condition (SN. TN)

for M more years, aircraft will be delivered in year N + 1 to meet the
altrition‘rcquirements of these M years. Hence HN+l and A will be
calculated to determine this final buy.

An aircraft has three major components: engines, airframe, and

‘avionics. There is a cumulative buy program for each component, allow-

ing for lead times and learning curve effects. Cumulative average
costing is most convenient (see Sec. 14).
Take engines first. The procurement parameters can be written

as the string of numbers
(@0 Pyps Xyps Pros Xpon Prgs by Mo

where the first subscript refers to component 1 (engines) and a, is
the cost of the first article, pll is the learning curve percentage
(or rather fraction) up to article number X11r Py 18 the learning

1 + 1 up to X)o0 and P13 is the sub-

sequent percentage. Of course, a learning curve may have only one

curve percentage for articles x

or two segments. The lead time in months is t s0 that an engine

l\
takes t1 months from start of fabrication to delivery to the fleet

as part of a complete aircraft. (Mating of engines and avionics with
the airframe is taken to be part of the airframe lead time and cost.)
The number of engines required per aircraft is ul, allowing for multi-

engine models and spares. With these production parameters:

Up to x the cumulative average total cost for x articles is

11

bll+l

8, X 3 (4)

1

TR gl
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where bll = [ pu/C': 2.
From x11 + 1 to X|9» the cumulative total cost is
S By b11 h12 - xb12+l s
‘ll cll ’
and above le L
3 -
RN TR R LR LT 8
g 11 ~12 d

These expressions are verified by putting x = X in (5) and x = x

11
in (6). These expressions define a cwmulative cost function cl(x)

12

for all articles numbered 1 through x.

Next express t. in years and write

15

f - 1NT(t1) + FRAC(tl)

1
Thus a 26-month lead time is 2.167 = 2 + 0.167. Then fabrication
starts at “ts but during the fiscal year —INT(t]). only qu FRAC(tl)
articles will be started, requiring NOA of

C](UQl FRAC(tl))

To the end of the next FY, -INT(tl) + 1, the cimdlative number of

engines started is
HQ + u(Qy = Q) FRAC(t,)) , (N
and NUA for that FY is
CLQp + H(Qy = Q) FRAC(t;)) . (8)

By example, if t . = 26 months, Q1 = 16.91, Q2 = 35.17,

1
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FY FY FY FY FY

-2 -1 0 1 2
)" £ LM R dbadt { | %
| Sl 4 1 I A | | i

7 50 Ql = 16.91 Q, = 35.17

N, v\ — ¥
PROD FOP PROD FOR (7 and 50 are now rounded values)

Ql alce Q2 - Q1 alce
Note that deliveries to ﬁhe fleet are made at a uniform rate during
a year. So that formulai(7) will apply for the first year and the
last year, store QO = 0 and stcere QN+1 as QN+2' Then, for the last
FY, we will have the correct cumulative total QN+1'
The above procedure applies equally to the remaining two com-

ponents. The program then generates the i%dﬂ(hlffﬁﬂ NOA component by
component . The user then adds vertically by FY, and takes differences
horizontally:to get the final NOA by FY that the procurement program
would demand. 5

The model well illustrates the simplicity resulting when cumula-

tive average costing is used rather than unit costing.

15.4. PROGRAM NOTES

1. LBL A uses indirect addressing and simple looping to produce
the cumulative flying hours Hi'

s LBL B computes required cumulative aircraft Qi and puts these
in the primary storage originally occupied by the squadron and train-
ing aircraﬁt.of the original schedule.

3. The GTO E of line 074 will lead to the storage of QN+1 in
QN+2 also (see above for reason).

4. LBL C calculates the cobfficients required for a segmented
learning curve.

5. LBL 6 calculates the successive cumulative number of articles
produced and NOA required as the fiscal years are incremented.

6. '"Packed" storage is used extensively. Thus, S, = 24 and

T2 = 6 are stored in Register 2 as 24.06. Then S, is retrieved by

'f INT' and T2 by 'g FRAC, EEX 2, X'. This storage device is useful
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when storage space is at a premium, but care must be taken in fixing
the number of places atter the decimal point., Thus storing 24.6 in-
stead of 24.06 would cause the program to produce 60 for T, instead
of 6. You also pay for "packing" in the coin of program steps.

7. To hold the program to 224 steps, the user is asked to do
considerable but simple inputting, such as: Given a lead time t of
26 months, key in 26 and then 'ENTER, 12, %+, STO 6'.

8. For lack of storage space, the user records output as pro-
duced and does some final additions and subtractions to get the NOA
by fiscal vear.

Example. The required buildup schedule is:

End of FY 1 2 3 4 5 6
Squadron acft 12 24 48 84 108 108
Training acft 3 6 12 21 27 27

The steady-state fleet is to be reached at the end of year 5. This

will be kept constant through vear 10. FH/Y = 240 for squadron acft
and 720 for training acft. The cumulative attrition coefficient is
0.00015 and the exponent is 1.05. The command support factor is 5
percent. The engine learning curve has three segments, and the param-

eters for this component arve

a, = 10, = 0.9, x = 60, = 0.8, x =
‘l 1 pll \ll h( p12 ( . \ll L0
pl; = 0.6, Ll = 26, Ul S
For the airframe (two segments):
a, = 25, Py = 0.85, X“l = 30, p,, = 0.25, t, = 20, #, = % .

For avionics (one segment):

a; = 30, p,H w Q.75 t, = Lb, My = s
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FY
Accum., FH
Req. actt

The sixth ve

FY

5040

10,91

ar allows

-145=-

2 3
15120 35280
35.17 71.93
tor tive vears

a4

70560

128,75

{lving

S

115920

172.90

O

342720

238.

and attrition.

97

- -1 Q 1 2 3 4 S
Cum. engines 7 50 103 204 340 4o0 S97 597
Cum, NOA S2.08 | 275.88 | 464,52 571.37 053,54 707.63 757.85 157.85
=]
Cum, airframes Q 11 9 o0 110 158 212 239
Cum. NOA Q[ 156,73 329,20 500.78 722.45 §92.89 | 1075.00 | 1137.47
e e NE— S— o
Cum. avionics Q L} 20 4l 81 130 184 AR
Cum. NOA Q 57,05 | 173.058 203,35 392.21 531.08 633,80 738.58
Total cum. NOA | S2.08 | 489,060 | 960.77 [ 1341.50 768,20 [2131.60 | 2400.065 | 2633,90
FY NOA _l 52.08 [ 437.58 | 4772.11 374,73 «0.7Q W3.40 135,08 167,25
T S e - — —
o il i e,
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(SR) 4 (SR)

: A B
REQ A/C ATTRITION
| FH YR 1
| H > FH/Y YR 1 > CMD SUPP
! l ) l |
~ N
_ : N % , |
CUM FH |, | cumAaLc |,
N2 REQ N+M?
L T
2
CUM FH STORED IN
M MORE YRS[* PRI | TO N+1

(Sec. storage)
(Overwrite sec storage with learning curve constants)
(SR)

1,2,3 CHANGE LEARNING
SEGMENTS 2 [* ™ CURVE %'s TO b's

FY CUM COST Y

STOB | L ogsemmenGd | T Sowadate
lN
5 8 R/S
CUM COST Y

2 SEGMENTS 2 | %] CALCULATE

— L
6 L 9 X
CUM COST DSP FY

3 SEGMENTS | ™ INCREMENT FY

(Note multiple use of registers in this program.)

Fig.15.1—Time phased procurement flowchort
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15.5 USER INSTRUCTIONS

15. TIME PHASED PROCUREMENT COSTING

; ,zs_r_o gis

step INSTRUCTIONS EXAMPLE OF 14.4| patarnmurs KEYS B st
1 [STO N.M IN A. N YEARS TO FINAL s | e
BUILDUP, M ADDITIONAL YEARS OF o
STEADY STATE FLEET OPERATION e
| (N<7, NOTE 5.05 AND NOT 5.5): 5.05 (STOI[ A ] 5.05
[ 2 [STO1+XIN B, WHERE X IS THE A )
| COMMAND SUPPORT FACTOR 1.05 | [stO|| B | 1.05
L STIOCINCANDAIND. | .00015] [STO{[C | 1.5 -04
| ATTRITION FACTORS, EQ (2). AR 1.05 (sTo{{ D | 1.05
[g STO A. B IN 0. A IS FH/Y PER 240,720 [sTO|| 0 | |240.72
| |sQ. A/C, B IS FH/Y PER TRG A/C. ] ____j S R
(B HAS 3 DIGITS, INITIAL ZERO IF NEEDED) | | N g T
5 |STOS,. T, IN Rn s B2 o B 12.03 | [sTOJ| v | | 12.03
| | AND STO Sn. Tn IN Ry, ALSO, 24.06 | [stoll 2 | [ 24.06
| [Sa IS REQD SQ A/C AT END OF YR n. | 48.12 (sTOI{ 3 | | 48.12
| 1Ta IS REQD TRG A/C AT END OF YRn- | 84.2) [sTO]| 4 | | 84,21
k- A D £ T [sTOll 5 | |108.27
E v PR S e T [STO][ 6 | |108.27
[ 6 | PRESS A. s S S S Lsa a e
| TO SEE CUM FH L e 1 (¢ 1p=sl [4530
A e G R i e 5040 |
AN AR i) lRCLl| 2 | [ 15120
f# TN ; AR DR R N e
4 (ol el IR P Yy | (RCLI[ 4 ] | 70560
i X ) S g IR N ) e
e R T TR e e
L& . FP~SOMPORTANT) | | [ f |[P—S| |342720 |
8 | PRESS B | 1l B ] |238.97
| TO SEE CUM. A/C REQ (UNROUNDED) (RGLI1 3.1 | 1691 1
- ot R el SRR T AT (RCLI[ 2 | | 35.17
SRR, P s R A e s [RCLI| 3 | | 71.98
Y SRR RN E ST RS |RCLI[ 6 | 556737"?
9 |f P——S (IMPORTANT). FOR ENGINES: | | [ f |[P—35 [238.97 ’
ey sTOO S | 0 [sTO] 10,00
g gl, sto)
%, STO2




15.5 USER INSTRUCTIONS

STEP INSTRUCTIONS oaitmj;n KEYS DAOTUA‘I::I‘TS

;; x12 STO 4 , ; 1o | [sTOl| 4 110.00
p13 STO 5 .6 [STOl| § 0.60
t1 (IN MOS) DIVIDE BY 12, STO 6 i [sTO]| 6 2.17

ny (NR OF ENGINES, A/C) STO ¢ 2.5 |STOl| 9 2.5

10 | PRESS C. SEE FY. R X - -2.00

TO GET CUM NR OF ENGINES PRODUCED |RCLI| D 7.00

TO GET CUM NOA [RCL|| E 52.08

R/S FOR NEXT FY l || R/S -1.00

- [RELIT B 50,00

[RCLI[ E 275.88

CONTINUE UNTIL CUM NR DECREASES I

11 | RETURN TO 9 FOR NEXT COMPONENT
BUT DO NOT USE f P-=S.

IF COMPONENT LEARNING CURVE

HAS 2 SEGMENTS:

EEX 9, STO 4; 1/12, STO §;

p STO 9. NO OTHER STORAGE NEEDED

IF ONLY ONE SEGMENT:
EEX 9, STO 2; t/12, STO ¢;
p STO 9. NO OTHER STORAGE NEEDED. .

