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PREFACE

This report documents and discusses twenty—three programs——

wri tten for the Hewlett—Packard HP—67/97 programmable calculators——

covering a wide range of problems of interest to staff officers in

all the military services. Using this material, the user may quickly

obtain answers to specific questions arising in meetings, at the desk,

or in the field . Full documentation is given to clarify the back-

ground of a topic and to enable the programming of a subject of

special interest for a machine other than the HP—67, but with com-

parable power .

In general , the report avoids the “slide—rule” type of top ic

where only a given formula is to be evaluated. Rather , topics are

chosen that would consume too much of a staff officer ’s time to pro-

gram because the underlying mathematics may be obscure , because

approximating techniques must be sought , or because the programming

itself presents problems.

Several programs reduce published volumes of tables to one mag-

netic card .

The major part of this research was supported by The Rand Cor—

poration from its own funds.
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SUNMARY

The report is summarized by an overview of the topics covered

-:-‘in it. -:

Part I. Geographic and Orbital Programs

1. Geographic Coordinates to UTM and Conversely

Army tactical maps use Universal Transverse Mercator (UTM) co-

ordinates. For joint operations with the Air Force and the Navy ,

coordinate conversion to geographic coordinates and the converse is

essential. Accuracy of this program is better than 10 meters in the

northing (distance from the equator) and 1 meter in the easting (dis-

tance from the central meridian of a zone).

2. Sunrise, Sunset, and Twilight

The times of sunrise and of the various categories of twilight

are important in planning many types of military operations and ac—

tivitles , although adverse weather conditions all too often vitiate

such planning . This program gives twiligh t times for any day of the

year, at any latitude and longitude, and at any altitude. Accuracy is

three minutes or less, except under special conditions such as high

latitudes.

3. Geodetic Distances and Bearings

The usual formulas of spherical trigonometry that are programmed

to give great circle distances and bearings employ a spherical earth

of some mean radius . Distances can be in error by as much as 20

kilometers. The program here uses formulas of the National Geodetic

Survey based on Bessel’s solution for the geodesic on an ellipsoid of

revolution. Accuracy is good , abou t 0.1” or 3 meters.

4. Reentry Trajectories

The program uses Sec. 20 (Fourth—Order Differential Equations).

For a body with zero lift and a given “beta” entering the upper atmo—

sphere, find the subsequent range, altitude , and velocity to impact.

— —.-~ --- 
_ _ _ _ _ _ _
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5. Satellite Orbital Elements

This program solves two of many possible orbital pr oblems : G iv en

a sa tel l it e ’s injection altitude , vel ocity , and fl igh t pa th ang le ,

find the remaining six orbital elements; or given the injection altl—

tude and the altitudes of perigee and apogee , find the remaining d c —

ments. Equations are provided so tha t other  problems may be programmed ,

6. Sate I 1ite Track~~j~
Given the t ime and longitude of e q u a t o r i a l  c r o ssi n g  of a sa t e l l i t e ,

select a ground station. Determine if the orbit can be viewed Ofl t h a t

pass , and if so, determine its range, hearing , and elevation from loca l

horizon to hor izon as functions of time .

7. The Deer Hunt  (Defenseless  Bombers)

The model assesses the expected outco me of a t i m e — l i m i t e d  battl e

in which a group of a rmament—limi ted  i n t e r cep t o r s  engages a group of

defe nseless p en e t r a t i n g  bombers. A deer hunt  is the parad igm.

8. A Bomber Penetrat ion Model (Defended Bombers)

In th is mode l , the bombers are not defenseless . As part of mis-

sion plann ing, bombers divide their pay loads between defense missiles

and ground att ack muni ti ons to max imize  weapons del iver ed to  ground

ta rgets .

9. Damage Probabili ties, PVN and QVN Ta~~ ets

The program g ives damage probabilities for nuclear weapons of

given y ie ld  and CEP appl ied  against  PVN and QVN t a rge ts  at the opt ima l

ai rburst  a l t i t u d e .

10. Four Deuces (Prec is ion  4 . 2 — i n c h  M o r t a r  F ir e )

This  sect io n is an example of d a t a — t a b l e  rep lacement by func-
t ional f i t t i ng. I t  app lies to the 4.2—inch m o r t a r , reduc ing f i r i n g

table  correc tions and me teor o logical  cond it ions to fo rmulas .  The pro—

gram yields correc ted shell charge and corrected azimuth and elevation

for precision f i r e , and pe rmi t s  a d i f f e r e n c e  in a l t it u d e between mortar
and t a rge t .
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11. A Laser Eciuation

The equation pr og rammed app lies to propagation in the atmosp here

and al lows f or blockage , th ermal blooming , and j i t t e r  fac tors .  Given

any two of t he th ree p r imar y var iables power , range , and average in-

tensity at the target , the program finds the third factor .

12. Shaking the Dice (A War Gam ing Example )

This section provides an example of how random numbers are used

in a firefight model to assess outcomes quickly in war gam ing . The

example employs a conceptual  mortar  round with an on—board heat—seeker

sensor that  causes the round to home on an armored ta rge t .

13. Op t imum All oca t ion of Resources

The t i t l e  promises too much. This is a top ic in nonlinear , con—
vex prog ramming . Mi l i t a ry  appl ica t ions  ar ise in search p lanning ,

a l loca t ing  weapons to ta rget classes , and a l locat ing budgets.

Part III. Cost Programs

1.4. Log—Linear Cumulat ive  Average and Uni t Cos ting

These p rograms implement the basic assumption of learn ing curve

theo ry as it app lies to product ion . That is , each time total produc-

t ion doubles , the cost per item reduces to a cons tant percen tage of

the previous cost.

15. Time—Phased Procurement Costing

Consider a system , weapon or otherwise , with several major com-

ponents. Each component has its own lead time and its own, possibly

segmented , learni’tg curve. Specify a delivery schedule over future

years, and find the New Obligational Authority by fiscal year to sup-

port the program .

16. Cost/Benefit Streams

This model deals with the decision to spend money now as opposed

to later during the life cycle of a weapon system . For example, should

engineering development money be spent now in the expectation that

future operating and support costs will be lower? The yardstick is

the present value of a discounted stream of cost and benefits (savings).

An “internal rate of return” is calculated to provide go—no—go for the

decision . 

-- . - ~~~~~~~~~~~~~~~ --- ~~~~~~~~~ -~~~~~~-~~~ ~~~~~-
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Par t  IV. M a t h e m a t i c a l  Func t ions  and Algor i thms

17. The Normal Function and It s  Inverse

The norma l func t ion ( p r o b a b i l i t y  in t eg ra l )  is pervasive in m i l i t a r y  —

calculations . The program is frequently used in conjunction with

others, such as that for the Q func tion.

18. The Q Function ( O f f s e t  Coverage Function)

The Q function is used in radar detect ion theory and o f f s e t

bombing calculations , as well as in calculations of collateral damage

to  point targets.

19. Linear P~~~g_ramm i~~ and 3 \ 3  Matrix Games

Many models may he stri pped in a meaningful and transparen t formu—

lat ion to three act ivit i t s  as a programming problem , or to three own

courses  of action pit te-i against an enemy ’s three courses of act  ion ,

in order to make a command decision by game theory. This program uses

the p ivot method and has some interesting indexing aspects.

2(L Fourth—Order Differential I~quat ions

T h i s  program supports app lications to reentry trajectory determina—

t ion , Lanchester models  of combat , and optima l control theory .

2 1. Curve Families and Mach Numbers

M i l i t a r y  da t a  are frequently presented as sets of tables or as

families of curves , with a parameter naming the family member. This

sect ion suggests method s of represent log these data through curve—

fitting , us ing elementary functions. The methods are applied to the

determination of best Mach numbe r for the A —7 1)  aircraft on long—range ,

constant—altitud e cruise.

Gauss Ian l u te  t ion

l’liis is a utilit y program for evaluating definite integrals as

t h ey  arise . A c c u r a cy  is usua 11  v exct’ 1 len t . For examp le , incomp le te

e l l iptic Integrals arc computed to eight decima l places by this method.

23. Truth Tables —

A c a l c u l u s  of proposit  Ions is t a I l o r e d  fo r  ready Imp lemen ta t  ion

by the calculator. The program systema t I c a l  lv  solves problems in

I



- - symbo l Ic log Ic • cons i st log of a set of l o g i c al  cond~~t Ions t h a t  the

atomistle propos i t i ons  must sat i s t v .  There’ are r e a l— w o r l d  app i i c . t —

t ions , usually over looked . 1 
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TO T i lE USER UI ’ ‘ 1111 S RE P ORT

I f your  t emperament Is l ike that of the author , this descri ption

of ( l i t , psycho logy of p rogramming  w i l l  sound fami  I lar: After the’

usual  t ine—consuming process  of get. t ing  th & ’  mathemat  ics  of a t o p i c

in shape , the urge Is to program as q u i c k l y as p o s s i b l e  and make
independent  cheeks of the  v a l i d i t y  of the outputs. it works ! And

we’ move on to something  c iso.

Aiiv pr ogram , however , c er t a  Lu I y includ lug those ’ l i i  t h i s  r ep o r t

can be lm prov e d— can be slior t coed and made more e l e g a n t  and transparent

The resti  I t of t ii is product — Improvem en t  e f f o r t  may be to  r edu ce  ( lie r u n —

n log t Inc and t o  f i n d  prog ram and s t o r a g e  space to  ext end t lie p rogram ’s

c apa h i  I I t v . A reexam I oat I 00 ol pro g ram Jog Ic is part of tI~ i s ci f o r t

‘i’lie p rogr  am may be made more robust , in iii liii I z tug opera t or er r o r s  t h a t

occur  when comp I ox i nput oper a t ions art ’  ot l ier w Iso r e q u i r e d

if you as a user a r t  in t e r e s te d  in a pa r t  I cu l ar  top ic iii t h i s

r epo r t  , you may choose to make this extra of fort , wh l  cli w i l l  he’ re—

pa id w i t h  an cur  iched unders tand ing of hand calc u la lu r p r o g r a m m i n g .

F [n a i l  v , you are  invi  ted to  communicate  t o  the ’ au t h o r  any errors

you d e t e c t  , er ro r s  and unforeseen restrict ions he lug (nov 1. t abi o In

a repor t  of t h i s  nat cire . You arc also I n vit e d  to  send to t lie au t lior

fo r  p os s ible  f u t u r e  prog rann~ing , descr i p t i o n s  of top I t ’s t h a t you f e e l

may ho of i n t e r e s t  to some s i g ni f i c a n t  stihst ’ t of t lit ’ st af I o i l - i ce r

community. And by a I I means , cop los of your  own prog rams WOO Iti be’

welcomed .

- - -~~~~ ~~~~~~~~~~ ~~~~~~~~ I- - -~~ -~~~~~~~~~~~~
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INTRODUCTION

“The general who wins a battle makes
many calculations in his temple ere
the battle is fought. The general who
loses a battle makes but few ca lcu la-
tions beforehand. ”

- Sun Tzii Wu , The Art of War, Ca. 500 B.C.

Programmable hand calculators are l i t t l e  more than f ive years

old, but they are already in their third generation , the gestation

period being one and a half to two years. Up to now, they are unique

in our inf la t ionary world , in that each new generation has much more

power than its predecessor , but sells for  much less. This cost trend

may reverse should these calculators become more competitive in power

• with microprocessors.

We can assess the impact in the civilian sector by noting that
— the number of user programs submitted to the Hewlett—Packard HP—67

program library is approaching 3000. The PPC (Personal Programmers
• *

Club), with more than 2500 members, is a nonprofit worldwide group

of people who own and use PPCs (personal programmable calculators).
The monthly club newsletter contains a wealth of programs and imagina—

tive programming techniques.

Remembering that modern digital computers were initiated by the

military under the pressures of World War II, it is curious that

these PPCs , these powerful li tt le animals , are not as equally wide-

spread in the service of the Department of Defense as in the civilian

sector .

The PPCs are used , of course . The Joint Technical Coordinating

Group for Munitions Effectiveness (JTCC/ME) under the JCS has had 25

HP—67 programs prepared for mission p lanning by squadron ordnance

officers in the Air Force , Navy , and Marine Corps . The Strategic Air

Command uses the HP—65 in bombing mission p lanning . Some System

*2541 W. Camden Place , Santa Ana , CA 92704 ; A t t n :  Richard
Nelson .
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Pro)ec t Offices (SPOs), such as the F—lb SPO at Edwards Air Force

Base, use the HP—67. Junior off leers are u s i n g  t h e i r  own f u n d s  t o  pur-

chase PPCs, w h i c h  in some cases must represent a tradeoff agaInst a new

TV set .  But there is no recognizable community of users in the  m i l i -

t a ry  sector . There is no mechanism——n o c lea r inghouses  l i k e  those In

the c i v i l i a n  wor l d — — t o  exchange programs , to share ideas , and to s t a te

requ irements for new programs . The notion of a loosel y o rgan ized

“nat iona l s e c u r i t y  users group ” to ach ieve  these imp lied o bj e c t  i ves

n a t u r a l ly comes to mind . We hope t h a t  t h i s  repor t  may have some

cataly t i c  e f f e c t  in a c c e l e r a t i n g  such a development .

The hand c a l c ula t o r  is p a r t i c u l a r ly su I t ed  f o r  m i  l i t  ar ~’ use’ be-

cause so many a p p l i c a t i o n s  t’an he made in t h e  f i e l d  or I n  a m e e t i n g

where a senior o f f i c e r  wants  a qu ick  answer to suppor t  .i d e c i s ion , or

where a b r i e f e r  is to be confounded . But f o r  f i e l d  use the c a l c u l a t o r

as ~~~i’i’~ nt. L: ~ designed would p robab ly  not meet m i l i t a r y  spec i I ica t ions.

The operating range for the HP—67 Is 10 0 to 40° C (50 0 to 104° F) and

the b a t t e r y  pack l i f e  under cont inuous  use is :ibout three hours before

recharging or replacement is required . However , cur rent machines art’

compatible with avionics , producing little or no interference with

sensitive electronic circuits.

But powerful as they are in their domain , the PPCs ar e far from
a final answer to personal computing, although this statement depends

on their future evolut ion . In preparing this report , many instance’s

occurred where much more storage than available was needed and where

it was frustrating not to have available a programming capabili ty of

more lines of code with a higher—level interpretive language.

Aga in, the civilian sector is leading the way . More than 120

companies are now manufacturing microprocessors with periphera ls for
home use , and more than 900 home computer deaiers in the United States

arc marketing these machines at relatively modest prices . Memory may

be added, there is keyboard input and cathode ray tube disp lay, wi th
BASIC apparently the language of choice. The militar y is lagging ,

even though it is a reasonable bet that many staff officers would like

to be freed from the computing—center bureaucracy in doing theIr dail y

jobs.

l~~1
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But once more , too strong a pos i t  Ion should  not he taken . M i i i —

t ary  c o m p u t i n g  in general requires large main f rames  to  support

extreme ly large da ta bases and programs w i t h  a m i l l  Ion or more 1 Inc’s

of code. One would cc’ rta In I y hes E t a  e to try to use a mic rocompu te r

fo r  log 1st Ic management or fo r  solving three—dimensiona l par t ia 1 dli —

fert’nt ia l equations.

N e v e r t h e l e s s , the re  is a rea l gap in the s p e c t r u m  ot required

comput ing capabIli ty to meet m i l i t a r y  r equ i r emen t s , a gap whose f i l l i n g

this report can onl y adumbrate.

A word iii apology is i.n order. Recorded program cards are not

provided w i t h  t h i s  r epor t .  The reasons are :

• No rc’c I p i ent Is likel y to use a l l  programs ;

• The’ per—copy cost of the repor t  would  be h i gh;

• I t  r e q u i r e s  10 to 20 m i n u t e s  to  key i n a program and check

It ; and

• Hopeful lv , t h e’ kever  w i l l  unders tand  the program and be

able to modify or tailor it to  h is  or her desire’s.

It is recommended that users s t e p  th rough  the Illustr ativ e ’ prob—

I ems to get the mechanics Straig ht . And i t  is a Iway s  a good idea to

do a prob l em t w i c e .  E r ro r s  En keying arc easy to make , especial l.v

when under pressure .

U Finally, what is to be sa id  to the staff officer who wants to pro—

gram h i s  or her oWfl problems on a l’PC ? The nat  nra I ques t  ion for  the

o f f  Lee r  to  ask f i rs t is: Wha t bounds a problem tha t can he “f I t t  ed”

to the machine?

The general  answer is:  I f  the problem can he formulated as a

~•ha!n of subpr ob lem s , each of w h i c h  is w i t h i n  the machine ’s cod ing

and storage c a pab i l i t y ,  then  there  is in p r i n c i p le no ho~ nd.  For
*examp le’, in the pre’d let ion of tides by harmonic anal ys Is • 17 con-

s t i t u e n t s  (cosine terms) each w i t h  three cons t an t s  are emp loved . Since

these te rms need onl y he added , one program card and f i v e  data cards ,

*
Special Pub l ica tion No . 98, U.S. Department of Commerce , 1940.
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used successively , would suffice. As other examp les, s ix linear
algebraic equations in six unknowns can be solved using both sides
of two cards , and a Star Trek batt le can be programmed with eight

cards.

For problems that can be chained , the practical limitation is

execu t ion t ime , which can be long and hardly acceptable if many prob-

lems art’ to be run , as in t idal predic tion .

But not all problems can be chained. Operations with matri ces

of order higher  than f i v e , and so lu t i ons  of p a r t i a l  d i f f e r e n t i a l  equa-

tions , are usually nonchainable.

Even if a problem sh~i4 id fit , it is frequentl y hard to see how

to make it actually conform to the calculator ’s Procrustean bed . This

could he because the underl y ing mathematics , inc luding approximat ing
techniques , is beyond one ’s reach. The hel p of a specia l ist co l l e a gue

is then essential. Onc e this mathematical hurdle is cleared , program-

ming——wh ich is really an ar t form w ith personal brush strokes——can he
exasperating . Advice? Read and understand good programs , as many as

possible——some thing that few of us have the self—discipline to do.

As a postscript to this introduction , an as ye t unexploited area
of the militar y app lica t ion of PPCs should he mentioned . Two or more

people may operate their calculators in parallel , engaging in a co—

opera tive , interactive exercise.

For examp le , two submar ines  may be a l l i e s  in a s imulated battle

agains t  one enemy boat .  The purpose of the exercise is to examine ,

by repea ted simulation runs , the tactical utility of communications

between the two friend ly boats during the hattie——ranging from none ,

through restricted , to comp lete information and command exchanges.

Each p layer  has his  own program which, by samp ling from probability

distributions , shows the output of his sensor systems in respect to

target position and hearing , and the damage , if any , inflic ted by
ordnance launched . Each p layer keeps h i s  own log and ba tt le plot.
At each battle increment (say , 15 minutes of rea l t ime) , the calcu—
l a tors  may he ph y s i c a l ly  exchanged so tha t , as a p p r o p r i a t e , informa —

t ion can he’ entered In ass Igned s tor a g e  r eg i s t e r s , and the  c a l c u l a t o r s

then re turned to the right boats.

L

_  LA
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As another examp le , a War Coll ege seminar may be examining the

cos t  implications over the next ten years or more of var ious possible

strategic postures. Weapon systems may he phased in and out . New

systems require research and development monies and t ime . In genera l ,

each weapon system has cost profiles of fund s required for RDT&E,

procurement , and annua l  ma intenance and o p e r a t i n g  expenses.  The cost

envelope ot each weapons svs tern with respect to t irne is ca I cula ted by

the st~ninar member assigned that system . A l l  programs are the same ,

diff ering only in their cost and t ime parameters. The seminar leader

totals the  y e a r — b y — y e a r  costs ~f a l l  sy st e m s  in the pos tu re  and checks

for teas ihl I ity against an assumed y e a r ly  cei l  ing . At te’r d i s c u s s ion ,

the seminar  members rev ise p h a s i n g  or numbers pr ocu red and go t h r o u g h

another  i ter a t i o n  to see If the cell Ing Is reached or exceeded • and

to determine If the p o s tu re  Is  ba lanced in regard to t h e  t h r e a t  and

requ i red  m i s s i o n s .

These examp It ’s have’ i nde ’e’d been programmed fo r  (Ut e’ra(- t I ye t ’cifl i

put ing on large’ compti t  e’r s but t h i s  i s  t im e— con sum ing  and f.~c i l i t  ies

may not be read i I v a v a i l  ~b I c .  The’ suggested usc’ of PPCs in  para l i e  i

is an opt ion t hat  c.m be im p  I e ’mented qu i~’k lv  and can prov id~’ a shake-

down for more’ sop ii 1st i t  i t  t ’d app roaches , wit i e h in  some’ cast ’s may pr ove’

not to be w a r r an t e d
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1. GEOGRAPHIC COORDINATES -ro UTM AND CONVERSELY

1.1. REFERENCES

a. Universa l Transverse Merca tor Grid , AMS Technical Manual
No. 19, Army Map Service, Corps of Eng ineers , Washing ton ,
D.C., 1952.

b. Map Projections , P. Richards and R. K. Adler , North—Holland ,
1972.

c. Map Reading, FM 21—26 , Department of the Army , October 1960.

1.2. DISCUSSION

Tactical—scale (1:50000) Arm y maps use the Universal Transverse

Mercator Grid (see Ref. c). The map borders show latitude and longi-

tud e ticks, but it is difficult to locate the geographic coordinates

of a point with any precision . Conversely,  Air Force maps use geo-
grap hic coordinates only . Consequently, in joint operations such as

targeting , coordinate conversion from one system to the other is

essential. FORTRAN programs exist. The program used at The Rand

Corporation has 132 lines of code. Although perfec tly adap ted to the

pr epara tion of coord ina tes for a lis t of agreed targe ts , it hardly
meets the requirements of ad hoc field use.

The UTM system covers the world between 80°S and 84°N. Starting

at the 1800 merid ian of longi tude and moving eas tward , the globe is

div ided in zones 6° of longitude in wid th , numbered 1 to 60. Each

zone has a central meridian (CM). The following formulas relate zone

number (ZN) to the CM:

ZN = (CM + 183)/6

CM = (6 ZN) — 183

For example, Fort Knox, Kentucky is abou t 86°W. Hence the ZN is the

rounded value of (180 — 86)/6, ZN = 16, and CM = —87 or 87°W. (See

Ref. c for further details on lettering 8° zones south to north , and

on double—lettering for 100,000 meter squares within each 6° x 8° block.)

- ~~~~~~~~~~~~~~~~~~~ 
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The value assigned to the CM in each zone is 500 ,00() meters ,

cal led the ~~~~~~~~ ~~~ :~ ‘~~ ;. Hence b eat ions  in a tone w~-s 1 ot t he  CM

have an ‘:~ le ss than 500,000 and conversely. The ‘: - i ’ :  :~ p: . :  is

the distance from the e’quat or in meters. For the Southern Hemisphere ,

the equator is assigned a J’~: ~
‘ - 

~ ‘:~: of 10 ,000 , 00() meters and

numbers decrease southward .

The m aj o r  e’omp I I  c a t i o n  in coord i n at e  convers ion  is t h a t  allowance

must he made fo r  the e a r t h ’ s ob lateness .  Hence the ’ equatorial radius

a and the po l a r  r ad iu s  b must he s e l e c t e d . Ac t ua l l y ,  a and the  re—

c iprocal  of the f l a t t e n i n g  f = (a — h ) / a  are given . For the l n t e ’ r —

nat  tona l Sphero id ,

a = 6 378 388 m , i / f  = 297

r
Since’ f = 1 — ~~l — 

~~~~~~, whe re c is the e’cce n t r i c  i t v ,

= 0.006 722 67

U n f o r t u n a t e ly , d i f fe r e n t  sp heroids  ( d i f f e r e n t  a and 1) are used

fo r  d i f  f e r e n t  areas of the w o r l d , fo r  h i s t o r i c a l  reasons . For e’xamp Ic ’ ,

the  C la rke  1866 spheroid is used fo r  N o r t h  Amer ica . The other sph&’ro ids

used are Clarke  1880 , Everest , and Bessel . The Internat tona l Sph e r o i d

is used f o r  Europe .  (Consu l t  R e f .  a .  ) Consequent  Iv ,  the da ta  a , c 2

n (a — h) / (a + h) used here have to he changed for  c e r ta i  n p a r t s  of

H the w o r l d .

1 . 1 . EQ~U A l 1 O N S

- - 
The f u l  I equat  ions fo r  the  convers ions  (R e f s  . a and b) are  q u i t e ’

leng t liv he’cause ext  reme accuracy is des i red In su rve’y i ng a j~p I lea t ions .

For m i l i t  .irv purpose’s, It  is poss ib le ’  to  doc k the t.i i i  s of t he’ se formu-

las and st Ill  ge’ t accurac it’s better han I me’ t er Iii t lie :~‘ I ‘~:a 
(. 1-: ’)

and better than 10 meters  in the  ‘: ~‘t i~I~~i~ ( N ) — — t h e  d i s t a n c e  f rom t h e ’
equa tor in mete r s .

~ I
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1. 1 . 1. ~~! cC ~~~rM c~iJ4 Coordinates

-) 4N ( I )  + t L l )p + (llI)p (1)

~ ( I V )p  + (V)p3 � 0 , F 500 000 ± E ’ . (2)

South of the equator ,

N - 1 0 000 00 0- N .  (3)

The g iven  coordinates  are lat  i tude  • and long i tude  X. Then

p = 0.0001 • A l., where  tA is the  d i f f e r en c e  of l on g i t u d e from the CM ,

~~~ w :tr. ’,! i~ : -~~ia .  F ’ is the ( po s i t i ve )  d i s t a n c e  f rom the CM.

( I )  = S k0, where (4)

S = A t~ — B s in  2 ~ + C s in  4 ~

S is the true meridiona l distance from the equator in meters and

A a ( l  — n + 0.75 n~~( l — nfl

B = 1. 5 an ( l  — n)

C o. q3 75 .iu~ ( l  — n), n (a — h ) / ( a  + h)

0.9996, the’ central scale’ f a c t o r  to reduce’
dis tort ion .

k s in 2 
j ” .

~ I I )  - -  . 
~ s in  2 ~~~ , whe re (5 )

-4

- 1~ 
-) i

~ I — c’ sin 4 is the radius of curvature In
the pr ime  v e r t i c a l .  

--~~~~~~~~~ - --
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k s i n 4 1” lo~~
t i l l )  = - t s i n  •~~e t is ~~ ~~ ( ‘  — t . i n •)

( I V )  k() sin I” ens ~ (7)

~ th 1” 10 
~~~~~~~~~~~~~~~ ~~U c s 4 ’ ( 2 cos~~~~~— 1 )

1.3. 2. 
- - 
UTM Grid Coordinates t o  Ge ’o~ r t u e  .o~’r~t in .i te ’s

= ~~‘ - I ( V i i )  
~l 

- (\ ‘ElI) q
4
1/3600

I ( I X )  q — (X )  q ~] / It - 0t) i, io~

q ~~~
‘ io 6 

~- 0

N / A k
0 (II

N / k 0 + B s i n  2 4i” — C s i n  -~ ~~“

= ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ( 1 2 )

U .u/~~ 1 — 
2 

~~~

1~’
( V I I )  - ~~~~~~~ . ~~~~~~~~ ( l - + ~s in  1”

I 
- ( V I I I )  ~~~~~~ tan~~~’(~~ + 1 t a n ~~~ ’) ( I 5 ~24k~ sin 1”

( I X )  
~~~~~~~~~~~~~~~ 

• 
~
j—----

~~
-,- ( 16 )

(X )  ~~18 
I + 2 t a n ~~~~’ (17)

6k0 sin 1” U cos

Iii
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L ) t l . 1  Card (International_ Spher oid)

a = 6 378 338 STO 0
t 2 0 006 722 67 STO I

k
0

= O .999 6 STO 3

~
o6 

sin 1” = 4 .848 136 8 STO 4

A = 6 367 645.45 STO A

B = 16 106.99 STO B

C = 16.976 STO C
3600 STO 5

500 000 STO 6

2.4. PROGRAM NOTES

a. It will be noted that the powers of 10 in the program differ

from those in the form u las beca use io 6 
sin 1” is a stored datum .

b. West longitude is prefixed by a minus sign .

Examp le 1. N 49°48’OO”, E 08°24’O” to UTMC .

49.48 STO D , 8.24 STO E, 9 STO 7 (CM)

Press A: Northing = 5516670 (5516677.7)

Press R/S: Easting = 456820 (456819.7)

The numbers in parentheses are the AMS values.

Example 2. Northing = 5516677.7 , Easting = 456819.7 to geographic

coordinates.

N STO D , E STO E , 9 STO 7

Press A: Latitude = 49.4801 (49°48’Ol”)

Press R/S: Longitude = 8.2360 ( 8°24’OO ”)
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1.5. 1 USE R INSTRUCTION S

(i 1.1 GEOGRAPHIC COORDS TO UTM GRID

__/
/

INSTRUCTiONS 
~ A

’
1’Z~~~ITS KEYS DATA/UNITS

KEY I.AT (D MS) STO D 49 48 ISTOILP 1 49
— 

L~~LIi _ _ _ _

2 KEY LONG (D.M S) SlO E 8.24 [~~~1 [ E H  8.
(- FOR W. LONG.) 

_ _ _ _ _ _  
L 1 LII 

_ _ _ _ _ _

I - -ir~ I _ _ _ _ _

3 KEY CM STO 7 9 STOJ I 7 1 9.
________ _________ _____________ 

I I  
_____________

4 PRESS A 
— ____ _____  

I ii A 1 5516670

_________________________________ __________________ 
I I I  

__________________

OUT PUT IS NORTHING (M) IN D 
_____ 

I I I  I 
_______

_______ ____________ 
I I  I 

____________ 

—

5 PRESS R/S 
_______ _______________ _________ 

I R/S l 456820
- 

11  1 ____________

OUTPUT (S EASTING (M) IN E 
___ ______  

[ - 

- I I I 
_____

____________ _______ 
I _ 11 _ ~ 1 

_______

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _  I Ti Ll 1 _ _ _ _

_ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _  _ _ _ _ _  i:: 11 _ _ _ _ _

_ _ _ _ _  _ _ _ _ _ _ _ _ _  _ _ _ _ _  
[I  JLI i  

_ _ _ _ _

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _  
[II~~ I :i _ _ _ _ _

INT. GEOID DATA CARD 
______  I ______

_ _ _ _  _ _ _ _  _ _ _  _ _ _ _  
LII LIII _ _ _ _

______ ° ~37S388.U8 8 ______ __________ 
L_ ii I - - __________

~2 0.80672267 1 
_____ _________ 

I i i  I ________- - - — - k0 e.99968998 3 — -- -

- - - lO 6sin 1” 4.84813688 4 ______ ~~~~~~~- — - — - _________

3600.811881 5 
_____ _________ 

LI 1 [ 1  
_________

508088.lGI8 6 - -  
- -  - _________

— A 6367643.451 ~ ~~~~~ i _________

B 16l86.991~~ ~ _____ _________ 
1 . i i  1 

_________

~ c 16.97688188 C 
_________ L_] [1111 ______

___________________________ _________ I - I I l _ li __________

_ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _  
L_ - - j

~~~ 1 _ _ _- - - 

[ 11 I i  _ _ _ _

_ _ _  
L I L H

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _  
I ILITI  

_ _ _ _

_ _ _ _ _ _ _ _ _  _ _ _ _  
L ILI1 

_ _ _ _

I -
- 1 [III 

_ _ _  

*

_ _ _  _ _ _ _ _  _ _ _ _  
I - - 1 LII 

_ _ _ _

_ _  _ _ _ _ _  _ _ _ _  
ILT I 

_ _ _

___________________________ __________________ ___________ 
I I ~ 1 

___________-- - - - 

L I I -- I 
_ _ _ _

.-  -*~~~~~~~
-—

~~~ . 
_~~~-:-*~~~~~~~~~~~~~~~~~~~ L~
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1 .6. 1 GE OGRAPHIC TO UTM COOR DINATE S
*Tt P ( t i  INTRY (14 VOOV COMNtt41S S11*~ kI’v tNiFI Y KtY CODE CONMI NT %

001 iI.PL~ 21 11 — 
C’~~~’ + -24

cc: RCL 36 I?  ~~~~~ ~CI3 36 03
(‘‘2 ~C~E 36 15 -35

16 36 DEC. DIGS . “ 060 R014 36 04
..43 (L j  

~
1 33

.‘ & -  ~SS 1. 31 —35
C’~1~’ RC L S 36 83 ~~ EEX -23

-35 oX IN SECS es., 4 04
tEN -23 th~ + -24

~0 ~~ 4 84 0~’ i- RI’L1 36 4o
01! + -24 

- 

L ’ - ~~ \ 53
IC 1 35 46 p - - 

,~
. -35

RCL V Jo 14 t~,~-: ~~~~ -. Jo 89- 011 t4~1~~ 16 36 0*~ 35— 
0J~ 

;
~ tW 33 Il L.AT. IN DIC DIGS t ’ .~ S~ JL~ 35 14 (1) (l1)p 2

I I -  4 84 I ’ ’ ~~~ 3o e~- 
0! — -$3 

~‘ -‘~~- 0 1$ ;is 4 1 — 
— - . 33— 

~~ S’CL V 36 13 1 ,~

~ir~ c.,o - - -35 ‘: — -45
o:: ~ac J o £4 - ‘ -

. .  
~~

8,1’ ~~~ Rt’L: Jo 8..
ti. .15 ‘-) 

~~~ 43
A V IS 4 1 “‘ t ’V~i 83
C. ~CLB Jo 1.’ ‘V - - * 31

-35 S -35
— - -4 3 1 ’j  

~~(~~~
‘ Jo 8..’

~“ D  Jo 14 C: :  c I N  41
0~R 1~ 45 RAD IA NS I’V~ -35

~CI ,~ Jo I I  -  Sri J o 8~—— .~Jt ‘ 35 ‘. -35
+ -55 5’—  .,

- i
~~: .~ J O 03 ‘V 4

-35 -~‘ 1 , ~ -34
!:! : : IV Q 35 89 k,, S ~l) V ~- t  ~ Jo 83

— CA ~~LL’ Jo 14 I’~ .
_ 

~ -$3
— * IL ’.’ 35 •2 LAT Li -

~~ ~V I 4 Jo 84
—- 15 41 ‘‘ ‘ 4 04
— 

C ?  53 ‘ 31
,~~ C - 1  ~~~ Jo 81 •

— - 
tl -$ ~ —35 C -

. I 1 N .‘J
II It ’’ :’

— -43 C- ’ ’ -34
044 ~HV 2~’ ~‘ ! L ’ E ~ L’L I Jo 46

— 
~ C4~ i IN 34 4 84

- 
-‘.. RCLO b H - _ _ 

i. ’: ~~‘ 31
04’ + 34 II 11113 35 (l1l )p~53 104 S I t ’  J o 14

~Ti) i 35 08 - - - 1. ’ • .0 r  C!’~ S t i  . Jo 02 h: - ‘Cl ) 33 14 NORTHINO—— C~ t . 02 ~ i~~C ~ - 51
.35 II’ c i i .’ 36 82

‘~ 3 ~!N 41 1& 4.
— 

~Ut i Jo 08 ‘~~ Ili’ ~‘CL 8 Jo lb
-35 ‘- -35

_ _ _ _ _ _ _  — — —- ~~~~~~~~~~~~~~~~~~~~~ 1LIL~~~~~~~~ REOPS~ER$, a f  • 2 

f

LAL

9’ 

k i~~j 1o
O sln1 3600j~50O000}

CMf:J 1_ _ _

A B
__— 

C ~ LAT . 4 , D J’ LONG.
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1.6. 1 PROGRAM LISTING

~I I P  ~~~‘ t N H ~ p . I Y C~~DL (‘OMNENI” b~~~I’ ~~~ IN~~ U~ P . E Y L ’OUL CONMFN YS

-35
— ~CL4 3604  —

-: . -
. 33

I I :  [EN uJ
I:

::: - -24
~~.l  36 4o

-.35
35 09 ~V)p

: . .  ~~~~~~~ 3.82
: ‘ ~

‘
~ - 42

: .  - 53 “

.
5 

•1
-35

: .  II
— -45

3o I~‘“ . 
- 

. .  4..’
- 

5 . -35 
-

.$ 36 88
~~_~~_ fl 5 -35

- : I - ,

— 
- -2 4

- 
_ 5 ~ .-

‘ 3 .83
- —  

: ‘ ‘  ‘- -35
— ~~~~~~~ 3 .84

: 03
‘ls 

- . ‘ 31 - -

- 
5
’ -35

:: EE N $3
t-

1 4 .  + . 4
: 4.  ~~ 

• Jo It-

‘ - S

5’ -33
I . L  3 .89

‘55 • — 35

— 
: - . . -

~ 35 8, E’ (2~ 
—

Jo 8?
t 1’ Jo 15

- - ~ ~~.
“ ‘‘ 16-35 LONG C M ?

- t •
~~~ .70 8 23 13

.0 3o 8 o  
-

r —— !.  - F . ’~ 36 89 
-

- 
• r ’  • .55

~~- J5 15 LASTING 
- - -

(..
~ _ _ _ ___~4 —— - - - -— -

Ie~ •~ f L 1 ~ ~‘1 1..’
—- ~ L~~0 30 8. 

— 

- --

~C L 9  3o 89 
- -  - -

.45
- ~

. • TS~1 35 15 EAST ING 
-

____ 

Si ~~~~~

, 
— —_____ - ______ 

___________
LA B E LS FLAGS St~1 STATUS

- +  USED f’ USE iD_____ ________ 
FLAGS TRIO OISP

t .‘ T~
. ‘

___________ I I _____________________ _______________ s~ . I I ’t  ~ . I FIX ( I
_______ - — 

17 
- 

‘ ~ 1 ,~AAD 1 SC1 I t

-- — - - S 
‘I 

-— - 
-

~ 

2 — HAD ‘ 1  INt ~ I i

L ~~~~~~ -~~~~~~~~~~~~~
- - - - - -_ -  _ _  _ _ _ _
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1.5.2 UTM USER INSTRU CTIONS

1.2 UTM GRID TO GEOGRAPHIC COORDS

STEP INSTRUCTIONS DATA/UNITS KEYS 
DATA/UNI’fl

KEY N (D.MS) STO D 
____ ____ 

5516677.7 I STQJ I D I  SAME
- 

LI i l  I
2 KEY E (D.MS) STO E 

- - 

-_______ 
456819 .7 [STOJ I E I SAME

_______ ____________________ ____________ I I I  I
3 KEY CM STO 7 9 I STOI 1 7 I 9.0000

— I I I
4 PRESS A 

- _____ I II  A I 49.4801
-- ~~~~    I IL  I 

_ _ _ _- 

OUTPUT IS LATITUDE (D .MS) IN D I I I  - I 
_____

I II I
S PRESS R/S I I I R/S I 8.2360

• . I I l~~ I
OUTPUT IS LONGITU DE (D.MS) IN E 

- 

I II I 8°24’OO °

- 

- -  -- 

_ _ _  
I 1 1 T h

____ 
I . II

- -- __— 

I I I  I _ _

— ——  _ _ _  
I I  

______  
I - I I I

- -  - -- - -  

I I !  I 
- -  - -

_____________ 
I I I

_ _ _ _  
I I I  - -

___________ 
II I 

___________

I - II — I __________

__________________ 
I I I _ _  I
I I I  I
I II ~I- - - 

I I I  I
I I I  I
I II I
I I~ I
I I I  I
I II I
I II I

- - -— - - - -  — - - 

I II I ~~~~
-- 

- - 1I1 ~~~~~~~~~~~~~~~~~~~~ 
- -

-

-- -  ----- --- - --  -~~~~~~~ 

-

_ _ _ _- - .~~~~~~~~~ _ 

__
~
_

~:~l I ~~~~~~~~~~



- ~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ * ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~ ~~~~~~ ~~
-

~~
—- - .~- -. - - — —

TBISPAG!tSB!S UAL1TY~~~~~~Z~~ 

-20-

OO.~X 7UB.~U~kiAl) I’Q D1~Q ~~~~~~~~~~~~~~~~~~

1.6.2 UTM TO GEOGRAPHIC COORDINATES
STEP KEY ENTRY KEY CODE COMMENTS STEP KEY ENTRY KEY CODE COMMENTS

~~~~___ 081 $LB!i 23 11 057 itt, 36 81
—~ —— O82 RCL6 3606 __ 158 ~8I

113 RCLE 36 15 E — 159 x -~~~~

084 - -43 °
~~~~~~~~ . 068 RCLB 361S

_ U 5  085 16 31 .~~~~~I61 4
006 EEX —23 . 062 ~X 33

_ 807 6 06 . 063 + —24
— 08$ ÷ -24 , 864 RCL4 36 94

, I~3 STO! 33 46 , q ._ 065 + 24
°~!2_..... 818 RCLO 36 34 866 RCL3 36 13:

811 RCL~ 36 11 867 4 .4
812 + —24 068 Y~ 31

— 813 RCL3 36 13 869 ÷ -24
814 + -24 . 070 870 2 82

— 815 R’O 16 46 DEGS. 071 4 94’
816 $109 3399 4’•’ ‘11~ 

— 
072 + —21

01? 4 04 ‘ / 073 LEX 23
— 818 x -35 074 3 13’

— 
019 SIN 41 075 0

~p _ .  020 RCLC 31 13 
— 876 x —35~

021 x -35 
— 

077 RCL I 36 46’

— 822 CNS -
~~: 

— 0?$ 4
023 RCL9 36 99 , 079 V~
024 2 82 °° 080 X ~35::~ ~~ x —35 

— 
081 STO2 35 82’ c~m) q 4

— 
026 SIN 41 882 RCL9 36 99
327 ROtS 36 12 — 08~ 108 43~

•
028 ~‘ —33 084 RCL8 36 08’
829 + -55 

— 085 Xt 33

~L 030 RCLD 36 iTj 
— - 

086 ÷
— 031 RCL3 36 93. 

— 087 RCL4 36 I4~
832 + —24 

.
888 + -.24’

033 + -55 . 
- 889 RCL3 36 93

— 034 RCL~ 36 Ii 090 Xl 53
— 035 -24 . 891 ÷ -24

036 R +0 16 46 DEGS — 
092 2

— 
03? $109 35 99~ 4’ (1 2) 093 + -.24’

— 038 SIN 41 . 
— 094 EEX -23

— 839 XI 53 895 1 Ii
t) 040 ROLl 36 01 . 

— 
096 8 88’

— 
041 x —33 

— 89? x —35
— 042 1 098 RCLI 36 46 q

043 - —45 
— 099 XI

— 844 CHS —22 ~~~~
‘ 108 x —35~845 IX 34 

— 
101 RCL2 36 If

— 846 ROLl 3 6 8 8  £02 - ~45
5

— 
847 + —24 103 CHS
048 l’X 52 104 ROtS 36 $3

— 
849 STO8 3398 v (13) 105 * -24

o~~ 953 RCL9 36 8.9 186 RCL9 36 89
051 TAN 43 — 107 +:::~ 852 X ’ 53 188 ‘lOIS 16 W D.MS

_ 953 3 13 189 STOD 331~
— 954 x -33 ~!2_ 110 R’S 31.. DISP LAY
_ 8$5 5 18 111 RCL9 3618_
_ I36 + -

~~~~ 
_ _ _ _ _ _ _ _ _ _ _  — 112 ~~ 42 _ _ _ _ _ _ _ _ _ _ _

REGISTERS 
______________________

a E2 2
(~~ ff) q4J3 k0 

4lO6sin 1” ~ 3600 ° 500000 [‘ CM 8 9

S2 
j
S3 S4 

- 
S5 S6 JS7 S8 so

A A 1B JC C D N, ~ 1E E, ) .. q
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1.6.2 PROGRAM LISTING
SYI P K EY ENTRY K E Y  CODE COMM ENTS ST (P ~5l~ ~~~~~ Kl~’ L ODE COMMENTS

_______________ — 

169 RCL2 3613
- 11 4 x —3-5 . - 170 • —35

115 801.4 3 6 94  171 •1411S 16 35 D.MS
115 x —35  172 SlOE 35 13 LONG
11? RCL3 36 Ii 7L R TN 24 _____

III ~ —36  174 *1.81.9 2112
119 l ’X 32 ~~ ~Ct7 3~ I?~120 LEx -23 ~76 RCL2 36 02 • —

12! 1 II 1?~’ — —43
122 2 02 - 178 ‘NtIS 16 33 D.MS
123 ° -33 

-- 179 SlOE 33 15 LONG
124 RCLI 36 46 “ i” 180 8TH 24
125 ‘ -33 --

12* S702 3 5 92 (IX) q
13? RCL 9 36 I9~ 

. -

- 
128 TAN 43 - -

~~ 
--

- 
129 X ’ 33 

. —

130 -‘ *2 
. -

131 —35 
— - - - - -  ——-_-- ----

i3~ I 91
11~ • —

~~~~ I
134 Rt’L9 36 89

• ~~~~~~~~~ CCS 42 
-~~~~

13t + -24 
________- - 13? 8018 36 08 -

~~~~ 

_______- —

~~~~~~~~~~

O 13~t 3 83 
_________- 

3~ Y~ 31 - - — __________

• lIt’ + —24 - _______ —

— I-I l 8C14 36 94 - _______ _______—

:1 14.’ + -24 -— _______

- 143 RCL3 36 93 --— -s -—______

144 3 93 ~~~~

— --- - --- — ______ 

115 y~ 31 
________ ______- 

~1t~ + -24 —____ 

14? 6 $0 —— _______

118 + -24
- II~ EEX -23

~ 150 02  —

151 4 04 — _________ _________

is: -33
- - 153 ROLl 36 46 - —

- - . 
154 3 13 -

155 y~ 3-I 
- — 

156 ~ 35 (X) q 3  -
- - 157 CHS -22

15$ 801.2 36 12
159 + -33 

______

~~~~~~ 160 RCL5 340 3   __________

161 + -24 
— _ _ _ _  _ _ _

163 5103 3392 ~~\ ( 10)  ________

— 163 RCLE 36 13  ——
— 114 801.6 UN n~r16S - -45 —

166 Xc.I~ 16-45 E—500000 -- 0 ?
SE? 6108 2? 12
IU 101.7 369? ______________  ______ ______ _____________

LA SEL S FLAGS 
_______ 

Sfl STATUS
U~~D T LJSE D II I FLAGS TRIG OiSP

• I’ 
- 

I’ ti p ON OFF

_________________________________ 1 _____________________ __________ 0 Ii 1) DEG H t I X  H1; I I H GRAD I I SCI I___________________ - , 
- -~ : 1 1 HAD I )  ING (.1

I
-~~~~~~~~~~
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SU N R I S E , SUN SET ~ ANt) 1’Wll ~1( l IT

2 . 1 .  
- 

REFERENCES

a. Russe’ 11 • Dugan, and St ew ar t  • -1 ~ ~~ - : “:~ , G Inn ~. Co. • New York ,
1945 .

I). :-;
~, - .-~~ ‘: 1’ :

•
~~• :‘ . i- .~ 
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~~~

-
~~~~

-
~~~ - ~~ ~~~~~~ : -

, .1 :~~: : > ~~l, ~~. 1’ - 
~~. ~: 1’ : -

, 
,

U.  S. Covernmcnt Print lug O f t  [cc ’ , Was h ingt on , I). C . , I q Ri

1~~ . -:i ; -
- 

• ? : I  - I , f  f ; : - ‘. : -
‘ ‘‘. • Her

M a e ~st v ’s St at  ioner~- (1ff lee, l ondon • 1961

2 . 2 .  1) I SCUSS iON

Char ts  are prepared and issued for each ma or m i i i  t a rv  op er a  t lou

or op er a t ion a l  ar ea g i v i n g  sun 1 igh t , moon 1 ight • and t ida 1 dat .1.

Naut lea I twill g u t (sun s zenIth aug 1 e f roni I 02 0  t o 96 ° ) p rov ides  enough

i l l u m ina t ion  for  most types  of ground act  iv i  t ‘.- • a l though bonth l oad lug

and r e p a i r  work require artifi c i a l l i g h t .  C i v i l  twili ght (sun ’s

zen i th angle from 96° to 90°) peumi  t s norma l day .ic iv it I es such as

observed ar t  l i l t ’ rv fir e and v Isua I b ombing . S~inr  I se occurs  when t h e

sun ’ s upper  l imb has .u zen i t h ang I e of 90° . I’h is makes the  zen i t  b

distance ot t he  sun ’s cen te r  900 50’ (90 . 8 3’~ ) • a I low i ng l-~ • I or hor I —

zont .u I r e f r a c t  ion and 16 • f o r  the sun ’s semi d I amet er • For some a i r—

craft a~ p I teat ions, a correct  I on of I ‘ . l 7 ~ Ii i s  added , where II is t he

u t  I tude in feet. Ii 11 is in k [ l o t  ect and dec ima l degrees art ’ used ,

t i ll s  co r r e c t  ion Is  0.617 ~‘ul degrees

2. ~~. - 
KqL I IVI’ I ONS

The f u n d a m e n t a l  r e l at  ton ( R e f .  c • p . (1 1)  Is

ct’s h = — t an  4i tan ~ + see see cos z • (1

wile re h and ~ are’ tile hour angle and dcc I I  nat ton ol t h e  sun at the

t ime of the phenomenon , ~ Is the tat it ude , and is the ; en I th angle

(The co rr t ’ c t Ion of the dec 1 m a t  Ion f rom ephemer i s  noon to  ap p r o x i m at e

is lug or set t tug is at most 0 * l~ , a ref  Inement we w i l l  twg icc t

-L
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The’ sun ’ s d e c l i n a t i o n  is the number of degrees the  ea r t h ’s axis

d e par t s  f rom a p lane tha t  Is norma I to tht ’ sun ’s d i r e c t  r ay s . The

dcc 1 m t  Ion is t a b u l a t e d  In the annua l Ep hemer i s .  An a p p r o x im a t e’

formula is dt’r ived and checked a g a I n s t  the tables.

In Fig . 2 .  1, 0 is t he.’ t r u e  anoma l y on day I) and a is t he’ ecce’n—

tr I c anoma lv .

/ 1
I ’

/ 1Normal /pla ne / I

1 Earth,day ~
/ “I Orbit/ /

/ ,
1

/ / I
/ / I

/ /
/ / I

/ / I
a

Sun 22 Dec
Day O

Fig. 2.1—Anomalies

Kepler ’s equa t ion Is

2111)a — £ sin a = (~~)

where C — 1/60 is the  eccentricity of tht ’ earth’ s orbit. A l s o ,

1 2y l  — c s in 0
sin a — - —

~~~
— —— - — -  .1 + c cos 0

_  --
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Neglec ting ’
~[l — (= 0.99986), and solving for 0 yields

sin ct
s i nO =  , (4)

1 ± c cos a

where the + branch is used from the vernal equinox , 21 March (Day 89) ,

to the au tumnal equinox , 23 Sep tember (Day 275 ) .

From (2) a first approximation to a is simply a = 211D/365. This 
—

is refined by using a = a + 1~ in (2) to get the correction

- sin a —

- = 60 — 

° (radians) (5)
0~~

Finally,  using direction cosines , the declination becomes - -

• sin~~~ = — c o s 0 sin u , (6)

• where U = 23.44° is the inclination of the earth ’s axis . The sign

becomes + between the two equinoxes as the earth passes throug h the
summer solstice, 21 June.

Next a formula for the Equation of Time (EOT) is required . The

EOT is the difference in hour angle of the sun and the fictitious mean

sun used for ordinary time. The difference owes to two causes: (1)

the variable motion of the sun because of the eccentricity of the

earth’s orbit , and (2) the obliquity of the ecliptic.

The figure on p. 147 of Ref. a suggests that

EOT = — A sin ( 0 —  a )  — B sin (20 + b )  . ( 7 )

We get from that figure the approximate values A = 8, a = 5.92°,

B = 10, b = 4 .73° . Here Day 0 (D = 0) is 25 December , s ince the EOT
is 0 on that date.

The ex trern~~of the EOT are:
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12 February 1) = 49 EOT —14.29 m m

14 May 9 = 140 EOT +3 .72  m m

26 Jul y 1) = 213 EOT = —6.46 mm

3 November D = 311 EOT = +16 ,4 1 mm

Rep lace A by A + M , e t c .  , s u b s t i t u t e  In ( 7 ) ,  t ake  on ly  f i r s t — o r d er

terms , and get four I ine.’ar equa t ions  in the unknowns ~A , A a,  ~ B , ~b .

These are solved quickly by Program 7 of t he ’ Hew lett—Packard Math

Pac 1. The co r rec t ed  values of the parameters are

A = 7 . 4 4 4 7  , a = 5 . 9 3 5  , B = 9.894 • h = 4 .94 1

The r e s u l t  i ng mean a b s o l u t e  error t h roughou t  t I le  year  w i t h  respe ’c t

to the t a b u l a te d  values of the EOT is 24 sec.

Ris ing and set t ing t imes are now computed by

R is ing = 12 — EOT — h (8)
Setting = Rising + 211

These are l o c a l  mean t inu es  w i t h  respect to the cen t ra l nier I d ian  (CM )

of a g i ven t ime zone . To c o r r e c t  fo r  o ther  l o n g i t u d e s , s u b t r a c t  4

m m  f o r  each degree’ east of the  CM , since the  sun is ear 1 1cr , and

add 4 m in f o r  each degree west of the CM. The cor rec t  ion is

programmed .

2 . 4. PROCRAM NO I’ES

( I ’~ The day numbe r 1) (1) = 1) + 3) f o r  a g i veil date ’ is needed ,

count  i ng from C h r i s  tmas as Day 0. Subt rae t I f r o m  the  month number

and m u l t  I p ly by 30. 4 2 , the  average number of day s  in a m o n t h .  Take

the Integra l part . For month numbers 1 , 8 , 9 , 10 , 11 , 12 . add 6;
for m o n t h s  3 , 4 • • 6 , 7 , add ‘ ; and f or mon th 2 • add 7 . F i n I s h  by

adding  the days of the d a t e .

( 2 )  For the l o n g i t u d e  co r r ect  ton ( f  1 131. t)) add 360 0 i f  West

l o n g I t u d e  (entered negat lye)  . Then oht .1 1 11 the  c o r r e c t  cent  ra I

nie’r 1(1 1.111 by check tu g  wluc t her  the t rae t i ona 1 pa r t  of t h e  long i t  tu de

d iv i d e d  by I S  Is l ess  t han  or g r e a t e r  than 0. S ( 1 / 2  hr ) .
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3) At dat e’S when t hie ’ sun ’ s dec Ii nat I on is c lose’ t o I) , f o r mtu  Ia

( -4 ) can v f e  Id a number ve ’rv s II glu t lv g r eat e r  in  ,tbso I cit  e~ v a t  Ut ’ t han 1
l i i  is would genera t e  an Er ro r  s i g n a l . Such a number Is r ep  laced by I

iii f 1,BL 5.

( 4 )  iii I s  prog rain r e qu I r e d  220 st e’ps . The ’ re was not space t o

program r 1st uig and set t Lu g in the Southern Hemisphere’ . it’ do t h i s

proceed .is f o l l o w s :

• I-’ i ntl t h e  sun ‘ s dcc I m a t  ion on the ’ des I red cia te ’ .

• Change t h e  s ign  and use’ f o r m u l a  (6)  t o get a new 0 and i

new d , u v neuni be r • 0/ 160) , -d I I le’ r I ng liv abou t  h me’ U t  hs .

• F intl  t lie r i s i n g  t lin e f o r  t lie t a t t e r  t l , uv  in  t h e ’  N o r t  he’rn

hlt ’r n i s p liere ’ .

• Add EtYI’ 
2 I

• I- x.u ni1i I t - . F l u i d  sunr  1St ’ on ‘ May at 3S~
’S (Cent  ra I Mer i d i ~i u i )  . Run p ro—

gram w i t  Ii + 18° . R CI ,  2 t o  get  LS = I i . 48° ( the  t rue  dec I m a t  i on  is

- ‘ l b . IY). R d .  I t o  get EOT
1 

.060() hr. B~’ (6) with 5 — 1 5 .48,

0 - + / .9 or 1 12 . 1 . Choose’ t h e ’ t a t  t e r  I) = I l /  • or 7 Nov e’mbe ’r . Run —

program with date 11 . 07 .  R i s i n g  t l ine is u Ii 32 rn (6. S 3) 
* 

Edi’ , = 0. 2i .

R i s  lug t ime ’ is 6. 5 3  + 0.26 — 0.06 = • . 7 3  or  ~ Ii 4 3 iii . The v a l u e  f o r

t h i s  e ’xarnp I t ’ g [v e ’ul on p .  566 ot  R e ’ I . ( i i ) is  6 Ii - 4 - I m.

( ) Program r u n n i n g  t ime is about 2 5 sec . Compared wit hi t he.’

Va I ue.’s t ahu I at  eel in Ref  . ii (pp. -4 3-4 i 3 • e’r ror s a re ’ 0 to  .1 in i n  w I t  ii (1

and I t h e ’ fills I Ike’ lv  v a t  t ies.  I’he e’rror s an he’ gr e ’a t e t ’  • liowc ’vt ’ r

. t t  h i g h  t a t  I tu de ’s  a t  d a t e ’s c - lose ’ t o  those’ w i t  hi t w i l i g h t  l a s t i n g  a l l

n i g ht .

Examp te ’ . Ast  rone im lea 1 twIlig ht • - S0°N • 1 4 .Iu Iv  : The’ c omp tu t  ed va I Ut’

is 0 hi It mu versus the act u.i 1 0 32 for  b e g i n n i n g , and 2 39 ve~rsus

2 3 12 b r  t’nel of twit Ight
-I 

- - - - - ~~~~~~~~~~~~~~~~~~~~ - -~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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2.5 USER INSTRUCTIONS

4

2. SUNRISE , SUNSE T AND TWI LIGHT
ZENITH A , DATE B, tAT. C , LONG. D PRESS A, R/S

STEP INSTRUCTIONS OA~Z~~ ITS KEYS O~~~~~~~TS

1 LOAD BOT H SIDES OF PRGM AND DAT A CAJ1DS I I 1 ______

I II I
2 ZENI T H DESIRED STO A 

_______ - I I
-- 

SUNRISE (UPPE R_l~IMBL_ 90.83 90.83 1 ENT I 90.83
CIVi L TWI LIGH T 96 I II I- 

NAUTICAL TWI LIGHT 102 I I I
ASTRONOM ICAL TW ILIGH T 108 I I

- 

. 

