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Abstract

A generalized Monte Carlo Analysis Program (1iCAP) has been
developed for linear or extended Kalman filter design., The computer
program is similar in structure to the Air Force Avionics Laboratory
developed General Covariance Analysis Program (GCAP) so users can
easily transition from a covariance analysis to a Monte Carlo analysis
of a (extended) Kalman filter. A detailed users' guide for MCAP is
included in Appendix A, In addition, this study treats the high accur-
acy tracking of a satellite from an aircraft. The purpose of the study
is to evaluate the feasibility of a reduced order system model for
irplementation in an extended Kalman filter formulation whose estimates
would be used to aid the tracker, The six state model accomplishes
tracker state estimation by exploiting the information alfeady avail-
able in the tracking geometry, dominant modes of satellite dynamics,
and the range measurement. Tracker state estimation is accomplished
in the line-of-sight coordinate frame., A lonte Carlo analysis was
performed, evaluating the filter against a 42-state truth model. With
sone proposcd modifications, 1t was concluded that the six state filter

is feasible and warrants further study.
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B A GENERALIZED ICNTE CARLO ANALYSIS PROGRAM FOR KALMAN FILTER DESIGN

i 4 WITH APPLICATION TO AN AIRCRAFT-TO-SATZLLITZ TRACKING FILTEKR

I. Introduction

Overview

A large /class of estimation prudlems is concerned with finding an

optimal egiimate of some quantity (an unknown parameter, a random

variable{'or a random signal) given noise-corrupted measurements of
7

a function of this quantity (corrupted by noise). In particular, there

o AT

i ' are¢/many problems with aerospace applications, such as navigation,

guidance, and weapon delivery systems, which require that noise-
corrupted measurements be used to estimate certain physical parameters
1 '/// precisely. For instance, the techniques used to combine these external
. measurements with Inertial Navigation System (INS) outputs fall into
two general categories: conventioral continucus-feedback damping and 4

Kalman filter damping (Ref 1:1). The trend in recent years has been

ookt bR B Lo =

toward extensive use of Kalman filter techniques.

In complex aerospace systems, the number of parameters needed to

G o id Ak

describe the system (the true system model) accuratel& may be extremely

large. The real time implementation of this true system model within

kiSRG

the "optimal" Kalman filter is often not practical because of the
large nunber of parameters, memory requirements, and resultant compu-

tational burden imposed on the airborne computer. In order to obtain a

| Kalman filter which is computationally feasitle, intentional modeling
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approxinations are introduced by deleting nondominant states and
terms from the system model, Thus a "suboptimal" Kalman filter based
on thls reduced order model will give poorer performance, from a
statistical standpoint, than the optimal filter. Computer simula-
tion techniques are used to develop the required compensation (filter
tuning) and to study the effects of uncertainties (an error analysis)
in the true system model. Two types of simulation techniques are
commonly used: the covariance analysis and the llonte Carlo analysis,
A covariance analysis generates tpe second order statistics of

the error between suboptimal Kalman filter state estimates and the

et S

corresponding parameters from the true system model, A General

Covariance Analysis Program (GCAP) has been developed by the Unitel

i i L

States Air Force Avionics Laboratory and is coming into widespread

use (Ref 2), The covariance analysis is somewhat limited because

stringent assumptions (see Appendix A) are necessary for the analysis

Y n ety

results to be a valid depiction of the error characteristics,
1 The Monte Carlo analysis, on the other hand, actually conducts a

sample-by-sample simulation using random number generators and

i e e e e Tt

shaping filtrvs to generate the random error sources, The n y'system‘
: measurements are then processed by the suboptimal (exterﬂd::lman /
;, filter algorithm to generate the filter estimates, If m hese
simulations are conducted, then the statistics of the error between

the filter estinate and the truth model can be computed. Because of
the larger number of simulations necessary to determine the performance g

of cne set of Kalman filter parameters, a llonte Carlo analysis can

require the expense of large amounts of computer resources,
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Consequently when a covariance analysis can be performed, the Monte
Carlo analysis is viewed as a step to be performed after a covariance
analysis, The lionte Carlo analysis is thius used to fine tune the
Kalman filter and validate the filter performance after the covariance
analysis has been performed.

The extended Kalman filter cannot be evaluated or tuned totally
on the basis of a covariance znalysis (1like GCAP) because the gain and
error covariance matrices depend on the time history of the state
estimates (which are not available in a covariance analysis), Kever-
theless, the covariance analysis is u;ed to tune a linearized Kalman
filter operating over a nc:inal state trajectory as an approximation
to the extended Kalman filter with small deviations from this nominal,
Subsequently, the lonte Carlo analysis is conducted to investigate
filter performance thoroughly (Ref 3:9-38).

Since a Monte Carlo analysis of promising filter designs should be
performed after the covariance analysis, it is desirable to have avail-
able a general lionte Carlo Analysis Program (IMCAP). This progran
should be similar in structure to GCAP so that users can easily
transition from a covariance analysis to a lionte Carlo analysis of the
Kalman filter under study. Also, if possible, problem dependent
computer subroutines should ve applicable to both GCAP. and liCAP, The
development of this general ilonte Carlo Analysis Program is the primary
objective of this‘study.

-
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The primary objective of this study is to develop a general lonte
Carlo analysis program which can be used to evaluate Kalﬁan filter
and extended Kalman filter performance, In order to demonstrate
the validity of the simulation, the following secondary objectives will

be performed to investigate a specific problem,

1, To develop a simulation of the aircraft and satellite dynamics
using the truth model developed by liitchell and modified by
Mann, ‘

2, To perform a Mbnte Carlo pzrformance analysis of the six
state reduced order filter investigated by Mann,

3. To analyze the performance of the reduced order filter.

Problenm Statement

The high accuracy tracking of one accelerating vehicle from
another vehicle has many military applications, These include: aircraft

to aircraft tracking, aircraft to missile tracking, aircraft to satel-

lite tracking, missile to aircraft tracking, etc. This project will
consider the problem of tracking a satellite from an aircraft. Tracking
is usually accomplished by measuring range and angle information with E
a steerable radar. These measurements are then used to estimate the %
i state (position, velocity, acceleration, or equivalent parameters) %
from the aircraft, '
Since the radar observations of the satellite are uncertain due
to noisy measurement data, the state estimates are not exact (determin-

istic) quantities, If the measurement corruptions are described

4




statistically and the system dynamics are described by a linear mathe-
matical model, then a Kalman filter will provide the st (istics of the
state estimates, However, since the protlem to be investigated is non-
linear, the extended Kalman filter formulation has been chosen to deter-
mine the state estimates and associated error covariance.

Previous Air Force Institute of Technology (AFIT) thesis projects
by Robert Mitchell (Ref 4) and Robert Mann (Ref 5) establiched a base-
line of information for this problem. In particular, the thesis by
Mann extended the work of Mitchell and utilized an extended Kalman
filter to perform state estimation, ﬁann conducted a covariance
analysis for two reduced order Kalman filters, As indicated by the
Mann covariance analysis, the performance of the two filters was not
satisfactory. However, a covariance analysis is viewed as only a
first step in the evaluation of the proposed reduced order filters,

The covariance equations provide filter error statistics but the
covariance analysis does not represent a complete system simulation.
A direct statistical simulation (Monte Carlo analysis) is required to
continue analysis of the filter performance. In order to limit the
scope of this study, a Monte Carlo analysis of the Mann six state
filter will be performed since it is moxe likely to be implemented if

it meets perfoimance objectives,

Assunptions and L;mitations'

Since the system dynamics are non-linear for the aircraft to
satellite tracking problem, the basic Kalman filter cannot be applied

in this study. Several non-linear estimation methods are available
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for handling problems of this type. However, as long as performance
is satisfactory the extended Kalman filter will be used because the
equations are simple and easy to calculate, :

The six state filter will be analyzed with the tracking profile
used in the Mann thesis, With this profile, the tracker (aircraft),
at the beginning of the simulation, lies in the orbit plane of the
satellite., As the simulation progresses, the aircraft moves orthogonal
to the orbit plane, The assumption is made that this profile repre-
sents a worst case condition. This is a rzasonable assumption because
the tracking geometry restricts the flow of information to some of
the states in the extended Kalman filter and creates observability
problems. The six state reduced order filter will be tuned using this
tracking profile,

The remaining assumptions parallel those of lMann:

1, Essentially perfect measurements of the tracker acceleration
with respect to inertial space are available as the derived
output from three accelerometers,

2, The tracking system will provide noise-corrupted measurements
of the inertial angular rates of the tracker, range and small
angle deviations between the boresight and line-of-sight
{rames.

3. The tracking system can be instantaneously corrected by the
extended Kalman filter state error estimates,

4, Essentially perfect measurements of the tracker elevation and
azimuth angles are available from resclvers,

5. The tracker y axis will be inertially stabilized so that it

always lies parallel to the geocentric x-y plane,
6
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Research Strateszy

The research for this project is divided into the following five
ma jor categories:
1, To investigate the background of the problem.

2, To determine the computer simulation method for the general

Monte Carlo performance analysis,

3. To develop a general lionte Carlo Analysis Program (iICAF)
to perform the system simulation,

4, To perform the llonte Carlo analysis of the six state reduced
order Kalman filter using MCAf.

5. To analyze theresults of the computer simnulation,

Sumna.

This study is concerned with the development of a general tionte

L NS A Ao iz b

Carlo analysis program and its application to a problem previously
investigated in a limited manner through covariance analysis, Chapter
II presents the Kalman filter and extended Kalman filter equations
used in this study. Chapter III briefly describes the iHonte Carlo %

analysis simulation method and how the error statistics are computed.

T

; A more detaiied description of MCAP is contained in the users guide

=

(Appendix A). The fourth chapter presents a detailed description of

the satellite and aircraft tracker system state equations for the .

problem investigated with the general lionte Carlo analysis progranm,

Chapter V presents the development of a reduced order extended

Kalman filter model used in the analysis. The results of the analysis

e A S

are presented and discussed in Chapter VI, The final chapter presents

the conclusions and recommendations of this project.

7




II, Extended Kalman Filter Equations

Introduction

This chapter presents the propagation and update equations for
both linear and extended Kalman filters, A Kalman filter is, concisely
stated, an optimal recursive data processing algorithm for the deter-~
mination of the states or parameters of a system using noise corrupted
measurements (Ref 6:16), If a physical system of interest can be
modeled by a set of ordinary.linear differential equatlions and linear
measurements with system and measurement noises which are white and
Gaussian, then the Kalman filter will provide the best estimate of
the system states, However, in many cases of practical inierest,
physical systems must be represented by a nonlinear set of differential
equations and/or nonlinear measurement equations, For such problenms,
it is often convenient to linearize the system equations about some
assumed set of nominal conditions and use developed algorithms (such
as the extended Kalman filter which uses reevaluation of the nominal
at each measurement time) for estimation about these nominal conditions
(Ref 7:57).

Considering the approximations necessary and the fact that there
is no "best" suboptimal filter, the extended Kalman filter gain and
covariance propagation equations have the same form as the Kalman
filter equations, but are lihearized about the current state estimates,
The linearization is a first term approximation to a Taylor series
expansion to the state estimate. Higher order and more exact approxi-
mations can be achieved by using more terms of the Taylor series

expansion for the nonlinearities and by deriving approximate recursive

'8




relations for the higher moments of the state vector x (Ref 8:184),
yielding higher order nonlinear filters, As might be expected, if
the system nonlinearities are significant, then neglecting the higher
order terms will result in blased esiimates, However, when compared
to the extended Kalman filter, the higher order filters are both more
complex and more costly in terms of computer implementation, For this
reason, the extended Kalman filter is often considered first in non-

linear estimatlon problems,

Kotation

This study has adopted the notation presented by Wrigley, Hollister,
and Denhard (Ref 9:120-23). A vector (represented by a letter with an
underbar, ;) is considered to be a geometric entity in real, three
dimensional space, The vector represents some physical quantity which

has both magnitude and direction. When the physical quantity is ®

measured with respect to a coordinate frame, the vector is said to be

coordinatized in that frame. The three numbers assocliated with the

" mathematical vector are the components of the physical vector relative

to the specified coordinate frame, As an example, if x is coordinatized
in the "i" ivame, the vecior would bLe denoted by 5}, a three-tuple of
numbers, Another vector of interest is the physical angular-velocity
vector, generally denoted by a ¥, The angular velocity vector will

have two subscripts, as an ekample E%b' The subscripts indicate that

the angular velocity, w, is of frame b with respect to frame n,

coordinatized in the i frame.




A 3x3 direction cosine matrix is used in this study to transfcrm

the components of a vector in one frame to those in another, The
direction cosine matrix is represented by a capital C and an undertar,
Associated with the letter C will be a subscript for the frame from
which the transformation is made, and a superscript for the new coordi-
nate frame. As an example, Qg would transform the vector x from the
b frame to the n.frame, as x0 = Qg _b.

~ Where it is necessary to address individual components of a vector
coordinatized in a specific frame, the vector will be specified and
subscripts used to indicate individual components, For example:

w o= |wt] = E«i wg', w;:lT (1)

W.

e 3 e

N -

w
.
where T denotes the transpose operator,

Definitions
Listed below are some of the definitions used in this chapter:

;(ti) = system state at time t; (n-vector)

R
;(t;) = filter estimate prior to incorporating a measurement at
:  time ty (n-vector)
2§ti) = filter estimate after incorporating a measurement at time

ty (n-vector)

2(t;) = m vector of measurements at time t;

system dynamics white Gaussian noise s-vector, independent

of x(t,), where L ()] = 0, and u()u(r)™] = g(£)6 (¢-1).

u(t,)

[#(t) is assumed to be zero mean, Gaussian, and white

(uncorrelated in time)] with Q(t) an sxs positive semi-

10
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definite symmetric matrix that is, in general, piecewise
continuous in t,
¥(t;) = zero mean, white Gaussian, measurement noise sequence |

independent of w(t) and x(t,) for all time (m-vector),

The statistics of y(t;) are Ef_!(ti)] = 0, and
Hw(e)u(t)] = | (t;) ty = t4
0 otherwise

@(ty,t;_;) = state transition matrix from time t;_; to time t,

(nxn matrix)

;ﬂ(tz) filter computer covariance matrix of state x(ty), also of
the error in the estimate of x( ti), prior to incorporating

a measurement at time t; (nxn symmetric matrix)

+
B(ty) = filter computer covariance matrix of state x( ty), also of

the error in the estimate of x( ti), after incorporating a ‘I
L neasurement at time t; (nxn symnetric matrix)

F(t) system dynamics matrix (nxn) or the matrix of partial

derivatives of ig( t),t] with respect to x for the extended

Kalman filter
G(t) = system input matrix (nxs)

H(ty) = system observation matrix at time t; (mxn) or the matrix

of partial derivatives of W x(t),t] with respect to x

for the extended Kalman filter

R(t;) = positive definite measurement noise covariance matrix (mxa)

_lg(ti) = Kalman gain matrix (nxm) defined at time t3




Linear Kalman Filter Formulation

The linear Kalman filter formulation presented in this section is
for a continuous time system model with discrete time medsurement
updates, Assume that the system modeling has been completed and that
the state vector x(t) satisfies the vector stochastic differential
equation:

x(t) = F(t) z(t) + c(t) n(t) (2)
The state equatlon is propagated forward in time from the initial
condition g(to). Since the exact initial condition may pot be known,

L)

it is modeled as being a Gaussian random variable wifh mean x, and

covariance P _:

wal) :
L x(t,)] = % (3)
Hx(to) - % Hx(t,) - 2}7] = By )

The initial coveriance matrix P, may be positive semidefinite,
admitting exact knowledge of the initial conditions of some of the
states or linear combinations thereof, It can be shown (Ref 10:157-
163) that, under the assumption that x(t,) is either deterministic

or a Gaussian random variable, the solution x(t) to linear stochastic
differential equations such as Equation (2) is a Gauss-Markov process,
i.e. the conditional density of x at time t; based upon all realiza-
tions of x through time tj_; is both Gaussian and completely determined
by the process value at ty.1. Because the conditional density is
Gaussian, it is completely specified by its mean and covariance

(Ref 7:92).