12 { RECORD NOA FOR EACH COMPONENT
BY FY. ADD VERTICALLY. TAKE
DIFFERENCES TO GET INCREMENTAL
NOA BY FY,

PRECEDING FAGE HLANK
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15.6 TIME PHASED PROCUREMENT

Y CODE COMMENTS
: ; STEP  KEY ENTRY  KEY CODE COMMENTS STEP . % KE ICG-SI e
1 e 17 AR g5¢ RN 24 1042, NQ RTN TO 008
9 - ] " ¢es wLBLE 21 12 IPRI
1 20T STl 35 46 B € 1 12
A cgeg fg g?] @s:  sT0! 35 46 ]
g 5 ;62 GSB3 23 63
o sms‘ 132 ;?' TR g:" gm.’ 35 45J Q)
Jilin 2 - ¥ 3
ec:  cser 23 81 J(OR GTO 1) ggr rLrgzrxrxs .
63T ¢LBL@ 21 60 | FH/Y bz T 2 ‘3{
I o 16 3 A RIRECT 8> STO: 35 451 Qn
e o xal £58  RCLA 36 117
e e e gec  INT 16 341
013 INT 16 34 | A = fie: : 2
yie g pid T P + =55 TN +1
i 215 RCL: 36 45 ok 3
| °16  FRC 16 «j L it SN
i s ol ar:  ETOE 22 157
V o § ol Ly ats  GT04 22 84 1 LOOP
o : -2 L Tre FLBL3 21 83
%20 826 RCLO 36 80 ] > i
- Egg . ;;‘ 67c  INT 16 34 SN
e 03] 79 RCLi 36 45
o 4 e Ly 080 gso FRC 16 44 7]
; o ’ -gg‘ i e8!  EEN -23 7
4 025 X =35 ] 8 . B
E ezs + =35 1AS; +BT; SS\: £ _35 I,
T3 LBLT A e
: 23 ISZI 16 26 46 ] gg; R L i e |
i %30 a2 €SB8 23 66 LT i |
E | 821 DSZI 16 25 46 e e R
% e = £ € RCLD 36 147
| 077 RCLi 36 45 — T 4]
1 e o eS¢ B BB
k| e3s  ISZI 16 26 46 ] e L B o (2)
63¢ sro; -;42 g JPARTIAL SUM v R 55 Qn ()
: fsXard P& = PRI i - 5 4
! o T ki Bt eni 24 RN TO 063/067
i AN TIE LELC 2T IS |SEC (USER INST 9)
k| [owo e40  RCLI 36 46 ok oL ; .
ots Kt i Ll @%e  ST0I 35 46 ]
242 6702 22 82 o . 05:1
#42 6701 22 81 1LOOP ' ol g
pis € = = 101 9 89 ]
45 €SB8 23 08 i 20
5 e 16 e 107 %=y?  16-3371 SEGMENT ?
ool il 16z ero0 22 14
845 EE? -ggl 185  RCLI 36 61 ]
84c o e
= = -35 M. (ASn+BTn) i e B3 36 63
oo v . 5 188 yx 31
63 Mt xedic (1) 18e  RCLE 36 66 ]
€ RCLi 36 45 JHy e . L 2
st xs;r 16 26-32 1 i sT0? 35 o7 ]
055 ] ! s
esr  ST0i 35 45 | TOTAL FH W - 112 EEX
2 3 R 5 e A "SNe TN SN TN [
- 'S5, T $2.T2 -
- = S3 S4 Iss S6 t /'2 S7 S8 S9 My
> ay F P F"n P12 A : P13 1 : ;
A NWM > 14X i C d
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3
15.6 PROGRAM LISTING
v g STEP KEY ENTRY KEY CODE COMMENTS STEP KEY ENTRY KEY CODE COMMENTS
' Y ¥ ') 169 7 R3s 16-51
! ‘11¢ RCLY 36 04 | W0 | IT¢ RCLY 36 89 1 u
| 115 N=y®  16-33 ] 2 SEGMENTS ? W 11 \ -35
1 15 GTOD 22 14 j 172 DsPe 63 08 ]
{ : 117 RCL3 36 83 | | RND 16 24 ]
& 1S RCLS 36 85 11+ srop 35 14 1(8)
1 [ s - 45 ] [ [is osp2 63 a2
4 20 1120 i 3 3 I8 RCL2 36 82 x 1
T Ti2t sz 36077 —T17 =¥ ~41 1
| i & X -35 | I8 XaYe 16-35 ]
{ I RS 35 @8 e L 22 87 |15t SEGMENT
! I " T12¢  ¢eroo 22 14 180 180 RCL4 36 04
1 — | 13% eLBL T1e N2y ~41 7
. [ ]3¢ ISTI 16 26 46 ] tj ’ﬂfxs_ XEye 16-35 7
| J1® Rl 36 46 ] [ 4 (83 ETee 22 8871 2nd SEGMENT
. Y '8 i RS 3605 ]
E | +_N__4,‘5~" =y 16-334 ALL CONSTANTS?[_ [:af ! 8l 1p _+1
H ) 120 RN 24 165 B -ss1 13
F| Y 36 451 Py 157 yy 317
| o LN 32 ] [ T18% RCLS 36 98 7]
! 133 2 8 - 1 \ -35 1 3rd SEGMENT
] kY] LN 327 190 ‘“‘;:90 STOE 35 15 ]
i 13¢ + 24 ] [ pie:  cr09 22 85 e N
| 135 ST0§ 35 45 | by “dupy; /00 [ 18T HRS 21 @9 |
; 1T 1821 16 26 46 [19: RCLE 36 12
. 137 RCL 36 457 x1i R . 51 1 DISPLAY FY (152)
178 EEX =23 7] 13 RCLEB 36 12
E — 1 3 99 ] SEE USER INST. 11 ‘o | o
! 14 =19 16-33 7] oy + ~55 ]
b | 142 RIN 247 158 STOB 35 12
' 143 ET0S 22 85 ] LOOP FOR SEGMENTS 129 25 16-51
: T3 VB0 LN 300 200 6T06 22 8
N (] [ ) od.  SLBLV <l 8 REC
14 STO0 35 14 205 Reui 36 @ ¥ SEGMENT
147 STOE 35 15 ] CLEAR 207 ! 017
E | 148 ST01 35 46 [ el . -55 7]
3 143 RCLE 36 86711/12 p3 L ¥ 317
| w152 INT 15 341 ——T%¢ R0 3007
| IS1  CHS -22 5 \ -35
152 STO8 35 127 FY [ T2e:  sToe 35157
153  RCL6 36 86 | 208 6T 22 %: i
154  FRC 16 44 0 TIT SRS 21
155 ST0C 35 437 SI AL M apT] e SEGMENT
1% 28 16-51 7] PRI 212 1 81 7]
L @ 0 1 Y 4 -55 ]
1153 sro@ 35 90 ] 214 v 317
s IRz A W] 1% ROLY 3o 67 7
wo | 150 RCLi 36 451Q, 216 \ -35 7]
181 RCLi 36 45| (DELETE 161) 210 STOE 35 157
! T l1e2 IST1 16 26 46 ) 218 GT09 22 89
! s Reli 36451Qn+ ST WLRE T TS
16 - -45 7] %0 280 Ré -31 7]
— -22] 22! R 311710 GET Qy,,
166 RCLC 36 13| FRAC 1220 1821 16 26 46 ]
= 157 X -35 t...-__*::? ST0i 35 45
168 ' -55 224 __RIN 20 19N+
LABELS FLAGS SET STATUS
5 P * FLAGS TRIG ISP
a b c d o \ ON OFF
o OO0 DEG () X 0
0 1 2 3 4 Y O & GRAD () s O
F F 7 (] 5 2 0O 0] RAD O | ENG 1)
g &1 U ; oTep——.
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16. COST/BENEFIT STREAMS

16.1. REFERENCES

None.
P
16.2. DISCUSSION

The model of this section is also due to H. G. Massey of The
Rand Corporation. It deals with decisions to spend money now as
opposed to later during the life cycle of a weapon system. That is,
should engineering development monies be spent now with the expecta-
tion that future operating and support costs will be lower? The
planner must decide, for example, whether to install engine diagnostic
equipment now, assuming that future maintenance will otherwise be less
efficient and therefore more costly. The model quantifies such de-
cision problems, using as a yvardstick the present value of a dis-
counted stream of expenditures and benefits, both of which are
expressed in constant dollars (no allowance for inflation).

A simple example will illustrate. Suppose we assume that $10M
spent now will lead to operating and support (0&S) costs of §$20M 8
vears from now; if no money is spent now, these future costs will be
$40M. Let the discount rate be 10 percent, as currently mandated by
the Department of Defense. [If the $10M were invested at 10 percent
compounded interest for 8 vears, it would vield $21.4M. Consequently,
we would save §1.4M by not improving the system now. But if the rate
were 5 percent, we would lose $5.2M by not improving the system now.
It follows that the rate mandated or assumed has a controlling impact
on the decision.

With respect to estimating the future costs ($20M and $40M above),
one other crucial point must be made. Suppose the system in question
is a fleet of aircraft of a given type. Then we must keep the oper-
ational capability constant in the two cases. That is, the O0&8 costs
must be assessed in both cases to produce the same in-commission rate

or other measure of operational capability for the fleet.
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16.3. EQUATIONS

Set a time horizon of N future fiscal years, the expected life

of the weapon system. Let Ci be the costs of the proposed near-term

improvements for years 1, ..., N. Let Bi be the assessed ineremented

0&S savings given the stream Ci' Then the discounted present value

of the benefit/cost stream at a rate r is

S Rt (1)

o

N
PE) = ). (B, - €)1
i=1

since by convention present values are stated for fiscal year 1.

The "breakeven'" year j is defined as the first j for which

] ;
Z (Bi - (‘.i)(l + r)'”Ll U (2)
i=1

if P(r) > 0.

The "internal rate of return" is that r* for which
P(r*) = 0 . 3)

If the actual rate r is greater than r*, then P(r) < 0, because

-i+l -i+l
(1 +r) < (1 + rx) . In this case, the near-term improvement
investment would not be made.

The value r* is found by Newton's method. We have, using

D, = B - €,
N -1
Fley ety 61 =43 5 B ¢ (1 +x)
i=1
(4)
N
. B O 5 LI i+l
s et | B(r) iE=li D (1 + 1) '

-
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which is written in this form to simplify theiprogramming. Finally

4

(L5 ) e B ()
l1+r =1+r _\___w.___-..JEZL__-%__Jti;hrkﬂ_.____ (5)
n n-1 N —141
P(rn_l)—i};li-oi- +r)

16.4. PROGRAM NOTES

(1) This program uses indirect addressing in a natural and
straightforward fashion. The successive Di's are stored in registers
L, «.., 19 (19 years is the maximum for this program). Looping by

f ISZ is then simple.

(2) To get the breakeven year, we want to test for a change of
sign in

i
P(j, r) = 2: Di(l + r)'-l+'l
i=1

as this partial sum crosses the time axis. A simple procedure is to

test the ratios P(j + 1, r)/P(j, r) to see when, if at all, the ratio
is negative. e

(3) In using Newton's method, a simple first-guess at the root
p 8 g

is r = 0. But 1 + r or | is then stored in B. If any iteration pro-

duces 1 + r < 1, stop. In this case there is no internal rate of
return.

i

P S B P = Sy SRR S NCVSR I -




16.5 USER INSTRUCTIONS

16. COST/BENEFIT STREAMS 25
STEP INSTRUCTIONS DA'Ymn KEYS omn
1 [STONINA 5 [sTOl| A ] | 5.00 |
;[ 2|sT0D=8-CINI -5 Istol[ 1] [ -5.00
1 B -3 [sTol[ 2 | | -3.00
e T W Y S 1 (STOI[ 3 ] 1.00
s ! Da 58 4 [sToll 4 | [ 4.00
Ds BR0 el o 7 IStol[ 51 | 7.00 |
SRR i ees o T [ ¢ 1p—s | | {
STO Dyg IN O y s A RNl N | ‘
STODyy IN1, UPTOD R ey Lo e B
f P-—=S (IMPORTANT) [ f |[P—S| =g
4 | STO 1+ INB (r=10%) R A o T
| 5 | PRESS A. SEE BREAKEVEN YEAR | Lot A 5.000
| ¢ | PRESS R/S.  SEE P(r) = | =1 IRAS 0.886
A DERETRER R ) S e
| 7 | TO FIND r*, THE INTERNAL RATE OF RETURN, A ,
|| STORE A FIRST GUESS 1 + r INB B [sTO|[ B | 1.100
8. | PRESS B. SEE f -x-. S b ORI S e R @ RN
[ 9 | PRESS R/S WHEN DISPLAY REPEATS, (i e RN 1,139
| | (SHOWS CONVERGENCE.) o 1.139
O
(THE INTERNAL RATE OF RETURN 1S13.9%, | |« 1 | |
WHICH IS GREATER THAN THE MANDATED 10%.| | [ I | [ |
| MAKE THE IMPROVEMENT.) SRR i & I i S
fe it e R e e R R ]
B RN s - g e 5 DN
g S PO e PR B sl R J
R P e0Ne o vy ) MERDG }
: 2 e R TR | oy Y
: AR TN R & el e "")‘W
A% % s it s e ST | o | e i O
) T B S e ;. 08 DA
poa o L PR L i |
F EEETn ; P T f =) *
el i 5 Sl EaY \ 4
A i SO SR R ORGSR R e [ e - ‘
_ AT valiate, Dokl ) g Wi | e
i R P S TN ¢ il ]
L s a3 I P S S A R IE |
. Rinfix; i B |
{
|
J
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" ENTS PAGE IS BEST QUALITY PRACTICABLE
FROM COFY FURNLOHED TODDE ™
16.6 COST BENEFIT STREAMS
STEP KEY ENTRY KEY CODE COMMENTS STEP KEY ENTRY KEY CODE COMMENTS
001 €l ¢LBLA a1 11] R 5 15 tD. (1 +r )=
202 DSP3 -63 83 ] ese  RCLI 36 46 ] & DBy 1 ¥y
sa3 Q >
ol 8 SRR L m—too,  RCLA 36 11 .
) ()] 35 46 | 80 N=Y9 16-33 | END OF LOORP ?
o0 RCLI 36 81 051 ETOM 22 81
o0 STOE 35 15| Dy 052 GTOD 22 14
88> stee 35 88 | Dy 020 WLBL1 21 61
0 IS 16 26 468 g
22 182 6 5S RC
010 212 RCLB % 121" 055 - -45
01! 1 o1 287 RCLE 36 88
M2 RCLI 36 46 |1-i 33+ -24 ] )
A -45 ] 063 1X 52
als ¥ 31 ] 070 | a7  FRCLB 36 12 ]
8!t  RCLi 36 45 : ar: x -35
218 . -35]0;(1+0) =i i s CHS -22 ]
ei? 3“2 35-55 ::_ PARTIAL SUM p ¢ :; Pf';ﬁ 36 ;;_
2: RCLe 36 88 | TEST FOR SIGN \- o stop 35 427 (1+rge)
020 222 RCLE 36 15 ] CHANGE ~ e PRTX s
3_ ’ ;,, 16-;?; ) arT _ Gros 22 127 Loor
Cad \UY =
027 GSRe 23 88 |
24 RCLI 36 46 080
£25  RCLA 36 11 ]
p2s ér;ﬂ g-za END OF LOOP?
e2™  eT02 2
828 RCLB 36 ao:
228 STOE 35 15
oo Taze eroc 22 137LOOP
TIT WLEL@ 21 89
031 ROI 36 461DSP BREAKEVEN YR
BT LN 2T &2 5%
235 RCLO 36 06 ]
27> RIN 24 ] DSP P(r
T JLBLE I 12 i)
038 1 01 ]
03 STOI 35 46 ]
o 1042 RCLI 36 o1
40 Sroe 35 @6 | Dy
042 STOE 35 151Dy
TIT LB 21 14
018 IS 16 26 467 700
045 RCLE 36 12701+,
e 1 1]
4> RCLI 36 46 7
04r - -457) -
T4 yx 317
%[00 RCLi 36 457 ek
. x =350 (T+r )"
8w SRE{zol
s -35iD;(1 +r )™ o
0fS  RCLE 36 15
0ss + -55 ]
REGISTERS " . :
o RN S RS SR T e -
1 2
ILsLo 1 S2 S3 & 5 S6 S7 S8~ ¥ p
P ' i = ‘ i - - 19
D
AN |° a+) [ { o J
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17. THE NORMAL FUNCTION AND ITS INVERSE

17.1. REFERENCES

None.