II
TO CORRECT FOR ALTI T UDE IN KFT 

- - - 

I I I  
- -

~~~~

ADD 0.6 17 ~H TO THE ABOVE (40 KFT ) 3.90 H + 94.73

STO I I A 94 .73
4 DATE AS MM .DD STO B I I

(N.B. OCT 9 IS 10.09) 
- - 

10.09 I STOI I B I 10.09

5 LAT”OE (NORTH ONLY ) I H
DDJ~t .,- STO C 360 22 ’N 

- 

36.22 I STO H C — 

36 .22

I I I
6 LONGITUDE ± DDD.MM STO D I I

(— FOR W. LONG) 1210 8 ’W —121.08 STO II D —121 .08

I I I
7 PRE SS A TO GET RISING HH.MM (Sb 45m) I I I 5 .45

— 

I I
8 PRESS R,’S TO GET SETTING HH.MM (17h 57m) I 

-- 

17 .57

I I
9 DAY NU MBE R OF DATE 

- I RCL I I 0 I 291
RCL 0 AND SU BTRACT 9 9 I II - 282

I II I 
- -

10 EQUAT ION OF T IME 
- I II I

- 
DSP 4,RC! 11_9 H.MS 

- - - 
I RCL II 1 I 0.2128

TO GET .MMSS (12rn 46s) 
- -  

I 9 ~I,MS1 
- 

.1246
- . 

I II I
11 DECLINATION OF SUN 

-

~ 

- - 

I RCL 2 I - 

—5.9663
RCL 2,g H.MS to g.t + DD.MMSS (-5°58’) 

- 

I ~ ~~~~ -5.5759
I II

12 RISING IS STORED IN 3 I RCLI I 3 5.7632
SETT ING IS STORED IN 4 

- -- 

g j P-I .M~ 5.4548
(9 H.MS) I I I  I

I II
13 ERROR MEANS TWI LIGHT LASTS A LL NIGHT 

________ 
I I ________

I
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2.6 SUNRISE , SUNSE T , AND TWI LIGHT

STEP kEY ENT RY KEY CO~f COMMEN7~. STEP K EY E NTRY KEY CODE C t-M AIl  N I S
øe~ t L84~ ~~. ~~ P~c~M NOTE 1. — 

~~“ A 
—

0C.~ P.CLS ~~~~~ ~
‘

t~t INT ~ ~. MONTH C~ ‘ ~5 -
- ‘- iYi C E’~S ~e- T~ SEC

— -
~~~ Ct: RCL 4 ;~. t~

~ f 
- -  ~~~~.. +

-- - o~; ~;N
- - . CC~ I~4T s . D~ 

- 
0 t4  ~+-~~

‘ •~-2~ — B
— ~~~ ;r~ t :~ ~~ ~~~~~ ‘

~~~ ~CLP :. ,.. ti c ,  + 
—

- ~:: s’ •;.
- t’t

_ 
‘.,‘:2 A~~1 ’ :e. 

- 
Y t ,’ ~‘

- 
~
lt~

_ 
~u J

•~~ :~. 
~~~~~~~ 

~~~~~ r.-”~ ~
~~~~. S4~t _~~~j . . T~~N.j~jR~~ —

- ~~~~~ -~~~it i  .t (53
~~~~~~~ .~~~~~“ . ~‘: ~e:~’ RCL~ 3~ 

- 

~~

—-  •~~~ .~ ti~’T ~724~ T.~
~a i~2~~~~~\? ;~~- MONT H 2 ?  i~

’ 
~~~~

~~~~ ~~~ ,I3 ~
.

_ V .  
-

. MONTH i 
- - ~~~~~ ~~~~~~ 

,
~ 

- -

~~~ .. 
~~
. MONTHS 8 to 12 — 

c~
’
~ ~~~~-‘~ ~~. —

~~~~~~~~~~~~ -“‘ s ~ AND ) “!‘.. ~~~~~ ~

-I. t’~~ ~
~~~~ ;3 ‘~~ ... ADD 6

Ii... .: .-j .. ,-; “~
-
~ L • ~~’

~~~~~ ‘-~~ ‘~~ ~~“- MONTHS 3 TO 7 - ~~~~~ 
-
~~~~& .‘.. : .~t ,.. ‘ - -~ 

-

- 

& ‘• ~ 
- -  

‘~ C 1~ ’~’ :b .t~ ~\ RADIANS~ 5’
~~- : ‘.

~~ ‘ “ ~ ADD 5 t: ’ RCI [ ~e.
i’:: - : ‘ ~ :. ~ -t ~:

‘
~

•

P’ fL~ +~~ ‘. ‘
~4QNT 

— 

~Ji~ .‘.‘E ~~~~~~~~- 

~~~~~~~~~~~~~~~~ ~~~~~~~~
- ‘. —

- 

~~~~~ ~J ADD 7 c~ : ;~.. Ea~ +~ :~ .‘: +~i 215
~~~~~~~ 41i -s - - -  

e ’ -~ R2~—- ~~~‘ ~~~~ ,)‘• i ~ —~~~~~ sin ~.. ~~. t~~ csL~• 04e t ~~. 
- 

iI~T c ~~~~ :~ -n --
- 

-.2
-- 

“~ ‘~2~~ ~~~ sin : sin 23.4-4°
84’ * -~~~~ 

-- 
~~~~~

041 ~~~ ~~-5T ~ DAY D - :80 S1.~ e. ~~~

~~ EON. OF TIME :8: ~ L2 ‘~~ 
~~~~~— •4~ R~L9 ~~~, +~$ — :~~ ‘ -35 

~lilT ~~~~~~ ~~~ e .
~~~ ~~~~~ 

— 

—

~ ~ ~~~~ . SEC :~~ 
‘
~~C:~ ~~~~ 

—

4Q ~~~ 3~ :~s ,2 ~- C5~ • ‘55 — - -  Iti~ 
‘t- ~~~~5: SUI -~~~

5Z RCL 1 ~ ~ —A -r
15+ X ‘

~~~~~~ :89 RCt. C . A ~ ~~ 
854 P.S ~~-5~  PRI ‘

~~
-‘ :~C l*~4 :~ ;~~ 4, DEC .DEOS

055 RCL8 3~ 
.
~~
. 

~~~I5~ R~L.t 3~~9 ______________ :i.~ ~
- 

_____ _______

REGI STERS 
-‘ D* S DID[EOT(HRS )( ± 8 

[~
RISINo~

:
s ETTINc :‘ cos .p~~ 30.42 39781~36o 365

• L-7.~ 7 L-?*8~~L-5 .935 L4 .~ i I I L
A ZENITH Z r DATE MM.DD tAT DD.MM “ 

~~~ 
•~ 

~~, 1 , t15 7’

L
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2 .6 PROGRAM USTING
S~ LP ‘,l ’  INif’  k~~ ’i COOL COMIIIINYS S l I P  KLi F I C T R I  A l l  COOL

~~~ ~~~ 3 b 8  1b9 ~~ i4 ~gLBLb)
14 ~~ 4.~ tan ~ - - 2~t *1.SL~ , i  e ~~

115 ~~~~~ 3~.tb ti ~CLI  t,
~~~ ~~~~~ 4~ — -45  

1’l S~03 35 ~3
— 45 cos h ~1l fl’S RTt-4 24 ’

I2~ ~~~ :~~~~. d’t sLOt 7 ~~~~~~~~~~CH~~HE~~K~T
:2: : .. :~ ‘ I~CL8 3~ 00 b:_‘: 5 03_ 

- 
1’ 9

• 
- 

l ’s’ 0 0-0
:.N 51C5 505 h I N HRS -~~- \ .- i ’ :b ;4 9 0— D - )

- - - :2’ 2 0. 
— 

2 ~~.. 
-

— - ~~~~~ ~2~i :~‘3 
‘

— -~~~ RISI NG ~8) -

— —  :.~9 ~s .15 :i~s RCtO 
—

- ‘  — .
~5 ~~ Xfl” c~~ -~ D ~‘ 275 ?:;: ~T~J ~s 03 —— 

.~~ 

-

4 ~‘- s 
— — 

~ “ ~~ 
-

lilT 1133 •uøs ~ 1~~~~JL~ ~~~~~ 

- _____

— - ~~~~~ ~ S 3: CORRECTED RISI NG :-
~~~
— 

19C I
-

~ 
:~ 5 RCL3 ~~ .13 :9: 3~13b RCLS 3~~J 5 9.’ ~~~~~

• 
— :27 2 :92 ~

• ~-‘ 4

- ~~~~ + 55 :95 •- _
~

________ 1 ~e src-~ ;s I. :9e — 45 USE — SIGN:s ;s CORRECTED :9. STOS 3~ ~~• 
- 142 ~T’~ SITTING 19~ I 0: 

—

:43 4L&$ ~~~ PRGM NOIE 2 :95 CH6
-~~~~~~~~~ UI £C~ b ~ U 

. 200 sr :~ s5 ~ — 1  IN 
~

~45 ~~~~, 20: ~rs .4  (TO SHOW BRAP4CHI— - 
I’- e b 44 LCNG POS ~EAST)

— 
j4  

~7$~ — 
202 I

0;, IF NOT , ADD 360 :04 kcLr 3~ :5
L_ - - -  

es cos 42
- 158 80 —~~~ ~‘

~_ :s: + -
~~~~ 0 0-8

15’ CTC~ 2’ :5 2C~ +
:53 ~~~ ,7~ £b~~& i _ — 

.‘89 + 55 _ USE ‘ SIGN
54 ~ 210 

- I • e cos .~ ‘
5 05 21: I 

:ss ÷ -24 .‘1~’ STOZ 35 ~~~ +1 IN R 1
:57 ~ : :~ ~4 FRAC OF LON G 15 

-- 

213 4 (~~~~~ OW 8RA Nc~~,~~t 50 STO I 5,o ’ 
~‘iT sL3L5 

~~~~ PRGM N~ t~~3.• -
~~~~ 

-- .‘1~ ~0-S ~— 
150 5 05 — 

215 i
1:~~~~ ‘~~~~~

‘ 
~liili 17 ~~ :~~~:152 ~TC. 22 :~ - :: çGTO fbI ~~~~~~~ X~s ’ 1~ -34 - 

sin ~ — 1 ?
:53 RCL ’ 3~ .1~~ E OF CEN TRAL MER _ _ [ 2~~ I 0-.~ REPLACE BY 1
1~4 R..~! ~ ~~ (BECAUSE OF DIVISION ~~~ I ~28 RT~ 24

- - 155 1 01 
~~ %5~ ABOVE APPLIES- —— — - — — -  -

- ‘~~~~~- 4MIN/DEG CORREC - — -  - -

- 16. — 
~~~~— TION.) - - — -  -—— .L5~

_
~~~TO1 3~ il3_ . _________________ _______ ________________

- - 
LABEI.S FLAGS 

_______ 
SET STATUS

NOTE: DATA CAR D ENTRIES F 
~
‘ FLAGS TRIG DISP

- 

ARE MAR~1D L j  IN 
f’ I 

~~~~~~
‘
~~~~~

‘ DEG (~ H\C 
REGI STERS 3 4 - l - L~ GRAD [ 1  SC’

3 
RAt) I

L -~~~~~~~~~~~~~
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3 .  ODI-: V 1.  Il lS  I’ANCI-l S ANI ) 31- :ARIN ( S

3 . 1 .  
- 

R I FE RENCE S

¶ a. E r w i n  St -t i mid , - ~~~~~~~~~~~~~~~~~~~ ~~~~~ ~~~~ ~~~~~~~~~~~~~~~ ~~~~~~~~~
- - :: - ~I . l , unpub I ished ~Is . . N a t  i ona 1 (t ’odet ic Sic rvt’v
July 1972.

b.  P. A. Smith and I-I .  C . Masst ’v , -
~ ‘1” -~~ ‘ - - :, - :

- • : ‘~~‘ ‘ ~~, -
‘

- - ::- .~~~~:: ‘ 
‘: , The Rand (~t l r j ~o t a t  Ion , P— 4 9~ O , Ja n u a ry

19 7 3 .

i . 2. 1) I SCU SSION

The programs usual lv w r i t t e n  fo r  g rea t  o irc Ic d ii- t ances and h ear—

ings assume a sp lie r it ’ a 1 car t l i  t~ I some mean rad i us and t’mp 1 ov t lie c i  t’—

m&’nt.crv f o r m u l a s  of sp h e r i c a l  i r igonomi’ I rv  . The resti Its can h~- in

o r ro r by as muc Ii as 2() kilometers. I’o the geo d~’s i st (wh ic Ii 1 am not

sut Ii programs are to  he a n at h em a t i z e d . - 13u1 bey ond the  cv ident demands

0! surveYing , there ~~ app i i c a t  ions in Lic e mi.i I t a r v  and i n ter n a t lo ica l

d o m a i n s  where much g r e a t e r  proc is  ion is rcqui red .

In 1828 , F. 14. Bessel gave the  general so lu t ion  for  the  geodes it ’

on an c i l i psoid of r evolu t  ion.  Two d I ffercnt I a I eq u at i o n s  mus t  he

solved ,is pa r t  of esscl  ‘s r igorous  procedure . 
-

t n f c c r t u n a t e l v  b r  ri gor , the gcodt’sist ‘ s w o r l d  is n e i t h e r  p er f c~-t

nor stat i1 - . Per iod I cal lv • t he  s e m i — m a j o r  and semi—minor  axes of t h e

geo Id are c l~a-i~~~4- -s-om it in Va ! Ut’ . Wt ’ recommend using WC S 72 (Wo r I d

Ceodet ic Sys tem 1972)  • now r a t h e r  lT~-.~’-~-J .1 v a c  t’ol)t  &‘d , wI t i oh as~ unies

a = 6 378 135.0 m b = 6 3~~ 7 5 0 . 2 3 3  m

and henoc  a squared e c c e n t r i c i t y  of

I I

= 1 — (h / aY  = 0.006 694 40 7

(The ret’ iprocal of the flattening f is 298.256.)

- 
. The ‘

~~
‘ ~~ -‘i’~i probl em in geodesy- takes the latitude and long itude

of a s t a t  Ion • an ,cz imuth a l hearing measured clockwise f r o m  n o r t h , and

I

1 . . ±Tlili , 
- --

~~~~~~~~ 
_ _
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I

a d i  s ta n . - .’ t T I ~ gt ’odot_ t o  sognu’nt , and asks fur t l i t ’  geogrI lp Il I t -a I o o o t d  1—

n,i t l’s ot t h e  I erm (ntis ol t he’ segment . lI ce ~

• 
‘‘ i’ ’ ‘~~‘~~~‘ - It rob I 1111 W ElIt  I t I ~.’

goode t I . ’ d 1st  :int ’t’ bet Weoti  t W O  n t  at  I otis , g I von t lit ’ Ii googt .c p it I .-a I on —

ur d  I t c . t t  i s , as we I I as I lit ’ helil ’ t u gs 01 oat -Ic stat lint I m m  I lie ot ho t

3 . 3 .  l-:~~LIXI IoNS

l’Icc et~ua ( I out s I r lie 511 I U t LOU o I t ii t ~ ~ e’ I wo 1c t ’ob I ems ar . ’  t . u  t I t er  “ —

I etcgt liv • ‘ho conserve spat e in hits r epor t  , 1 Ict ’v a t i - not  u’ t ’l c ro ( I i I l ’(.d

ti - t o . ‘I’ict’~- a t o  I t~i in t t  I n  Ret . Ii • :iva I I :tlc le I rum I’)i.~ Rand Corpo ra l  ion .
*Pub I ( c at  [otis I )eh ca r I me ci t  • San I a Mon i t - t i  • CA 90406 . For t hose t’i ’ttd I’t -

who dt’ 1 ye’ I t i t t i  t lii s c’ e’ft ’t ’cnt ’t ’ , note t h at  ( i i  the .r~ 
-
~~‘;.\ i~~! 140 1 i t t  I on pro—

gr t tmme d Ice re’ t lie t’e is a t ’ep I aceute ’nt In I ot’unu l i  N) ut

:4
I -  

by I -

I I k /..

m o o  L ~/4 Is 1 t ’ss t han I ~ I O 6 . ,cnd I ht ’ me I it  ,i t i t ’  I ci  i on In  I onmi)  a

( I t ) )  ni (Iii ’ ‘mm -

~~
- i t )  3

- I k • ct’S 6 8 ’ • s l it I AS ’

w h i c h  I s 01 (h i ’ ord er  1 \ I t )

Tb Is Is done t o  save ’ sca t - t -~’ p rogr am spat -c and I i i  a c t ’.’ lt ’i ’ ,ct o cx . ’—

t ’i~ t I on s I i  gli t I v . I i i  contp a r i n g  t he resci It s w I  ( I i  ( l ie ’ m o t i ’  ex.c. - t v~t I t i c s

I otini l h~’ t Ice Nat I t’tca I Ceodt’( to Sit rv ey  , (Iii ’ re su I t I ng I at It ude m ay be

I i i  er ro r tip to 0. 2’’ ( 1  tIle ’ t. ers)  • and t Ito long I t  t ide by t ’t i t is  I de ’i’ tih I v

I ‘ss t h i a t t  t li I s .

I .4 . l’ROCRAM N t ) I  ES (FORWAR I ) SOt Ui I N )

I, I ) l’lic rt ’ tite’ t hrt’t’ p l t t t ’ t’S Ifl I he prog c-am witi’ re c cc - e titus t bt’

t a k en  to  ensure I hat  I he tirotangent g lvi’s an ang i t -  In I he i n t r o i t

tp t , t dc- .int  . The ‘g ~~~~ 
I • fu n t ’t Ion on the IIP—67 pr odit i -ci- ; tu g I os on lv

In  quad r a n t s  I and IV • hu t  t he ret’ I angul ar— Il l— p.~1 at- —t ’ oord I t i . t t  e con— -

ve’rs ton prov ItIe’~ t lie t -o rrt ’t ’ I qwit lraci t  l o r  4 / 4 , +/— , —I— • and —1 . R i - v

- - *Pr I t o  tel pr t v n t e  hi d Iv (dccci is :  $ 1.00 postpat d

- 

- 
- - - , ‘~~~~~L~~~~_ j — _  ~~ ~~ i —‘•~~~~~~~~~ ‘~~~~~~~~~~~~ -— - ~~~~~~~~~~~~~~ - . ‘ — - - -- - ‘ ,

~ ~~~~~
- — —  — —--‘-— — —
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In the  v v a l u e, t he  n u mer a t or  w i  t l t  It sign. Press EN’l’ER. Rev In

the x v a l u e , the  d e n o m i n a t o r  w i t h  I t s  s i g n .  l’ress g -* P.  l’re’ss

Ii x ~~~~~ v to get the a n g l e .

(2) S t a t - k manipulation is USe’(l In two p laces to h o l d  va l ue s in

stack s Loragi- wit II they can he’ p laced in  pr Inta my s tortigo , ,tvo id I rig

t lie’ ext  ma steps (two lv i ng ‘ 1 I’ ~~
- ~ S ’ i t  s e c t i c t t l , t  t’~ - storage we’re used

It. Is good p r .tc t ( t i’ in  such p rogramming  I 0 uSO ‘881’ ’ In run  mode’ and

got successive’ I r,tct ’~ of t lit’ st at’k i’ufl t e’nt s by ‘S STK ‘ . (Tb I s I s

; ‘ ?~~ ‘—hugging rat her t h a n  - - —l~ugg lug. )

( 1 )  lh’t .t t t s ~~ ot pri ig ram s I .~ t - ( 2 1 8  s t ep s )  • t Ito user Is asked to

make’, I f  ne ’ct’ssarv • .t s Imp  It’ I 111.1 1 correct (on t o t h e ’ d i s  p 1 t tvc d  long i —

itc h ’  (8 ,it id I )  tinder I. i . 1 • l l st ’t l u s t  m it t - I j o lt s )  . It is import ~t t i t  t o

use ‘ 160 , CIIS , Ii I I .  MS-f ’ r at  I t e m t ban it t t , t  I g u t I orwamd st t b t  ma t ’ t I t ’ l l  In

5101) 8.

KX,U1a~ 1O5 . The In It owl ng compar [sons wit Ii Nat louia 1 Conch’ t Ic  Sic rv.’v

Va lue~ use t h e i r  ge’o Id c o n s t a n t s  of

a = (i  178 14 5.01) in l = Ii I’~~ 7 c-i .76 cci

= 0.006 694 545

Moreover , t h e i r  ‘
~ ~::‘~ ‘r.-i~ - sul  u t  ions  (gen I d d i s  ta c t  i~ i ’s .Is segn ien t 1 engt Its)

- ‘ are used t o i’h~~~k ‘ ? ‘ \~~ 1’ so h i t  to u s . ( N o t e :  l’o t ’onve ml  k I I on. I ,- F s

t o  nau t  (o t t  I mi.I es, (l iv ide by 1 .852 cx ,t l ’ I l v .  )

l e t  tlic s t a t  ion of etrig In he I lit’ nun Ic (pa 1 a ii’ p or t  . t t  i- _ i  i t ~ ba nks

Al ask,t—— t4 ° 4t) ~5, t) 5’ , _
~~ 

‘
~7° 5 I ’ Sl  . 11)” 

. ‘L ’heu we I l i l t1

I’ t a t ’ ,’ I t ’S Angel i -s l a k , t u - t a  ‘I’ d 2ev iv

A~’. iuiut t t it I 35 ° 1 2 ‘ 18.4.’’’ 28 1 ~25157 .01)’’ 3 O~~~~~ I $n . 3 ’ ’’
- - R I  l ome t e’rs 1961 .n-’.44 —I l l-’,-, . 148t) i ) ’ ’1 t) _‘$87

i i t  I t  tide 14 °O’  59 9 ~ — 6 ° 10’ 00 I 6’’ I ‘ ‘ J -, ‘ ‘ ~ ‘)  7’)’’
- 

- A hat 0.07’’ 0.1 1-.’’ 0.21’’

Long! utile — 118° H ’ ‘, t 1 91) ’’ IO6 ° 4’~ ‘ 5 9 t ~ 3’’ t -~ ’4t ‘0000 ’’
A l ong 11 . 04” 0. 1) 7” 0 . 111”

J •

’

j

_ _ _ _ _
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I I  th e’ az Innu t l i  (bear  (rig ) Is greater t han  18(1 0 
, the  d (stance Is en te red

as a ml  tins quant  ( iv  . The A ’ s show the  c h i t  I e rence’ w I  LIt t ’espoet to the

N GS ‘ $ more ’ ac - t-u r a t  e v a l u e  (I). 10 ’’ in h a t  it  ude’ is about 10 I c ot )

3, 5 . 
- 

PROGRAM NOTES (JNV ER SE s L i r r i o N )

(1) (t i  lii i ~ prog ram a isti ,
’ t he’ 2—p a macnet .‘r t t  re-I an geci t  procedure

must be lo t  I owed to get t tng  l os ci t h e ’ t-orret’t quad rant

(2) Again  b~’-~tuse’ ol progr am SI’at ’o • we’ utt’g loot t emnt s Inv o v i n g

k and oxcot i I t o t ’  one’ c,ise those I uvo I v in g k

( 3 )  On t i to  I I u’s t k/ S  i i  t Ice n itci the F app e ’~tr  Ing (I he d I I I  erence

in rad I :ins ol Lic e ’ long I t  t i t l e’S of t 1 t t ’  ~eeont1 tunci I I r s t  st at I t i n s)  i s

g ro a t  or t han ii , t bo ut kt ’v CIIS • ltn • 1, x , t , R/ S. t it  I to r w 1st ’ we get

the  g r eat e r  of t lie two gi ’odes Ic  ci i s t : t n t ’ t ’s b otw eot i  I lie St at l o u i s . 01

con r st ’ , t it Is is  read I 1 v prog mactinte d bu t  we d.’ tin t Itt t v -  r cm,t i ni rig a v - i I I —

~ch l o  sj ’ , c t - t ’ .

Wi.’ now t’ epea t t lie above’ ex t imp I t ’s us tu g  t Ito I two i s o  si’ I .t t it ’li

P h  at ’ t’ h,os Ange los .1 , u k . t  t t a i’e I 2ev iv

Lit  I tud e 14° O 3  ‘ —F ’° I t ) ’ 32 °0S

Long it t it l e — 118° I 4 ‘ 1 0b° 5th ’

R I  I ometors  1’)1)1 . ( 4 1 ) F’  I I  144 . 34 18  1 ‘c-i . 11, ’ I

A (cite’ te ’ ms) 3. S . I , 1)

A~ m ut t  hi 1 I 5 ” 1 2 ’  1 5. hI ’’  78° 3 - ’. ‘0 3 . 111) ’’ 1) .’ ”  1-. ‘ 33 _ 1 )5’’

A ~~ 0.11) ’’ 0 .06 ’’ 0 .0 1’’

llack AZ I 58° -‘,5 ’oI . t - . t ’’ I S s °07 ‘ iq . (10’’ 178 0  5 .’’ I~~. I I ’’
A l% / A ~ 0.08’’ (1 .01 ’’ 0 .01 ’’

In  t h i  i s  pr ogram , - t ~ m int  I ts  are  I ess titan I 80 ° and g i v e  h i t ’ aug I t ’

I ron N t o  t he’ e.ist bound p or t  I on  ~ I I Is’ ge’odes I t ’

The ace u i r . t , -v should be .tcc opt  , t I - .  I e t o  a I I b i t t  t lie nio~ t decnactd t u g

user .  We pa~’ I or t h I s  .i t ’ t ’u t at ’v In  t In’ usua l i - i ’ Itt ul  I c t i ’ c i ’ , u s t ’t I t ’i’tit~

pit t t r i g  t (me . The reader  ni , tv w I  sIt It ’  pm’ ogr : tm us l u g  a mean t ’ar t  ii rail I tcs

,tntl  t lie f o r m u l a s  oI spI ce t~ i t ’ a I t i  I gonotm’ I my • ,c s cts’ut  t I tined In Si -c . 3 .

t o p.’ u’su.t de It Imse I I

~~~~~~~~~~~~~~~~~~~~
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Because’ nt 1 at-k oI~ ~~~~~~~~ space’ • I he ttse’r must t t ike , t c ’ct~uc it ol

three prot-eciures

• if both g iven l a t i t u d e s  are’ c icgat  (y e  (Sotttherti Item Isp ltt ’ri -) ,

c’ieange s igns  ot ~‘c-~ i~ la t i tudes and ~-~- r ~ longitude’s.

• I I ho thi s t a t  iocis have t It o same I ocig it ud.’ (nit’ r tel I ona I at ’. )

t hi.’ progrant w i l l  sh ow an error a t  stop 04- ’. ( I  /tti t i 0) . I ci

t h i s  cast ’ add 0,1)1’ to  tine’ long It etde ((1 .01)  and c’tut  t roc it I to

b e g i n n i n g , a I t htoicgl t the’ sot Ut ton is ur is t  ahi I.’ for ~ttt ’lt snutt I I

i i  fer e nt ’es it) long I tuide

• R e g i s t e rs  A , B • C , I) a rc  used hot Ii for tnt t i .t I and I n em—

cued late ’  s t o r a g e .  I I a new proh I em i s to  ho u’itn w it I t t l ie ’

same’ first stat Ion • It s i - oorcl m a t  L’s cut cst he’ i-ost ored . \‘ou

t~att , h owever , s tome’ the  t’oor d I na ti -s at so i n  SF’ ~ind 87 , b e i n g

c a r e f u l  to pr c t ’e’th t ’ and l o l l  ow 1w I P S.

I

4

t
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3.5.1 USER INSTRUCTIONS

/ 3.1 GEOG RAPH IC COORDINATE S OF A GEODETIC 1
SEGME NT FROM GIVE N POINT 4~I ~~ (FORWARD SOWTION)

—

$nP I INSTRUC11ONS KIYI DATA/UNITS

LOAD DATA AND PROGRAM CARDS 
______  I - I 1 ______

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _  
_ _  

- _ _ _ _

2 KEY LAT OF STATI ON (D. MS) STO A 64.4909 1$T~ J I  A I _ _ _ _ _ _

(—FOR S . L AT) 
_______________ ________ 

L - - 

I I  - I 
________

_ _ __ _ _  _ _ _ _ _  _ _ _ _ _ _ _ _ _  _ _ _ _  r --- i
i I 

_ _ _ _

3 KEY LONG OF STATION (D.MS) STO B - 147.5151 [STOI l B  I 
_______

(- FOR W. LONG) 
_ _ _ _ _  

I I - _ _ _ _ _ _

___________________________ ____________ 
i t - -- ____________

4 KEY AZ iMUTH (D.MS) CLOCKWISE_FR OM 135.1218 I STOH C I 
_ _ _ _ _

- 
NCRTH.STO C 

_ _ _ _ _  
I - i i  I 

_ _ _ _ _ _

_______________________________________________________________________ ______________________ I — i l - -
” ______________________

5 KEY SEGMENT DISTANCE IN KMS, CHS 
_ _ _ _ _ _  I J I - _ _ _ _ _ _

- - 
IF AZ > 180 • STO D (IF INPJT IS IN 

________ I - I L ________

NAUT. MIL ES KEY IN , tv~JLTIPLY BY 
_______ 

[ 

-

. I I  
________

i.852, STO 0) 3961.64 57011 P 
______________________________________________ ____________ i i  ____________

6 PRESS A TO GET LAT (D.MS) 
_______ 

I I [~ II1 34.0300
_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _  

L1J 
_ _ _ _ _

7 PRESS R/S TO GET LbNG (D.MS) 
______ [ I I~~7~i 

—118.1359
_ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _  I i i  -

~~~ 1 _ _ _ _ _

8 W LONG > 180 , KEY 360, 
_ _ _ _ _  

I r - 

- 

I 
_ _ _ _ _ _

CHS, h H .MS + 
______ 

I - - I L - I ______ -- - I F --ill 
_ _ _

9 IF LONG < -~~O KEY 360, h H .MS + 
______ 

I - - 

I I - - _______

_ _ _  _ _ _ _--_ _ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _  I ~ i l I I  _ _ _ _ _

DATA CARD - - :1 I - 

____—__— 

I i i H 
_ _

e 510 0 0.081 819 356 
_ _ _ _ _ _  ___  _ _ _ _ _ _

________ 
_____________________________________ _____________ I ii 1 ______________

v1L-!~ 570 1 
- 

0.996 647 176 
_ _ _ _ _  

[~TOI Liii _ _ _ _ _ _

‘1 ______________________ _______ 
1 1 - - _____

b 570 2 (IN KMS) 6 356 .75023 
______  

1 STQI L 2
_ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _  

1 -
~ ) l ~Il _ _ _

(WGS 72) 
_ _ _ _ _ _  

I_ li _ I 
____

____________________— I- - _ I I  I 
_ _ _ _

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _  
I -- I I  -

_ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _  _ _ _ _  
I

____________________________________________________________________ _____________ 
I i  1

-- 

I II _ _ _ _ _

- -



_____ 
-
~~~~~~~~~ ~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —~~~~ 

- 
-~~~~~-

-‘%--

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
~ &. C*)E’)I ~~~~~~~~~ 1\) LtDjQ ~~~~~~~~

3.6.1 FORWARD SOLUTION
STEP KEY ENTRY KEY CODE COMMENTS STEP KEV ENTRY KEY CODE COMMENTS

- ! C 001 ‘*LBLuI 21 ii - 0!~’ STO8 35 88
— - 002 DSP~ -63 86 053 F0L6 36 86

- ‘‘ ~ ~~ 16—22 RADIAN MODE Cs: 4 84
-

, 
- ~~‘: F’I 16—24 °~ c~: —35

~~~~~~~ 36  13 c:: SIN 41
C2~ Hf ’?S- 16 36 i ~~2 S 88
~~~~~ NR 16 45 - —24
Cc-S ‘-~ 

“ 16—34 ,,‘E- ~ OHS —22
~~~~~ ~SB0 23 88 C~’5 ~CL8 36 88

010 CI~’ S’OE 35 15 c~~ .-~~~ 53
— c- :: t’C~.. 36 11 —35

~
‘‘‘ U~4~~~~ 16 36 ,‘:S ~~L6 36 86
c:: ~‘R 16 45 05; 2 92

43 o~~~ c- ’c- -
~ —35

015 ~
‘_ 1 3691 0 ’  SIN 41

-35 —

~~~~~~~ :: ~~L& 36 88
C1 ~‘. N ’  16 43 — 

~r- ‘,

~:r 4 35 04 c - — - * —55
1’~ ~2S 42 — c- ’s ~ L6 36 96

ow” ‘.‘2c- POLE 36 15 2 82
S I N  41 —35

-35 — 
-55

• ~~~~
‘ ::s” 16 42 S~’09 35 89

c-~ -~ S’T5 35 85 oo~ c-sc- i 81
— 

~25 ~CLE 36 15 c-:: ~‘L6 36 98
SOS 42 c-s. - —45

c-2 OHS —22 c-s : F O L D 36 14
-

~ 
-,‘~~~

‘ EN~t —21 — 

~s - -‘ —35
32: FCL4 36 84 — 025 !CL2 36 82

T4N 43 POLAR COORDS -
~~~~

-~~~~~ ~~ 34 cT, IN CORR.QUAD 0S 5103 35 ~3c-c-: ‘::‘~
- —41 555 5T+9 35—55 99

02’  2106 35 86 055 RCL 3 36 93
554 FCLE 36 15 oW” c-Pc - 2 92

— 
035 c-OS 42 05 X —35 

-

— c-3~’ OIlS —22 552 SIN 41
c-c- —21 05? FCL9 36 89

- 055 RCL4 36 84 — C54 2 92
— 

055 SIN 41 —35
~~~~ 040 POLE 36 15 — 

525 Cc-S 42
C4~ SIN 41 — “35

-\ —35 TO GET A ,, o-~ os: Pc--LB 36 08
~~ IN SAME QUAD 09P >~ 53

044 V —41 too 100 —35
045 S~0~

’ 35 87 — 10: 5 85
‘045 PCLB 36 88 — —35

— ‘0-C’ Pc - LI  36 91 :c-:’ B 88
— —24 1c~ —24
— 

~‘-~5 P01.5 36 85 105 RCL9 36 09
6W 05C SIN 41 — 105 Cc-S 42
— 051 ‘- —35 :oc- PC LY 36 83 •
— ‘052 TAN-’ 16 43 10~ SIN 41

:053 2 82 ic- : x -35
— ~5-~ - —24 110 :i PCL 8 36 88 .
— ,055 ThIl 43 ~~~~‘ x —35
_ C5~ X2 53 ______________  . ,112 - —45 . _____________

REGIS ~ERS ______________

0 
~ 

I
~~~’j ~~~~~~ 

2 b 3
t0~~1, ~~

. ~ 
‘!‘1~ ‘I’~ 

~ ‘km 
6 X 1, A 2 

8
k ~S 1’. 2S~. -” iJ

SO Si S2 $3 S4 S5 S6 Si SB 59

1° -°-
~ 

a~ 1E ~~1*~ ~~~
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J~cw COPY
3.6.1 PROGRAM USII NG

STEP KEY ENTRY KEY CODE COMMENTS STEP KEY ENTRY KEY CODE COMMENTS
lf l - PC1.3 36 83 

—  

155 + -24
____ 

+ —55 -
_

- -- 1c-c CHS —22
115 ?~O9 35 99 ~~o- 

— Ic-I PCL9 36 89
—~~~ !5 PCLS 36 06 

—~~~~~~~ 102 SIN 41
_~~~~~ 

11. -55 1”: QCL3 36 83
1 11 E!:Tt -21 STACK 

— 
1 ’  2 82

111 EUTt -21 MANIPU LATION ‘- -35
12( :2’ PCLS 36 86 105 c-OS 42

I:: + —55 ~~~~“ y — 35
12 STC3 35 83 20 ’  102 ~

- —55
:~ c- - :~

- —41 
— :105 Pc -LB 36 88

— 
:2~ TOS 35 8’ a-2 ‘ 150 2 82
125 2 82 —24

— 
1~~~~~3 35-24 83 a- — 

132 1 01 
-

— :: ~OL6 36 06 — is: —55
—  ::: SIN 41 114 Fc-L9 36 89 •

129 Et-’T~ —21 TO GET A 2, 0’~ _ :~ 
‘~

130 I N SAME QUAD — - FiL~ 36 05
— !? ~CL5 36 85 ~15S COB 42
— ::: c-c-s 42 — 

~~~~s —
~~~~

liii ‘ - ~ ~~~~~~~~~. 
190 P c -L B 36 08

— 
1?5 ~P 34 

— •19 -~ —35 _
—41 

— 
152 4 94

1? E11t —21 ::s —24
— :sE ~c - Lc -  36 87 19~ POLO 36 88
— 

- -45 195 - 2  53
~~~~~~

‘ 14 0 SlOE 35 15 
~~>, I55 —35

14: 1 Y  —41 
— 

xs~ 81
142 5100 35 8? A — 

19 1 Sc-L I 36 81
:4c- PL S  36 86 2 

Is: - —45
— 1— ~4 005 42 200 Pc-IS 36 85
— 1~ 5 Rc- L5 36 85 — 

20I c-OS 42
— 145 SIN 41 — 

202 -‘ —35
— 1-1 0 —35 

— 
:0: ~CL9 36 99

— J 42 ~ N- 16 41 t
~’ 204 \ —35

— 14? S~ C4 35 ~~~ 
2 - —45

ISO 150 ‘~N 43 205 POLE 36 15
— I5: ~c - L1 36 81 

— 
220 —55

— 152 —24 
— 2Cc - Pc-LB 36 12

_____ 
5 TAN” 16 43 ~ 202 H~S+ 16 36

______ 
154 5 0  16 46 2 

~~ ° 2:0 C-P 16 45
155 ~HMS 16 35 :: : + -55

_____ 
155 P S 51 DSP LAT 2:: P~D 16 46
:5- ~‘CL9 36 89 

— 
510 ~N~S 16 35 DSP LONG

is: 2 82 214 PIN 24
— 15? ‘

~ —35 — 
215 ‘L BL O 21 89

~~~
“ is :- ?IN 41 

— 
215 Y —4 1

~c-L3 36 83 — 
- —45

152 4 04 21: PIN 24
-35 — - - _ _ _ _ _ _ _ _

154 c-OS 42 
__________________

-35 — __________

— 155 Pc -LB 36 88 __________________

—— 
i s o  -\ ~35 ____________

1 5-2 4 04  __________ _______ __________________
— 

LABELS 
- 

FLAGS 
______ 

SET STATUS
A B C Tb

_____________________________ 
FLAGS TRIO OISP

a 0 c ci I ONO~F
_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  o D D  DEG O FIX O

1 2 3 4 2 i 0 0 GRAD 0 Sd 0
2 0 0  RAD 0 ENG D

C 6 3 0 0  
_ _ _ _ _ _ _ _ _ _ _

- -— - - — — ‘  - 
~~~i~~~~~~~~~~~~

’
~~~~~~~~~~~~~~~~~~~~~~~~~~~

_ _ ’
~ 4
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3.5.2 USER INSTRUCTIONS

/ 3.2 GEODETIC DISTANCE BE1WEEN TWO STATIONS, 1
141 AND THEIR BEARINGS 

~~~ II~ 
(INVE R SE SOLUTION)

Lel—

STEP INSTRU CTI ONS OATAMI~ES KEYS

1 LAT . OF 1ST STATION , D.MS STO A 64.4909 ISTQ.I L~i1 _ _ _ _ _ _

— 
— IF S. LAT 

________ 
[1111] [~~ 1 ________

_ _  
Liii Liii _ _

2 LONG. OF 1ST STATION, D.M .S. STO B -147.5151 LSTQI LB_i 
______

- I F W . LONG . 
_ _ _ _  

LH( 
_ _ _ _

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _  - _ _ _ _

3 tAT OF 2ND STATION , 510 C 
- 

34.03 I STOI I C I
_______________________________ 

_______ 
I I1~ I 

_______

4 LONG. OF 2ND STATION , 510 D -118.1359 I Sb I D 1 ______

________________________________________________ ____________ 
I 

____________

• 5 PRESS A - I I  A I ____

_________________________________________________________ ______________ 1 — I I  _____________

6 
- 

ON R/S , IF > (3.1416), 
_________ I I 11 I _________

KEY CHS, h-n , 2, x , +, R/S 
_______ 

f -

- I1~~~I _______

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _  - it::: i 
_ _ _ _ _

7 ON NEXT R/S , SEE DISTANCE (KMS.) 
_______ I I l l  RI/U 3961.64

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _  
I - I i  ~~l _ _ _ _

8 ON NEXT R/S , SEE BEARING STATION 
________ 

135.1218
110 STATION 2 (- ’c lBO, FROM N TO 

_ _ _ _ _ _  H _ _ _ _ _ _

EASTBC UND PORTION OF GEODESIC ) D .MS 
_______ I I I -

—________________ _ _ _ _ _  
I ~I1 I 

_ _ _ _ _

9 ON LAST R/ S, SEE BEARING FROM STATION 
_ _ _ _ _ _  I - 

-i I R/U 158.4502

—~~ 210 STATI ON 1 (AS ABOVE ) D .MS 
- - - 

11 1 - I 
______

_ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _  
I - - 

_ _ _ _

10 FOR S HEM~~PHERE SEE NOTES 
_ _ _ _ _ _  I II _ _ _ _ _ _

_________________________________ __________ 11 • I __________

-- 
DATA CARD 

______ 
I II -

- I ______
- 

_ 1 I
- 

_ _ _ _

£ STO ~ 0.08 1 819 356 
______ ______ I I - -

___________ ________________________________________________________ ________ 
I I I  

_____________

j,~~~2 STO 1 0.996 647 176 
_______ 

1 I Liii 
_______

________________________________________________ __________ 
I Ii — I 

______

— -  b STO 2 6 356.750 23 
— _____ I N I

_____________________________________________________________ ____________ 
I I I  — -

— 
(WGS 72) 

_ _ _ _  
1 I I I 

--

____________________________________________________________________________________________ __________ 
I I I

— 

I I I I

— ___________________________________________________ __________ 
II  

__________
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3.6.2 INVERSE SOLUTION

STEP KEY ENTRY KEY CODE COMMENTS STEP KEY ENTRY KEY CODE COMMENTS
0 00: ~LBL~ 21 11 ____ ‘r PCL5 36 85 .

Cc-: F~O 16-22 RADIA N MODE c- f :  + -55~0t7 36 11 
— 055 5T~5 35 88 ,

-~~~~~~~ c-c- i ~11S~ 16 36 060 0 5  ~CL~ 36 11
005 O~R 16 45, __ C5 ~CL 36 8? .
c-o : T.~N 43 

—  ~~ c- CS 42 ,
Cc- P c - L I  36 01 c - :’c- 4 —24 ,— o:: ~ —35 - 

— 
c-5~ T~ Y 16 43

cc-: :ro~ 35 11 ton i
~
’
~ 

255 Sc-OS 35 09 ,
o~ o c - j ~~ P c - LB 36 12 

— — 055 205 42 ,
311 l~ 16 36 CC ’ c- 36 øi— 

-
‘ c-~P 16 45 - 

es: UN 41— ::: c-~ L~ 35 12 ‘(2 35
— 

c - I -  PCLC 36 13 070 : 0  EU Tt —21
— 

2:5 N~ 2+ 1 6 36 RCLI 36 0?
— 

O~R 16 45 — - 

~35 42
— - c- 1 — 

0~~~~ ~P 34
015 ~‘L1 36 01 c- c- i ~:v —41

— 
015 -35 

- :-s F,~S 16—51. 5:2 SIc - C 35 13 tan ‘k : s  2001 35 81
— - 021 ~c-LO 36 14 2 — 

~:s 16—51
P~2” 16 36 — 

002 2 L9 36 09
02 c-~P 16 45 —  

c -c - : :os 42
— 

0~~~~ 
5100 35 14 ~~~~~ Lc -s : ~CLS 36 86

025 PCL ~~ 36 11 - 0:: SIN 41
- UT ~CLC 36 13 — - 

CU ~ —35— - 
~~

- - - 
0:: s~~t —21

,7: :00: 83 - 
0:c- ?c-LS 36 98

— 02? PCL~ 36 11 ‘ :sc- cc-s 42
- 302 PO LO 36 13 —  ::s ~F 34 —

- 
U + —55 — - x:~- —41

— 0 2  21 4 35 84 — - :s: r:s 16—51
— - 3:: FOLD 36 14 - - — c-:: 503 2 35 82
— - PCL 6 36 12 os: FC:I 36 01

- U : — —45
~~~~~~~2?5 RU 51 

~~~~~~c;: 5~C5 35 83
— - :: S~0E 35 15 ~ —il -

~~~~ RO L l 36 81
0:5 2 02 2 1 

~~~~~~~~2?~ ~c-L2 36 02
-7T —24 

~~~~~~~O?5 —55

SIc -S 35 85 
__________________ 

‘
35:’ 2 02

— TTS ’ • tFLB 2T TZ 
— - -24

— 
0 42  ~CL5 36 05 —  - c-U 5104 35 04

— 4 ~~~ 43 — - US StS 16—51
— C~~ I \ 52 ‘00 

- US P019 36 89
— 245 ~OL3 36 03 — 

0 SIN 41
— 45 -~ -35 2 PARAM tan~~

1 — ‘ IC: POLO 36 09
- 340 E’lTt —21 —  - :00 —35
242 RCL4 36 84 —  ‘

~~04 Pc-LI 36 01
— 34 — - lOS + —24

050 41 — - :55 14N-’ 16 43
—21 — - 0 2 02

- 05 E~~t —21 —  - ic - S —24
050 PCL5 3’ 85 — - IC? 1~ N 43
354 - —45 : : : c  1:2 53— - 
055 SIC - c- 35 I? 

— 
• ::: ~:s 16— 51

— - 

~~~~~ ‘:v -41 
__________________ _112 ST05 35 05 __________________

— REG. ~~~~~

-

. 

° 
~~ I’V~-~ 

2 b 
~~~~~ ~:::;‘.~, 5 t~X i/2 

6
~~x 1+1/2 A 1 ’ >~2

I ~

S2 o~~ ~~~~~~ 
S4 

a-~ 
sT~~~~j 56 S7 58 56

A~~ 
~~~~~ ~~ ~

B 
-
~~ 1~ ~~2/~~fl ‘~‘2 -

~2 1E 
~~~ 

=0 2 ‘ -~1

-•‘ -
-.
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~ IOM OCAFX ~~ usa~D 1~

3.6.2 PR OGRAM USTI NG
S ~P KEY ENTRY KEY CODE COMMENTS STEP KE Y ENTR Y K EY CODE COMMENTS

-22 155 + -24
h - -— 1 2 82 ~~~_ 11 CNS -22

110 -24 Pc -IS 36 85
0.~~4 36 84 1 -’S 53L .  11 - $2 

— - 1 7 -35
-35 _~~~~~ :c-~ P CL3 36 03

115 42 Ic - S  SIN 41
- - 

U T  -35 
—- 

155 F L L 4  36 84
- TU  36- 03 

- -  

02Liii 1 125 41 —35
- :U -35 

— 
US c- CS 42

:~~ : 82 c . - —  
—35

—
~~~~~~~ r 

~~~ Ti._ 
~
‘ 

~~6- •~
~511 36 81 :Sc -  - —35

81 - - 55
—55 

____ _
h~’-: PUS 36 03

- :  — -24 
— US -55

17 ~~S 16— 51 1
— U . 5L5 36 85 15 ~C L5 36 85

2 0’ — -45
- 

— 24 5 + -‘24
I c - c -  - -45 

-— 
US t~~ 5 16—51 ’

_ US ~~US 36 83 I:: ~:L2 36 82
— 

:7 — -35 _~~~~~~ 152 -35
- ‘ — - 

:7 + -55 I;: c S 51 DISTANCE
::: r:s 16—51 :7 1 81 ’

PU? 36 89 75 —2 1
140 , -

~~~ 525 42 —  - 
F ’ L 5  36 8?

-35 —  T.~N 43
2 82 P0L~ 36 11

-24 : -~~ ::so 23 14
_____ 

PUS 36 88 ~~~~~~~~
“ . c -  ~ 51 AZ I MUTH

75 53 ::: 1 81
______ 

-
: -

~ -35 .0  E1T~ -21

~~~E 36 15 ::c- PUS 36 86
______ 

145 + -55 
—— 43

L - :1 2 82 —  
:25 P O L C  36 13

•~7 :s: - -  -24 :: - c Sso 23 14
_____ 

:s: 57-6 35 06 
- :~~ 24 BACK AZIMUTH

- ISS P75 36 85
- — —45 

— 
7 ~~~~ -c 16 43’

-- :S c -  0-S~6 —63 86 :: c- SI N 41 ’
:55 R~O 16 24 ::: —35’
:sT :�t ’- ’ 16-42 LOOP — 

- ::: ‘HS -22
‘‘ UOC 22 13 ~P 34 ’

- — -  - - 
7 r~~ 16—51 2:: ~::v —4 1 ’

______ 
:5T ~U: 34 03 2:5 R~D 16 46 ’

_____ - 
:7 2 02 5:5 -‘i~S 16 35’

- 
S -35 — 

:U F ’N 24’
:5: 41 107 IIT~Y~~ 21 13

- 
70 P 74 36 04 :1 P’L t ~ 36 86

- - :~ 4 84 :c-
~~~~~~ 2~U S~~’5 35 05

_  

:~~~ 

i2l~

LARELS FLAGS 
_______ SET STATUS

A B C 
FLAGS TRIG OISP

a II C ci ON OFF
____________________________  _________________  ________  0 [1 D DEG 0 FIX
o i 3 i 0 [1 GRAD Li SCI I I
-

~ 
-. ~ o 0 RAD 0 ENG 1

- - 3 Li Li 1—

- - ~~ —— -~~~~~ --~~~~~~~ ‘ - ~~~~~~~~~~~ - - -—
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4.  REENTRY I’RA J EC l’OR I ES

4 . 1. RE FER EN

a. Ii. N . Mc’o , “An Approx [ma t ion I o the R e — E n t  rv l’r a l  cot  orv ,”

~ :~ ~ ‘:~: -
- 

• January 1960, pp. 50—5.5 .

h . R. B lum , “R e—Ent  ry Tra]  oct  or Ic s F l a t  E a r t h  Approx imat  Ion .”
.-L5:~ ~

T
~~~: t ? c : ~~~

’ 
, :\ p r i l  1962 , pp .  61 6— 6 20 .

4.2.  I)ISCUSSWN

For a body w i t h  zero 1 if t  and given weight—to— drag ratio (beta)

e n t e r i n g  th e  upper atmosp here at t into 0 w i t h  ~iss i gued a l t  i t  udt ’ , ye I oc i t  v ,

and pa th  ang le , f ind at desired t imo m t  orva I s  t h e  subsequent  range

a I t  i tu de  , veloc ity  , and patti a n g l e  to  impact

An “ exac t ” so t n t  ion (an analvt i sem I ion i s  not poss ib to ) re—

qu i rt ’s the  numer ical  i n t e g r a t ion  of two second—ord er  d if fe r e n t .  i a 1

equa t ions , both  h i g h ly  n o n l i n e a r .  T u e  t echn i qut - i s  to  merge a p r ogram

for the  func  t ions o t~ the d i i  f e r o n  I Ia  1 equa t ions  w i t  It a s I i  ~h t lv  r o —

t a i lo r e d  vers ion of Program 1() 
, w h i c h  so lvc- s f ou r  t h — o r d e r  d i t  f or en  t i a I

equa t ions , a l s o  p r o v i d i n g  on a sepal-at ~‘ card an i nit Ia I 1. - a t  ion program

t o  d et er m i n e  va lues  f o r  the var lab los a t  the first t l ute i tit orva I , t h .

T h i s  merg ing , rota !  b r  ing , and m i t  ia  I i :~at ion is  a usel ul mode l t o r

s i m i l a r  app 1 t e a t  ions in other work , w ho ii a p a r t  i on 1 ar sot e t~ eq n at  ions

is to ho solved f r e q u e n t  l v .

l’hc equat ions adopted arc those for a nonrot  a t  ing round e a r t h .

There a re  t h r e e  a s sumpt ions :

1 . In  the  w e i g h t — t o — d r a g  ra t lo ~ = ntg / ( ’1) .\ , the d ra f ,  co o t  I i ci on t

Is h e l d  cons t an t  , a I though it act  ua 1 1 v v a r i e s  w i t  h Ma ch

number;

.1. Sur f ace  g r a v i ty  g is used u n c o r r e c t e d  f o r  a l t  i t  t ide by ( r /r) -

where r is t h e  rad ins ol the e;irt It ant i  i- Is t ho d 1st ;inoo to

the body f rom the e a r t h ’ s c en t er ;

5 . The dons it v of the atmosp here is approx imat  L’d by

p ( v )  0 .002 3 7  oxp { -v /24 ,000 } s l u g / f t  ~~, where v = r - r

~~~~ ~5 t h L  altit u de In feet (Ref. a)~

-

~

--—- - - -- - -~~~~~~~~~~ - - - - -~~~ _ _ _
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We have a t  Rand an o t t —  l i n t ’ • t i n t o — s I t a r  i ug program in . I~~SS • w i  i t t  t -u

by 11 . C - Kep har t , wh I oh N~ r t e r m s  t he nunt er t o  a t  t n t  egi- a ion us tug C ~i t

~~~~~ 
t It e rdo F Ru n g o — K u t  t ~t I ermu las and ~i t lute t i t i  o r~~a 1 ot 1 s~-~- - f ( t L i t  t -

a 000Vt’U it ’iit b_ iso ot ~ouipat son w t h ho st i i t ~ I or and ~oa F s e r  ~~i~ OtI  i t ’ t c - i  —

t ’ - ’ i  i t ’ c b r  a pp t e a c h  ot Pr t ’g raitt _ 0  is  ava t tat ’ to .

-c . I . I i~~I .-\ l I ONS

the b ,ts ft vat lab le~ ar c :

= d 1st a i t c o  t rent oat ’ t ii ’ s ccitt or I. I t

= p o l a r  _ t i i g  L e t torn iii it ia l v t o t  or t o ou r  r t - t i t  v et ’ t o r

V = speed ef t h e  body t. t t  /~~oo

aug t o  measured p o s i t  i vt’ l v  downward t rent t tie I oca 1

hot’ I c ’iit a 1 to I tie ye to o It v V O c  t or

I n  these  v a t  j ab los , the equat  ions el met tot t are

d (r 2 d~) — O O S  0 ( l~~r ~tt \ dt

d i  
= r (‘

~~ 
- g + 

t) 
s i n  0 , (2 ~~

where  i Ito d rag  or t -o due to a i t  i s  F~ ~‘ v V ,1A, ’ 2 . 14e at so have

r(d~ /dt ) V cos tI dr/dt —\ s i n  0

( I t

~ ( d r / d t )  + (r ~t~~- d t ~~
4 

.