12
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Measurements are available at discrete time points and are !
assumed to be of the form of a linear combination of the states and
corrupted by a white Gaussian sequence (Ref 3:2):

2(ty) = H(t5) x(tg) + v(ty) (5)

The state estimate propagates between measurements (from time
+ -
tj-) to time t;) according to:

+
2(1;1) =ql(ti’ti_l) 2.(%_._1) (6)
and the covariance propagates according to:
+ it
E(ti) =q_)(tivt1_1) .R(ti..l) Q.(ti: ti-l)
L g e T
+J 7 @(ty,m) G(T) Q(T)T 2(t4,T) aT (7)
t .
i-1
At neasurement time ti, the estimate is updated according to
(Ref 10:233):
+ nL- -
2(ty) = 2(¢7) + K(%y) [y; - H(t,) &(+)] (8)
+ = ‘ =
P(t5) = B(t5) - K(t5) H(t;) B(t]) (9)
where
e at S T =
K(t;) = B(t]) B(ty)" [H(t;) B(¢7) 1) + B(t)]™ (10)
where [ ]'1 indicates the inverse of the bracketted matrix and Xj is
the realized valuc of the measurement z(ty) at time t;.

Under the assumption that the adequate system model is linear,
and that the dynamic driving and measurement noises are Gaussian and
white, the Kalman filter provides the optimal estimate X( tI) of the
state of the system (Ref 10:66,214), relative to many optimality

criteria with these assumptions i(t;) is the mean, mode, and median

of the conditional density of gﬂti), conditioned on the entire measure-

ment history through time ty. The covariance of the error committed
13
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by using 2(t{) as the estimate of the state at time t; is denoted by
EKt;). It should be noted that for a linear estimation problem, the
covariance propagation [Equations (7,9)], while depending on the
sequence of g(ti) and g(ti), is independent of the time history of
measurements 11(11, Yoo vss)s This will no longer be the case in the
extended Kalman filter formulation,

The assumption that the system can be modeled as being driven by
white Gaussian noise is often well founded on two accounts, Fiist,
it has been found from practical experience that the Gaussian distri-
bution provides a reasonable approximation to observed random behavior
in certain physical systenms (Ref 7:92), Secondly, the central limit
theorem (Ref 7:96) states that if the random phenomenon that we observe
at the macroscopic level, is due to the superposition of a large number
of independent random variables on the microscopic level, then the
macroscopic phenomenon can be adequately modeled as a Gaussian random

variable (Ref 10:40),

Extended Kalman Filter Formulation (Ref 3:179-189)

The extended Kalman filter formulation is commonly used in esti-
mation problems in which the adequate statc and/or measurement equations
are nonlinear rather than linear. Consider, as before, a systeﬁ that
is continuous in time with measurements at discrete sampling times,
Assume that the system state satisfies the foilowing nonlinear vectoxr

stochastic differential equation:

x(t) = £lx(t), t]+a(t) x(t) (11)

14




where ;f;.t] is a nonlinear function of the states and time [in
general f could also be a function of deterministic control inputs
u(t) ], and where the vector w(t) of zero mean white Gaussian driving
noises and covariance Q(t) enters in a linear additive manner, The
initial condition of l(to) is modeled as a Gaussian random variable

with mean X

X5 Noise corrupted vector measurements

and covariance P .
of a nonlinear function of the states and time are available at
discrete times t; as:
2(tg) = Hx(t3), t,] + w(ts) (12)
where y(t;) is a zero mean white Gaussian sequence with covariance
kernel (Ref 3:180). i
Hv(ty) v(£5)] = | B(ty) for i = j (13)
0 otherwise
It is assumed that the processes w and v are independent of each other,
The filter propagation equations are:
o R/ = £3(4/4), 1) (14)
R(ty/t;) = () (15)
where the notation X(t/t;) means the optimal estimate of the state,
x, at time, t, given the updated estimates up to and including time
t;. In addition, (the covariance is propagated approximately by):
B(t/t;) = K t:2(t/t;)] B(t/8y) + B(t/ty) L t:i2(t/6)]"
+6(8) av) g (26)
P(ty/ty) = B(t]) (17)
where F is the matrix of partial derivatives of f with respect to x,

evaluated along the trajectory'[which is propagated by means of Equation

(14)] s

15
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: off x,]
H t:2(t/ty)] = 57— k (18)
s x = X(t/ty)
The measurement update is given by:

K(ty) = B(4D) Mty s2(e0)T" €t :2(40)] B(tD) H 4 s2(¢))

+ R(44)1Y (19)

2(t) = () + K(t)0yy - HE(tD), 4 1} (20)
B(ty) = B(¢7) - K(ty) H +:%(+])Ip(¢5) (21)
where
() = R(ty /%, ) (22)
P(t;) = B(t3/t; _3) (23)
3 x,t] ‘

H42(+))] = =53 (24)

x = X(t7)

The notation t; implies the value of the quantity at the instant prior
to the update at time ti, and t; is the value of the quantity juét after
the update. The notation used thus far, except as noted for the I
matrix, is developed and used in (Ref 3).

Unlike the conventional Kalman filter, the extended Kalman filter
gain and estimation error covariance matrices depend on the time history
of X(t/t1). Since a covariance analysis could only use an Xpomina1(t)
as an approximation to X(t/t;) as actually used by the filter in its
online operation (the linearized Kalman filter), the extended Kalman
filter performance should be verified by a lonte Carlo sinmulation,

In general, this form of analysis is both more time consuming and more

costly in terms of computer usage than is a covariance analysis,

16




III. Monte Carlo Simulation and Analysis of a Sub-Optimal

Kalman Filter

‘Introduction

As mentioned in Chapter I, a lonte Carlo analysis is a computer
simulation technique that c-~ be used to develop the required
(extended) Kalman filter ¢ .ng, portray filter performance capabilities,
and study the effects of parameter variations in the true system model,
The lfonte Carlo simulation uées random number generators and shaping
filters which generate random errors to noise corrupt both system
state dynamics and measurements. The noisy system measurements are
then processecd by the suboptimal (extended) Kalman filter fo generate
the filter estimates. If many of these simulations are conducted,
then one can compute the statistics of the error between the filter

estimate and the truth model for quantities of interest,

Performance Analysis

Figure 1 depicts schematically a means of coenducting the perform-
ance analysis of a given (extended) Kalman filter design. The truth
model by definition is the best, most complete mathematical model that
can be developed to describe the system under study. Such a truth medel
is the product.of extensive study and data analysis of the system.

As noted in the figure, the .truth model is an ny¢-state model, linear
or nonlinear, driven by noise wy(t) (assumed white and Gaussian), that
generates the true state values x,(t). It is assumed that the true
values for the critical quantities of interest are related to the true
state values by the vector function ¢, (a p vector - generally less

17
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than "t)'

¥i(t) = e [x,(¢),t] (25)
Often, c,[x;(t),t] s a linear function of x,, as :
xy(t) = o(t)x(t) (26) i

In fact, in many instances, the quantities of interest are simply a
subset of the truth model states; letting the conpoﬁents of x(t) be
ordered so that the first p states are the quantities of interest,
this yields the particular form:

v, (4) = [1}0] 2,(¢) e (27)
Thus we have access to the "real world" values for comparison with the
filter estinates.

At discrete times (ti) the m-dimensional measurements:
24(ty) = Hx ().t ]+ v (ty) (28) I

are presented to the Kalman filter. The Kalman filter algorithm

e e A ST e KA1 74

processes the measurements and produces the state estimates X(t).
These state estimates are related to the estimates of critical quanti-
ties of interest by the vector function ¢ (a p vector):

¥(t) = c[&(¢),t] (29)
Thus the true error committed by the Xalman filter (Ei) at tine ¢y, ; 3

before and after measurement incorporation, is:

eg(ty) = F(]) - x4(ty) (30)
e (£1) = B(¢]) - xe(ty) (31)

If a feedback control system with impulsive correction is zssumed,
then a third error is of interest as wells
+C as,tC c
Et(ti ) =3(ty7) - It(ti ) (32)

where the superscript c denotes after the control is applied, 4
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The objective of the performance analysis is to characterize the
error process statistically. This is accomplished in the ilonte Carlo
simulation by generating many samples of the error process and then
computing the sample statistics directly., If enough samples are gene-
rated, then the sample statistics should approximate the process
statistics very well (Ref 3:6-71). The sanple statistics computed
at each point in time are the calculated mean error (e), calculated
standard deviation of the error (s ), and the ensemble average of the
filter covariance diagonal terms (P kk) The calculations are made

over the ensemble of runs (N) for each time point (tj)z

i N
&ty =§ 2 [E(t) - x,(tp)] (33)
N
2(8 = [( 2[Rt - 2y (T -0 P - 1142 ()
B () =% 31 Py () i)

These equations can be found in any good statistics text (see for
example Ref 11:26,40), It is important to note the use of 1/(N-1)
in the expression for the standard deviation, s,, instead of l/N;
this results in an unbiased estimator of variance before the [ ]1/2
is taken and is customarily used for sampled data (for small or
moderate N),

One useful output of the iionte Carlo analysis is a piot of the
filter estimate of the standard deviation, ¢§Fkk(t ), along with the
corresponding computed standard deviation, _e(tj) for all tj or
interest. The Kalman filter is tuned by minimizing the computed error

standard deviations., As a rule of thumb, good tuning is achieved

20
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when the filter estimated standard deviations are approximately equal
to the computed standard deviations, If the problem under investiga-
tion is sensitive to small changes in the filter tuning parameters
[g(to), and time .istories of Q(t) and K(t) ) then the investigator
nust:

1, Conduct the Monte Carlo simulation

2. Exanine the standard deviation plots

3. Determine tuning parameter(s) to be changed

4, Repeat 1 through 3 until adequate tuning is achieved
Thus it can be readily visualized that precise tuning of the Kalman
filter by iMonte Carlo techniques is very costly in terms of effort and
time.

A second useful output of the llonte Carlo analysis is a plot of
the mean error versus time., This plot is usually obtained with one
standard deviation bounds plotted above and below the mean error.
This plot is useful to determine if the suboptimal Kalman filter
provides the desired accuracy, If the filter starts from initial
conditions other than the truth model initial conditions, then the
filter performance to non-zero initial error can be observed, Bias
errors, a problem of significance to many extended Kalman filter

designs, also become readily apparent from the plots of this form.

Digital Sinulation of the Truth llodel and Filter llodel

In oxder to simulate the system on a digital computer, the problem
must be divided into segments which, when processed sequentially over

a given time period, will provide a realistic portrayal of filter use
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in actual on-line implementation., A convenient time period is the
sample period between times at which measurements become available,
Then the entire procedure is iterated over some desired time interval
of interest, The segments are:

1. Time propagation of system state equations

2, Time propagation of filter state equations

3. Time propagation of filter covariance equations

L, Update of filter covariance matrix

5. Generation of measurements for the filter

6. Update of filter states

7. Application of impulsive feedback to "update" system states

8., Reset the filter states after the feedback
The first segment is simulated by integrating the ni-dimensional
system (truth model) stochastic differential equation:

2.(2) = £,[x,(£), ] + &, (£)uy(t) : (36)
from time ti to time of the next measurement time ty4;. The integra-
tion is typically performed by either Zuler or Runga-Kutta numerical
integration methods with a specified integration step size. Integrating
the deterministic part of the differential equation is readily apparent,
however, the additive white Gaussian noise w{ is not. The following
derivation shows how the solution to the stochastic differential
equation can be approximated.

To provide insight into the approximate solution form, consider

first a linear stochastic differential equation of the form:

x(t) = £(t) x(t) +G(t) u(t) (37)




where w(t) is & zero mean white Gaussian noise with E{!(t)ﬁ(t+t)T] =

Q(t)5(t). An equivalent discrete time system equation would be;

ti+1
x(tyay) = Wtyepaty) 5(t,) + J‘ti+ Atz t) Goeln) or
= @ty ty) x(t)) + wy(ty) (39)

where @(+,+) satisfies both of the following relationships:
g{ ®(t,t;) = F(t) 2(t,t;) for t in the interval
(ttye) (40)
O(ty,ty) =1 (k1)
For this discrete time systen, gd(ti) is a zero mean white Gaussian

discrete-time noise with strength:

Y
gt )ug(t) ] = ft:l Qty47,m) 6(1) Q1) G(1)T

(42)
Q(ti+19'l') aT
= 9,4(t,) (43)
E[_‘!d(ti)h’d(tj)’r] =0 for ty # tj (u4)

How if the integration step size is small relative to éystem character-
istic response time and constant (At sec in duration) then the following

approximations can be made:

Ot 10ty) =L+ F(ty) ot (45)
i
Socad ol ar s o) alty) aey) M (46)
i

2
where all terms of order At or higher have been neglected, Thus one
approximate simulation of the continucus time system would be:
x(ty4y) = [I + E(ty) ot] x(ty) + wy(t,) (47)
= x(t,) + E(t,) x(t;) ot + wg(t,) (48)
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where ﬂd(ti) is described by:

By (4 g (8071 = [6(4,) &(%)) 6(¢,)"] a¢ (19)
Thus the differential equation is integrated using Equation (46)
and noise generators utilized for the gd(ti) term, Higher order inte-
gration techniques can be applied to the nonhomogeneous portion of the
differential equation, with the same gd(ti) as above used as the forcing
terms. It should be noted that this technique is directly =xtendable
to nonlinear equations of the form:

&(t) = fx(+),4] + 6(t) u(t) K (50)

Segment two is performed by calculating the filter equation (6).
The filter covariance propagation Equation (7) is calculated to
accomplish segment three, Segment four is performed by solving
Equations (10 and 9). Segment five uses Equation (5) to generate the
m-dimensional measurements., Noise generators are utilized to provide
the gt(ti) tern. The filter update Equation (8) is calculated to
perform segment six,

A Kalman filter will often be implemented in an indirect feedback
configuration, in which filter error state estimates are fed back to
the actual system to correct the actual error., If the system correc-
tion can be performed rapidly enough compared to the filter update
period, then the feedback can be simulated as an impulsive change.
After application of the correction, assuming linear feedback, the
truth model state process becomes (Ref 3:6=76)1

2(4°%) = 5y(t,) - Dy(ty) &(ty) (51)
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The filter should be "told" that this feedback to the system has
occurred, so its state estimate is modified as:

(6% = 2(4)) - D(ty) K&p) (52)

= [L - D(t,)] %(¢3) (53)

Note that if the filter is estimating error states then the D(t,)
matrix will typically be an identity matrix., Segments seven and
eight are performed by calculating the results of Equations (51)
and (52).