17.2. DISCUSSION

This program is frequently used in conjunction with others, such

as the Q function (Program 18). Extensive application of the error
function is made in Hewlett Packard HP-65 Programs for Evaluating
Effectiveness of Field Artillery Weapons, prepared for the Joint
Technical Coordinating Group for Munitions Effectiveness (Surface-
to-Surface) by Booz-Allen Applied Research, Shalimar, Florida,
September 1975.

17.3. EQUATIONS

The normal distribution, or function, is

X
f exp (-t2/2) dt , (1)

where x is in units of 0. An early approximation, due to J. D. Williams,
is

F(x) =

31|~
3

2 1/2
Fo(x) = 1+ [1- expé{—Zx /m}] : o iy )

which has a maximum error of about 0.002. R. N. Snow replaces the

curly brackets in (2) by

2
—2x2 %7 _%__
x4+ 230

and obtains an accuracy better than 0.0001.
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A first approximation to the inverse is obtained by solving (2)

for x,

5. Ai2
m™on {1 - (28 = 1) }
s Sl 2 (3)

For greater accuracy, X, is used in solving the equation F(x) -y = 0

by Newton's method, which is appropriate since the derivative is

simple,
F/ (x) = = exp (-x2/2)
v2m
The error function is
2 3 —t2

erf(x) = —~[ e dt , and (4)

/m 0
erf(x) = 2 « F(vV2 » x) - 1 . (5)

Given a value E to find the corresponding x, use this program with

F = 1/2 [1 + E] and divide the resulting value by V2.

Example 1. Find erf(0.5).

Key in 1//2, PRESS A, then 2y Xy L=
Answer is 0.5206.

Example 2. Find x for erf(x) = 0.5206.

Key in F = (1 + 0.5206)/2, PRESS B, PRESS C, V2, + .
Answer is 0.50.

17.4. PROGRAM NOTES

None.
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17.5 USER INSTRUCTIONS

17. THE NORMAL FUNCTION AND ITS INVERSE Z’

INPUT
DATA/UNITS

1 [KEY x .233

ouTPUT

KEYS DATA/UNITS

STEP INSTRUCTIONS

.5921

—— e

2 | PRESS A _

OUTRUT IS F(x)

- - 1

| 3 | KEY F

OQUTPUT IS x .2329

| 5 | NOW PRESS C FOR A REFINED VALUE OF x, | .2330

AND CONTINUE IF DESIRED

(PRESS A AGAIN TORERIEVEF)

|
l
l
l
I
I
l
|
%. A = I
i 3 B Sl l
l WD SRR TR l
3 3 R o e I o T a2
3 e l
: 3 o i | i
¥ Sl =4 | ol
0 ? e B I
e R |
¢ PR RS | SETSNS
NG R 1 l
: TR SO T SO S S 1 ) L |
\ e mm I bl ‘i
z s s S i ;i
3 R A Bt b o ot * | -
- N IR : | s
: ol ’ i
—- 4 e ———— l —
I
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QUALTTY PRACTICANLE
HAD TODDG

17.6 THE NORMAL FUNCTION

STEP KEY ENTRY y KEY CODE COMMENTS STEP KEY ENTRY KEY CODE COMMENTS
o1 80; #LBLA -2: 1! " Tes: v =55
@02 STOR I3 ii]lx 858 LN 3
837  csee 23 86 @59 Pi 16-24
ods  RCLA 3¢ il 086 115 X -35
aas  o.\§? o-ed | x<0 86! 2 @2
FYERN S 2% 8 062 + w54
8" RCLO 3 63 863  CHS 22
@5 DSP4  -5T @4 964 5 <5
@2 RIN Za @65  ST02 35 &z
o6 1016 sl6Li =i . | CORRECTS FOR x<0 gé  DsFe e ai]®
ali 1 al @67 RCLS 35 12
al: RCLd 36 éc 868 a 82
a; - -45 862 5 a5
a4 DSPs -63 &w 070 [ 1 % i5-3v | .5>F
815 RIN 24 e7i 670z 2el’
0ic #LBL0 <1 %% 72 RCL2 36 82
8!7 RCLA 36 1: 873 RIN 24
618 X2 53 BT VIELC T
a1y STO! 35 &1 ars  RCL2 36 az
82 X2 53 76 CHS -22 2
a2i 2 a: g?? scme 35 a: HRIE 1O =%
82 3 &z @78 RIN 24
623 ¢ EE TS albLC 3 b
824 + -ze 560 888  RCLZ 35 @2
825 1% 52 5! & 53
826 RCLi 36 o 082 2 a2
27 ) 83 % -24
28 ©  CHS -2 @84 CHS 22
@ r . Leea gov & e
830 (o :-~4 08¢ Pi ittaw
4 ' £
81+ e =
532 Wb 3 a1 X =39
- e N 8s  Ix 54
834 2 8i 0% i -
835 x -35 i o A 8 Ll Y
836  CHS .22 R L e
837 e 33 893  G3BR 3 U
633 CHS o Wi .
839 ! ; 895 RCLB 36 12
o ; e 896 + -55
.t 2 o 997 RCLS 36 85
84: s é1 0%  + s
043 + -85 898 RCL2 Jo ¢ x,
844 z % = T o
: - 181 sTo2 5 8z
@45 = -24 = =i i e
a4 sT0E 35 @6 |F (x) o
o & 183 RIN 24
848 wLbLE 2% iz
843 5T0B 52 |F
%0 856 2 Y.
851 -32
as2 ! &l
53 - -35
854 X 53 110
@55  CHS Y
856 1 Gi
9
S9
1
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18. THE Q FUNCTION (OFFSET COVERAGE FUNCTION)

RSP

18.1. REFERENCES :

a. J. I. Marcum and P. Swerling, "Studies of Target Detection
by Pulsed Radar," IRE Transactions on Information Theory,
Vol. IT-6, No. 2, April 1960. (Reprints of Rand RM-754,
December 1947, and RM-1217, March 1954.)

o -

b. J. I. Marcum, Tables of @ Functions, The Rand Corporation,
RM-339 (ASTIA No. AD 116551), January 1950.

c. D. P. Meyer and H. A. Mayer, Radar Detection, Academic Press,
New York and London, 1973.

L. A. Wainstein and V. D. Zubakov, Extraction of Signals
from Noise, Prentice-Hall, Englewood Cliffs, N.J., 1962.

e. L. E. Brennan and I. S. Reed, "An Iterative Method of Com-
puting the Q Function," IRE Transactions on Information
Theory, Vol. IT-11, No. 2, April 1965.
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18.2. DISCUSSION

-

The Q function

> s
Q(r,R) =/ u exp (- ——2—u—~ - Io(ru) du (1)
R

| is basic in radar detection theory. It is expressible in Lommel

ol s e A

E | functions of the first kind (Ref. a), but is not integrable in closed
form.

The Q function's more common application is perhaps in offset
bombing calculations. For a circular normal distribution (0,0), a
weapon radius R (in units of 0), and a point target at a distance r
{in units of 05 from the origin (the aiming point), the probability

of coverage is simply P(R,r) = 1 - Q(r,R). If CEP in feet is used
and r', R' are in feet,

g S22 R =g Y2EAZ
CEP 4 CEP i

v2in2 = 1.17741 .




The damage probability program (Sec. 9) can be used to pet weapon
radius, and this program is then employed to find collateral damage

to other point targets.

18.3. EQUATIONS

The Bessel tunction lo(x) is piven by

— ’ 2
1,(x) = 2 (?3)""/(‘\!)‘ . )

n=0

Put (2) in (1) and interchange the order of summation and integration

to pet
oy
2 s :
P(R,£) = 1 - Q(r,R) = 3 k (r°/2) K (R*/2) , )
n n
=0
where
n -y
L '
k“(y) xi e ¥ /fn}
(4)
X
cw e Et et
n T n! Y
0
and Fn+] fs the incomplete gamma function.
The recursion relations for ku and Kn are
o 4
kO(y) il
k (v) =¥k (y) NS0
n n n=-LV7°
(5)

. - Fcag
ko(x) 1 ¢

F B K, (x) = K _ () - kn(x) $ ne >0

oo

—— . ] ;




e G S S s it e L Rl O s e LRI W it R

~105-

After N fterations,

N-1
P(RyE) = 2, KK+ RN,
n=|

where the remainder

o
R(N) = kan v (6)
n=N
Reterence ¢ shows, tor N rR//f. that
2 2
R(N + 1) < kN(r /2) KN(R [R) (7)

Let NO = rR/V2 and let A be the desired accuracy. Then the
fteration can be terminated at n = N, it
9

)
~ 3 N I ™ 1+
N No , kN(n 12) kNU\ [2) £ & 8)

If r and R are small, the convergence is rapid. But as v and R
fncrease, the number of terms required=-and thus computation time--
become excessive.

However, for v, R > 5, Ref. d provides an excellent approximation

in terms of the cumulative Gaussian function

)
)
)
P(R.t) = - f /2 g4 B2y (9)
5 . O
van -
J.()
where
L |
2. = (R = p){l = 1/4r™) =~ 1L/2y . (10

0

i
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The approximation is improved by adding two more terms to (10),
taking
3

z = ®R-0)A - 1/4r?) = 1/2ey- 1 048" ~ (5~ ) li0r (11)

Then the error E(Z‘) < 0.0005 for r = 4.25, It can also be shown that

for

S A
R 245 # e,

i i

E(Zl) < 0.005 .

The regions of interest for the P(R,r) calculation are then

shown in Fig. 18.1. For region A, use the iteration method, Eqs. (3)

and (8). The maximum number of iterations required to obtain an
error A < 0.0005 is 10. For region B, use the approximation (11) in
(9), with an execution time of 7 sec. In general, the regions above
R-~r =-2.8 and below R -~ r = 2.8 are without interest. However,

even in these regions, the approximation method may be used.

18.4. PROGRAM NOTES

1. For an accuracy A < 0.0005, enter R, r, and A and press B.
The program will choose the better method to compute P(R,r). '"Better"
is defined as entailing the least computer time to obtain at least
accuracy A.

2. For an accuracy A better than 0.005, again enter R, r, and

A but press A.
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Fig. 18.1.— Iteration and approximation regions




? Selects best
; method |
3 1 ,
Y 3
r>24,257? >
I'N
1
Y
r>22°?
[N
A - v 2 C ‘
Iterative Approximation
?
method SF g A - method
4 v 5 (SUBROUTINE) E 1
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Fig. 18.2— P(Q) function program flowchart
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18.5 USER INSTRUCTIONS

18. THE Q FUNCTION

STEP INSTRUCTIONS B o I KEYS DATANTS
| 1 }STO & (ACCURACY) INE T B 0005 | [STO|| E | | 0.0005 |
N TR TR R N SRS RN I W (e i S e
e feeymenne - - 0 T ee | CNEND 26060
i ey Salels, g IT USSR Y RGN (e e O SR
3 |KEY r, PRESS B X 2.5 210§ 07 ]
(BEST METHOD 1S CHOSEN FOR 1 [ | :
| |4 PLACE ACCURACY BY THE PRGM) TR et 2
= b TRt i
TO SELECT APPROX. METHOD N A .
i T B S e B
4 | STO A IN E (DSP 5) .00005 | (STO|| € | | .00005
A ¥ ; ‘ [ f B
5 | KEY R, ENTER 7 2.6 | EnT] | 2.6000 :
g l
6 | KEY r, PRESS A (DSP 5) 2.5 | JEAT] | osews
e EH [ 4G
TO SELECT APPROX. METHOD FOR AT e ,
, A T | e SEE G l
THIS CASE DO STEPS 4, 5, 6 FRITRY. EApEALY T e | e H
, e T ol
PRESS C o e pos
B st 14 | 1l €] | 0.4604
(WRONG REGION FOR APPROX. METHOD) Yotag it g
§ G B
e 108E ’
T, |
N
P gy oo | T B
|
. l
W R
Lo el
I | l
Shamse : i ﬂ iy, |, VR
0N |
S | . .
Do, ¢ womR
R e I |
W | A
3
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FROM COPY FURNISHED IO DDG =