I s i n g  the  v a r i a b l e s

x r~~’ (range) v r — r~ , ( i i  I I t ude

U — ‘C ’ v — \ I

- —  - - -~~ _ _
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t lie s~ I out o I I our  I irs t — o r d e r  t I l t  I e r e n t  i _ i  I oqu a t  lens  is

= U = V

[ 2v ~~~ v ) V ]
U 1 - + ~ I t -i I _ - c )

L’ + “ 
~~~ J —

0 ._
V = - - 

,
- - U — — y

t
o

where

V = (1 + ~ / r 
2 

+ v 2

As a mat ter ot i n t e r e s t , i t  w i t  I be found 1w ~‘ontput ing dV
0
/dt

and d~~) d t  t h a t  f o r  some re ent  rv .il  t i t  udes \ i-an - ‘ :.~ 
- m i t  ia i  lv

and 0 can - -
- 

-
- :~ ‘ 

- (p i t  c- I t — u p ) - An OXanip Ic w i l l  i I I us t t’a t o  t hose

p henomena .

Turn now t o t I to  dt- t em i nat ion of x
1 ~

- • “ l 
at t = It , th e

first t inc in c r e m e n t  • wit jolt at’e v a t  ues needed t’et ’ t lie met lied of P r o —
c l grant .00. Fh is w i l l  be pr ogrammed to  i i ii  t i a t  i ~c b i t t ’ nt - in te r  i ca I iii t o—

grat ion . We liav ~

= ti 0h + u~ h 2/ 2 v
1 

= y~1 + v 0lt + v ’~ ut 1 i:

I 
= i~t () 

+ it
0 

Ii = + ‘t o ii

where It is the i n t e r va l  of integration (tO 5t’ t~ seems suitable) -

l’lte eq u a t i o n s  for the f l a t — e a r t  it approximat iot i  are  t otind ft’ont

I _ - c ) 1w p u t t  I ng r = ‘i’. The in t ot’ es ted readet’ may w i sIt t o t i- v pro—

grantm ing t It is case a lon g  the ii nt’s of Lb is soot  ion to  compart - t itt’

answers with t ltost ’ f o r  t round ear t h .

.
‘
. PRO( RAM NO ITS

Pr ogram 20 is mod i f i e d  as fol  l ows :

k.. - - _ _ _ _  -~-
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At the beg i n n i n g  ~~t LISt, A , 4 is stored in  rig i St c r 5  I) and

E, rep I a.. jug and used during t lie in it i a I I -~ at i o t t .

2 . Most of LBL 4 is deleted , s ince  i- -c ar..- working wi t lt  c

equal ions and we want to compute ‘t o  lot ’ i t  ‘t- and p a t t i  ang le

f o r  d i s p l ay .

~~. ~~~ s u b r o u t i n e  programming of u ’ and v ’ i~- ~~t r a i g h t  I o r i~~t t c l

but we have had to  use prog ram st c ’~~ s I’ or / .0 and g hocaust-

sterag.- meg istors are not ava i la b l i - .

Exa n~~Io. Reentry ~‘ondi t  ions  ~it  t = 1~ are

= 2S0 , 00i) f t  = 50 ,001) ft/~ oo ~ = S O O t ) 0
( 

=

l’lte t a b it I a t  ion 1’ o low shows va I t i t ’s a t  [n i t ’ ‘t- ,i Is of 51) st ’..’ , a 1 t h e  tig ht

t Itt’ s t o p  s I ze used was 10. i’Itc numbers  in pa rent hoses art ’ t Ito outputs

oX Keph ar t  ‘ s more ref m e d  i n t e g r at i o n  p rocedure .  H is dens i t  v func  t ion

was used

0.0027  exp {— v / 2 3 , S00} •

instead of

0 . 0 0 2 5 7  oxp {- v/ 2 - c  , ooo}

whose cons tan t  s are  s to red  on our d a t a  card  i_ in  SS ~iii..l S’~~) -

A f t e r  the  ‘‘knee ’’ of the  t t-a~ oct  o rv t he  a l t  I tudos at-c in  e r r er

by about  lt)O0 ft low . The reason is t l h i ~ 11) sec is too gri - i t  , i i t  i ti t or—

vat in t h i s  reg ion . 11 h = sot - is used , t he  max imum or ret - in  a t  t i tttde

reduces to about 80 ft and the o t her  va t t l t ’S a r e  s~- n s i h l v  ex t o l  . And

if h = I sec , the value used in Kep ha t~ t ‘S i’d l ou t  at  ion , the maximum

di lt erenc e in altitude is 3 .. f t.

Otis is en t i r e ly  of theo ret  ic a l  i n ter e s t  as a c o m p a r i s o n  ot  t w o

methods of numer [cal  integrat Ion : the f ou r t  h—order Rut i go—K u t  t ~i and

the extended Hamming prod ic t c ’ r—cor ri-i’ t or method emp 1 o’t-od here • In

the prac t Ic a 1 sense , tilt ’ var j a b  ion o I t h~ ii rag coo I f  I c  t e n t  wit Ii ~ta c Ii

- — ~~ -
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x y 0
TIME RM’lGE ALTITUDE VELOCITY A}1GLE
(sec) (n mi) (ft) (ft/sec) (deg)

20 97.33 199 751 29 993 4.60
(97.37) (199 753) (29 987) (4.58)

50 242.03 132 807 28 692 4.05
(242.07) (133 228) (28 730) (4.00)

80 363.79 80 636 19 009 4.27 ‘

(364.40) (81 490) (19 176) (4.19)

110 422.90 46 342 6 657 8.26
(424.67) (47 349) (6 786) (8.06)

140 441.84 19 889 2 109 23.19
(444 .03) (20 860) (2 218) (22 .36)

160 446.25 3 474 1 154 43.38
(448.64) (4 328) (1 207) (41.82)

170 447.37 —4 333 921 55.10
(--) (--) (--) (--)

number , the departure of the atmosphere from the ideal one used in
the calculation and , above all, the probably asymmetric ablation of

the nose cone can vitiate such accuracy . Taking h = 10 sec is a

reasonable choice that minimizes computing time while yielding accept—

able accuracy for the purposes to which this program should be put.

I-

4

_ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _ _ _ _



- ç - ~~~~~~~~~~~~~~~~~~~~ -w- - =
~~~
‘

~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
-c— -’- : -  

—“—
~: 

‘ -V---

-.47--

4.5 USER I NSTRUCT I ONS

4. RE—ENTRY TRAJECTORIES
-

- L~. • 7
STEP INSTRUC11ONS 

— 

OA TS KEY S

P DATA CARD (BOT H SIDE~~ I I I
__________ I— II —

2 TIME INTERVALj~ STO ~~ STO 1 10 I STO I I 0 I —-  - -

I STOI I 1 1
3 I3 S T O B I V STO D , 62 STO E 

- - 

1000 I STO II B 1000.00
(8 IS POSITIVE DOW NWARDS) 30000 STOI I D I 30000 00

- -  

- - 
5 I STOI I E I 

- - 
5.00

4 Yo STO 6, STO 7 250000 1 51011 6 250000 
1 51011 7 250000

5 LOAD INI T IALIZATION CARD I I 250000

- H I
6 PRESS E 

- - - 

- I I I  E 224358.95
I I

7 LOAD IROGRAM CARD H
8 PRESS A 

- 

I H A
1 1 1 1

9 SEE t (h PAU SE) 
- I I 20.00

- - - -  

I I  I
SEE RANGE n.mL (f—x—) 

- - - - - I H - 
57.32

II
SEE ALT ft (f—x—) I II 199752.44

- I H I
SEE VtL ft/ SEC (f— x -) 

- - I I 29989.44

SEE ANGL.E (f-x-) 
- - 

I I I 4 .60
I I

10 IF MOR E TIME NEEDE D TO RECOR D , USE R/S I I - 
30.00

II I -

(NOTE: VALUES DO NOT AGREE II 1 146.00
- — — 

I II 
-

WITH E XAMP LE IN TEXT BECAJSE 
- I I 176225.76

I I
A DIFFERENT DENSITY FUNCTION 

- 
I I I I 29670.78
I II I

IS USED HERE .) I II I 4.41
I I I  I

I I
— __________________________________________________ __________ 

I I t  I __________

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  -~~~~~~~ -~~~~~~~- ~~~--~~~~~- - 
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4 .6 RE— ENTRY TRAJ ECTORIES (INITIALIZATION)
STEP KEY ENTRY KEY COOE COMMENTS STEP KEY ENTRY KEY CODE COMMENTS

~~~~ fi~~~~~~~~~_~~~1j 2  aE~~L~
_ _ _  

_ _ _f 057 R~L~ ~s ii it~~iNOTNEE6~~
— 002 6889 23 09 V0(COULD BE RCLD I 058 ~~

- -24 FOR INITIALIZAT ION
803 ___-_J 859 1 ~- —SEE STEP 002.

—  81)4 6 06 g/2 ~~~~_, 868 + -55 BUTWILL BE NEEDED
005 • -

~~~~ 061 r:s ~~
_
~ j FOR RE.ENTRV PRGM.)

806 1 01 062 RCL I 36 01
— 807 x ‘-35 863 X -35
— 088 RCLB 36 22 064 X~ 53

00; -24 
— 065 RCLS 36 05

°‘° 810 RCL7 36 67 — 066 X~ 53
oi l  F:s 16-SI (SEC) 867 + -55
812 RCL 36 868 ti~ 54
013 ÷ -54 869 P:s 16-51
814 e~ 33 o_70 078 RTH 24 V0

— 
015 X — 071 sLBLE 21 15
816 RCLS 36 Øf: 872 RCLE 36 15
817 x -35 — 

073 GUS 42
018 STUC ~~ i~ gp (y)V0/2~ 

— 074 RCLD 36 14
819 RCLS 35 25 075 x 35 V0 cosB0

~~ 020 P S  :5-SI (PRI) 876 RGL5 ~~ -

021 2 02 877 RCLi~ 36 11
022 X -

~~~~ 878 ÷ -24
823 RCL7 3 5 t :7 879 1 2:
824 RCL~ 36 11 880 + -

~~~~ + Yo /re
_ 025 + -55 881 ÷ —24

026 + -54 
—  

882 r:s 16-51 (SEC)
— 

827 + -55 
—  

803 STUO 35 06
— 

028 CHS 22 
—  

084 STOI 35 81 VocosO/(1+yo/re)
— 8~9 P~ S 5~~5I 

— 
885 RcLE 36 25

~~~~__ 030 RCL 36 21 u0 086 SIN 42
— 031 ~ -35 

—  
087 FCLD 36 14

— 
832 p:s 26-51 

—  
888 )- -35

833 PIN 54 U 889 CHS —22
034 *LBL~ 5: :6 :1 PRI.) ~~~~_,.. 890 STG4 35 04 —V0s1n8
835 RCL7 36 07 

—  
891 5105 35 65

036 RCL~ 35 I I  892 P S  16-51 (PRI )
— 037 + ~~5 Yo~~e 

—

038 P S  26-51 (SEC) 894 P.4S :6-51 (SEC)
839 ROLl 36 01 095 STU2 35 62 u~

~~~~ 040 RC5~ 36 11 ~~~9I _P S _ _j 6~~~1_ LPRJ~ -
841 ÷ -54 097 CS~~ 23 26

— 042 X~ 53 —  
898 P~S 25-5

— 
043 x -35 — 899 8106 35 06 V~— 044 3 03 ~~~~~~~~~ 188 P S  16-51

— 845 2 02 9 
— 181 RCLO 36 06

— 846 • -52 
—  182 x -35

— 047 2 22 —  183 p:s 16-52 (SEC)
— 848 - —45 

—  104 RCL4 36 04
—  049 ROtC 36 13 — 105 + -55

~~~~ 858 RCLS 36 05 —  186 STO5 35 05 V7— 051 x -35 187 POLO 36 06
— 052 — -45 188 RCL2 36 82
— 853 P 5  :6-51 1 189 P S  16-51 (PRI)

854 RTh 24 v0 1~O 118 RCLB 36 08
855 *LBL9 22 09 

—  

111 x -35
— 056 RCL7 36 07 Yp 112 + 

__________________

REOIS~ERS 
-

o h 2 3 r~ 
6 7 y B 9

~~~ ~0 ~ 
~~ ~~~ Y1 j~ .00237 j~9 24000

~ 20903040 1~ (018) 
~

° V0 1E 80 (7

-

- 

~~ ----,-.---~- —- - -~ - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~,_ ..- . ,. -- 

~~~~~
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4.6 PROGRAM LISTING
STEP KEVENTR ~ KEy cooc COMMENTS 5TF ~ K E Y E N T R Y  I(EYCODE COMMENTS

ii~~~ ~~~ 
— 

~ EC) ii— — —  
— ___ ____

-- - 114 STOI 35 o: U 1 -  ——

115 R~~C 3$ L~ - - -~~~~~

- -  116 RCL2 36 tI -  -
i i~ r:s it- -5. (PR I ) -— - - --
118 RCLO c t ’ t

2

1.3 RCLI) 36
1 . 4  -55

- -  i.: s- ~ c -
~~

‘- : —  
— — —  __________

— - . r  r:s . : - ‘ . (SEC)
i:~ R L L 4  3~ __________

1.’2 PC’L$ 35 
_______

— 1.~ P.5 . c - 5. (PR I ) 
______

k 130 POLO 3$ &IU 
_________

131 ‘ -35 
________ _________

132 2 
___________ ____________

— 154 • - ‘5 —________ __________

235 RCL O 
_________ _________

13$ 
_________ __________

ir ~~~~~~~ 6$ 
_________ __________

135 + -55 
________ __________

i~~ ~ro :. 
________ ________

‘~~ 14 7 ~~~~~ 
— ___________ ___________

14 1 P .~ ______ ________ ________

_ _ _  _ _ _ _ _  

DATA CAR D
— - ____ _ _ _ _ _  SECONDARY STORAGE

__________ 
2. ~ —

_________ 
t . 0 0  2

1- . I L  S
* .  111 0
t . t _ c -

— - 
. . 2 - 0 t t 0 2 t - ~~~7 I DENSiTY CONSTANT

— -2402-t .22 ALT . CONSTANT
- — -— -= 2 O304~ .C ’I3 

~
. EARTH RADIUS (Fl)

- — - - 2 .02 6

0. tTei 0

LABELS FLAGS SET STATUS

~ USED ‘ I’ INITIAUZE _________ 
FLAGS TR IO DISP

—- L 1 p I ON OfF
USED 

___________________ _________ a ( 1  H DEG H FIX ( !
I 71  LI GRAD L SCI

2 H RAD ENG
USED 

__________ 
3 H ‘~—

- 

-
~~~~ _ _ _ _ _
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4.6 RE-ENTRY TRAJECTORY PROGRAM (ROUND EARTH)
- :  STEP KEY S$IIRV KEY coo COMMENT; STEP KEY SI9TRY KEY CODE COMMENTS

4 ~~~~~~ 091 ~~~~ 2: I l  TPRGM NOTE 1) 1 857 0521 16 25 46_ . 4  002 OSPS -02  82 _
~ J ~~ ~CL~ 36 45

_ 4  013 4 04 
— 1 859 + -55

094 STOO 35 14 ~~~~_ .  868 08.31 16 25 46
- - 095 SlOE 35 :5 161 RCL 1 36 45

3 03 
- 862 4 04

09 STOI 35 46 063 x -35

— 
u8~~~roc .2 :3 

___________________ 864 • .53
009 •L&C .-1 :3 (SEE PRGM 20) — 965 5 85

~~~. .  018 GS$i .3 45 866 -24
III  1521 16 26 46 

— 967 1521 15 56 46
—— 012 ST0~ 35 45 868 1521 16 26 46
— 

013 RCL 0 36 08 
— 96~~ ~ S3I 16 26 46

— 014 ~ -55 07t~ 078 ST0~ 35 45
— 

825 2 82 871 POLO 36 14
— 016 -~~~ 872 1 01
— 917 052! .6 25 46 

— 873 — -45

— •18 68:1 16 ~5 46 874 STUD 35 N
019 PCL 36 45 875 X:8~’ 16-43

~~ $28 • -55 876 6104 22 84
821 1521 15 26 46 077 1821 1$ 56 .16— 
022 RCL 2 36 45 — 

078 1531 16 26 46
823 0921 16 53 46 879 GT01 22 OL ___________________— 
824 5701 35 45 °° 888 sLB L4 04 (PRGM 20 STEPS)— 125 R4 -31 861 RCLE 36 15 077

— 126 ISS’! :s ~ : 4~ 
— 982 5700 33 14

827 1521 25 26 46 883 6SB2 23 02
128 1921 16 26 46 —  

884 ROLl 36 01 080—  129 $701 35 45 865 PSE 16 51 
~~~~~~ 830 RCLD 36 14 086 RCL3 36 03 082

- 
- — 931 1 81 Ø9 6 06

— 932 — -45 —  888 0 00 (TO GET N.MI.)
-~~ 

— 833 STUD 35 14 089 8 08
934 X=8? 16-43 ~~ 098 8 00

— 835 6708 22 08 992 + -24
— 836 1921 16 26 46 892 PRIX -14 083 x

837 1821 :6 26 46 893 PCL7 36 07 089
138 CTOC £2 13 — 894 PRT~~ _~~~a_ _ _y_~~~~~939 *LBLO 22 08 (SEE PRGM 20) 095 6S89 53 89

~~~_ 948 RCLE 36 15 
— 

896 STOO 35 14 V
841 STOD 35 14 89;’ PRIX -14

— 
042 RCL8 36 80 

— 
896 P:s 15-51

043 ~i•i 35-55 01 099 ROt S 36 05 v —
— 

844 6S82 53 02 ~~~~~~~~~~ 188 P S  16-51
— 

845 3 03 
—  282 RCLD 36 14

— 
846 5101 35 46 

—  182 + -24
— 

947 6701 22 81 
— 183 CNS -52

948 *&BLI 21 01 (SEE PRGM 20) 184 SIN-’ 16 42
—  849 6S8 1 23 45 185 PRTX -:

~~~~~~~~~ 958 ISZ1 26 26 46 186 6T0~ 22 11 
__________________— 151 RCL I 36 43 —  287 *LBL3 21 03

— 152 + -53 188 r:s 1$-Si (SEC)
853 RCLO 36 80- 289 ROLl 36 01— $54 ~ _35 110 118 ~~S 16-51 (PRI)
055 2 02 JAI RTN 24 u— 056 -~ -35 

___________________ 122 *LSL ’ ~J 97 
__________________— 

REGISTERS
0 2 4 5 6 7 8

0 )S1 $2 S4 s~ SE S7 $8

A 

~

B 
JC 

0 
JE (I

L
4
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~~ 4.6 PROORAM USTING
STEP K EY INTKV KE~ c oOt COMMENTS SIEP KE~ EPiTR~ KEY CODE COMMENTS

~~~~~~~ -~1 - 
i~~~ ~~~ S i~~ !T —- ____

- 114 P01.5 35 85 178 54
- 115 r:s 1 6 - 51 171 •~ j~ 5 .LI 89 (PRGM FOR V)

_ UL__.&Ib. 
~~~ !__~~~~_~~ __ _._ — i~~ ~~~~~~~ 3~~97

117 SLBLS .~~. 15~ (PRGM FOR ut1 173 kILN 35 Ii
118 6589 23 89 SEE PREVIOUS - - 174 -54
129 1 82 LISTING. ) 

-- 

- -  

- 175 1 01
.
~ 128 6 

- 176 + -55
121 . -52  177 P 9  i6~5i
15.2 1 01 178 R OL l 36 81

- 1:3 ‘ -31 179 -35
- - — 

124 P01.8 36 . 
~~~~~~~~~ 188 -~~ 15

- 
125 + -54  182 ~~~5 3~ 85
12$ £01.7 26 87 182 \~~
L’7 P.S .~~ 5 163 -“
128 RCL9 36 t ’-~ 

— 
184 . .

L’S + -5 4  185 F.S 16-51
-7 - 138 ~~‘ —— 186 ~~ 1f ~ .~4 

—131 ‘ -35 — 
1 67 .J.- . .~i

13’ P01.5 55 05 — 18 8 P. 9 1 6-51
- 

133 -35 —— 
189 £01.7 36 87

134 5700 35 
~~~~~ 190 8705 35 t ’5

—  
135 £01.5 35 ~~~ 191 £CL3 36 03

- ; 236 P.5 15-52  19.’ STC1 35 01— 1 37 .2 i . 193 P.9 15 5~138 \ - .1  — 
194 RCL9 36 09

139 P01.7 36 07 — 
195 9707 35 07

‘~~ 148 RCL,~ 36 .. — 
196 RC15 36 85

141 + -3-5 197 9T03 35 83
14.3 + — 

196 PhI .4
143 • -55 — 199 R 9 51
24 4 OHS - --— i45 r:s ~$-5 

— ______— _________

146 RCL I 35 01 
______

14’  ‘ —35 —  _ _ _ _ _

148 P:s i t S:
— 149 PT:. N —- _______— __________

‘5° 259 $L8L~ 15 ii (PROM FOR V T ) 
_______ ________

151 £01.7 36 07 
__________

15’ RCL~ 36 ~; ________ _________

153 • -55 
__________ __________

154 P $  16-51 
_________ __________

— 
135 RC LI 35 01 — - ._______ __________

156 £CL~ t- 11 
________ _________

157 + - 5 4  
— ____ _____

158 \ 
__________ __________

159 \ -35 
________ ________

~~~~~~~~~~~ 158 3 83 — _________ __________

161 .2 02 
_________ _________

-s. 
_________ __________

163 .2 02 
_________ __________— 164 — -45 
__________ __________

165 POLO 35 13 ________ __________.__ 166 £01.5 35 05 — ______ ____

167 -35 __ _________ — _______

169 - -45 _____________________ —— 
LASF& . S 

— FLAGS 
_______ 

UT STATUS
A START ~ 

— 
tI FLAGS TRIG OISP

a b c ,1 I ON OFP
____________________________ _______________ ________ 0 0 0 DIG U F~X ( 1

o I 4 
— t o U GRAD fl Sd I

11 0 PAD H ING I

~ 

u ii I’ -——
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5 . 1 .  R E F E R E N C E S

a .  R. U. Frick , W. 1. Rumer , and E.  H.  Shzirkey, ‘:~~:,~~~~~ f ~~~P .  :‘:J
: i~~~~t i’~~~t t . r  ?~~~t ~a~~t :‘ ~: • The Rand C o r p o rat io n ,

R—4 18—PR , Oct oher  196 ~
b . :~;- :~

.
~- ! , -‘ I : l :~~, - : ’~~ ;~~~1 - , U SAF A i r  Force Svst  ems Comm and , 1 .J u l y

I9b’~ (For O t f  ictal Use Only).

5.2. I)ISCUSSION

The orbit~i1 elements are

I. Injec t ion alt itude (n m i ) Il~

2 .  I n j e c t i o n  v e l o c i ty  ( [t / s e c~ V
1

‘~. I nj e c t  ion t~ 1 igh t path angle (deg)

~~~ 

-~~. Period (mm ) T

5. Eccentric i t y  (d i men s i o n l e s s )  ~
6. Semi—major axis (n m i )  A

7. Perigee altitude (n m i )

8. Apogee altitude (n mi) H
1

9 . True anomal y (deg) V 1
(at i nj ect i o n  measured
f r om apogee)

The program be low solves two of many pOSS Lb Le p rob lems :

A. Given 1, 2 , 3 f ind the rena ining e lem en t s .

B . ;iven 1 , 7 , 8 f Ind the r e m a i n i n g  e lements .

Re ference b uses a sequence of nomograms to so lve  these p rob lems .

Some of these nomograms are d if f ic t .1  t to  read with any prec Is Ion be-

cause of close  in te rval  spac Ing fo r  r e la t  iv e ly  l a r g e  inc rement s .

5 .L EQU~~~1ON

In Fig .  5. 1 distances are measured in units of e a r t h ’ s r a d i u s

(3437.9 n ml) and veloci ty in unit s of (25 ,943 ft/sec) , the

_ _ _ _ _  _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _
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surface orbita’ velocity, and g0, the surface gravitationa l accelera-

t ion (32.174 ft/see
2
).

r — R/R
E 

, v = V /v~~~~~~ (1)

C = R 1
V

1 
cos R V cos ‘y , c = C/\/R~S0 

- (2 )

V
2 

~O
R
FEo S — - -  , E = E

0
/R~~~0 

(3)

2 
- 

~2) 
+ . ( 4 )

The orbital per iod is

= I-2EL~~ (~ )

Other pertinent relations are

-~~ = ~ - -~ — p cos(O — V
1

) ( 6 )

tan y = —r p s i n ( O  — v
1

) ( 7 )

= 
I
, — ~~ 

, = + p (8.i ,~Sh )

where r
1 , r are the apogee and peri gee distances ,

r — r
£ — ~~~~~~~~~~~~~~ (eccentricity) (93

r -+- r -

a p

r + r
a —‘1--

~
--ç ~~ (semi—major axis) . ( 10)

_ _  

H
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5.4 .  PROGRAM NOTES

Flag F3 (se t by di git entry, c leared by test) is used to direct
the program to Problems A or B. The program flow for Problem A (~ qua—

tion numbers in paren theses) is:

1. H
1
, LBL A , (‘.TO LBL 0 (1) , r1

2. V
1. 

LBL B , CTO LBL 1 (1) , v1
3. y~ , LBL C , GTO LBL 2 ,

4. LBL e (2), 1/C 2 , (3) , EI (total energy/non—d im.)

5. LBL D (8b), Hp

6. LBL E (8a), H
a

7. L B L a ( 5 ) T
0

8. LBL b (9) , c

9. LBL e (10), A

10. LBL d ( 7 ) ,  v1

This program can be appreciably shor tened by a j udicious use of
subroutines. A suggested exercise is to rewrite it to see how many

prob lems other than A and B can be packed on one card .

_ _ _ _  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



_ _ _ _  ~~~~- - ‘ r~~~~~ ~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

5.5 USER INS IRUCTIONS

[
~~~A: 

— 

5. SATELUTE ORBITAL ELEMENTS 

• 
Ha

STEP PROBLEM A INSTRUC11OE4S DATA/UNITS KEY S o~~~~~rs
I KEY H1(n. ml. ), PRESS A, S~~_~~ _____ 

100 I i i  I 1.029
2 KEY~~~~(f .p.s. ) , PRESS B, SEE v1 26000 I II - J 

-- 

1.003
3 KEY y1 (degs) , PRESS C , SEE 2 LJL I 2.000
4 PRESS f e —_____ L i:- 

- 
.046

5 PRESS D, SEE H~ (n. m . )  
_ I I I - 

46.534
6 PRESS E , SEE Ha (n.m i.) 

- 
I I I  I 405.442

7 PRESS F a, SEE Tp (mins) I I I 92.866
8 PRESS F b, SEE E 

- - I I - - 
.04-9

9 PRESS F c , SEE A (n.mi.) 
- - 

I 3663.9
10 PRESS F d, SEE V1 (degs) I I 47.442

______________________________________ 
I I I  I

PROBL EM B I I
_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  l i i i

1 KEY H~~ PRESS A, SEE r1 150 I J 1.044
2 KEY H,~ PRESS D, SEE rp 

_________ - 
100 ‘ I  I - !•°?~3 KEY Ha , PRESS E, SEE rp 600 I I

4 PRESS C, SEE I - II I
5 PRESS B, SEE V1 I I 26047
6 PRESS R/S 

_ _ _ _ _ _  
1 I .454

7 PRESS F a, SEE Tp I 1 
- — 

97.th
8 PRESS F b, SEE E 

_____ 
I II I .066

9 PRESS F c , SEE A 
- 

! II I 3787 .9
10 PRESS F d , SEE v~ I II - I 39.203

___________________________________________ I I I  I
_______________________________________ ____________ I I

__________________ ______________________ 
I I I

____________________________________________ ______ 
I. II I

DATA CARD ~~. 000080800 0 j I ________- - ‘.c’ooesooo i - 
- 

-

- - — 2. 000008000 2
_______________________ 

C.(°’0008000 3 I I
0.000000008 4 I

--0.000000008 5 1

___________ ______ 0.080008880 6 I
3437.909088 ~ I
~~ 73.32e88 8
25. 94268808 9 - 

- - -

_______ _________ ____________ 
c.0000888eO ~ I I I_________- 
0.000088888 6 - - -

0.000088888 C
_______ - - -  0.000888888 I) I I I

e.o&ee ea~~e E H I
0.000088888 ~ I 

__________

-- ~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~- - — -.~~ 
.
~~~~~ 

-
~~~~~~~~~~~~ .

~~~~~ P~~I &1A)IC

_ c:: 4.t~ rI.
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5.6 SATELLITE ORBITAL ELEMENTS
STEP KEY ENTRY KEY CODE COMMERTS 3t.’~ ~ tY ~1~~- Y  ~‘E’ - CODE CCMMENTS

~~~~ 031 •LBL4 21Tl r oy’ ~ 53 — -  ——
002 P3” 16 23 83 :ti ’- ss  + -55~037 ~T00 22 88 __ _~~ _ 355 ~y 54
00 PTN £4 °~~ 0(0 ~ CLO 36 88— 
005 V .9L8 21 12 —- 

—35 
-eC( P3? 16 23 93 - 

062 T~~N~ 16 43 
-007 CTOI 22 81 063 3102 35 82 
- 
y

002 PO LO 36 13 0(4 PTN 24 
____________________— 

005 rx 54 $LPLD 21 14 
-

~~~~~ 01-2 !-:4 52 c 062 P3~ 16 23 93
0~~ POLO 36 08 367 ~T03 22 83— 

÷ —24 d r 1 062 PCLC 36 J3~— 
0~~7 ~‘0L2 36 82 - 

055 PCL~ 36 11— 01~~ 202 42 o~6 
~~~~~ ~~~~— 

015 + 24 C/ r Cos -y 071 
~~~~~ 

52
0 6  ~CL8 36 88 072 9103 35 03

—35 073 1 81— 
0:2 9101 35 91 V 074 — —45— 
015 P- - S  51 075 PCL7 36 87 H~

~~~ 220 POLO 36 80 ~rs ‘: —35 • 
- -

— I \ 52 j /r
1 

07 PIN 24 ____________________—  32 cTL 36 91 075 ~LBLE 21 15— 027 P CL S 36 88 C~’2 P3? 16 23 03 .— 
224 + —24 080 030 GTC4 22 04— 025 53 021 RCL C 36 13— 
~
‘. 2  2 82 25 RCL~~ 36 11 

-

* — —24 257 — —45
022 - —45 024 i - X  52
025 SlOE 35 15 E l  025 9104 35 84~~
0 2  PIN 24 

____________________ 
026 1 01— 

~3 ~LBLC 21 13 03 - —45

032 P3? 16 23 83 — 
022 ~ OL 7 36 97— 

~~ 
0102 22 92 ~~ -\ ~35 H8:7! PCL3 36 03 r p ~~ 090 PIN 24 

____________________— 
035 - -X 52 29 -#LBL O 21 88

—  036 PCL4 36 84 r8 092 PCL7 36 87
~~~~~~ 037 l x  52 092 +
— 077 + —55 094 1 81 -— 079 2 82 — 

095 * -55
÷ —24 056 2100 35 90 r

04: SIOC 35 13 I/c
2 097 PIN 24 l

—  - 04’ R0L3 36 83 092 *LSL1 21 81 -843 1 X 52 095 RCLS 36 88
—  044 PCL4 36 04 ~~~~~ 120 + —24
—  245 1 - X  52 101 STOI 35 81 V1— 

_
e4( - —45 — 

102 RTN 24 
_____ ___________— - 047 2 82 —  

103 *LSL2 21 92— - 
04 2 + —24 — 

104 S102 35 82 )~— - 
045 STOH 35 11 p 105 PIN 24 

__________________

~~~ 050 RCLO 36 88 106 ~L8L3 21 83— - 251 I X  52 107 ROt? 36 97— - 852 POLO 36 13 108 + —24 ,— 
053 - —45 105 1 81.— 

: ~~~~~ 53 ~~~ 110 —55~
- 355 OHS —22 I I I  5103 35 83~ r p— 

RCL~ 36 11 ___________________ 112 - 
PIN 

- ___ 24 —_____________— REGISTERS 
____________________

0 r1 Ii y
1 

y1 r 
- 

6 ‘ R E ~I8v
—U— -- 

~~~~
SO S2 S3 S4 

~~ 

S7 1S8 S9

A (B (C 1/~
2 0 

- 

1E IE I (‘

i

- - -



=~~TIT

— 5 9 —

5.6 PROGRAM U STI NG
STEP KEY ENT~-~ KEY CODE COMMEN S STEP KE’l ENTRY KEY CODE COMMENTS

113 ~L8L 4 21 84 
- 

- 165 ROL l 36 81
114 RCL 36 8? :70 ~ 53
115 ÷ -24 2 82
1 16 1 81 1 7.2 +

+ -55 1~~ - -45
11. ’ 3794 35 94 T 8 174 SlOE 35 15
115 PIN 24 ______-

~~~~~~~~ 

— 1 5  POLO 3688
~ 122 *LBL~ 21 16 11 - 

— 
173 1 -~ 52

i~: ROLE 36 15 177 R7LC 36 13
1 91 - —45

-~~~~~~~~ 
. —62 175 53

124 5 85 ‘~° iSO P01.2 36 82
12! ~ 31 151 T~N 43
1.7$ I .\ 52 18.2 POLO 36 88
:27 RCL9 36 89 T0 122 + 24
1.22 — —35 1$! 53

— 12.~ PIN 24 
_____________ 

125 t —55

‘~~ 
30 6L~Lb 21 16 12 156 54

13: P21.4 36 84 157 ST0+~ 35 11 p
17. P01.3 36 83 ~35 RT N 24
177 - —45

17- ‘2L 4 36 94 
_______ _______

-

~~ 
— :35 RCL3 36 83 _______ _______

133 + —55 ________ _________

:77 + -24 E 
_________ _________

• 13 PIN 24 
__________________ _______ _________

— 
175 YLBL ~ 21 16 13 

_________ __________

‘~~ 140 ~‘2L3 36 83 _________ __________

• — 1-4 1 P2L4  36 84 ________ ________

—55 
__________ __________

14 2 82 — _________ __________

144 -24 200

145 ~5L7 36 97 
_________ __________

14$ —35 A _________ _________

— 4 PIN 24 __________________ _________ _________

147 ~~~~ 21 16 14 
______ __________

145 ~ CL2 36 82 
_________ _________

‘50 150 O~N 43 _________ _________

151 PO LO 36 88 ______ _________

15 + —24 ______

157 RCL~4 36 11 _________ _________

— 
!- + -24 

~155 5I~ - ’ 16 41 ____________ ____________

— 
:52 P T N  24 ____  ___  ______  ______

15 iLSLe 21 16 15 _________ _________

155 POLO 36 88 ________ ________

155 ROL l 3 6 8 . _______ _______

:32 - -- —3

is: ~OL2 36 92 
_______ _______

:5.2 COS 42 
________ ________

137 —35 
_________ _________

163 2<2 53 
_ _ _ _ _  _ _ _ _ _

IS! I X  52 ______  ______

16$ STOC 35 13 . 1/c 2 
______— _______

16’ RCL8 36 88
W J ~1 

52 . _ _ _ _ _ _  _ _ _  - _ _  _ _ _ _ _ _- - 
LASELS FLAGS SET STATUS

A H1 
B 

~ 1 ~ y1 1U H~ H8 ° FLAGS TRIG DISP
a b c A Id ~ e I / 2 1 E 1  1 ON OFF 

DEG 0 FIX 0
0 r1 

2 V1 1~ 
T p 

2 0 ~~~~~ ~

_ _ _ _ _  
3 0 0  

_ _ _ _ _ _ _ _ _ _ _



6. SATELL ITE TRA( K 1 NC

b . l .  
- 
RE 1-’ER l-:NCE

a.  R. Henson , “C o m p u t e r iz e d  Satc- l I ite Tracking,” - . ~ 2-1:j ~:: .‘ ‘ ~ 
-
,

February  I~
) 7 7 .

n . 2 .  I ) I S C V S S W N
*Am at eu r  rad io o p er a t  ors f lh i k !  ( X t e n S  iVt ~ li St’ o I OSCr \RS (Orb it- i ng

Sate-i I i t e ’s Carrying A m a t eu r  Rad io )  fo r  l on g — r a n g e  commun it -a t  ions.

The OSCARS a re- in near—c ircular , sun—synchronous polar orb i t s a~ a n

a It it ud~’ of about I ~(1() km. OSCAR comes w i t h i n range of an~- g iven spot

on e ar t h  t w i t -c cat -h day , local morning heading south and loca l  eve—

ning head ing nort ii • and may he within range fo r  as muc In as 2 ~ mm

-\n ep heme r is provides t inc and l ong  it ud 0 of o r l) i t  a e’quat  or t a t

• c ros s i n g s  ( EQX) . The p rob l em i s :  C iven  the  1 a t  i tude and long it ude

of  a ground s t a t  ion , d e t e r m i ne  whe the r or not a given orbit can be

viewed and , if so , find the time the bird rises over the h or izon  and

from then on determine its range , hearing , and o l e -v a t  ion at des i red

imes Lint t 1. i t  d i sappears  he Low the her izon . F i g u r e s  h. 1 and 6.2.

prepared by W. B. Cr aha rn  (K6QB) of ‘Ihe Rand C o r p o r a t i o n , show an ele-

gant  so lut ion for his st at ion in l’at- i f  to  Pal i sades , C a l i f o r n i a .  (See

examples be low.)

Ilne prob ic-rn is e lear lv o I ml l i t  arv  is well as ama t C’UI~ ut t-r est

6.L f~~AT 1ONS

N o t a t i o n :

A = s t a t  ion latitude ( n o r t h  o n ly )

B station longitude (— if west)

= orbital inc 1 m a t  ion measured c o u n t e r c lo ck w i s e  f rom

tine equation (‘-90° pesigrade, >90° retrograde)

*For d e t a i l s  on present and fu t u r e  OSCARS , see a s e r ie s  ot art id es
in ~

-
~ ;: magazine (ARR L) s t a r t i n g  w i t h  the January 1977 issue ( V o l .  61 ,

No. 1) .
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130 - 1600
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• 18 - 16

2000
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2 1400 

2200
- 

- I 2500
22 

- 

/ - /2 150° 
78 22

00 — - 
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I 

— 2834

3300 N 30° 60° E 120° 1500 S 2 10° 2400 W 300° 3300 N
3600 0° 900 1800 270° 360°(-0°

Azimuth (deg. CW from North)
Az muth and elevation of OSCAR 7 from Pacific Palisades, Ca.

as a function of time (t , minutes) aft e r

Northbound Equatorial Crossing (FQX , W° ).
For: 60°W ‘— EQX < 150°W

Fig. 6.1— OSCAR 7 ascend i ng 
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_ 65’E

900 _ _ _ _ _ _ _ _ _ _ _ _ _  - - 910

/ / ~ 
- 47mm . Y I \ \

60° - I ~°/ / A I\ / \ I EQX - 600
E\ ~

J / ~s / ~~~~/ \  -
~

‘~°°- N/ / / \ A \ ~/ \  ~~- i100 j

* I/ \  / /  / 1200 ’
50
/ 1300

80° / 42
1400

~ 30° - 1500
42 52 - 160040

200~~~
’ 1800

2000
• 30°10° - 1 2200

56

57 - 2500
200 -

00 — I I - 
l’~~ 1 

jg ~ 2834
N 30° 60° E 120° 150° S 210° 2400 W 300° 330° N 30°

360°/0° 90° 180° 360°/0°
Azimuth , (deg . CW from North)

Azimuth and elevation of OSCAR 7 from Pacific Palisades, Co.
as a function of time (t , minutes) after

Northbound Equatorial Crossing (EQX , E°)
For: 12°E < EQX < 110°E

F
Fig. 6.2— OSCAR 7 descending
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H = orbital altitude (n ml)

T orbital period (mm )

a = latitude of subsateillte point (SSP) at t ime t

y = long itude of SSP at t

t = time from EQX (mm )

- - = longitud e of EQX northbound (— if west , t = 0 at

th is node)

R
E 

= earth’s radius (3437.9 n ml)

= arc from station to ascend ing node (EQX)

D
1 

= arc to point of tangency of suborhit with latitude ~~

= arc to SSP of closest approach

D = arc to SSI’

= t ime of closes t approach

• t~ + At~ = time to rise above (go below) the horizon

0 = bear ing from station north

= elevation above hor izon

H = range f rom s t a t  ion to satellite (n nil)

By the law of s ine s,

c s ( t )  = sln t 
[s in  sin (360 t/T)] .

By the law of cosines ,

y(t) = cos~~ ~~ ( 160 t / T )/ c o s  a(t ) ]  — + , ( 2 )

where t /4  is the correct I on fo r  the ear tIn ’s rota  t ion . Al so by t he

Law of cosines ,

D ( t ) = I -oS ’ [sill A • s i n  + dos A • d O S  • cOS (B — ~)] . (

- - -~~~~~~~_ —— 
_
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The equations for 0, ~~~ , and R are :

0( t )  = ~~~~ 
[sin 

~; sin A •  cos 
D] (4) 

—

Icos D — l/(l + H/R )

~(t) = tan
’ [ ~in D 

E ] (5)

R ( t ) = (H + RE
) ~~~ D/cos q~ - (6)

-
~~ The above equations are essentially those of Ref. a, excep t for (6).

Critical t imes are dealt with by the following equations (which

are somewhat in error because their derivation assumes t h e suborbital

trac e of the sa telli te is a gr ea t circle , which is not true on a

rotat ing earth). For the time t~ of closest approach ,

= -j-~
-j~ 

tan ’ (cos D
1
/cos D

0
) (7)

and the incremental times to zero elevation are

= + -

~~

-

~~~~~

- cos D/cos D
~ 

(8)

where D is the arc length to the SSP at zero elevation and

cos D = 1/ (1 ÷ H/R E
) (9)

Finally, the period in minutes is

T = ~Ji(i + 
)

3/2 
. (10)

6.4. PROGRAM NOTES

1. 045, 046: Change ~ to f i rs t quadran t to ge t la titude of

orbit tangency.

I

L - - - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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2. 115, 116: For re trograde orb it , subtract In (2).

3. 117 , 118, 119: These steps produce the sgn of t (± 1), sInce

the HP—67 does not have th is signum func t ion .

4. 120 , 121: For t 0, south of the equator , move time back-

ward so t h a t  posigrade and re trograde orbi ts rever se in ge tt ing SSI’

longitude by ( 2 ) .

5. LBL 4 corrects longitude if outside (—180, +180), y - . 180

becomes —360 + y ,  and y ‘- —18 0 becomes 360 + y .

6. LBL I gets  bearing c lockwise  from station n o r t h .

E~~~ p Ee I . in Fig . 6.1, t he  ground station is at 34°03’N and

118° 33’ W. The satellit e is retrograde at an a l t i t u d e  of 790 ii ml

and has an inc I m a t  ion of 102° - Track the  s a t e l l i t e  when in view if

the EQX is l.i0°W at t ime 0.

Solu t ion .

• 34.03 f II (34.05) STO A; 118.33 1 H (118.55) CBS

STO B; 790 STO C; 102 STO D; 100 CHS STO E;

—l ii ST1.

- A: T = 115.11 , t~ = 11.68, —29.74 (will come in view).

R / S :  RCL 5 , y = — 1 0 0 . 39 ;  RCL 4 , a = 1.31 (SSP)

R / S :  RCL 3 , t = 0.0 4 3;  RC I ,  7 , 0 = 148.72 , RCL 8, • = — 1 . 2 7

T ime I f or f i r s t app earance is sl ig ht ly small. Try t I

STO 3, PRESS B , RCL 8 and get  
~ 

= 0.51. Try t = 0.8 and get

—0.12 , w h i c h  is good enough . The f o l l o w i n g  t ab le  is prepared

by successive ly storing t in 3 and recallIng 7, 8, 9:

t ( 3 )  0 ( 7 )  ~~~~~ R ( 9)  (n ml = 1.1515 s t a t  m i )

0.8 148.40 —0 .12 2842
4 144.56 11.47 2154
8 132.20 34.11 1380

12 62.63 60.68 1014

16 1.62 31.70 1435
22 348.65 2.69 2654.

These values are plo tted as solid bullets in Fig. 6.1.

_ _ _ _ _ _ _ _ _  - ---—  - - - ---~~~
- ~~~~~~~~~~~~~~~~~~~~~ -~~~~ -- - — ~~~~~~~~~~~~~~
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Exa~~~~~~2. All values are those of Example 1, except  the EQX is 70°E.

Hence the satellite will approach Pacific Palisades from tine north.

Solution. Proceed as before . Note 1/2 ~ 57.5 mm and STO 3, Press B ,

RCL 7 , 0 = —124.39 Is the descend ing node (EQX , moving south). Time

will now be measured positive to the south of th~ equator. STO

—124.39 in register E. Change the sign of the inclination ~ to mInus

and STO 0. Now go back to square one and redo the problem from LBL A

on. The results are tabulated below and again p lotted as solid bu l le ts

in Fig. 6.2 for comparison.

t t ( c o r r.)  0 R (stat mi)

—22 35.5 19.14 — .19 2847
—18 39.5 23.88 14.95 1991
—14 43.5 36.65 41.33 1241
—12 45.5 61.85 61.46 1008
—10 47.5 136.24 65.43 981

—b 51.5 181.04 28.90 1506
—2 55.5 188.51 8.23 2323

58.0 190.72 — .47 2866

Ephemeris EQXs are given in ZULU time (CMT or t u G  — Universal

Coord inated Time for the radio amateur). Correc t  f o r  lo c a l  stat ion

t ime . 
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6.5 USER INSTRUCTIONS

6. SATELLITE TRACKING

[~.
INSTRUCTIONS DA~~I~~~ITS KEYS DAT*JU*TS

1 STO DATA IN R 0, R 1 ,  R2 I II  _ _ _ _ _ _ _ _

— ——______________________________ — -——— I ii :i _ _ _ _ _ _ _

2 STATION LATI TUDE , STO A (CONVERT TO 
-— I 

- II - I ________

DEC DEGS BY fH IF NECESSARY) 
_ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _  

I I - - _ _ _ _ _ _ _

_______ ________ ________ I _________

3 STATION LONGITUDE STO B (- FOR W . LONG , 
_ _ _ _ _  

I II - I 
_ _ _ _ _ _ _

CONVER T TO DEC DEGS BY fH IF NEC) 
- 

I I I
______ ________ 1 I I _____

4 ALTITUDE (n .  mL ) ,  STO C I I
_______________ _________ I

5 ORBI TAL INcUNAnoN, STO D (çç f~~~~_ 
_ _ _ _  

I II
EQUATOR) 

________  I I I  _______

_ _ _ _ _  _ _ _  ‘ I I I _ _ _

6 EQX LONGITUDE , STO E
_ _ _ _ _  _______  

I - 

I I 
- - - I

____________ 
II I

7 FOR POSIGRADE , I h ST I 
_______  H

FOR RETROGRADE , - lb  ST I 
_ _ _ _ _ _  I II 1 - -  —~~~~~

_____________ 
I I

8 PRESS A , FIRST f—x—SHOWS T 
- 

I I
- - -  

~~~~~~~~~~— - —- - - - -- - ------ - - --------—- - - - - - -  — - - --  ____ I - I t
9 SECOND f—x- SHOWS T IME OF CLOSEST 

________  - 11 - I
APPR OACH 

_ _ _ _  
I II I 
I - Il I

JO ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ TELLITE 
_ _ _ _ _  I I

WILL NOT COME IN VIEW .
_ _ _ _ _  I I I 1

_________ _______ ____________ 
I II I

11 PRESS R/S . ON HALT , RCL 5 TO GE T 
-- 

I I I I
- ~~~~ 10 ~~~~~~~~~~~~~~~~~~~~ - _ _ _ _  11 - —-

APPEARANCE . RECORD . RCL 4 TO GET 
_______  I I I -

LATITUDE OF SSP . I 1 1
__________ ________ I 1 I _  I 

—

12 PRESS R/S . ON HALT, RANGE IS 
- ________ 

F 11 I
t~~YEP~ RCL 3 TO GET TIME~~RCL 7 

- I II
TO GET BEARiNG~~~çL 8TO GET ELEVATION 

- - 
I I I I

- __________ 
I I I I

- __________ 
I II

___________ 
I I I  I

________________ 
I I I I 

—

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _  
I _ 11 I _ _ _ _

- -
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6.5 USER INSTRU CTIONS

Ii 6. SATELLITE TRACKING

L.~
STEP INSTRUCTIONS OATAJUNITS KEYS

13 ELEVATION WILL NOT BE EXACTLY 0. 
________ I ~.I I ~I. I ______ —

— 
CHOOSE t TO ADJUST , STO 3, PRESS B 

— _________ 
I. _I I liii I

— 
TO GET ADJUSTED ELEVATION . —_____ L_J Liii ] ________

REPEAT THIS REFINEMENT AS DESIRED . 
________ 

1. 1 1111111] 
________

I __________

14 THEN ~ STO 3 (t I~~O). - 
- - 

I i  I —______ —

PRESS B. RCL 7 TO GET 6 .  I- 

RCL 8 TO GET �’._ RCL 9 TO GET R. 
- - 

I i  . 1 
_ _ _ _ _

TRAC K SATELLITE TO DISAPPEARANCE . 
- —— - — 

I I I  I
________ 

I I I  I 
___________- , 

15 SEE EXAMPLE 2, SECTION 6.4, fOR - _________ 
I I — I 

_________ -

DESCENDING ORBITS 
- - — I I I —- -

_________________________ __________ _________ 
I I I  I

16 THE SSP LAT AND LONG_ARE FOUND 
- - 

F I r I —- - 

BY RCL 4 , RCL 5 
- _____ - -— - - - 

I - 

I I  I 
______

4 I I I  I _ _ _

____________ 
I — I! I

___________________ 
I II I

- -- 

I . ILI I
__________ 

I I 1 1
I I I i i  I

_______ 
11 I

____________ 

I I I  I 
________

_________ ____________ 
I I  I ______

_______________ 
I I I
I 11  I
I II 1. I
I I I~ - - I __________________

I I t ~ I
I ‘ I  — 

I
I I I I

_ _ _ _  _ _ _ _  
I I l _ I

- — --— - --— -— --- -- -—- ____-- - - - -— 
F I I  _ _ _- -

_________ ________ ____________ 
I __ I I  I

— __---- - —-- -- -——-— -—4~T’~ 
~~~~~~~~~~~~~~~~~~ 

_ _ _ _ _ _

- ;  
~~~~~~~~~~~~~~~~~~~ _ _

I ‘ I  I I

_______________________________ _ _ _

- - - -
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6.6 SATELLITE TRACKING
STEP KEY ENTRY KEY COCE COMMEN TS STEP KEY ENTRY KEY CODE COMMENTS

~~~~ 001 ,~BL..i 21 ii f TS STO6 ~~~35 96 (7) ——
~e: ~ctc ~ó 13 ~ ø~6 r:s 16—51 (PRI )

—  007 POLO ~ ~ R E 
~ 

059 STO3 35 03
004 - —24 °~~ 0~C PRTX -14 DSP t~
005 1 dl 06 0S84 23

—  OCE +~ -55 1+H/R~ 
- 
0f CSB5 23 05

ec;’ r:s 16-51 (SEC ) 2C~~ GSB6 23 16
L’B~ 5T03 35 03 054 P:s 16—51 (SEC)
009 1- X 52 065 5105 35 05

~!.._. 012 CCS~’ 16 42 — 

—  
C66 ROLl 36 18

011 ST00 35 08 0 (9) $6 ’ - —45 IF >0, SAT WILL
012 RCL3 36 03 

—  
0fE~ F’ -s si NOT COME

— 
013 1 81 06? ROLl 36 18 IN VIEW

— 
—~~~ ó~~~~~

— 070 205 42
— 015 5 05 071 P01.5 36 05

015 31 2 ’2 006 42 (8)
— ci;’ r:s 16—51 (PRI) 072 —24

013 PCI. ! 36 01 074 225’ 16 42
219 -35 

— e; ’s RCL2 36 02 —

220 F S  16-51 (SEC) -24
221 S TOl 35 01 T (10) 077 3107 35 07 At~
222 3 03 — 272 P S  16—51 (PRI )
023 6 06 

— 079 ST-3 35—45 83
— 

024 8 08 ~~~~~ 860 2706 22 12
— 

~~25 e -24 — $61 PIN 24 
___________________

; -x 52 032 *LOLB 21 12
£127 S~~C2 35 82 360/T 837 2584 23 04

— 22 ROLl 36 81 034 2585 23 85
— 025 PRTX -14 DSP I (PERIOD ) £1$~ 6566 23 86

~ 030 P 5  16-51 (PR I) 
—  - 2$~ 2587 23 87

— 
0~~~ 8 88 03- 2568 23 08

— 
~y’ 5104 35 94 a0 

— 
22$ 6589 23 89

— 237 POLE 36 15 039 RCL8 36 08 DISP. RANGE
— 034_~.T~~ 35 85 Vo — ~~ 09C PIN 24 

___________________

— 
1~~ 6S86 23 86 -— 091 ~‘_ BL4 21 04 (1)
036 COS 42 —  292 P013 36 83

— or r:s £6-Si (SEC) — 09~ r:s 16—51 (SEC)
— 

033 5704 35 84 COS D~ 094 RCL2 36 82
— RCLI 36 81 —35

~~~ 040 4 04 —  C?i SIN 41
— 041 -24 097 POL O 36 14
— 04’ ~~S 16—51 (PRI) —  09$ 2!N 41

047 3T03 35 83 T/4 
— 

-‘~

04! POLO 36 14 ‘ ~~~~~~~ 2~ 0 SIN~ 16 41
— 

245 SIN 41 (PROM NOTE 1 ) ~O1 r:s 16—51 (PRI)
-~45 SU4~ 16 41 102 5704 35 04

— 04’ STO4 35 04 103 PIN 24 
___________________

— 
~~~~~~~~~~~~~~~~~~~~~~~~ 

— 20! iLOLS 21 95 (2)
— 04? 6586 23 96 li-S RCL3 36 83

252 00$ 42 — io~ F 5  16—51 (SEC)
OSI P S  16—51 (SEC) — io ;’ RCL2 36 02

— 052 RCL4 36 94 105 -~ —35
— 053 4 —24 —  109 205 42
— 054 TAN ’ 16 43 iT 222 P S  16—51 (PRI)

055 RCL2 36 If l  70L4 36 04
— 

+ —24 —  122 COS 42 
__________________

- REG~ ‘lERS
O~~~~379 ~ 84.41 2 

360 p a v ~ D ~ 8 ~ R

T ~~36O/T h+H/RE ~~OS D0 D~ P. ~~t.

A A B H 1E ~~ ± 1

a

1

— 
~~~~~~

___ -_ •___ :_  — — -- —- - —- —-— - - - - - I
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6.6 PROGRAM LIST ING
STE P KEY ENTRY K EY CODE COMMENTS STEP KEY EN TRY KEY COOE COMMENTS_____________-

~~~ 

- 
‘ 162 *1817 21 I? (4)—  114 CCS- ’ 16 42 I C ’  P014 36 04

ROL l 36 46 ± (P051, RETRO) SIN 41
116 X —35 172 RCL~ 36 11
117 £013 36 83 — 

17? SIN 41
11$ RCL3 36 93 (PRGM NOTE 3) 174 RCL6 36 86
119 o~8S 16 31 175 205 42

‘~~~~ 120 + -24 SON 7~ —35— 12 1 — —35 - —45
123 £013 36 93 176 PCL6 36 06

94 SIN 41— 124 4 —24 
~~° 180 —24

125 - —~~ 
—  

151 RCL~ 36 11— 
!~~~ POLE 36 15 — 

12$ 205 42— 127 + —55 4 —24—  125 3105 35 85 ‘V 164 206 ’ 16 42— 129 ~8S 16 31 — 
185 5707 35 07 6

130 1 81 —  

136 R7L5 36 05
131 S 88 —  

137 P018 36 12
132 0 08 —  

193 ~~~~~~~ 16—34— 
120 :::v —41 — 

13~ 2101 22 81— 124 ~~V? 16-34 I)’ %>% 8 0 ‘~O j 90 PTN 24 —_____________— 
125 6108 22 88 191 -~LBL8 21 88 (5)— 
136 RTN 24 

__________________ 192 P016 36 86
177 -~LBL0 21 88 (PRGM NOTE 5) 

—  

192 COS 42—  17$ R$15 36 85 — 
! 4  P S  16—51 (SEC)— 39 £015 36 05 195 P01.3 36 03

i~~ 14$ ~BS 16 31 196 1 X 52— 4 24 SGN —  

197 - -45
—  142 £012 36 02 :92 P S  16—51 (PRI)—  147 —

~~~ 
— 

195 P216 36 06
- 
I 144 CHS —22 3O~ ‘22 SIN 41— 145 PCL5 36 85 301 4 —24— I 4~ + -55 —  

202 TAN- ’ 16 43—  14 ’ STOS 35 85 CORRECTED LONG.  2o2 SlOB 35 88
243 PIN 24 - 

— 
204 PIN 24 

___________________14? .1.816 21 06 (3) 205 *101.9 21 89 (6),~ ‘ 157 POLO 36 12 203 R216 36 86
151 RCL5 36 85 —  

207 SIN 41
- 

~~~~~ 
— 

28S RCLB 36 88— 153 OOS 42 — 
202 COS 42— 154 £214 36 ~~ ~‘° 210 -24

— 155 005 42 —  

21! POLO 36 13— 
15$ ‘ —35 —  

$13 ROLl 36 88— 
5 E’CL~~ 36 11 —  

2 12 + —55— 153 COS 42 —  214 x —35— 159 x —
~~~ 

— 
215 5109 35 89

~~~~~~~ 160 RC14 36 84 —  2 16 PIN 24 ___________________

16! SIN 41 —  

217 *LBLI 21 81 (PRGM NOTE 6)
162 RCL~~ ~~~ — 217 P212 36 82
162 SIN 41 2!? RCL? 36 8?
I~~ x —35 220 320 — —45— 165 + —

~~~~ 
—  22! 6107 35 8?ic$ COS- ’ 16 42 — .222 PIN 24~— 167 3706 35 06 D (t) 
— ____________________

163 PIN 24 
_ _ _ _ _ _ _ _ _  - _ _ _ _ _  _ _ _ _  _ _ _ _ _ _ _ _ _— LABELS — 

FLAGS 
_______ 

SET STATUS
A B ~C I 

FLAGS TRIG DSP
a b C a ON OFF 

DEG 0 FIX 0
o i -

- 13 I 0 0 GRAD 0 SCI 0
-1.— 2 0 0  RAD 0 ENG J5- 3 0 0  ~1~~~~~~~~~~

.1I~ ~

—- - -—— *. —- -~~~~~~~~—-~~-~~-----
_ _ _ _ _ _  - - - -- — - - - - - - - - -  -- -____________
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MI LITARY MODELS
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7. THE DEER HUNT (DEFENSELESS BOMBERS)

7.1. REFERENCES

a. C. H. Builder , The Penetra tion Integral and Tables, The Rand
Corporation, R—1257—PR , June 1973.

b. N.J.J. Bailey , The Elements of Stochastic Processes , John
Wiley and Sons, New York, 1964.

c. A. T. Bharucha—Reid , Elements of the Theory of Markov Pro-
cesses and Their Applications, McGraw—Hill , New York , 1960.

7.2. DISCUSSION

Reference a deduces an integral and constructs tables to assess

the e.rp eeted outcome of a one—sided , time—limited battle in which a

set of armament—limited interceptors engages a set of defenseless

pene tra ting bombers. The formulation also app lies to a set of vessels

transiting a minefield where each mine has a fixed number of warheads

of some description. There are undoubtedly other milil ary app lications .

Bu ilder ’s original paradigm is preferred . At the beginning of a

hun t, there are A deer and B hunters , each of the hunters armed with

m rounds of ammunition. Encounters are at random with parameter X.

A hunter can expend only one round on each engagement , with kill prob—

ability p. The hunt lasts T units of time.

In Ref. a, the param eters adop ted are

-
~ 

j  = ApBT k = pmB/A , (1)

which provide a bridge to this discussion. The parameter j  is the
potential number of lethal encounters per deer during the hunt , based

upon the expected encounter rate, while k is the po tential number of

lethal encounters per deer based upon the total hunter armament . The

parameters A and p are perhaps the more natural ones to emp loy .

A much simp ler approach to find ing the expected values than

that of Ref. a is adopted here . This approach is adequately illus—

trated by the cases m = 1, m = 2.

- 
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F o r m =  1,

da db
= —A pab ~~~~~

- = —Aab , (2)

where a and b are , respectively ,  the number of deer and the number

of armed hun ter s remaining a t time 1. Division gives a first inte—
gral a = pb + a, where a = A — pB. Whence

— 
A(A — pB) 3)a(r) — 

A — pB exp {-(A — pB) ~ t } ‘

and a(t)/A is precisely the of Ref. a if (1) is used.

The a and b found by (2) were called the expected values. Ac-

tually they are the deterministic values. Using the methods of Ref.

b (p. 118), which set up a partial differential equation for the —

moment—generating function ,

d~i01
—

~~

-

~~

-— = —A p~i11 d t = —A~ 11 , (4)

where 
~~~~~~~~ ~01 are , respectively, the means or expected values of a

and b , and j.t11 is the correlation be tw~en a and b. Hence for (4) to

agree with (2) we must have

~ll = 

~
‘l0 ~Ol

or Exp (~~~h) = Exp (a)  Exp (b). This is not true because the popu—

lation sizes are mutually dependent. (See Ref. c , p. 184.) Conse-

quen tly,  we proceed with the understanding that we are dealing with

deterministic values rather than expected values.