BEach of these segments are performed sequentially at the measure-
ment update time and the simulation time, sysiem state, filter state,
and filter covariance values saved on a data tape. This process con-
tinues until the simulation final time is reached, thus completing
one run of a Monte Carlo simulation, After many runs of the iionte
Carlo simulation have been performed, then the data tape can be read,
the sample statistics calculated using Equations (33-35) and computer

plots created,




IV, Satellite and Aircraft Tracker System State Equations

Introcduction

In this chaptez, the satellite (targct) and aircraft tracker sys-
tem state and measurement equations are developed for the system
(truth) model. Since this study is a follow-on to the work of Mitchell
(Ref 4) and Mann (Ref 5), the presentation in this chapter will paral-

lel their development.

Systen Description

Physically, the problem consists of an orbiting satellite (target)
and a moving alrcraft which is equipped with some type of tracking
device, The tracking device is typically a radar or laser, 3Secause
the aircraft and satellite are both moving in this problem, the
tracking system must be capable of following the satellite motion.,

The tracking system is equipped with three rate gyros which provide
measurements of the three components of the tracker inertial angular
velocity. Because of tracking system dynamics and errors in the
tracking system, the satellite will not lie exactly along the bore-
sight of the tracking device. In this problem, a tracker control sys-
tem is available to correct the estimated tracker error angles. These
estimates of the error angles will be provided by an extended Kalman
filter. Three accelerometers, mounted on the aircraft, provide :
measurements of the specific force of the tracker. These specific
force measurements are used by the aircraft Inertial Navigation Sys-

tem (INS) to determine the tracker inertial position and velocity.
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In this study, it 1s assumed that uncorrupted (treated as perfect)
tracker inertial position and velocity information is available from
the aircraft INS, In addition to the tracker angular velocity, the
tracking system provides measurements of range to the target and the
true line of sight. The measurements are all assumed to be imperfect,
The nature of the noilse corrupting the measurements will be discussed

later.

Satellite State Zquations

The system model used for the satellite dynamics‘will be presented
in this section, The satellite state equations will not be formally
derived; the approach taken is straightforward and the derivations of
the models may be found by the interested reader in any good astro-
dynamics text (see for example Ref 12), As noted in Mann (Ref 5:8),
due to limitations in the computer simulation, the solar pressure
perturbative acceleration is deleted from Mitchell's system model, To
compensate for this additional unmodeled effect, the strengths of the
driving noise sources on the satellite equations are increased by an
appropriate amount,

The target state equations are expressed in the geocentric
equétorial nonrotating coordinate system with the x-axis lying along
the line of the mean vernal equinox (Figure 2), This coordinate sys-
tem will be considered to be an inertial ("i") frame for this appli-
cation. The state equations describing the satellite's motion are:

Xy =X, (54)
X = xg (55)
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kg = xg (56)
Ry =ageta ta ta, tw e
i5=agy+aw+asy+a.dy+w2 (58)
Xgma, ta ta tag, tu (59) i

where
SRS x3 represent the target inertial position components
along the x, y, 2 axes respectively
Xy, x5, x¢ represent the target inertial velocity

is the earth's gravitational acceleration vector

& o

is the solar gravitational perturbation vector

J'i”

1s the lunar gravitational perturbation vector : *
]

is the atmospheric drag acceleration vector i

&

Wys Vo, w3 are zero-mean independent white, Gaussian noises

included to account for unmodeled effects, These )

effects include: solar pressure perturbations,
higher order gravitational terms, and uncertain-
ties in the models used in this study, such as
deviations in the atmospheric density,
In order to determine the strengths of the white noises, consider
the following calculations, For a relatively small satellite - in a
200 Km circular near polar orbit - with a solar pressure coefficient

equal to that of a vehicle with a projected surface towards the sun of B

10 m2 and a ballistic coefficlent of 0,15, the terms of ih have deter-

ministic values of:

Bex = =7.55 m/sec2 - acceleration due to full gravity ;
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apy = +5.0x10-? m/sec2 - lunar perturbative acceleration
- 2
ag, = +2,0x10 9 m/sec” - solar gravitational perturbative
acceleration

9

83, ™ -9,0x10" m/sec2 - drag acceleration

These values have been determined using the models proposed later in
this section with the satellite at 300 north latitude and the sun and
moon positioned for worst case effects, The unmodeled solar pressure
perturbation on the satellite under these assumptions would be
-2.0;(10-9 m/secz. Because of the aforementioned criteria of modeling
all perturbative accelerations of magnitude greater £han 10"9 m/secz,
a reasonable value for the distribution standard deviation of Wy due
to modeling uncertainty and higher order effecis is lxIl.O-9 m/secz.
Taking into account the unmodeled effects due to the solar pressure
perturbations, Wyy Wo and w3 are nodeled as zero mean independent

white Gaussian noises with disiribution one sigma values of 3x10-9 n/

-
sec .

Gravitational Field llodeling

Modeling of the earth's gravitational field is accomplished in a

geocentric, equatorial, rotating coordinate frame. The relationship

T {5

i
between this "r" frame (x¥, y¥, z%¥)" and the inertial "i" (xi. Y zi)
coordinate frame used in the previous section is shown in Figure 2,
The transformation matrix from the rotating (r) to the inertial (i)

frame gé is defined ass
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eg = local sidereal tine at t=0
Wy, = earth's angular rotation rate (7.292x10-'5 rad/sec)
t = tine
The potential model that was chosen includes tesseral, zonal,
and sectorial harmonics up to and including (6,6) (Ref 12:173-180),
The gravitational potential u(x*, e zr) in the "r" frame is (kef 12:

175)1

2 6 k
0= k: ol (= P(m) sinf {ck,m cos(mkE)

i mep R

+ Sy p sin(mg)})
where the terms in Equation (62) are defined as follows:
Pim)(sin¢) are Legendre functions:
P o) 2 (1 - s1a)™? —E 2 (st
d(sing)
and Pk(sin¢) is the Legendre polynomial with argument sinf.
n is the mass of the earth (5.983 x 102“Kg)
k, is the gravitational constant for the earth (ki = 3.986x101u
m3/sec2)

r is the radial distance from the earth's center to the satellite




¢ is the geocentric declination angle of the satellite
XE is the longitude of the satellite with respect to the
prime meridian, :

Sk = and ck,m are the harmonic coefficients for the gravita-
1

(0)

tiona?biotential such that ck,O = -Jk and SR,O = 0 and
the Jk coefficients are the zonal harmonics,
c and S are termed tesseral harmonics if m#k, m 0
k'm k'm
and sectorial harmonics if m = k (Ref 4:115-117),

The components of the gravitational acceleration vector aleng

r 25

gy® &

oz~ can now be determined by

rp r
the xr. Y s 2 axes - ag

.
o

] AL 7
a ———
ax axr
rA T 3 .

(a.) =]|a = | =% . (63)
=6 &y 3y

4 QU

L g2 -azr.

and the gravitational acceleration vector in the inertial frame can

be determined from

i i 5ot
(2g)” = ¢ (a) (6%)

Lunar and Solar Perturbative Accelerations

The perturtative accelerations on the satellite due to the lunar

and solar gravitational fields is presented in this section. Since

the time elapsed during a complete tracking pass is small when compared

to the inertial dynamics of the moon and sun, they are considered

stationary for the purposes of this study,

31




2 M S g N Mo o

The lunar perturbative acceleration vector in the inertial frame
i
is denoted by (gm) y with the components along the inertial x, y, and

i i
ix' amy, and a , respectively, The position vector

of the moon in the inertial frame is denoted as
: 1

rmx

ia
()t |22, (65)

i
Tz

z axes denoted by a

The position vector of the mpon relative to the vehicle is denoted by

i i i ;
(Zns) = (z)" - (xg)” =]z -x (66)
and the perturbative acceleration on the vehicle (satellite) due to

the moon's gravitational field is

e g 1
mx " *1 _ Imx
J
. ri
i i
i h o - xz I‘my
W=t (67)
Tat o
i
rmz . x3 4 rﬁz
J 3
s Tn

where

Hn = gravitational rarameter of the moon (4,903 x 1012 m3/sec2)
A R e 2 2-1/2

s [(r;;-x1> : (r;y-:2> + (xh%4)"]

i i i *\1/2

mx T Thy *Thz ) /

Xyy Xp, Xg = the satellite position in inertial frame,



In a similar manner, the perturvative acceleration due to the

sun's gravitational field is
S

i

asx

ia i

(25)” = |agy (68)

i

asz

The position vector of the sun in inertial frame is defined as

rSX
ia
(z)" = réy (69)
3

and the perturbative acceleration on the vehicle due to the sun's

gravitational field is

£ i
réx Xy = rsx
3 3
Tss Ts
- XZ ri
i S S
adi=u i o (70)
Tss Ts
i i
Tsg ~ %3 Tgz
e T
# Tss rq_

where

wg = gravitational parameter of the sun (1,327 x T a m3/sec2)

A 2 i 2 i 2xlje
res & [(rex)? + (2 o) + ()]
Nuzioig Ry Rk
By = (rsx Yo, tEg, )

Acceleration Due to Drag
Satellite acceleration due to drag is modeled as a function of the
height above the earth's surface, the velocity of the satellite rela-

tive to the rotating atmosphere and the vehicle ballistic coefficient:
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(2)t = 3 28|x,| () (71)

where

(g,d)i = drag acceleration vector in inertial frame

Xy t Wy X2
i
(¥) = Xg = WXy | = velocity of satellite relative to
X¢, rotatlng atmosphere

B = ballistic coefficient of the satellite
A = atmospheric density, modeled as A = Aoe'ah
A, = mean sea level atmospheric density (1.376229 x 10-6 g/m3)

B = altitude atmospheric density decay rate (1.395 x lo-l/m)
h = (xi + xz + xg)l/2 - R, = height above mean earth radius
R, = mean earth radius (6.37817 x 106 n)

L P angular rotation rate of the earth

While the ballistic coefficient of the vehicle is generally not

known, it is known that for a nonthrusting vehicle it will not change
significantly during the time of a tracking pass (an attitude maneuver
could affect it by changing the surface area 2long the velocity vector).
Hence, it is assuued in this study that the ballistic coefficient can
be adequately modeled as a random constant or bias (a random variable
that has 100% correlation in time)

B=0 (72)

with an initial condition as a Gaussian random variable,

Tracker State Equations

While the target state equations are straightforward and represent

a commonly used model for satellite dynamics, the tracker state
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dynamics and measurement equatlons are very dependent upon the modeling
assumptions made in this study. Therefore, a full development of the
tracker dynamic state equations and then the tracking system measurement
equations will be given in this section,

The geometry of the tracker is shown in Figure 3.

Figure 3. Tracker and Line-of-3ight Geometry

It is assumed that the tracker base is inertially stabilized such
that the tracker elevation axis, yt. always lies in the inertial X-Y
plane, The xt axis is along the boresight of the tracker and the zt
axis completes a right-hand orthogonal system. Assuming that the
tracker base is inertially stabilized as above, the two Euler angle
rotations needed to go from the inertial to the tracker frame are
dependent only upon the relative position vector from the tracker to
the target, expressed in 1nértia1 coordinates, The first Euler angle
rotation is by an angle 0 about the inertial z axis as shown in Figure 4.

The superscript "a" indicates an jntermediate frame and the transforma-

tion matrix Cf is

g -




cosb sindé 0

7 =|-sind cose 0 (73)
0 g

Figure 4, First Euler Angle Rotation

Because of the constraint on the yt

axis, the next Euler angle rota-
tion is by an angle @ about the y* axis - leaving the yt axis in the
inertial xy plane, A view of this rotation is shown in Figure 5. The
transformation matrix between the intermedizie "a" frame and the tracker
"t" frame is
cosfd 0 =-sing |
ct=| o 1 0 (71)
sind 0  cosff
Therefore, the Euler angle transformation from the inertial to the

tracker t frame is give by g{ as is shown in Figure 6.
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Figure 5. Second Euler Angle Rotation

Figure 6. Inertial and sracier Frame Orientations
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cosbcosf  cos@sin® -sing
et =g’ cd =| -stno cosd 0 (75)
cos@sing  sinfsino cosff
The line-of-sight (LS) coordinate frame is widély used in pointing and
tracking problems, The LS and t frames have the same origin; however,
the LS frame has one axis pointing exactly at the target while the t
frame is misaligned from this line-of-sight. This study assumes that

the LS x-axis points directly at the target as was shown in Figure 2,

ol
For perfect tracking, the LS and t frames are aligned, i.e, gt“ =1,

Let (Ets)i denote the position vector of the satellite with respect

to the tracker expressed in the inertial frame:

i
Tisx
ia
(z)” 2 |2l (76)
i
Tisz

Transforming this vector to the LS frame yields:

S i
)LS & cLl)

¢; (zyg) (77)

(24

LS A

R
However, by definition of the LS frame (z,.)" =|0

vhere R is the

range between the target and the tracker. Remembering that

IS . .t 3 t
g, =g (for perfect tracking Gy~ = gi)

i
R cosécosf  sinfcosf  -sinff | [rio,

= - 1 :

) sin6 cos® 0 Tiay (78)
1
0 cosfsing sindsingd cosf Tteg
then
-r1 sind + r1 cosd =0 (79)
tsx tsy
38
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Also,

rtsxcosesin¢ + r%sysipesinﬂ + rtszcos¢ = 0 (82)

which implies, after some algebraic manipulation, that

ta.n¢ = riz 3;2 1/2 (83)
( tsx tsy) -
and therefore 2
s e
B Wil -5 tsy 1 s
b 32 12 32 \1/2 Tisz
(rtsx s Tisz)
g = (84)
-# risz .