STEP

KEY ENTRY

KEY CODE

18.6 THE Q RINCTION

COMMENTS

STEP KEY ENTRY KEY CODE COMMENTS
il 81 sLBLA <! ii | 'TERATIVE SOLUTION 85 orxt 35-35 31 |kn
— 1 82 §T0D 3 id Ir 85¢ RCLI % 8
e X2 33 059  ST-2 3545 8 |Ko = Kp.g = kg
804 2 v | 086 e6c  RCLE 3 a2
8 . % TeA 2! RCLE 3633
8 ST0B 5.l ]y =r%2 %2 + -& |y/n
ee”  CHS & | 062 RCL3 ¢ 36 &3
gee e s E s  x -35 { Jn
[ 88 STOZ 3] =e 85 ST03 2583
010 e 8104 3888 ] @6 RCL2 3c 32
(194 R¥ "3 ] 86T X -35
812 STIC STI3 )R 668 ST+4  35-55 i =P, +J7K
T 55 ] 252 RIN 2B ik
14 e g ] 070 278 «LbLE <i i | SELECTS BEST METHOD
a8 * < 2 7 STOD 3548 |r
2:i6  STOR 5 i Tx=R%/2 o 4 34
N ¥ &d | 23 = —h
e e 33 erd -2 &
gie  STGI U ko= ars 5 o5
28 CHS ol ] LRA PA L s 4,25 < ?
21 ! i ] er? 6103 A 83 r>y.25
e 4+ 53 e R -5
s ST02 3s 82 K°= 1= ko are 2 32
84 STxd I5-3E a4 10 080 eoe  HYY 1638 |2<r?
825 RIUE 3 a3 ] i et o1ot X & 2<r<4.25
26 RCLG 26 &4 ea2 4 -3t |r
A -33 ] 23610 i i |TO A IF r<2
oy & 8¢ eBLI | 21
Al ok 3 B = 85 R4 -3
- - S & INg =Rr/V2 TR &
) va ana -
0+ 55 {N, =1+Re/V2 v R .
@32 stol 35 46 o g5
s - AR g | @ 14X 52
@ o s lnag g 2 &
83 slBLs 2 & |LOOP UNTILN=N, 282 i ~62
837 ¢85 i385 083 4 o4 »
838 0821 ié 25 46 |Ng=0 804 s &3 ;
*5? 823 &1 22 &4 ass + -55 JRo=2.45+1/(r=1.7)
040 sLBLD 21 s 2% XsY? €35 R 2R ?
84t &S5BS 2388 A (/-
840 RCLE 3¢ 45 ess Ré -3i IR
042  Xe¥?  16-35 €99 RCLD 36 i |r
044 OTGD 22 14 100 108 CTCA 2 ii |TO A IFR> Rg
045 RCLO % 68 1eT wBl2 & 8
846 DSPG  -63 8@ e Ré -3 IR
047 PSE i€ Si |[FLASH n 183 RCLE 34 ]r C(approx)
845  RCL4 35 b4 184 ¢T0C & x: IF R > Rg
3 85e _ RIN 24 106 R 31 ]
T &B5 & T T APRROX P,
a5 t 3 168 ST00 35 ds [r
053 STeg 35-55 88 [n=n+] 108 Xy -1 IR
854 ROk 36 it 10 1e S10C 35143 |
m acu 3. u ST~ -4t
1e - ~-45 |R-r
REOCSTERS
3 6 9
| I -
g + S6 So
E 1
e L Rz/? l ye ry2 T TAY Ng

P
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FROM COPY FURNI Spxp nDchcn%

N N cad -l e T

18.6 PROGRAM LISTING 4
STEP KEY ENTRY KEY CODE COMMENTS STEP KEY ENTRY KEY CODE COMMENTS
J A ARG G 1168 ® -éd
& 114 RCLC 3 i3 T3 10 ST0S 35 35
‘ NN ST 3 33 {7t RCLE i 86
116 ROLO 3¢ s iv> DSP4  -63 s
487 x -35 107 K82 645 IFz<0 |
£18 - -35 4 6106 2296
118 ROLD Js i+ bird XY -45
120 128 X2 33 176 RIN i1 | DISPLAY P2
12t s108 35 &5 ivr #LBLE 21 oo
i 4 g4 78 i 6i P, IFz2<0
122 X -35 179 RCLS 3 35
124 -id o e - 3
125+ -55 | z'=R=-r+(R-3r)/4r2 181 ST0S 35 a5
! 126 4 34 : 182 RIN <3 | DISPLAY P,
§ 127 § a3
122 ROLS 6 88
1 35 X -35
4 130 138 1K 53¢ 3
1 13 - -45 12" = 2'-1/48¢2
132 RGLS 3 od
| 132 2 55
1 324 i G 190
1 123 @ 3
E 135 RCLS 36 @3
b 137 X =33
138 RCLC 36 14
139 X 35
| 110 146 < -is
! L . 38 |z=z"-R~r)%/12,3
40 WBLE ¢i i3 [CUMULATI/E GAUSSIAN
143 8708 3T é¢ | (SEE PROG™AM 17)
i 144 X2 %5
| 45 s167
i 146 X2
| 147 2
1 148 3
# 45 §
| 150 158 +
| 151 /%
: 152 RCL?
153 X
354 Pi
158 1X
156 -
157 RCL?
158 X
158 2
160 168 X
164 X
162 NS
163 1
164 + 5
165 X :
166 1 :
167 + i
08 2 e )
SET STATUS
AreraTion et ARLE FLAG:“ TRIG oisP
RS |
1 2 3 ' D | 4
ST RVeRL (101) }‘ (105) Tt[oop,nsu 2 00| RO O enc © ]
Py IF z <O 3 00 n 1
b
i, !
i
(4
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; 19. LINEAR PROGRAMMING AND 3 x 3 MATRIX GAMES
; 19.1. REFERENCES
i
| a. G. B. Dantzig, Linear Programming and Extensions, The Rand
Corporation, R-366-PR, August 1963 (published by Prince-
ton University Press).
b. A. M. Glickman, An Introduction to Linear Programming and
the Theory of Games, John Wiley and Sons, New York, 1963.
l c. R. W. Metzger, Elementary Mathematical Programming, John
; Wiley and Sons, New York, 1958.
. d. J. D. Williams, The Compleat Strategyst, McGraw-Hill, New
if York, revised edition, 1966.
3? e. M. Dresher, Games of Strategy: Theory and Applications,
3l The Rand Corporation, R-360, May 1961 (published by Prentice-
by | Hall).
af 19.2. DISCUSSION
o
& . The 3-activity linear programming problem may be formulated:
i
§

find x;, = 0, x

1 5 =00 X3 > 0 satisfying

a X % a X, + a X, <b

2 155 T 1

X, = b

3 B Wi o R S N

X, + a x3 < b3

2 33

to maximize

4
§
:
§
i

M= clx1 + czx2 + c3x3

The recipe for solving this problem by the pivot method is very

simple, although the result of deep and extensive analysis. Set up
Tableau 1: 1

i

T o
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Sy %a *q
811 25 e By %y
a5 vy, 3,3 b, u,
a3 (:::) 3,3 b, Uy
- -c2 -c3 0 M
TABLEAU 1
< 1. The pivot column corresponds to the most negative of -c

1’
i €y, —Ca. Say this is =Cy-
2. The pivot row is found by finding

f b,/a b,/a

1'% > 22+ Db3lagy

r%
i

for only those b's that are positive, and then selecting the minimum.
Say this is by/ay,. Then the pivot is ay,.

3. Replace the pivot by its reciprocal, and divide all other
entries in the pivot's column by the negative of the pivot.

4. For an entry other than those in the pivot's row and column,
add to that entry the product of the entry in the same column to the
left or right of the pivot in 7ts row and the entry in the (new)

?Wﬁ’pivot's column to the left or right of the entry in its row.
s

5. Now modify the pivot's row by dividing all entries other
than the pivot by the pivot.

; 6. Interchange X, and uj.

LS

These operations produce the new Tableau 2:




Sl i o 2 o A I e ) il Y SRR 5 Bl W VR ) S D T e e LI

! Y
g
§
H 5 Uy -
b
{ a)) + a5 (ajylag)  -ajylay,  agg tagy (mapyfag) | by tby (mapyag) |y
Al
1 ag) + ay) (aylag)  aylay,  ay; +agy (magylagy) | by by (ay,/ay,) | v
i ay/a3; /aq, a33fag; by/as3; %z
E /.
; -¢) +ay) (c2/a32) c2/a32 -cy +agg (c2/332) 0 + by (c,/ay,) M
i,
3 ‘ . TABLEAU 2
3 In the numerical example below, the initial pivot is a,, (ot
y
; a,, as above) .
H
§ ~ Example (Ref. b, Sec. 5)
1
&
g -

X X, Xy £ Xy U5
1 e i 1 1 1 100 Uy 1/4 /2 -1/4 47.5 uy
" i

3 2, eyl e 3/4 1/2 1/4 555 &%

3 2 o4 15 e o 3 ® 0 150.0 | u,
i -5 -4 -6 0 M -1/2 -1 3/2 315.0 | M
1

(Tableau 1) (Tableau 2)

| 7. Repeat the above process until all entries in the bottom
b row are nomnegative. In the rightmost column read the optimal x's
| and maximum M. Any u left in that column indicates that the corres-
i ponding x is 0.
! Continuing the example,
A
1.
:..9.

S i

T TS SRS okt




Al ol s At =

2 i gty

S i Pl

e e

X, u, u,

-1/2 -1/4 -1/4 10 uy
0 -1/4 1/4 15 X3

3/2 1/2 0 75 X,
1 1/2 3/2 390 M

X = 0, X, = 75, Xq = 15, M = 390 (Answer)

(Tableau 3)

The previous example in equation form is:

find X, =0, Xy =104 X3 2 0 subject to
x1 + X, + x3 < 100
3x1 + 2x2 + 4x3 < 210

3x1 + 2x2 < 150

to marimigze M = 3xl + sz + 6x3 .

Suppose the problem were:
find X >0, X, 20, X3 2 0 subject to
X) + x, + X3 2 100
3x1 + 2x2 + 4x3 = 210

3x1 + 2x2 = 150

to mintmize m = le + 4x2 + 6x3.
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We set up the dual problem (the pattern should be clear):

find Y1 =0, Y, = 0, Y3 > 0 subject to

Y1 + 3_v2 + 3y3 e

y; +t 2y, + 2y, 4

Y, + Qyz < 6

to maximize M = 100yl + 21Oy2 + 150v3. and solve this problem by the
previous method. The values for x variables are now read off on the
bottom row under the interchanged u's with the same subscript.

The relation of the duals is clarified by using the program to
solve 3 X 3 matrix games. The procedure is readily understood by
following through a specific example.

BLUE is the maximizing player, RED his minimizing opponent. It
is desirable to add a constant to all entries in the payoff matrix to
make all entries positive if necessary.

This increases the value of the original game by that constant
but does not change the proportions in which the strategies are played.

The new example is

RED
r r.
1l 2 r3
b1 2 6 0
BLUE b, =] 3 6
b3 5 4 3

where bi (r,) is the probability BLUE (RED) will choose course of

J

action or strategy i (j). Then

1S bi =20, 12 rj >0, bl + b2 + b3 = 1y T

iy
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Look at matters from RED's point of view. Against each of

BLUE's pure strategies, RED must expect to pay BLUE

2e, & 62, 5y + 3r

1 1 2 + 6t3. Sr, + 4r, + 3r.

1 2 3

Let u (unknown) be the greatest of these three. Then putting

v =t/
Zyi + 6y2 = Syl + 3y2 + 6y3 = 10 5yl + 4y2 + 3y3 = L
and RED wants to minimize U by maximizing M = 1/u,
M= ¥y = Yo & Vg -
This is the standard linear programming problem with the right-upper

border all +1's and the left lower border all -1's. The first

tableau is:

3 i 2

2 (:) 0 1 v,
5 3 6 1 v,
5 4 3 1 vy
-1 = =] 0 M

Any column could be the first pivot column. We choose the circled
number as the pivot because 1/6 < 1/5 (a variation on step (2) above).

The second tableau (by the program) is:

g A O

SN i
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2 W17 0 7 Yy

4 -.50 @ .50 v,

The third tableau (s
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it is given in the high~level language appropriate to our minds, but

only with care and time do we avoid errors.

The HP-67 understands only a relatively low-level language even
though it is quite advanced over early coding in machine languagé.
So what we see without effort (the Ueatalt) requires many steps of
programming .

2. The programming problem is compounded in difficulty because
the HP=67 cannot work with the double indices of matrix elements., We

must "linearize" the matrix and devise an "address arithmetic"

for this
problem, and then exploit the indirect addressing capability of the
l-register.,

Consider item (4) of the recipe. Overlav the linear programming .

matrix with the matrix of register addresses of entries:
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4., Items (1) and (2) of the recipe are not carried out by this
program. They can be programmed, but only at the cost of an addi-
tional program card and thus of time. And in this case a man can
find the pivot faster than the machine can if he has the matrix in
front of him.
The philosophical argument is that the HP-67 and the user are
engaged in a cooperative one-shot (or few-shot) enterprise, rather
than bulk or production computing. Each partner should contribute
what he can do better and quicker.
5. Running time for each iteration is 47 sec, exclusive of the %

final display (f -x-) of the new tableau for manual recording.
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(SUBROUTINE)

+4, +8, +12

RECIPE
STEPS 3, 5

-4, +4, +8

b ]

PIVOT ADDRESS |Y
=0,1,27
S e b
8,9, 10
-8, -4, +4

\

PROCESS ENTRY

ADDRESSES IN ORDER

SAME COLUMN | Y INCREMENT
AS PIVOT ? ADDRESS
¥
SAME ROW
AS PIVOT ?

"

RECIPE STEP 4. | N

ALL ENTRIES
EXAMINED 7

G -

v apoeess |

e 40
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19.5 USER INSTRUCTIONS

19. LINEAR PROGRAMMING
AND 3 X 3 MATRIX GAMES

g b

INSTRUCTIONS

INPUT
DATA/UNITS

OuTPUY
DATA/UNITS

f CL REG, f P—5, f CL REG

LOAD BOTH SIDES OF CARD

Qi 92, M3, b| STO 0, ], 2, 3

“

0_2_1_,_6}2, a23, b2 STO 4, 5, 6, s

;5:];1;2 STO 8, 9

£ P—s

a33 b3 STO 0,1

~<), -3, =3 STO 2, 3, 4
f P—e$ (IMPORTANT)

(PRESS € TO REVIEW ENTRIES)
DETERMINE PV OT

LEY N PIVOT ADDERSESS
0. 1,24 5040 9% W

e fLAMEReT ROF MCORD Sebw TAGAAL

o R B

B i
W . O e e

1 = -~

- s e sl S B

r——m- ——

N————

R

BE
|
M 1
O

“
f!