Turn to the case m 2. At time t the values are a , b1, b2 ,
where b

1 
hun ters have one round left and b

2 
still have one round

pouched . The deterministic equa tions are :

db db
= — A pa(b 1 + b

2) , 
= —Aab

1 
+ Aab2 , ~j -~~

- = —Aab 2 . (5)

I

A
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Two integrals are found immediatel y :

-~~ a — p b
1

— 2 pb 9 = A — 2 pb

(6)

b 1 
= -b 2 ~~~ b 2 /B

Whence ,

dh
2 -)

= —A p b~~[2 — N b2/B] —Ab 7
(A — 2pB) . (7)

For particular values of the parameters , (7) is readily integrated by

Program 11 of the HP—67 Math Pac 1. The results agree exactl y with

those of the table for m = 2 in Ref. a.

In p r in cip le , for m > 2 numerical i n t e g r a t i o n  is possible . In

practice this would be very time—consuming, if not infeasible , for

the HP—67. The next section provides a comp letely different , al—

-; - thoug h :~~,r:’~~t , approach .

7 . 3 .  EQUATIONS

Again take m = 2 , (The symmetric equations to be derived are

read ily extended to a general in.) On each encounter , A decreases on
the average by p. Hence a(n) = A — op is the expected number of deer

just after the n~~ encoun te r .  The average t ime to the  next e n c o u n t e r

is ~~t = l/(Aa(n) b(n)), where b ( n )  = b
1

(n )  + b 7(n) is the remaining
number of armed hunters after the n~~ encounter . Then

h
1

(n + t) = h
1

(n )  — 1 , b 2 (n  + 1) = b

wi th probabi lity h
1
(n)/h(n), and

b
1

(n + 1) = h
1

(n )  + 1 , h2 (n )  = h ,(n ) — 1

with probabil it y b2
(n ) / b ( n ) .

*But see Sec. 20 for in = 3 , 4 a p p l i ca t i o n .

-

~ 

-

- .
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and

b
1 

+ 2b
2 

+ 3b
3 
+ 4b

4 
= 40.00

which Is the expected number of remaining rounds .

7.4. PROGRAM NOTES

- 1. The program Is designed to show the running history of the

hunt  by successive engagements. A PAUSE of 1 sec d i s pl a y s  the engage-
ment t i m e  and t h e r e m a i n i n g  expected numbe r of targets . If more t ime

i s  needed to record , ki’v ii SF I , w h i c h  w i l l  give a S—sec I —x— f l a s h —
ing  t o  I I owed by ~ i i — s e t  i’A(’SI- . At m y  t tine, stopp  Log the  program by

K / S  ;‘ermtt .10 • -x .m m i n . i t  i~ n ot t Ilt’ t - u r T - t ’nt  St i t u s  ot the hunt by

t I R (  I i I 
• .I I~R ( I  \ ,  . I’~ K~ 1. Rt • I~ t R t

~, I N4 I ‘ I . • I “• • • b
1 

p~i 
•

‘ is..- - - • - - I~~~~~
- • • I j k~~~~ ‘ ~‘. tI

- V I — ~ -~~~
r - - -
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-: 7,5 USER INSTRUCTIONS

7. THE DEER HUNT (m ~ 4) 4 1
In A (STO A) B.m (STO B ) X S T O C p STO D

STEP INSTRUCTIONS DA~~~~~ITS KEYS DATA/UNITS

T ~ CL REG (IMPORTANT) 
______ 

I I I
_________________________________________________________________ _______________ 

i i
2 IN I T IAIJZE BY STORING AS SH OWN ON 

______  
I - I I ______

- THE CA D. (20 HU NTERS , EACH WI TH 4 
_______ 

1 IL _______

- 
ROUNDS IS STORED AS 20.4) 

_________ 
I - - I I ________

______  
I I I ~ I ______

3 PRESS A 
- 

- ________ 
I I ________

—~ I H
4 ON EACH PAUSE, t AND THE R EMAINING 

- 
I

TARGE TS a ARE DISPLAYED, TO MONI T OR 
— 

I I I
THE HUNT I II I 

- -

-~~~~~~~~~ - —- 
I I I - - -

• 5 IF MORE TIME FOR RECORDING IS DESIRE D, 
— 

I I  
-

KEY h SF 1 TO GET A 5 SECOND Pfr4JSE I
• ‘ I  I

~ IH( hUM STATU S MAY N REVIEWE D AT ANY

I 
Ti’4 IV~~ S T I* P~ FOB

I 

~~~~~~~~~ 

~~~~~~~~~~~~~~~ - - ~~~~- - - 
- - - - - - 

~~~~~~~ 

_
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7.6 THE DEER HUNT
STEP KEY ENTRY KEY CODE COMMENTS STEP KEY ENTRY KEY CODE COMMENTS

~~~~_ W IJLA 21 11 157 STOI 3335
182 80.0 36 12 B.m 858 8T09 22 11 NEXT E F’JCOUNT~~183 STOI 35 46 — 859 sLBL3 21 13. m 3

— 804 lilT 16 34 B ~~~~~~~~~~ 868 RCLB 36 12.
eo~ $100 35 12 _ 061 Sloe 3 3 3 5

— 886 RCL1 3 6 4~’ __. 262 STO5 35 85
— U? FRC 16 44 

—  
063 C108 2211 ____________

888 1 Ii- — 
064 *1.81. 8 2 135

— - 00~ I N - 
865 RCLA 36 11

~~~~~~ 810 x —~~~ :866 $101 33 46:
- 01! STOI 35 46 m - 

06 ’ I II
—  

J12 CTOI 22 45 GTO (I) 
- 
068 RCL8 36 N

- 013 *1.81.4 21 14 m = 4 —  
869 1/X 52

— 814 RCLB 36 12 °. 2._ 0’O —45
— 815 ST00 35 N 

- - 
0’l SlOE 35 1S~

— - 816 STO7 35 17 
— - 872 RCL5 36 85~

— 
817 CTO9 22 29 

—  - 073 x -35
— - 

018 *LBL9 21 89 
- 

874 STO6 35 16 SAME
819 RCLaI 36 11 

—  - 
075 CSBO 23 14

~ 
828 STOI 35 ~~~ 

a(n) — 8’6 RCLS ~~ 
PATTERN

821 1 Ii 
— - 

0’ RCLO 36 N
822 RCLI 36 II 

— - 
076 + -24

— 023 I’X —  :o~~ +
824 - —45 060 080 9104 3584

— 
8 5  SlOE 35 15 1—1/ b(n) —  

~e81 CSBC 23 13
— - 826 RCL7 36 8? 

— - 
092 RCL3 36 13

• 827 x —33 — - 09 RCLI 36 35
828 STOI 3511 b4(n+1) — 084 ÷ 24
829 C SE  23 15 ~~~~~~085 + —55

~~~~ 130 Itt? 3687 
— 8St~ STO2 33 82

~~~~
• 

~~~• ~ ~~~~~~88 6888 23 12
- 

- -‘4 
—  

0~~~~~~CLT Wi(
- 833 • -35 C8° 8105 3385

834 *135 3635 b3(n I) ~~~ -~ 9 ICL4 36-84
- 83? UN 13 b4 - 09 $Y03 3313 RESET
8~ IttS 3 6 8 5  ~~~~‘ VA IS
•3;• m l  3 6 3 5  •“ ‘H 3685
836 • 8,1 8C~l 3 6 5 ?

• 1” c’w a
• — “4 3 6 0  ~~~~~ ~~ “ ~~~~ 3 6 8 5

— 
,,, ‘ ‘~~~~ tr v~ nr

84 3 6 1 1
+ 35 ‘ ‘- 

~~~ R N
‘ 84. I • • 0 •

‘ NI - -

“V .
a S

• ~~~~~~
- •.• - - e

0’ S
• a -.  - .

• .5
S .

S

- 
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7.6 PROGRAM USTING
STEP KEY ENTRY KEY CODE COMMENTS STEP KEY ENTRY KEY CODE COMMENTS

113 USC 23 13 — 
169 RCL8 3 63 5

— 114 RCL3 3 6 83 ~j _  170 ÷ —24 ,
— 115 RCL8 36 N 

- 

171 - .45
116 + -24 

— 172 SlOB 35 12 b ( n + l )
—— 117 + —55 173 RCLI 36 46

116 STO2 3582 — 
174 RCLØ 36 88

— 119 68B8 23 12 - 
175 x —35

‘20 12T RL4 ~~~~~~ 14 — — — — — — 176 RCLC 36 13
12! STO3 35 •~ 

- — 
277 x —35

122 RCL2 36 82 RESET 176 1/X 52 1/Aa(n) b(n)
— 

123 STOI 35 81 179 61+9 35-55 89 CURRENT t124 RCLB 3~ 12 
- VA LUES 180 180 RCLI 36 46— 

125 S100 35 35 161 RCLD 36 14 o(n) — p- I — 126 CTO7 22 87 - — 
182 — —45

127 *LBLA 21 II 
- m = 1 183 ST0I~ 35 11 a(n+ 1)

— 
128 RCL~ 36 11 a(n) < 0 ?  184 RCL9 36 89 t

—  
129 X(0? 16-45 - 185 Fl? 16 23 01 CHECK FOR PSE

130 130 8/S 51 - 
166 PRTX —14 f — x —— 131 RCLB 36 12 b ( n + 1 )  ~167 PSE 16 51

—  132 $108 35 89 - 

~I68 RCL~ 36 11
133 1 81 

_ :189 Fl? 16 23 81 CHECK FOR PSE
— 

134 — ~45 180 190 PRTX ~14 f — x —  a(n+ 1)
— 135 STUB 35 12 191 PSE 16 51
— 

136 RCL~~ 36 
~‘: 

a(n+ 1) 192 RTW 24 
_______________137 $101 35 46 ~~ +LBLC 21 23

138 RCLD 36 14 ~194 RCLE 36
139 — —45 195 RCL I 36 01

~~ 148 ST0~ 35 11 x —35
— 141 RCLI 36 46 ~~~

‘ RTN 24 
________________— 

142 RCL0 3 61 1  
~~~~ *LBLO 21 14

43 x —35 — !98 RCLE 36 15
—  144 RCLC 36 13 ~~ ~ O~’ RCL3 36 83

145 ‘ —35 X —35
46 I X 5.2 :~: RTN 24 

_________________

~4 ST+* ~~~~ I9 CURRENT t :r ILBLE 21 55- - 
11 8Ct9 3 6 8 9  :04 ~CLE 36 IS
!1 ~I’ 16 23 81 - :r ~~~5 36 IS

~~~~ ~‘ D ’ t 
~ ~~~ ‘c- -35I— - 

54 SI - —- 

- ~~ 24
: ‘ *fl* $95
“-  ~~ I’ • il ls

‘i’ . • .  1 ,~~. t i  4P14 1• 59 -

~~ “ ~~ - ‘ - 0*I . - .  •. .. ~~~ 
4 9

m l  4
- —  

P 8  - - ‘  _ _ _  -
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8. A BOMBER PENETRATION MODEL (DEFENDED BOMBERS)

8.1. REFERENCES

None.

8.2. DISCUSSION

This penetration model is offered solely as an examp le of how

the HP—67 can assist the analyst in his preliminary study oi~ the fac-

tors bearing on a problem and how these factors interact . Model—

making is , or ra ther should be , an ar t form drawing the essen tial

elements from reality and illuminating their articulation. The author

holds to the view that an initial model should be economical and

transparent . The ornaments come later .

A group of bombers with integrated fire control for mutually

supporting self—defense against interceptors makes a corridor pene-

tration to a set of targets. The payload of a bomber can be divided

at pleasure between defense missiles (MN ) and ground a tt ack muni t ions

(ASM). This loading is decided prior to the mission by choosing the

number of AAM to be fired against each interceptor based on the ex-

pec ted number to be encountered . At equal intervals of time during

time pemw t rat ion , a c lump of interceptors comes within range of the

h~ Imill- r -~Mti- , . - 
-
- ‘ -

- • P. 
-
. 
P -

- 
“.‘ 

- . i- - mt  Ii I i i  t hi.’ ~ U r V Iv I ng ifl t 9’! —

i r pt ‘ ~ o f  l b .  clump m~a kt’M i ‘~~~t 1 I 9  I.- ~~~~~~~~~ ii It .. i i  l u g  t i i .  unlt ~ ’rm Lv

~~~~~ It . ‘i~~~br~ .‘ . iii+J ( - . -- V l t t b d r ~~~ “- 11w - m l  I I. . \ —  I i .  i l l  I,-

- • ~~*Sr4 • ~~~~9 • . I - AA?8S ,,. I 9 1  • ‘ . ‘ S*I~ VI V9It~ 1~- •.hi ! . I
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K = A + r S, the pay load cons tan t

r = ratio of ASM to AAN weig hts

k = AAMs expended per int ercep tor encountered

Q = probability an MN will miss an interceptor

I = interceptors per clum p

q = probabili ty an in tercep tor wi l l  miss i ts target

N = duration of the penetration with unit of time

the interval between interceptor mass attacks

T = ASMs on targe t

x
y**x = y

Then

- 
- 

B +1 = B q **(I . Q**k/B ) (1)

because I Q**k interceptors survive and this divided by B is the

expected number of passes per bomber.

The number of missiles fired per bomber on the n th  engagement equals

kI/B . Henc e the number of AAMs per surviving bomber to target is

= k l (I / R
1 

+ I/I-I , + . . . + l/ !~~)

- -. f - 1 s u i t  I - — . —Oll I f I • ‘ I I -  w. I . t - - - ii i t  - ‘ nh .  m l  . Fli , I I I  I - - I

- -s.I.. i v  Iv In* t m ’  i t  ~ s t - ~t s  - i i . .  ~ . 
~ 

. ~~ 9 f l~ - I I i . -  I I I .- i m ~ -. sg.’ —

~~~.,t b~ ~ ~w- i I ~~ t a m  •‘ t- 
~

- a I vi a I -~ t •~ t • I t a  I l~
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quickly , and (2) this exp loration is informative since it shows the

sensitivity of the outcomes to k (as well as to the other parameters).

Example

B = 10, K = 30, r = 3, Q = 1/2 , I = 10, q 1/2, N = 3

I

2 7.30 5.31 40.19
1 4.72 1.95 16.40
3 9.87 7.52 50.47

4 12.55 8.73 50.78

3.5 11.19 8.22 51.54

Note how flat the bombs—on—target curve is for k = 3 to 4 .  GoIng from

k = 3.5 to 4 decreases bombs on target by 1.5 per cen t , but l ’ t7 cwe -~

bombers saved by 5 percent of the original force. This s~ ~ng is not

trivial if bombers are to be recycled for follow—on attacks . It

illustra tes the ins ight that quickly prepared “toy” models can provide.

8.4. PROGRAM NOTES

None.
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8.5 USER INST WCIIOI’—IS 
. 

p

4 
8. A BOMBER PENETRATION MODEL

L~.
STIP INSTRUCTIONS DA~

1Z
~~I’1S KEYS DATAJUt~TS

1 B STO B 
_____  

JO II I
________ _______ _________ ___________ 

[ I~ — I

2 KE.Y K PRESS A 
_____  ___ 

30 (
~~~H 30.00

_____ __________ _______ _________ 
I I  1 

—

3 KEY r PRESS R/S 3 I I I 3.00
__________ 

I _______

4 KEY Q PRESS R/S .s I II I 0.50
I II I ____________

5 KEY I PRESS R/S 10 I I 1 10.00
_________ 

II I
6 KEY q PRESS R/S 

- - - 
.5 I II 1 _~~~°~~!_

___________ 
I I I  - _____________— 

7 KEY N PRESS R/S 3 I I I 3.00
_________ 

I II — I
8 KEY k PRESS B 

- - - 

3 5  51.54 T
________ I 11 1 ______

9 THE RE GISTER CONTE NTS OF THE PR OGRAM 
________ 

I I I _____ —

- 
LISTING SHOW HOW TO RECALL OR REP LACE 

_____ 
I - I

ANY PAPAMfiERS OR VAWES 
______ 

- - I I - - 

—
~- - II __________

10 RCL O 
-

~~~~~~~~~~~ _ _ _ _ _  
I H 1  8 2 2

~ RC A — - 

~~~~~~~~~~ 

- — 
11.19 A

_ _ _ _  
I - II - I

_________ I II I ________

__________ 
I II I

____________________ 
I I I— I 

_____________

________ II I _____________

I II ________

I I I I
I I-I I
I II

I I
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8,6 BOMBER PENETRATION
STEP KEY ENTRY KEY CODE COMMENTS STEP KEY ENTRY KEY CODE COMMENTS

°fL_ 801 *LBL4 21 11 INPUTS j57 CHS —22

882 ST0I 35 81 K —- J53 RCL1 36 01.
— 803 8 - S  51 859 + —55

004 STO2 35 82 r 060 060 RCL2 36 82 : (3)
805 R’S 51 —a. —24
806 STO3 3582 - Q — 

062 RCLO 
~~~~~

— 08 R/ S 51 863 x —35
008 STO4 35 84 1 ~64 STOC 35 i3~ I IS DISPLAYE D

—  889 R -S 51 865 8TH 24
010 010 STO5 35 85 q 

_______ _______

011 R— S 51
— 012 STO6 35 06 N _____ ______

—  
013 8TH 24 ____________________ _________ __________

— 014 4LBLB 21 12 
_________ __________

— 015 STO9 35 89 k — ______ ______

— 016 RCLB 36 12 
______  ______

— 
01T’ 8108 35 00 B —  ______ ______

0fl I’X 52 1
01~ STO ’ 35 87 

________ _____

020 02C 1 01 
— _____ _____

021 STUI 35 46 1 h sf1
022 STOC 22 13 

_________________ ________ ________

023 ~L8LC 21 13 
— _________ __________

024 1621 16 26 46 080

025 RCL3 36 03 
_________ ______— 026 RCL9 36 89 — _______ _____

— 
02’ Y’ 31 —

— 
023 RCL4 36 04

• — 022 ~c -.35 
________ ________

mo 030 RCLO 36 08 B~ 
— ______ _______

— 031 + -24

032 RCL5 36 85 g 
— ________ —______

— 
033 X ?  -41 

- TO GET v x — ________ _________

~34 
f98 31 

_________ __________— 025 RCL8 36 89 — ______ _______

— 835 x —35
— 

03:’ STO8 3 50 8  B — _______ ________

— 038 l’X 5V ~~~~ — _______ ________

— 
039 ST.? 35-55 0? 

~~ 
— ________ _________

040 840 801.6 3606 — ______ _______

04 1 1 81 — _________ __________

042 + -55 TO GET N + I — ________ ________

043 RCLI 36 46 
_________ ________

844 ~~~ 16-33 PEN. COMPLETE ? ~~~~~ 
—_______

— 845 OTOD 22 14 — ________ ________

— 046 CTOC 22 i3 LOOP 
________ ________— ur ’ ~~~~~ ZUT4 — ________ ________

— 04f ROLl 3611 B 
— ______ _______

~~~~~~ I X  32 N+1 — ______ ______

a;— es. ST-7 ~~-43 07 — _______ _____ —

~~~~~I5I ~CL .368? — _ _ _ _ _  _ _ _ _ _

r: ~Cti 3 6 8 4  — ______ _______

- -35 - — _______ ________

-“ a  ~~~ 36 89 ________

J
~~~~~; ‘:
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9. DAMAGE PROBABILITIES, PVN AND QVN TARGETS

9.1. REFERENCES

a. D. C. Kephart , Some Aids for Estimating Damage Probabilities
in Attacks Against T2r~/ets with P and Q Vulnerabi l i ty  Numbers,
The Rand Corporation , R—1168—PR , March 1973 (For Official
Use Only).

b. Ph ysica l Vuineril-~ Hand ok-—Nu~ 7€ ~ir Weapons, Defense
Intelligence \ge-n v . 1975 update.

9.2. DISCUSSION

The program in th is s e .t  i o~ was prepared by D. C. Kephart  of The

Rand Corpor-ition . He h i s  als& - w - i t t e n  the program for Texas Instru-

ments ’ SR—52 hand cal culator .

The program gives damage probabilities for nuclear weapons

app lied against PVN and QVN point targets at the optimal airburst

height. For these two classa~-s t-~f targets ‘p si ’ is given by :

Overpressure , psi = 1.1216 - 1.2” (v = adjusted PVN )

V
Dynamic pressure , psi = 0.02893 1.44 (v = adjusted QVN)

9.3. EQUATIONS

Notation

VN.K = Vulnerability number

V = Integer part of VN.K

K = Fractional part of VN.K = [K-factorJ/lO

w = Warhead yield in kilotons

C = Weapon CEP in fee t

A = VN adjustment

v = V + A a d j u s t e d  v uln e r a b i l i t y  number

R Weapon radius In feet

1’ S I u m 1 ~ 16 ’ — — h - t  proh~mhi I I tv  .t t  damage (SSPI) )

-~~~~~~~~~~~~
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Formulas for PVN

s = K ( 20 ) 1/3 + 1 [
K ( 20 ) l/ 3 ] 2 

+ i — ~~~~~

A = ln(S2)/ln(l.2)

v = V + A

R = w~~
3
[6383.35 x 0 8836V

] if v � 20.5

R = wh/ 3 [l900.os x O~ 9368~~] if v > 20.5

P = 1 - exp 3-R
2
/2/[C

2
/ln(4) + 0.04R

2
]I

Formulas for QVN

S sa t i s f ies  the cubic equat ion

S = [SK (~~~)
1/3 

+ 1 - K] 113

A = ln(S 3) ln( 1.2 2)

v = V +  A

R = w 1/3
[6561 x O.879l8~

’] if v � 15.4

R = w h / 3
[23.42 + 2736.9 ~ 0 92883V

] i f v > 15.4

t = 1 - exp 3-R
2/ 2 / [ C 2

/ln(4) + 0.09R
2
]~

P = t if t � 0. 8 2

Q ~ .82M — O.9-.t — O.8~~, if t ~
- O .~~~~2

P . Q  I t ~~~ - ; I

P . s _ fl ~t - - - I .
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9 . 4 .  PROGRAM NOTES -

None .

9.5. USER INSTRUCTIONS

V N . K  Sto A (K = K fac tor , 2lQ7 = 21.7 , 4 2P6 = 42.6)

Y ie l d , KT Sto B

CEP , f t  Sto C

PVN Key A (Adjusted Vulnerabilit y Number —pause—
Calculate ~Weapon radius —pause—

QVN Key E !,Single—shot probability of damage (SS PD)
Compute t ime 10—12 sec for PVN , 12—22 sec for QVN

- - D t s p l i v  SSPD Key B C a l c u l a t e  PD f o r  one more shot

Key CEP , ft Key C Calculate SSPD EAft er Key A or Key E;  q u i c k  SSPDS
using new CEP values. Compute t ime 3 sec.]

E XAMPLE
I I

2 1 . 9  Sto A

OUt ) KT Sto B

~00() ft Sto C 
-

Mj  VN Weapon Rad ius SSPD

VN 21P9 Key A 12.509 13575.496 0 . 9 7 3

-

- - 

VN = 21Q9 Key E 17 .253 7891 .37 1 0 .732

Disp lay SSPD Key B P t)  = 0 .928 (2 lQ9 , 2 shots)

Key 6000 Key C SSPD = 0 .627 (2lQ9 , 1000 KT , 6000 f t  CEP )

-_ _ _ _
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(PvN) (QVN )
A E

PVN RCL5 QVN RCL5

4 f x > O ?  f x = O ?

NI v 4 NI ~~~
_____ 

J r ~_s
7

K(2O/w)~”3 Jig- 
SF2

h F ? 2

NI
7 * 

~~1 —i 8 5~CUBIC IN S (6) V A , v V PARTS,A,v � .OO1 ? v~~ 15.4? OFR~

• 1 N 
_________  ________

PART 
_ _ _  R R

O F R 2 1’ 2

v~~2O.5 ? ~N {  
PART

~!1r 
_________  _________2 

~~~ PART 
______ R 

~ 
PART OF 

____________

OF Ri _P I
L

R l
~ 

2 SSPD

___________ ___________ a __________ 

b(FINAL)

[ENTER CEP (QUICK) 
x~~ O? 

t .82 ~
_

~

‘ 

~[____ ~

_ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _  

N~~ 
_ _ _ _ _ _ _B 

ONE MORE 1 I I 1 P 2 DSP P Q N
SHOT f ~~~ 

.
~~~ 

- 

(PVN) Q �1?

(FINAL)

FINAL P j P = i

(FINAL)

Fi g. 9.1 Domoge~~1’obability pro~~am logic skeleton

‘
- ‘--— p

ii
II •--ø;:~~~

’
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9.5 USER INSTRUCTIONS

9. DA?MGE PROBABILITIES , PVN AND QVN TARGETS

1_a. _

STEP INSTRUCflONS DATA/UNITS KEYS DATAIUMTS
LOAD DATA AND PROGRA M 

______  I I . I _____

_ _ _ _ _ _ _ _ _  _ _ _ _  
L_~ ii: i _ _ _ _

2 VN .K STO A 21P9 21 .9 [ S T O J [A  I 21 .900

_ _ _  
I I L~~I _

3 YIELD (KT ) STO B 1000 I STO I I  B I 1000.000

4 CEP (FT) STO C 5000 1 5101’ C I 5000 .000
— 

II
1 5 PRESS A ADJ VN I I I  A I 12 .509

WPN RAD. i I I  I 13575 .5
SSPD I I

_ • __
i _ O .973

II I __________

6 WITH ABOVE . ENTRIES B U T  
____ - _______ I I I  I 

—______

H

- 
A 2! Q9 TARGET 

- -— 
ADJ VN 

______ 
I - I I  E I 17.253

WPN . RAD . 
____ L I I  I 7891 .371

SSPD 
________ 11 I 0 .732

____________ ______ I .  I I
7 IF CEP IS 6000 FT AGAINST 2 1Q9 

— - - 

6000 0.627

4 _______ I II I
8 FOR TWO SHOTS AGAINST_21Q9 

________ 
I B 0 .86 1

(CEP= 6000) 
- — 

I .~ I I  . I
_ _  _ _ _  

I 
_ _

______________ 
I

- 

I I
•_
~

• I _ _ _ _

_________ I ~ 1I I 
_______

_ _ _ _ _ _ _ _ _ _ __ _  

H 
_ _

A 
_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _  

I . II I 
_ _ _ _

~~~~~~ ~~~~~~~~~~~~~ . ~~~~~
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9.6 DAMAGE PROBABILITIES
STEP KEY ENEMY KEY COOS COMMENTS STEP KEY ENTRY KEY CODE COMMENTS

~L_. ~~~~~ •-~~-~~ .‘. 21 VN. K (PVN) ~~!057 PSE :5 51 ~~FT7~T
— 982 ~~~~ 3~ ~5 IF NOT IN P~I ~~~ 058 .~~~ 

2

— 8t~3 ~ •~~~~~‘~~ CHANGE TO Phi. ~~ 059 STO SZ ~ R2 R 2k. F~~ ~~~~ __________ 
.
~~~~~~~~~~~~~~~ 

2 ’ l
805 .~~~~

_ .. o~ PRI . _  061 0 00
2 _ 062 4 84 

_ _ _ _ _ _ _ _ _ _

— 087 — 863 sLB~.4 £ 84
— 008 F~ 26 2 I Z  064 A -35
— 889 - -24 — 065 5T07 35 07 .04 R2, .09 R2

~!!— 818 k2L .~~ 
06~ RCLC 36 :3 

___________________

— 811 ‘ 31 967 sLBL 21
— 81’ RCL~ 35 ~ 868 X 2  53
— 813 F~~ .6 4~ 869 4 84
— 

-~~~~ oT 078 Lh 32
— 815 ST~ 3~ ~s K (20/w)~ 071 -24
_ i_ E ~~~~L2L0.~ LN~~ c .L_  — —  — 

872 RCL7 Zi 57
— 023 T2~ 22 . .  873 . —55
— 

013 2 .32 — 074 1 52
_ 819 -

~~~~ 875 2 132
‘° 820 32 

— 076 -24
821 

— 877 RCL9 S6 0-~
— 822 -

~~~~ 878 -25

— 023 F2~~ Si 
— 

079 CHS
.4 

— 
024 FF~ .2 ~~, 080 e~ 23
025 — -45 

— 881 Ch3 -22
026 L. 5~ 882 1 131
827 ~2~ - 32 883 + -55
822 2 22 — 884 STOE ~~~ P (5)
829 -24 — 085 RC2S 36 135

~~~~~ 038 ‘ . (1) 
— 066 X�0? ~6-4 2 IN SEC ?LQVNi

— 
032 LI. 

—

— 032 . 888 RCLG ~ 03 DSP P (PVN)
— 033 -35 ~~ S2 889 RTN 24 

__________________

— 034 13: ~~~~~__ 898 $LBLa 22 I i  ~
— 035 . — 891 RCLS 36 .36
— 

036 2 32 092 . -62
— 

837 ~t 32 
— 

093 8 83
— 

036 -2 ~ A (2) 054 2 02
— 

039 £CLh 26 .~~ — ~~~~~~~~~~~~~~~~~~~ JR.~~NSft .
~~ 048 It~7 ~5 34 996 Cr06 22 .6 22
— 

842 • -
~~~~ v (2) — 

09’ R L E  36 15
— 

042 PSE .2 51 DSP v (CAN USE 098 RCLS 132
843 R13LO 36 1313 f— x—) 899 -35

— 844 X~~ 25- 34 BRANCH ‘~~~~

•

~~~~ 180 • -62
_ 845 762 2 1 0 2  181 89
— 

846 R. -
~~~ V 

— 182 4

— 
947 RCL4 35 04 

— 183 R2LS 32 136
— 

048 .\:. -~~~ 184 •\Z 53
049 185 7’

~~~~~~ $38 ~22 6 133 
— 185 - -45

051 •‘ -ss P~~T OF R2 ~4) 107 RCLI 36 46
83’ sL6~~ 11 23 _____ 106 - 45
953 RCLB 36 22 _  189 STO6 35 86 Q ( 12)
054 RCLD 35 4 ~~0 118 01

— 
855 2•~ 31 — ~~~~~~~~~~~~ L~ Q 2_ U~L _

— 
056 A -35 ____________________ — .LIL~ . ~T1~ ___________________

REGI ~ERS
o 20.5 [: 6383.35 [2 0.8836 [~7 90O.O5 [4 0.9368 ~ 8 7 

•04 R~ 18 P 9K(20/w)~
o 15.4 6.561 ro.87n ~~23.42 r 2736.9 Sb

0~9~~ 8 
S6 o.ooi ~ 1, Sn ji .~ K, t,Q K(20/w)~

~ VN. K r ~ JC cEP (F T ) ° 0.3333 2.826 0.866

________________________________________ — -.-.-—-— 

— - ~~ - . -~~~~- ~~~~~~~~~~~~~~~~~~~~ —~~~~~~~~ ,- - - --- --— 
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~.ó PROGRAM USTING
STEP KEY ENTRY KEY CODE COMMENTS STEP KEY ENTRY KEY CODE COMMENTS

113 *LT1~ Ti T~~~ ~ SP P (QVN ) (11) 169 1N7 15 34
114 RCL8 36 08 .i._ 178 + -ss ~ (7)
~1II_. km 

__________________ 171 PSE 16 51 DSP v (CAN VSE
— 116 *LBL2 21 82 172 R~L8 26 813 t—x— )
—— 117 K. -31 V 

— ilL _~~~6~~~ ~~~~~~~~~~~~~~~
— 118 R2L2 32 02 174 0105 22 05

119 ~~Y —41 175 R4 -31
20 128 ~~~ 31 

— 176 RCL5 36 05
121 RCL I 36 81 

— 177 x:v -41
— 122 x -35 

— 178 ~‘X 21
— 123 £TC~ 12 03 PART OF R1 (3) 

— 179 RCL 4 36 84
— 124 *L613~ J 15 V N K  (QVN) ~~~~___ 188 7’ -35

— 
125 RCL5 36 85 iF NEC, CHANGE 181 ‘RCL3 36 03
226 X~8~ 16-43 TO SEC AND — . 182 + -55 PART OF R2 (9)

— 
12? p:s 16-51 SH~~/ BY F2 — 

183 sLBL6 21 06
128 SF2 15 21 02 

— 184 RCLB 36~ 12129 9107 22 87 
__________________ 185 RCLO 36 24

130 138 *LBLI 22 01 ~~ bM 016) 186 VA 31 w~131 1 dl 18’ x —35
132 RCL~ 36 11 188 P86 26 51 DSP R 1, DSP R 2

— 133 FR~ 16 94 189 X2 ~~ ~CAN USE
— 134 - -45 I—K ‘

~~~~_ 290 8709 35 ~3 f— x—
— 135 STO6 ~5 ~~ — 191 . —62

— 
136 1 3: 

— 192 0 00
137 810’ 33 07 I 193 9 09
138 *LSL S 21 03 

— 
194 0104 22 04 

___________________— 139 RCL7 36 0? 195 *LBL5 21 85
i~~~ 140 RC~5 36 09 196 R~ -31 v
— 

141 7’ -35 
— 

19? RCL2 36 02
142 RCLS 36 05 198 X;1 -41

— 143 ~ -53 — 
199 ~~X 31

— 144 RCLS 35 ~~ 286 RCLI 36 01
145 31 

~?L__ ~
_ _ _ _

~~ 
PART OF ~j J8j

— 
146 RCL7 36 37 S~ — 

282 5706 22 06
147 X 1  -41 . 283 R-’S 51 

_______________— 
148 3727 33 07 S~~1 

— 284 *LBLC £1 13 (NEW CE P)— 
149 ~~ -4 1 205 0105 22 05 

__________________

iW 159 + -24 286 SLBLB 21 12 (ONE M~~ E SHOT
— 

151 01 
— 28? CHS -22 —P

152 — -45 288 1 01
153 ~BS 16 31 Ii — S~+ 1/ S~ t 289 + -55
154 RCL6 36 8~ 210 210 X~ 53

— 155 X~Y~ 16-35 ~~~~~~~~~~~~~~~~ 211 CHS -22
— 

~~~~ LOOP 222 1 01
— 157 RCL7 36 07 — 

213 -
~~

158 LH 32 — 214 K/ S 
________— 159 1 21 

________ ________

~ 168 • -52 
________ ________

161 5 05 
_ _ _ _  _ _ _ _

162 x -35 — ________ _________

163 1 01 — ____ _ _ _ _

— 164 • -62 
________ _________

165 2 02 
_ _ _ _  _ _ _ _

166 ~ . 32 
_________ __________

167 -24 A (7) 
— ________ _________

168 RCL~ 3E~1 ____________________ —— LASELS FLAGS ______ 
SET STATUS

DATA CARD ENTRIES ARE 
~ OFF

_ _ _ _ _  0 0 0  DEG 0 FIX 0
SH~~NN rr L I i 0 0 GRAD 0 Sc, 0

3 2 0 0  RAD 0 ENG O
_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _  

3 0 0  1~~~~~~~~~~ 

._.. ... —-- - • ~~~~~~~~~~~~~~~~~~~~~ .—.~~..-.. — .._.. . ... .. .
~~ .. . _. . . . 

. . .~~~~~~ ,~~~.-. —‘ __.  .- £_S_.•_ a.V__ .......,a.. ...._._ ~. 
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10. OUR 1)EU C ES  ~~~~~~ E C l S  ION 4 . 2— I N CH  M O R I A R  F I R E )

10 . 1 .  REFERENCES

a. FT 4 . 2 — F — I , F~ i ’i~’~ ’ i’~z i i ~~~, , Vmt u’ , ~~~~~~~~~ ~~~~~~~~~ D e p a r t m e n t
of the Army , December 1954.

h . FM 2 3_ () 2 , • ~~ — 1 ~~ •~i 14 i’ t V. , Department of the Army ,
Febr uary  1961.

10.2. DISCUSSION

The ~. .
2 — in c h  mortar • M30, is a rifled • muzz Ic—loaded weapon , known

a f f e c t  ionat&’ly to  the Army as the  “ four deuce. ’’ The tube , elev ated at

ang l es of 45° to 60° (800 mils to  1065 mils) deliv ers indirect fire to

almost 5. 5 kilometers , depend ins on t i l e  p rope l  l a nt  charge , e lev a t i o n ,

and round selec ted .

I n d i r e c t  f i r e  u n i t s  use a m e t e o r o l o g i c a l  message (a coded w e a t h e r

report) from division artillery in con j u n c t i o n  with unabridged firing

tables to prepare firing data. As of 1961 (Ref. b) a rather t ime—

consuming  and largel y man ua l  procedure was used , w h i c h  even sacrificed

almost all tabular interpolation to save time and avo id e r ro r s .  T h i s

sect ion shows how the procedure  of th a t  era would have been simp l i f i e d
had a programmable hand—calculator been ava i l ab le  then .

The primary task is to reduce the tables , wh ich wer e based on

range f i r i n g s  conducted  at the Aberdeen Proving Grounds , to  a set of

f o r m u l a s .  T h i s  is accompl ished  by data  fit t ing , a t a sk  f o r  wh ich  the

HP —6 7 is admi rabl y suited If one has a t  hand Program 3 of the Standard

Pac and Program 14 (Po l ynomia l Ap p r o x i m a t ion)  of St a t  Pac I .  Mark

tha t  th i s  data f i t t i n g  is pure l y emp i r i c a l .  I t  is based in no way on

the p hys i c s  and mathematics of exterior ballistics.

The onl y problem posed by the tailoring o f formulas t o  numbe r

streams is the choice of the formul a type to he used . In it ia I guidance
is pr ov ided by plotting families of curves and staring at them . (See

Sec . 21.)

The resulting formulas are stmp le and so is the required program—
ming. You pay for this double simplicity bu t can exp loit it. The

large number of constants generated by fitting exceeds available

- - 
~~. ~~~~~~~~~~~~~~~~~~~~~~ 

-.
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s to rage  space. But because the program Es short , there is space t o

put  c o n s tan t s , some t imes  rounded , In the  program i t s e l f  . Tb is I s

p rogram/s to rage  t r a d e o f f .

The next  subsect Ion gives fo rmulas  t ha t  co r rec t  the  f i r e  for

nons tandard  condi t ions , In t he  order  in which  they  w i l l  be programmed .

This  Is also the approx imate  order of the  manua l c a l c u l a t i o ns  In t h e

examples of R e f .  a. The program s i g n i f i c a n t  lv  m o d i f i e s  t he  method s

of t ha t  r e f e r ence  In respect to automat  Ic In t er p o l at i o n s , a l l o w a n ce

of d If  ference  in a l t  E tude  of mort a r  and t ar g et  , h a l l  1st i c w i n d s , and

e levat  Ion co r r e c t  Ions .

(.~‘ner .~ I

( 1) l~~is program is r e st r i c t e d  t o  the M30 f i r i n g  the  HE s he l l

M 1 2 9  w i t h  ext  ension ( l o n g — r a n g e  l ire

.1) Tile r ange of charges  is 2 S . S to  .
~ 1 and inc remen t s  of 1/ 8

are  p c r m i t t e d .

(3 )  E l e v a t i o n s  are r e s t r i c te d  to 800 to 900 m i  I s  (it ) ,  si n c e

th e  t a b l e s  are so rest t i c  ted fo r  charges above 2

(4 )  Hence charge  is se icc  ted so t h a t  8 SO ~ (47  .81 0)  t’ I evat ion

Si Vt ’s the  :~~;~~‘~ . : :  des i red  range ( I  ~~ 
160/6400 ° =

t) .05625 = 1/ 17 . 7 7 8 ’ ) .

( 5 )  ~i e t  ers r a t her  t han  y a r d s  ar e  used ( 1  vd 0. 91 ~4 m)

N o t a t i o n

H A l t  E t u d e  of m o r t a r  posIt  ion in m e t e r s
0

R Char t  range in mete rs

Ra nge co r r ect ed  fo r  d i f f e r e n c e  in a I t  i t  tid e of m or t a r  and

ta r get

R , R 1 
cerrec ted fo r  me t ro  and hal  l i s t  Ic f a c t  ors

R(800) Range fo r  F 800 ~~~, a f~tnc t ion el  ch arge  rn

A A z I m u t h  of I I re  (mor ta r  to  t a r g et . ’)  in m l  Is  • CW I rem N

L

ii ___________________—-.-.—- 
..— .- ‘. ‘

~-‘.—.
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850 *1. the initial elevation

F , C or r e ct e d  e l e v at i on  (i t)

C the I n it  t a t  charge Sc lee  t ed

C2 Correc ted  charge

W The ang le  of f a l l  in ml is ( imp act  an g l e)

T Powder t e m p e r a t u r e  In F°

VE Muzz le  vel oc I t  v e r ror  In  f t  / sec I or lot  used i, O I t  not  known.

Tb Is can be obtained cm l v  I ron t r i a I I I r  I ug s. )

r 11ev t at  ion in  sI’t ’ I i  w e i gh t  I rem 
~ ~.1 i — 1  • C , + 1

(Wei ght  is measured in ~~ j t~ . t t  •~~~ and sI .nu ped on the  she 1 1 . 1

11T A l t  E tud e ot 1.tr ~~ct  in m et  • ‘~

1 !

Alt itude of met core logi ca l d .tt a p 1 .t i ic  (Mi ll’ ) In

A.~imut l i  of ha l  Ic w in d  i n  ~ CW t rom N .  I. h i s  i s  t h e

d i r e c t  ton ~~~ ‘~: w h i c h  the  wi net b lows . I t  i s  an aver age o I

w inds  up t t he’ m ax imum or~1 I n a t e  of the  t i .t ~ec t o  r v

~‘ Angle  between A 0 and A
~ 

— ) .‘t t t )  In ~Iegi  t ’es

V D e n s i ty  ot t lit ’ a i t  as p ercen t  ot St .t uda ,  d t or t h e ’ ~tl)t’ . i l  t i t  tid e’

Corrected  dens I t  v I or non .ir a l t  i t  i tde ne ’ I , t t  I vi’ • ‘

W Hal  l i s t  Ic wind  In ‘::
‘ ‘

. : . i ’  i ; .,~~ ‘

d Dr I t t  clef 1cc t Ion hecatise ol s he ’l l  rot  . t t  I on i. a I w ay s  to  I he’
right)

I) Del lec t Ion correct ion , I m a  I ( i t ’)

~~~ ree l  Ion fo r  range w i n d  ( t a t  1 or head • mc ’ I

( o r r e c t  Ion for  round weigh t  , met ens

C 1 Cor r ect  ion fo r  powder t e mp e r a t  t I r e ’ • met ens

C, Co r r ect  ton for  a c t ua l a i r  dens i tv , meters

C, Correc t  Ion I or VE , mete rs

___________



‘
~~~~~ ~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~ ~~: 

-

—99-.

— 

~~~~ l 
+ C 2  ~f P

3 
+ ~~ + p

5
) ,  nt t ’t t ’rs

P Change in muz .~ It ’ ye  to e  I tv  due t o  change in  powder t e’tnpe I~—

.t t u re  ( I t  / 5cc)

M e t r o  Ms~~

R~ , Aw W , ~ are known when t he’ M et ro  Messagi ’ is ‘‘ Sc’ I ve’d • ‘‘ V iii ’

mt’ss,tgt’ a iso gives .i i  r tempt ’ rat tire, wh I cli Is not r~’ 1 evan t  I 01’ I n e r t  an —

c a l c u l a t I o n s . The message li.is 12 lIn e s  in add i t . ion t o  t lit’ t t e . i d  lu g .

The’ in It  L a I d i g i t  Is t I i e ~ s t andard  a It  i t  ude number . The’ cc ’ r r espo i idcnc  t ’

A l t .  No .  1) 1. 2 1 .e

H e i g ht  ( I t )  0 600 1 50’) 3000 4 ~0O 6001)

A l t .  No. 6 7 8 9 1)

He’ Ig ht  ( f t  ) 9000 12000 1 5000 18000 24001) 30000

The l i n e s  of t ht’ mess .ige g ive’ Aw . W , tS (and a i r  te ’m pt ’ra t  t i re )

appropr i a t e  for  the maximum ord that  e ot t he t ra eel o rv r e s u lt  lug f rom

.tnv p a r t  Icu 1 a r  comb m a t  i on  ot r ange ’ , ch arge , and e’ 1 t ’vat ion .

For t h i s  progr am (800 it ~~ F � 900 i t.  R � 12 ~ O in) , a iw a v s  Use’ I i  Ut ’

• ‘.

~

‘

~~~~~

:.‘

C = 25 .5 L i n e  I

C = ~ 1 l ine S

C ~ 6 atiel F ~ S5() L i n e ’ ‘

Fe rmu las

F — $ ~ I ) i t  ( 1)
0

E l  .9 12 exp 1,0 .0002 Ii  R ’ )

w — (867 + 4 C )  1, 360/6 400 ) ( I )

R 1 — R + (H.~. — 11 ) / t a n  w ( 4 )

if t a rge t  is above m o r t a r)
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— — t ) . 0ti I (11 , /C . IO~~S — IL
r.i

) 
“ 

• ,)

( I L  I changed I ron lilt ’ l e t s  t o  f e ’t ’t

= I) . t ) ” (~_ ’ ‘ ( A~ — — 

0~~ 

( n )

d = O . 0I’ t I: — (C + 1 ) / 2  t, Ti
0 0

Ii ‘ jcl  + O .~4 W s i n  c i i  ( S I

I l i c  t ubi ’ is  p o i n t  e’d I o t  t in  lug  a t  A + I) i t)

1 
(0 . 32 ’ C ,, — t .  t~S 2 )  i~ c , t~~ a t, 9)

h i t ’ t e ’ cm i n  ;‘a t e n t  h1’scs is t h e ’ t in  i t  c ’ f l e e t
I el ,i t ,i  t 1 V i  tid o t 1 m p h  , Co I . I ~ ~ t t a b  1 es

C , Is 1; . S 1’~ i~ C — 1—’ . ‘~ l 4 1  r ( 1  ~ )

(t in I t  e’ f t  cc t in  pa r ent  best’s Cot  . L 7 )

p — .‘ I f C. F — 1) .00. 1 ’ , F 10”

• ( i i )
= I ’ . 2’) — 0 , ,S 1’ + 0 .00 18 t~ 1

I. h a t ’  I t ’ ~‘ t A p p . A ~‘ t R e m  • a , I i t t  ed )

C 3 ( 1 6 . 1 — 2 . ’ m i ’ ) I’

( U n i t  MV c I t  ee l  in  p . ir enth e’se’s Cc ’ I . 18)

1
4 

— ( 1 1 .0  l~’ —• 0. ?.‘‘l 
~,) ~— 100 ) ( 1 3 )

( I n  i t  I ~e r ce’nt  c i t  cc t  in  p~t r en t  best’s Co I . I t .

c ’ = ( 16 . 3  — 2 , . in  C ) • yE

( 1” )

(N ot i ’  t h e ’ — si g n)
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• H .
— 1 0 1 —

= R
1 

+ C ( I f , )

Tb i s  IS t h i t ’ c o r r ect e d  I i  na I range .

= 11 .‘) 32 exp (11 . 01) 1)2 I i  11 , ) ( 17)

(T h i s  is t h e  c o r r e c t e d  ~h ar g e  t o  r F t I )  i t.
It i s  ~ • - .~~ ~ . . A ~~~ t o  t i l e ’  n ea re s t  1/ 2
charge .

R ( 80t)) = . 2. 51 + 8 1 . 7  2 ( i S )

+ 2 . ’l t, C ’, — t ) . t~ - . I C

I. 1’ i t ted t ron bet t oni I i  tie da t  . m c i  t a b  I c’s

= MCI )  + L n. .  lb  - () C’l 3 1 11 I R(800 ) - R , 1
0 . 7 1 2  

. ( l ’~)

1’ii is i t h e ’ I m i  t ’ I eVa t ion a t  v i i i  cli t o i .iv t h e  tu be .’ . N o t e  t he

~~‘m rec t i t ’l l  ci i u s i n g  C . = 8 5 )  it ,ineI t in ’  f i n a l  R ,. But t h en  C = 8~i0 ~
is  I c ’i ~~~

s ’L  t t ’n .tnd t h e  pro c edure  is t o  go to  • :.‘ f o r m u l a s  to get C ,, w i  ~h i

re ’spec t to  t h e ’ b a s e l i n e  e 1 ev , i t  ion C 800 it .  l ’hm is p rocedure  v i e  lel s  a

sma i i  ccc ccc t ion t o  t i lt ’ in  i t  i a  I 850 it.

No t  e iSec amist ’ e m l a c k  of p r o g r a m / s t o r a g e  s p m c  t’ , f o r m u l a  ( i i )  i s

r e w r i t t e n  m s

I’ — — (0 .  1) 2 A l ’ + 0 .00 ’, Al ’ 2 ) A I � 0 (2 0 )

= 0. 05 ‘Vi + 0 . 00 38 AT 2 ~ ,

and the  u s e r  e n ter s  .\‘l = 1’ — 70 ° • t h i t ’  dcv t a t  ion t ron the  si andard

powder I e m p e r t t  nrc w i t h  t i l e ’ p r o p e r  s i g n

Chec k s

t o  p reV i d e’ pr ogr .Lfll  ve ’r i t  I C  a t  ion • a st  e p — b v — s  t ep ex.ump 1 t’ i s  ~a 1—

e’ t i i . i  t ed  m.inu. i I i v  . these  r e s u l t s  are th en  compared w i t h  t h i t ’ Arm ~ ‘s
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f i t ’ I d p rocedure , wit ich  doe’s not re’qu i r t  l n t e ’rpo 1 at  ion and rounds  o i l

var  b u s  v . m lues . ~~~~~~~~~~~ Ins t ead  ot me’ t ers  are employ ed in t hese c i i e s k ~

‘.12t) (n e a r e s t  1(1 v,i ) , ii = l~~t ’” f t  • ft — 12 1(1 f t
0 1’

A it , wg t  — (r  — 1 )  , I’ —

VE = — 12 f t i ~ ec

So lv j ug the Mt t ro M e  s sage (head i ng .uiid 1 I t i t ’ )

~‘t I F’ 1 2 0 5 3 0 3

we g e t :  message f rom Sta t  ion IF , Ml)P — 1200 f t . ~ts of 08 .30 hr ;  t i m i s

i s  msg typ e ’ ( f o r  m o r t a r s) ; s t a n d a r d  a l t i t u d e f o r  l ine ~ is 6(101) i t ;

ballist ic wind blows from 2600 it, s t r e n g t h  25 mph ; a i r  d e n s i ty  i s

‘-) .7 pe rcen t , and a i r  t e m p e r a t u r e  is 85° F.

ru e’ above ~‘ond i t  I c ’ns we’re t a k e n  I roni Ref . a . They cou ld  he

r eal  i~~eci , or ex amp le , at H u n t er  l . i g g et  t M i  1 i t 5 m r v  R e s e r v 5 m t  ion  in

Ca l  i t  o rn i a  e’n a day in Nov ember  w i t h  San t a  An , m w i n d s  b l o w i n g . Use

Map 8cr ies  V M ’~~S , Sheet l 7 ’~ 1 N~4 , 1:25000 . Put  t u e  m or t  ~~ p o s i t  ion

on H i l l  1 ‘ l b  i, 669 6 (1  7 i ’)CO ) and t h e  t arge . ’t  c 1 cisc t o  t u e  j un e  t I cm c i

two d i r t  roads and a lmos t  in t lie bed el Fr ia Cre t ’k (blO ’)  S 7 .c000 )
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N o t e :  Ya rds  r a t her  t h a n  m e t e r s  arc used be low .

0~uan t  l i v  F i e l d  M et  I d  F or mum l as

R 5300 5320
0

H 1500 1505
C)

F 847 850
0

C 36 .5 3 6 . 7 1
(I

1009 1014

5255 * 5256

6 1 
94.8  94 .8

d 38 35 .6

D —57 — 5 2

p 1 
113 114

p
2 

9 9

p 3 
— 1 5  — 11

p 4 
88 90

p 5 
—91 —96

p 104 106

5151 5150

The F i eld  method now se lec t s  a new , ’harge fo r  w h i c h ,  the  ad jus t ed

range R., is bracke ted  by a 50—yd t abu la r  interval in time tables. In-

t er p o l at i o n  is now used in g e n e r a l .  Here we can read o f f

C , = 35.5 C2 = 854 it

Formu la (17) y ields C2 = 35.41. Round this to C7 = 35.5 and

obtain , via (18) and (19), E2 
= 853 it.

10.4. PROGRAM NOTES

~ i ~~~~~ 
j’ ~~~~~ ~‘!l

fi a PU’ ~‘ ~ee in a f l uf f i e r ,
.1’ ‘I i  the ~~r~/ model

a ri~’s1, i~~: N ,/ e r ih ’ne Pa l .
— W. S • Gilber t , ‘he T’i i ’ z t ee  oj E ’,i~ cz, u ’• , 1879

*The field method corrects 5320 by 1/2 the altitude difference In
yards or by —50 yd. We have used the more accurate value —65 yd.

_____

~

1 
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10.5. DATA CARD

.3048 STO 7 , 9/160 h ST I

f P <— >  S
11.932 STO 0, .000231 STO 1,

4.682 STO 2, 17.879 Sb 3 ,
72 .914 STO 4 , .0038 STO 5 ,

11.037 STO 6 , .72 93 STO 7 ,

52.51 STO 8, 81.73 STO 9.

f P <— >  S

RUN . f W/DATA . RECORD BOTH SIDES.

I

4,

•

~ 

-
~~ ‘ ‘ r -

~~~~~~~ ~~~~~~~~~ —--- • — .- ‘~r ’ — ~~~~~~~~~~~~~ ~~~~ 
—

~~ ‘ ‘ ~~~ _~•
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10.5 USER I NSTRUCT IONS

10. FOUR DEUCES

1_~ — _
INSTRUCT iONS DATA/UNITS ktYS DATA/UNITS

I LOAD DATA AND PROGRAM CARDS EXAMPLE I I I I
2 H~(m) STO A 

• 
459 _ I II I

3 R 0(m) STO B 4864.6 I - II I
4 Aq(~ ) STO C 4825 1 i i  I
5 H 1 (m) STO D 369 II
6 1  sio o — 1  I H I
7 1 (°F) 510 1 —1 5  I I I I 

—

- —

• 8 yE (f ps) STO 2 
- -.  

— 12 I I I
9 H~ (ft) 510 3 

-~~~ 1200 I I I
iO A~,(s i) 510 4 2600 H
i t  W (mph) STO 5 25 I II
— 

SQ STO 6 
• .. . • ~~~~~~~~~~~~~~~~~~~~ 

I I I I
II

13 PRESS A / 7  SECS , SEE CORRECTED AZ 
• 

I I  A I 4773

• . ‘ ‘ i i
14 PRESS 8/7 SECS , SEE CORRECTE D CHARG E j I B I 35 4 1 

. ‘ . . ~~~~~~~~~~~~~~~~~~~~~~ I II
15 KEY IN , ROUNDE D T O NEARES T 1/2 

• . 
35.5 

• 
I 

—

I I I
16 PRESS R/~ (5 SECS) , SEE CORRECTED EL 

. . • 
{ 853 

- -

I I
WAR Nj~~~ IF NEW RUN IS TO BE MADE II

- 
WITHOUT RELOADING THEN 0 STO 8 

— I I I I —~~

ALSO REGISTERS B AND 6 MU ST BE CHEC KED I I
I I

I t

~

• .  I I
- -- . . - -  . I II

I I I
I II I

— 
II I
II

I II ~~~II
— 

I II I
_______ 

I !I I
I I

_______ ___________________________________________ _____________ Il I _____________

-•- •~~~ 

- 

~~~~~~~~~~~~ -- - V - -
~~

•
~~~~~~~~~~
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10.6 FOUR DEUCES
STEP KEY ENTRY KEY CODE COMMENTS STEP KEY ENTRY KEY CODE COMMEN T S

0O’ CØ~ •LF La •1J 
~ 

—. 
‘W’ ]

~ø2 “~5 16-51 (SEC) ~~~~
- .