This relationship can be seen in Figure 7.

In practice, perfect tracking in which the tracker x axis aligns
perfectly with the LS x-axis will not be possible, The misalignment
between the tracker and LS frames can be defined in terms of two Euler
angle rotations, In a manner entirely similar to the previous deriva-
tion, the Zuler angle rotations are v about the zt axis and 8¢ about
an intermediate (y* = y¥5) axis as shown in Figure 8 and,

cosdvcosbd€ sinbvcosbé€ -sind€

gks = -sindv cosdv 0 (85)

cosdvsin€ sindvsind€ cosdE
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It is reasonable to assume that 6€ and Ov are sufficiently small, even
at the beginning of the track, so the small angle approximations can
be used:

sind€ = &€ sindv < §v

?

cosd€ = 1 cosby <~ 1

In which case, Equation (85) becomes

1 v B¢
LS
Cy = -5v 0 SR (86)
§€ 0 )

A solution for the time rate of change of 6% and &év is now sought,
Since 6€ and 6v are both small angles, then the time rate of change
of these angles (éé and 6v) are nothing more than the y and z axis
components, respectively, of the angular velocity of the LS frame with

respect to the tracker frame, coordinatized in the LS coordinates.

Hence,
“%ESx
LS
g = | 8¢ (67)
&v
But
LS LS LS
s = Eps T e (88)
e O (89)

L1




- 1S 7 ) e
“u,sﬂ 1 v o=se | [wh, J
ol 23 t :
kiLSy: - | =6V 1l 0 wlty (90)
LS t
[ Wigsd L9 9l RN

- 1S t t g ;
Wizsx T Witx ~ OV Wygy * O€ Wiy, |
LS t ¢
=| "iLsy = Yity + 6v Wi (91)
LS t t ! :
| ¥i1sz = Witz = € Wiy . ]
So since HLS =0, it is evident that
tLsx ~ O
1S t t
88 = wipo, = Wiy * OV Wiy (92)
. LS t t ) :
6V = Wyrg, = Wig, - OF LA (93) ?
LS _ ¢ t t
Witsx = Wik t ov L 6€ w/,, (9%) ;

Equations (92) and (93) describe the time propagation of the error
misalignment angles 6€ and 6v. Equation (94) will prove useful in
the following development of the time evolution of the line-of-sight
angular velocity vector !iiS'

In order to determine expressions for the timé rate of change of
the line-of-sight gngular velocity vector, consider the position
vector of the satellite with respect to the aircraft, r, . Differenti-
ating Lys twice with respect to time and applying the Coriolis Theorem

each time ylelds

L2




2

2
ATy 2 ATy g e ; 2 ;s S d!iLs L
Z 2 =1L5 dt dt =ts
LA R L T 13 L3
* Hypg (Mg % Iyg) (95)

where the vertical bar indicates the frame in which the differentiation
takes place, Coordinatizing Zquation (95) in the LS frame and
defining the acceleration of the satellite relative to the tracker

along the line-of-sight x, y, and z axes as

LS
a2 LS isx 2 i -
=ts PaY A LS
Sy = a%zy 2 (a4s) = (2y) - (ag) (96)
dat
i LS
sz
and
LS 5 | R
(zy5) 2|0 (97)
0
2 LS Ve
=st A
LS
0

A o
where Vr = R = range rate, the following is then obtained

- 1S 4 - - - - - - i 182 52 |7
Aisx Ve v e R(“iLSy""]{LSz)
L3 d LS LS LS 1s
Atsy 0 +2 VoWirsz |t Riyrse | * RwiL:":x""iLSy
LS SR 1 , LS . -
%] L% 0 PYNpey ] LMageed L R shiss
(99)

AR Rt ot L SR




Exanination of Equation (99) yields the following scalar state

equations aLS R wLS
28 %wes °PMisy 18 s
1LSy R R 1LSx "1LSz
LS 1S
23 Stey 2VMiig; 13 15
Wilsz e R~ “iLsx "iLsy
Ro=V,
; LS 1s? | 152
Vp = apex * RO Ty * Wilss)

(100)

(101)

(102)

t
Defining (ﬁts) as thez inertial acceleration of the satellite

relative to the tracker, coordinatized in the tracker frame, Equation

(86) can be used to obtain

T e
Stsx
LS LS t LS t
(245) =€y (24g) =8¢ | 2tsy
L 2tgz

thus, it follows that

LS t t t
Bpox = Ppgx T OV 2ggy ~ 0€ a4y,

Ls t t
Bpsy = Btsy " 6V ay o

t

LS
=g, +O€ Aesx

qisz

Equations (100) through (102) now become
LS
2 VoWi1sy
R

.LS )
¥iLsy

LS LS

t -
sy ~ 6€ Aisx
I WiLsx MiLsy

R -

o+

(103)

(104)

(205)

(106)

(107)




t t 13
g8 Sy - WAy E Ve, g LS
Y3152 R i e 1L5x "iLSy (108)

R - t S :
Vp = aggx * OV 8y, - 66 Bgeg * R("'I{LSy “%Lbz) (109)

Using Equation (9%) to eliminate Wiys from Squations (107) and (108)

yields 2
: al 2 V. s
i o33 - 152 iL3y o BB +
;2 L et il R Wilss Witx
§ 6€ at
j,? tsx D t t
4
i LS atsy 2V "?L:z 1S t
! Wi1Sz * R i = Meree ¥ty
6v al
tsx LS t t
+ (o —f— - wiLgy [6v wiyy - 8€ wyy, D (111)
The bracketed {*} terms in Equations (110) and (111) represent

§ effects due to the misalignment between the tracker and LS frames,

For the case of perfect tracking (6€ = 6v = 0) these terms equal zero.

Measurement Equations

The tracking system has the capability of measuring the inertial

angular velocity of the tracker, the two angular deviations 6€ and dv,
and the range between the tracker and the target, The models used in
the measurement equations are developed in References 13, 14, and 15,
The inertial angular velocity of the tracker is measured in the
tracker coordinate frame by three rate gyros, one mounted along each
tracker axis, While the system (truth) model propagates the true line-

of-sight angular velocities "iiSy and. "iiSz [Squations (110) and (211)],
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3
—3
]

s ot

b5

{
§
f




measurcments are available only in the tracker frame of “gtx' “Ity'
and wttz‘ Therefore, measurenents of “;ty and ";tz are considered
by the filter to be pseudo-measurements of "EgSy and "iiéz'

The dominant effects which contribute to errors in the rate gyro
measureﬁents are scale factor errors, drift errors, g-sensitive mass
unbalance errors, misalignment errors, and white ncise, vie A
suggested gyro rate measurement model (Kef 13:300) is given as
(tracker x-axis only)

3

T t
W, MM + Bgsfx LA + 1§1 Bgmxi ay + ng
t
Hac, ut,] Bns (112)
where
";x = measured angular velocity along x, axis

“ztx = true angular velocity along Xy axis

= constant bias gyro scale factor

B = coefficients (along x, y, 2z directions in tracker frame)
of the g-sensitive mass unbalance to which the gyro is

subject

t

tey" atsz) of the tracker origin

ay = accelerations (atsx' a
with respect to inertial space

c = gyro drift rate along Xy axis

Aggma = the error angle transformation matrix resulting from
the misalignnents of the three gyros
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" gmay gmal3
4ag = B 0 -B
=gma gﬂ'aZl gmaz 3
-3 B 0
a gma
s g7 {

Bgmaij = gyro misalignment error angles between the desired
gyro coordinates and the actual gyro coordinates
(mounting errors)

["]i' i=xy5,2-= ith component of the vector [ -]

Ny additive zero mean white Gaussian noise to account for
unmcdeled effects such ag aniso-clastic drift, quantiza-
tion error, etc.

Suppose a gyro has been studied in the laboratory. Results of
the gyro testing indicate that the gyro has a drift component along
the x-axis with a steady state standard deviation of 0 radians per
second and a process correlation time of T seconds. These statistics
characterize an exponentially time-correlated (first order Markov)
process, modeled as the output of a first order lag feedback network
driven by a zero-mean white Gaussian noise of strength Q = 202/T,
(Ref 3:4-88), as shown in Figure 9. The state equation for Cox 1s

U ™ e " W

The autocorrelation function of C_ is

X
Elc_(t) ¢, (t+7)] = 0% e I7l (113)
&x 8x
The remaining coefficients in the rate gyro measurement equation

are modeled as random biases, (Ref 10:14-82), as shown in Figure 10,
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Figure 9. Gyro Drift lodel

Initial
Condition

|

Jdt lkx

Figure 10. Random bias liodel
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With this model, the filter is "told" that the value of the variable
does not change in time, although you do not know its value apriori.
This represents a reasonable model for the remaining coefficients
because, while they may not be constant on a long term basis, they
will remain essentially ccnstant during a ten minute tracking pass,
The general form of the state equation for these coefficients is
x = 0, The equation which describes the way the covariance propagates
in time is

P=0 ( (114)
This indicates that the variance of the coefficient does not change
in time and that the initial condition on P represents the variance
of the coefficient about its mean.

The measurements of the tracker angular velocity about the tracker

y and z axes are modeled in & manner identical to Woxe The values used
for the standard deviations in the process correlation time in the

gyro rate measurement model are representative of a typical aircraft

rate gyro (Ref 13:1302):

Steady State Process
Quantity Standard Deviation (g) Correlation Time (1)
-
Gyro drift 1x10 = rad/sec 3600 sec
Gyro scale factors 5x10-u ©0
Gyro mass unbalance 33(10"6 rad-sec/n o
coefficients ;
Gyro misalignment lxlo'“ 0
coefficients
Additive white 1x10™7 rad/sec 0
Gaussian noise vy
49




The error misalignment angles 6€ and 6V are measured in the
tracking coordinate frames, Effects which can degrade these measure-
ments are: deterministic scale factors, scale factor erfors. angle
track biases, and angle track scintillation noises, No attempt has
been made to model noises that are specific to a typical radar or
laser ranger. Rather, the measurement model proposed below is repre-
sentative of a large class of measurement devices (Ref 14:14) ]

0 (115)

o€

n = O€+Sc +Cgp b€ + B,

Te

o
<
(|

6v + 5, +Cgp OV + By + vy ; (116)
where

8¢y Oy = true nisalignment angles

Ser S, = angle track scintillation noises

CSFG' cSFv = scale factor errors

BATg’ BATV = angle track biases

Vi v5 = gero mean white Gaussian noises to account for unmodeled

effects

Both the angle track scintillation noises (SE and Sv) and the
scale factor errors (CSFG' CSFV) are modeled as exponentially time
correlated random variables. Scintillation noise is dependent upon
various factors such as atmospheric propagation, and amplifier
characteristics which change as a function of time during a typlcal
tracking pass, Scale factor errors are a function of tracker variables
that undergo a change with respect to time (Ref 14:15)., These vari-
ables are reasonably well modeled as exponentially time-correlated and

the following equations are obtained:
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s'se = 3,5 + W, ; (117)

8, = 955, + g (116)
Csre = P1dlsr * Y0 : (119)
Csp, = ®110sp, * ¥11 (120)

where wy,, w5, w100 and Wy) are zero mean white Gaussian noises with
Q = 205/71. The Bi represent the inverse of the process correlation
time, Bi = 1/&1. The angle track bias coefficients BAT6 and BATV are
mo@eled as random biases = initial value unknown but describable as a
Gaussian random variable with mean zero and a known variance, The
values used for the process standard deviations and correlation times

are given below (Ref 4:149).

Steady State Process

Quantity Standard Deviation (g) Correlation Time (T)
Angle track lxlO"6 rad 10 sec
scintillations (SG’Sv)
Angle measurement i
scale factor errors 10 300 sec
(CspeeCop,)
Angle track bias 2x10"6 rad 00
(BAT G'BATV)
Additive white noise 1x10-6 rad 0

The model of the measurement of range is very similar to those
of the angular deviations, Uncertainties in the measurement of range
are due primarily to scintillation noise and bias errors,

R, = R+3Sp +3B +vg (121)

where
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S, = range scintillation noise
R =

B, = range bias

true range

Vg = zero mean white Gaussian noise to account for unmodeled
effects
The range scintillation noise is‘due to atmospheric effects and
errors in the digitization of the returned signal., The atmospheric
effects in particular are a direct function of the elevation angle
of the tracker - less scintillation error when the satellite is

directly "cverhead" and greater errors at the horizon, The scintil-

lation error will show a degree of time correlation during a tracking
pass and an exponentially time correlated random variable is used to
model this state:

Sp = B35 * ¥ (122) 1
where wg is a zero mean white Gaussian noise with Q = 202/% and g
83 = 1/73. The range bias is modeled as a random bias, (Initial
value unknown, but describable as a zero mean Gaussian random variable ;

and known variance,) Values used for the standard deviations and J

correlation t:mes are shown below (Ref 4:150).

Steady State Process
Quantity Standard Deviation (g) Correlation Time (T)
Range Scintillation 20m 10 sec
Range bias 5n 0

Additive white noise 5m 0




Summary of State and Measurement Equations
After augmenting the satellite and tracker state equations with
the noise states needed to define the measurements, the truth model

contains a total of 42 states, They are repeated here for clarity.