{ | Y
— — — — — — — — —— )t s ) S e s ) et

—— — s s e e — s —
|

|
|
|
|
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19.5 USER INSTRUCTIONS

19. LINEAR PROGRAMMING

(EXAMPLE)

i A I e Ao o A

sterle - ] 3wy 1 SIETRUCTIONS DATARRGTS KEYS DATA/UNITS
THE EXAMPLE IS IN THE TEXT, R | S
ABLEAU 2 INTO TABLEAU 3 .25 ST0][ 0
_'T!l .5 hg 08
=25 T 5
47.5 Sl B e
.75 o L4
.5 (e
g .25 L= 106
51 5 52.5 [
» 3 A be)
o PIVOT 2 o HoR
S f P—s 0 [sTO|[ 0 |
e 150 L i
-.5 WA
=l P )
e 1.5 {14
S o b 315 WG
ETE | £ |[P—S]
= ; ~ PIVOT ADDRESS 9 [ IlA] -.%0
o e 3L -3 -.25
| aE e o s Y
o1 j .00 |
[ 11 [ 0.0
| - -.25
! | | .25
l, | H l |5.w
- 1.5
l %0
, 000
“ sSw
)
: ’ .
: s .
; - - e
o N - » >

ik Gl e
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THIS PAGE IS BEST  QUALITY PRACTICABLE
3 FROM COPY FURNLSHED TO DDC
ol 19.6 LINEAR PROGRAMMING
STEP KEY ENTRY KEY CODE’ COMMENTS STEP KEY ENTRY KEY CODE COMMENTS
0o @01 JLBLA 21 11 | 057 sLBL4 21 4
ee2  STOI 35 46 | PIVOT ADD(RESS) 858 RCLB 36 12 ]
i 283  STOB 35 12 | 859 4 o |
884  RCLi 36 ¢5 | o e~ -45 | PIVOT ADD -4
@85 1% 52 | 861  STOI 35 46 |
e8¢ CHS -22 | @62 _¢cs80 2300 =
€a7  STOR 35 11 |-1 /PIVOT VALUE 063 RCLB ~ 36 i2 |
268 RCLB 36 12 ] 064 4 o ]
809 4 8] es ¢+ -85 | PIVOT ADD +4
010 18 =+ -24 asc  STOI 35 46 |
811 INT 16 34 | géz_Gsee 2300 . . |
812  X=8° 16-43 |PIVOT ADD=0, 1, 2 858~ RCLB 3612
T B ) W 859 8 88
014 1 el ] o0 | aze + -55 ] PIVOT ADD +8
815  X=v? 16-33 JPIVOT ADD =4, 5, 6 7L sT01 35 46
! 0ne _ene- . el 72 _GSB8 23 @8
! 017 “RCLB 36 12 | [ —cgr‘ PR R R
a1 8 88 o074 3LBLC 21 13
o189 — -5 ] PIVOT ADD -8 s e ™
020 aze  sTOI 35 46 ] 076  STOC 35 13 ] FIRST ENTRY ADD.
621 _6see _2380] 7T GTOD 22 14 ]
€22 “RCLB 3612 | @7%  ¥LBLD 21 1%
k. 023 4 04 873  RCLB 36 12 [PIVOT ADD.
M g2 - -45 | PIVOT ADD -4 080 ase 4 04 o
b @25 STOI 35 46 as! + -24 ] . i
02 _6sB0 2380 082  INT 16 34 ] hey ’
! (- T R 1 . S 883  RCLC 36 13 1 ENTRY ADD.
H az2 4 84 ] a84 4 04
b | o -55 ] PIVOT ADD + 4 any -24 ]
; 030 g32  sToI 35 46 08¢  INT 16 34
| £3. GSBe 23 86 ] esv - -45 ]
d!!“‘l:‘m‘c 72 T R T L T 868 4 4
k| 833 T(RECIPE STEPS 3, 5) ase X -3571z (PRGM NOTE 2)
' 834 RCL- 36 45 5% ase  RCLC 36 13 7
835 RCLA 36 11 ] 09! + -55
: 235 X =357 COL. ENTRY @92 STOD 3B514| x=e+z
! 937  STOi 35 45 1 DIVIDED BY-PIVOT[  — [ 097 RCLB 36 127
238 RN 24 234 X=y? 16-33 1 TEST FOR ENTRY
37 SLELJ 21 83 @9 6705 22 85N SAME COL. AS PIVOT
040 RCLB 36 12 ™ Koy o ®nNy T T T
— T 0st 4 ] esT - -45 ]
042 + -55 1 0% RCLC 36 13
—Te4z 510 35 46 | PIVOT ADD + 4 099 + -Ss:i)-i~6~;‘;-i
P44 6580 23 0 o0 100 STOE 3515 -G
as —ey — %t (PIYOICOL 10! RCLB 36 12 1 ” .
—— . ] 102 X=v? u-n 1 TEST FOR ENTRY
-— K. -85 ] PIVOT ADD + 8 —— 05 1IN SAME ROW AS PIVOT
——toer sr01 3 4] (PIVOT COL) - L 1 R T p——— "
-t e uw T 105 sr01 35 4%
F B S S - - *Lm ReLi %05 |x ()
1* " ! 8 ; 1" RCLE 15
 ge ? ~ e ol B
- 8 | VOT ADD ¢ 12 T o | INTERCHANGH
" Be] mvOorcon (T 8l v
4 I " .y
e et Lile Ao L TR d
4 ' 4 v ¥ 14 ' ' 4
. ) : _ o -

¥ , :
t""‘."h erve & W N s . amaaay
i

-
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19.6 PROGRAM LISTING

COMMENTS

KEY ENTRY KEY CODE

L i v s ISG. Do ST S Lt

—

COMMENTS

3

-

113 STOI 35 46
iis XY -41
115 RCLi: 36 4
116 * -35
117 RCLC 36 13
118 ST01 35 46
118 XY -41
12¢  STCd 35 45
{2 1 (]
182 5 (')
123 RCLC 36 13
124 X£Y° 16-35
1356105 22 &5

126 0T0p 22 12 )

(RECIPE STEP 4)

ALL ENTRIES ?

(169 ISZ1 16 26 46

l17e__csee 23 09

| LAST ROW_ENTRY |

171 SM___RJ.Z
172 sBL2 21

173 RCLB 36 12

174 ST01 33 46

| 175 DS2I 16 25 46

176 __bse0 __ 23 @9
1SZ1 " 16 26 46

e 6See__ _23 00 |
180 ISZ1 16 26 46

13f ~.6SBO 23 89 |

28 1sZI 16 26 46 |ROW ADD TO RIGHT
?Q

ROW ADD TO LEFT

LAST ROW ENTRY |

162 " OT0E 22 18

[132_ cToD
137 sLBLE

127 slBL

28 RCLC 36 13
129 1 [}
13¢ + -55
131 ST0C 35 13
22 14

INCREMENT
ENTRY ADD,

183 #LBLE 21 18§

184 e ()

185 STOl 35 46 |

186 6T0e 22 06

REVIEW TABLEAU

187 slBle 21 86

18¢  RCLi

21 12
134 RCLA 36 11
135 CHS -22
136 STOR 35 11
137 RCLB 36 12
138 srol 35 46 ]
13  RCLA 36 11 ]
14¢  S§TON 35 45
141  RCLE 36 12 ]
142 4 (7}

Tk + -24 ]
144  FRC 16 44 ]
45  X=6° 16-43
46 GTOM 22 8l
= & T
148 1% 52 ]
148 X=Y9 16-33
150 groz 22 02 ]

—

R— 1

TR RCLB 36 12 |
152 STCI 35 46 |
155 DSZ1 16 25 46

15¢ DSZI 16 25 46 ]
155 csBe 23 09
T 7121718 28 46 |
!ST  GSR@ 23 00
TR IR 1628 4% ]
152 ISZI 16 26 46
168 6SB@ 23 0

:___][m ‘60

5 —

Te: O &2

1/p

P

RECIP. OF PIVOT

lpivoT ADD=0,4,8

FRTX -14 ]

IS21 16 26 46 |

i o

&

RCLI 36 45 |

GTOoe 22 8

36 45 ]

NEV? 16-35 | ALL ENTRIES ?
RIN 24 ]

PIVOT ADD =1, 5, 9

PFIVOT ADD=23;

1 ST ROW ENTRY

ROW ENTRY TO RIGHT

.« 0
167 RCLB 3 12 ]
164 sT01 35 ¢
6% IS21 16 26 &

e te o e

230 |

QUALLTY PRACTICABLE
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20. FOURTH-ORDER DIFFERENTIAL EQUATIONS

20.1. REFERENCE

a. R. W. Hamming, Numerical Methods for Scientists and Engineers,
McGraw-Hill, New York, 1962.

20.2. DISCUSSION

Systems of four first-order (frequently nonlinear) differential
equa;ésns, sometimes in the guise of two second-order equatiomns, occur
more commonly than one would think: The basic beam deflection equa-
tion is of the fourth order; chemical kinetic systems with four (or
more) équations are common; reentry trajectories are specified by two
second-order equations (see Program 4); Lanchester equations with two
force components TorA" side and with variable coefficients occur;
praoblems in optifal control theory and in differential game theory
lead to such systems. .

Since the HP-67 has a limited number of storage registers (26)
and of program steps (224), and since program space is needed to de-
fine the functions dﬂ'ihe system, we seek an alternative to the rather
complex Runge-Kutta "standard" formulas, an alternative that is miserly
of program space and yet has good accuracy for relatively large time
intervals--that is, good relative stability, defined as the rate of
growth of the error relative to the growth of the solution.

Moreover, programming must fully exploit the indirect control
afforded by the powerful I-register. That is, the number in the
I-register can be the address of a storage register or the name of
a label (subroutine). Then the instruction STO (i) or RCL (i) or
GTO (i) moves X-register data to the right register or recalls data
from the desired register or sends the program to the right place.
Hence, in conjunction with incrementing and decrementing the I-
register, serial treatment of all four equations can be accomplished
with the same economical set of processing instructions.

The final programming problem is to move data around, like freight
cars in a marshalling yard, so that storage spaces are fresd just in

time to make space for a new claimant.
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20.3. EQUATIONS

Section 14.3 of Ref. a describes a simple predictor-corrector

approach for first-order equations that seems to have promise and is
readily extended to a system of equations.

Consider the equation

dx/dt = X(x,t), x(0) =

Let the time interval be h. Suppose that at time (n - 1)h we are

Then a good predicted value for x

at x 1 appears to be

n-1° n+

= x + 2h x'
n

Pt n-1

Y

X1 + 2h X(xn,t) X

since x; is the slope at the midpoint of the double interval. Accord-
ing to Hamming, the error term is th"(G)/B.

The value Potl is now corrected by taking

~ ' '
c X, + h [xn+1 + xn]/2 5

n+l

’ $ ' =
where Prel is used to determine By = X(pn+l,t). The error term for

Cn+l is -h"x*(0)/12. 1If x* is approximately constant in the interval,
then
& 3 w he %
T Dl ORELE x:/12
" g T )t 8
or

%ol = Bepgg * Poyy)/5

5 ' '
[4x  + Pogp * 20+ 01/5
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and ;

R T i
Prtl h(p“+l, n+1h) vy

in addition to x

To get started, we need x 0" This is done by

1
expanding in a Taylor's series

s ' 2 w/o
X, X0 + hx0 + h AO/~ v iy

4
Hamming recommends carrying the series to the h3 or h terms. In our
2
applications we have stopped frequently at h” because of the labor in
“ and x,. But note that if h/2 is used, the error is

0 0
multiplied by 1/8.

computing x

The preceding analysis is readily generalized to a system of four

equations:

x' = X(x,y,u,v,t) y' = Y(x,y,u,v,t)
u' = U(x,y,u,v,t) v' = V(x,y,u,v,t)
We have
= 2 ’ - 2 \}
Patl ™ %1 T -hxn Sl " Vo1t hy“
= + ¥ £ = + 2hv'
Tkl -1 2hun S+l V-1 hvn

| =
Phtl x(pn-d-l‘ Yt1® Tnel’ Sner* tlh 3
etc.
= 2 Ll L}
xn+1 [Axn v pn+1 ¥ "h(xn i pn+1)]/5

etc.

20.4. PROGRAM NOTES

1. For each equation we need temporary storage for X-1' %a
x;, pn+1. Reference to the register contents on the first page of

b b
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the program listing shows how the storage is laid out. Secondary
(protected) storage must of course be used. Fortunately, in indirect
control the registers SO to S9 become 10 to 19, so that f P <> S
switching of primary and secondary registers need not be programmed.

2. Label numbers are assigned to the subroutines that compute
X, Y, U, V to agree with the register numbers where X yn, un, vn
are stored. That is, LBL 3 ~ 3, LBL 7 ~ 7, LBL B ~ 11, LBL A ~ 15
in the indirect control mode. Hence if we are working with the equa-
tion for V, say with 15 in the I-register, then f GSB(i) sends us to
the correct routine for the fourth equation of the set.

3. In evaluating the functions X, Y, U, V, the locations of x,
y, u, v are assumed by the programming to be 3, 7, S1, S5. Hence in
evaluating p;+l, etc., we must be careful to move X, from 3 to 2, etc.,
and then Prel from 5 into 3, etc.

4. Extensive use of ISZ and DSZ is made to drive indirect con-
trol to the right addresses at the right time.

5. Time is incremented by RCL ¢, STO + 1.

P 6. To keep track of the number of equations in the set, store

m, the number of equations, in both D and E initially. On each cycle,
as an equation is processed, the value in D is decreased by 1. A
test tells if all equations have been processed, that the iteration

is complete, that time may be incremented, and D reset to m. That

is, the program may be used for any number m of equations up to 4.

Example. The equations for the motion of a particular hydrostatic

pendulum are dzx/dt2 + 3 dy/dt + 4x = 0, dzy/dt2 ~ 3dx/dt + 4y = 0,
with Xg = Ly Yo " 0, xa = 0, yé = 4. You can almost smell--but not
quite--that the exact solution is

X = cos 4t y = sin 4t ,

which is indeed the case.