~‘C’~ ~7LB 36 12 ~~7 2 82
~

(‘ t~~ 36 81 °~° C’ t~ —24
—~~~~~~ 

—
~~~~ 

- —45

~p: •~ 33 — 
~~6. RCL9 36 09

— ~‘i~’ RCL O 36 88 C~ ’ ~‘IH 41
8O~’ -35 ~~ F~cL5 36 85
88~ STOE 35 15 C0 (PRI) :r  _35

°2•.._. o ic ~:s 16-51 . —
~~~~

‘
~~~ FC.D 36 14 ‘7~ S 88

~: PCL~ 36 11 —35
- ‘.‘~~~ 

-55
I’14 FCLE 36 15 —22
Ø1~ 4 84 ~~~~ PCLC 36 13 A 0 + D RECORD
ø1~ 

‘ -35 • -55
— 

I’~~~ S 88 i’ 3  RTH 24
— 

6 86 ‘7~ ~L~L8 21 12
— 

‘ 87 27~ ~7L9 36 89
-55 — 

~OS 42
C2~ ~CLI 36 4 2 ’ 

~~L5 36 85
— 

L’22 ‘ -35 “ —35
— 

2~ TAN 43 t~~ ~~LE 36 15
4 -24 o~O . -62

• 
— 

f~~~ ~~LB 36 12 3 83 1.
• —

~~~~~~~ + -55 82
— 

~~~ S 0 6  35 12 R1 
— 5 85

2 ~ L6 36 06 —35
— 

~~~~~~ ~‘7L i1 36 i i  ~~ P S  16—51 (SEC)
2~6~~~ 0’0 rc~: 36 87 C 7 ’ 1TL2 36 82

- —24 (‘~~ - —45
237 F~~3 36 83 :7: —35

-— 
- —45 ~~S 16—5 1 (PRI)

— ‘
2~~~ 3 03 ~~ 092 $TO8 35 08 ‘ p1

—35 ~9 ~ LE 36 15
— ‘

~ 27 EE> —23 
— 

~$Z ~N 32 (SEC)—— ‘03 3 83 — ° 5  16—51
—24 29~ FC L3 36 83

— 
- —45 ‘9’ ‘, —35

~‘TO6 35 8 6  731 ~CL4 36 04
°CL4 36 84 - —45

— 4 3 13 237 ~:s 16—51 (PR I)
— 2 02 :97 F7LO 36 08
— 

~~~ 8 08 ~~~~
•• 

i 2 ~~ -35 p
— C4~ 8 88 I’ ~“~8 35-55 88 2
— - —45 1~’ 8 00
— 

•‘! •‘ 

~7LC 36 13 ::: C’7L1 36 01 -

— 747 - —45 24 ‘
~~~‘‘ 16—35

— ‘4 ~7L I 36 46 :~ ~T O1 22 01
35 2 G702 22 82

— 
2~~: 5T09 35 09 a ~~

‘‘ •LFLC 21 13
— 

~: s is — :c7 1 01 ’
— 

~~~~
- 4 .4: ~~ 6 06

-62 . ~~~~~~~~~~ 1 2 . -62 V

— 
(~ ! 4 84 . — ~~ 3 03 ,
~~7 ~CLE .36 15 _________________ — ~: RCLE 36JL ________________

REO~S rERS
r T—70 J2 VE )3 HM I~ A~ ~

‘ w J~’Bo /8 i ~ 
.3048 r ~~~ 

--

~ 11.932~~~.O00231[~ 4.682~~~ 17.879 [~72.9 l4 SS oo38J~6 1l o37 [s7 7293 [~
‘ 52.5I rBl.73

A H0 r R0/R ,/R2 1C A 0 ° H~. JE C0/C 2 j~ 9/160 ~
DATA CARD ENTRIES ARE SHCM~N AS L~ 1

I
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10.6 PROGRAM USTING
STEP KEY EN1RY KEY CODE COMMENTS STEP KE’/ ENTRY KEY CODE COMMENTS

11? LN 32 — 
169 X —~~~~

114 . —62 ‘~3 170 • + —35
11~’ 4 84 !~ 1 ~CL8 3~ 08

—24 ~‘ + —55
- . 

1! - 
~~~~ 17! P218 36 12

nS ~T0D 35 14 MV. UNIT EFFECT V’4 - -45

—35 
~~ 

— 
. —62

;2Q 12~’ $T+8 35—55 88 ~ ‘ : i  7 87
12: RCL6 36 86 ‘ 1 81
122 EEX —23 ‘

~~~~ : 2 82
12! 2 02 ‘

~~ 31
— 

124 - —4 5 •‘i~
’ 79 6 06

— ::~ r:s 16-51 (SEC) 
— ii :  • -62

171 PCL6 36 86 17 4 84
— !2 ~Ci.7 36 87 — 1~ : 2 02
— ‘125 RCLE 36 15 ‘ 15~ 

1’~~ 36 15
— 

:73 \ —35 ~~~~~~~

•— 
• —62.K, ‘~~~ 

- ,‘ —45 — 0 88
-35 p 9 09

~2. P~S 16-51 (PRI) ::i: 137 -35
:77 ST+S 35—55 ~ 177 - -45

~CL2 36 82 ‘
•

~~~~~ 13.’ “ —35
— !7~ F’CLD 36 14 1.31 8 88

35 P5 172 8 88
— 

17 7 .8  35-55 88 P — 
0 88

177 ~2LS 36 88 194 ‘ -55 E2 RECORD
:77 CHS —22 

— 
:9~ r:s 16—51 (PRI)

~a0 14C PCLB 36 12 31 PTh 24
— :4 1 . * —ss — ::~ •isi i 21 81
— 

~: 
• 

35 12 R 2 
— 131 £TL I 36 81

::  ~~S 16-51 (SEC) _ 177 ,\ 2  53
:-~~ PCL I 36 81 200 207 2 82
!4~ •\ —35 2~’1 0 08

— 141 33 2 8 80
— 

PCLØ 36 88 — 
2 —24

—35 2C~ CHS —22
F S 51 ROUND R/S zo~ FCLI 36 01

io ~ , 1~ 7 STOE 35 15 C2 .2 :  5 85
— 

:~: 3 03 
— 

227 0 88
31 7:: —24

-62 .7: • -55
— ‘ :~~ 0 08 .717 TOC 22 13
— 

~
•! 4 94 

— 211 ~~L2 21 82
— 

~~ 3 83 212 P211 36 81
— 

-35 
— .717 2 82

:~~7 HS -22 — 21~ 0 88
1~~ ‘~7LE 36 15 

— 21~ —24
112 ‘

~~~ 53 
— 

~~1 ~CL 1 36 01
1 1  2 82 2: X2 53
112 . -62 — fl7 F S  16-51 (SEC)
13.7 9 09 

— 21$ F’2L5 36 85
‘ 114 6 86 ~~~~~~~~~~ 222 •‘ —35

-35 .77: + -55
— 111 + —55 — .727 ~ S 16—51 (PRI)

:17 ~TLE 36 15 — 2~~ 7TCC 22 13
— 1 ~‘L9 36 09 ______________ _______ _____ _____________

LABELS FLAGS SET STATUS
A ~ U~~D C EL D 0 

~~~ DISP
S b C d a ON OFF
_ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _  _ _ _ _  O D Z  DEO X FIX T

O I 2 3 4 1 0 X GRAD 0 Sd 0
p 3 2 O ~~~~ RAD O ENG IJ

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _  
3 0 X  

_ _ _ _ _ _ _ _ _ _

- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~ 
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i i .  A I.As l: R EQUAT I ON

— 11 • I . RE F ER E NCE

,i. I.. N .  Pee kham and R . W • 1)av Is , .1 : I : j . .  ‘1 / ‘
~~
‘ ‘

~~
‘ ‘ it  I H  ~.‘ 1 . 1

‘ i ’  •‘ w. ‘~~‘ t ‘Pt .‘~ t i f .  ‘
~~~~. Air Force Weapons L a b o r at o r y ,  Tech—

R e p o r t  AFWI. — TR—72—9 5 , Augus t  1972 , AS T IA No. A D902736 L.

1 1 . 2 .

The laser equa l Ion progr ammed En t h i s  sect Ion was b r ough t  t o  my

a l t  ent  ion by L i e u t e n a n t  C o l o n e l  R.  S. DeL an ey • U SAF .  TIi ’ e qu at  ~ Ofl

app l ie s  t o  pr op aga t  ion iii  t lie a t m o s p her e .  A l i s t  i ug of h i t ’ v a r i a b l e s

and p a r a m e t e r s  used in the  equal  ton shows th e  fat ’ t o rs cons Id t ’red In I

Symbo l  M I ~j .p~ fl~~i t ~~

I, power w at  Is

R range km

I aver age  i~~tci is  i t v  w at t s / c m

b b lockage  f a c t o r  ——
K t lie rina I b loom I rig f a t ’ t o  r — —

a t mo sP h c r i c cx t inc t ion I / km

k pe ’wer r e d u c t i o n  f a c t o r  — —

heam spread f a c t o r  ——
WaVe l eng th  mic rons

I) d iamet er  of p r I m a r y  meters
ou tpu t m i r r o r

on e s igma i t t  cr 1t  r a cker  in Ic  rorad t ans

one sIgma I i t t er / p i a t f o r m  m i c r o r a d i an s

one sigma ii t t ’r / h ou n d a ry  iii 1 crorad I ans
Live r

one sigma i t t er / a tm o sp h er t ’ m i r r or a d  l an s

0 angle between beam and deg
t a rge t  norma l

Hi

V 
-- -. -- . -
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I I  . I. F’.QUA ’I IO NS

1. 00 h _‘~~~~‘..J?.~ ’ ~~~~~~~~~~~~~~~~~~~~~~~~~~ ( 1 )
• nR~~~~O. 9 k~ A/ l ) Y + + + +

‘l’he number I O() s needed to  get lit’ in  tens  I t  v at  the t argot In
‘1

watt s/cm when R Is In k i l o m e t e r s .

We w i l l  p rogram three prob l ems :

• ( l i v e n  P and R , I I ud 1

• ( l i v en  I and R Lid 1’

• t; ly on I and P . I’ I nd R

I n  of  I t ’ ~’ t • t l i t ’ p rogr am Is ,i ~I Ig I t  I ed nomog rain .

We w i l l  use N ewt on s m et  hod t o  get  R g I von I and P.  We have

I — ll ,~,
_
~~
R
,R

2

wher e

I 00 • b • K ~‘o~I. — ‘ - - • — ‘ — ‘., 

• 71 1 ~O . t) k , \ / r ’ Y +- .‘~o

I’ fl
.1 - + + O

l~~1 
+

.
3

We want  t h e  root ot

I (R ~ I l ’ ’ / R  — I — (1 .

t h e n  I” (R )  -~~~~ + 2/R ) I , l’ c~~~’/ R ” ,

-t

~

R
1 

- l R ~
— R

I 
+ .

IPe ~~t + 2 , ’ R
1~

.4

‘-V ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ --.—— . , - . - 
— 
j  

~
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The o n ly  point of intere st is the d et crm ina t  ton of a good star t  —

ing value R0 . The func t ion o / R  is concave upward and ex t remel y

f l a t  f o r  even moderately large R.  I f  an i n i t i a l R 0 is p icked tha t is

gre a ter than R , it may w e l l  happen th at the ’ f l a t  tangent p r o j ec t ed

backward w i l l ,  gener a te negative values for  the success ive  R 1 .

For the root of ( 4 ) ,

— Ae~~~~ , A — LIV I

A f i r s t  approximation is w~A . but th i s  is c l e a r l y  too la rge . R ut

V taking

ct/A

R = /A 2 1, 7)

a valu e sma 1 ~ or than t he at ’ tua 1. root is found

The program a Iso compute s  the i l l u min a t e d  a re’a by

1 “I 1

0.01 ‘IiR~~[ ( 0.~ K 1 A /n r  + •~o~~l soc 0 (8)

11 .4 .  PROC RAIl NOTES

(1) The program Is an examp le of the use of the I l ag  V I t o  f Intl

the solut ion of any 01W of t h r ee  p rob lems . ‘fhe program st m e t  ( I r t ’ i s

p 1

* fI ~B1,B

hF ?  I hF? ~ hF? I

Gb 1 CT02 G’l’O I

Ca leu l .’ito P ( a l t ’ ul a t t ’  R C . i l c u l a t t ’  1

* I LRL 1 * I’ LRL 2 * 11,111. 3

ST) A STO II 810 C

IIRTN hRTN hRTN

- . - A
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Flag F 3 is set b y d a ta en t r y , and cleared by t e s t .  I f  you key P and

press A , F3 is set , p [s stored j n A , and F3 is cleared . I f  you t hen

key I and press C , I is  stored in C.  Now press B.  Since F )  I s not

set , the s tep “ GTO 2” is ski pped and R is ca l cu l a t ed .

( 2 )  For the prec eding p roblem , an “h PAUSE ” shows the successive

steps In the convergence ,  to I W O d ecima l p l aces .  When P is large

and /or 1. is small , the convergence is slow because the valu e of R0
from ( 7 )  is s m a l l .  You can speed up convergence b~’ choosing an

tha t  is large but s t i l l  sma l icr  than  the expected f i n a l  roo t .  Then

e x e c u t e  the sequence: Key R 0, Sb B , GTO 0 , R / S .

Examp~y.  Let th e parameters  he:

b = 0.9 , K = 1 , ct = 0 . 1 , k
1 

= 1.5 , k2 
= 20/ 9 ,

A = 3 . 6 , 1) = 1, each of the  four sigmas = 4 (so that

¶ 1  ~
2 is 6 4 ) ,  0 = 60° . Then PRESS E to initialize .

( 1)  p = iO~ (EE X 6 ) ,  PRESS A , R = 4 , PRESS B.

V - )

Now PRESS C to  get 1 = 1299.60 w a t t s / c r n .

PRESS D to get 309 .47  cm 2 f o r  the i l lu m i n a t e d  area at this  range.

(2)  4 , PRESS B , 1299.60 , PRESS C. PRESS A to get

P = 1 000 002.64 wa t t s  (because of roundoft in 1) .

(3 )  ~o
6

, PRESS A , 1299 .60 , PRESS C.  PRESS B to  get

R = 4 a f t e r  two i t e ra t ions  ( 3 . 9 9 , 4 . 0 0 ) .
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11.5 USER INSTRUCTIONS

11 . A LASER EQUATION

L~~~
. p — R • I — AREA — .~,/

STEP INSTRUCTIONS DATA!UMTS KEYS o~~~~rs
I STO THE 9 PARAMETERS IN REGIS TERS 0—8. I I I ______

(SEE REGISTER STORAGE AT 11.6.) 
_____ 

I II . I ______

_______ _______ 
F • I ( V __ I _______

2 PRESS E 
- 

L I L  
_______

II I
3 KEY P , PRESS A , KEY R , PRESS B. I I I  

______

PRESS C TO GET I. i I 
_______

4 KEY P, PRESS A, KEY I, PRESSC . 
‘ 

- —

V PRESS A TO GET P. 
- 

I
V 

~ KEY P , PRESS A , KEY ’ I, PRESS C. 
V “~~“ ‘_ V_~~•_ V~~ _ 

I I i
PRESS B TO GET R 

_____ 
I I I  I

II
6 PRESS D TO GET ILWM INATE D AREA I

_ _ _ _  I ___

I I I  1
I I

- 

I I
_______________ 

i i
___________ ___________________ 

I 1 . 
— 

I
- ‘ 

I ‘ I I ’  I
— —  

I II I
_____________ ________ 

I i i  I ____________

I II 
V 

I
I II I

____________________________ II ‘ I 
__________

_ _ _  _ _  
I 1 . 1 _ =

II I
V I

I I  V 
~~~~~~~ _V_ _ _ V • __ •_ • V ~ . ,  . ‘

~~~~~

‘

~~~~~~~~~~~

‘ 

I i l l
-- •• ~~~~~~~~~~V_ ~~~~~~~~~~~~~ •~~~~~~~~~~~ -. V - - ___. - 

--
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11.6 A LASER EQUATION
STEP KEY ENTR Y KEY CODE COMMENTS STEP KE’~ ENTRY KEY CODE COMMENTS

~~~~~ _, ~ 3Tht9 LE 21 IF 1 C5 RCL4 36 11
— i’~~ PCL5 36 05 . _.,V.1~~52 x -~~~~

2(1! RCL4 36 04 VV__ _1,_ 25
~~ 

RCL9 36 09 I.
-35 . x -35

~
‘ RCL.6 36 06 _ - —  (‘i’ RCLS 36 12

— 
- 

~~ 
÷ —24 

- 
(1i XX 53 R2

__,__i . -62 ..‘
~~~~ 

~— -24 I (1)
~~ 

q 09 !~ - RTN 24 
___________________— 

-35 —- 
C~’~ •L~ iS 21 12

~~~~ 
II:c x t 53 16 23 03
2: : RCL? 36 0~ ~~ ~1’O2 22 I~4 04 , ~~ PCL9 36 09 1

—35 i’s? PCL.l 36 11
— _

(1~ : • -55 o~~” 
~~~~~~ ~— 

215 P1 16-24 ir RCLC 36 13
— 

tiU X -35 2 2  + -24
— 

2: EE:~ —23 ’ —

~~~~~~~ IX 54 —

2 82 ‘ ( ‘“4 S TOI 35 46 h STI ~fA• ~:: (‘US -22 ~~~~ 
(175 RCL. 2 36 02

I’ -35 -35
— V~~~~ , SlOE 35 15 SPOT AREA , R 1 2 82’:~ ~cte 36 88 

— (‘~~
‘ 

~~ -24
(12! PCI. ! 36 81 V (’~~~~ 

(‘US -22
‘7:. -35 bK oeo (‘~~‘ 

~~
‘ 33

‘225 RCLS 36 08 22: R~~I 36 46
— 42 cos 8 ‘~: ‘~ -35~‘C 7  ‘ -35 ( ‘32 S ’OB 35 i~~ R~ (7)
~~~~~

‘2 2  PCL3 36 83 27.~ 4LEL0 21 00
— 

~~~~~~ 
,- —24 c~ cciv 36 ,9~

ó3~
”
~
’•’
~ 

‘222 ‘CLE 36 15 22~ ~CLH 36 ii
— -24 ~

‘ ‘  x —35
‘272 ~‘TC9 35 09 1 (3) t72 $ PCLB 36 12
(127 P~

’N 24 
__________________

(1~ ! ‘L8L.~ 21 ii ~~~~~
“ T~~ 

‘ —24
‘e!s FP 16 23 03 2~: PCLB 36 12

— i’:’’ ~TO 1 22 81 ~~~ 36 82 ’
— 

~2!’~ PCLS 36 12 R (1~! -35
?2? ~CL. .36 82 a — ‘C,~-~ ~~

‘ 33
_

- ‘:~ x —35 4
~ 3 ” ~~‘~‘ •‘ e ’ 33 exp (aR) 2~ STCI 3~ 4~ LP exp (—aR~ )/ RV 2
— (14: RCLB 36 12 2~ PCLC 36 13
— ( ‘4 ’ X~ 53 — —45
— ‘,~ x —35 ~‘~5 QCLI 36 46

(‘:~ RCLC 36 13 I ‘~~~~ 122 4 -24
,~ 5 x -35 I,’ Ra2 36 02

— (‘4~’ PCL9 36 09 1 ‘ l(’. 2
— ‘~.r ~

— —24 P (1~ 
‘ 127 PCLS 36 12

PIN 24 ’ — 1’~ ~~- -24
— t’~~ ~~~~~~ ii ir 105 4 —55

o~ ’ ’” 252 P3” 16 23 03 - ‘:2~ ‘. -24
—- ‘I”5! ~T03 22 03 ’ ~27 RCLB 36 12
— ‘c52 RCLS 36 12’ ~‘f +
— ‘(157 QC12 36 02 :: 5100 35 14: R 1 .,.1 (6)
— Cr~ ~ —35 “° lIt RCI.9 36 12— 

855 (‘US —22 
— 

— —45
j j ’ •xp (—aR) ::.~ LISP2 -63JL R~+ i— Rt

REO’STERS —___________________

° b K 2 a l~ 
k1 ~ 6 D ~.2 

~ 8 ~ i.
~SI S2 1S3 S4 $5 S6 S7 S9

A p 
~ 

R/R 1 1~ 1 
C) 

R + i SPOT AREA J ’

-_ 
_ _ _ _ _ _ _ _ _ _
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11.6 PROGRAM USTING
STEP KEY ENTRY K EY CODE COMMENTS STEP K EY EN T R Y  KEY CODE V COMMENTS

~:7 RHO 16 24
—— .11 )~ 8” 16-43 CHECK FOR 2 Pt.ACE 

_________

J 5  &T04 22 04 ACCURACY 
— _____ ________

117 RCLO 36 14
1:7 STOO 35 12 MOVE R~~1 ~~~~~- _II.-I- -

-— :1: P~E 16 51 SHOWCURRENT VALUE
V 

- -  1:5 ~IO0 22 00 LOOP 
_______

:2: .L8L 1 21 01 
________

:21 STO~ 35 11 P — _______ __________

12.7 RTH 24 
__________________ ________ _________

‘ - 127 .L8L2 21 02 
—________

— 1~~ SlOB 35 12 R _________ _________

~~~~~ 
PIN 24 

_____________________ __________

117 •LBL3 21 03 
_________ _________

— ~~‘CIC 35 13 I — ______ ______

~~ PIN 24 
_______ _________ 

V

Z.7 ‘I.E’LD 21 14 
_________

:27 RCLE 36 15 
______ ____

171 PCL8 36 08 
______ _________

172 (‘OS 42 cos 9
— 

‘~~ -24 
_____ _______

17 qcLB 36 12 R — ______

. —
~~ ~

V z  53 
__________ __________

:77 -35 ILWM. AREA (8) 
— ________ ________

:r R1t4 
__________________ ________ ________

.1.814 21 04 
_________ _________— 

RCLR 36 12 FI NAL R 
_________ _________

________ 
24 

_________ _________

200

210

220

_ __ _  _  __ _— 
LABELS 

— FLAGS SET STATUS
A B 

I ° AREA ~ 1 (3) ° FLAGS TRIG OISP
a b C d a I ON OF F
_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _  O D D  DEG O FIX 0
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1.1.1. R I-:~’ERt -;NcI - :

a. E .  W. Paxson . :‘ :~~ :~~:
‘ 
i
’ ., ~~~~~~~~~~~~~~~~~~~ ~~

‘ .‘L ’p :,u ’  • - ii ..’, The 
V

Rand Corporat  Ion , P— 5807 , Febr uarv  1977

l . . . 1 . D I S C U S S I O N

In manual  war gaming , peop le Inst cad of comput  er s make the  t a c —

t ic al dec isions depending on the  s i t ua t i o n .  Y e t  t he re  are  r ecu r r i n g

events , such as I
V 
iref igh t s or air intercepts , whose out ~~es mus t

be assessed svst emat  i c a l l v  on the b a si s  ot ’ agreed—upon r u l e s  and

p lann ing  I’ a ct or s  . The assessment  cons is t s of t a k i n g  a samp le f r o m

~i p r ohabi  l i t  v d i st r i hut  ion func  t ion f o r  out comes , s ince the  game cannot

move on w i t h o u t  a d e f i n i te  r e s ult .  War garners c a l l  t h i s  “ s h a k i n g  the

d i c e . ” Et  w i l l  not do to  say , “The p r o h a h i  I i t v  Is 0 .4  t h a t  a t  least

t h r ee  t anks  ot a company ~ f 10 w i l l  be d t’St roved . ‘‘ The game demands

a s t a tement  such as , “ In t h i s  f i r e f  ight  3 t anks  were imnloh i 1 iz ed at~l

one was set a f i r e . ’’
In any gam e , t he r e  are usual lv  l a r g e  numbers of r e c u r r i n g  e v e n t s

t ’t  the same typ e . One expects t h a t  the  r e s u l t s  fo r  t h i s  set  of even t s

will av erage  ou t— — g iving the mean behavior  of the model under l v  j u g  the

event type . To c lar I fv  t h i s  s t a t e m e n t  , t h e  s imp le fun d at n en t a  1 pr Inc ip l~’
of the Monte Car lo  method ( sampl ing  f r o m  a p r o b a b i l i t y  d i s t r i b u t i o n)

is invoked . For examp le , suppose an ev ent  can h av e fou r  ou t  comes

u ,, 0~ , 0, wIth respective probab ilities p
1
, N, p3. p .  where

+ p 2 + p
3 

+ p4 
= 1. Put P

1 
= 

~r 
P ) = + N . P 3 

= + N + P3.
P , p 1 + p )  + p 3 + p ,  = 1. Take a l a r ge  number N of random numbers

u n i f o r m ly  d i s t r i b u t e d  over the in terva l  (0 , 1) . By the  Law of Large

Numbe rs , one ex pec t s  • then , t ha t  of the N random numbers ,

p
1M w i l l  he in the i n t e r v a l  0 to

p7 M w i l l  be in the  in te rval  P
1 to

P3M w i l l  be in the in te rva l  P , to P 3.

PM w i l l  be in the in t e rva l  P to 1.
4 3 V
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I i i  i s  sec t ion shows by an ex~imp Ic  how hand c a l c u l a t o r  1’r ’~’, i V i m - V.

can p rov ide  assessments  of t Ii i s  iia lu r e  t o  speed up t h e  i~ Ia ~
‘ et ma nii . i I

war games.

.\ game b r set’ ics 01 ga me s)  is se UP to  t e s t  t h e  bt ’h. iv i o t ’ i i i

a l u l l  t a c t i c a l  env i ronmen t  of  an innov a t  ive  weapon sy s tem . wl i  i ch

is to  des t roy enemy armor  as p a r t  of a combin ed  arms t e rc . ’

l’lie proposed sy s te m  e’nv i sages .i new t vpe  of nor t ar  round t ha t

has a Iiea t — s e ek i n g  4 t~n sO1 V head cont  r o l l  ing th e  ma ncuvt ’r o t t lie round

to a t a r get  dur  Ing the s teep  t e rm tiLl I ph~1~ t’ e t t lie t i’ .i icc  t 0 t’ V . I’lIeSt ’

rounds are  ri pp le—fired at .i set ef a rmored t , i r ~~e t s , p i c k i u ~ t a r g e t s

.i t random . The sensor  head w i l l  rd cc t t a rge t s p r ey  i ous lv set  . 1 1  i r e

g or exploded ( K — k i l l s )  t o  a v o i d  t he  not h — a n d — f  1 ant ’ e f t  cc t . But p r e—

v ieus  lv  j fluflol) i i  I ::eJ ~‘ ,‘h i c 1 es ( N — k  i l l s )  may w a s t e f u l !  \‘ absorb r ounds

tha t  home on the  st i l l — w a r m  e n g i n e s .  Suc h o v e r k i l l  is a common bat  t l~’—

H icid event

‘ 
I t  a t  any t i m e  t d u r i n g  t h e  engagement  t h e r e  .ire j ~‘ci1i c I es St  I I

lucy ing and k veh Ic I es c i t  ti er St  i l l  nov tug or immeb i i i  .~ed 1w pr ey  i O U S

t i re , then  the p r o b a b i l i ty  P ( k  * k .  t. ’) of the s tat e  ~~ , k) at  t tine I

can he det e r m i ne d  anal Vt  t e a l  lv  (see Ref . a t  • But t h e  ana lv s  is is
V k complex , as .i re the  resu I t  j ug  f o r m u l a s  t or  P ( I  k , t ) . Fo r use i n

war gaming , it would St i l l  be nec essarv t o  samp le w i t  I i r e spec t  t o

P (~~ , k, t . I t  is  much more econ omica  1 to . tdept  t lie  p r o c e d u r e  ~‘ t t lie
• following subsection.

1.1 .3. F~ U :VflON S

l e t  r be the proh ab i i i  tv  tha t a round ~~t’t s .i n N -k  i l l  • irml , ’b i l l  .
~~

—

ing the  t a rge t .  Let s he the  pr ohah~~ it v of a K—k i l l , w i t  Ii  t he t ar-

get exp loded or set , l t  i re .  [n i t  Lii lv , ther e t r e  A mov itt ~ t . tr g e t  s •

aga in s t  w h i c h  N rounds can he t ired tl t i r  ing the  t a r g e t  exposure  i n t e r v a l

Then the s t a te  ct i . inges  per round • w i t  ii t h e i r  .issec Lit  ed p r ob . i —

bi l i t  ies • are shown in t he  f e l  low tug t a b l e , rt~nernher  ing t h a t  et k

t a r ge t s  one is picked at random :

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _  - 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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State Change Probabilit y Reason

(j ,  k)  ( j ,  k)  p 1 
= I — s — rj / k  No K — k i l l  z’tJ no N — k i l l

of a moving t a rge t

(J .  k) -* (J — 1, k) p., = r j / k  M — k i l l  of a moving t a r —
- get , k does not change

( j ,  k) ( j  — 1, k — 1) = s 1/ k  K — k i l l  of a moving tar-
get , k reduces by 1

(j, k) (j, k — 1) p~ = s( i  — j/k) K—kill of an inunobilized
target

The corresponding ‘-bound s in the i n t e r v a l  (0 , 1) are

P
t 

= I — s — r j / k , P~ = 1 — s, P 3 
= 1 — s + sj / k , P , = I.

Psei,’dorand om numbers over the inte rval  (0 , 1) w i l l  be generated

by the multip licative linear congruential method . Let R be the

initial “seed ,” a seven—digit decimal fraction . Let m be the multi-

p lier , and let R. be the j~ h pseudorandorn number generated . Then

R1+1 
= fractional part of (mR .)

In the Hewlett—Packard Stat Pac 1 (section 04), the values

R = 0.5284163 and m = 997 are used . W i t h  these c h o i c e s , t he numbe r

of , :  
~:“ 

-~~ 
-
~~ random numbers  before  r e t u r n i n g  to R (the  per iod of the

sequence)  is  500 , 000. The sequenc e passes the s t anda rd  t e s t s  t ’or

randomness.

12.4.  PRO CRAM NOTES

Figure 12.1 provides the logical flow of the programming .

It is essential to save th~ last random number , to  he used as

the “seed” for  the  next evaluat ion .

*Other “good” pa irs are: R = 0.1111111 , m = 291; R = 0.774271 3 ,
in = 997.

~~~~~~~~~~~~~~~~~~~~ 7 

_ _ _ _ _ _ _ _ _ _ _ _ _ _
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A ENTER

5 (OUTPUT)
LBLA N hST I j  Bj k = O ?  ,

~ 
ROUNDS LEFT .

A STO A , B 
L... ______ 

FINAL j , k.
N LAST RANDOM

NUMBER

B [ }  N~{ EXPENDED?]

(SUBI ROUTINE)
_ _‘p__

1 NEW RANDOM
MJMBER R

_   2 
_ _ _B lv I NO CHANGE1R~~~ P1 ? 

~ 
DSZ j

j N
V i  4, 3

R
~~~P2 ? 1r~ f__

j _

~
j ;1 j

B 
R E P ?  1-” 1 .i . J — i

______ 
______J

DSZ

B 
k — k - i  

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

-‘ 

DSZ

Fig. 12 .T . — Program flowchart 
V
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12 .6 USER INSTRUC T IONS

(i 12. SHAKING THE DICE

U~
. ~

INSTMUCfl ONS DAT ITS 
________________ 

DA TA UNITS

- ‘ T LOAD PROGRAM EXAMP LE S

I t
2 STO .5284 163 OR OTHER SEED IN R 0 I I

3 STO 997 OR OTHER MULT IPL ’ IR IN R 1 I I I
I I

4 STO r IN R 2 .2 STO I I 2 I 0. 20

F I I
5 STO s IN R 3 .3 STO I 3 0.30

6 INITIAL TARGETS A , ENT E R 5 - I NT 5 .00

- - 7 ROUNDS FIRED N, KEY, PRESS A 6 I i  A 0.
(NO ROUNDS LEFT .~~ I i i
2 MOVING TARGETS ,

I I i
I M— KILL , 2 k — k I L L S  I I i  3.

I I I  I
RECOR D OR SAVE NEW SI I,D. .75001327
(HERE NEW SEED IS IN R 0. ’~ I I

i i
NEXT RUN WITH SAME VAWES 5 I I I I  NT 0

I I
0 MOVING TARGETS 6 I I i  A I 0

i t
2 M—KI LL S , 3 K— KILLS I 1

I t  I
RECORD OR SAVE . I I .7336883

I i i  I
NEXT RUN , WITH NEW SEED IN R 0 5 INT l 0

I I
3 MOVING TARGETS 6 I A

V I I !
NO M— KILLS , .1 k—KILLS . I I  3

RECORD . I I 8173707

--~~~~~~~ ~~~~~~~~~~
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12.6 SHAKING THE DICE
STEP K E Y  ENTIT Y 1E v CODE COMMENTS ST IP k~~V INTRY P.EY COI’I t ( (~MMfNTS

‘.. ~~~~~~~ .. .. TFIITIALIZE —— - ~~V 
85’ PS~80.’ ~~

-
. ~c- 
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- .. 8~~ ~7O5 

V

8~ ’4 , ., 
~~. ‘ . .

- - ;~~ . 
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-- •~~ ~~~~~~ :. &: i
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- t~14 ~~~~ .. - O i l
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8V ~~ . .~~~~~~~~~~ .

— - ~~~~ ~~~~ 
~~ 

• ~~~~~ i, ’ . ’L -.
- — 5 _ — u:” ~ ~ 

V V

I’. -I : 
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iL. ~~~~ 

• V S ~~~ PR i .~ - .
~~ ROUNDS LEFT
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i4 . • — : : 0S3 ~~ 

.. -

- V ~~~~
‘ • 

S 
•~~ — 

tW 4 F& , - : - F~NA 1
LT~~ :~~ i1c, .r p
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. — 

8~~~ 
r~~T , . F INAL L
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- . i V
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~ V -_ 
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~~~ 5 ’ .. •. TESTS FOR V V df~ 

‘
~
.
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- - —
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-—
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—

840 \~ 
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_____
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—
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843 1
84’4 — - - ~~ ‘US’
84~ S ’I i  ~ ~ .

84e~ L~:: .~~ .: 
_____

8.1 ’ ~~t I ~ .: :. SKIP ON ZERO 
—______

844 t. .~ .. ~‘:t •J lI4~ . . .&_.  . . : — .— -— - — V . — . - V
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I I . OPT I MUM Au~ocAr ION UI RE SOU R CES

1 3 .  1. REFERENCES

a. Hanan Luss and SIT iv K.  Cup t a , “A l l  oc at  ion of El I or t R e sources
Among Compet I ng Act  iv it  I es , ‘‘ P : ~~~ 1’ • ;  , Vol • 23
N o . 2 , March—A p r i l  l~~75 .

b. A. Charnes and W . W. Cooper , “The Theory of Search:  Opt Imum
I) is t r I hut ions of Sea r cit Effort . ‘‘ ~~ ‘: V I  ~ t ‘V~

• - 
~~ V - 

. Vol . S

1958.

1 ) .  1 l) I SCUS SIO N

Tb is is .1 tOp Ic I ii floti I I near  ( c o n vex )  p rogr. 1nuii I ng The h i  hi  log—

rap hv of R e f .  it i nd i c a te s  o p t i m u m  search as one ml  I i t a r v  not i v a t  (On

b r  the studs’ ol programming of this nature . Another mi l i t  .II V V app I I —

cat ion asks for the opt imum a 1 b ea t  ion of weapons to a targe t svs t em

or~ .~n ized into ci aSSt’ 5 of t ar ge ts  of given numbe r and ~‘a I ue I or wIt I oh

the  weapons ’ k i l l  probab II it los d It ~er . C l v i i i  an app I i  c a t  Ions ar iso

In  a l l  ocat I ng ad ver t  is! ng bu dget s por t  foli o so I oct ion • and budget Ing

(Re t
V
. a) .

rite p rob l em is f o r m u l a t e d  as f o l l o w s  . Let B ho t lie .iv .i I ab l e

T V e sources  t o  be a 1 located to N act iv I t  los in t h e  amounts  x
1 

x
2 • •

wh ere V -

X
I 

+ x 2 + ... + X
N 

13 , X , ~ a
1 ~~ 0 .

~~~ ( 1 )

I f  x 1 is app l i ed  to act  iv! tv  I • th e  ret  urn on the  i n v e s t men t  is

Q (x , , which  is a d 1ff  er en t lab to and st r  Ic t lv concave Increasing

[u n c t i o n . For examp 1e , in  the weapon ~i I t o c  at Ion - app I i  cat  ion , i t  t here

.1 T~(’ 1’ t ar g e t s  In c lass I a l l  of v a l u e  V • and I f  the SSPK I s  P , t h en

I x 1/T 1
Q 1 (x 1) ~‘1~~1 

— ( I  — 1~~ ) t j , ( 2 )

* I I I  glic r au thor  I t  v or o ther  cons ide r a t I oits may d l o t  a t  e t h a t  some
act  l v i  t i e s  be assigned min i mum (nonzero)  resources

—A-
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s in ce  on the average x 1/T 1 weapo ns are ap p lied to each tar get and the

square brackets contain  the k i l l  p robab il i t y  per t a rge t .  Figure  1 3 . 1

shows 11 — (1 — () 5)
X/_ 0

1 • Note  the rap id decre ’a se I n marg ina l re-

tur n s  t ot  the  large r  va lues  of x,  One “standard” fo rm for  Q1 (x 1
) Is

Q 1
(x

1
) — S E L l  — cxp (—m

1
x

1
) I , (3)

F which  y I e l d s  ( 2 )  11 S 1 — T 1V 1 and m 1 — — ( b / T
1
)f, (1 —

We now want  to m a x i m i z e

R - Q
1

(x
1

) + Q 1(x 2 ) + . . .  + 
~~~~~~~ 

(4)

sub l oo t  to  (I).

1 3 .  ~~. - 
KQ~l1 \V l~ I ONS

From ( 3 )

5
1

m
1 

exp i-m 1 x 1
) . ( ‘ i)

Re Index the act  iv It  l~~s so that S 
1
m ~ S1 + I m 1+1 w h i c h  ar c  the mar g i n a l

r e tu rns  at the o r i g i n .  l nt r o d u c~’ the Lagrangian m u l t I p l i e r s  M Q and

maximize

~~~ {
~~1 x~~ - M~ . (

~ 
x

1 
- B~~~

}

To t h i s  end

(x ) 
~iQ (x )

— M  — -~~ -~ I j — l  Q.
V ~1x 3x ‘ ‘ ‘ ...,

I

expr ess  the  m a r g I n a l e q u i l i b r i u m . We I m d  t h at  t h e  s u c ces s i ve

.1 rt ~ et uunt ’c t ( d  by

V V
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Q+l I

+ ** ~~~~~ ~~~~~ — 

~~~~~ 
fl1~ + 

)~~~~~ ( 1 l ilt ) I~ 
M~ ** 

~~~ 
1/rn . ,

who ~~ 
“~~~~~ “ flioaiis “to  t ho power ” .in l M 1 — 

~ I 
m 1 exp ( —  I%un

1
) . 

-

V l • li t S s o t  t i t  I on a Egor i t  tim i S  t O  St 0~~ at  I ha t  ~ I or  wI t I cl i

S iii  
~~ M .

~V + - I  ~+ I  ~+ I

V l S I

* I— V 
• i — I ( 5 )

t in NI.

~iiid t 110 itTa X inuiun  ret t i l t i  Is

‘V ~ in — N ,
IV
~~~ = _~ 

~~~~~ 

V 
•

I .  I gu Fe ’ I I . 2 shows he p 1w s ( c a l  1 0,1  I i . a t  I on ol t It I s a I gor  it in
V ‘(‘I Q t h a t  g \ V ~ • S ~ t ill .’ IT Ia x l  ITTLITTT Fe’ ( I I  ru I ~ u s  ee l I i T  sI • t l ien I lie Q tha t

v i t ’  Id s the  n e x t — l i  i ghost re t  t in t , and so on .  1’ I tid t lie x , w h or e  t I to

5 l O ~~05 ol the  Q— c t i r v e s  a t e  a I I equa l , s i n c e  takIng a u n l  1 01 i’t ’SO i lEe ’eS

I ron One pocki ’ •, it d pu t  t I Tig i t  Into anot lien ~ntov ing away I rout t lie

ma t’g I na I equ i l l  h r  I urn )  dec reases e ’ve r , T I I not urns . C I ear Iv  , st  op wl ie i i

even t h e  tu . i  t V S~ i u i . i l  r et l i n t  a t the ’ on I g I n  ol an ; Ie  L I v  i t  V c . tunot  coin r I hu t  e

as much .is i t s  more I no r at  (v s.’ I e I lows.

11 t is  cli .ir ,ie ’ t  or 1st  ic  ot ~t ie ’lt so h u t  i ons  t h a t some id iv  i t  los  Et ’—

eel we ito OI  I or t . For exanip le  • in  some air det
V
e n s es 1,rob I e ’TflS • target s

o l -  ver v I ow v , i I  tie get no do fenso  a l l  e ’ca t Ion

A t V t I (I~ (elorod or expe r I ~ucoel guess c a n  I r equen t  lv  come w i t  hi ii

pe~~ ’ ent ol the ~‘ .i lout at ed opt  I mum . Tit is  Is  .iga i n  t Vp I c ,i I o I t hose

prob l ems . - But (I t von never kn ow how c lose ~- oui  ar e  I o t he opt (mum .

( 2 )  [i t t ’ I rn~ rovemt’nt b~’ I ng I t t t  eros t on in Invest mt’nt , makIng many in—

v e s t men t s  adds up ,  and ( 1) i i  • I or reasons ex te rna l to he mode I

c e r t a In  .i ‘ ot ’a t b u s  to 0 o t 1  . i l i t  O a t  ogo t i t ’ s at~o sP°” i l ied , yo u  w i l l

know wh a t pt’na l t v  is p a i d .  V

~ &- 
_ _ _ _ _ _ _ _
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x
Fig. 13 . 1 — A return function
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Fig. 13.2 — So lution algorithm
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Exan~~le .  Based out est (mated  in it Lii p osI t  ion and d r i f t  • a damaged

shi p may be in one eU four  seV - , r V ’h sec tors  w i t h  es t imated p r o b a b i l i t i e s

0. 5, 0. 3 , 0. 1 ‘~ , 0.05. Because of wea ther  and sea c o n d i t i o n s , t he con—

d i t  tonal  p r o b a b i l I t i e s  t ha t  out’ search s o r t i e  w i l l  de tec t  the t a rge t

In these sec to r s  are 0. 1 , 0. i • 0 .4 , 0 . 2 , r e s p e c t i v e ly .  Find the best

allocation of 20 sort  ics to  max Im i z o  the  d e t e c t  ion p r o b a b i l i ty .

We have V

Sec to r  S rn srn Re lndex

I 0 .5  0.1 0 . 10 5  0 . 0 5 3  3

2 0. 3 0.3 0.357 0.107 1

1 0 . 1 5  0 .4  0 . 5 1 1  0 . 0 7 7  2

4 0 .05 0 .2  0 . 2 2 3  0.011 4

The program y i e l d s  x
1 

= 5.4 , x , — 3 .1 , x~ 11.5 , x 4 
= 0. T h e  sum

is 21) as i t  must be. The de tec t ion  p r o b a b i l i ty  is 0 . 7 3 .  F i g u r e  13 .3

shows the Q f u n c t i o n s  and the s o l u t ion  p o i n t s  and I I l ust r at  es t h e

a l g o r i t h m . But i t  i n d i c a te s  a l so  tha t the schemat ic  of Fi g .  1 3 . 2  is

not the general  case. Tha t is , i t  is  not nt ’cessar I l v  t r u e  t h a t
I I * * * V

� x
2 

� x
3 

. . .

1 3 . 4 .  P R X ~RAM NOTES

A l t h o u g h  short and s i m pl e  in st  ructure • the program has several

e l em e n t s  ot i n t e re st .

( 1 ) 1,81 , A loads 1/rn
1 

u s i n g  i n di r ec t  s t o r i n g . LBL B load s S m
1

i n t o  prot  t•c ted seeV ond5i  rv st orage , a iso tis ing m d  tre e t st or I ug . But

t i re  must  he t aken  to  hi d Icate whether f P *—~ S pu ts  the memory in

the pr im . i r v  or secondary  storage mott o .  1’Iu i s is p a r t  iou lar I y impor t  ant

when e x it  Ing I V rum a loop in the ni (dd I e o f a labe l
( 2 )  I BI S 1 d et er m in e s  the sue’doss lye x

1 
(E q. (8)) by f ISZ up

to t~..
*( I )  I V B L  2 thte i t  detoim ines R by fo rm i ng the  sum (Eq . ( 9 ) )  in

reverse ord er fr om Q, d own t o I .  f DSZ provides the e x i t  h~ s k i p p ing

on zero .

LI

-t 
____
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Number of sort ies

Fig. 13.3—A search problem
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13.5 USER INSTRUC TIONS

(i 13. OPTIMUM ALLOCATION OF RESOURCES

.

INSTRUCTIONS D*T& UNITS KEYS

I I CL REG , f P—S , I CL REG I I i  i V

I I I
2 RE—INDEX SO THAT 

V V I
S 1 m 1 2 S 2 m , 2 ... ~ SN m N L i t  - 1 - 

V
V II I V

3 KEY m l ,  PRESS A I
KEY m 2 , PR ESS A 

- - 1
. . .  I I
KEY tm N’ PRESS A 

- 

I I

4 KEY 10 , Ii ST I 
V - 

V 

I 
- 

V

5 KE Y S 1 m , PRESS B I
KEY S 2 m - : • PRESS B 

- - 

I
. 5 .  i I I I
KEY SN m~~ PRESS B 

- - - I I I
I 1 I

6 _ KEY B , Sb B I
I I I

7 PRESS C , STOP GIVES NR OR 
V V V - I

X ; USED IN OPTIMUM I I
I II

8 PRESS R S SUCCESSIVELY TO GET 
- 

I
X ,, X 2 , ... , X~ I I

9 A FINAL R, S SHOWS THE MAXIMUM 
V V 

I I
RE TURN ACHIEV ED I ii I

V V 

- 
I I t  I

— H I —

(A SECOND EXAMPLE IS ON NEX T PAGE) I I I  I
I I I  I

I 1
I II

— - 
I II I
I II
I I I  I

II - I
V — 

I I l - -
~~

-1 
5V

— 
_______________________________________ ________ 

V

-- ~~~~~~~~~~~~~~~~~~~~~~~~ 
T ”  ~~~~~~~~
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13 .6 OPTIMUM ALLOCATION OF RESOURCES
3’EI ’ Kr  V U41RY - ‘, V~ CccUM N~ - I . ~‘ - E~ ~N 1 4Y KEY COD € COMME NTS

• 9  22 11 INDIRE CT STORAGE t15 ~TOC 35 13 
-—

V 
V t~2.. X O F I m 1  C5 ~.- S 51

ce’: : :z i  1~ 2o 4o 25.~ 0 00 .
~ i~ - S T C VV 35 ~s STO ( I ) - -: 

~‘2I 35 46~22~ _ _ _ _ _ _ _ _  I T01 22 04 . _VV...._.VV.V.VV. _

~C: •L&E 21 12 SINCE 10 IN R 1, 2~2 ~L BL1 21 01 . LEFT 030 IN SEC
~~ 1~ZI 16 ~ o 4o INDIRECT STORAGE “~ 1 1* 26 4o

V i~~ ~~~ j 5 45 e : .  ~~~~~~, .3o 45 S~ m~~~~~ 
24 F S ; m j I N  11 , 12 ,.. . f :~ FC’ i~ 36 IL

~~~ •LBLC ‘1 13 ~~~~V — -24
1 01 .‘~~~~ LN 32 .

~‘: STCI 35 46 h ST I (RE—INDEX) r:s 16-51 - PR I
‘:: ~Cii Jo 01 ~:: ~Zi~i 30 45 RCL(i)  , l : mj
~~~~~ STO~ 35 14 I m 1 ~~~~

‘ V~ 
~35 Xj ~ (8) -

~

- -  V ~~ i : 52 ~:: P S Si - SEC
~~ ~CLB 36 12 ~:s 16—51

-35 i~~~ F V ’L I  Jo 46

~~ 
CHS -22 — B m j  ~~ PCLC 36 13 ~o~~ : ~~‘ - . 

~~~~~ V’~~~ -~~ 163 3  F I N I S H E D ?
222 P S  Io-51 SEC 22 02
22: P~~! 368~ S 1 M 1 :- ;T~i 22 81 LOOP

-35 . ‘EL2 ‘1 02 LEFT 076 IN SEC
~~: ST 2~ 35 n M~ (6) — - ~__ ‘-: P~~~ 36 45~ RCL(i)  , S 1 m~~
:2: ~~~ 22 14 _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  

V • 5
~V

V
~ 2 2  c ’c t~ 36 21

Z~ i tBtt  21 14 2. — -45
222 rs:r 16 26 4~ 22:  p:S 16—51 PRI

— 
2~~~ RCL~~ - 36 11 ~~~ 36 45~ I’m.
~2 R:~ i 36 45 - ‘ V V 

~35 I

11 ~~~ ~V S V V~ 16-35 Sg~~1 m~~ 1 SM~ +~(7L . V _ 2~~O ~~~~ ~~: (9)
— ~~2E 22 15 

- - 
.1 ~~S 16-51 SEC

— i~~ P S  16—5 1 PRI rs :: 16 25 4_V V

~~ PCL I 36 45 1 
VV

j V  t122 2T22 22 82: LOOP FOR SUM
V ~~: ~CL3 36 14 ~ — 

2~~ ~:s 16—51 PR I— -s5 1 :“ ~~~ 36 00
— 

O~~ E~TOE 35 15 NEW PARTIAL SUM :;~ VV 24
~:: QCL~ 36 11

5 — 

~
?‘ ‘  RCL L) 36 14 

- - V —

21 PCLE 36 15 — - - -—

t135 —24 1 i-t i
~° 343 ~~

‘ 31 M ; * * — - - - -— 

~34~ RCU 36 45 1 1 
— -

—~~~~ ~‘42 PCLE 36 15 1 + 1  — —  V S V V 5 V _  V 5 V _ V V V _ V

242 -24 ( 1 , m 1~~1 ) / ~ — -  — 
4 P S  26—S i SEC 1 •~~‘ 

-

24~
• RCU 36 — _V V  _ _ _ _ _

I4 ~ 
\V :y  —41

— 5
~~ 31 

——— V  __

~~

_5_ -— -

— ,‘.~~ ~~~~~~ 35 11 M~ 1(6 1  
— 

LAB ELS

SWITCH 
A 

I/ m i  ]
~
‘ S~ m~ 

i: M 1 n(6), TEST { u ~
— 2~2 GT ~IO 22 14 LOOP 

_ _ _ _ _ _ _ _ _ _  

I ‘I

2~ 2 •LFLE 21 15 
V__5~~~ _

~~ 
x .  R~ )3 -f4 V

— 
2!. ~CL I  36 4 Q ‘ 1 ~ ~ . V

~~! I 02 _ _ _ _ _  _ _ _ _ _ _ _ _ _ _  I -_ _ _ _ _ _ _ _ _

— -45 .~_ . — . —  _ i .. . LV . V_~~~~~~~L . V _ V .
_ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  

REGISTERS
•

~ R TT TT 5
~~ 

~ — 

- 7 _
.: - 

I . F~~_ f l m

~° t ~s1m 1_1 L = L:j 
~~~~~~~~~~~ JTh~~~V 

A Mj (
~
‘ B 

—— - ____________IiL r.i I m 
~ _ _ _ _ _ _ _ _ _ _ _ _

L __ Vt

~~~ V V V - -  --~~~~~~~~~~~ 
_



- 
~~~~~~~~ ~~~~~~~~~~~~~~~~ -‘ V~~~V5~V_= VV 

~1~~~~~~~~
-
~: ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - 5 V V _ ~~~~~~

—130—

EXAMPLE.S = 200 weapons are to be allocated to 150 targets
in 5 value classes to get maximum return .

T~ v j  P~Class Number Value SSPK S m Sm Re-index

1 10 5 .05 50 .00513 .25647 5
2 20 4 .2 80 .01116 .89257 3 

V

3 30 3 •3 90 .01189 1.07002 1
4 40 2 .4 80 .0 1277 1 .02165 2
5 50 1 ..s 50 .01386 .69315 4

The formulas are: Q~ 
S 1 [ 1_ 0_ P 1 ) X i  T i ]

S 1 = 1 1 v 1, m j ~~—~ o~ ( 1 — P 1 ) 1 T 1.

3 KEY IN m , PRESS A .01189 I II A I 84.10

V - .01277 I II A I 
V i

V V • V V V V V ~~~~~~ V V - ~~~_ V .011!6 V V I h A l  — 
9 .61

.01386 I I ( ~A I 72. 15

.00513 I I I A I 194.93
4 10 h Si t 

-- 

10 I Ii I I S T I I io .oo
5 KEY IN S , PRESS B 

V 
.07002 1 I I B I 1 .07

±02165 I II B i  1 .02 

~~~89257 I II B I VV VV VVV9~~~~ & V VV

.69315 I II B I 0.69

.25647 I II B I 0 .26
6 200 STO B 200 ( ST O I L B I 200.00

I I t  I 200.
V 7 PRESS C 

V V V_  I H C I 
~~~~~~~~~~~~

(NO WEAPONS APPLIED TO CLASS I) V V I II I
8 ~, s 

- - V I I I R ~-~ h 5.
R, S 

- - V  V V I HRi~I 57.
R,,S 

V V V V 

I IIR/ ~I 53.
R1S - V V V V V V V V V _ __ _ I_  I ( R S~~I 25
(SUM IS 200J V V~~ V V V V V~~~ VVV ~~~~~ V~~~~~~~~~~~~~~~ V I II I -

9 R/S V V V V V ~~~~~ V V V
VV ~~~ V VV V _ V I 

— I I R ~ 1 140 .
(THE VAWE ACHIEVED IS !40 ) 

-- 

I Ii I
________ 

I I I  1
________ 

I I I  I
________ ____________ 

I I I  I
_________ _____ I _ I (  I

_________ ______________________ ______________ 
I il I— — V V  

I I t  I
___________________ _______________________________ 

II I
— _ _ _ _ _ _ _ _ __ _  

l i i i _ _

- —- — ~~~~~~~~~~~~ 
-- -- -V - V V V V~~~V V V ~r~ V V V~ 

V - - - ~~~~~ V
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V

14 . LOG-LINEAR CUMULATIVE AVERAGE AND UNIT COSTING

1 4 1  REFERENCES -

a. H. E. Boren , Jr. and H. C. Campbell , Learning Curve TaI ’7~’~ ,
The Rand Corpora tion, RM—6191—PR , Apr il 1970 (3 vols.).

b. 5 V V R .  W. Hamming , Numerica l Me thods f o r  Scient is ts  and Eng ineers ,
McC - aw—H ill , New York , 1962.

l4 .2~ DISCUSSION
V 

Learning curve theory assumes that each time the total quantity

of items produced doub1es , the cost per item is reduced to a constant

V percentage of the previous cost. The relationship is given by the

power or l’og—linear relation

* 
~~~~~ y a x b ,

where x is the cumulative pr duction quantity. If y is the average

cost of the first x units , we have the cumulative average learning
4 curve. If y is the cost of the x t i  unit , we have the unit learning

curve. V V

For p lotting purposes , the mid point X
m~ 

corresponding to the

lot average cast , is t~ be determined .

14.3. EQUATIONS V

If S is the fraction to which cost decreases (the learning curve 
V

V 
percentage) when the quantity is doubled , the slope of the learning
curve is

V b =~~~~S/f ~~2 . (1)

Then, with a the cost of the first unit ,

= axb (2)

______ 

55.-..-.- ~~~~~~~~~~~~~~~~~~~~ V V S~~ ~~~~~~~~~~~~~~~~~ l.A
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V I n the v e a ~~&’ eost ol  t h e  I I i  i ; t x out t s • and the  t t i t  ~ I or the

I h s t  x units is

b+1
1’ xv  — ax . ( I)

The u n i t t
V Ii.~~t : 1 1  t Iii ’ x l  I~ t I l T  i t  Is V

r ~~~ I~+I 1
V “ U ~ — (x — I) j . ( 4 )

I.e ’ t  (x  • v ) lie t lie in (dp o  t n t  I 0! t lie I I r st  lo t  ot n tin I t s .  ‘(‘li en
V In

1 
Iii

v — v — :in~~, and t i n  l og  (‘
V,) x is I he s o l t i t  ion of t l i& ’ (‘(h ilt (tin

ITT ~5 111

l i t  I h + h  ii
x — (x — I )  — n — () . ()

Ii) Iii V

‘I he . t l i ov , ’ i ’qua I ens I I T I T I v  I.e i lit ’ I e~~— I I iit ’ . i  i ~ V u n i t l  I : i I  I Vt’  t . I S ( 5

IV ’ S i I  the  l o g — I  I t i e n r  tin i t  t ’ t i rv e  • I lie t i n  I t eos t  a C. t tie x t  /i t in  I t  i s

— (b)

and lie t’tlnn i t a t  I vt’ av erag e eus t I or I. li t ’  I I 1V $ I n t i t i  I 1 n I s

ii

y 
~~~

‘

S ( f l t~ (~ 
( Iii ’ ( tit .il (V e . .t  I

— x b 
. L

V
)

‘rh~ mitI po I nI (x • v ) Is del ‘rn i m e d  1w
m Iii

— V , X — (v / a )~~
1 

. (~
)

4 
V

_~~~~~~~~~~~~ niT - , 
~~ V V 

V~~~~~~~~ -5 

-
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The o n l y  programming problems are posed by Eqs.  (5)  and ( 8 ) .

in  a p p ly i n g  Newto n ’s method to (5) , .t good f i r s t  e s t ima te  Is

needed f o r  x • We havern V

V . h+l h+ 1 h
I t ( x )  x — (x — I )  — ii

h+1 h+I  b-f l b
= x — x ( 1 — l / x)  — n

and us ing  the  f i r s t  two te rms In the expans ion  of (1 — l/ x ) h+l , the

V t ir st e s t i m a t e  for  x is

V 

= n/ (b + 1) I/ h  
• 

(10)

- 
w h i c h  is very t’iost’ fo r  l a rge  n .

To get ~in excel  len t  ap p r o x i m a t Jon  f o r  the sum in Eqs .  (7 )  and

(8) , use the  Gregory f or m u l a  ( R e f .  a , 
~~
. 158 ) :

n n— I

I .1. 1(x) dx = 
~ ~

t
o 

+ I ) + ~~~ f . + 
~~ ~ ‘o — Af~ i~

1 1 ‘ -,
— V ç ,  

(iVV f 4- A ’ f ~, ) +
— 

V

.

— 

— —4 1) i i — .—

t~ec attse ~
b is in t e gr ab  te , the fo rm t i  I a can be a p p l i e d  in the  backward

d i r e c t  Ion t o  get the  sum. Sinc e is steep f o r  s m a l l  x , we st ar t

the  sum at x = 4 . (Hamming cal Is this ~ low t- unn l o g. ’’) We have

n-f I4~V 
~~~ 

xb i + + 3b x~~ dx — 1[3 h + (~ + 0h]

— 

12 [ b  — 3
b 

— 
~ + 1) h 

+ h]

+ ,!4 [r
t~ — 2 + 3

b 
+ (n + 1) - 2 • 

h 
+ (t ~ - l ) b ]

I :

IL — — - 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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—l 3b —

v t t ’  Idi og the  rat  her ine l egant resu It

E ~
b 

+ 2b 
+ — 

b 
~~~ V

I ]  
~Ii 

— :V 
V
i
ii 

+

V 

((I)

+ (n - I )
b 

- ~ n~ + - (n + ~ .

— .~‘~~~W’1 N&TI’ES

In find i ng a f i r s t  approx i n iat  ion to the root ol Eq .  ( ‘ )  1w

express  ion ( 1 0)  , a v,i lot’ less t ban I . ir  ises I ot - sma I I n ( S V V i ) . ‘l i i i  5

Vi woti Id  I e,id t o  SI I T I ’;i’r or s Igmi I because of (x  — I )~~~~1 l~hil, .~ prey Ides V

a st a r t  tog v at  in .’ o f  1 .01  to avoid I. li i s .
V 2 .  Eor sina i I v a t  iies of ii ( V .  i )  get  

~ 
x

b 1w mann a  1 ~‘a 1 cut it ion

(not  pr ogramm ed)

I . ‘(‘lie pr og i-alum t u g  dooe he re  In v o l v e d  t ’xp er int en t  tu g  w i t  Ii t h e  i~&~ I a—

• t [ye l v  uncommon s~’coii d—or d ~’i N ewt eu met lied f o r  t lie root 01 I ( x )  = I.) .
• *V I~lit , I or nitu I a i s  V

I ( x )  1 ( x ) I~~~ x V )
= X — 

I ’ ( x )  
+ 

(x ))

compared w i t  li t Ia’ I I t s t  — o r d e r  met hod ‘ V

t ( x  )
i-i

X — 
I ’ ( x )

Gonv er g t ’n t ’ e t o  a g I ~‘eii ~~~ •
V 
~j  ~~~~~~ \V sounewli.i I I an  I ci ’ ( .‘(l p e i t t ’Iit  i i i

runn i ng t ime ) tin t .11 .uld i t  I • ‘t ia  1 iogra lnn i  log cost  to  get I ( x )  . The

I I m t  — order uwt both is  used , t ’ni I i I ~‘v ing  PSI ’ .‘ • I RNI1 • t o  g ’ c  I w o — ~L’~ ima 1—

p , I ( V (, i, V .V I 1 I V h V \ V

- •  . OI’V I • ‘ t i ~~ I ~ V 
• — I I i i  pmo gra mm I ng , i ni~~- , i I s  s imp \V a mu I t  I p h I I V I

* V I h(, I V , , i s  . i  I v p ’ c i . u ~- I t i • - i l  e r ror  i n  t h i s  I o r n u u l . i  an  g iv ’ut on p .  ~~~
.‘

of R e t .  . 1 .

ii, 4 V V _ _ ’~~~~~ _~~ V V V=~ V 
VV ~ VS-5~~~~~~~~~ V ~~~~~~~~~~~~~ V
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14.5 USER INSTRUCTIONS

~~114. LOG- LINEAR CUM~~~TIVE AVERAGE AND UNI T COSTING V

•_~/~ 

V

STEP INSTRUCTiONS K EY S

V 1 KEY IN % AS •XX , PRESS 
~~~~~V VV V V — 

.69 I I I A I 0.690
I I I

2 KEY I N n , PRESS R V ’S 
V V V V V V V V V V V V V V V I I R,- ’S V 0• 4

~~
5

V

I ‘ I
V 3 FOR CUM . AVG ., , PRESS B; 

- 

B 0.095
SEE CUM. AVG . COST

4 PRESS R . V
5 SEE CUM. TOT. COST. V R’S 7.706

5 PRESS R V
’S. SEE COST OF nIH UNIT -

~ R 5 0.044

6 PRESS C. SEE MIDPOINT X m C 19.85

FOR U N I T  COSTING , REPEAT 1 AND 2 
V

V 

ABOVE , DSP 3. V

1 .69 I 0.690

2 81 H I 0.465

7 PRESS D. SEE COST OF nIH UNIT. I D j 0.095
I I

V 

8 PRESS R/S. SEE TOTAL COST . V I R, ’S I 15.021
I V — V

9 PRESS R S. SEE AVG COST. II R/S I 0.185
V I

10 PRESS RV/S. SEE MIDPOINT X m~ I I  R ~S I 23.281
I I I

V I i i
I I I
I I I I
I I I  I

I I
I I t
I II IV V 

I I I I
I II I

— 
_____________________________________________________________ ____________ 

I ( I  I 
____________

V 

V
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14.6 LOG- I.INEAR COSTING
STEP KEY ENTRY KEY CODE COMMENTS STEP KEY ENTRY KEY CODE COMMENTS

V 

~°‘ 00 ILBLi~ 22 11 
___ TVV OS7 ST0~ 11 

V

0~
- S~OI 35 11: S V V VL~~~~~~~ 

C~B8 23 88.
V ,~~ R S 51 I’S$ CSBI 23 91,

~~ STU2 35 9’ n 
~~~:_VVV o~~ ÷ -24 .

- —  
‘
~
‘
~~ ~~~ 36 11 06: CHS -22

C2 IN 32 
—— _ ec~ RCLR 36 11 ,

02” 2 02 0~7 + —55
12 

~~ 
STUB 35 12. ~~~~~ 

SEE NOTE 3
÷ -24 RCL~ 36 11

~~~~~ 
rn

o:: 5108 35 80 b (1) ouc — —45 .
V 3 ! :  1 01 o~~ RUD 16 24 2 PLACE ACC .