State Equations

(l) *1 =Xy (123)
(2) %, =x Satellite inertial position (124)
2 75
(3) &5 =x( (125)
(4) x, ta ta, tag tw (126)
(5) x,=a _+a _ +a_+a,_ +w Satellite (127)
5 &y N sy dy ¢ inertial
(6) x¢ = 8gy * Ay, 3, t 3y, * ¥y | velocity (128)
t LS
) wo S uS . Mz 2 VMg 13 ¢
7) Wpgy = Wisy= - R R Wilsz itx
5€ al
t LS
+ {- T X & ¥ilsSz Lov w iy - 8€ "nz-’} (129)
Line-
S f-
t LS o
(8 ». 88 8sy 2 Vr¥ilsze 15t [ sight
) Visg = Wiisp = —F{ - R ¥iLsy Yitx angular
% velocity
6v a.tsx t
+{~- =5 - “uw [ov wit - 6€ wy,, 3 /7 (130)
: S t 4
(9) 6€ =S - wl,_ +6vw (131)
o e i Error misalignment
. 1S " t angle
(11) R=v, Range (133)
AR, - AP t Range
(12) V. =af +6v By = O€ By, * R(w™ iLby iLSz) et (1)
(13) %, =0 Satellite ballistic coefficient (135)
13
(14) 8¢ = =31 S¢ *+ Wy Angle track (136)
. scintillati
(15) 8, =By, +n, | POOHIAEO (137)
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(16)
(17)
(18)
(19)
(20)

(21)
(22)

(30)
(31)

(32)
(33)
(3)
(35

(36)

(37)
(38)
(39)
(40)
(41)
(42)

SR = -33 SR + wg Range scintillation

égx a" csx i

ég B Coy * Vg Gyro drift

égz - g ng . ¥9

éSFe = 97 CsFe + W Angle measurement

scale factors

Bwl =0 }
. Coefficients of gyro mass

. unbalance (nine equations)
B =0

gy ;

=0

ena,

B =0

5111313

B =0

s Gyro misalignment
i coefﬁcier)xts (six
B =0 equations

gma23

B =0

Sma31

B =0

5111332

ﬁR =0 Range bias

ATe b

A Angle track bias

ﬁgafx e

Bgsfy =0 Gyro scale factors

Bgsfz = 0

(138)
(139)
(140)
(141)
(142)

(143)
(244)

(145)
(146)

(147)
(148)
(149)
(150)
(151)

(152)
(153)
(154)
(155)

(156)

(157)




Measurement Equations

(0)

(1)

(2)

(3)

(%)

(5)

t .t t
W ™ P T B Yt

t
+ [Aggma git]x + vy

"t t + t

= B W +
ny "ity gsfy ity

t
+ [Aggma. !—it‘]y + A\

oo s t

= +
mnz "itz 1'Bgsfz “u,z
t
2 [Aggma Hglp 9

8¢ +

€ =06€ + S
- €

e * Csp

3
gl g
1=1 ™y

3
23
foy &Ny,

2 s
duf TR

i

B + v
AT6 4

va = §v + Sv + cSFvbv + BAT\, + vy

Rm=R+SR+BR+v6
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V. A Sub-Optimal Filter lodel

Introduction
This chapter presents the development of a reduced order system 3

model which is used as the suboptimal filter model for the general-

ized lionte Carlo Analysis Program, The reduced order system mocdel
should be computationally simpler than the full system (truth) model, 4
How this simplification takes place is dictated by the prior experi-
ence, skill, and decisions of the designer, In many cases, simplifi-
cation is accomplished by deleting states from the truth nodel that

represent non-dominant effects in the problem under study. Typically

this is accomplished with a corresponding increase in noise strengths
driving the model to compensate for the deleted terms or states. As

an example, if time correlated gyro drift rates are replaced by an
additive white noise in a navigation filter, the filter performance

may be significantly degraded. However, the deletion of these states
may not be noticed for a tracking problem of ten minutes duratlon,

In addition to deleting states, the designer might also choose to
delete terms in the state equation that are about an order of magni-
tude less than the size of the other terms. So in addition to deleting
non-dominant states, non-dominant terms are also deleted, However,
careful judgement must be exercised when non-dominant terms are deleted
because these small cross coupling terms may be extremely important in

meeting system performance criteria,
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The reduced order filter (a six-state filter) was suggested by
the Air Force Avionics Laboratory to liann (kef 5). The maln idea
behind the filter is to use what is known about the dominant forces
acting on the satellite being tracked and its geometry to aid in the

sinplification of the truth nmodel,

Six State Filter EZquation Development

The underlying concept for the development of the filter model
proposed in this section is to delete the satellite inertial position
and velocity states [x(1) through x(6)]. Other information already
avallable in the remaining six states and INS data will then be used
to deternine the acceleration of the satellite relative to the
tracker (a:s) based upon the ruowledge that the dominant acceleration
of the satellite can be described by a two body point mass gravity
model., This approach to the satellite tracking problem was suggested
by Air Force Avionics Laboratory personnel,

Figure 11 represents a typical tracker line-of-sight to satellite
geometry. Where
i

(xi, Yo zi) is the geocentric equatorial inertial frame

(xLS, yLS, zLD) is the tracker line-of-sight frame, with x>
pointing at the satellite

% is the vector from the center of the earth to the tracker:

g'i

s is the vector from the center of the earth to the satellite

> is the vector from the origin of the tracker system to

L

the satellite along the line-of-sight x-axis




//satellite

earth center

Figure 11, Tracker Line-of-Sight to Satellite Geometry
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When the satellite inertial position and veloclty states are
deleted from the system, the following information remains available
to formulate a filter model:

9.¢ precise resolver measurements of the tracker azimuth
and elevation angles
cis(e,ﬁ) the transformation matrix from the inertial to the
line-of~sight frames as a function of 8 and ¢
(g._it)t high precision measurements of the tracker accele-
ration with respect to inertial space in tracker
coordinates, determined from the outputs of three

accelerometers - one mounted along each of the tracker

axes,

t

Rm, "ﬁy

2 w:; . 6€m, 6Vm noise corrupted measurements of range,
tracker angular rates, and angular
deviations as discussed in Chapter IV,

Consider now the tracker line-of-sight angular velocity state

equations.
5 al Vot
«LS tsz 1L>y i 1S t
itay = K T YiLsz Witx

6€ alt :
tsx 1S - 1 t -
+{- TRt Wilgy LOV Wiy = 0€ wip, 1} (164)

ot + 18
LS afey 2 Vr"%LSz LS S
Wrse T R AR Maloe it

dv atsx WL

+ {~ —— y [6v whyy - 6€ whio (165)
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The bracketted terms {<} result from the fact that the tracker and
line-of-sight frames are not coincident and differ by the two small
Euler angles 6€ and 6v., For high accuracy tracking, the small angular
deviations 6€ and 6v will have magnitudes on the order of 1075 radians
or less (Ref 10:67), For the particular tracking profile used in this
study, the bracketted terms are on the order of 10—l radians/s ec? while
the smallest values of HLLDy and ﬁ?iSz are % 1078 radians/sec » Thus,
in the reduced order filter model the bracketted terms are negzlected
and replaced by a zero mean white Gaussian driving noise to account for

the increased uncertainty in the dynamics model:

R
28 ey iisy . 1S £
L L iy R R *tWiLsz Yitgx T Y1 (166)
4 LS
a 2V PM5LS
+ 1S tsy _ ilSz 1S t
¥ilsz - R R - MiLsy Vitx * W2 (167)

before the filter was tuned to give the best performance, w; and wp

vwere assigned one-sigma values of 10-11

radians/sec?, based upon the
values of the bracketted terms that were dropped.

The remaining state equations are:

. LS t ,t
5 18 % T '
bv = hiLsz - Witz - 6¢€ witx (169)
R=v, (170)
2
L] t t
Ve = agg, * 0V ag, - 0€ atsz * R(“iLby -+ "1Laz) (171)

Equation (171) may be simplified using the same criteria as for
Equations (164, 165). For high accuracy tracking, the terms containing

6€ and 6v will be approximately five orders of magnitude smaller than
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Vr. Therefore, in the proposed filter model, these two terms are
dropped and replaced by a zero mean white Gaussian driving noise

(w3) of strength equal to (1 x 10713 m/secz)z

2
VR LS LS
Vr = agey * RONTsy * ¥ils,) + 43 (172)
Consider the following develcpment of the acceleration of the
“
satellite with respect to the tracker (_@_ts)LJ expressed in the line-
of-sight frame,
i i i

(e) =4 ) + () (173)
where the superscript "i" again indicates coordinatization in the
inertial frame. From the definition of the line-of-sight (LS) frame

LS

(the line-of-sight x axis - x> - points exactly at the target), we

know that the position vector of the satellite relative to the tracker

-

LS
(gts) lies along be.

R .
LS
() & 8 (174)

where R is the range between the tracker origin and the satellite,
It follows that
LS LS i
(Ets) =Gy (Ets) (175)
Fron Equation (173) it is seen that the acceleration of the satellite
with respect to the tracker expressed in inertial coordinates
i
(z4)" 1s : ;
e 5 i
(B = () - (&) (176)
Elementary astrodynamics tells us that we can model the inertial

acceleration of the satellite as
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2
i 'ﬂe(!s)
(0.) = NE (177)
(zg)
where p, is the earth's gravitational constant and Equation (176)
becomes i
(£,.) =15 - (&) (178)
=ts I(Z:s) |3

where from Equations (173) and (175)

(2t = et vk (2, )" (179)

It is evident at this point that if the tracker inertial position
N ;
(Et) were made available from an INS on the aircraft, then the accele-
ration of the satellite relative to the tracker expressed in LS

L"‘
coordinates [which is (a; ) 7] can be found by

@) @ e 2 ) (180)
QI{S l-&:%sl—; - (ft)i (181)
-7, f(rt)ifjiz?)ml - G (192)

7
Under the assumption that &€ and v are small, the tracker and
line-of-sight frames are nearly aligned, It follows that the accele-
ration vector of the satellite relative to the tracker coordinatized in
the tracker frame - (g._ts)t - is well approximated by (gts)LS. Also,
the acceleration of the tracker with respect to inertial space expressed

in the LS frame - (gt)Ls - is well approximated by the inertial
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acceleration of the tracker in the tracker frame (_r_t)t which is derived

from the outputs of the accelerometers, Equation (183) can now be

approximated as

t “He [C (rt) * (rts) ]
(x)t?

Equation (184) is readily implementable as all quantities in it are

(a,) = - (&) (1)

available:

g:s is a known function of the resolver angles ¢ and 0

(;,t)i is provided by the INS

s |R
(;ts) =| 0| where R is the range
0

L
(Et) is derived from the output of the accelerometers

(z, )t = (rt) + CL sz, ) (185)
Therefore, the form of the state equations for f;ﬂsy "I;isz- and
V. remain as given in Zquations (166), (167), and (172) with the compo-
t
nents of (Qts)
.t
B¢sx

ta
(.a.ts) g atsy ( 186 )

t
qsz

determined by the corresponding components of Equation (184).

Filter Neasurement Equation Development

The measurement equations for the truth model are summarized at
the end of Chapter IV, Each measurement is considered to be the sum
of the state (which is a realization of one stochastic process), and

additive noises (which are realizations or samples of other stochastic




9
processes), For instance, consider thg,erféasurement of the i}ertial

A

angular velocity of the tracker along the tracker y axis

wiboawt 4 wt + g B a, +C
Ry ity esfy ity 4. EW; 1 &

t
+ [A(_:gma N t]y + vy (187)

Art ¢t t 4T
where Ett = ["itx ity witz] represents the true angular velocity

of the tracker coordinatized in the tracker frame (it should be recalled

that w__ and Vg are considered to be pseudomeasurements of the line-

mny
of sight angular velocities wiis

v/

LS
y and Wyg, which are not directly

measurable)., The second through fifth terms in Equation (187) are
stochastic models of the dominant noise processes that corrupt a rate
gyro measurement, The last term, Vi is a zero mean white Gaussian
noise sequence added to account for errors in the modeling assumptions

and unmodeled higher order effects. and

B B B B
gsty’ “gny,’ “emy,' “emy,
the elements of the matrix Aggma are all modeled as random biases, For

lack of better information they are modeled as zero mean with a variance
determined from empirical data. Each of these stochastic processes is

then multiplied by a known quantity (in the truth model) - the resulting
product in each case being a random process, The inertial acceleration

of the tracker origin in the tracker coordinates

t
&¢x

(a)" @ |a, | (188)

t
34z

is assumed to be a deterministic system parameter in this study. The

component of the gyro drift along the tracker y axis, ng, is modeled as

an exponentially time-correlated random process. In the filter
.64




measurement model, it is assumed that the total effect of all of the
corruptive effects in each of the truth model measurement equations
can be replaced by & single zero-mean white Gaussian noise sequence,
The filter measurement model, for each state, consists of the "true
value" plus an additive white noise to account for modeling uncertain-

ties, For the state we chose as an example,

Wiy o=y, t Y (189)
This approach to modeling the measurements leads to the simplest filter
implementation. If the performance should prove to be poor using

this model, the variance of vy could be increased to indicate additional
uncertainty in the assumed measurement model, If perfecrmance remains
poor, this would be an indication that some of the effects appearing

in the truth model measurement equations must be added - at the expense

of a higher dimensioned filter - to the filter measurement equations,.

Summary of Filter State and Heasurement Zquations

The state and measurement equations for the reduced order filter
model are summarized below, The development of the linearized dynamics

and measurenent mairices F and H for the filter is given in Appendix B,

State Equations 15
2 V Wi1s
. A 1S r ilsSy 1S 4
(1) "LSy = "iLSy = - - R f Wilsz Yitx + W (190)
t LS
2 V. Wi1ig
. A L,LS 8tsy r'ilSz 1S t
(2) sz " Mise "R = R = WiLsy Witx ) (191)

. 1S t t
(3) o€ = ilsy = Yity T &V Wity (192)




RN, ¢ t
(4) 8V = wiTg, = Wiy,
() R=v,

) —<2 o
t ) Ls L3
(6) Vp=a,, * R(w iLsy ¥Wilsg) t Wq

lMeasurenent Equations

t = A +
(1) "my Wi'l;y 0

AR
(g) "mz "itz * 2

£3) .\6vm = v + 12

(’-I') 6€m = §€ + Vu

(5) B, =R+

e t
6€ "1tx
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VI. Results and Discussion

Introduction

A generalized lionte Carlo Analysis Program (ICAP) haé been
developed and used in the analysis of an extended Kalman filter (for
a users' guide and program description, see Appendix A)., The purpoée
of this chapter is to present the results of this feasibility study
using MCAP in evaluating the six-state extended Kalman filter and
subsequently to discuss and interpret these results, Prior to
presenting the results, the tracking profile used in the lionte Carloc
analysis and the philosophy used to tune the filter will be presented,
since fhey have direct bearing on the performance achieved in this
study.

At the initialization of the tracking profile, the aircraft
(tracker) lies on the Greenwich meridian, at a geocentric latitude
of 30° north, For the duration of the 200 second tracking pass, the
tracker moves at a constant velocity of 135 meters/sec (300 miles/hr)
eastward while maintaining a constant altitude of 9000 meters and the
5

same geocentric latitude, The satellite is in a 2,0x10” meter circular,
near polar orbit. The satellite is a relatively small vehicle, with a
ballistic coefficient of 0,015 and a solar pressure coefficient equal
to that of a vehicle with a projected surface area towards the sun of
10 meterz. Initially, the satellite lies essentially on the prime
meridian and is approaching a descending node (descending towards the

equator), as shown in Figure 12, Pertinent tracking information for

this flight profile is summarized in Table I. The angles 6 and g,
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7 Initial Subpoint of
satellite

.