The equivalent system of four equations is

x' =u y' =v u' = =4x -~ 3v v' = =4y + 3u .

e e e

kol




The values for t = h are readily found by expanding, using

X = 1 ¥q " 0 u, = 0 Vi ™ 4
' = '= '.—.- '=
X, 0 Yo 4 Y 16 A 0
& e & y & iy
Xo 16 Yo 0 U 0 vo 64
~ H=_ dl= “=
X, 0 Yo 64 vy 256 Yo 0
to get
2 3
X, = 1 - 16h°/2 Yyp ® 4h - 64h7/6
3 2
u, = -16h + 256h~/6 o 4 - 64h"/2 ,

which are recognized as the leading terms in the series for cos 4t,
sin 4t, - 4 sin 4t, 4 cos 4t, respectively. For h = 0.025 we have,

to 4 places,

X = 0.9950 Hp 0.0998 u, = -0.3993 ¥y = 3.9800 ,

but these values are stored in registers 3, 7, S1, S5 as they are
computed to maintain full accuracy. (Remember f P <> S.) Also store
the initial values in 2, 6, SO, S4, store m = 4 in D and E, and store
h = 0.025 in 0 and 1. Now load the program.

Next program the functions by GT0.121, switch to W/PRGM, and then

£1BL 3, £P ++§, RGL 1, £ B ++ S, h RIN;

f LBL 7, f P+> S, RCL 5, f P «<> S, h RTN;

f LBL B, RCL 3, 4, x, CHS,f P <+ S, RCL 5, 3, x, -,
f P <> S, h RTN;

g LBL a: RCL 7, 4, x, CHS,f P ++ S, RCL 1, 3, x, +,

f P+>S, h RIN .

Gl ST e Rl
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Switch to RUN and press A. In the following tabulation we will
record only x and y at intervals of 2h = 0.05. The numbers beneath
are the exact values, where we first shift to the radian mode by

h RAD to get cos 4t and sin 4t.

h=0.025 h=0.05 h=20.025 h = 0.05

t X X v Y

0.05 .9801 .1986 o
(.9801) (.1987)

0.10 .9210 .9482 .3894 .3158
(.9211) (.3894)

0.15 .8253 .8687 . 5646 .4938
(.8253) (.5646)

0.20 .6967 «7525 173 .6573
(.6967) (.7174)

0.25 .5403 .6070 .8414 <1935
(.5403) (.8415)

0.30 .3623 <4371 .9319 .8981
(.3624) (.9320)

0.35 .1699 <2499 .9853 .9670
(.1700) (.9854)

0.40 -.0292 .0528 .9994 .9972
(-.0292) (.9996)

For this example and with a spacing of h = 0.025, accuracy and
absolute stability are excellent, although the running time is about
24 sec per iteration and 21 sec per display of the four variables.

& On the other hand, a spacing of h = 0.05 caricaturizes the solution.
This points up the wisdom of doing a second run with half the original

interval to determine whether major changes are occurring.

e
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20.5 USER INSTRUCTIONS

¢ 20. FOURTH ORDER DIFFERENTIAL EQUATIONS Pp

STEP INSTRUCTIONS DA:":)'UULTS KEYS omm
1 | PUT EQUATIONS IN STANDARD FORM, | S |
DETERMINE x;, ¥y, Y3, ¥ R sl
A
| 2 [STO x5 IN 2, x; IN 3 ) ST
=5 yo IN 6, y; IN7 S
fat =gl ™
| 3 | fP—S, STO uy INO, uy IN1 o RE
e vo IN4, v, IN5 L7, kL o |
P - N ~:
(4 | f P—s5,STO h IN 0 AND 1 foi gy ol
e . S
5 |STO m IN D AND E P ) |
RS R
6 | LOAD PROGRAM D
e
7 | GTO.121.W/PRGM. S e
C IR K A
LBL7 Y Ny
LBL B U e ‘
LBLa V Lol ]
L e
8 | SWITCH TO RUN. PRESS A L
RN | DR
9 | SEE t AS h PAUSE il 3
i
SEE Xn, Yns Yns Vn FOR R
| | 5 SECONDS EACH B
[
10 | USE R/S IF MORE TIME NEEDED TO RECORD B
e E L T
s,
T P i
A '
e R
LR !
Tl  oos- 4
& g |
s ; R
T__ | PRECRDING pagy e e

ety il =
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: EHIS PAGE IS BEST QUALITY PRACTTCARLE
{ FROM COPY FURNISHED 10 DDC
3 20.6 FOURTH ORDER . FFERENTIAL EQUATIONS
3 STEP KEY ENTRY KEY CODE COMMENTS STEP  KEY ENTARY KEY CODE COMMENTS
3 oo 001 eLBLA 21 11 : ¢ [x,
g 0e2 3 83 €58 4 04
§ 00T stol 35 46 ese  «x -35
; £9: e 22 43 %0 | g+ -55 |
3 ees sLBLC 21 13 261 5 05 ‘
@es 6SBi 23 45|X 62+ -24 | Xp49 |
0eT ISZI 16 26 46 | 4 eeT  IS21 16 26 46 :
eos  ST0i 35 45 | x1, €52 ISZI 16 26 6 | -
003 RCLE 36 8@ 065 1521 16 26 46 |5 :
010 e12 X -35 ess  STCi 3545 | x,. 1IN Rg g
211 2 a2 257 RCLD 36 14 |
o -35 | 2h x), cés 1 61
017 DSZI 16 25 46 | 3 gss - -45 |
e:: DSZI 16 25 46 | 2 T2 ston 35 14 ]
' 1S RCLi 3645 | x_, [er:  x=0° 16-43 | m EQNS ?
% 01¢€ + -55 €72 6T04 22 84 | OUTPUT
3 817 ISZI 16 26 46 |3 a7z ISZI 16 26 46 |
0:2 RCLi 36 45 | xq e ISZI 16 26 46 | 7
@13 0SII 16 25 46 |2 e7F 6T01 22 81 1Yp+1eYn+1s Vet
620 2¢  ST0: 35 45 | x,, T LBLd 2T 4 |
a2! Ré -31 |10 GET p 8?7 RCLE 36 15 ]
- 022 1S21 16 26 46 |3 L 7€ STOD 35 14 ]
H 823 ISZ1 16 26 46 | 4 ar2  esp2  2362]x . FROM RGTO Ry
y 2: IS 16 26 46 | 5 080 eec  FoLl 36 61 ]
i 25 ST0i 3545 |p 2. PSE 16 51 | TIME SHOWN
ez RCLD 36 14| " ee2  RCLI 36 63 ]
27 1 61 €8I PRTX -14 1 f-x- SEE x,
' e - -45 |m-1 8¢ RCLD 36 14
{ 022 STOD 35 14 ess 1 61 ]
! %0 03  x=0° 16-43 |m EQNS? as¢ - -45
I 03: GT08 22 @8 237 x=07  16-43 [ m EQNS ?
i 032 ISZ1 16 26 46 |6 ess  6T0R 22 11 ] 1
i 07T ISZI 16 26 46 |7 065 RCL? 36 67 ]
4 03¢ 510 22 13 |Y, U, VIN ORDER [0 8sc  PRTX -14 ] SEE
| o3 able 21 83! RCLD 36 14 ] Yn
1 03¢  RCLE 36 15 292 2 CH
| 237 STOD 35 14 gac - -45
{ 03¢ RCLE 36 06 es: x=a° 16-43 T m EQNS ?
| 03: ST+l 35-55 61 |t +h 095 ETOR 22 11 ]
o c4r  6SB2 23 @2 055 P2S  16-51
04: 3 63 €27 RCLI 36 61 ] SEE u,,
e42 STOI 3546 |3 028 PRTX -14 ]
247 6101 22 01 e3s  RCLD 36 u
vey aLBLT 21 91 100 iy 3 1
i€ GSBi 23 45 |p! 101 - -45
€5 IS21 16 26 46 |4 ! 102 X=0° 16-43 Tm EQNS ?
04™  RCLi 36 45 |x) 163 6105 22 @5 ]
04¢ + -55 104 RCLS 36 85 ]
242 RCLO 36 00 | 135 PRTX -14 ] SEE v,
o0 | 050 x -35 | 185 CTOS 22 85
2%: 2 02 ] F
052 X =35 108 P2 16-51 ]
05T [0S21 16 25 46 |3 102 610A 22 11 TNEXT ITERATION
! 05 RcLi  3645]1p 110 11C LBl 21 62 ] ;
i o -ss i 1"t P 16-51
2s¢ [ 112 RCL? 36 7 |1 Sp+)
! RE E
3 4
‘ LT h Xn r "’" Y. 1 Un+1
S4 S7
Tne1 l V-1 Snat
(o 1
!
¢
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MHIS PAGE 15 ppgy
Quay, . :
FROM COPY FURN] gy mtn!;rc CAALE
20.6 PROGRAM USTING S

STEP  KEY ENTRY KEY CODE COMMENTS STEP KEY ENTRY KEY CODE COMMENTS

[ T s105 3565 e, ] i
115 RCL3 36 03)r,.,, i) i
1HE ST 35 01 disl ‘.
. 11E . s 16-51 A R 1 ] :
1> RELY 36 89 | 9,44 (o) R 1
s §r07 35 o7 i
119 " RGLS 36 85 | P4y
120 120 ST03 35 83 OR p! o
12 RN 24 REARRe PO Bl
é 180 =
130
190
140
(
200
150
20
160
220
LABELS _FLAGS SET STATUS
USED PP U CUSED | E . FLAGS __ TRIG ISP
ON OFF
SRR ¥ g » ' 00 0| oea 0 f Fx O
0 2 3 e 100 GrRAD O | sC O
USED USED USED X USED tsool mo o] ews 0
USED e Y |' § 0 G n
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21. CURVE FAMILIES AND MACH NUMBERS

21.1. REFERENCES

a. United States Air Force, Flight Manual A-7D Aireraft, T.0.
1A-7D-15-32, 29 March 1971,

b. United States Air Force, AFSC, Space Plamners Guide, 1 July
1965 (For Official Use Only).

¢. G. H. Kaplan, L. E. Doggett, and P. K. Seidelmann, Almanac
for Computers, 1977, United States Naval Observatory, Cir-
cular No. 155, 1 October 1976.

0% SO A, ARGV 33520 4§ e F

I

21.2.  DISCUSSION

Military data for analytic or operational use are frequently
presented as a familv of curves z = f(x,y), where y is the parameter
naming the family's members. For example, Fig. 21.1 (taken from

Ref. a) is a nomogram to determine, for the A-7D aircraft, the Mach

NI i iy A Vot

number to maximize range for constant altitude cruise, given average
gross weight and drag lndox.* To use the nomogram, start with the
average gross weight on the upper left scale. Move horizontally to
the pressure altitude. Drop vertically to the appropriate drag in-
dex curve. Move horizontally to the left to read the true Mach num-
ber for long-range cruise. Page after page of such nomograms appear
in the mission-planning appendix of Ref. a. Similarly, page after

page of similar nomograms appear in Ref. b, to be used in planning

| space missions.

Neither Ref. a nor Ref. b gives the equations of the curve fam-
E ilies. When these equations can be found, and it they are relatively
k| simple, they can be readily programmed. Frequently, however, as in

: the case of an ephemeris or almanac that tabulates the coordinates

of celestial bodies for astronomical and navigational use, the under-
lying equations are extremely complex. To quote from Ref. ¢, these

\ *The drag index is not a drag coefficient. 1Its determination,
as explained in detail in Ref. a, is a tabulation of the drag con-
tributions of external stores by type and station. The clean air-
craft has a drag index of 0.
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Fig. 21.1— Optimum Mach number
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tabulations "should ideally be replaced by concise mathematical expres-

sions for direct calculations. Such expressions must take the form

of mathematical approximations, however, since the precise data .

are calculated from extensive theories. . . ." Hence, the Observa-
tory's Circular No. 155 provides the coefficients for the efficient
expansion of tabulations in a series of Chebyshev polynomials. (These
are not curve families, but functions of a single variable.)

In other cases, a curve family may arise from empirical observa-
tions such as flight tests, or may be the presentation of the results
of extensive computer simulations.

In all cases, the question is: Can approximations be found for
the family that are of fgufva{vnt* accuracy to the data, and that are
well within the capabilities of the HP-067 to implement?

Such approximations do not provide insight in respect to the
physical nature of the underlying phenomenon or model if polynomial
approximations are used. Polynomials are usually emploved because
of their simplicity and convenience. If, however, physical arguments
or the methods of dimensional analysis suggest a functional relation-
ship among the variables, this relationship should certainly be used
in the approximation. More modestly, as we shall see shortly, it is
always desirable to consider taking the logarithms of the dependent

variable observables and then subjecting these values to a polvnomial
rie,

The obvious approach to tinding a polynomial approximation tor

the set of observables (xi. vl. z‘\) is, in principle, by the method
£
of least squares. For example, let

e | Y
'Y = g p o o ; y L
X,V ag + ax + a,y + a,x + a,xy +oagy |l

*!‘f.;:c:':\x.'.":r means a calculated result within 1 percent or 2 per-
cent of the result of reading directly from the curves. And one must
keep in mind that (a) the width of plotted curves and the way in
which they are drawn can introduce discrepancies of this order in
the basic readings of values on which to base an approximation, and
(b) the accuracy of the presented data {s usually unknown,

**In more modern guise, by orthonormalizing codes. See John
Todd (ed.), Survey of Memerical Analysis, Chap. 10, McGraw-Hill,
New York, 1962,
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be the predictor. Then choose the coefficients a, to minimize

2
G = 1ZJ [zlj - f(xi. yi)] . (2)

Take the six partial derivatives of G with respect to the coefficients
and equate each to zero. Form the indicated sums and get six linear

*
algebraic equations for the coefficients Ags sees g

This is principle. In practice we have two problems:

1. Even this "best" approximation by a second-order polynomial
may be of unacceptable accuracy.

2. No method in two dimensions is known that is equi’alent to
the use of Chebyshev polynomials in one-dimensional fitting
which gives the "best" (most economical) fit for a polynomial

of given order.