+ -55 o~’ :-~x0~ 16—42 O K ?
212 5121 35~ 0J 

~ + 1 06~ GTOI 22 03~ LOOP
I 014 PIN 24 

____________________ 
O’I 2’Z RCLS 36 12

V 0~~ ~LVS LB 21 12 OJM AVG 2 ’ ~ PIN 24 *m

~‘V2L 2 36 02 - - 
~~
-: *LBLO 21 80

P210 36 88
V 

~o:’:~ PCLi~ 36 11 x ,V 
01$ V ’ 31 y~ (2) 2~~ P211 36 .1

:

t’!$ P S  51 3:~ 31
• o~~~~~

”• 22: P212 36 02 2~~ RCLH 36 11
— 22 VPCU 36 01 ~~~~~ I 81

~:: ~“ 31 I (3) o — : — —45 1
SI 

— V
2:.~: P21 1 36 0

— 22- f P212 36 82 o~6 222 31
• 2:~ 1 01 —- 

— —4 5
— —45 2:: P212 36 82’

• — 02 RCL 36 
_VV .  V 

~~ P210 36 09
02$ Y~ 31 “ 31

• — Yu (4) 
— 

0S~ -4~. RTNS f (x .) (5)
o~T ’ 272 PIN 24 

_________________ 
02$ PIN 24

V 
— 27~ *1512 21 13 CUM AVG M ID— P’~ 

— O2~ •LBLI 21 81
V ~23_’ C$P2 —63 84 022 rCLil 36 11

032 R211 36 81 — 22$ FCLO 36 88
27-’ P218 36 98 ó~”~”~ t’9~ ~

“ 31’
— 23~’ I X 52 

V
0~~~ RCLi~ 36 11

o~~ 31 — V
09.Z 1 82

V £‘2 ’ P212 36 82 — 092 — -45’F 272 4 -24 
— P218 36 Of

o~; i 52 X 0 (10) ~~~
1 81 — 

— —45
— 24 .’ x: ’ —4 1 — ~~~~~~ 

RGIV 1 36 81 ’
V (~4 •  ~~~~~~ 16-35 SEE PRGM NOT E 1 

— 

~~~~~ 
“ -

~~~~
2- 17 ~~02 22 9~ 

V~~ RTN 24 RTNS f’(x~)
$TC~ 35 11 

*0 ~ 122 *IBLD 21 14 UNIT CURVE- 24~ ST UB 35 12 !2 RCL 2 36 02
- 
2-’$ ~T03 22 93 — 22..’ RCLO 36

— IL&L~ ~1 U~ 
— V

1 0_  31’
042 1 81 — 10-1 RV V S 51’ Y (6)- 04$ . —62 05 RCL2 36 02’ U

dW” 052 8 08 ~~~~~~~~~ ic: I
— V 

J 01 — -5-5  - 
i:~ . —55~— V 95_ ST0~ 35 11 ~_ V _ V  
1 11$ RCLI 36 Of

V 
~~“~~

-“ $708 35 12 io; -24
— 

0~~ G103 22 83 
— ‘

~~~~~ _ V V  no 3
05! *1813 21 83 ,,__,_j, 1~~ CHIt -21 _
05$ RCL B 36 12 X~ + 1 

— I ti~~ ______ —_______ ______
V HEGISTERS

° b b +  I 1r ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~
V _______

~~

I_

~~~

I

~ 

- j s7 
_

s~

A s , x1 (B x 1~~~ •1~~ ’ 
p

~~~~~~~~~~~~ V S — V - V ~~~V V __ V  V~~~~ -~ ~~~~~~~~~~~~~~~~~~~ 
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74.6 PROGRAM USTING
STEP KEY ENTR Y KEY CODE COMMENTS STFP KEY ENTRY KEY CODE COMMENTS

117 + -24 3/8 159 RCLO 36 88 V

V 114 — —45 
‘ 172 I-K 52 V

115 RCL2 36 82 : ~: 31
116 1 81 __ _V  A~~~~~ _ V ~~STH _ V _ V  24 X m . (9)

V 11:’ + —55
— 

112 PCL0 36 08’ _~ _ _ V V V V _ ——

11$ ~
‘ 31 

_________ ______

:~ 120 x -
~~: lAST TERM IN ( 11) V~~~V V _ V_  

— 

55

121 P 212 36 82 
_________

122 P610 36 88 
________ _________

127 Yt 31 
_________

V 24 6 06 
__________

:25 ÷ -24
’ 

fl
b
/6

12$ — —45 
________ _________

PCL2 36 82 
________ _________

125 1 81 
_________ ________— 

12$ — -45 
V ________

V V 130 32 RCLB 36 98 
_________ _________— 

!7 31’ — _________ _________

!72 5 85’ — ________ _________

-
~~ 

— P218 36 99 
V_V ______ ______

V 
— ~3•  31 ~~~~~

‘—“ V

125 —55 
_________ _________

2 82 
________ ________

- ‘ 
— 7 4 94

V — ________ _________

22 -24 
_________ _________

V 
- 125 + —55 

________ _________

• ‘~~~~~~ : c  4 84 ’ 
~ V - V

VV ~~~~~~
— 14: PCLB 3~ 88 

55 V

• 2 42 ~
‘ 31 V - V

!47 6 86 
- — ____ _ _ _ _ _

44 + —24 ’ 
~~~~~

‘ 

_ _ _ _ _  _ _ _ _ _  
V

145 — —45 
_________ _________

V 142 5 85’ — 
V V— 14’ CHIT —21 ’ V

4 S 86
— 14$ + —24 “ -

“~~~~
‘
~~

“ 150 3 03’ 
______ ______ 

V— 
1S PCI! 36 81 — ______ ______ V

- 152 ÷ —24 
_________ _________

V I 15 ’  — —45 ’ 
_________ _________

3 83’ V

I 
V_ 

:55 RCLO 36 88 — _________ __________

1~ $ ~~~ 31’ 
_________ _________

- 5 x -35 
________ ________—— 5$ + 55

V — ________ _________

159 2 82 
________ ________

t60 RCLO 36 88 
________ ________

121 ~ 31 
_________ __________

+ -55 
_ _ _ _  _ _ _ _

I:’3 1 81 V
— 2$-: + —55 • n 

________ _________

65 P- -S 51 E ~~~ (11) _______

21$ RCL2 36 82, ~~ 
V

‘ V $~ + —24. ______-—  
~~~~~~~~~~ .~~~~ 

(7) 
_ _ _  _ _ _  _ _ _ _ _ _ _

LA ELS -_______ FLAGS SET STATUS
A b 8

CUM AVG MID POINT ~JNI T CU RVE 
________ 

FLAGS TRIG OIOP 
V

a b C 0 
0 0 0 DEO 0 FIX 0

O f (xi) ‘ f ’(x~
) 2 NOTE 1 ~ x~~5) 

________ 

0 0 0 0 SCI D

~~~~~~ 
- •V V~~5__VV-5_ _ 

V - =  
~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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-j 15. TIME -PHASED PROCUREMENT COSTING

15.1. REFERENCES

None .

V 15.2 .  DISCUSSION
The cost ing approach of th is  section is a hitherto undocumented

H model owing t~ H . -G .  Massey of The Rand Corporation . For definite-

V ness , the model ~.~il1 be exp lained in terms of a i r c r a f t  procurement ,

al though it appiies equally to- the procurement  of any sy stem w i t h

V any number ol~ con~ponents .  The in i t i a l  ba tch  of test  a r t i c l e s  is not

priced , it being assumed that they are funded from another account.

But the average prices of the batch ’s components prov ide the costs

of in i t i a l  a r t i c l e s  fo r  1ear ~-ting curve ca lcu la t ions . Overruns  and
V inf la t ion are not included . The model determines , by fiscal year ,

New Ob ligational ~Authority (NOA) required to meet the production !

de l ive ry  schedule.

!~_~
_

~~~
__ EQUAT ION S

S p e c i fy  that  two required sequences of possessed a i r c r a f t  (S , T ) ,  V

n 1 , . . .,  N , are to be in the f l e e t  at the end of year n , where V
S arc squadron or UE a i r c r a f t  and T are t r a i n i n g  a i r c r a f t .n n

I f  A and B are f l y ing hours per ~‘car per a i r c r a f t  ( F i l lY )  . fo r

squadron and t r a i n i n g  a i r c r a f t , the • : 1’ :tf:’ ’ fleet fl\’ing hours

th rough year n are approx imate ly

11n 
= E LAS 1 + BT .1  . (1)

The • ‘11 :~~~I~~ -~~~ f l e e t  a t t r i t i o n  Is g iven liv

a = C 11d
n n

,
• 

•
V. 

V 

, • 

-
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V

A f r a c t  ion X n t  the  f l e e t  is assigned to command support (p t p e t t n t ’) .  V

With a I L owan ct ’ for  t l~ese two fa c t o r s , t he  • ‘a”-:~ •
‘
~ :‘~ 

- numbe r ci a i r —

c r a f t  to be p~~t~cured through year 11 is

0 (1 + A ) P + a . (1)S n ~ n V

i f  t he f t  eel is to he kept in a sI e a d v — s t a t e  c o n d i t i o n  
~
5N ’ I N

)

f o r  M more y e a r s . a i r c r a f t  w i l l  be ’ dc l  ivered in year  N + 1 to meet the

alt r i t  ion r equ i remen ts  of these  H y ea r s .  Hence’ HN+ and •‘N+ 
w i l l  be,

c a l cu l a t e d  t o  d et e r m i n e  this hui l b u y .  V

~\n a i re - r a f t  has t b r e t ’ m a )  or component s : cog toe s * a ir  I r ank ’ • and
• a v i o n i c s .  There Is a c u m u l a t iv e ’ buy program t ~‘t’ each compon ent • a t  .1 0w-

ing fo r  I cad t imes and learning curve ’  ef fcc is .  (.‘umu t a t  I Vt ! average

cost tug is most conven ient  (see Sec. i~~)

Take engines I ir s t  . ‘I’he’ I)t ol’ut’ t ’Ifle’nt para~k’t er s  c an be’ w r i t  t e t i  V

as t he s I r ing o I numbers

(a 1, 
~~~ 

X
11~ ~ l2 ’ ~ I2 ’ p 1 1 *  t 1• P 1~

where the I I r st  subscr ipt r e f e r s  to component I (eng tnt’s) and a
1 ~~

t he  cost  of the f i r s t  a r t  Ic Ic . p~~ is t h e ’ l ea r n i n g  curve pcr e- t~n t a g t ’

(or ra ther  f r a c t  ion) up to a r t  I d e  number x 11, p 1 
,
~ 

is t h e  l ear n i n g

curve percen tage  for  a r t i c l es  x 1 + 1 up to x 1 . 3 , and 
~ I ~3 

is the’ sub-

sequent percentage ’ . Of course , a l e a rn i n g  curve  may have ’ on Iv  one ’

or two segments.  The’ lead t ime in mont h s is t , so tha t  an eng ine

takes t~ months  f rom s t a r t  of f a b r i cat  ion to d e l i v e ry  to the f l e e t

as part of a complet e  a i r c r a f t .  (M at  ing of eng ines and a~’ i on  it ’s w i t h  V

the airframe is t aken to be part of the a i r f r a m e  lead t ime and i’o 51 . )

The number of engines requi red  per a i r c r a f t  is . a l l ow i n g  I or mu l  t I —

engine models and spare ’s. W i t h  these production parameters:

U p to x 11 the  cumu t a t  lye a ver a g e  t o t a l  cos t  I or x ar t i c l e s  Is

b +1I La 1 x , (4 )

I~i 
_ _ _ _ _  _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _  _ _ _ _  

Vt

____ - ~~~~~~~~~~~~~~~~~~~~~~~~ - ~~~~~~~~~~~~~~~~~~~~~ -5V V•V-5 V*,~~~ V V _~~V V V V V V V V V V V ~~~~~~~~~~~ V
— —  — — ~~ ~~~~~~~~~~~~ L
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where b11 
— C, p 11/N 2.

From x 11 + 1 to X 1 ) ,  the  cumulative total cost is

b 11—b 1,, b 12+l
• 

~
‘ l l  ~ x , (5)

and above x 1., + 1 , V V I

b11-~ - , h12-b13 b 13+1
‘
~
I 

• x 11 x 12 x . (6)

These expressions are  v e r i f i e d  by p u t t i n g  x x
11 in (5)  and x = x 1.,

in (6) .  These expressions d e f i ne  a 1~~~-”:~4 I ’ a t  1: ’, cost f u n c t i o n  c
1

(x)

fo r  a l l  a r t i c l e - s numbered I t h rough  x.

Next express t In years  and w r i t e

= INT (t
1
) + FRA C(t

1) . V

Thus a 26—month  lead L ime is 1~ 167 = 2 + 0 .167. Then f a b r i c a t  ion

starts ,iL —t 1, but during the f iscal year —INT(t
1
), only IJQ 1 FRA C(t 1

)

V

I 
ar t icles wi l l  be star ted , requiring NOA of

C
1

(pQ
1 
FRAC(t

1
))

To the  end of the next Fl , — 1NT( t 1) + 1 
* the • :c’r: e -~~~ t ? ;~~‘ numbe r of

engines s ta r t ed  is

UQ 1 + p( Q~ - Q 1) FRAC ( t
1
)) 

* 
(7)

and NUA for that FY Is

C
1
(j~iQ 1 

+ ji (Q2 
-‘ Q

1
) FRAC(t

1
)) . (8)

By example , if t
1 

26 months, Q1 
= 16.91 , Q2 15 .17 ,

~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~ V ,
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FY FY FY FY FY
—2 — 1 0 1 2

_ _ _ _ _ _ _ _  — ( I - I --+—~~~ 
-

7 50 Q = 1 6 . 9 1  = 3 5 . 1 71 5 5

PROD F0~’ PROD FOR (7 and 50 are now rounded values)
Q 1 a /c  t~2 

— Q 1 a / c

Note tha t  de l iver ies  to i-he f l eet  are made at a u n i f o r m  r a t e  d u r i n g  V

a year .  So tha t  f o r m u l a  ( 7 )  w i l l  app ly  fo r  the f i r s t  year  and the V

last y ea r , s tore  Q0 = 0 and s to re  
~N÷J as QN+ V . Then , fo r  the l a s t

FY , we w i l l  have t h e ’  correc t cu m u l at  lye t o t a l

The above procedure  a p p l i e s  e q u a lly  to the r emain ing  two com-

ponents .  The program then  genera te ’s the  ~~aP.?~ ~‘~z t  ~~~~ NOA componen t by

component . The user then adds v e r t i c a l ly  b y Fl , and takes d i f f e r e n c e s

h o r i z o n t a l ly ’  to get the f i n a l  NOA by FT t h a t  the procurement  program

would demand .

The model we l l  i l l us t ra tes t he simp licity resulting when cumula-

t ive’ average costing is used rather t han  un i t  cos t ing .

V 15.4 .
__

PROGRAM NOTES

1. LBL A uses Indirec t addressing and simple loop ing to produce
the  c u m u l a t i v e  f ly i n g  hours H . .

2~~ LR L B computes  required cumulative aircraft Q. and pu t s  these

in the p r i m a ry  storage o r i g in a l  lv occupied by the squadron and train-

ing a irc r a f ~t of the or ig inal schedule .

3 . The GT&) E of l i n e ’  074 w i l l  lead to the st o rag e  of 
~N+l ~°

V 

~N+2 a lso (see above fo r  reason) .

4. LBL C c a l c u l a t e s  the c ob f f  ic ie ’n t s  r equ i r ed  fo r  a segmented

l e ar n I n g  curve .
‘
~~. LBI , 6 c alc u lat e s  the success ive  c u m u l a t i v e  number of a r t  I c i t ’s

produced and NOA r equ i r ed  as the  f i s t - a l  y ears  arc’ incremented .

6. “Packed ” s tor age ’  -is used e x t e n s i v e l y . Thus , S2 = 24 and

= 6 are s tored in Reg i s t e r  2 as 24 . 06 . Then S ) is r e t r iev e d  by

‘f IN T ’ and T , by ‘g FRAC , EEX 2 , X ’ . T h i s  s torage de v i c e -  is u s e f u l
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when st eirage’ sp ace ’ is at  a p rem i urn • hut care must lie taken in f i x  i ug

t he  number of p laces at t e’r the  dcc’ Lrna I pci m t  . Thus s tor i n g  2 4 . 6  in-

st ead ot  2 4 .  O l  w o u l d  cause the program to produce 60 I or 1,, Instead

of 6 . You a [so pay for ‘‘pack jog’’ in the coin  of program s t e p s .

l’o hold  the program to 224 s t eps , the user is asked to do

e’ofls iderab I C’ but  simple ’ i n p u t  t ins • such as :  C iven a lead t ime I of

2( i months . key in 2u and then  ‘ ENT LR , 12 , , STO 6 ’

S . For I ae’k of St orage  space , the  uset - records  o u t p u t  as pro-

duced and does some f i n a l  add i t  ion s and s ubt r ac  I ions to get the  NOI\

by f i s’a I y ear

E xa m p l e .  T h e  r equ i r ed  b u i l d u p  s c h e d u l e  is

End of I”Y I 2 V~ 4

Squadron a~’ft 12 24 48 84 lOS 108

* I r a  in ing at ’ f t  3 6 12 2 i 2 7  17

- 
‘ l’he’ sE cad v—st ate’ I I ce  t i s to  ht ’ rca c ’l)t’il a t  the  end ci veal’ 5 . I’hi I s

w i l l  he k ep t  c-cost ant  th r ~iugh y e a r  10 . Fil/Y 2-ct ) for squadron a~’ f t

• and 7 ,’0 I c r  t r a i n i n g  ac f t  . i’lic ~‘urnu I at  ive at r. r I t ion c’Oe’ f f i t ’ i cot is

0 .000 1 i and the exp onent is 1 .05 . ‘I’he command st ippor I f a c ’ t or is 5

pe rcet i t  . The cog inc I earn  105 e’urvc ’ has t h re e  segments , and the pal’am—

t’te’rs f o r  t h i s  component  are

a 1 
= 10 , p~~ 0 . 1 , x~~ = 60 , P 12 - 0 .8 , = 110 ,

p 1 
= 0 .6 , = 21i , =

For he ’ a i r f r ame  I ~‘o se’gmen I s) :  V

= 2 , p , 1  0.8 , x 2 1 = 30 , p , 2  = O . 7 , I 2 = 20, 
~~ 

= I .

V Fe ) r av ion j c ’S (cmi’ segmen t )  :

a 30 , P 3 1 
= I L / i , t = I~4~ h 3 = I

-V - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 55 

~~~
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V

_____________ 

(SR) 
‘ 

(SR)

) 

~~~~~ 

~~~~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

-

CUM FH 
_ _ _ _ _ _ _ _  

CUM A/C 
______

N? REQ N+ M?

CUM FH 1 STORED IN
M MORE YRs

r 
PRI I TO N+1

(Sec . s torage )

(Overwrite sec storage with learn ing curve constants )

_____________ 

(SR )

1 , 2, 3 
______

ICHANGE LEARNIN~~1SEGMENTS ? 
~

‘ 
‘l CURVE %‘s TO b~J

D~~~~~~~~~~ 6 7

STO B 1 SEGMENT ? j Y 
CALCULAT E 

F

____________ _ _ _ _ _ _ _ _ _6 

2 SEGMENTS ? CAICUIATE 

R/S

CUM COST DSP FY
3 SEGMENTS INCREMENT FY

(Note multi ple use of reg isters in this program .)

Fig. 15. 1— Time phased procurement f lowc hart

I
~~

- Vi

I..
— - - -V V



-- ‘
~
‘
~~ ~~~~~~

V-”~ 
- —.—-——--— V -V - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ “~~~ 

~~~~~~~ 
----

~~
--,-.- 

~~~~~~~~~~~~~~~ 
- - ,  V-~~~~~~~~~~~~ ~~~~

—147—

15.5 USER INSTRUCTIONS

15. TIME PHASED PROCUREMENT COSTING

— _

STEP INSTRUC11OI~S EXAMPLE OF 14 .4 DA ITb 
KEYS D~~ Z~~~ YS

510 N.M IN A. N YEARS TO FINAL -____ I 11 1 _ _ _ _ _

BUILDUP , M ADDITIONAL YEARS OF 
______  

I i I - 

- I
— 

STEADY STATE FLEET OPERATION 
_ _ _ _ _  I V V J IV ~i _ _ _ _ _

(N ~S 7, NOT E 5.05 AND NOT 5.5) : 5.05 [STO I [A  1 5.05
2 510 1 + X IN B , WHERE X IS THE 

_____ 
( 

_________

COMMAND SUPPORT _FACTOR 
— 

1 ,05 I 510 I B 1 .05
STO C INC AND d IND . 

____  
.00015 I STO H C 1 .5 -04

ATTRITION FACTORS , EQ (2). 1 .05 ( STO H D 1 .05
4 STO A. B !N O. A ~~~~/Y PER 240.720 J STO J 0 240 .72

SQ. AJ’C, B IS FH/~~~~~~~~~/ç __ I I
~B HAS 3 D1GIT~ ,JNIT!AL ZERO IF NEEDED) 

- — _______ 
I I 

--

-~~ ~i!~? ~~PV • V ~~~ _ , ~ _~~~~~~~ jJV •..’__
n, 12.03 I STO J 12 .03 

—

AND 510 S N. TN IN RM +, A LSO . 
______ 

24 .06 I STO 1 I 2 1 24 .06
S ,, IS REQD SQ A/C AT END OF YR n . 

- —  

48 .12 ISTQ N 3 I 48.12
T~ IS REQ D TRG A/C AT END OF YR n• 

- 
84 .21 I STQ II 4 1 84 .21

______ 
108 .27 I STO 1 I 5 1 108.27

_________ _____ 
STO lE 6 I 108 .27

6 PRESS A . 
____________ ___________________ 

I H A 45360
TO SEE CUM FH 

________ I f I P—SI 45360
____ _____________ ______ I RCL I ( ‘V I 5040

_____________ ____ 
RCL I I 2 I 15120

______________ _______ 
I RCL 1I 3 I 35280

______ 
( RCL I ( 4 I 70560

______ 
I RCLII 5 115920
I RCL II 6 1 342720

7 f P—S(IMPORTANT ) 
______ I f I (P—Sj 342720

8 PRESS B 
— 

I j ( B~~ 238.97
TO VcVM~~~~Lc_ 0~YNPVEDJ_____ 

_ _ _ _ _  I RCL1 IV I 16.91
_______ ____ I RCIII 2 I 35.17
______ _______ 

IRC L I I  3 I 71.93
_______ 

I RCIII 4 ~1 128.75
_____  ____ 

RCL II 5 I 172.90

• _____ _____ 
I RCL II 6 1 238.97

9 1 P—S (IMPORTANT). FOR ENGINES: 
_____ ______ 

I F I IP SI 238.97
aj,~~~TO0 

_________ 
10 

— 

I STOI I 0 I 10.00
~ J_STO I  

--  ____ 
.9 I sTO H 1 I 0, 90

~~~ STO 2
_ _ _  

60 ( STO I I  2 1 60.00
I~J~~S1O 3 

— — 

.8 I STO II 3 I o.8o 
—

___________________________________________ ________ 
I I~ I _________
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15.5 USER INSTRUCTIONS

6
STEP INSTRUCI1ONS KEYS

x~~~ 510 4 V 110 
- 

s Ta l l  4 I 110 .00
p
~~ STO 5 V 

.6 L STO I I 5 I 0 .60
t 1 (I N MOS) DIVIDE BY 12 , STO 6 2.77 I srolI 6 I 2 .1 7

V 
n 1 (NR OF ENG INES , A, C) STO 9 2.5 I STal l  9 I 

- 
2 .50

70 PRESS C. SEE FY. I II c I -2 .00
TO GET CUM NR OF ENGINES PRODUCED I RCL II  D I 7 .00
TO GET CUM NOA I R C L I I  E I 52 .08
R S FOR NEXT FY I I I R,S I — 1 .00 

-

‘ I RCL H D I 50.00
V I RCL I I  E I 275 .88

CONTINUE UNTIL CUM NR DECREASES I I I  1
I I I  I

I I  RETURN TO 9 FOR NEXT COMPONENT I I I  I
V 

BUT DO NOT USE f P— S. 1 11 I
IF COMPONEN T LE A R N I N G  CURVE I I I I

V HAS 2 SEGMENTS: I II I
EEX 9, STO 4; t ,- 12 , STO 6; I II I
~ 

STO 9 . NO OTHER STORAGE NEEDED I II I
I II I

IF ONLY ONE SEGMENT: I II I
EEX 9, STO 2; 1, 12 , STO 6; I II I

— ~ 510 9. NO OTHER STORAGE NEEDED . - I I I  I
I I I  I

72 RECORD NOA FOR EACH COMPONENT I I I  I
BY FY . ADD VERTICALLY . TAKE I I I  I
DIFFERENCES TO GET INCREMENTAL I I t  I
NOA BY FY . I I t  I

I II I
I II I
I II I
I i t
I I I  I V

I II I V

I II I
I 11
I I I I 

V

~~~~~~~~~~~ VJ V L V ~~~~~~~~ _ _  

V
V - — ~~~~~~~~~

=-
~~~~ -

—
~~~

-
V V 

~~~~~~~ - ‘

_________________________

- . ~~~~~~~~~~~~~~
V

V
V

- - - --V 
_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _-

~~
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15.6 TIME PHASED PROCIJREMENT 
V

STEP KEY ENTRY KEY CODE COMMENTS STEP KEY ENTRY KEY CODE COMMENTS
o~~

• 
801 *LBLrI 21 11 — V Ø5’~ P 5  16-51 BECAUSE ~]Q 2 IN

V 
V~~02 1 81 051’ RTN 24 O4~, 1iQ RTN TO OO9
•~ ‘~ STCI 35 46 - 259 *LBLB 21 12 PRI

V • C~’-~ CSBB 23 88 060 06C! 1 81
2~5 P:s 16—51 ‘ 0S STOI 35 46’

V Ø~ STO 35 45 TEMP 
__

~
_ V 

GS83 23 83’
00’ P:s 16—51 — 

~~~~~ 9701 35 45 Qt  V

0C2 ~SB1 23 81 (~OR GTO 1 ) 06~ *IJL4 21 84
807 *LBLO 21 81 FHfy’ ‘065 1921 16 26 46

~!2__ V01~~ RCU 36 45 INDIRECT 2c~
’ C983 23 83 V

— ~~~ 
INT 16 34 $~ 

C6’ ST0.~ 35 45 Qn
c:z PCLO 36 88 259 RCL~ 36 11

— 013 PIT 16 34 A 26~ 1147 16 34 ’
— 014 x —35 o~~

” 0~0 1 81
V 

V
ØJ~~ RCU 36 45 ~~ + —55 ’ N f l

H ~16 FRC 16 44 0’2 RCLI 36 46 ’
— V

C1~ EEX —23 — 0’3 X~Y~’ 16-33 FI NISHED ? V

011’ 2 82 100 07~ CTOE 22 15~-j 017 x —35 T~ ~~~~~ CTO4 22 94’ LOOP
o~~
” OZC RCLB .36 89 21 8J

— 02.’ FRC 16 44 ~“ RCLI 36 45 ’
— 222 EEX —23 — 0’7 1147 16 34 ’ SN— 2,•., 3 83 1000 079 F CII  36 45 ’

V — 024 —35 B 080 090 FRC 16 44 ’
— 025 —35 29.’ EEX —23’

+ —55 AS , +BT 1 C1’ 2 82 ’
02~ RTH 24 

_________________ 
083 -‘ —3~ T

021’ *1811 21 81 — 0S~ + —55 ’ n

029 1921 16 26 46 085 ~CL8 36 12’
o~~~

”
~
” 030 CSSO 23 88 — ‘096 5 35~ (1 ÷)~) (S +1,,)

— 231 0921 16 25 46 01’’ P8 16—51 SEC— 032 r:s 16—51 SEC — 073 RCL 36 ~~030 R CIJ 36 45 ‘239 RCLO 36 14~V — ‘V + —55 ~~~~~
“

~~
‘ Ø9Ø yx 31 -

— 035 ISZI 16 26 46 — 09: ~CLC 36 IV
£‘ 3t STO 35 45 PARTIAL SUM 292 x -35~ a ,~ (2)

— 0 ’  P S  16—51 PR I  097 + —55~ Q~ (3)
232 RCL~ 36 11 294 P:s 16—51 PRI

— 

~I37 1147 16 34 N — 095 R114 24 RTN TO 063/067
ow ” 040 RCL I 36 46 — 0~6 *L8LC 21 13 SEC ( USER I NST 9)

24 X=Y? 16—33 FINISHED FOR N? O9~ 0 08
042 C702 22 82 098 STOI 35 46’

V 0.3 G101 22 81 LOOP — 299 0985 23 85~
‘~1 

— 
~f44 *L~ LZ 21 62 ~~~ 100 EEX —2V
24r CSB8 23 89 - — .‘22 9 89
045 RCL~ 36 11 ’ :02 RCL2 36 82~Fl — ~~~~~~ FRC 16 44 ’ 10? X~~” 16—3V 1 SEGM ENT?

— 249 EEX —23 104 GTOC 22 14~049 2 2’ — 105 ROLl 36 81 -

~~~~
.—“. 050 x -35 ’ M (ASN + BIN) 125 PCL3 36 8V

— 05: x —35 10’ — -45~
052 P S  16—51 SEC 108 Y~ 31
053 ROL l 3645: HN (1) 109 RCLO 36 88:

+ —55 . no ij ~ x -35
— 

055 1821 16 26 46 111 S107 35 8~— ‘OfT STOI 35 45 TOTAL FH !12 EEX -23 
________________

REGISTERS
o -, 2 r  -, 13 4 5 6 7 ,. 8 9

A.B ~ t . ‘1 ~2. 12 I — — — — ~~N. IN  ~N. IN
Si S2 p 12 ss 

P13 
S6

1 112 
S7 S8 S9

~ N.M 1B ~~~~ 1C c d 1E II

- V  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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15.6 PROGRAM USTING
ST EP KEY ENT RY KIT CODE COMMENTS ST EP K EY ENTRY KEY CODE COMMENTS 

—

1!1 9 89 139 “
~~S 16-51

V I1~ RCL4 36 84 T ’ ’  
~1 ROLS 36 89 ~V 

1.’5 \~~ “ 16-33 2 SEGMENT S ? I’.’ “ -35

V !!~ 0100 22 74 ‘ 

~o: osre -63 88
H O  RCLS 36 03 R140 16 24

1:’ ~‘C’L5 36 85 - ‘ 1 4  3100 35 14 (8)
— —45 :os vsr: -63 82

,:t’ .‘~~ 
V1 31 !0~ RCL.3 36 82 X % 1

12! ~C~O 36 8? : ‘~ ‘::v —4 1
— 

- - 
~~~ —35 

- : :  \ V V ~ 16 35
12 ’ 9108 35 88 109 O T T  22 87 1s t SEGMENT

0100 22 14 ‘60 
V 

~~ RCL4 36 84
V 

‘ 0! aLBL5 21 85 13:  X~Y -41
1921 16 26 46 

V V V __  
!3.T 5~~~~ V S 16—35

12 ~CLI 36 46 
V V V V V V  :oo 0128 22 88 2nd SEGMENT

0 8? ~~
‘ - “ C~. 5 36 85

V ~~ \‘~ V” 16-33 ALL CONSTANTS ? 
‘
~~~~~ 1 91 b

• IVS~ • ? ‘  24 — - ‘  u’~ ~ 
-

~~~~ 
13

ROL l 36 45 p 1 ‘ 3 ~~~ 3J
¶ .~~~~ 32 :90 RC!, S 36 88V 

2 82 !$~ “ -35 3rd SEGMENT
[I 104 Lt4 32 :3’ STjL 35 15
LI ~~ VV - - 

~~ ÷ -24 - - - 
:

- ‘  

~~~ 22 89
7 S’O 35 45 b 1~ ~~VQ~TP1 ;/2 ,~ - - 

!30 •L1’L 9 Ol 89
:o” !S21 76 26 46 !‘~O EOL6 36 12
:30 ~CL 1 36 45 x~ j ‘

: ~
‘ 

~ 51 DISP LAY FY ( 752)
:~~ ~~ SEE USER INST . 11 —

—— 
~4 . ’ ~~y” 16-33 — :so •

V :42 RTN 24 — 795 3108 35 12
I 10 0105 22 85 LOOP FOR SEGMENTS 1O’~ r:s 16-51

— -‘-f ~t8L0 21 14 20~ ~- ‘0t ~ 22 86 ’
11 99 —

~~~~~~~.:1?rT ziu T S E ~~~~~1’:4:  s’ t’o 35 14 22, ~3: 1 36 91
STOE 35 13 CLEAR —- 

81 
-

140 OTOI 35 46 — .:?~ • —55 ’
— 14. ~~L6 Jo 80 t/12 — 

:~~
r 31

- 150 1141 14 34 - _ V _ V _ _ V 
RCL0 36 99 V

V :5: :~ s —2~ 
— - —35 -

15,0 $T0F 33 12 FY 
-— 

~~
‘ SlOE 35 15 ’

50 RCL6 36 86 .00.’ 0109 
- 

22 89 
________ ______ -

- 
153 FRC 1b 44 0 0  ‘LFLS 21 18, 2nd SEGMENT

$TO C 35 13 2 !:  ~O~3 36 83
- - — :53 P.S 16-51 - PRI ::: 1 81 -

:so 8 99’ .010 $ _55
—- 750 9108 33 08 

_______ 
.~~~~ 

~~~ 31
15? i[8L 6 2 1 8 4  —‘ ::r PC V O 36 8?’

i~~
” 15? ROL l 36 45 Q~ .015 -35- 

VV 

3: ROL l 36 43 , (DELETE 161) :: ‘ STOE 35 15
- -— 

1e~’ ISO! 16 26 46 ~~~~ V _V V  
213 0109 22 89’

V V V 
1 52’ ROL l 36 45 Q n + i  21~ •LOLE 21 15
:51 — -43 -31 
:35 214S -22 ::: ~31 TO GET 0N+t15:’ RCLC 36 13 FRA C — 2.02’ 1921 16 26 46

-‘ -35. .020 $101 35 45
~~

‘$ • - —5.5 ______________ — ‘~4 RTN _~j~— LARELS FLA QS SET STATUS
A r __________________ ________ 

FLAGS TRIG DISP
a b d a I ON OFF

L V _____________________ __________ 0 H 0 DEG 11 F’~ 11
ro 3 4 i 1. ] 11 GRAD 11 SCI LI

2 H H RAD ( I  ENG H

V V
V V
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16.1. REFERENCES

None.

lb.2. DISCUSSION -

[he m ode’ I of t his s_’e t ion is , m I  so due to H. (; . Ma~4si’ of The

Rand C~ rporat ion , i t  d e a l S  w i t h  dec i s  tons  to spend money now as

opposed to l a t e r  dur I ng the I i f e eve 1 ‘ of a weapon sy s tem.  ‘l’hat i s

shoti Id en g i n e e r i n g  deve lopmen t  mon t es be spent  now w i th t lie exp e e t a —

V t ion tha t  future operat Ing and support costs  w i l l  be ’ lower?  The

p V I anne r must  dec ide’ • for  examl) It ’ , whet her to [US tal  I eng ine  el iagnos t i e

equipment  now , assuming  tha t f u t u r e m a i n t e n a n c e  w i l l  othe rwise be less

e l f  ic l en t  and t h e r e for e  more cost ly .  ‘l’he mode l q u a n t i f ie s  such d e—

c is ion problems , us Lug as a vardst jek the present  v a l u e  of a d i  s—
V counted st r eam o t expend it ur e s  and b en e f i t s , both  of wh [cli are

expressed in cons tant  de l  l ar s  (no a l l o w an c e  fo r  in fiat ion)

A s imp le example  w i l l  [1 Ins Ir a t e .  Suppose we assume tha t $1 OM

* spent fl oW W I  Vi i  I IV’~~IIJ to operat ing and s u p p o r t  (O &S) eo*-* t s of $ 20M 8

years  from now ; if no money is spent  now , these  f u t u r e  costs  w i l l  be

$40M . l e t  the  d i s coun t  r a t e  be 11) percent , as -u r r e n t  l v  manda ted  b\ V

t ime l)epar trnent ot D e f e n s e .  i f  he S I (*1 we ’re I nv e s t e d  at it )  p e rcen t

compounded I nt er e s t  for  8 y e a rs , i t  w o u l d  v i e l d  $21 . 4M. Consequent  lv ,

we w o u l d  save $1 . 4~t by I: ‘t improving t lie av s  t em now . Hut i f  the rate

wer e’ ‘ ) 
~~~ 

rcen t • we wou ld ‘~~*~ 
- $5. 21’l by not improving t h e  svs te rn  now

I t  f o l l o w s t h a t  t h e  ra te mandated or assumed has a co n t r o l  1 lug i m p a c t

on t lie dcc Is ion .

W i t h  r e s p ect  t o  est  irna t Lug the  f u t u r e  c os t s  ($ 2 0M and $40M abev t ’ ’L

one other cruc t a t point must be made.  Suppose t h e  sy s tem in question

I s a t 1 ce t ~~f a i r c r a f t  o I a g iven vpc  . Then we inns t keep the  op er—

at  i ona I capab I I  i t  v cons t ant  In  t h e  two cases .  ‘l’ha t is , t h e  O~ S eo~; t s

must  he’ assessed In hot  Ii cases to produce  the  same in —~-omm I ssl on r a t e

or o t h e r  measure  o t o p e r a ti o n a l  capab I I i t  v I or t Ime ’  I I ec t



— ~~~~~~~~~~~~~~~~~~~~~ 
‘ ‘ “

~~~ ~~~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ‘ 

V
’T_

~~!~~~~~~
V V  ~~~~~ ~~~~~~~ V V ~55

VV,55 _ ~~~~~ ~~~~~~~~~~~~~~~~~~ ~V~V~_ ~~~~~~~~~~~~~~~~~~~~~~~~ 
~~~~~~~~~~~~~~~~ —

— 153—

16.3. EQUATIONS

Set a t i m e  h o r i z o n  of N future fiscal years , t~me expected life

of the weapon system . Let C 1 be the costs of the proposed n e a r — t e r m

improvements for  years 1 , . .. ,  N.  Let B , be the  assessed f,~~~. ’*’~~,:~~~i
0&S ‘!n~~’* g iven the stream C 1. Then the d Iscounted present  value

of the b e n e f i t/ c o s t  s t ream at a r a t e  r is

P(~~) = ~~~~ (B
1 

- C
1

) ( 1  + r ) t
~~ , (1)

1=1

s ince b y convent ion  present  ~‘a I tme s  are  st a t e d  f o r  f i sea l  y e a r  I

The “br eakeven ” year ~j is d e f i n e d  as t i m e  f i r s t  
-~ for which

~~~ 

- C .)(1 + r)~~~~ (1 , ( 2 )

if  P ( r )  “ 0.

The “ in t e rna l r a t e’ of return ” is tha t r* for wim I cli

P ( r *)  = ()

If the ac tua l  r a t e  r is g rea te r  than r *, t lien P ( r )  ‘- 0 . h ee ;m u *.e

(1 + r )  
— 1+1 (1 + r *) 

— ~~~ In t h i s  case , t ime  n e a r — t e r m  I nip rovemen t

inve s tment  would  n at  be made.

‘rime va lime r * Is I ound by ~~~~~~~ s met h o d  . We have , us in s
I) = B . — C ,,I i

P’ (r )  ( I  i )  . ~) • (~ +

( ‘4  )

= i’ -~’ r [1’(i~ — ‘ l)~ . ( I  + r) u l ]

Ti 
,, V - 

~~ J



_____ 
V . 

~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~ 
~~~~~

‘

~~~~~~
- -  

~~~~~~~~~ L __,I~~
’ --- .55

~~~~~~~~
--’

- 

,, 

‘
.

which is wri tten in this form to  sImplif y the programming . Finall y

‘4
( 1 + r ) • P ( r  ) -

1+ r  l + r  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~ (~ )
n n — i  

P ( r n i ) — I . D
1 

. ( 1  + r ) ~~~~~

16.4. PROGRAM NOTES

( 1) Th is program uses i n d i r e c t  addressing In a natural and

s t r a i g h t f o r w a r d  lash lou . The success ive  I)~ ‘s are s tored  in reg i st e r s

I, . . . ,  19 (19 years is the max imum fo r  t h i s  program) . Loop ing b y

f ISZ is then s imple .

(2 )  To get  the breakeven ~‘ear , we want to t es t  f o r  a change of

s ign En

P ( j ,  r )  = 

~
__
~ 

D 1 (l  + r )~~~~~
1

as th i s  p a r t ia l  sum crosses the t ime ax i s .  A s imple procedure is to

test the rat los P ( j  + 1, r )  /P (~ , r )  to see when , i f  at a l l  , t he rat to

is u~’ja t f

(3) In using Newton ’ s me t im od , a simp le f i r s t  —guess  a t  the root 
V

is r = 0. But 1 + r or I is then  stored in B. I f  any i ter at i o n  pro—

du ces 1 + r 1, s top .  In t h i s  ease ther e Is no i n ter n a l  r a t e  of

return .

I’

‘L.  

- -  ~~~~~~~~~~~~~~~~ ~~~~~~~ ~A
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16.5 USER INSTRUCTIONS

Ii 16. COST/BENEFIT STREAMS 
-

STEP INSTRUCTIONS OA~~~~~ITS KEYS

1 STO N IN A 
______ _______  

5 I STO II A 5.00
2 ST O D ~ ” B 1 — C 1 I N i  

~~~~~_ V__ ~~~~~~~~~~~~ 
—~ IST O II 1 1 —5.00

Pa1 -3 ISTO IL2 I -3.00
D~. 

____  _____  
1 I STO It 3 I 1.00

D4 4 I STOI I 4 1 4.00
D5 7 I STO II 5 I 7.00

3 IF N > 9, F P—S 
_________ 

I f I P—SI
V ST9 V D1Q I N O  

- 
I I I  I

STO D 11 IN 1 , UP TO D I I I I
-~~ V~~~V ~~ V 

~ P—S (IMPORTANT ) 
V~V 

- — 

V V V V

4 STO 1 + r IN B (r = 10%) 1 .1  I STO I I B 1.10
5 PRESS A . SEE BREAKEVE N YEAR - - — I A 5.000
6 PRESS R/S . SEE P(r) I I RI/S I 0.886

___________ 
I II I

7 TO FIND r *~ THE IN TERN AL RATE OF RETURN , 
________ 

I I I 1 
______

STORE A FIRST GUESS 1 + r IN B 1. 1 ISTOI I B I 1.100
8- PRESS B. SEE F —x — . 

_______ _______ I I I  B I 1.136
9 PRESS R/~ WHEN DISPLAY REPE ATS 

-~~~~~~~~~ I II  I 
— 

1 139
(SHOWS CONVtRGENCE.) 

____  I II -

- 1 1.139
H I

(THE INTERNAL RATE OF RETURN IS 13.9%, I I 
-

WHICH IS GRE ATER T H AN ~ E 
_~~~~~~~~~ V _ 

I I ~I 
V _ V -

MA KE THE IMPR OVEME NT .) I I I  I
I I I I

— 
________ 

I II I
I ii I
I II .1

____ 

1~ II :‘ I 
V V V—-i_-

i - 

Vii i

V I
V V 

~~~ I~~~
V V H I

II I
I I  I V

I I I I
I H I— V V 

I i i  I 
V

I I I
______________________________________________________________________ ______________ II I 

_____________

L~~~~~~~~~~~~~~~~
V — V ~~~V V 

-
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16.6 COST BENEFIT STREAM S
STEP KEY ENTRY KEY CODE COMMENTS STEP KEY ENTRY KEY CODE COMME NTS

V ~~~~___, C~! EL~’L~I ~~ T V L~~
’ STO( 35 

~~ D. (7 ~~r )1 I
~~~~~~~ i~SF3 -63 03 _ J_ C!’~’ RCLI 36 46
- ~ 1 81 RCL~ 36 ii

€‘~ STCZ 35 46 ~~~1” Nt ’-” 16—33 E ND OF LOOP ?
ØC! RCL I 36 01 C’fl 1 T01 22 01
~
‘
~~~

‘ STOE 35 15 D1 .e62 GTOO 22 14 
________________

£‘~“~ STOO 35 88 D1 ~~~~~
‘ *LBLI 21 81

~
‘- S *Li’LC 21 13 ~‘6~ RCLO 36 08

C~~ V~ IS~I 16 26 46” , C~~ RCLE 36 15
- ‘:~‘ RCLB 36 12 _ c~~ — —45
~1 1 01 

~
‘

~~~
‘ PCL O 36 00

~~ ~CL1 36 46 1—i (‘:T~ + 24 (5) 
V

— -45 ~~ ~~~~~ 52‘

~~~~
-
~ Y’ 34 ~~~~~ FCLB 36 12— 

~~~ FCL 36 45 . x —35
— 

.35 D~(1+ r)’ ’ ~~: cus —22
V 

- — 
ST +0 35-55 00 PARTIAL SUM ~~~~~ PC’LB 36 12

8 80 ~ ‘4 + —55

~~~~ ‘C L B 35 0$ TEST FOR SIGN ‘..‘~ 0~~ ‘TOB 35 12 (1 +r~ +1)
o~~ - Z ’  ~TLE 36 15 CHANGE ~?~ ‘$ ~~~+ -24 — 

~ ‘0B 22 12 LOOP
~~~~~~ V, I” 16—45 —  __________

?2:’ ~~B0 23 80  
_________

‘L’-.~ ~,‘LI 36 46 080  
_________

V ~‘2~
’ 

~~~ 36 11 -

~ X~’m ’~ 16-33 END OF LOOP ?  
_________

C~O2 22 82  
_______

L’2~ ~‘CL0 36 80
~~~~V STOE 35 15 ’  

_________

030 ~~ ~T0C 22 13 LOOP V
— 

~~ *LSL8 21 00 -
~~~~~~~~~~~~  

______

O’~ RCLI 36 46 DSP BREAKEVE N YR 
_________ __________

~~‘‘ R S  51 ’ 
________________ _______ ________

0~
’3 *L~L2 21 82 ó~~~’~’

~~~~~ RCLO 36 00 ’ — ________ V ________

V ~
:‘ RTN 24 ’ DSP P(r) 

_________ _________1L~ LB £1 12
~~~~~~ ‘i’7,~ 1 01 ’ — _ _ _ _ _  _ _ _ _ _

V - 
I’~~ STOI 35 46’ 

________ ________

~~~~~~~~~~~ , 4  R~’L1 36 01 - _________ __________

— ‘ : ‘4: sroe 35 80 D1 ______ _______— ‘C42 S’OE 35 15 D1 
_________ __________— 

~Z’
.
~” 4LE~L0 21 14

— 
~~ Y S I  16 26 46
C4~ RCLS 36 12 1 +

——  C-~~ 1 01
C4 PCLI 36 46

— L~4.* — .45 1 — 1  
______ ——

~~~~~~~~~ V 31
~~~~

—“-.•“ O!~ RCL I 36 45 V 
________ _______ 

V— 
*, —35 D1 (1 ÷r~) — ‘  _________ ________

— t’~ ’
~ ST+0 35 55 00 

~ ________ ________—
‘
~~~

‘ 
~TL1 36 46 ‘ — _______ _______

— —35 i D1(l +r )t~~ ~‘~~“~‘~~
_ 

__________ _______ — —— 
~~5’~~ RC ’LE 36 15 

— ______ — _______

~i~ f + .55 ____________________ _________ __________ ____________________

REGISTERS V

o P(r) J1 D1 2 D2 I~ 
— — 5 — 

6 — 
V . j

~ __V 

—
.~O 

= — r — S4 
— 

S5 
— 

SO 

— 

S~ 
— 

1S8 —
. ~~ D,9

A N f8 (1 +r) 1C 
I) 

USED
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PART IV

MATHEMATICAL FUNCTIONS AND ALGORITHM S
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17. THE NORMA L FUNCTION AND ITS INVERSE

17.1. REFERENCES

None .

17.2. DISCUSSION

This program is frequently used in conj unc tion wi th others , such
as the Q function (Program 18). Extensive app lication of the error
func tion is made in Hewlett Packard HP-5.5 Programs for Evaluating

Effectiveness of Field Artillery Weapons, prepared for the Jo int
Technical Coordina ting Group for Munitions Effectiveness (Surface—
to—Surface) by Booz—Allen Applied Research , Shalimar , Florida ,

September 1975.

17.3. EQUATIONS

The normal distribution , or function , is

x

F(x) = —i— exp (—t 2/2) dt , (1)

-~~~

where x is in units of a. An early approxim ation , due to J. D. Williams,
is

F0(x) 
1 + [1 - exp {-2x /~ }] 

, o , (2)

which has a maximum error of about 0.002. R. N. Snow rep laces the

curly brackets in (2) by

2/1 2
—2x ( i :— 4x + 230

and obtains an accuracy better than 0.0001.
- _ _ _ _

*IG*DZJIG ?Aam MIVAJ~~~
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A f i r s t  approximation to the inverse is ob tained by solv ing (2)
for x ,

1/2
[ it ~n {i. — (2F

0 — 
1) 2}1xo [ _  2 ] (3)

For greater accuracy , x
0 

is used in solving the eq uation F (x )  — y = 0

by Newton ’s method , which is appr opria te since the derivat ive is

simp le ,

F’ (x)  = —i-- exp (-x
2/2)

The error func t ion  is

x

er f ( x )  = e~~ dt , and (4)

erf(x)=2~~~ F(/~~~~x ) — l .  (5)

Given a value E to find the corresponding x, use this program wi th
F = 1/2 [1 + El and divide the resulting value by V’~ .

L Example 1. Find erf(0.5).

Key in l/,/~ , PRESS A , then 2, x, 1 — . V

Answer is 0.5206 . V

Example 2. Find x for erf(x) = 0.5206.

L Key in F = (1 + 0 .5206)/2 , PRESS B , PRESS C , /~~ ,

Answer is 0.50 .

17.4. PROGRAM NOTES

None .

L 
‘

V ~~~~~ ,_,, 
~~~~~~V V
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17.5 USER INSTRUCTIONS

17. THE NORMAL FUNCTION AND ITS INVERSE 4I~

•

STEP INSTRUCTIONS DATA/UNITS KEYS

KEY x 
________  

.233 I Il
____________ _________________ __________________ I. I I  I

2 
V 

PRESS A 
V 

I II A I .5921

__________ ___________ 
I II I 

_____________

OUT FUT IS F(x) 
_____ 

I I I  I 
_______

_________ 
I I I  I 

__________ 

—

3 KEY F V 
.5921 I I  I V

V V 

I I I  I 
________ 

V

4 PRESS B 
V V 

I H B I
I 

__________________________________

OJTPUT IS x I I I I .2329
______________ I I I _______________

5 NOW PRESS C FOR A REFINED VA LU E OF x, I I C .2330
AND CONTINUE IF DESIRE D I II I 

________

I I V, I 
________

6 (PRESS A AGAI N TO RE TRIEVE F) 
_______ I I I  I ________

____________ I I I  I _______

_____________ 
I II I 

_____________- 

I I I I  _ _

_______________ I I I  I
___________________ 

I I IV I 
___________________

_______ __________ 
I II I

_______ I I l _ I
— 

I II I
________ I II 

V 

I
_____________ 

I i t  I 
__________

_____________ 
I II 

V 

I 
_____________

____________ 
l_  II . 1  ____________

_______ I I I I
I IL I
I I I~ I 

_______

___________ 
I II V 1

_________ 
I II I 

________

_________ _____________ 
I I! I

________ 
I — I I  I

_________ _______________ 
I II V

I

________ ________ _____________ 
I II I

_ _ _~~ _~~~~~~~~~~~ V~~ V~~~V V~~~_~ ~~~~~~~~~~~~~~~~~~~~~~~ _ V_ 

I I I  I
____________________________________________________________________________ _______________ 

I II I _______________

_ _ _  
I

’
.::~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

V V V V~~~iA
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V - 17.6 THE NORMAL FUNC T ION
S STEP KEY ENTRY KEY COOt COMMENTS STEP KEY ENTRY KEY CODE COMMENTS

‘
~~~.—_ 00. •~~& Lc~ 

_ . .; F05’ s -55
— ~~~~ sr ~ . V 

~~~ ______ 858 LH 52
o;~ csoc 1: ______ 059 P4

- -  
— $04 RC~~ ~~~~~~.. ~L,, 060 ~ —~~~

— -- ~~~ • -
~~ x <Ø 861 .i 02

O0~ 2T21 2. 2. 862 + -
~~~~

— .-~~ ~~~ 
— oo~ OhS

— oos ~-5F~ -:‘ 
— 

964 ~~~
2.. 

_____________  
065 S102 35 ô2

°~!!__ 810 sL.SLI .~~~ 2~. CORRECTS FOR x’<O 866 OSF4 -
~~~~ 04

— 
811 

— 
a~~r ~~~~

— 
$12 R2LO I 865

— -45 069 5 25
— 014 DSP~ -E 2.. o~~~~ 878 ,4:-~-~ ~~~~ .5> F

015 RTh .~~~ ____________________ $7~ 2T22 22  02
• 0 072 RCL2 :~ 22

— 
01’ RCLR 6 .. — en RTH - 4 __________________

V — 618 52 ~~~~~~~ 074 *LSLZ :i~~~— 049 ST2~ 75 2. 875 RCL2 2
$20 076 ChS -22 CHANGE TO — x 0
02i 2 02 077 STO2 55 02

S 
— 

022 3 27 078 RTN 
_____________________

823 0 22 879 *L822 21 13
024 — -~~ 

-- 880 ~C~2 522
V 

— 
025 ~~ V ’~ 52 861 ,

~~ 53
— 

$26 ~2_;  75 082 2
— $27 ~ 

-~~~ 083 + -
~~~~

— 025 2HS -22 — 884 C~S -
~~~~
33

65~• ~~l .0 — 886 P4 .s- .:~
— O.~ ~~~~~~ - 

— 887 2 02
— 0~1 

— - 
‘~~ — $88 ~ -25

— ~ 555

_
V — $50 2>;

.~

__ 
- -.~ 55

— 2’ o~~” O - °’3 ~~
— 

-

_ — 091 5105 75 ~5 F’(x0)
— 

- - - 892 R2L2 36 02
V 

0~D ~ 
-

~~~~ — 893 ~~~ :s 1;

— !~ 2’- — 894 CHS
— tLo UI55 — 095 ~2LB 26 12

V 
— 839 04 — 896 + -55

~~~~~~ 
+

‘ -  
— 097 ~CLS 36 85

— ~‘t ~ 
— 896 ÷ -24

— — 099 R0L2 26 22 x
— ~~~~~~ + — 100
— 

044 ‘f— 181 5102 75 82
— 846 STOØ 25 08 F(x) 

— 

102 DSP3 -63 £1~

048 $26~.B —
049 SlOB 75 :2 F —

~~~~~ 858 2 02 
—

051 V~ -~~~ —
I L’ 

—— 853 - -45 
—

854 X~ _______ ________—

— 855 OhS
856 1 __________________ —— REG~~ERS - ‘

0 F(x) ~ ,~2 2 X0 ~ F ’(x ) ~ 
-• 8 

—
.
,~~ fs, $2 1S3 SI S5 St~ S8 

J,~
9

A 
* F 

— ______ - — 
IE Ji 

—

L
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18. THE Q FUNCTION (OFFSET COVERAGE FUNCTION ) -

18.1. REFERENCES

a. J. I. Marcum and P. Swerling , “Studies of Targe t De tec tion
by Pulsed Radar , ” IRE Transactions on Information Theory,

V Vol. IT-C, No. ~
‘, April 1960. (Reprin ts of Rand RN—754 ,

December 1947 , and RN—l2l7 , March 1954.) V

b. J. I. Marcum , Tables of Q Fu nctions , The Rand Corporation ,
V RM—339 (ASTIA No. AD 116551), January 1950.

c. D. P. Meyer and H. A. Mayer , Radar Detection , Academic Pr ess ,
New York and London , 1973.

d. L. A. Wainstein and V. D. Zubakov , Extraction ~f 
Si gnale

fr~ ’i ~‘k 1st? , Prentice—Hall , Englewood Cliffs , N.J. , 1962.