Initial Location
of Tracker

Frime Meridian

Figure 12,

Satellite/Tracker Geometry

Table 1

Typical Tracking Parameters

Pavosietar Init%iiogalue Fi?:izgg§ue
Elevation Angle 56,6° 74, 5°
of Tracker (-ff)
Azinuth Angle 180, 0° 221.,0°
of Tracker (0)
st; -9.58x10'4 Rad/Sec ~4,98x10™> Rad/Sec
Wisy 2.57x10"4 Rad/Sec 2.47%10"> Rad/Sec
Range (R) 2.10x106 Heters 6.13x105 lleters
Range Rate (Vr) -?.50x103 n/Sec -6.98x103 n/Sec
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which define the coordinate transformation from the inertial to the
line-of-sight frame (see Chapter IV), may also be used to describe the
tracker azimuth and elevation angles. The term -f is the elevation
angle and 9 the azimuth angle (0° azinmuth being defined as the condi-
tion in which the x;q axis is parallel to the inertial x-axis).
Figures 13 and 14 present the time history of f and 9,

The truth model time history of states wyg, and wig, [states x(1)
and x(2)] are given in Figures 15 and 16, Note that the maxinmum tracker
angular velocity is reached at the end of the tracking pass, Since
the range is decreasing, this condition is expected from‘the geometry
of this tracking profile. As the vehicle moves, the tracker
traverses a trajectory confined to a plane perpendicular to the satel-
lite orbital plane., Therefore, it is expected that the inertial
angular velocity about the elevation axis (w Sy) would continue to
increase until the satellite approaches its zenith with respect to the
tracker, In addition, the inertial angular velocity about the azimuth
axis (HLSZ) is cxpected to continually increase until the satellite
lies in the plane of the tracker path (an azimuth angle of 270°).
Thus, while the tracking profile used in this study did not represent
worst case conditions, it does present a highly nonlinear angular rate
history with which to evaluate the estimation accuracy of the Kalman
filter.

The truth model time history of states R[x(5) = range] and
Vr[x(é) = range rate ] are shown in Figures 17 and 18, Note that the

range plot is nearly linear (over the time period of interest) and the
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satellite and tracker are closest at the end of the tracking pass, On
the other hand, the plot of range rate is decreasing with time and is
non-linear over the time interval,

Briefly stated, a Kalman filter is considered to be well "tuned"
if the filter error variance follows the "true" system error variance
as closely as possible without underestimatiing it, Typically this
will result in the lowest possible true system error variance, This
is accomplished by varying the initial filter covariance matrix [Eo],
and the strengths of the state and measurement Lg and X | noises in the
filter until the desired "tuning" is échieved. If the filter under-
estimates the error variance significantly, then the filter may diverge
because the filter is weighting the filter internal model too heavily
and the measurements too lightly. This is what Jazwinski has termed
"Jearning the wrong state too well" (Ref 16:301-302), On the other
hand, if the filter error variance weights the measurements too
heavily, then the filter will track the noisy data and not exploit
the internal model sufficiently. Divergence may also occur, in an
extended Kalman filter, if constant noise strengths (Q and R) are used
(Ref 3:77). Such divergence characteristics can be remedied to some
extent by admitting time varying (such as piecewise constant) noise
strengths in the model upon which the filter is based. However, the
scope of this study was confined to achleving adequate tracking per-
formance over a reasonable time interval with the use of a single set

of noise strengths, Decreased dynanic noise strengths would allow a
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"tighter" tuning during the initial period while increased strengths
would remove (or at least postpone) the onset of divergence. In
eventual implementatlon, time-varying strengths, possibly set adeptively
since their "best" evaluation would be trajectory dependent, could

enhance filter performance (Ref 3:155).

Results of Filter Tuninz

The initial lionte Carlo analysis and tuning was performed using
the (unrealistic) assumption that at time to the filter state values
were equal to the system state values (zero initial error) with vari-
ance equal to that used by Mann (Ref 5). Even though this assumption
is unrealistic it is commonly used for initial tuning of the (extended)
Kalman filter. The initial one sigma values for Q and R were obtained
using the apriori estimates shown in Chapter V, Table II presents
these initial filter tuning parameters,

Figures 19 through 30 present the results of the MHonte Carlo
analysis obtained from ten simulation runs, In Figures 19 through 24
each plot presents the square root of the average of the filter covari-
ance (denoted by x on the plot) and the calculated sample standard
deviation of the true error (denoted by + on the plot). Figures 25
through 30 present the calculated mean error (denoted by + on the plot)
plus and minus one standard deviation. The three lines are not distinct
on some plots, because the large valued mean error prevents adequate
resolution, It should be noted that "automatic" scaling is used to
prepare each plot. The scale factors are selected in order for the
plot to f111 the plot area, hence small valued changes can be exagge-

rated,
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Table II
Initial Filter Tuning Parameters

Parameter
Matrix | Diagonal klement Value Units
Index Number
B 1 1.0x1071 | rad/sec?
2 1.0x1071 | rad/sec?
3 1,0x107° rad®
4 l.OxlO_8 rad?
5 ' 1,0x10~5 T
6 'J..Oxlo‘-10 (Km/sec)2
Q 1 1,0x1071 | rad/sec
2 T.0x10 rad/sec
3 3.0x107 | Kn/sec
R 1 5.0x10° | rad/sec
2 5.0x10'6 rad/sec
3 2.5x1076 rad
4 2.5x10"6 rad
3 20 n

Figures 19 and 20 plot the standard deviation of the error in the
estimates of wrgy and Wig, [states x(1) and x(2)]. As shown in the
plots, the filter estimated error before the measurement update is
greatcr than the true error until the time is greater than 180 seconds.
At 180 seconds, the true error begins to diverge. After the measurement
update, the filter estimated error is below the true error. It should
be noted that after the initial transient (about five seconds on the

plot), the filter estimates are essentially steady state,
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The mean error of state ¥Lsy and Wpsg 18 plotted in Figures 25 and
26, Since the filter was tuned with filter initial conditions equal
to the truth model, the plot begins at zero mean initial error., It %
should be noted that the magnitude of both plots are monétonically *
increasing over the time interval and that the measurement update tends

tc degrade the filter estimates, Table III presents the minimum and

maxinum values of the mean error starting from zero initial conditions.

Table III f
State Mean Error (Zero Initial Conditions) I
Parameter liinimum Haximum Units
Value Value
Wsy = x(1) | =7.3x2077 | 3.0x1077 | rad/sec
sy = x(2) | -3.4x107° | 2,9x1073 | rad/sec
8€ = x(3) -1.1x10"7 8.4x10™2 rad
ov = x(4) | -3.7x2076 | 5.6x1072 rad 1
R = x(5) 0 2.6x10™3 Kn i
V. = x(6) 0 5.8x10"1 | Kn/sec

Figures 21 and 22 plot the standard deviation of the error in the
estimates of the error states 6v and 6€ [states x(3) and x(4)], Note
that the true error standard deviation diverges in both cases, The mean
error for states 6v and 6€ i: plotted in i'igures 27 and 28. Again note
that both plots start from zero initial error and increase.

The standard deviation plots for states R and V. [states x(5) and
x(6)] are shown in Figures 23 and 24 with the corresponding mean error
plots in Figures 29 and 30. Again note that the true error standard
deviation diverges in both cases and the mean starts from zero initial

error and increases, {
]
|

92




Several lMonte Carlo simulations were performed while varying
values of Q and R for each simulation, No value was found that would
prevent the x(5) state (range) from diversing. Recall from the

filter equations (Chapter V), the only x(5) state tuning parameter

15 the measurement noise Ry, The state equation for the x(5) state

was modified as follows:

x(5) =R = v +w, (201)
where w, is a “"pseudonoise" with strength to be determined from the
filter tuning, If a fictitious noise! or "pseudonoise", is added to
the filter state equations, then the filter better accounts for (cannot
neglect) the incompleteness of the filter representation of the true
system (Ref 3:9-4). The addition of this “"pseudonoise" yields another
x(5) state tuning parameter,

Twelve Monte Carlo simulations (10 runs each) were then performed
to tune the extended Kalman filter. The initial filter covariance
terns (PF,) were not changed from the values shown in Table II, The
filter tuning parameters (Q and R) used for each of these 12 simulations
are shown in Table IV, The entries in the table are shown in an abbre-
viated form where J..Oxlo-11 is written 1-11, also entries underlined
are values changed from the previous case,

In order t§ increase the standard deviation error in the filter
estimate for state x(5), the "pseudonoise" (QM) was set to 1.0x10+6 and
a Honte Carlo simulation performed (case 1). Except for states x(5)

and x(6) the plots were the same as in the initial simulation and are

not shown, Figures 31 and 32 show the plots for the standard deviation
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. Table IV 1
Filter Tuning Parameters for Zach ‘
Monte Carlo Simulation
Case 9 R i!
# 1 2 3 b 1 2 3 L 5 £
Initial | 1-11 1-11 3-7 =--- | 5-6 5-6 2,5~6 2,5-6 20
1 1-11 1-11 3-7 1146 | 56 5-6 2.,5-6 2,5-6 20
2 1-11 1-11 1-2 16 | 5-6 5-6 2.,5~6 2,5-6 20
3 5-11 5-11 1-2 146 | 5-6 5-6 2.5-6 2.5-6 20
Y 5-11 5-11 1-2 146 |5-6 5-6 1-8 1-8 20
5 5-11 5-11 1-2 146 | 5-6 5-6 1-9 1-9 20
6 5-11 5-11 1-2 1+6 | 5-6 5-6 1-9 1-9. 1#5
7 5-11 5-11 1-2 143 | 5-6 5-6 1-9 1-9 A+5
8 5-11 5-11 1-4 1+3 [ 5-6 5-6 1-9 1-9 143
9 5.1 5-11 1-B 143 |5-6 56 19 1-9 1
10 5-11 5-11 1-4 142 | 5-6 5-6 1-9 1-9  1+4
11 5-11 5-11 1-4 1+2 | 5-6 5-6 1-9 1-9  5t4
12 5-11 5-11 1-4 1+2 | 5-6 5-6 1-9 1-9  3+h

for states x(5) and x(6), For state x(5) the filter estimate of the
standard deviation increased significantly before the measurement up-
date., Also, the standard deviation of the true error has Increased.
For state x(6), the true and the filter standard deviation plots both
increased, The mean error plots for state x(5) is shown in Figure 33.
The mean error is approximately the same as in the initial sinulation,

however, the one sigma bounds are wider,
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Case 2 was performed by increasing QB so that the error in state

x(6) would increase, The only plot that changed noticeably was state
x(6) and is shown in Figure 34, The true error standard deviation
remained unchanged, however, the filter standard deviation increased,

Next, in order to increase the error in states x(1) and x(2),

Ql and QZ were increased for case 3. As expected, the filter estimate
of the standard deviation for states x(1) and x(2) increaszd, so that
it is greater than the true error standard deviation, which did not
change to any visually apparent degree., These plots are shown in
Figures 35 and 36. The other plots remained the same and are not
shown,

Case 4 was pérformed by decreasing R3 and K so that the error in
state x(3) and x(&4) would vary more before and after fiesaumenent update.
The standard deviation for states x(3) and x(4) changed significantly,
with the true error standard deviation decreasing by a factor of 1/3.
These plots are shown in Figures 37 and 38. All of the mean error
plots changed and are shown in Figures 39 through 44, The most signif-
icant change is noted on states x(1) through x(4). For these states
the mean error decreased, some by as much as four orders of magnitude.

R3 and Ru were decreased again for case 5 in order to reduce the
filter estimates of the standard deviation for states 3 and 4,

Again, as shown in Figures 45 and L6, the standard deviation for
states x(3) and x(4) changed significantly. Also all of the mean

error plots changed noticeably and are shown in Figures 47 through 52.
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Case 6 was performed by increasing RS so that the error in state
x(5) would * ry less before and after measurement update, All
standard deviation and mean plots changed significantly and are pre-
sented in Figures 53 through 64. llost noticeable is the decrease in
the true error standard deviation on all plots, some by as much as two
oxrders of magnitude,

In order to reduce the filter standard deviation estimate for
state x(5) Qh was decreased for case 7. The standard deviation for
states x(5) and x(6) changed and are presented in Figures 65 and 66,
The most noticeable change in Figure 65 is the decrease in the vari-
ations of the filter estinmates of the standard deviation before and
after the measurement update, In Figure 66 the standard deviation
for the true error decreased, Figures 67 through 72 present the mean
error plots.

Case 8 was performed by decreasing the value of QB and R5 so that
the filter standard deviation estimate for state x(5) would be reduced
further, The filter estimate of the standard deviation for both
states x(5) and x(6) decreased. However for both states, the true
error standard deviation increased significantly as noted in Figures
73 and 74, The mean error plots are presented in Figures 75 through

80.
Case 8 yielded too much reduction in the filter standard deviation

estimate for state x(5) so R5 was increased by an order of magnitude
to perform case 9, The filter estimate of the standard deviation for
state x(5) increased slightly, however, the true error standard devi-

ation decreased by a factor of 1/2, as shown in Figure 81, For state
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x(6), the filter estimate remained the same, but the true error
decreased by a factor of 1/2 as shown in Figure 82, Figures 83 and
84 present the mean error plots for these two states,

Case 10 was performed by decreasing Q by an order of magnitude
so that the filter standard deviation estimate for state x(5) would
be reduced further., Both the filter estimate and the true error
standard deviation decreased for state x(5) and is shown in Figure
85. Again, the true error decreased for state x(6) as shown in Figure
86, Figures 87 and 88 present the mean error plots for these two
states., '

Since the true standard deviation was greater than the filter
estimate, R5 was increased by a factor of five to perform case 11,

For state x(5), the filter estimate of the standard deviation increased
and the true error decreased as shown in Figure 89. Figure 90 shows
that the true error also decreased for state x(6). The mean error
plot for state x(5) is shown in Figure 91,

Case 12 was performed by decreasing R5 by approximately 1/2 so
that the filter estimate would be closer to the true standard deviation
at the end of the simulation time., The filter estimate of the standard
deviation decreased and the true error increased, The complete results
for thisucase are shown in Figures 92 through 103, Since this is only
a feasibility study, further tuning was no£ attenpted, |

These resultis demonstrate that all filter state estimates of th
true standard deviation error are "tunable", As the filter standard

deviation is changed for some of the states, cross—coupling can affect

147

iAot <A 0




(33S) 3WIL
oo.owrw oo.ovrw oc.cmw oo.cm.n co.ow co.mw co.mw oo.c.o
o5

2 | . |

i _%m__Egzs___:a iy w o |7

{ 5 £,

i g | 82

m__.__x,g_%___5_2__:_: | == |




,j
280.00

240.00

|

1
200.00

160.00

|

1%0.00
TIME (SEC)

€0.00

|

40.00

1

0.00

00°0L  00°0S  00°0€  00°0l  00'0f-
00 AJ0 ALS -/+ ¥Y0¥¥3 NUIW (S)X

Fi 83, Case 9 - Mean Errér +/- 5 vs Time
gure 83 9 - Mo ok




280.00

T
240.00

1

200.00

160.00

L)

120.00
TIME (SEL)

L]

||

80.00

004 00'9 00" % 00°2 00°0
A30 QLS -/+ ¥0y¥3 NY3IW (9)X

Figure 84, Case 9 - nl%agx Error +/- sg vs Time




280.00

1

240.00

1

200.00

]

160.00

1i8E (SEL)

-

120.00

-

80.00

v

WIS NG

0008
(X)4dd

00°09
‘(+)40YY¥3

00°0%

00°02 00 *0°
- A30 01S (S)X

Figure 85,

Case 10 =
151

Sq VS Time




(33S) 3WNIL
00°084 00 °'0be 00°'002 00°091 0C 021t 00°08 00" 0% . OO.OO
\ 1 i ) L \ 1 >
r 320
o))
o
- 4
" s
o
m
<
o
.l”ll _
P
=0
=0
o
o2
r +
?r\
-
Lo
w <
N

Case 10 - s_ vs Time
152 .