Frankly experimental methods are used to get an acceptable fit
for the curve families encountered. As a working tool, the efficient
Chebyshev approximation program available as Program 14 in the HP-67/
HP-67 Stat Pac 1 is exploited. It is also advisable to stare hard

and long at the graphs ot the particular family to get ideas from the

geometry (one version of the "low cunning" approach to ad hoc computing).

Generalization to your problems of the methods employed in the examples

below cannot be guaranteed.

21.3. TRUE MACH NUMBER
Staring at the upper set of straight-line segments in Fig. 21.1

gives the image that they might all originate as a sheaf from a com-
mon origin. Use of a straightedge shows that this surmise is at least
approximately true. Hence, try as the functional form tor the fit,
the relation

" A program for the solution of 6 equations in 6 unknowns is
given in the HP-67/HP-97 Users Library Solutions book "High-level
Math," programmed by R. E. DeBolt.

——
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x =m(H) * G~ 20 ,
where m(H) is the slope for altitude H in kft, G is the average gross

weight in klb, and x is the dummy vaciable for the nomogram. We now

build the following table:

Column (2) is obtained by reading differences from the figure and

'g (1) (2) (3) (4) (5) (6) ) 8

| exp A

: H m(H) A 07 m(H) A (quad) %0 °

M

~ 0  1.000 0 1.000 1.000

: 0.198 0.1807

i SRS 8y T «.1807 1.196 1.196

; 0.251 0.1902

: 10 1.449 0.3709 1.442 1.442

1 0.317 0.1978

b 15 R 766 0.5687 1. 752 1.753

; 0.348 0.1799

: 200 [ 2.114 0.7486 2.146 2.147

$ 0.455 0.1949

: 25 V2,560 0.9435 2.649 2.649
)| 0.772 0.2628

}; 30 3.341 1.2063 3.295 3.296

: 0.892 0.2366

| 35 .  4.233 1.4429 4.130 4.131

4 1.086 0.2220

1 40 5.309 1.6649 5.219 5390
: 1.206 0.2092

‘; 45  6.515 1.8741 6.645 6.646
‘:

3{ dividing. Considerable noise can be introduced by this process. (I
used an 8X loupe. It is probably better to plot the values to a large
scale and fair a curve through the points, and then read off values.)
The increasing first differences of column (3) suggest that an ex-
ponential form be used since the exponent will be much flatter. This 1
is shown by the differences of column (5).
A quadratic fit to fam(H) should be good. We find from the HP-67 §

Stat Pac 1 program (six minutes to run) that

4 2

Cam(H) = -2.04 x 10°% + 0.0351H + 1.56 x 10~* ®% . ©3)

5
3
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A comparison of columns (1) and (6) which is m(H) shows the adequacy
of the fit. Column (7) shows that the constant term may safely be
put equal to 0.

The lower family of curves in Fig. 21.1 requires a true two-
dimensional fit. This family is well behaved in that a second-order
polynomial fit looks promising (Eq. (1)). Moreover, try the fit with
the coefficient a, of the cross term xy put equal to 0, because the

curves are so nearly parallel. That is, 9f/9x = a,6 + 2a3x +a,y and

1
the dependence on v is weak.

Proceed as follows.

1. Read from the curves the values of M at 35 points, using
increments of 20 for x and 50 for y (the drag index). Do not use
y = 300, reserving it for an extrapolation check.

2. Use the HP Stat Pac 1 Program 14 to get the following direct
and cross-fits. (The second-order Chebyshev fit is used and the time

per case is well under 10 min.)

£(x,0) = 0,530 + 0.00500x - 1.8155 x 10~ x°
£(x,50) = 0.477 + 0.00537% ~ 2.054 x 107> »°
£(x,100) = 0.430 + 0.00539x - 1.987 x 107> x°
£(x,150) =« 0.398 + 0.00521x ~ 2.232 x 1070 x*
£(x,200) = 0.378 + 0.00543x - 1.875 x 10™° x°
£(0,y) = 0.531 - 0.00122y + 2.286 x 10~ y?
£(20,3) = 0.611 - 0.00091y 4 1.143 x 10°° y°
£(40,y) = 0.690 - 0.00085y + 1.143 x 107 y?
£(60,3) = 0.771 - 0.0010%y + 1.857 x 10°% y*
£(80,y) = 0.809 - 0.00090y + 1.571 x 1070 y°

3. The near constancy of the coefficients is promising. Using
simply their means,
=5 2
f(x,y) = £(0,y) + 0.00536x - 1.993 x 10 = x
- 4
£(x,y) = £(x,0) - 0.00098y + 1.600 x 107° y* .

i i
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From these

- 2
£33 = £(0.0) + 0.00536x - 1,993 ¥ 1077 58

- 0.00098y + 1.600 x 107 y?

where f(0,0) = 0.53.

4. Programming the last expression for f(x,y) and checking its
I
output against the 35 observed values yields a good fit. But using

the HP improves one's '"nose for numbers." There are some systematic

{ biases in the fit. The dependence on x is somewhat strong, and the
% dependence on y can be weakened slightly. Adjusting to

-5 2 -6 2
f(x,y) = 0.53 + 0.0052x - 2 x 10 ~ x~ - 0.001ly + 1.5 x 10 (4)

b B *

the mean absolute error with respect to the 35 observations is 0.0076

3 and the maximum error is 0.016.
s 5. It is now trivial to program Eqs. (3) and (4). The eight
3¥ constants can be stored in primary registers 0 through 7 and recorded
i
t

via f W/DATA on side two of the program card. Running time is three

'y seconds. The output over the entire nomogram agrees to *0.01.
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22. TEN-POINT GAUSSIAN INTEGRATION

22.1. REFERENCE

a. M. Abramowitz and I. A. Stegun (eds.), Handbook of Mathe-
matical Functions, National Bureau of Standards Applied
Mathematics Series 55, U.S. Department of Commerce, 3d
Printiag, March 1965.

22.2. DISCUSSION

This section gives a utility program to evaluate definite inte-

grals with high accuracy. 1If the integrand becomes infinite at some
point within the limits of integration, divide the integral into two
parts, using as limits values slightly less and greater than that point.
Accuracy is checked by varying these values and reevaluating. In fact,
even if the integrand does not exhibit this behavior, accuracy can be

checked by dividing the interval into two or more parts.

22.3.  EQUATIONS
Gauss's formula for an arbitrary interval is (Ref. a, p. 887,

25.4.30):

a (1)

The abscissae X; are the zeros of the Legendre orthogonal polynomial

Psﬂx). The weights w, are given by a formula involving Pg(x).

i
The values are’

0.148874339

X = w = 0.295524225
(%) O

x, (ﬂ§3339539a v, = 0.269266719
X, = 0.679409568 w, = 0.219086363

xq 0865063367 wy = 0.149451349
X, -,73906529 A w, = 0.066671344

~




AL i 35~ st =360 420 e o et s AT UL I i = T o

o A S

St e

e e

) e

i
t
2
f
|

=204~

These are keved into a data card with X stored in primary registers

0 to 4, and w, in the secondary registers.

i

22.4. PROGRAM NOTES -

The program is straightforward and has no features of interest.

PROBLEN

Write a program to evaluate elliptic integrals of the first kind:

! 2 2 -1/2
F(¢p,a) =/ (1 - sin” a * sin” 6) de
0

(1) Load data and program cards. The integral will be evaluated
in the radian (h RAD) mode, but ¢ and & are usually given in degrees.
(2) STO O in A and ¢ in degrees in B.
STO a in degrees in E.

(3) GTO A and switch to W/PRGM. Key in the steps:
9
h RAD, RCL B, g = R, SIO B, RCL E, /g = Ry £ sin, e & SI0 E:

(4) Switch to RUN, GTO E, switch to W/PRGM, and key in the

steps:
9 o~
f sin, g x°, RCL E, x, CHS, 1, +, f/x, h 1/x.

(5) Switch to RUN and press A. DSP 8.

¢ = 30°%, o = 40°, F(30,40)
¢ = 65°, a = 60°, F(65,60)

0.533 427 45
1.348 926 43,

L}

These agree exactly with the tabular entries (Table 17.5) of Ref. a.

Running time is about 30 sec.




22.5 USER INSTRUCTIONS

22. TEN POINT GAUSSIAN INTEGRATION

INSTRUCTIONS

INPUT
DATA/UNITS

KEYS

OUTPUY
DATA/UNITS

LOAD PRGM CARD, GTOE.

LOAD BOTH SIDES OF DATA CARD

SWITCH TO W/PRGM

DEFINE f(y), y IS STORED IN 9 BY THE
PROGRAM, h RTN NOT NEEDED

SWITCH TO RUN.

a STORE IN A, b STORE IN B

PRESS A

TO CHECK ACCURACT DIVlDE INTERVAL INTO

WO OR MORE PARTS, DO FOR EACH PART
AND ADD.

EXAMPLE: f(y) = 1y

STEP .058, h 1/
STOA
Sios,.

SEE 1.609437902 -

f dy/y =

In5= 1.609437912
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; 22,6 TEN POINT GAUSSIAN INTEGRATION
i £ SY!P KNEY ENTRY KEY CODE COMMENTS STER KEY ENTRY KEY CODE COMMENTS
i oo~ 17ad: " WLELA 21 11 ] INTTIALIZE FOR R 855; .ETRUD'm B ;: [TNTEGRAL
: ol Q02 ( 98_] INDIRECT ADDRESSING| . &
% ] oes sror 35 46 " | osc sLBLE 21 15 | DEFINE f(y)
i ¢ SsTOD 35 14| ;‘w____, ese___RIN 24 ]y IS STORED
[ Joes  RoLe 36 12_ e A P
| _lecs Roa 36 11 9
207 - -45 ]
i eos 2 :f* =i
202 + - a5
: oo__Tete stec 35137 (b-a)/2 B
0!t RCLB 36 12 ] ]
. 8! RCLA 36 11] SE e ;
: 0:3 + -55 |
3 014 2 2] o070
s + -4 | PRI
01c ST 35 127 (b+a)/2
& RELC 36 137]
312 STOA 35 117 (b=-a)/2 x. 0.146674339 @
01T LB p:J I P ' 0.4333953%94 1
020 020 RCLi 3645 . 3.€79409568 2
221 RCL& KT ¢.065063367 3
022 \ -35 0.973906525 ¢
82> RCLE 36 121 0.000000000 5
28 + -55 0.000000000 ©
225 sToe 35 897 0.000000000 7
03¢ GSBE 23 157) f(y,) C.000000000 8
227 PSS 16-51] 0.000000000 9
022 RCL: 36 457w, 0.000008000 A
308 P 16-51 0.000000000 B
030 035 \ =357 2.000000000 C
03! sToc 35 131 w, f(y,) 0.000000000 0
232 RCLE 36 45 2.000000000 E
237 CHS 227 - x, 0.000000000 I
a3+ RCLA 36 11 ;
03 x -357
233 RCLE 36 12 | SEC
kn s -55
a7¢  sT09 35 897
038 GSBE 23 IST| NEXT f Wi 0.205524225 @
G 48 PO 16-51 | w, . 269266719
4l RCLi 36 45 | 0.219086363 2
EOCLA L Ul 0.149451349 3
043 X =35 | .066671344 4
0¢+  RCLC 36 13 2.000000000 S
s ¢ =55 0.300000000 6
a4¢  RCLD 36 Hl 2.000000000 7
e ¢ =55 ] PARTIAL SUM 2.000000000 8
8¢ STOD 35 14 2.000000000 9
048 4 64 ] 0.000000000 A
050 €0 ISZ1 16 26 467 £.000000000 B
[~ L 058 (RCLI 36 467 2.000000000 C
[ PO N 16-351i < 47 C.000000000 O
esT  CGTOB 22 12 ] LOOP 0.000000000 €
feceal 83 WLD WA 0.000000000 |
[ 1058 ' KCLA 36 11 ]
s~k 4. e BT SR
Ry o, . R
i 5 i 0
S0 S5 St I S
r O |NTEGRAL |
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23. TRUTH TABLES

23.1. REFERENCES

a. John E. Pfeiffer, "Symbolic Logic," Scilentific American,
December 1950, pp. 22-24.

b. E. C. Berkeley, Giant Brains, John Wiley & Sons, New York,
1949,

c¢. Walter E. Cushen, "Symbolic Logic in Operations Research,"
in Operations Research for Management, J. F. McCloskey and
F. N. Trefethen (eds.), The Johns Hopkins Press, Baltimore,
1954.

d. R. M. Smidt and 1. L. Reis, "Symbolic Logic and Plant Loca-
tion," Journal of Industrial Engineering, Vol. 14, No. 1,
January-February 1963, pp. 18-21.

e. P. F. Strawson, Introduction to Logical Theory, Methuen &
Co. Ltd., London, John Wiley & Sons, New York, 1952.

.+ f. H. M. Semarne, "Symbolic Logic in Language Engineering,"
Proceedings of the Western Joint Computer Conference, May
3-5, 1960, pp. 61-71.

23.2. DISCUSSION

This section describes a calculus of propositions based on a binary
algebra for logical connections and operations particularly suited
for calculator implementation as well as easy algebraic manipulation.
Letters of the alphabet will stand for propositions. To illus-

trate, choosing propositions to be used in an example to follow, let

a stand for "A man is a mathematician."
b stand for "A man likes whisky at night."
¢ stand for "A man likes Mozart in the morning."

d stand for "A man waits 20 minutes for a bus."