~~ . L . E .  Brennan and I. S. Reed , “An Iterative Method of Com-
pu t ing the Q Func t ion , ” IRE Transactions on Information

• ~~~~~ v~ ?. IT—li , No. 2, Apr il 1965. 
.

18.2. DISCUSSION

The Q f unc t ion

2 +  2
Q(r ,R) = f u exp {_ 2 } 1

0
(r u) du (1)

is basic in radar detection theory . It is expressible in Lommel

functions of the first kind (Ref. a), bu t is no t integrable in closed

form. V

The Q func t ion ’ s more common application is perhaps in o f f s e t

bombing calculations. For a circular normal distribution (0,a), a

weapon radius R (in units of a), and a poin t targe t at a distance r

(In units of a) from the origin (the aiming point), the probability

of coverage is simply P ( R,r) = 1 — Q(r,R). If CEP in feet is used

and r’, R’ are in feet,

r r ’ 
/2 ~ 2 R — R’ 

/2 2n 2
CEP ‘ 

- CEP

/2 ~ 2 = 1.17741 .

L -~~~~~-~~~~~- - ~~ 
-
~~~~~~~~~~
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~~~ d~unagt’ rob~ib I I I t v ~~~~~~~~ 
(S ’c . 9) ~~~~ ~~ tisi ’d to ~~~~ t wt .ipon

r . i d  I ~~ , ~im1 Lb t~ progr :uu i~ t )u’u t’mI~ I t~v~ d t o  I nd t ’O I I - I L  t’r;l I d;IIIhI~~e

t o  ot Ii~’r po hit  t ar gct  s .

l8.  
- 

IV OII ~V1’ I 0N~
V Tho ik’ssv I t utu- t. Lou 10(x )  I ~ g I V(’fl by

1
0
(x) ~~~~~ 

(~~~~/(u!Y . (,5)

US” )

V l’ t i t  (.~
) I i t  ( I)  ,tntl intt’ re) i,iit~~ I lit ’ ~)rl J t’r ol ,4IInuhla t Ion .ind I i~t t ’~ r;it I t s i i

to ~~t ’t

P ( R , r )  I - Q~ r ,R) 

~~ 
k ( r ~ / .’ ) K ( R ’ / 2 )  . ( 3 )

V

V~ 
Vi

k c v ) X ’  ‘In !

( -~ ) 
V

x
• t V l t n-f l

1/ ’ 

~~~~~~~~~ 
I’ ( X )

I’. (x )  - -  

~lit , V
n u !  i i !

I)

~t IId r
f )  

I t lit ’ Iiu’omp It’t ‘ g~trnm:i I U U I ~’ t I on .

I ’lit ’ r ‘~‘ ur  s [on r ’  1 ~i t I on~t I oi - k and K a IV (S
I t Ii

k~ (v) -

k c v )  ~ k ( v )  , it 0
U Ii i t — I  -

- ,

-
~ ( L I )

K~ ( x )  —

K (x) K ( x ) — k ( x )  ,

- - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - -  

-

~~~~
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AL ter N itcr at ions ,

N - i
P ( R ~ r )  = 

E 
k K  + R(N’)

n= I

whi.,re t h e  rema inder

R ( N ) = k K  .

n~’N

Ret e rent ’e ‘ shows , t or N ~ rR /~~.’ • t ha t .  V

R (N + I )  ~ k~~(r ~~/ 2 )  ~~~~~~ .

- :
‘ 

Let N
0 

— r R/~ 2 and let .\ be the de~~tr ed :%~ cur.I~’v. 
V 1 1  the

I t e r a t  ion ean be t e t -m t n a t e d  at  it N , I t

N ~
‘ N

0 ~
‘N ’~~~ 

‘N ’ I
~~ 

� A . 

V

I I
V 

~
_ I R are small , t he ~

- t ’l lV , ’I~~~eI l c i ’ I s r ap iii . h u t  as t aud R

Inc reast’ • t he nuiubi’ r o I t c vms r e q u I r e d — — an d  t h u s  ~‘ omput at I on t I t h e — —

becontt ’ t’xcess I ~-e.

hIow , ’ve TV 
• for r , R > ‘ s , Re I . d p roy I di’s :tti i’Xci ’ i i  L’ f lt  ;i pp FOX Innit  lou

In t erms o ,V 

~ he ~ ~“mi I at lvi ’ ~atiss I an t u t u - I Ion

“S

— 

~~~~~~ 

~~ 

~~~~~~ dii + I~(~~~) •

whe r~’

• (R - r )  ( I  - I - - 
~ — I / ‘ r . i 0)

_ _ _ _  

-
~~~~ ~~~~~~ 

~~~~~~~~~~~~ ~~~~ 55V~~~~ V ~~~~ V



1 V 
~~~~~~~~~~~~~ ~~~~~~~~~~~~ ~~~ ‘~~~~~~~~~r.-r- --V.__

— 166—

The approxima tion is improved by adding two more terms to (10),

taking I

1
1 

= (R - r ) ( 1  - 114r
2 ) , - 1/2 rv -  l/4 8r 3 

- ( R  - r ) 2 / 10r 3 
. ( 11)

Then the error  E (Z 1 ) ~ 0.0005 fo r  r ~ 4 . 2 5 .  I t  can also be shown that

for

R � 2 .4 5 + -  1
r — 1.7

- (12)

E(Z
1
) � 0.005

The regions of in te res t  for the P (R ,r)  calculat ion are then

shown in Fig . 18.1. For reg ion A , use the iteration method , Eqs. (3)

and (8). The maximum number of iterations required to obtain an

err or A ~ 0.0005 is 10. For region B , use the approximation (11) In
(9) , with an execu t ion t ime of 7 sec . In general , t he regions abo ve

• R — r = —2.8 and below R — r 2.8 are without interest. However ,

even in these regions , the approxima t ion method may he used .

18.4. PROCRA1~1 NOTES

1. For an accuracy A � 0.0005 , enter R , r , and A and pr ess 13.

The p rogram w i l l  choose the be tt er me t hod to comp ut e P (R ,r ) .  “Better ” V

is defined as entailing the least computer t ime to obtain at least

accu racy A.
2.  For an accuracy A be tter than 0.005, again  enter R , r , and

A but press A.

I
~

1

V~~~~~~~ •~ ~~~~~~~ 
-—
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: 

B ~~~~~~~~~~ 

E(Z~):O.OOo5
— / r 4.25

4 -

r /  

A

R — r 2.8

A

0 I I I I I
0 1 2 3 4 5 6

R

Fig . 18.1 . — Iterat ion and approximation regions
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Selects best
method_~~VJ

r?4 .25 ? 
V 

‘U

r ?2 ? J_ 
_ _  _ _

N

A 
Iterative N 

R> R~~? 
_ _ _  

~fl~~~~~~~
f ion

I

4 5 (SUBROUTINE) E 1!

- 

p = p + k 
Cumulative

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
}

_________ 

6 
_ _ _ _ _  z <o~

V 

H 

DSP P2

[ 

DSP P~

Fig . 18.2— P(Q ) function program flowch art
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18. 5 USER INSTRUCTIONS

18. THE Q FUNCTIO N

INSTRUC11ONS DAT*IUNITS KEY S o~~~~~~i’s
I STO L~ (ACCURACY) IN E .0005 ST O I E 1 0.0005

- V 
I I I ~2 KEY R, ENTER 

- —-  
2 6  IIENT I 2 6000

II
3 KEY r , PRESS B 2.5 H B I 0.421?

(BEST METHOD IS CHOSEN FOR 
V V _~ V 

I 
- - - -

4 PLACE ACCURACY BY THE PRGM) 
~V V V 

- 

-

V - V 

H
TO SELECT APPROX . METHOD 

V V - 

V 

V - V

I I
4 510 1~ IN E (DSP 5) 

V 
- 

- V 
.00005 STo I I E I .00005

5 KEY R , ENTER 2 .6 I HENT I 2 .6000
I I I  I V _ V _ V  V

6 KEY r , PRESS A (DSP 5) 2.5 I I I  A 
- 

0.42 172
- V~~~~~~ V V 

V

TO SELECT APPROX . METHOD FOR
• I I

THIS CASE DO STE PS 4 , 5, 
~~~ V - 

I I
I I

PRESS C I I  I 
-

- - 
l I d  0.4-604

(WRONG REGION FOR APPROX METHOD ) H
V - -  V - V V V I 

V

_ V V V V V V V — V V _ _ V V _ I I  I _ V V _ V V V V V
H I VV V V~~~~~ V 

I H I 
-

__________ I I
V V V~~~~~~~ V I I I

_  H-V
~~~~

V ~~~~~~~~~~~~~~~~~ ~~ V _-V~~~~~~~~~~~~ -V55__~~~V~~ ~~ -V V~~~~~~ -V V V 

I 11  V

- ,  I I
-~~~~~ V - V V V V V V V - V V V 

I
_______________ 

II I S

— _____________________________________________________________ ____________ II I ____________

_ _ _  

-V

IL ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - 55 V _:~• V V 55---
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18.6 THE Q RJNCTION
V STEP KEY ENTRY KEY COoS COMWENTS STEP KEY ENTRY KEY CODE COMMENTS

~~j ~~~~ • •9L~% ITERATIVE SOLUTION 
______ 95~ STX I 35-35 ~~~ kn

022 STOD ~~~4 r 
____ ~~ RCU ~~ 01

— ~~ •I~2 85.0 9T 2 3 4 ~~9~ K n K n.t k noC~ 2 ~~~~ CCC RCLS 6
~~~ i- .~-. 061 RCL.0 t

— eo~ STOB ~ :: y ~r 2/2 062 + -~ 4 y/n
or CHS .

~~~ 563 R~L~3 36 ~001 ~~‘ :2 064 X —~5 J~009 1T03 ~ J =e~ — 065 5103 33~~
~~~~_..... 010 9104 5~~~ — 86~ RCL2 ~~~C2

ozz RI V~~~ 
—

— 
01-2 STOC ~ R 069 51+4 ~~-5~ ~4 P~ = ~~ + i~

- K ,~81-2 X2 5 05.0 RTI ’~ ___________________— 
C:~ 2 ~~ 9’C ~LELB ..~~ ~Z SELECTSBESTMETH OD

u .
~~ ~~1 STUD 3 i 4  r

-~~ 
— 01-6 91CR 2~ II x = R 2

/2 0?2 4
— e:’ CH~ 

— 
~‘‘~ •rS ~~ 

V 2
— 

01-9 STCI ~~~~~~~~ k 0 e~ 
— 4~~ C 5 V

~ 022 CHS ..— 0’6 X~Y? ~~- 5  4.25~~ r?
— e~~ I .. — 

I’;’;’ cr03 r?y .25
— -53 o;’o ~~ 

- . r

02 S102 ~ K~ = 1—k 0 
— 

r~ 2 -— 824 sT x4 5- 5~~4 J K  098 ~~~ ~~- 3  2~~ r?
— 823 RV~ LC ~ — 

CIX 6101 ~~~~~ 2~Srs4 .25 V

- ‘ 826 RCL& ~~~4 — 092 RI -
~~~ r

— e:’ x -
~~~~ oo~ C10I ~ ~~ .. TO A IF r <2

— 029 2 — 
~~ *1.91.1 ~ 

V

029 ~~~ ~4 
— 

— 
095 R4 -

~~~830 + -
~~~~ N0’ = Rr/~f2 ~~— 03: 1

— 832 -
~~~~ N0 = I —

— e~~ sroi ;s ~ —
— 034 0 80 

~~~
— 

~~~83! 5100 ~~~~~~ n = o  — 
o~ 2 

V

— 8.16 *1.01.1 2~ c-~ LOOP UNITILN ? N0 — 
292 . -

~~~~— 
83;’ 95 

V- 

— 
(Vh93 4 04

— 
e~s osz i 1-6 25 46 N0 =0 

— 
094 5 05 .

— 
833 6T0- 22 6.~ —______________ — 8.05 + -53 R 0 ” 2 .45 +I/ (r—1 .7

~° 840 *1.81.3 2 — 
09t~ X*Y? 1-6 35 R0 ? R ?— 841 6905 23 95 

— 
os;’ cr02 :~~o.i- V

— 
84’ RCLE X 25 89S R~ -

~~~ R
— 

C4~ X~Y’ 16-35 899 RC~0 36 ~+ r
— 

o~ crth 22 U ICC CT0~ 22 LL. T O A IF R > R0
— 

045 RCLO 36 88 10 *~BL2 ~ 02
— 846 OSPO -63 88 1- 02’ R4 -

~~~ R
— 04’ PSE ~6 51 FlASH n — 113 RCLO ~, ~ r C(app rox)
— 049 001.4 6 84 — 184 6100 .~; .; IF R ? R 0
— 

849 05F4 -
~~~~ 84 DISPLAY P1 185 *LCL 3~ 2 ’: 02

~~ ISO 01$ 24 ___________________ 106 04 - , 2  r
151 L8L5 21 85 10? *1.01.0 2: APPROX P2— 852 1 31 - 

— 188 9100 35 14 r
— 853 ST.g 35-35 90 n = n +1 — 189 X Y  -41 R -

LI 
— 854 1CL~ 36 11 ‘~~~.... Ill STOC 35 13

Ii 855 RCLI 3 6 9 0  — III X Y  -4 1 - -

— 
~~~~ -~~ x/n 112 — -~~~~ R-r

— REGISTERS _________________________________

o ii 12 f3 4 p 5 6 1 B 9
n K~ n 

_____  -

1s1 J$2 
1
S3 $4 S5 S6 $7 SI S9

V 
A 

~

8 y = r 2/2 ~C R ID r JE ~~ N~, 

~~~~~ V ~~~~ V - Li
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18.6 PROGRAM LISTING

STEP KEY ENTRY KEY CODE COMMENTS STE~ KEY ENTRY KEY coos COMMENTS
1-13 9109 !JS H6SV —14
114 RCL.C 6 .3 _

-: :‘0 SICS ! 05
- — 1-I S 3 ~‘: PC~~ 2~~06

116 POLO 3( ;4 i ’2 CSP4 -(0~V II? -35 1’? x- .0? :2-~ s IF z < 0
:1-9 — - .5 

— : ?4 6106 22 06
- - ~~9 POLO -~~ :4 :‘5 ~~Y -4 ;

~~~__ 220 X2 :;‘C RTN ~4 DISP LAY P2
121- SF09 _~~~~~~~ 1” *1.01.6 .~~ 05

• 1-22 1’2 I 0 P IF z < 0  V

— 
.2 X I?9 RCL5 -2 05

+ V 4  ‘~~° — 45
25 + 5~ z ’=R — r+ (R —3r )/4r2 1~: 9105 05

— 
1~~ 4 04 192 PIN 14 DISPLAY P29 

_________ __________

222 P01.9 6 
_________ __________

12~ X - 5  
_________ __________ 

V

• 1-30 1/1-S 52 
________

1-3; — -45 z ” = z’— 1/48r 2 V

1-32 RCLS 25 
_________ __________

~J? ~2 5; 
_ _ _ _  _ _ _ _ _

— 
134 1 

_________ __________

1- 3 5 0 
__________ __________

3t P01.9 6 09 
________ _________

237 x
— 139 RCL.C 26 1 - 4  

______ ______

:39 x 35 
_ _ _ _  _ _ _ _

110 42 — -24 
_________ _________

— -45 z z ~~(R—r)2/12r
3 

________ _________

U2 *LBL( .; 1-3 CUMULATIVE GAUSSIAI~ 
V

1- 4 9106 35 05 (SEE PRO~~~~M 17) 
_________ _________— 244 K~ 5 
_ _ _ _  _ _ _ _ _

~45 sr o ’ :s;~ ______ _______— :40 X~ __________ __________— 14? 2 ~~
. ) _ _ _ _  _ _ _ _ _

249 3 
________ _________— US 8 05 / ,- -, /

1-50 + -5! / : 
_________

151- i/X 3. - I

~~ 
RC~7 3~~~ f ,.,-1 I 

_ _ _ _ _

— 154 P1 16- 24 ‘- -
~~ 

V

— 155 1V ~~ 52 
________ ________— 1-56 — -45 — 

V
— 15? 0CL7 36 07

250 x -35 
_ _ _ _  _ _ _ _

159 2 02 
_ _ _ _  _ _ _ _

~~~~~~~~~ 160 ~— 162 ~~ 33 
_________ _________— 162 014$ -22 
________ _________

163 1 
_________ __________V 

164 + -55 
________ _________

265 1X 54 — _ _ _ _  _ _ _ _

Z~~ I IL 
_ _ _ _  _ _ _ _  

V

1~? 4 -55
10 2 92 __________________ —— LAIELS ~ FLAGS SET STATUS V

ITERATION ~ ES 4odc APPROX. l~O0P.TESTt~ 
E 

~~~~~~~~~ 
t0

________ 
FLAGS TRIG OISP 

- -

a lb Ic d a Ji ON OFF
- I I ____________________ I — 0 0 0 DEG 0 FIX 0

0 L(EST R VSR,~2 (101 ) ~ (105) ~oop, n S ~42 0 0 GRAD 0 SCI 0

~OMPUTE dJ’ P2 IF z 
9 

•j
3
_________ 

3 0 0 
____________________

- --55 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
- -  
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19. LINEAR PROG RAMMING AN!) 3 x 3 M A X  GAME S

19.1. REFERENCES

a. C. B. Dan t zig , Linear Pr oUr arr2 nin~3 1zn ~! Exten~ion~, The Rand
Corporation , R—366 — PR , August  1963 (publ ished b y Prince-
ton Univers i ty  Press) .

b. A. M . Glickman , An In troduction to L:~n~-’~zr Progrcm~nin~V i and
t~ze Theori~ ‘J ’ [~ni~’~~, John Wiley  and Sons , New York , 1963 .

c. R. W. Metzger, Elernentari~ M1ztht ,~ t;-r~~,~l Projra7nm-in~ , John V

Wiley and Sons , New York , 1958.
d. J. D. Williams , L’h1’ (

~ornpleat ~ t 1t : c-~J~/ . 9 t , M c G r a w — H i l l , New
York , rev ised edi t ion , 1966.

e . M. Dresher (~
•a~i’ o ~J Stra t ~~ ~~ The~ ‘i’~j and App ~~ L~ I;l$,

The Rand Corp ora tion , R—360, May 1961 (published by Prentice—
Hall).

19.2. DISCUSSION

- The 3—activity linear programming problem may be formulated : V

4

f ind x
1 

� 0, x
2 

� 0 , x
3 

� 0 sa t isf y ing

a11 x1 + a 12 x 2 + a13 x3 � b
1

a21 x1 + a 22 x2 + a23 x
3 

� b 2

a 31 x
1 

+ a 32 x 2 + a 33 x
3 

� b
3

to max imize

-~ 

M = c
1
x

1 
+ c

2
x2 + c

3
x

3

The recipe for  solving this problem by the pivot method is very V

simp le , a l though the r e su l t  of deep and extensive ana lysis. Set up

Tableau 1:

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

~~~~~~~~~~~~~~~~~~~~~~ — V V 
~~~~~
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x
l 

x
2 

x
3

a11 a12 a13 b
1 

u
1 4

1
/0

a21 a22 a23 b 2 
u

2

::: ~ ::~ 
________

TABLEAU 1

1. The pivot co lumn correspond s to the most negative of —c
1,

—c2, — C 3. Say this is —c . V

2. The pivot row is found by f ind ing

b
1/a 12 , b

2
/a22 , b3/a32

for only those b ’ s that  are positive , and then selecting the minimum .

Say this is b
3
/a 32. Then the pivot is a32.

3. Replace the pivot by its reciprocal , and divide all other

en tries in the pivot ’s column by the negative of the pivot.
4. For an entry other than those in the p ivot ’s row and column ,

add to that entry the product of the entry in the same column to the
left or right of the pivot in its row and the entry in the (new) V

V V V~~~~ 
-

, 
- , 

‘
- .~~~~~ p ivot’s column to the left or right of the entry in its row.

~~~~

- .. 

, 

5. Nov modify the pivo t ’s row by dividing all entries other

than the p ivot by the p ivot .

- 
6. Interchange x

2 
and u3.

These operations produce the new Tableau “ :

_ _ _ _ _ _  

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -
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xl u3 x 3

a 11 + a 31 (-a
12 /a 32 ) -a 12 /a 32 a 13 + a 33 (-a 12 /a 32 ) b 1 + b 3 (-a 12 /a 31) u

1

a 21 + a31 (-a 22 /a 32 ) -a
22 /a 32 a 23 + a 33 (-a 22 /a 32 ) b 2 + b 3 (-a 71 /a 32

) u
2

a 21 /a 32 1/a 32 a33 /a 32 b 3/a 32 x
2

/
+ a 31 (c

2 /a 32 ) c 1/a 32 —c 3 + a 33 (c 2 /a 32 ) 0 + b 3 (c 2 /a 32
) M

TABLEAU 2

In the numerical example below , the initial pivot is a23 (not

a32 as above) .

Example (Ref .  b , Sec . 5)

x
1 

x
2 

x
3 

x
1 

U
2

~

- 1 1 1 100 u
1 

1/4 1/2 — 1/4 4 7 . 5  u 1 V

3 2 210 u2 - 3/4 1/2 1/4 52 .5  X
3

3 2 0 150 u
3 

- 3 Q 0 150.0 u 3

—5 —4 —6 0 M —1 /2 — 1 3/2 315.0 H

(Tableau 1) (Tableau 2)

7. Repeat the above process until all entries in the bottom

row are nonnegative. In the rightmost column read the optimal x ’s

and maximum M. Any u left in that column indicates that the corres— V

ponding x is 0.

Continuing the example ,

- 4..

T11 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
V 

- - V



-~ 
--

V ~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~ V V

—175—

u
3

—1/2 — 1/4 —1/4 10 u
1

0 —1/4 1/4 15 x
3

3/2 1/2 0 75 x
2

1 1/2 3/2 390 M

x1 
= 0, x2 

= 75 , x3 = 15, M = 390 (Answer )

(Tableau 3)

The previous examp le in equa tion form is:

f ind x
1 ~ 

0, x
2 

� 0, x
3 � 0 subject to

x1 + x2 + x
3 � 100

3x
1 + 2x 2 + 4x3 � 210

3x 1 + 2 x ,, � l50

to n~z.r’ --~~,- M = 5x
1 + 4x2 + 6x 3

Suppose the problem were :

find x
1 � 0, x2 

� 0, x
3 ~ 0 subj ec t to

x1 + x2 + x3 � 100

3x1 + 2x2 + 
1x3 ~ 210

3x1 + 2x2 ~ 150 
V

to ~ninimize in — 5x
1 + 4x2 + 6x3. 

V V ~~~~~V~~~~~~~~~~~ _ _ _
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We set up the duo?. problem (the pattern should be c l e a r)

f ind y1 ~ 0, ‘i ,, � 0 , � 0 sub~ e - t  to

-~ v~~ + + 3y
3 ~ 5

+ 2v ., + 2 y 3 ~ 4

v
1

+ 4 y2

to “~ :. r:~~~ M = b O y
1 + 21O y~ + lSOv 3, and solve t h i s  p rob l em by the

previous method . The values  fo r  x v a r i a b le s  are  now read o f f  on the

bo t tom row under the interchanged u ’s w i t h  the  same subscript.

The re la t ion  of the duals is c l a r i f i e d  by us ing the program to

V-solve 3 “ 3 m a t r i x  games. The procedure  is r e a d i ly  understood b y

following through a specific example .

BLUE is the maximiz ing  p layer , RED h i s  m i n i m i z i n g  opponent . i t

is desirable to add a cons t an t  to  a l l  en t r i e s  in the p ay o f f  matrix to

make a l l  e n t r i e s  pos i t ive  if necessary .

This increases the value of the or i g in a l  game by t ha t  cons tant

but does not change the propor t ions  in which the s t r a te gi e s  are p lay ed .

The new examp le is

RED

i-
1 

r 2 r
3 V

h
1 

2 6 0

B1.UE b , 5 3 6

b
3 

5 4 3

where b 1 
(r
j
) is the p r o b a b i l i t y  BLUE (RED) w i l l  choose course of

- ;  
action or strategy I (j). Then

1 ~ h .  ~ 0 , 1 -~ r
j 

� 0, h
1 

+ b 1 + b
3 

= 1, + r ., + r~ = 1

V ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Look at mat te r s  f rom RED ’s point of view . Against each of

BLUE ’s ;‘u~~’ stra teg ies , RED must expect to pay BLUE

2r 1 + 6r 2 ,  5r
1 

+ 3r 2 + 6r 3, Sr
1 

+ 4r
2 

+ 3r
3 -

Let ~i (unknown) be the greatest  of these three . Then p u t t i n g

= r
1/~.1 , V

2y~ + 6y ,  � 1, Sy 1 
+ 3y 2 + 6y 3 ~ 1, 5y 1 + 4y2  + 3y

3 
� 1

and RED wants to “~:‘~:~ :~~:. p by r’ia.r r’~f i M = 1/p .

M v 1 + v 2 + v 3 -

This is the standard linear programming problem w i t h  the r i gh t—upper

border all +1’ s and the l e f t  lower border all —l ’s. The f i r s t

tableau is:

Y 2 
V

2

- 5 3 6 1 v ,

5 4 3 1 v3

—l -1 —l 0 M

Any column could be the first p ivot column . We choose the c i r c l ed

number as the p ivot because 1/6 < 1/5 (a var iation on step ( 2 )  above) .

The second tableau (by the program) i s :

ii~~~
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y 1 V
1 

y 1

2 .17 0 .17 ‘2

— . SO (‘J - V .

— . i ’i  I - 1! v

— 1  . 17 M

r .  1 , 1 1 . 1  t ~~ 1. ~

V
I

r 1
- I ii I ’ l l  . 1  v

‘
p 1

V ’~~~ $ ) V I V ,I

-. V

_  V V~~~~~~~~~~~~~~~~~~~~~
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It is given in the h i g h — l e v e l language appr opr  l a te  to  our  mi t i d s  , bu t

on lv wit Ii care and t Ime do we avo Ed errors

The hl’—b 7 unders tands  only a ret at lye ly low—leve l language even

V t hougli It Is quite advanced over ear Iv cod ing In mach Inc language

St ’ what  we see w i t  bout ef IOIV t (the I f )  r e q u i r e s  many steps of

programm ing .

1. Ih e  programming prob l em i s  compounded In di i lieu ! t v because

t Iii’ Iil’ —iil cannot  work wit Ii the d ou b l e  m d  i . -es ot mat r i x  e l e men t s .  We

mus t ‘ ‘ I I ~. . - a t  I~-~- ’’ the mat r ix and ~Iev iso an ‘‘add ross ar  I t  hmct Ic ’’ t OI ~ t lii S

~‘‘ ~‘I . to rn — anti I hen , ._ t ~ I . ’ It the m u  i e~- t I d r e s -  I ng t -apah  I I i t  v ol  the

I ~~~~~~~~~~~ -

i i .  I t  , -in •~ ‘i i n  •~~, ~, , 
• ~~~~~~~~ I . i ~ I lie Ii ~~.

- - i i  ‘I ~~~ immliig

l,.iI r • i . i i  h , 0,. ,,,.,g 
~ . ‘ t  , . - u - 

~~ ..I,Ii , •.~ ~ - ?

F - -

ii I ~‘ t~ -~ i t ,

4

_ _ _  - V V~~~~~~ -V V V~~ V~~~~~~ V V~~~~~~~~ V V V V V~~~~~~~~~~~~~
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V 4.  items ( 1) and (2) of the rec ipe  are not carr ied out by t h i s
V program. They can be programmed , but  onl y at the cost of an add I—

t iona t program card and thus of t ime . And in t h i s  case a man can

f ind the p ivot fas ter  than the machine  can i f  he has the matr ix in

f r o n t of him .

The ph i l o s o p h i c a l  argument  is tha t  the  HP— 6 7 and the user are
V engaged in a eooi cr at  [ye one—shot  (or f e w — s h o t )  e n t e r p r i se , r a the r

than  h u l k  or product  ion compu t ing . Each pa r t ne r  should contribute

what. he can do b et t t -  and q u i c k e r .

S. Running t Ime for each i t e r a t i o n  is 47 see , cxc lusive of the

i i na I d isp Liv  (1 — x — ) o I t he new tab 1 eau f or manu a 1 re cord lug

1

V V V - ~~~~~~~~~ V V V V V V V VV
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LBL A 0 
(SUBROUTINE)

-r PIV.OO
T a

~
D R

?
ESS  

+4 , s- 8 , +12 

~~ 
~~~~~~ 5]

4, 5, 6? ~
‘ 

~1 4~ 4-4, +8 
~~~ I

8,9, 10 ~~ _ _ _ _  
I _ j

-8 , -4 , +4

C
V PROCESS ENTRY

ADDRESSES IN ORDER

I ~~
. I

SAME COLUMN V INCREMENT
AS PIVOT ? ‘

~1 
ADPRESS

V i  ~N I
~~ME ROW 

~~~~~~~~

AS PIVOT ? ]
STE P ~~~. ] N

ALL INTUI IS 
~
‘ —

L ~~~~~~~~~

• 
_V - i t P ~~T )

4 - a  • i  4

- 4 I • ~~
4

- ~~
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19.5 USER INSTRUCTIONS

( 19. UNEAR PROGRAMMING
AND 3 X 3 MATRIX GAMES

L~i.
INSTRUCTIONS DATA/UNITS KE~~~ DATA/UNITS

1 f CL. REG , f P—S, f CL REG 
_________ V 

V 

IV H _____

V i 

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _  I iLil] 
_ _ _

2 LOAD BOTH SIDES OF CARD 
_______ 

1_ il] LV 
V ________

____________________________ _ _ _ _ _  
L V

V

H ~~i] 
_ _ _ _ _ _

3 °II’ °12, 0J3, I,1 STO 0, 1, 2, 3 
________ 

1 1 1~~i _______—- 

I I L . I ____

4 °21~~°22~°23. b2 SIC 4 , 5 , 6, 7 
— 

I I I 
_______- 

- _ _ _  _ _ _  _ _ _ _  _ _ _  
I l U ~ I 

_ _ _ _

~~ ~3b 032 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _______ I IL _______

_________ _________ ________ 
I iI~ V I 

___________

6 r p—s 
- _ _ _ _ _  

I 1 I I  
_ _ _ _ _ _

S 
______  

I II V I ______

o~~~, b~ STO 0, 1 
- 

I I I I _______

1 II - V I  V

8 —c i ,  -C2,  —c~ STO 2 , 3, 4 I II I
I I I _________

9 1 P—= S (IMPORTANT) 
-— I ii 1 ______

I I I I 
___________

(PRLSS ( TO ~IVI(W ENT R I E S) V V I ,  
- - — -

I II I
0 ORtE~~~N~ P1\~~’1 - I I I  I

— I I I  I
I I  ~~~ ~ ~~~~~~ *~oo~~~~

I . ~~ • I S. • , I 4 000 - I I

• ~~~~~~~ $ , .. •- ‘a ‘~~~~ (A
a- ~i’ ~~~~~~~

LV~ V 
_ _ _  

_ _ _ _ _ _ _
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19. 5 USER INSTRUCTIONS

— 

19. LINEAR PROGRAMMING 

- V V~~~~~~~~~

!I!~ V iV~~~ 
DATA/UNITS KEYS D A S

— 
THE EXAM~1E IS IN THE T EXT , 

________ II V V_J [liii 
_________

~~ BLEAU~2 INTO TABLEAU 3 .25 L~IPJ F~~~J ______

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
.5 [iii] [Ti _ _ _ _ _ _

V 

— 

-.25 EII LIII 
_ _ _ _

: 1 
— ‘~.-I 47.5 [Iii _ _ _ _ _

_______________________________________________________ V I ____________—
~~~~~~~ .5 I I L 5 I  

_ _ _ _ _

__________________________ 
- .25 I - I Io:I 

_______

__________  ____________________  
52.5 I I I  7J  

_______

_____________________________________________________________________ 
3 1 .  

- 
V I I T I 

_______________

4 _V  - -  - _____________  
PI VOT 

-— 

2 1 
V 

I I  9 1 V 1 
_______

~ P—S 0 ISTQ I1~~IV V I _______

V 

~so I 
-V 

V )  [111111 ______________ 

V

_______________________________ — .5 I-V
~~ II ~~I _____— 

-1 H. 1 1 3 1  
_ _ _ _

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
15  

- _ _ _ _ _

-— __________________________________________ 315 I IT I I ~~~V~V 

_____________

____ __________________  — I f  l IP—S I _______

- 

- - —

~~~~~ PIVOT ADDRESS 9 I - I f

V A~~~ V 

I —
- - 5°

_________  ____ I II I -.25
____ 

I II I - .25
( V  ii I 10.00
I It  I 0 .0°
I I I  1 - .25

-VII I II I .25

*3 V V

I II I
I II J
I I I  0 0 °

l
j  I

I ” )

I

.. a
4

V V ~~~~~~~~~~~~~~~~~~~ V V V V V~~~~~~~~ V V V V V V V
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19.6 LINEAR PROGRA MMING

STEP KEY ENTRY KEY CODE COMMENTS STEP KEY ENTRY KEY CODE COMMENTS
°2L_ . UI *LBLA 21 11 1 057 *L8L4 21 14

802 STO1 33 46 PIVOT ADD(RESS) 1111141058 ROLE 36 12
883 STOB 33 12 839 4 14 V

V 884 RCL 36 45 060 — —~~~~ PIVOT ADD - 4
805 I’X 52 061 STOI ~ 46

— 806 CHS —22 862 CSU 23 N
— €87 STO~ 35 ii —1/ PIVOT VALUE 863 ii —

— 888 RCLB 36 12 064 4 04
— 089 4 $4 

— 
€6! + -55 PIVOT ADD +4

010 ÷ —24 866 STOI 35 46
011 INT 16 34 867 CSB0 23 80 

— 
V

V 012 X=8? 16—43 PIVOT ADD=O , 1 , 2 868 ROLl 36 12
813 0T03 22 13 069 8 80
êIT T — 

I 
— — — — — V

870 + -55 PIVOT ADD + 8
815 XY? 16-33 PIVOT ADD = 4, 5, 6 

- 
071 STOI 35 46

— 816 0T04 22 84 - 
072 CSBO 23 N

— ~~~~~~CU 36 12 — V
~~~~~~~~~~

..
~~1.~~

r_V
~~2_ff 

_____________

018 8 88 DI~I f A ~ 
074 *LBLC 21 13

019 — -45 ‘ — v  - 0.75 0 90
~~~~~~~~ 828 SWI 35 46 — V 076 STOC 35 13 FIRST ENTRY ADD .

V 

— 
Ø~~ ~5~Ø fl 99 — — — 

— 077 GTOO 22 14 
___________________

022 RCLE 36 12 07~ *LBLD 21 14
02~ 4 84 079 RCLB 36 12 PIVOT ADD .
024 — -45 PIVOT ADD -4 6~ 880 4 84 -

~~~— 
02~ S TOI 35 46 881 ÷ —24
026 CSBO 2380 — - 882 lilT 16 34

• —  ff27 ~~ Ct~ 3~~T2 — — — — — - 083 RCLC 36 13 ENTRY ADD .
82~ 4 84 084 4 94
829 + —55 PIVOT ADD + 4 — - 085 ÷ -24

~~~~ 030 STOI 35 46 — - O8~ lil T 16 34
— c3: gsBe 23 88 ~‘S7 — -45
—  

~~~ ~~T~C— 111i — — — — - 883 4 .4
— 833 *1.8L0 21 18 (RECIPE STEPS 3, 5) 089 -35 ~ (PRGM NOTE 2)

834 RCL 1 36 45 ~~ 09i~ RCLC 36 13
—  035 RCL.~ 36 11 - 09 + —55
— 

036 -~ —35 COL. ENTRY 89 STOO 35 14 ~~= ~ + ~— or STO 35 45 DIVIDED BY—PIVOT — - 893 ROLl 36 12
— 038 RTN 24 

______ ____________ 
094 ~~y? 16—33 TEST FOR ENTRY— 

~~ ~~~~~ ~~ 13 
--__________ - 

09~ 9T05 22 IS IN SAME COL. AS PIVOT
940 RCLB 36 12 1!(~~~CD ~~~~~ T~ 

— — — -

T94: 4 84 IC — 45
I 04 + -53 — 09E RCLC 36 13

~~943 T01 35 46 PIVOT ADD • 4 099 • -55 ) - z • e - p — z
- 
1”i4 CS$I 2380 

~j1QI..CQ ~~~~~~~~ ICC SlOE 33 13 V
— V 

~~ ~~r~7 X1T — 101 ROtS 36 12
V J4~ 9 80 :e: ~~~~~ 1~-33 TEST FOR ENT RY

• -35 PIVOT ADD ‘-8 :3: C Y C ~ 22 $5 I N SAMI I1OW A$ PIVO T

1”- ‘OI 3546 ~PIVOT COt ) -yir— ,rrv — -* r( - —

1•~’ C~~~ 2280  ir ~ToI 3546
— ~~~ Rf ~ X (7 V _ 

~‘L1 3643 ~ 
(
~ I801 II F if. ‘ r&l 36 3

~~~• pip e • ~~ p~t.r~~fl ADD 17 ~• .~~ II INt  j9( V 
P4ANt~4

~~~~ 1 . I  ‘~ IS P IV4 ,~~ (~
( 

~t I - 
j V ~ ~~~

~~~ ~~~ 

- 

• •~ ~~~~~~~~~~~
‘ - 

‘ ‘

9

— -- V  — 
V V —
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19.6 PROGRAM LISTING

STE P KEY ENTRY K~~ CODE COMMENTS STFP KEY ENTRY KEY CODE COMMENTS
V 

- -- 113 STOI 35 46 —- 169 iS2f 16 26 46
1 4  x:~ -41 1~9_C~~ _..~~~J N 1.AS1 ~QYLJMIRL 

V

115 RCL I 36 45 171 CTOC 22 1~116 + —55 —- V V V 172 *LBL2 21 82
— 117 RCLC 36 13 173 RCLB 36 12
— 118 STOI 35 46 £74 STOZ 35 46
- — 

I1Q X~Y -41 175 DSZI 16 25 46 ROW ADD TO LEFT
128 STO O 35 45 (RECIPE STEP 4) 176 CSBI ~jH — — —121 1 II 

— 177 ISU 16 26 46
— 122 5 85 178 ISZI 16 26 46 ROW ADD TO RI GHT
— 

123 RCLC 36 13 
—

— 
124 X~Y? 16—35 ALL ENTRIES ? 180 180 1521 16 26 46
125 CTOS 22 IS - 181 - - CSBa 23 90 LAST ROW ENTRY

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 2fl ~ _ _ _ _ _— 127 sL8~5 21 85 
— 183 4LBLE 21 15 REVIEW TABLEAU

— 
12$ RCLC 36 13 184 8 88

— 129 1 91 185 STOl 33 46
~~ 130 + —55 — 186 CTO6 22 96 

__________________— 
231 81CC 35 13 INCREMENT 187 *LBLe 21 96

— 132 0100 22 14 .~N1RY ADD . 
— 188 RCL 36 45 —

133 *LBLB 21 12 — ISS FRTX —14 f — x -  - -

134 RCL~ 36 11 ~~ 190 1821 16 26 46
135 OHS —22 

— 192 -1 81
136 STC~ 35 11 1, p - 192 :5 - 85
137 RCLB 36 12 V 

- 193 ROLl 36 46
— 132 8101 33 46 p 1 4  X~V~ 16-35 ALL ENTRIES ? V

— 13? RCL~ 36 11 
— 

195 0106 22 96
V ~~~~ 148 SWI 35 45 RECIP. OF PIVOT — 

1$f RTN 24 V

141 RCLB 36 12 - 
______ ______

142 4 84 ~~ 
- _________ _________

143 ÷ -24 — ________ ________

— 14-0 FRC 16 44 .—

:45 X=0~ 16-43 PIVOT ADD =0 ,4,8 — _______ _______

— 146 0T01 22 81 — V

— _ _ _  _ _ _

—  142 I X  52 — ________ ________

— 14? r~~’~ 16-33 PIVOT ADD = 1, 5, 9 
________

e~~ 150 0102 22 82 
_________ _________— Th~~~~ii 3fl1 ~1V 2 61T~ _ _ _ _  _ _ _ _ _— 152 SW! 35 46 
________ _________— 153 DS.~’l 16 25 46 - -

— 154 DSZI 16 23 46 
____ ______

155 CS.8 23 88 1 ST ROW ENTRY 
________ ________— T!~ ! 1r�r4r - — - - - - - — ___ ___

- 
:5~~ CSSI 23 II 2ND ROW ENTRY 

_____ _______-— V _ _  _ _ _

159 is: : 16 26 46 
_________

Ló.~ OSlO 23 88 ROW E N T R Y  TO RIGHT — ________

— TcT ~~~~ ~~ iT - — — —- -___ _ _ _ _ _

~~~ StiL l 71 11 
_______— i t :  icti 26 12 
______

114 SlOt 3546 •tr — —--— — — —

— .65 1S.’I £6 26 46 ~~‘ 1  ______ROW ENT RY 2 ___

6688 1280 NI~(

J 
~~W ENT RY 

_ _ _ _ _ _  _ _ _ _

• 
-

~~~~ 
-

~~~ 
V

_ _ _ _ _ _ _  r 
V - V

_r 
_ _ _  ~~~~~~~~~~~~~~~~~~~ 

;~~~~~~~J
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20. FOURTH—ORDER DIFFERENTIAL EQUATION S

H 20.1. REFERENCE V

a. R. W. Hamming, Numerical Methods for Scientists and Engineers,
McGraw—Hill , New York, 1962.

20.2. DISCUSSION

Systems of four first—order (frequently nonlinear) differential

equa~J~ns, sometimes in the guise of two second—order equations , occur

more commonly than one would think : The basic beam deflection equa-

tion is of the fourth order ; chemical kinetic systems with four (or

more) equations are common; reentry trajectories are specified by two

second—order equations (see Program 4); Lanchester equations with two • •V

force components *for .4side and with variable coefficients occur ;

problems in cc~~~~~al control theory and in differential game theory

lead to such systems.

Since the }LP—67 has a limlted number of storage registers (26)

and of program steps (224), and since program space is needed to de—

fine the functions o~ ’~he system , we seek an alternative to the rather

complex Runge—Kutta “standard” formulas, an alternative that is miserly

of program space and yet has good accuracy for relatively large time

intervals——that is, good rci~ztive stabilit~j, defined as the rate of

growth of the error relative to the growth of the solution.

Moreover , programming must fully exploit the indirect control

afforded by the powerful I—register . That is, the number in the

I—register can be the address of a storage register or the nt~ne of

a label (subroutine). Then th~ instruction STO (i) or RCL (i) or

CTO (1) moves X-~register data to the right register or recalls data

from the desired register or sends the program to the right place.

Hence, in conjunction with incrementing and decrementing the I—

register , serial treatment of all four equations can be accomp lished

with the same economical set of processing instructions .

The final programming problem is to move data around , l Ike f r e i g h t

cars In a marshalling yard . so that storage spaces are freed just in

t ime to make space for a new claimant .

‘1
- - V V~~~~~~
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20.3. EQUATIONS

Section 14.3 of R e f .  a describes a simple pred ic tor—corrector
approach for f i rs t — or der  equa tions that seems to have promise and is
readily extended to a system of equations .

Consider the equation

dx/dt = X( x , t ) ,  x (0 )  = x
0 

.

Let the time interval be h. Suppose tha t a t t ime (n — l )h  we are
at x

1. Then a good predicted value for X +i appears to be

p x +2h x ’n+l n—l n -

= Xn l  + 2h X (x ,t)

since x’ is the slope at the midpoint of the double interval. Accord—
V 

. 3~~- , irtg to Hamming, the c-rror term is h x (0) / 3 .
The value 

~n+l is now corrected by taking

C
+i 

= x + h Ix ’
÷i 

+ x ’}/ 2

where p~~~ is used to determine ~~
‘
÷1 

= X(p +i,t). The er ror term for3 ..~ ~. .C~~1 is —h x (0)112 . If ~ is approxima tel y constant in the interval ,
then

3 m  ‘~~~~~~ .
V t’n+l 

— c
+1 

= 5h x, /12 -

= (x +1 
— c

+1) 
.

or ~V

• (4c~~ 1 + ~~~~~~~

• [4x + + 2h(x ’ + 
~;1+1~ ”~ 

.

~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~ ~~~~~~~~~~~~ ~~~~~~~~~~~~~~~ 

- 

~~~~~~~~~~~~~~~~~
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and

n + 1  h)

To get started , we need x1 in addition to ~~~ This is done by

expanding in a Taylor ’s series V V 

-

x1 x0
+ h x ~~+ h x ~/2 +... .

Hamming recommend s carry ing ti-Ic series to the or terms , in our

app lica tions we have stopped frequentl y at h because of the labor in

computing ~~ and x~~ But note that if h/2 is used , the error is

multiplied by 1/8. V

The preced ing analysis is readi ly  generalized to a sy s tem of t our V

equations:

V x ’ = X(x ,y , u , v , t )  y ’ = Y( x ,y,u,v .t)

u ’ • U ( x ,y , u ,v , t )  v ’ = V (x,y,u,v ,t)

We have

p • x + 2hx ’ q = y + 2kv ’
n+l n—i n n+l n—i - n

r = u + 2hu ’ s = v + 2hv ’
n+i n-I n n+1 n-i n

x(P
~+i. ~~~~~~ r

+1
, S~~~~1, n + l  h)

etc.

x~~1 
a [4x + 

~n+l 
+ 2h( x ’ + 

~~~~~~~~~~ 

V

etc .

20.4. PRO RAN NOTES

1. For each equation we need t emporary storage for x~~~1, x ,

- 

- x ’ , p~~ ,1 . Reference to the register contents on the first page of

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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the program listing shows how the storage is laid out. Secondary

V (protected) storage must of course be used . Fortunately ,  in indirec t

control the registers SO to S9 become 10 to 19, so that f P ~~~ S

switching of primary and secondary registers need not be programmed .

2. Label numbers are assigned to the subroutines that compute

X , Y , U , V to agree with the register numbers where x , y ,  u , V

are stored . That is, LBL 3 3, LBL 7 7, LBL B 11, LBL A — 15

in the indirect control mode. Hence if we are working with the equa-

tion for V. say with 15 in the I—register , then f GSB (i) sends us to

the correct routine for the fourth equation of the set.

3. In evaluating the functions X, Y, U, V , the locati.jns of x,

y, u, v are assumed by the programming to be 3, 7, SI, S5. Hence in

evalua ting p ’ 1, etc., we must be careful to move x from 3 to 2, etc .,

and then p from 5 into 3, etc.n+l
4. Extensive use of ISZ and DSZ is made to drive indirect con-

trol to the right addresses at the right time.

5. Time is incremented by RCL 4 ,  STO + 1.

. 6. To keep track of the number of equations in tb.’ set, store

m , the number of equations, in bo th D and E ini tially. On each cycle ,

as an equation is processed , the value in D is decreased by 1. A

test tells if all equations have been processed , that the iteration

is complete , that time may be incremented , and D reset to m . That

is, the program may be used for any number m of equations up to 4.

Example. The equations for the motion of a particular hydros tatic
• 2 2 2 2pendulum are d x/dt + 3 dy/dt + 4x = 0 , d y / d t  — 3dx/dt + 4y = 0 ,

V with x0 
= 1, y

0 
= 0 , x~ = 0 , y~ 

= 4. You can almost smell——but not

quite——that the exact solution is

x = cos 4 t y = sin 4t

which is indeed the case.

- 

- The equivalent system of four equations is

= u y’ = v u’ = — 4 x  — 3v V t = —4y + 3u .

I
55

,

~~~
V V

~~~
V
~ 
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The values for t = h are readily found by expanding , using

1 y0 = 0 u0 = 0 v0 = 4

x
~~~ 

0 y
~~~ 

4 u~~~~—l6 v~ 0

= —16 y
~ 

= 0 u~ = 0 v~ = —64 - ;

= 0 y~ = —64 = 256 y
~
’ = 0

to get

= 1 - l6h2/2 y1 
= 4h - 64h 3/6

u1 
= -l6h + 256h3/6 v

1 
= 4 — 64h2/2

which are recognized as the leading terms in the series for cos 4t,

sin 4t, — 4 sin 4t, 4 cos 4t, respectively. For h = 0.025 we have,

to 4 places,

x1 
= 0.9950 y1 

= 0.0998 u
1 

= —0.3993 v
1 

= 3.9800 
- V

but these values are stored in registers 3, 7, Sl , S5 as they are
computed to maintain full accuracy . (Remember f P -~--~ S.) Also store

the initial values in 2, 6, SO, S4, store m = 4 in D and E, and store

h = 0.025 in 0 and 1. Now load the program.

Next program the functions by GTO.l2l, switch to W/PRGM, and then

f LBL 3, f P 4-+ S, RCL 1, f P +-~ S, h RTN ;

f LBL 7, f P +-+ S, RCL 5, f P ~
—+ 5, h RTN;

f LBL B, RCI. 3, 4, x, CHS,f P +-
~~ S, RCL 5, 3, x, - ,

f P ~ S, h RTN ;

g LBL a: RCL 7, 4, x, CHS ,f P ÷-+ S, RCL 1, 3, x, + ,

£ P -.--’- S, h RTN

~~~~~~~~~~~~~~~~~~~ V~~~~~~~V :E-
~~~~~~~~~~~ V~~ V .~
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Switch to RUN and press A. In the following tabulation we will

record onl y x and y at intervals of 2h = 0.05. The numbe rs beneath

are the exact values, where we f i r s t shif t to the radian mod e by
h RAD to get cos 4t and sin 4t.

h = 0. 025 h = 0.05 h = 0.025 h 0.05
t x x 

_ _ _ _ _  _ _ _

005 .9801 .1986 — --
(.9801) ( .1987)

0.10 .9210 .9482 .3894 .3158
(.9211) (.3894)

0.15 .8253 .8687 .5646 .4938
(.8253) (.5646)

0.20 .6967 .7525 .7173 .6573
(.6967) (.7174)

V 0.25 .5403 .6070 .8414 .7935
(.5403) (.8415)

0.30 .3623 .4371 .9319 .8981
(.3624) (.9320)

0.35 .1699 .2499 .9853 .9670
(.1700) (.9854)

0.40 — .0292 .0528 .9994 .9972
(— .0292) (.9996)

For this example and with a spacing of h = 0.025, accuracy and

absolute stability are excellent , although the running time is abou t

24 sec per iteration and 21 sec per display of the four variables.

On the other hand , a spacing of h = 0.05 caricaturizes the solution .

This points up the wisdom of doing a second run with half the 01 ~gina1

interval to determine whether major changes are occurring .

L~-— -- — - — V _ _V  __V
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20.5 USER INSTRUCTIONS

20. FOURTH ORDER DIFFERE NTIAL EQUATIONS

L~— .7
— INPUT OUTPUTSTEP INSTRUCTiONS DATA/UNITS KEYS DATA(UNITS

T FUT EQUATIONS IN STANDARD FORM, 
______  F ii i Liii ______

DETERMINE x1, Y i’ u1~~~ _______ 
LI] [111111 

_______— — 

LII ~~~~~1 _ _ _ _ _ _

2 STO x0 IN 2, X t IN 3 
— ________ L J 1 ~~I] 

________

— 
y~ IN 6~ yj IN 7 i [__ 1 

______

3 f P - — - S , ST O u 0 INO ,u1 INl 
_ _ _ _  _ _ _ _ _ _  

I I L I 
_ _ _ _ _ _

v0 IN4 ,v1 IN5 
_ _ _ _  

1 I 
_ _ _ _—

~~~~

——— — 

II H 
_______

4 f P—.-S, STO b IN 0 AND I 
________ 

I i I 
________

O I N DA ND E  
_ _ _ _ _  

IL I _ _ _ _ _

____________________________________________________ ___________ ~II I ___________

6 LOAD PROGRAM 
_______  

F I n i  ______—— 

I 11 11 
_ _ _ _

7 GTO.~21.W/PRGM. 
_ _ _ _ _  I 1ITT I _ _ _ _ _ _

LBL 3 X  
______  

][ ~IL B L 7 Y  
______  _______-

~~~~ LBL B U 
_________ I I _________

L B L a V  
_ _ _ _ _ _  U I  _ _ _ _ _ _— 

I Li _ _ _ _ _

8 SWITC H TO RUN PRESS A 
_______ 

I 11 _______— ___ — 

iii: _ _ _ _ _

SEE t ~~~~~~ _ _ _  i . i i _ _ _— 

- _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _  1 - 1 [Ti 
_ _ _ _ _

SEE x~, y~, u~, v,, FOR 
_________ 

I_ 1 I I 
________

5 SECONDS EACH 
_______________  _______ 

I ii I _______-— ____________— 

Lii L I _ _ _ _ _

10 USE R/S IF MORE TIME NEEDED TO RECORD 
________ I i [ _  

________—~ - 

I tT~I ____—-— 

L IL I
— [IlL I 

_ _ _
I

~~ 

—— I I 1 Iii 
______________—— - II ~LI I 

_ _ _ _— r : 1 1  Ii 
—____

— 

F - II ~_.i~I 
__________

___________________ 
I I I _______________ —

-- —-~ -~~~-- -
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~~~IS PAGE IS sEST QUALtTT PRA~at’I1~A~~~
1a~M OQk~Y ~U~ U~kth~D ro DD,Q ..._...._. —

20.6 FOU RTH ORDER FFERENT IAL EQUATIONS

STEP KEY ENTRY KEY CODE COMMENTS STEP KEY ENTRY KEY CODE COMMENTS
O0 901 *LBL~ 21 11 - e!’ RCL . 36 45 x~_ ee: 3 83 T .css 4 84

00~ STOI 35 46 — 859 -35
00-f 

~TOC 22 13 ___________________ °~° 060 -55
Ce!: •LBLC 21 13 e61 5 95
88f ~S8 23 45 X :62 + —24 x~~ 1

— 
88’ 1631 16 26 46 4 C~~ ISZI 16 26 46

— 
806 STO I 35 45 *

1 — 
CS~ ISZI 16 26,4.~009 •~‘~~9 36 88 06! LW! 16 26 4 5

010 —35 8(~ STC I 35 45 ~~~ IN R
2 82 ~~~~

‘ RCLO 36 14
012 x -35 2h 4 062 1 81

— 
013 0631 16 25 46 3 — —45

C:: 0231 16 25 46 2 07C •
~~
‘

~
‘ $TO0 35 14

0!: RCU 36 45 e:’: ~~C’ 16—43 m EQNS ?
— 016 + 

n— i 0’ GTO4 22 94 OUThiT
01’ ISZI 16 26 46 3 0’ 1631 16 26 46
0 3  RO L l 36 45 ~~ O~~ 1621 16 26 46 7
019 OS~’I 16 25 46 2 — 

~~~~~ OTOI 22 81 Yn+i ,~ n+1’S’n+1
~~~o 020 STOI 35 45 c ,~ C’2 ~LBL 4 21 84

02 R4 —31 10 GET 
~ 

C~~’ ROLE 36 15
023 ISZI 16 26 46 3 n+1 0’S STOD 35 14
02 ISZI 16 26 46 4 

— 
0’3 CSB2 23 82 x~~ 1 FR O M R T Q R~— 

024 LW1 16 26 46 5 ~~~~ 090 F L I  36 91
02!: STO 35 45 p 

— PSE 16 51 TIME SH OWN
022 RCLO 36 14 n+ 1 — 092 RCL3 36 83
02:’ 1 81 03 PRTX 14 f — x —  SEE x— 
829 — -45 rn— I 

— 
091 ROLD 36 14

— 029 STOO 35 14 — 09! 1 91
o~~ 83C X=8? 16-43 m EQNS ? — 

- -45
— ‘83: GTOO 22 98 — .‘S ~~0? 16 43 m EQNS ?