-Figure 86,




280.00

L

240.00

L]

200,00

L

L)
160.00

L

120. 00
TIME (SEC)

.

o
(=]

.
o
©

1
40.00

00°08  00°09  00°0%  00°02 00 °0°
O01x  A30 O0LS -/+ ¥0¥Y3 NU3IW (SIX

Figure 87, Case 10 - gf%? Error +/- s, vs Time
)




Ri
280.00

ki

240.00

T
200.00

L]

120,00 160.00

TIME (SEC)

A

8G.00

L}

1
40.00

00'a 00°g 00" ¥ 00°2
A30 018 -/+ ¥0¥Y¥3 NU3W (91X

.00

00°0

Figure 88, Case 10 - lean Error +/- s_ vs Time
154

e




o
o
o
b
o
o
o
"~
o
o
o
5
3 (=]
| o
o~
i (T8}
i w
_4, o=
| Sy
: F‘SE
-
%
% o
1 o
: [ o
1 ©
i
§ i
3
1 o
| =
| &
, ~
!
o
1 T T T T o
| 00°08 00°09 00°0¢¥ 00°02 00°'0
xR ldd T+ 180884 = AdW UL8 (SIX

Figure 89, Case 11 - s, vs Time
155




A ) SNV

oo.omw

oo.oww

oo.omw

(0481 A1}
00’09 DO’0ZI

0008
L

00°0Vv .
|

00°0°

A30 01S (9)X

800

g1'0

T

P20
‘(+) Y0443

A

(X)dd

e s e

T TR AT T e Py =

£ e VB Time

Case 11 - s

Figure 90,




280.00

240.00

AJ

j
200.00

160.00

TIME (SEC)

_,
120.00

-y

o
o

L]
=)
0

1
40.00

00°09  00°0F  00°03 00'0 00’02~
O01%  A30 01S -/+ d0O¥YYy3 NU3IW (SIX

Figure 91, Case 11 - Mfan Error +/- s, vs Time
27




it -5

T e

St P B

.

00°082

(33S) 3WIL

=
I,
Ay | .=

e e e e

e VS Time

Case 12 = s
158

Fig\[re 92 .

D




|

00082 00°0v2 00°002 oo.w%ﬂwwwommmeﬁ oo°08 00" 0% 00°0 wm
: - e et o
T w

T ——— e

e V8 Time

Case 12 - s

Figure 93,

159




(33S) 3JUIl
00°082 00°0bZ2 00°002  00°09T 0002l 00°08 00°0¥% -
L A A b Eel o, A i L

n}}!‘i’}% -

=
o

L]
(=]

00°0

- A30 Q1S (€)X

A
iR

k00

7
e VS Time

80’0
*(+)Y0Yy3

|

Case 12 - s
160

' 21'0
(X)dd
Figure 94,

91'0

01 %




(33S) 3JUIL
oo'082 00'O¥Z  00°002  DO°'03I DO 02! 00°08 00" DV
|- '3

1 A | | 1
B e T e A NIy PR R S —————

o
o

L]
o

00°0

1534

zs_.__::___.z_s.§*“_s._%sa.s____s___s__ ar
§§§§§§§§§§§§§§§;§a§§§§§§_

v0'0
= A3l UlS 1WiX

80°0

‘(+)Y0Y¥3
e Vs Time

=

Case 12 -~ s
161

o
[
~n

(X)4dd

T
Figure 9

81°'0

01x




280.00

240.00

1

i
200.00

¥
160.00

)

120. 00
TIME (SEC)

80.00

00°08  00°08  00°0¢  00°02  00'C°
(X)dd “(+)d0y3¥3 - A30 4LS (S)X

Figure 96, Can %2 - s vs Time
Do




(33S) 3JWIl
00’082 00°0¥2 00'00Z  0D'0ST  DO°0ZI 00°08 00°0¥%
L /| i 1

o
o
.

000

A30 GLSs (9)X

1

80'0

)
e VS Time

91°'0

‘(+)40¥y3

Case 12 - s
163

ke'0

Figure 97,

1]

¢€'0

(X)4dd




1
280.00

T T T
200.00 240.00

160. 00

T

120.00
TIME (SEC)

80.00

40.00

. 21°0 80°0 b0"0 00'0  #0°0-
»-01% A30 0LS -/+ ¥Y0O¥Y¥3I NEIW (T1)X

c.00

Figure 98, Case 12 - %ﬁ&? Error +/- sg vs Time




Al
280.00

1

240.00

1
200.00

T
160.00

120.00
TIME (SEC)

T

21°0 80°0 v0'0 00'0  #0°0->°
,c01%  AJO QLS -/+ ¥0¥Y¥3 NU3W (2)X

Figure 99, Case 12 - ﬂﬁ;? Error +/- s, vs Time




00°08&e
L

00°0v2
1

00°002
i

(J38)
00 091

JHIL
00021

00°08
1

00" DV
1

900
-/+ d0Y¥¥3 NBIW

91'0

92'0
A30Q OLS

0

9€
'-le

Case 12 = Mean Error +

/- s, vs Time

Figure 100,




R

00°082
| ST

(33S) 3NIL

gco°otve 00 '002 00 08Il 00 0¢t g0°08 000V oo.o_vA
LR 1 1 i 1 ‘. i) " oc pliiiy
oy
T W
=
m
oD
Ao
~
=0
>0
o
o0
g

|
& w
§is u.om

i '\
i b~ )
; m
i :
B
w —
So

P e —————

e

/= s, vs Time

Case 12 - Mean Error +
167

Figure 101,

RS




1
280.00

E }
240.00

T

200.00

160. 00

1

5

120.00
THAE S SEL]

00°09  G0'0%  00°02 00'0 00'02-°
O1%  AJU QLS -/+ d0¥d3 NUAW (SIA

Figure 102, Case 12 - qggn Error +/- s, vs Tinme




00'8 009 00"+ gis
AJ0 O01S -/+ YO0yy¥3 NUIW (9I)X

00°'0

Figure 103, Case 12 - Mean Zrror +/- s, vs Time
169

B e R e S B T




e SRS LS 5 i T S s

o

S i LA

:
|
{
i
]
i
4
1

i i s AN g S N5

the estimates for the other states significantly. iost noticeable
in these plots is that the filter estimate of the mean error is
biased. This bias appears to grow without bound for the time period
of interest. The next chapter will present some recommendations for

conmpensating this bias,

Extended Simulation Runs

Additional lMonte Carlo simulations were performed, using the
parameters for case 12, to obtain the results for 5, 20, and 40
simulation runs., These additional runs were performed in order to
show the change in calculated statistics with additional data points
(samples). For each of these simulations (case A - 5 runs, case b -
20 runs, and case C - 40 runs), the average filter estimate of the
standard deviation for each corresponding state was essentially the
same, However, there is some variation in the plots of tge true error
standard deviation between the cases, Iost noticeable.is the true
error for state x(5)., Figures 104 through 106 show the standard devi-
ation plots for state x(5): case A, case B, and case C, The mean
error plots change only slightly from case to case with the number of
simulation runs and are not shown,

These additional simulation runs were performed because Bucy,
Hecht, and Senne (Ref 17:79-85) make the statement that significant
conclusions (having a statistical confidence) cannot be made on the
basis of only ten simulation runs, However, these results indicate
that if a sufficient number of simulation runs are performed tc obtain

reasonable confidence in the resultant statistics, that the results
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will be similar to those presented in Figures 92 through 103 (for

ten simulation runs). This result indicates that the filter can be
tuned using only a relatively small number of simulation runs, Once
the desired tuning is achieved, the number of runs can be increased to

gain confidence in the resultant statistics,

Recovery from Initial Condition Error

While it is generally accepted practice to initially tune the
(extended) Kalman filter witﬁ zero initial condition error and with
20 as the best apriori knowledge of the initial condition error, this
is not the conclusion of the filter performance analysis, Since, in
the real world, the starting conditions of the filter will‘almost
always be different from the "true" system, the filter should be
analyzed with non-zero initial error. The question then arises as to
what initial error should be used. One accepted method is to displace
the filter initial condition from the truth model by one sigma of the
apriori standard deviation and observe the change in the mean error
plots for a Kalman filter and, for the extended Kalman filter, the
standard deviation plots as well,

One Monte Carlo simulation (10 runs) was performed with one
filter state having an initial condition error displaced by one sigma

of the apriori standard deviation. Repeatling for each state variable

initially offset, the standard deviation plots were the same as

Figures 92 through 97. However, the mean plots did change slightly

and are discussed below,
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Figures 107 and 108 present the mean error plots for states x(1)
and x(4) when the simulation was performed with x(1) having an initial
condition error. Note in Figure 107 at time t_ state x(1) starts
with an initial error of --3.2x10"6 rad/sec and recovers toAthe plot of
Figure 98 within 10 seconds, This initial transient is also noted in
state x(4), Figure 108, when compared to Figure 101,

The Honte Carlo simulation was subsequently performed with an
x(2) initial condition error.and the mean crror plots for states
x(2) and x(3) are presented in Figures 109 and 110. In this case,
state x(2) and x(4) have an initial t;ansient when compared to
Figures 99 and 100,

Figures 111 and 112 present the mean error plots for states x(3)
and x(2) when the simulation was performed with x(3) having an initial
condition error, In this case, x(3) has an initial transient and
recovers to Figure 100 within 10 seconds, This initial transient is
also noted in state x(2); Figure 111 when compared with Figure 99,

however, the transient lasts 15 seconds,

For the case with x(4) initial condition error, similar results
were observed, with state x(4) having the transient and the transient

also being observed in state x(1). When the lionte Carlo simulation

was performed with states x(5) and x(6) having an initial condition 1
error, no change was noted in the mean error plots., These results are
not presented.

In summary, if states x(1) or x(2) have an initial condition error,

then this will result in an initial transient in states x(3) and x(4)




or x(2) and x(3) respectively, This transient recovered to the case
of zero initial condition error within 10 seconds. This result is
also noted if the initial condition is reversed; x(3) or x(4) with
initial condition error and the transient in states x(2) or x(1). The

transient for this second set of cases lasted 15 seconds,

Random Initial Condition Exrror

In order to simulate a condition where the filter initial condi-
tions differ from the true system values, the filter values assumed
initial values which were changed from the true value by an additive
white, Gaussian noise having strength equal to the initial covariance,
This was accomplished by calling subroutine HCISE (see Appendix A)
in the first section of subroutine XFDOT. The value for the variable
RilS was the square root of the initial covariance diagonal element,
The result of NOISE, XNOISE, was added to the initial filter state
value yielding a random initial condition for the initial filter
states with every simulation run. While varying the truth model
states would be more realistic, the initial condition value would be
more difficult to obtain because of the interrelationship in the sys-~
tem states, (A variation in satellite position affects WLSy! WSz
R, and Vr). Varying all the filter initial condition values roughly
corresponds to the truth model starting from a different initial condi-
tion for each run,

The results of this ilonte Carlo simulation (10 runs) is shown in

Figures 113 through 124, The average filter estimate of the standard

deviation is the same as case 12 (Figures 92 through 97), however, the
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true error standard deviation has changed for all states as expected.
Note that in all cases the standard deviation for the filter estimate
is greater than the true error so the filter is not divefgent. The
mean error plots have also changed when compared with Figures 98
through 103, The most noticeable result in states x(1) through x(4)
is an initial standard deviation transient lasting approximately 15
seconds,

These results compare with the previous section, where now instead
of only one filter state having an initial condition error, all states
have an initial error. The transient noted is different (a standard
deviation, no‘ i mean), however, the transient duration is approximately

the same (15 seconds).

Comparison with Previous Results

As noted in the users' guide for NCAP (sec Appendix A) one of

the stringent assumptions made for the GCAP covariance analysis is ?

that total impulsive control is applied to all states. The problenm
investigated in this study (and presumably in the study of llann and
Mitchell) applied impulsive feedback to only two of the six filter

states. Since the covariance analysis used in the previous studies

(GCAP) assumed feedback of all error states to the system and several
Fortran coding errors were detected, no direct comparison can be made
with the previous studies., Consequently, the results of this study
invalidate the results of their previous work. However, it should be ﬁ
noted that most of the corrected conputer subroutines developed by

ifann were easily adaptable to the requirements of the generalized

lionte Carlo Analysis Program (ICAP).
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Additional Comments

The tuning of a (linear or extended) Kalman filter is a time
consuming, sometimes tedious and frustrating experience, In particu-
lar, if the initial tuning parameters are not "close" to a'(proper
but unknown) range of values, then the computations made in the finite
wordlength computer may exceed the machine limits ("blow up").

If this occurs then the analyst must modify the simulation (through
insight and experience) in order to determine an acceptable starting
set of values, In investigating this problem three program modifica-
tions were used to start the simulation:

1., The filter and system state equations were decoupled {no
feedback), the first measurement update time set to the end
of the problem, and the filter covariance propagation equa-
tions bypassed, These modifications allowed the true error
standard deviation transients to reach steady state. Filter
20 values were then modified considering these values,

2. In this problem formulation, no measurement is available to
the filter for the range rate state [Vr = x(6)]. When the
filter performed the measurement update, the Kalman filter
gain matrix K would cause the filter estimate of range rate
to be érossly in error. This error quickly rippled through
the filter state equations, and the simulation exceeded the
machine numeric capabilities, The program modification was
to set the filter estimates of range rate equal to the true
value after the update, After several.simulations, the

appropriate tuning parameters were determined which gave
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better estimates of the range rate and so the modification

was no longer needed,

3. The idea of a transformation of state variables is used in
this program modification, Since this problem did not use
error states for the filter or system equations, calcula-
tions are performed using large and small state values,
causing severe numerical problems on a finite wordiength
computer, If the large state values are scaled down, then
this problem is eliminated. To better understand this idea,
the development is presented in the next paragraph.