In the two-valued calculus, a proposition has a truth value of 0 (false)
or 1 (true), a = 0 or a = 1. For example, writing a = 1 means "A man
i{s a mathematician."

Propositions may be operated on or connected by logical operations.

A truth table corresponds to each such operation. Ordinary language

TP T i T —— — . i . T
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will be used instead of special symbols. For each basic logical oper-
ation, a truth table shows the truth value of the operation for all
combinations of truth values of its component propositions. Such
basic truth tables can be summarized in binary algebraic form. This

is verified in the right-hand column of the tabulation below.

Operation Truth Table Binary Algebraic Form
NOT a a Qs l-a
NOT a 110
a AND b a 0 { G U I ab
b Qg 1
a AND b 0 0 +v 0wk
a AND/OR b a (0 S G PRSP | a+b - ab
b (0 T o 0 8 e |
a AND/OR b 0 Jek Fa lapiin 1
a OR ELSE b a 0 1 0 1 a+ b -~ 2ab
b 10 TR 0 e S T s
aORELSED O 1 1 O
IF a THEN b a (0 S F RN 1R 1 -a+ ab
b [ JSER 0 [ R
IFaTHENDbD 1 0 1 1

(Note that a false proposition can imply either truth or falseness.
Also observe that 'NOT (IF a THEN b)' is 'a AND NOT b'.)

NOT BOTH a AND b a 0 1 0 1 1 - ab
b 0 0 1 1
NOT BOTH a AND b 1 1 0
(This is the negation of AND.)
NEITHER a NOR b a 0 1 0 1 l-a-b+ ab
b 0 SR L | 1

NEITHER a NOR b 1 0 0

(This is the negation of AND/OR.)

i
:
%

a LIKE b a 0 1 0 1 1l -a-b>b+ 2ab
b 0 0 1 1
a LIKE b 1 0 0 1

(This is equivalence and is the negation of OR ELSE.)

st S Sl
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Binary algebra has some interesting features not found in ordinary
algebra. Since the variables can take on only the.values 0 and 1,
2
a” = a and ab(l - a + ab) = ab - ab + ab = ab, which {s readily checked

by the truth table:

a 0 1 0 |

b 0 0 1 1

ab 0 0 0 1

1 - a+ ab 1 0 1 1
ab(l - a + ab) 0 0 0 e

On the other hand, a proposition appearing on both sides of an =
sign cannot be cancelled, because this could be division by 0.

The use and manipulation of these binary algebraic functions can
be illustrated by a problem that Walter Pitts of the Massachusetts
Institute of Technology set long ago on an examination (Ref. a).

Suppose 1 through 4 below are known to be true:

1. If a mathematician does not have to wait 20 minutes for
a bus, then he either likes Mozart in the morming or whisky at
night, but not both.

2. If a man likes whisky at night, then he either likes
Mosart in the morming and does not have to wait 20 minutes for a
bus or he does not like Mozart in the morming and has to wait 20
minutes for a bus or else he i8 no mathematician.

3. If a man likes Mosart tn the morning and does not have
to watt 20 minutes for a bue, then he likes whisky at night.

4. If a mathematician likes Mozart itn the morming, he
etther likes whisky at night or has to watt 20 minutes for a

“©

bus; conversely, if he likes whisky at night and has to wait 20

minutes for a bus, he 1e a mathematician--if he likes Mozart in
the morming.

Then:

When does a mathematician wait 20 minutes for a bus?
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To solve this problem, first translate each condition from
*
English to the language of propositions and logical connectives,

Y T

and then express the result in binary algebra. Because each of the

four above conditions is true, each algebraic expression is put

equal to 1 and then simplified.

1. IF(a AND NOT d) THEN(b OR ELSE c).
1-a(l~d)+a@-d)(b+c-2bc)=1,

a(l -d)(b+c -2bc-1)=0. (1)

A B bt il gL IR > {7 s

2. IF b THEN(((c AND NOT d) OR ELSE(NOT c AND d))
OR ELSE(NOT a)).

To simplify, set A = (c AND NOT d) OR ELSE(NOT c AND d).
Then A = c(1 - d) + d(1 - ¢) - 2¢d(1 - ¢)(1 - d)
=c+d- 2cd .

That is, the proposition A is equivalent to the proposition
"¢ OR ELSE d". Making this substitution, we obtain

l1-b+b(c+d-2cd+1-a
-2(1 - a)(c +d - 2cd) =1,

b(-a + (¢ +d -~ 2cd)(2a - 1)) = 0 . (2)

3. IF(c AND NOT d) THEN b.

l-c¢c(l-d)+cb(l-~d) =1,

c(l -d)(@1 -b) =0. (3)

4a. IF(a AND c) THEN(b OR ELSE d).
1l -ac+ac(b+d-=-2bd) =1,

o ac(b+d-2bd-1) =0 . (%)

*
Ref. e is helpful in this respect.
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. 4b. IF ¢ THEN(IF (b AND d) THEN a).
1-c+c(l-bd+abd) =1,

{ | bed(l - a) = 0 . (5)

To answer the question, put a = 1 and d = 1 in (1) through (5),
since these two propositions must be true. The interpretation of the y
question is delicate. The question is rephrased here as: What
values of b and ¢ are associated with a = 1 and d = 1 to make all

conditions of the problem true? The set of conditions reduces to

bc = 0 .

This means NOT BOTH b AND ¢ (that is, 1 - bc = 1), which may be expressed

i o b\ SR

A. When he likes neither Mozart in the morning nor whisky at night.:
s B. When he likes whisky at night and not Mozart in the morning.
*
H C. When he likes Mozart in the morning and not whisky at night.

Of course, many questions other than the one above could be asked.
To be exhaustive, this means: Find all values for the set of proposi-
tions (a,b,c,d) that satisfy all given conditions. The program of this :
section is designgd to examine systematically all cases, here 16 in

number. Programming the conditions and running the program yields only

i o il st L Bt A W

eight satisfactory combinations of (a,b,c,d).

. a b ¢ d
(8 ) 0 0
o
0o 0 1 0
O ‘@ 0 1
— 1 0 0 1
—_ 1 1 0 1
0 O 1 1
—_— 1 0 1 1.

*Something of a furor erupted in the Letters section of the Sei-
entific American of February 1951 because Pfeiffer had not given an
answer in his article. Pfeiffer and Morris gave the first part of C
as the answer. Krause gave the first part of B, and Bomgren gave
answer A.
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This is the truth table method. The lines indicated by arrows
are the answers to the given problem.

The logical structure of the problem may also be captured by
using the truth table to construct a Venn diagram.

Suppose a point placed on this page represents a man. Group

together all men who are mathematicians so that this subset is enclosed:

then all inside men have the value a = 1, those outside the value
a = 0.

From the truth table, whenever a = 1, d = 1. But there are cases
where a = 0 and d = 1. Hence the set a is properly contained in the
set d. Logically this means "if a then d'", and algebraically "a = ad".
Similarly, c¢ is contained in d. But for a and ¢, by the last four
lines of the truth table, thgre are the combinations 10, 01, 11. Hence
a and ¢ have points in common--they intersect.

Turning to the set b, since bc = 0 in all cases, the sets b and ¢
are disjoint--they do not intersect. But b intersects a and also
intersects d. However, because of the line 1101, and because there is

no line 0101, these latter two intersections are the same subset.

Putting all of this together yields the following diagram:

b 0000
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Returning to the original algebraic formulation, it is readily
seen that all conditions are satisfied by appeal to this diagram. For
example, since bc = 0 and abd = ab, in (2) above ab = bd.

The original question asked by this problem is not clear. It
would be better to ask, What can be said about a mathematician?

The answer to this question is:
° He always waits 20 minutes for a bus;
) He does not like both whisky at night and Mczart in the

morning, although he may like one or the other.

The calculus of propositions, a branch of symbolic logic, has

found applications in optimizing switching circuit design, in deter-
mining insurance eligibility (an example from Ref. b will be given in
the next section), in deciding on plant location (Ref. d), and in the

interpretation of contracts and law. Walter Cushen, in a fascinating
chapter in Ref. ¢, discusses applications to production engineering

and to conflicts formulated as multi-move games.

23.3. EQUATIONS

None.

23.4. PROGRAM NOTES

Since the program flow is somewhat complex, a flowchart is

provided.

n
Suppose there are n propositions. Then there are 2 cases to

n

examine, which are actually numbered 0, 1, ¢¢ey 2 = 1. Each case

number in its turn is reduced to its binary form, but stored backwards

in R, to Rn' Indirect addressing is used.

1
Each condition is examined in turn, the examination halting at

the first condition that is not satisfied. If all conditions are

satisfied, the binary case number is displayed. R/S continues to the
next valid case. The end is signalled by the decimal display of - B
As programmed, there is space for 7 propositions. If a problem

requires more than 7, make some slight programming changes. Primary
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registers 8 and 9 are shifted to secondary 8 and 9. Then up to 18
propositions can in principle be handled. For large problems, however,
there is apt to be a large number of conditions and there may not be
adequate space available to program them. Moreover, execution time
will be long. It is wise to do as much algebraic manipulation on
the set of conditions as is feasible to simplify the set.

In problems where some propositions are held constant, the con-
stant value(s) (0 or 1) are stored manually in some register(s) above

Rn’ but only if these are needed in programming the conditions.

EXAMPLE
This is a group insurance problem taken from Ref. b (pp. 161-165).

The rules {(conditions) applying to employees are:

1. Any employee, to be insured, must be eligible for insurance,
must make application for insurance, and must have such
application for insurance approved.

2. Only eligible employees may apply for insurance.

3. The application of any person eligible for insurance without
medical examination is automatically approved.

4. (Naturally) an application can be approved only if the
application is made.

5. (Naturally) a medical examination will not be required from

any person not eligible for insurance.

The propositions are 5 questions about an employee to be answered

"yes" (1) or "no" (0). These are:

a: Is the employee eligible for insurance?
Has the employee applied.for insurance?

Has the employee's application for insurance been approved?

..

Does the employee require a medical examination for insurance?

e: Is the employee insured?
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The conditions are translated:

1. IF e THEN(a AND b AND c)

e(l - abe) =

(=7

2. IF b THEN a

b(1 - a) =0 .

3. IF a AND b AND NOT d THEN ¢

ab(l - d)(1 - ¢)

]
o

4. TIF c THEN b

c(l -b)=0.

5. IF NOT a THEN NOT d

d(1 -a) =0 .

The question is "What are the possible statuses of employees who
are not insured?" This means that e must be put equal to 0. But then
the first condition is irrelevant since a false proposition implies

any proposition.

SOLUTION
Load program. Key GTO B. Switch to W/PRGM. Now key in the con-
dition in the order 2, 4, 5, 3. That is, the simplest conditions are

entered first to save execution time. The program steps are:

072 1 079 1 086 1 093 1 RCL 1
RCL 1 RCL 2 RCL 1 RCL 4 X
- - - - RCL 2
RCL 2 RCL 3 RCL 4 1 X
X X X RCL 3  h RIN
fx#0 fx#0 fx+#+0 -
h RTN h RTN h RTN X
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(Note that if conditions 2 to 5 were multiplied,

abed(l - a)(1 - B)(1 =¢)(1 = d) =0,

which is true for al/! cases. The multiplication has destroved the
meaning of the individual conditions by absorption.)

Now switch to RUN. Key 4 (the number of propositions) and Press
A. See 0. This is actually the status 0000 for a,b,c,d. On succes-
sive presses of R/S you will see 1000, 1110, 1001, 1101, 1111, 15

(the number of cases minus 1).

Using the definitions of a,b,c,d, these 5 statuses rapidly trans- '

late into an answer to the question,
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KEY IN n
Seee X (ENTER)
n iN A
2" 1IN B8
R, FOR PROPOSITIONS
Rg FOR CASES
TRANSFORM CASE
NR. TO BINARY.
. le— INCREMENT R; jo—
SUCCESSIVE QUCTIENTS 1 DISPLAY STRING, Ry
IN Ro R/S TO CONTINUE
f DSZ
[ 2 % mac J-'i:i 1 570 (1) X
£ i ' J DECREMENT R,
¥ ‘ Ry = 0?
N
O osto@m |« rroPOSITIONS? — 3
Y 3[CHANGE VALUES (N
TEST CONDITIONS N Ry = Ry ;O A
| TURN N suBROUTINE BIESAr Y TMING
B. ANY CONDITION P
IN ORDER # 0? %
%
D
EXAMINED ? o
Y
SUBROUTINE)
SHOW 2" -1 EXIT) e~ e 1
| USER DEFINED CONDITIONS. |
| EXCEPT FOR LAST, AFTER |
fGSB B | EACH, STEPS ARE f x40, |
|
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(! 23.5 USER INSTRUCTIONS

23. TRUTH TABLES

ouTPUT
STEP INSTRUCTIONS DATAUNITS KEYS DATA/UNITS

|
i T licio Rem
I
!
i
i
1

& R R Lo, I8 B e
T B I T ool [t Il 2 0 102 0 T O 1
Ly IRET s B8 TR

| L b iy b e R L e o TR e SV

| 3 [ SWITCH TO w/ RRGM | L3 j

_.. e
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23.6 TRUTH TABLES
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{ 97/67 KEY CODE CONVERSIONS
1
97 CODE 67 CODE mnemonic 97 COOE 67 CODE mnemonic 97 CODE 67 CODE mnemonic
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16 44 32 83 35 15 33 15 STOE 35-45 08 33 S1 08 ST-8
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16 46 31 73 35 46 35 33 ST1 35-45 45 33 51 24 ST-1
16 Si 35 72 36 00 34 00 RCLO 35-55 00 33 61 00 ST+0
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