03. 16.’I 16 26 46 6 069 GT0~ 22 11
— : C~ ’ 1931 16 26 46 7 

— LIE 9 RCL7 36 0?
— 034 ~T0C 22 13 

~~~, 
U, V IN ORDER ~~~~ 090 PR TX -14 SEE

03! *LOLO 21 88 09~ ~CL0 36 14
— 

C3~ POLE 36 15 — 92 2 82
— 

~‘3’ STOD 35 14 — 0~~’ - -45
— 03$ RCL8 36 88 C9-~ ‘~0” i6~-43 rn EQNS ?
— 039 ST.1 35—55 II t + h — 09! OTO.i 22 11
~~~~~~~~~ (‘40 0S82 23 82 — 0~E r:s 16-51
— 84 3 83 — 09’ POLl 36 01 SEE u,,
— 042 STOl 35 46 3 

— 09$ PR TX —14
— O4~ GTOI 22 II — 099 POLO 36 14
— Z’~~ sL&L 1 21 81 i® 1~~ 3 83

0~~ ~SEi 23 45 p 1 101 - —45 ’
L 1S31 16 26 46 4

11+1 — ‘
~ 02 

X:0? 16-43 m EQNS ?
— 04; ’ RCLI 36 45 

~
1 — 103 CTOS 22 85

— 
04$ + —55 ‘I — 104 RCL5 36 05

— 049 PCL8 36 II — 13! PRTX —14 SEE v~
~~~~~~~~~~ 050 -35 — 186 CTC’S 22 95 

__________________— o!: 2 92 — 10 3L6L5 21 95
— 0!: —35 — 186 P 6  16—51

(!5 ’ 0S 1 16 25 46 3 189 TO~ 22 11 ’ NEXT ITERATION
054 RCL.’ 36 45 p,~ “2__ 110 sLBL2 21 92 .
05! • 

+1 !1~ P s  16-51
— 

es~ rszi i~ 25 46 2 
— 

112 RCL7 36 87 Sn+i
RE~ TJRS —

O II 2 13 4 1 5 1 6 • 1 ~h *,,,.1 i ~ ~~~~~~ i y
r1.1 ~~ 

q~~~~~ 1

Is S2 I 153 S4 SB Tse ~ 
Si SB S9

U~ •1 
~ 

u ,,~ 
~ 

rn+, Vn.~ 
v,,, 

~ 
v n

A m 1E rn

— ~~~~~~~~ - .—— _. - .
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20.6 PROGRAM USTING
STEP KEY ENTRY K EY CODE COMMENTS ST EP KEY ENTRY KEY CODE COMMENTS

:~ 9105 35 85 
-  - -

1U RCL3 36 83 r , , 41 _ . .

—- 11! 6701 35 81 — —— - . . 

i:~ r s  16-51
— —  ::‘ FCL9 36 09 q 1141 —  - - -. -H ~i: S~C7 35 0?

1 ? PCL5 36 85 p
~+~ — —  —-—•-.- 

READ Y FOR — -- 

-- 

. 

- . 

• 1I. .

14(1

‘0

‘6,1

— 
LABELS 

— FLAGS SET STATUS
USE D ° U USE D 0 FLAGS TRIO DISP

a b c d I ON OFFV 
________________ _______ 0 0 Li DEG 0 FIX H

USED ‘ USED ~
‘ USE D ~

‘ x ‘ USE D ~
__ _ _ _  

~ ~~~~~~ SCI H

USED Y e 3 0 ( 3  
____________

--_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  4, ~4
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21 . CURV E FAJI I 1,IE S AN t ) MACIl N U M b E R S

21 . 1. REFERENCES

a. iJnited Sta tes  Ai r  Force , / /  : . 1 ; % t  M : 1 , d l  .1_ , l ? 1  
~i ? ? ’ ’1’~J’~ , T .O .

I A — 7 D — 1 S — 32 , 29 March 1971.

b. united Slates Air Force ’ , A FSC , :e’ a ~. ’  1 ’ ~~~m’ ~~ :~ 11 , 1 ,Ju iv
1%5 (For O f f i c i al  Use Only) .

c . C. H. Kap lan , 1.. E . l)ogget I • and P. K. Se’ I de’ I mann , :1
• ~~~~~~ 

] 
~~ , . ‘ , U n i t e d  St. a It ’s Nava l Observa tory , Ci  r—

cu l a r  N o . 155 , 1 Oc tobe r  19 7 6 .

2
~L4~~ 

D I S C U S S i O N

M i l i t a r  dat  a fo r  ana iv  Ic or opt’ r a t  I ona I cisc art ’ t~ re’que ’nt I v

presented  as a lam i iv of (‘t ir ves ‘~ I (~ , 
v)  , Wh ere ’ v i s  t h e  paraii~ ’t e ’i

naming  the  fam [i v  ‘ s members . For ex amp Ic  , FIg . 2 1 . I ( t aken  I ron

Ret ’ , a) is a nomogram to d e ter m i n e , f o r  t he  A— 7 1)  a i r c r a f t  , tile’ Mach

number to max imize range for  constan t  a i t  i t  ude cr ee l  se , given av er age
*gross weigh t  and drag ind ex .  To use the  norno gram • s t a r t  w i t  Ic t h e

ave rage gross We’ i gh t  on the’ upp e r l e f t  s c a le .  Move’ hor I ~ont  all  v to

the p ressure  a l t i t u d e .  i)rop yen i c a l l  v t o  t i l e  a p p r o p r i a t e  drag i i i—

dcx curve . Move h o r i z o n t a l l y  to t lit ’ l e f t .  to  read t lie t r u e  Mac ic num-

ber for  l ong—r ange c ru i se .  Page a f t e r  page’ of such nornog rzmrn s ai~pear

in the’ m i s s i o n — p l a n n i n g  a p p e nd i x  of Ref . a . S 11111 l a r  iv , page at  t er

page’ of s i m i l a r  nomogr ams appear  in Re t  . I) , to 1)1. ’ used in  p l a n n i n g

spa ce miss ions .

N e i t h e r  Ref . a nor Ref . b g Ive’ s t h e  e q u a t i o n s  of the  curve f am—

i i  ics. When t he se  equat  ions can be I mind , and i f  they are  r e l a t i v e  lv

si mp le , t h e y  can he r e a d i l y  programm ed . Fr equen t  iv , however , as in

th e case of an ephem er i s  or a lmanac t h a t  t abut a t  c’s t h e  coecrd (na t e’s

of e’e les t  t a t  bodies for  as t ronom I ca l  and nay I ga t tona l use , the  under—

l v  1mg equat tons are ex t remel y  comp l e x .  To quo te  from Ref . c , these

*The drag index is not a drag coet t Ic lent . I t s  de t erm in a t  [on ,
as exp lained in de ta i l  In R e f .  a , is a t ab ul a t  ion of the ’ drag con-
t r ibu t ions  of externa l s tores by type and st a t i o n . The c lean air-
c r a f t  has a drag index of 0.
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Fig . 21. 1 Optimum Mach number
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tabu lat  tons “should idea l i v  he rep laced 1w e’oicc 1st’ ma t h e m a t I c ’ . i l  i’xpr e’s—

sions for  d i r e c t  ca le’u la t  tons .  Such express ions mus t take ’ t he  t e r m

of mathemat ical approx tmat  Ions , however , since  the p t c t ’ I se d a ta

are e’a I en t a t  ed f rom ex tensIve  theor i t ’s. . . . “ Hence , the Obst’r V a—

to ry ’s C i r c u l a r  No. 155 provides the  c o e f fi c i e n t s  fo r  the c f t i e i c n t

expansion of t abu la t ions  In a ser ies  el t  Chehy shev p o ly n o m i a l s .  (These

are z~~t curve f a m i l i e s , hut  fune’t ions of a s ingle  v a r i a b l e ,

In other cases , a curve fa int  lv  may at’ 1st ’ f rom c’mp ir t ea l  obse ’ r v . i—

t ions such as f l i g h t  t e s t s , or may be ’ the  Ir e s e nt ~ct tern of the  r e s u l t s

of ex t ens ive  coinput er s imu h at tons

In a l l  cases , the quest  ion Is Can app rex m a t  ions be’ I otinel f or
*the  f a m i l y  t h a t  are ot • ‘ .::• Z :\~ • ‘‘: ac c u r a cy  to the’ eLi t  .i , and t h a t  .1 c c

w e l l  w i t h i n  the t’ apahi  l i t  it ’s of the  H P— ~~7 o imp l emt’nt ’

Such approx im at  ions do not p rov ide  I n s i g h t  In rt’s pe ’ct to  ti t e’

phvs tea l  nat  nrc of the under lv  I ng p henomenon or model  i t  po I m o m  Ia 1

approx imat  Ions are’ used . P o l y n o m i a l s  a r ’  u s u a l ly  etu p I eyed because

of t h e i r  s imp ! Ic i t v  and conven t e n et’. I f  , however , p icys t e a l  a r g u m e n t s

or the methods of d m iens tona l ,wa I vs Is suggest a I unc t i ona I r e’ I at  t o n —

shi p among t he vat - j ab I es , t h i s  r e t  at  I oush I p shelu Ed cci -  t .1111 1 v be used

in the app rox ima t ion .  More modest ly , as we sha t 1 see short  lv , i t  i s

a Iw . ivs  des i rable’  to  consider t ak ing  t h e  l o g a r i t h m s  ot  t h e ’ depe’ndent

v.c r iab I C’ ohse’rvah 1 t ’s and then sub lee’ t ing t best’ Va i en’s t o  a po I ~‘ccom I a I

f i t .

rht ’ ohv ions . ipproae -ii  to  t In tl lug a p o l y n o m ia l  approx (mat  t en  I or

t he se’ t of ohserv.ih I t ’s ( x • v , z ‘I is  , in  i i’ i ccc ( p Ic , by th e’ met Iloci
** I I I I

c ’ t  I ‘ .i s t sqecar es . F’or exatup h e  • I et

f ( x , v ’ — f .i~~x * .i
2

v + ~~~~~~ 4 a .1xm + .i~~v
2

• ‘•: m~’ans a ~‘ .i 1 cci i a ted ~‘e’$Li I t  w i t  III  n I pt ’ rc ’e’nt Or .‘ p18’—

e’e’nt of the’ re’su i t  el read t u g  d i  Fec ’ I l v  f rom I itt ’ c’ ti t’Ve ’S . All et ~‘ice mcist
keep in in (ml t h.t t (a ’t t h e  w I cit I t o I p 1 cIt I cci curve ’s .tnd t lie ’ W 8V t ic

wit I cit t hem ar c  drawn c ill I-n t rodue’i’ d i S c ’ l’t’patle ’ I t ’s o I I h i t s  oreii’r In
the’ l~.is Ic rt ’atl Ings of ~‘a 1 ui’s on wh ( cI t  1 0 bas t ’ an app ro x  m a t  ion • and
ib) the a~’~’ ur ac  v of  th e’ pre ’se’nted da ta  is u s ua lly  unknown

** In more mode’ rn g uI s e , by or t honorma i t ; ’  I ng cod es . See ,loh n
Ttxh d (e’d . ‘1 , .-~:•e, ’.. ‘

~ .V:•~:. ’e.’~’~ .
‘ -~‘:a ,

‘ :~~:
‘c. ( ‘hap. h o , Mt ’Cr aw—hI I l l

New York , lt ) 62 .

L
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be the pred ictor. The n choose the coefficient s a
1 

to m i n i m i z e

C — ~~ — f ( x 1, Y t )]i ,J

Take the six partial derivatives of G with respect to the e’elet t ic t e n t s

and equate each to  zero.  Form the ind ica ted  sums and get s i x  l inear

algebraic eq uations for the coefficients a
0 
, ...,.c~~. 

*

This is p r inc ip l e . In p r a c t i c e  we hcave two problems :

1. Even th i s  “best ” app r ox I rnat i on ’1~y a secelnd—orde r pe•lv nomi .i l

may be of e rnaccep tab l t’ accuracy .

2 , No method in two d imensions is known th cat  is equl :3lent  to

the use of Chebyshev pol mu on [a Is  In one—d ime ’ns tona l t i t t  lug

• which  g ives the “best ” (most economica l )  f i t for  a pei ynorn i.e 1

01 g iven  order .

Fr ,enk ly c’xper Imen t a l  methods are used to get an accept  ab le  f i t

fo r  the curve l ant i l i e s  ene’ountere’d. As a working too l , the  e f t  Ie ’ien t

Chebvshev .cppr oxim ~-it ton program ava i l&h le  as Program 14 in the H P — 6 7/

HP—67 St .ct I’.ic I is  exp lo i ted . I t  is also adv i sab l e  to s tare  hard

and long at t h e  gi ap hcs ot t h e ’  p a r t  I c u la r  f a m i ly  to get Ideas  f rom the

geometry (one vers ton ot t he’ ‘‘low cunn i ng ” approach to  ad h o c  comput ing ’~
General i z at  ion to your problems of the  methods employed in  the  examp l e ’s

below cannot be guaranteed .

21 .3. TRUE MACH NUMBER

Staring at the upper set of s t r a i g h t — l i n e  segments in F i g .  2 1 . 1

gives the Image tha t  they might  a l l  or ig ina te  as a sheaf front :t com-

mon or i g in .  Use of a s t r a i gh tedge shows that  t h t t s  s u r m I s e  Is at least

approximatel y t r u e .  Hence • t ry as the feint ’ t tona l form I o r  the  f i t

the r e l a t i o n  

A program for  the ’ solut ion of 6 equa t ions  in 6 unknown s is
given in the H P — 6 7 / H P — 9 7  Users Lib ra ry  So lu t i ons  book “H I g h—I  t ’vt ’l
Math , ” programmed by R. E. l)eBo lt .

I

_ _ _ _ _ _ _ _ _ _ _ _  -~~~~ -- -
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x = m (H ) ’C— 2 0 ,

where m(H) is the slope f or altitude H in kft , C is the average gross

weight in kib , and x is the dunnicy va~iab1e for the nomogram . We now

build the following table:

(1) ( 2) (3) (4) (5) (6) ( 7 )

exp
H nc(H) t~~m ( H )  (quad) 

_ _ _

0 1.000 0 1.000 1.000
0. 198 0.1807

5 1.198 .~J .1807 1.196 1.196
0.251 0.1902

10 1.449 0.3709 1.442 1.442
0,317 0.1978

15 1.7 66 0 .5687 1.752 1.753
0.348 0.1799

• 20 2 .114  0.7486 2.146 2.147
0 .455 0.1949

25 2.569 0.9435 2.649 2.649
• 0 . 7 7 2  0 .2628

30 3.341 1.2063 3.295 3.296
0.892 0 .2366

35 4.233 1.4429 4.130 4.131
1.086 0 . 2 2 2 0

40 5.309 1.6649 5.219 5.220
• 1.206 0.2092

45 6.515 1.8741 6.645 6.64 6

Column (2) is obtained by reading differences from the figure and

dividing . Considerable noise can he introduced by this process. (I

used an 8X loupe. It is probabl y be t te r  to p lot the values to a large

scale and fair a curve through the points , and then read off values.)

The increasing first differences of column (3) suggest that an ex-

ponential form be used since the exponent will be much flatter . This

is shown by the differences of column (5).

A quadratic I it to f, m(H) should be good . We find from the HP—(~7

Stat Pac 1 program (six minutes to run) that

~nrn(H) — — 2 . 0 4  x 10~~ + 0.035114 + 1.56 X 
~~~~~~~~~ 14

2 - (3) 

-~~~~~~~-~~~~~~ -~~~~~~~~~~~ -~~~~ -~~~~ - -
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A compar ison  o I co I umns ( 1)  and (6) wit I cli is in (H) shows the adequacy

ot the f i t .  Column ( 7 )  shows tha t t h e ’ t’enst  ant t e rm may sa f e  1 v he’

put equal te l  0.

Tu e lower fam i lv of curves in Fig. 21 . I r e q u i r e s  a t rue  two—

dirnensiona I t’it . ‘th is famil y i s well behaved in t h a t  a second—order

pol nomia l l i t  looks p r o m i s i n g  (E q.  ( 1 ) ) .  Moreover , try the fit with

the  c o e , t f i c i e n t  a . of the cross term xv pu t eq ual to 0 , because t l t t ’

curves are so n e a r ly  p a r a l le l .  That is , ~ f / ~ x — a
1 
+ 2a

3
x + a , v and

the dependence on v is weak.

Proceed as fo l l ows .

Read t rom the curves the val  ucs of M a t  35 po tn t  S , us lug

incre ments ot 20 for x and 50 for v (th e d rag index) , Do not use

y — 300 , reserv ing i t  f o r  an e x t r a p o l a t i o n  check.

2 .  Use ’ t h e  HP S t a t  Pac 1 Program 14 to get the  f o l l o w i n g  d ir e ’ct

and cross—f i t s .  (The second—order  Chehy shev f i t  is used and t h e  t ime

per ~‘~isc is wel l  under It ) t u t u . )

f ( x ,0) = 0.530 + O .OOS OOx — 1.8 155 \ 10~~ x~

f ( x , S0) = 0 .477  + O . O 0 52 7 x  — 2 . 0 5 4  \ 10 x

f ( x , IO0) 0.430 + O .OOS39x — 1. 987 ‘ 10~~ x
2

f ( x , l50) = 0.398 + O.O057 1x — .~. 2 32  \ l0~~ x

f ( x , 200) = 0.378 + 0 .00543x - 1.875 \ 10~~ x
2

f ( 0 , y )  = 0.531 — 0 . 0 0 i 2 2~’ + 2 .2 8 6  ~ io~ ’ v 2

f ( 2 0 , v)  = 0.611 - O .0009Iv  ~ 1 . 1 4 3  \ 10 6 ~2

f ( 4 0 , v)  = 0.690 — O.0008Sy + 1 .143  “ 10 2

f ( 6 0 ,~’) — 0 , 7 7 1  — O.O Ol O2y  + 1.857 ~ i0~~ 
2

f ( 8 0 ,v)  = 0.809 — O.0009Oy + 1.57 1 ,c l0~~ 
2

3 . The near cons tancy  of the coe’f t i c i en t s  is p r o m i s i n g .  U s i n g

s imply their means ,

f ( x ,y) — f ( 0 ,y)  + O. OO5 36 x — 1. 993 ‘ 10~~ x
2

f ( x ,y) — f (x,0) — O.00098y + 1.600 ‘ i0 6 ~,2

- it
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From these

f ( x ,v)  f ( 0 ,0) + 0.00536x — 1.993 ‘ 10~~ x

— O.00098y + 1.600 ‘ io 6 2

whe re f ( 0 ,0) 0.53.

4. ProgrammIng the last expression for f(x ,v) and checkin g its

ou tput against the 35 observed values yields a good fit. But using

the HP improves one ’s “nose for numbers. ” There are some sy stematic

biases in the fit. The dependence on x is somewhat s t rong , and t h ’

dependence on ~ can he weakened sI  ig h t i v .  Ad j us t tug to

f(x ,y ) — 0. 51 + 0.0052x — 2 ‘ 10~~ x 2 
— 0 .OOlv  + 1,5  \ 10 6 ~• 2 (4 )

the  mean a b so l u t e  e r ror  w i t h  respec t  to  t he  35 observa t ions  is  0.0076

and the maximum e r ro r  is 0 .016.

S , I t  is now t r i v i a l  to program Eqs . ( 1’) and (4 )  . The e i g h t

cons t an t s  can be stored in p r i m a r y  reg i s t e r s  0 t h r o u g h  7 and recorded

v ia  f WI DATA on side two of the program card . Runn tug t ime i s  t h r e e

seconds. i’~1C out put over t u e  out ire ne lmogram agr e ’es to  0 .01

Ii
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~2. T E N — P O I N T  GAUSS IAN INTEGRATION

2 2 . 1 .  REFERENCE

a. H. Abramowitz and 1. A. Stegun (eds.) , ! ? ‘ ~~~!‘~‘~~~ 
-
.~~ ~~

‘:~~~, Na t tonal Bureau of Standards Appl ted
Ma thematics Series 55 , U . S .  Depar tment  of Comme’re’e, 3d
Prin t t i g , March 19h 5 .

22 .2. DISCUSSION

Thi~; section gives a utilit y program to evaluate definite inte-

grals wi th hi gh accurac\’ . If the integrand becomes infinite at some’

poin t wi thin the  l i m i t s  of t n te gr a t io n , d i v i d e  the i n t eg ra l  into two

par t s, usin g as limits values slightl y less and greater than tha t  p o i n t .

;\c c i ir acv is checked by va ry ing  these va lues  and reeva lua t ing. In f a c t ,

• even U the integrand does not e x h i b i t  t h i s  behavior , accuracy  can be

che’cked by d i v i d i n g  the i n ter v a l  in to  two or more p a r t s .

2 2 .  F’.~ UfVI ’ I ON S

&:aus s ’~, t o m m u l a  for an arbitrar y interval is (Ref. a. p . 887 ,

b 

tv~ dv ~
- -“- - - T 

~~ 

w
1 { t~ ( h  

a 
+ 

b + a )
a (1)

+ ~ (- ~~
—

~~~~

-‘

~ 
x 1 

+

The’ absc i s sae ’ x 1 
ate the zeros of the Legendre orthogonal pol ynomial

P (x ) .  The weights  w. are given by a formula involving P~~(x) .

The values are ’

x — 0.148874339 w — 0 . 2 9 5 5 24 2 2 5

— ~~~~~~ w~ — 0.269266719

— 0.679409568 w 2 — 0.2 1 9086363

x l — i~~865063367 w
3 

— 0 .14945114’)

x4 
..
~~~~ 73906529 - w4 

— 0.06667 1344 
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L iit ’~~e’ a rc  ke ’ve ’d int o  a dat  a card w i t h  x . c)re’d in pr iflia r~’ r e’g i s t  e rs

() to 4 , and w in  t lie secondary  re ’g is  I cr 5

2~~. 3. PR(x N N ( m - : S

‘flit ’ pr og r am i s  s t ra i g ht  t or w a rd  and has no f ea tu re ’ s o I t n t  cr e s t

PROBLEM

W r i t ~ ’ a p rogram to e v a l u a t e  c l i  i pt  it ’ i n t e g r a l s  of , lie ’ f i i s t  k i n d :

= f  ( 1 - sin
2 

‘ s in 2 
~ )~~~~

2 
J~

( I )  Load da ta  and program ca rds .  The i n t e g r a l  w i l l  be’ evalua  ted

in  t h e ’ rad , t t i  (h RA L)) mode , b it t ~ and ce ai ’~’ u s u a l ly  g i~’en in degree ’s.

I, 2 )  S I t )  I) in A and ~ in d e g r e e ’s in B .

5Th -~~ in  dt ’~~rt ’cs in E

(3) Cr0 A and switch to  W / P R G M .  Kt ’v in  the  steps :

h RAI) , RU. B , g -
~~ R , 510 B , RU , E , g -

~~ R , I s in , g x ’ 510 i-: .

(4 )  S w i t c i t  to RUN , GTO U, s w i t c h  to  W / P R G M , and key in the

s teps :

f s in , g x
2 , RCL E , x , CBS , I , + , f/ x , h l / x .

(5 )  S w i t c h  t o  Rt ’N and press  A.  I)SP 8 .

= 30° , ce = 30 ° , F(30 , 40) = 0. S H  4 2 7  -~

= 65 ° , a = 60 ° , F(65 , 60) = 1.348 ~‘2~ 4 3 ,

These agree e xa c t ly  w i t h  the  t a b u l a r  ent rh ’s (Table 17.5)  of R e f .  a .

Running t ime is about 30 sec .

L _ _ _ _ _ _ _ _ _
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22.5 USER INSTRUCTIONS

22. TEN POINT GAUSSIAN INTEGRATION 7i1. i:
f(Y)dY 

-

STEP INSThUCTIONS DATA/UNITS KEYS DATA/UNITS
T LOAD BOT H SiDE S OF DATA CAR D I I  I 

____

__________ 
I I I I ________

2 LOAD PRGM CARD. GTO E . I I :
— 

— ___________ 
I .’ I I —  I 

— —

3 SWITCH TO W/PRGM I I I
DEFI NE f (y), y IS STORE D IN 9 BY THE 

- 

I I I
PROGR AM, h RTN NOT NEEDED I I I

I I
4 SWITCH TO RUN I I I  I

I II  I
• 5 o STORE IN A, b STORE IN B I I  I

I I
6 PRESS A (

I I I  I
7 TO CHECK ACCURACT~ DIVIDE IN TERVAL INTO 

- 
I I  I 

- -

TWO OR MORE PARTS . DO FOR EACH PART I I I
AND ADD. 

- - - - - - I I I I - - - - -

I I  I
EXAMP LE f(y) = l/y I I I

STE P .058, h l/y I I
I I I

a = 1 STO A 1 II I
I I I  I

a ’ 5  STO B 
- ‘  

5 I I
I II I

PRESS A . SEE 1.609437902 - I i i  I
5 - 

I I I I 
- ~~~~~~~~ , H

in 5 = 1 .609437912 
- 

I I I I
I I I
I I I I
I I I  I

I II
— 

I I I I
I I

I I
______________________________________________________________ ____________ II I 

____________ 

—

ILI - __
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22.6 TEN POINT GAUSSIAN INTEGRAT ION
STEP KEY ENT~~ ~Ei C0c E COMMENTS STEP hC EY EP4TqY KEY CODE COMMENTS

°“ 0C •LSL.l 21 11 INITIALIZE FOR —

~~
‘ 057 STUD 35 14 TF~irEGRAL-

- ~~~~ e ii . INDIRECT ADDRESSING T”Tr ø5~ RTN 24 __________________

C~O3 STO 35 46 05T *LSLE 21 15 DEFINE f(y)
CC! 5100 35 14  24 

y IS STORED
CC5 RCLB 36 12 

- -

1’e’~ ~!CL~ 36 11 
______ 

“ “9
- -43 

_______ __________

(‘CS 2 2 
______

(‘09 * -24 
________

010 (‘IC ~T0C 35 13 (b— a)/2 ‘
~
‘
~~~~~  

______

C~ RCLB 36 12
::: RCL~ 3’ 11

• 

— - e::’ + —55 
__________• t’: . 2 

______- 
.)Z! ’ + —~ 

- 

*1
•~~‘~ STOB 35 12 (bf a)/2

~
‘
~~~
‘ RCL C’ 36 13

- 
‘~~ STCi~ 35 11 ’ (b—a)/2 - ~ ~~. u~cs: ’~339 8

— 01~ ~LSLS 21 12 e.433395394 1
020 020 RCLj 36 45 0.~~’94O9568 2

e~2 RCLIi 36 11 I c.~~5O63367 3— 
c22 ~ -35 0.973906529 4— 0.’:’ RCLS 36 12 c!~ ~ceeeeeaa 5
~2! + -55 o.oooeeeeao a

L’.~~ 3109 35 89’ 0.000800818 ~
02:’ ~SFE 23 ‘~ : f(y 1 ) c.c eeoaa.e 8
.27 ~:s 16-51 ~‘.C3O800008 9
:‘:: ~~,i 36 45 ’ w 1 C.t l00000188 ~‘: ‘; r:s 16-51 ’ 0.000001808 8
-~~~ 

‘
~ -35’ 0.000888808 C

O~ 31CC 35 13’ w 1 f(y~) 0.000000NI 0
t~~ ~C L1  36 45 ’ 3.000188080 E
03’ CHS -22 —~~~ o.ooooeaeeo z
1,:’: F’CL~ 36 11
c”~ !’ -35 ’

~‘!:
‘ F L E  36 12 SEC

‘~~~ —“
~~~~~ 3109 35 09’r —— o~~ GSBE 23 ~ NEX T ~ W j 0..95524225 I

~~~~~
“•‘ C-~C P~5 16-Si ..?t 92~6~’l9 1— C4~ ~ ‘L i  36 45 0.219886363 2

~z: P.5 16—51 0.1494 51349 3
-
~ —35 .0e~~~’1344 4

C.. PCLC 36 13 e.000080U. 5
(‘4!’ 4 -55 o.0000000.. ~- 

~~~ pc~,c 36 14 3.000808008 7
• ~ PARTIAL SUM z.e0800UN B

0~: ,~Tov 35 14 0.000080808 9- 340 4 04 0.00000IIII *
~~ 0!’7 1S21 16 26 4 c.~00l0Ubo 8-- - C!’: ROLl 36 46 

~~~~~~~~ c- 05.,’ \‘
~~~~

“ 16-35 1 ~ 4 ?  0.1)00808008 0
os: ’ C’Q ~ 22 12 LOOP t1.eeu01000 £

- - 
‘,i~~ RC’ ,,(/ 36 14 (‘.008UI1U I
0!’!’ RCL4 36 11

~~~~~~~~~~~~~~~~~~~~~TTSL
f~
1~ 

T~~~~~~~E

_______________ 

b JC wi f(x,) J ’ INTE GRAL~~~ 
_______

L i
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23 TRUTH TABLES

¶ 
23.1. REFERENCES

a. .lohn E. Pfe  if fer , “Symbo l Ic Log it’,” i,’~z t  if i~ Arncri can,
December 1950, pp. 22—24.

b. E . C. Berkeley,  tli~znt 1~r tzine , John Wi ley  & Sons , New York ,
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c. Wal ter  E . Cushcn , “Sym bol ic  Logic in Operat ions  Research ,”
in C)pe~r a tz- on8 li’ ’~ ,’i ’ ~~t J ~ ‘, Ma ,hzi ,”I , ”:t , J . F. MeCloskey and
F. N.  T re fe then  ( e ds .) ,  The Johns Hop k ins  Press , Bal t imore ,
1954.

d. R. H. Smtd t and 1. L. Reis , “Symbolic Log ic and P l a n t  Loca—
t ion,’’ ~1 -:o’~~x ? ~f Indu~ trial ! k 7 if l * ’t ’r l z~7 , Vol. 14, No. I
January—February 1963, pp. 18—21.

e • P. F. St rawson, ~
‘ 

~~ ~ ~j4 ~f (
~ ~ i i~a I .‘1z,’~ ru~ Methuen &

Co. Ltd., London , John Wiley & Sons, New York , 1952.

‘ .  f. H. H. Semarue , “Symbolic Logic in Language Engineering ,”
/‘r~ .‘cJfn~w ~~~~~ 

t ~~~~
‘ W.’~i t t ’i ’~: .~~‘?n t  ~ . ‘rq ’u t1 ’~ 

‘ :f’i•~’~z~~’, May
3— 5 , 1961), pp. 61—71.

23.2. DISCUSSION

This section describes a calculus of propositions based on a b inary

algebra for logical connections and operations particular ly stil ted

for calculator implementation as well as easy algebraic mani pulation .

Let te r s  of the alphabet will stand for propositions . To illu s—

t r a t e , choosing propos i t  ions to he used in an examp le to  l o l l  ow , l e t

a stand for “A man is a ma thema t i c i an .”

h stand for “A man l ikes whisky at n i g h t .”

c sta nd for  “A man l ike s Mozart  In I he’ morning .”

d stand f o r  “A man w a it s  21) m i n u te s  f o r  a bus. ”

In the two—valued ca l cu lus , a p roposi t ion  has a t r uth va lue of 0 ( f a l s e )

or 1 (true), a — 0 or a — 1 . For example , w r i t i n g  a — 1 means “A man

Is a ma thematician .”

Proposit ions may be operated on or connected by logical operat ions .

A t r u t h  table corresp ond s to cacti sut’h operat ion . Ord inary  language
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will be used instead of special symbols. For each basic logical oper-

ation , a truth table shows the truth value of the operation for all

- - combinations of truth values of its component propositions . Such

basic truth tables can be summarized in binary algebraic form . This

is verified in the right—hand column of the tabulation below .

Operation Truth Table Binary Algebraic Form

NOT a a 0 1 1 — a
NOT a 1 0

a AND b a 0 1. 0 1 ab
b 0 0 1 1

a AND b 0 0 0 1

a AND/OR b a 0 1 0 1 a + b — a b
b 0 0 1 1

a AND/OR b 0 1 1 1

a O R ELSE b a 0 1 0 1 a + b — 2 a h
b 0 0 1 1

a O R ELSE b 0 1 1 0

IF a THEN h a 0 1 0 1 1 — a + a b
b 0 0 1 1

IFaTHEN b 1 0 1 1

(Note that a false proposition can Imply either truth or falseness.
Also observe that ‘NOT (IF a THEN b)’ is ‘a AND NOT b’ .)

NOT BOTH a AND b a 0 1 0 1 1 — ab
b 0 0 1 1

NOT BOTH a AND b 1 1 1 0

(This is the negation of A N D . )

NEITHER a NOR b a 0 1 0 1 1 - a - b + ab
b 0 0 1 1

NEITHER a NOR b 1 0 0 0

(This is the negation of AND / OR.)

a LIKE b a 0 1 0 1, l — a — b + 2 a b
b 0 0 1 1

a LIKE b 1 0 0 1

(This is equivalence and is the negation of OR ELSE.)

k  ~~~-- - .-- --—~
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Binary a lgebra  has some in teres t ing  features  not found in o rd inary

algeb ra. Since ’ the va r iables  can take on only  the , va lues 0 and 1 ,

a — a and ab (1 — a + ab) — ab — ab + ab — ab , wh I ch is r cad i is’ c he’ ‘
~ ed

by the t ru th  t ab l e :

0 1 1)
b 0 1) 1 1

ab 1) 0 0 1
1 — a + a b  I 0 1 1

ab(  I — a + ab)  0 (1 0 1

On the other h and , a p r o p o s i t i o n  ap p e a r i n g  on bot Ii s idi’s • ‘t in  —

sign cannot be’ cancelled , because’ this e’ou Id he d lvi s ion by 0.

The use and mani pu l a t i on  ot ’ these binary algebraic fu n ~’t ions can

be illustrated by a problem that  Walter P Itts of the Massachusetts

institute of Technology set long ago on an exam I nat  ion (R e f  . a )

Suppose 1 th rough  4 be low are known to be t r ue

I .  lJ ’ ~~~~z~’? ’~~t ~~~~ ~~~~~~~~~ ‘:, t ;:d ’, - 
~ :~t : :  t :~~ ‘‘: :~~‘::~~~~ .

1 ~~~~ ( ii, ”: h~’ • ‘i t i:, ’i ’ I ~~~~ ~ -:;~u ’t :~ : t ;,‘ 7’:~’,” :i ’ :,: , ‘, :, ‘ ::‘~~~~~- z t

, !:~t ~j~’t !~,‘tI:.

if  ~: ~‘kz ~: / 1 ‘
~~ :,‘: ~~~~~~ : ‘ :1 , :i: , t i:, ,: :~ ‘ ‘1 ‘r .

‘ I

~~~~~~ I~: ‘Ii ’ ‘‘‘~~~z~~~ (Z~ i4f - :~~~~~
- .‘~ ‘:~‘ t  ~~:;‘~ - ‘ \ - - t  ‘ ‘ : :~‘ ,:,~~~‘~ ‘ -

~

~~~~ ~~~ /~ ~~~~~ ~z ‘t /1 ~~,
‘ 1 - : : ? ‘  t I’: Ik -

~~~~:. y ’~ : I ‘:~~: - : ~: i  ~ - - .\: -
.

‘‘: : n:~.’ • ‘~~ J ’
~ ‘ ? ‘  a !-:~~ 1 ~‘i ‘ .‘~~, ‘ h, ’ ~~~~ -‘: - 

~‘:a ‘‘: :

.
~~
. :j’ a ~‘:an I ~~~ t !~’:;, z~~t ~ t ;i, ’ •‘ •? ‘ ‘ :I ’ : : ‘a s •:, -~~

- I t  :~~ ~~~~ t ~~ 
f ~ ‘~~‘ a ~~~~ , t h, ’,: ~~• ‘ ,‘ I :, ‘~ I~7 .,:. a ~ ‘;

.1. ii’ -~~ Ph~ the ’ria t :‘,‘f :,: I ( , ‘ ‘ f ~’:: :,~ I’: i;. ‘ ‘‘~ ‘?‘ ‘ : : ‘ - :  ,

• ‘1 t her ~ : kt ’,’7 h’~~1 ~~~~~ at  ~:1 ant ~ ~ :e t :,\~ : ( ‘::~ • ‘.-~ ‘r a

‘ P Z : ’ .’? I• ’~
’ :~~, ij’ h’ / ~~~~~~ :‘h?~ k~ : r p ::’aI:t ~~~ ~~~ ~ - :,‘: 

¶

??t S fl.’4 t , ’~ Je?’ a i ’U~ , I a ‘~t~ • ‘~ a t — — •
~~
‘
• lit ’ ‘

~ 
‘ •  “ ‘;: ‘• ,

t lie r:~ r ,z : pz i

- : Then:

Wht.’u ~i~’e~ a ~nat ht~rnat f~’ia n :.‘a it .‘~~~ “:inu t, ’~ for a
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To solve this problem , f i rst translate each condition frcai
*

English to the language of propositions and logical connectives,

and then express the result in binary algebra. Because each of the

four above conditions is true, each algebraic expression is put

equal to 1 and then simplified .

1. IF(a AND NOT d) THEN(b OR ELSE c).

I — a(1 — d) + a(l — d)(b + c — 2bc) = 1

a( 1 — d)(b + c — 2bc — 1) = 0 . (1)

2. IF b THEN(((c AND NOT d) OR ELSE(NOT c AND d))

OR ELSE(NOT a ) ) .

To s impl i fy ,  set A = (c AND NOT d) OR ELSE(NOT c AND a) .

Then A c(1 — d) + d(l  — c) — 2cd( 1 — c) ( l — d)

= c + d — 2 c d  .

That is, the proposition A is equivalent to the proposition

“c OR ELSE d”. Making this substitution , we obtain

1 — b + b(c + d — 2cd + 1 — a
-2(1 - a)(c + d - 2cd) = 1,

b(—a + (c + d — 2cd)(2a — 1)) — 0 . (2)

3. IF(c AND NOT d) THEN b.

l— c (l — d) + cb(1 — d ) = 1

c(l — d)( 1 — b) 0 . (3)

4a. IF(a AND c) THEN (b OR ELSE d).

1 — a c + a c ( b + d — 2 b d ) = 1

* 

ac(b + d — 2bd — 1) — 0 . (4)

Ref. e is helpful in this respect. 

- - - - - - - - -  -- _ _ _ _
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4b. IF c THEN(IF (b AND d) THEN a).

1 — c + c (1 — bd + abd) — 1

bcd( l  — a) — 0 . (5)

To answer the question , put a — 1 and d = 1 in (1) through (5),

since these two propositions must be true . The Interpretation of the

question is delicate. The question is rephrased here as: What

values of b and c are associated with a 1 and d 1 to make all

conditions of the problem true? The set of conditions reduces to

bc O .

This means NOT BOTH b AND c (that is, 1 — bc = 1), which may be expressed

A. Whe n he likes neither Mozart in the morning nor whisky at night . -

B. When he likes whisky at night and not Mozart in the morning .
*C. When he likes Mozart in the morning and not whisky at night.

Of course, many questions other than the one above could be asked.

To be exhaustive, this means: Find all values for the set of proposi-

tions (a,b,c,d) that satisfy all given conditions. The program of this

section is designed to examine systematically all cases, here 16 in

number. Programming the conditions and running the program yields only

eight satisfactory combinations of (a,b ,c,d).

a b c d
— — — —

0 0 0 0
O 1 0 0
0 0 1 0
0 0 0 1

• l  0 0 1
‘l  1 0 1

0 0  1 1

~ 1 0 1 1 .

*Something of a furor  erupted in the Letters section of the Sci-
entific American of February 1951 because Pfeiffer had not given an
answer in his article. Pfeiffer and Morris gave the first part of C
as the answer. Krause gave the first part of B, and Bomgren gave
answer A.

I

_ _ _ _ _ _ _ _  _ _ _  ~~~~~~~ — -~~~~~~~ — - - -
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This  is the  t r u t h  t ah i e  method . The h u e s  i nd ica ted  by ar rows

are the answers to the given problem .

The logical s t ruc tu re  of the  problem may also be captured by

us ing the t r u t h  table to construct a Venn diagram .

Suppose a poi nt p laced on this page represents a man . Group

toget her all men who are mathematic ians  so tha t this subset is enclosed :

cD
then all Inside men have the value a = 1, those ou ts ide the va lue

a = O .

From the truth table , whenev er a = 1, d = 1. But there are cases

where a = 0 and d = 1. Hence the n e t  a is proper l y contained in the

net  d. Logically this means “if a then d”, and algebraically “a ad” .

S i m i l a r ly , c is contained in d .  But for  a and c , by the last four

lines of the truth table , there are the combinat ions 10, 01, 11. Hence

a and c have points in conmmon—-.they intersect.

Turning to the set b , since bc = 0 in all  cases , the sets b and c

are disjoint——they do not intersect. But b in te rsec ts  a and also

intersects d. However , because of the line 1101, and because ’ there is

no line 0101, these latter two intersections are the same subset.

P u t t i n g  a l l  of th is  together  y ie lds  the fo llowing  diagram :

c~~~~~
f
~~~~~

OOl loll oou

_ _ _ _ _ _ _ _ _ _ _ _ _
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Returning to the original algebraic formulation , it is readily

seen that all conditions are satisfied by appeal to this diagram . For

example , since bc = 0 and abd = ab, in (2) above ab bd.

The original question asked by this problem is not clear. It

would be better to ask, What can i c  said about a n~ thematic fan?

The answer to this question is:

• He always waits 20 minutes for a bus;

• He does not like both whisky at night and Mozart in the

morning , al though he may like one or the o the r .

The ca lculus  of propositions, a branch of symbolic log ic , has

found applications in optimizing switching circuit design , in deter-

mining insurance eligibility (an example from Ref. b will be given in

the next section), in deciding on plant location (Ref. d), and in the

interpretation of contracts and law. Walter Cushen, in a fascinating

chapter in Re f .  c , discusses applications to production engineer ing

and to conf l ic ts  formulated as multi—move games.

2 3 . 3 .  EQUATIONS

No ne.

23.4.  PRO GRAM NOTES
Si n ce the pr ogram f low is somewhat comp lex , a f lowchart is

provided .

Suppose there are n proposit ions. Then there are 2”~ cases to

examine, which are actually numbered 0, 1, ..., — 1. Each case

number in its turn is reduced to its binary form , but stored backwards

in R1 to R~. Indirect addressing is used.

Each condition is examined in turn , the examination halting at

the first condition that Is not satisfied . If all conditions are

satisfied , the binary case number is disp layed . R/S continues to the

next valid case. The end is signalled by the decimal display of 2
n 

—

As programmed, there is space for 7 propositions . If a problem

requires more than 7, make some slight programming changes. Primary

—

~

— _ - . — - -

~ 

‘ --.--- - --—----- - - - --- - - - - -~~~- -- --,‘- - - - - - - -,- - ‘- ---- --.------- - - - -—- ----- - -
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registers 8 and 9 are shifted to secondary 8 and 9. Then up to 18

propositions can in principle be handled . For large problems, however ,

there is apt to be a large number of conditions and there may not be

adequate space available to program them. Moreover , execution time

will be long. It is wise to do as much algebraic manipulation on

the set of cond itions as is feasible to simplify the set.

In problems where some propositions are held constant , the con-

stant value(s) (0 or 1) are stored manually in some register(s) above

Rn~ 
but only if these are needed iii programming the conditions.

EXAMPLE

This is a group insurance problem taken from Ref .  b (pp . 161-165).
The rules (conditions ) applying to employees are:

1. Any employee, to be insured , must be eligible for insurance,

must make application for insurance, and must have such

application for insurance approved .

2. Only eligible employees may apply for insurance.

3. The application of any person eligible for insurance without

medical examination is automatically approved .

4. (Naturally) an application can be approved only if the

application is made.

5. (Naturally) a medical examination will not be required from

any person not eligible for insurance.

The propositions are 5 questions about an employee to be answered

“yes” (1) or “no” (0). These are:

a: Is the employee eligible for insurance?

b: Has the employee applied for insurance?

c: Has the employee ’s application for insurance been approved?

d: Does the employee require a medical examination for insurance?

e: Is the employee insured? 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
_ -~~~~~ --- - - - - - - - -
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The conditions are translated :

1. IF e THEN(a A N D b A N D c)

e(l—abc) — 0 .

2. IF b THEN a

b( 1 — a) — 0

3. I F a A N D b A N D NOT d THEN c

ab(l — d)(1 — c) — 0 .

4. IF c THEN b

c(l — b) = 0

5. IF NOT a THEN NOT d

d(l — a) = 0

The question is “What are the possible statuses of employees who

are not insured?” This means that e must be put equa] to 0. But then

the first condition is irrelevant since a false proposition implies

any proposition .

SOLUTION

Load program . Key CTO B. Switch to W/PRCM. Now key in the con-

dition in the order 2 , 4 , 5 , 3. That is, the simplest conditions are

entered f i r s t  to save execution t ime . The program steps are :

072 1 079 1 086 1 093 1 RCL 1

RCL 1 RCL 2 RCL 1 RCL 4 x

— — — - RCL 2

RCL 2 RCL 3 RCL 4 1 x

x x x RCL 3 h RTN

f x # O  f x # O  f x ~ 4 O  —

h RTN h RTN h RTN x .

- 

~~~~~~~~~~~~ 
_
~~~~~~~~~
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(N~ Le’ t h at  if co nd it  ions .~ to 5 were multi p l i ed ,

abcd(h — a ) ( l  — h ) ( 1  — ~‘)(l — d) 0

which is true f o r  :~
‘ 

~
‘ cases .  The mu I t  i p I i c u  Ion has Jt ’s tr oved t he

meaning of the hid iv idua 1 condl t ions by a b s o r p t i o n . )
Now switch to RUN . Key 4 ( t h e  numbe r of propos i t  ions ) and Press

A. See 0. ‘I’hls is actual Iv the s t i t  us 0000 fo r  a ,b c ,d - On su~’ces—

sive presses of H/S you will see 1000 , 1110 , 100 1 , 1101 , 1111 , 15

(the number of cases minus  1) -

U sing  the d e f in i t i ons of a,h ,c ,d , these st a t u ses  rapidl y t rans— ‘

late in to  an answer to the ques t ion .

F - .

- - - -
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KEY l ’ J  n 1 (ENTER)
A A I N A

2”-. f~~ B
R 1 FOR PROPOSITION S

FOR CASES

TRANSFORM CASE
NR. TO BINARY. 

~4—1 INCREMENT R 1 jø_— 
~~~~~~~~~

_—‘-_-_____-i

SUCCESSIVE OUOTIENTS~ DISPLA Y STRING , R9
IN R0 J R S TO CONTINUE

I DSZ
N ° Y

2, ~~
-
, FRA~~~ 0? 510 (;) 

DECREMENT R1V R 1 = O ?
o I N N• 0 STO (fl n PROPOSITIONS’

CHANGE VA LUES IN
0 

TEST CO~1)ITIONS IN 
~~~~~~ S INGTURN IN SUBROUT INE

B. ANY CONDITION
IN ORDER IO? 

N
V

2 N INCREME NT

EXAMINED? 
IN R 8

V
(SUBROUTINE)

SH”W 2 ” 1 (EXIT)
USER DEFINED CONDITIONS.

I EXCEPT FOR LAST, AFTER
f GSB B EACH, STEPS ARE I *~0,

I h RTN. AFTER LAST , h RTN
L 

F g. 23. 1—Truth tobi. program flowchart 

‘~~~~~~ - -~~~‘ ~TT - 

- 

- -
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23.5 USE R INSTRUCT IONS

Ii 23. TRU T H TAB LES -

_

INSTRUCTIONS DATMN TS 
________________ 

DATAUNT S

I LOAD PRGM I H
- - -  - - -  

_ - - - - 

I 1I~~~I
KEY GlO B 

- _ _ _ _ _  H I
- 

I H I
3 SWITCH T O W - - PRGM 

- H I
- _ 

- - 

- - 

H
4 KEY IN CONDITIONS (SEE EXAJvW LE)

I I
5 SWITCH TO RUN 

- -  - H
- H I

-
~~ 6 KEY n, T HE NR . OF PROPOSI T IONS 

- 

II
H

“ I I t  I
- 

I II~ 
- I 

_ _

8 ON STOP, RECORD DISPLAY FILLING 
- 

I 1! 1
IN WI TH LEADI NG ZEROS IF NEEDE D 

- - 

I I 
—

TO GET A STRING OF LENGTH n 
____  I I I I - - -— 

— — — —  
I II I

9 PRESS R. ’S . RECORD. H
I I I I

-
! 10 CONTINUE WITH R S UN T IL 2~ - I APPEARS. I  

I H 
- -

I I I
- - 

H I
I I I  I

I I  I
_______ 

I I I  
— I

__________ I I I I
________ I I I  I

— I I I  I
I 11 1
I I t ~ I

- 
H I

I I I

t I i t
- 

I
I I  I

_________ 
I I

_____________________________________________________________ ____________ 
I I I  I ___________ 

— -• -
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23.6 TRU TH TABLE S

~YEp KEY PJT PY KEY CO~JE COM MI.P4 TS si te KEY ENT RY KEY CODE COMMENTS

~~: tL~L~ 21 Ii C5~ Cr03 22 13 LOOP
~J. ~TOI~ 35 11 fl _ . 1 & 15 .~ RCL 9 36 09 VALID PROP.

-
‘ Ic _~~~~ j8~? R -S 51 STRI NG IN R 9.

- 004 ~~ -41 °-° CA *L 6L2 21 02
~~~~ 1’ 31 - ~E 1 RCLS 36 12

1 81 Oi. I~CL8 36 08
— -

~~~~ ‘,.~ 
c~: — ;~v-’ 16—33 CASE S ~- 2 ” — 1?

— ~~~~~ ~TO8 35 12 2 (1J4 RTN 24
00~ D~’P8 -63 80 0~5 1 01

— ~~~~-~
‘ O6~ 51.8 35-53 •9 INCREMENT CASE N B

~~i ~~~ 354 1 In R1 - - ~~~~~~ ~~~~~~~ 35 46
0 08 

- - ~~ ~CL8 36 08
L~ ~TOO 33 80 FIRST CASE NR c~~ sroe 33 08
~~~~~ $108 

—— 
35 88 C~0 GTOC 22 13

- ~f ’ 21 13 
~~T sLBLB 21 12 DEFINE

-—  —— CONDITIONS.
•2 

-

— • -24 -

~~
0 ~~~ I N T  Is 34 - -   _ 

- - - -

* i’:: ~1O8 35 08
— 

J:: R C L C  36 13  -—
02 

-

÷ -24

~~: FRC 16 ~~~ REMAINDE R 
---— --

— 0.~ ~~~~~ 16—43 —  -
C
~~~~’ CT C~0 22 80 -

- 1 81 -

~ STO J 35 45 Sb 1 
_

- ?~~ .in i 21 or - - —  -  -

~~: P: LI  36 46  -

~3 ~~L i~ 36 11
-— 

~i~~ :’ :~~~ i- ’ 16—33 -
(~ 4 CTOI~ 22 14 WHEN NH OF BINARY t~~~ 

—  _ _ -

- - I~’~ I~~ i 16 26 4 DIG ITS -n ,GTO D - -

i’~~~ ~T3C 22 13 LOOP   
-

- sL ~~ I 2V*8 -

- 

~~ 33 45 STO 0  -

- - PL~’ ~T I  22 01 - _ _ -

T !T~I .L~LD 21 14 
_ - -

~~~~-.: ~SB8 23 12 - - -

~ \�~
) 16-4t ALL PROPS / 0? 

— 

-

—

~~. ~~~~~ .‘2 02
— - - 

~~i; 8 II —_____

~~~ 33 09
~14~ • [(~

[
~ 21 03

- 

~4 ’  RCL i ~ ~ NR . of PROPS. — —_____ —_______

-~~ - C4.  I 01 --— - _________

~ - -  8 N
.‘~~~ RCLM Is 11 - — — —

- L~’ . ~T LI  36 4~ — —  - -  -

-43  -.
- - V’  31 1o ” ’  - - - - - —

—33 I,  -

V~~ 51.9 35-33 09 ACCUM BIN. NR.  -

e~ v c I 16 23 4a ~~~jTJ,OOP~~ js-j~~ — - - — - —
REOISIERS

— - -  -i
~~
---- r- ~- r -

)UOTIENT~ B I NARY R E P R E S E N t A T I Q N. O F CASE NR IN R E V E R S E j  CASE~S ~~~~~~
1._•_ __ !‘ !‘ 

—~~~~~ — I L
r 2” — 1 •1 1PROPOSTIONS
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Appendix

*97/ 67  KEY CODE CONVERSIONS

17 CU 67 Ut mnemonIc 97 COOl 97 COOl mnemonIc 97 CCCI 67 ~~C( mnemonic
00 00 0 22 *2 21 15 *2 .1.11.2 1625 03 .4 71 03 F3~01 01 I 21 *3 3* 21 *1 .1JLC *6 21 41 3113 OSB I
Cl CI 2 21 *4 31 21 *4 .1.11.0 *6 15 41 31 )1 CS)!
03 03 1 2* 11 3* 1111 .1.IU *6 1 5 4 5  31 16 Xlii
04 04 1111 1100 cvoo *sa~~~ ,*~~~~ iSBi
Cl 01 1 21 01 01 Sf01 1* 16 *1 21 11 ‘1.21..
01 01 s 1101 1101 6709 2* 16 12 312112 ‘LIII
07 07 7 29 03 1103 SF83 21 14 11 3121 *) ‘1JI.cos os I 1100 1104 @704 21 16 14 3121 *4 ‘1.91.4
03 OS 1 22 03 0101 0701 21 16 11 3121 11 ‘(.1*..
24 3111 STN 1 1 0 4  1 1 0 1  @701 2 9 1 6 1* 3 1 3 1 1* 670.
11 1113 Y•X 2107 110? 0707 3 1 1 6 12 1 13 1 12 6106
32 3 1 3 1  LN 22 05 22 05 @705 1 1 1 6 11 11 )1 *3 ClOg
33 3 1 3 1  1105 3103 0705 11*6 *4 1 13 1 14 ClOd
34 39 72 ->P 22 1* 22 11 SF06 22 II 11 22 31 iS 610.
41 3 * 3 1  SIN 2 2 12  1 112  0105 23 16 11 32 22 *1 CII.
42 3* 13 cc. 2 2 * 3 22 13 67CC 23 16 12 3 2 2 212 6016
43 31 14 TN~ 22 14 22 14 6100 23 16 13 3 1 2 2 13 G c
44 31 72 ->~ 22 15 22 15 6101 23 16 14 32 22 14 GII d
11 94 ~~~ 22 45 22 24 670* 23 16 IS 32 22 *5 CII.
53 35 53 ~~~ 23 00 31 22 00 0980 35-24 00 33 SI 00 51/0
53 32 14 x~a 23 0* 3* 22 01 601* 35-24 01 33 II 01 ST/I
s

~ 
31 54 SClX 23 02 31 22 02 ci.a 35_34 02 33 81 02 91/2

55 3* 52 ~ 23 03 3 *2 2 03 G313 35-24 03 33 S* 03 91/3
56 21 5’ 23 04 31 22 04 C314 35-24 04 33 81 04 87/4

- I I  31 23 FIx 23 05 31 22 05 6995 31-24 05 33 51 05 ST/S
-*2 32 23 OCX 23 00 31 32 06 6586 35-24 06 33 II 06 91/6
-13 35 23 _~~ 23 07 31 22 07 6007 35-24 07 33 51 07 51/7
-14 31 84 P*TX 23 05 31 22 05 6888 35-24 08 33 81 08 ST/B
-21 4* [)~T+ 23 09 31 22 09 6019 35-24 09 33 81 09 51/9
-22 42 c,€ 23 1* 31 22 I i  6984 35-24 45 33 II 24 ST/c
-23 43 ~tx 23 12 31 22 12 6988 35-35 00 33 71 00 S T O
-24 81 / 23 13 31 22 13 GBIC 35-35 01 33 71 01 ST’I
-31 35 53 R ~~~~~ 23 *4 31 22 *4 C000 35-35 02 33 71 02 91*2
-35 71 1 23 15 31 22 15 601E 35-35 03 3~ 71 03 ST’a
-41 35 52 X><Y 23 45 31 22 24 699* 35-35 04 33 71 04 91*4
-45 s i - 35 00 33 00 9100 35-35 05 33 71 05 ST’S
-SI 44 CLX 35 01 33 01 9101 35-35 06 33 71 06 ST’S
-55 61 • 35 02 33 00 9102 35-35 07 33 71 07 51*7

93 • 35 03 33 03 5103 35-35 08 33 71 08 ST’S
16 24 31 24 NP~~ 35 04 33 04 9704 35-35 09 33 71 09 ST’S
16 31 35 64 289 35 05 33 03 9105 35-35 45 33 71 24 ST’i
IS 32 31 53 LOG 35 06 33 06 9706 35-45 00 33 51 00 01-0
*6 33 32 53 io.x 35 07 33 07 9107 35 45 01 33 51 01 8 T 1
16 34 31 83 u~ 35 08 33 08 9108 35-45 02 33 51 02 ST-2
IS 35 32 74 -> *5~~ 35 09 33 09 5108 35-45 03 33 51 03 91-3
16 36 31 74 ps~~-> 35 11 33 11 9104 35-45 04 33 51 04 51-4
16 41 32 62 SINY-1 35 12 33 12 9108 35-45 05 33 SI 05 ST-S
16 42 32 63 COB,-1 35 13 33 13 STOC 35-45 06 33 SI 06 91-6
16 43 32 64 T~~~t- 1 35 *4 33 14 8100 35-45 07 33 51 07 91-7
16 44 33 83 rn~ 35 15 33 15 9108 35 45 08 33 Si 00 97-8
16 45 32 73 D->R 35 45 33 24 510* 35-45 09 33 51 00 SI-S
16 46 31 73 R->D 33 46 35 33 91! 35-45 45 33 51 24 ST-a
IS Si 35 72 p98 36 00 34 00 RCLO 35-55 00 33 61 00 91.0
16 52 35 81 N 36 01 34 01 RCLI 35-55 01 33 61 01 91.1
16 53 31 21 I ~~ .+ii 36 02 34 02 FtCL2 35-55 02 33 61 02 97+2
16 s~ ~~ a* 9 36 03 34 03 ‘YCL3 3S-SS 03 33 61 03 91.3
16 55 32 82 ZCH 36 04 34 04 ACL4 35~55 04 33 61 04 51.4
16 56 3S 21 g- 36 05 34 05 ~CL5 35-55 05 33 61 05 91*5
16-11 35 84 SFC 36 06 34 06 R~ L6 35-55 06 33 61 06 91+6
16-13 35 74 POEC 36 07 34 07 RCL7 35-55 07 33 61 07 97+7
16-14 32 84 POST 36 08 34 05 OCI.8 35-55 08 33 61 08 91+8
16-21 35 41 016 36 09 34 09 RCL9 35-55 09 33 61 09 81.9
16-22 35 42 028 36 I i  34 11 RCL* 35-55 45 33 61 24 ST* i
16-23 3% 43 0828 36 12 34 12 RCLB
16-24 35 73 P 1 36 13 34 *3 RCLC
*6-31 35 54 o. 36 14 34 14 RCLD
*6-32 32 61 XOY? 36 IS 34 15 RCLE
16-33 33 II X Y ’  36 45 34 24 OCLI
16-34 32 8* x>v7 36 46 35 34 OCLI
*6-35 32 71 X(.Y? 36 56 34 2* OCLS. *Supplied by courtesy
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*6-42 33 61 100? -63 01 23 01 OSFI of R . W. Edelen .
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