The idea of rescaling the problem is best understocd by considering

the linear filter state and measurement equations:
E=Fx+Gu (202)

z=Hx+ (203)

I<

Now, it is desired to rescale some of the states (the large valued
states) to have values closer to the other states, If the rescaled

state vector is denoted by x', then the following relationships are

found:
X~ 1 (204)
F'=TFT " (205)
gr=1¢8 (206)
B =H T (207)
P'=TRT (208)

where T is the diagonal transformation (rescaling) matrix that con-

tains the scale factors along the diagonal., In the case of ncn-linear
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state and measurement equations, then the relationships are best
found by writing out the matrix equations to determine the relation-
ships,

The problem investigated in this study used this idea of matrix
transformation to rescale the filter range and range rate states

[x(5) and x(6)] and the satellite position, satellite velocity, range

and range rate states [x(1) through x(6), x(11), and x(12)7 in the

truth model.
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VII. Conclusions and Recommendations

Coriclusions

A generalized llonte Carlo Analysis Program (MCAP) which evalu-
ates the performance of either the linear or extended Kalman filter
has been developed, IMCAP is similar in structure to a widely used
General Covariance Analysis Program (GCAP) [Ref 2], and so users should
have little difficulty performing a lonte Carlo analysis after the
(1inearized) Kalman filter has been analyzed by a covariance analysis.,
Also, with }CAP, the user can now analyze an extended Kalman filter
properly because the state values are available in the llonte Carlo
analysis, As noted in Chapter VI, IICAP can be used to evaiuate the
(extended) Kalman filter under a variety of conditions, for example,
results of performance: to zero initial condition error, to single/
multiple state initial condition error, or to random initial condition
error. Thus, lCAP is a versatile and useful computer program for
the design and analysis of the (extended) Kalman filter,

The feasibility of using a six state extended Kalman filter for
estimating the states of the tracking system ("LSy' Wisge 8€, 6V, R,
and Vr) has been demonstrated., As noted in Figures 19 through 103,
when the tuning parameters are varied, the filter performance changes
accordingly, and so the filter can be tuned for eptimum performance.

In general one can postpone the onset of divergence with constant Q

parameters, however better'performance can be achieved with nonstation-

ary noise or using an adaptive filter. It 1s also noted that the

filter produces biased estimates, These biased estimates are very
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characteristic of extended Kalman filters, and is due to the
neglected higher order effects inherent in using linear perturbation
techniques, The more pronounced the nonlinearities are in a given
application, the more serious one can expect performance to be
degraded by this effect. In order to compensate for these bias errors,
bias correction terms can be added to the filter model (Ref 3:19-44),
As noted in Chapter III, a filter often is considered to be
tuned when the filter estimated standard deviation deviations are
approximately equal to the computed standard deviations or when the
true error standard deviations are smallest in some Sense. This
“"covariance matching" technique may not always yield the best perform-
ance for a given set of conditions, This is observed for the case of
zero initial condition error by comparing case 7 (Figures 67 thrbugh
72) and case 12 (Figures 98 through 103) mean error plots: Zven
though case 12 is "more appropriately” tuned (compare states 5 and 6)
better performance is indicated in case 7 by the mean error plots.
Consequently, the filter should be tuned by considering the problem
conditions (how accurately the initial conditions are known, typical
versus worst case tracking profiles, etc.) and obtaining the best

performance in both the standard deviation plots and the mean error

plots.

Recommendations

Even though IICAP, as written, is a general Honte Carlo analysis
program, further improvements can be added. These improvements will

be discovered after several different estimation problems are
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analyzed using lICAP, Two additions currently come to mind, The
first addition concerns the white Gaussian noise generator presently
inplemented in subroutine NOISE, This noice generator executes
rapidly and provides random numbers which are approximately white

and Gaussian, If a better but slower executing noise generator

is desired; the implementation shown in Ref 17 can be substituted for
NOISE, In addition to providing better white Gaussian numbers, the
implementation shown in Ref 17 features computer to computer
(different types of computers) repeatibility.

Since, in general, the user may want to specify the filter method
of integration, the second improvement would be to modify HCAP to

add this capability. Several filter integration methods could be

programmed and the user would select the desired method with.a problemn
dependent control parameter ($USRCTL).

Further work can also be recommended for the filter analyzed in
this study. The performance variation of the filter should be
studied for many different tracking profiles, The filter can then be

tuned (both standard deviation and mean) considering these several

trajectories. This additional information will give insight into
the nature of the bias correction terms needed to improve filter
performance., These blas correction terms should then be added to
the filter model, If these correction terms still do not improve
performance adequately, then elther: 1) a time varying Q and R as
some unknown function of the angular rates and/or range data could

be determined after studying several representative trajectories,
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or 2) an adaptive Q technique could be used based upon the real time
evaluation of the innovations (residuals) sequence(s).

Several simplifying assunptions were made in order to limit the
scope of this study. Additional analysis can be performed by
relaxing these assumptions. In particular: The resolver measure-
ments of 0 and {§ were considered to be perfect, These parameters
should be modeled stochastically and included in a future filter
analysis to determine the performance sensitivity of the filter to
these variables, Also, the performance sensitivity of the filter

to accelerometer noise corruptions should be studied.
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USERS® GUIDE FOR:

A GENERALIZED MONTE CARLO ANALYSIS PROGRAM FOR KALMAN FILTZR DESIGN

Section I

Introduction

Overview

A large class o1 estimation problems is concerned with finding an
optimél estimate of some quantity (an unknown parameter, a random
variable, or a random signal) given noise-corrupted measurements of
a function of this quantity (corrupted by noise), In particular, there
are many problems with aerospace applicaticns, such as navigation,
guidance, and weapon delivery systems, which require that noise-
corrupted measurements be used to estimate certain physical parameters
precisely, For instance, the techniques used to combine these external
measurements with Inertial Navigation System (INS) outputs fall into
two general categories: conventional continuous-feedbtack damping and
Kalman filter damping (Ref 1:1). The trend in recent years has been
toward extensive use of Kalman filter techniques.,

In complex aerospace systems, the number of parameters needed to
describe the system (the true system model) accurately may be extremely
large., The real time implementation of thls‘true system model within
the "optimal" Kalman filter is often not practical because of the
large number of parameters, memory requirements, and resultant compu-
tational burden imposed on the alrborne computer., In order to obtain a

Kalman filter which is computatiocnally feasible, intentional modeling
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approximations are introduced by deleting nondominant states and
terms from the system model. Thus a "suboptimal" Kalman filter based
on this reduced order model will give poorer performance, from a
statistical standpoint, than the optimal filter. Corputer sinula-
tion techniques are used to develop the required compensation (filter
‘tuning) and to study the effects of uncertainties (an error analysis)
in the true system model., Two types of simulation techniques are
commonly used: the covariance analysis and the !{fonte Carlo analysis,

A covariance analysis generates the second order statistics of

the error between suboptimal Kalman filter state estimates and the
corresponding parameters from the true system model, A General |

Covariance Analysis Program (GCAP) has been developed by the Unitel {

States Air Force Avicnics Laboratory and is coming into widespread
use (Ref 2), The covariance analysis is somewhat linited because i
stringent assumptions (see Appendix A) are necessary for the analysis !
results to be a valid depiction of the error characteristics,

The Monte Carlo analysis, on the other hand, actually conducts a

sample-by-sample simulation using random number gencrators and

shaping filters to generate the random errcr sources. The nolsy system
measurements are then processed by the suboptimal (extended) Kalman
filter algorithm to generate the filter estimates. If many of these
simulations are conducted, then the statistics of the error between

the filter estimate and the truth model can be computed, Because of
the larger number of simulations necessary to determine the performance 3

of one set of Kalman filter parameters, a ilonte Carlo analysis can :

require the expense of large amounts of computer resources,
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Consequently when a covariance analysis can be performed, the Monte
Carlo analysis is viewed as a step to be performed after a covariance
analysis. The iionte Carlo analysis is thus used to fine'tune the
Kalman _._.lter and validate the filter performance after the covariance
analysis has been performed,

Since a ifonte Carlo analysis of promising filter designs should
be performed after the covariance analysis, there is a definite need
for a general lionte Carlo Analysis Frogram (HCAP). This program
should be similar in structure to GCAP so that users can easily
transition from a covariance analysis to a lonte Carlo analysis of the
Kalman filter under study. It is also desirable that the problem
dependent computer subroutines be applicable to beth GCAP and LCAP,

This report presents a description and users guide for the géneral-

ized lMonte Carlo Analysis Program (MCAF). Section II presents the

Kalman filter and extended Kalman filter equations used in the ilonte
Carlo analysis of the suboptimal Kalman filter. Section III briefly

describes the llonte Carlo analysis sinmulation method and how the error

el b e e e e A 3 e e i o 05 b

statistics are computed. Section 1V describes the general lonte Carlo

Analysis Program (}HCAP) structure and provides a brief description of

the constituent subroutines. The documentation presented is sufficient

to allow the reader to use HCAP for the analysis, evaluation, and

design of suboptimal Kalman filters. This report is concluded with a

e Ml s B e i Gl AR

sample problem using lICAP, presented in Section V,
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Section II
Extended Kalman Filter Equations

Introduction

This section presents the propagation and update equations for
both linear and extended Kalman filters., A Kalman filter is, concisely
stated, an optimal recursive data processing algorithm for the deter-
mination of the states or parameters of a system using noise corrupted
measurements (Ref 6:16)., If a physical system of interest can be
modeled by a set of ordinary linear differential equations and linear
measurements with system and measurement noises which are white and
Gaussian, then the Kalman filter will provide the best estimate of
the systen states, However, in many cases of practical interest,
physical systems must be represented by a nonlinear set of differential
equations and/or nonlinear measurement equations., For such problenms,
it is often convenient to linearize the system equations about some
assumed set of nominal conditions and use developed algorithms (such
as the extended Kalman filter which uses reevaluation of the nominal
at each measurement time) for estimation about these nominal conditions
(Ref 7:157).

Considering the approximations necessary and the fact that there
is no "best" suboptimal filter, the extended Kalman filter gain and
covariance propagation equations have the same form as the Kalman
filter equations, but are linearized about the current state estimates,
The linearization is a first term approximation to a Taylor series
expansion to the state estimate. Higher order and more exact approxi-
mations can be achieved by using more terms of the Taylor serles

expansion for the nonlinearities and by deriving approximate recursive
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relations for the higher moments of the state vector x (Ref 8:184),
yielding higher order nonlinear filters., As might be expected, if
the system nonlinearities are significant, then neglecting the higher |
oxrder terms will result in blased estimates, However, when'compared

to the extended Kalman filter, tbe higher order filters are both more
complex and more costly in terms.of computer implementation, For this
reason, the extended Kalman filter is often considered first in non-

linear estimation problenms,

Notation

This study has adopted the notation presented by Wrigley, Hollister,

anq Denhard (Ref 9:20-23)., A vector (represented by a letter with an
underbar, 5) is considered to be a geometric entity in real, three
dimensional space, The vector represents some physical quantity which
has both magnitude and direction. When the physical quantity is
measured with respect to a coordinate frame, the vector is said to be
coordinatized in that frame. The three numbers associated with the
mathematical vector are the components of the physical vector relative
to the specified coordinate frame, As an example, if x is coordinatized
in the "i" frame, the vector would be denoted by x!, a three-tuple of
numbers., Another vector of interest is the physical angular-velocity
vector, generally denoted by a ®. The angular velocity vector will
have two subscripts, as an exgmple E%b- The subscripts indicate that

the angular velocity, w, is c¢f frame b with respect to frame n,

coordinatized in the i1 frame.
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A 3x3 direction cosine matrix is used in this study to transform

the components of a vector in one frame to those in another., The
direction cosine matrix is represented by a capital C an& an underbar,
Associated with the letter C will be a subscript for the frame from
which the transformation is made, and a superscript for the new coordi-
nate frame., As an example,-gg would transform the vector x from thg
b frame to the n frame, as x" = C} xP,

Where it i1s necessary to address individual components of a vector

coordinatized in a specific frame, the vector will be specified and

subscripts used to indicate individual components, For example:

#H2 T
3_1 = w,ic = Eff‘c w; wjzzl (1)
“i
y
1
"z

where T denotes the transpose operator,

Definitions

Listed below are some of the definitions used in this chapter:

Z(ti) = system state at time t; (n-vector)
iﬁtz) = filter estimate prior to incorporating a measurement at
~ tinme ty (n-vector)
i(f;) = filter estimate after incorporating a measurement at time

ty (n-vector)

2(t;) = m vector of measurements at time t;

!(ti) = system dynamics white Gaussian nolse s-vector, independent
of x(t,), where L u(t)] = 0, and L u(+)u(r)’] = @(} (+-7).

[g(t) is assumed to be zero mean, Gaussian, and white

(uncorrelated in time)] with Q(t) an sxs positive semi-
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definite symmetric matrix that is, in general, piecewise
continuous in t.

x(ti) = gzero mean, white Gaussian, measurement noise sequence
independent of w(t) and x(t,) for all time (m-vector).
The statistics of y(ty) are Ef_\g(ti)] =0, and
Hy(ty)u(t5)] = | 5(ty) by =ty

0 ' otherwise

g-(ti'ti-l) = state transition matrix from time t;_; to time t;
(1xn matrix) . : F

g(t;) = filter computer covarianc’e matrix of state x(ty), also of
the error in the estimate of g(_( ti), prior to incorporating

a measurement at time iy (nxn symmetric matrix)

+
: . B(ty) = filter computer covariance matrix of state x(ty), also of

the error in the estimate of x(t;), after incorporating a
measurement at time t; (nxn symmetric natrix)

F(t) = system dynamics matrix (nxn) or the matrix of partial
derivatives of _i_[;g( t),t] with respect to x for the extended
Kalman filter

i G(t) = system input matrix (nxs)

H(t;) = system observation matrix at time t; (mxn) or the matrix
of j:artial derivatives of }'_iigg(t),t] with respect to x
for the extended Kalman filter

R(t;) = positive definite measurement noise covariance matrix (mxm)

K(t;) = Kalnan gain matrix (nxm) defined at time t;
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Linear Kalman Filter Formulation

The linear Kalman filter formulation presented in this section is
for a continuous time system model with discrete tine measurement
updates, Assume that the system modelinz has been completed and that
the state vector g(t) satisfies the vector stochastic differential
equation:

x(t) = F(t) x(t) + G(t) x(t) (2)
The state equation is propagated forward in time from the initial

condition x{t,). Since the exact initial condition may not be known,

it is modeled as being a Gaussian random variable with mean 20 and
covariance gox
LY
Lx(t,)] = %, (3)
L [ Y
HLx(to) - xHMx(t,) - x37] = B, ©(w)

The initial covariance matrix P, may be positive semidefinite,
admitting exact knowledge of the initial conditions of some of the
states or linear combinations thereof, It can be shown (Ref 10:157-
163) that, under the assumption that g(to) is either deterministic

or a Gaussian random variable, the solution x(t) to linear stochastic
differential equations such as Equation (2) is a Gauss-Markov process,
i.e. the conditional density of x at time tj based upon all realiza-
tions of x throush time t3.; is both Gaussian and completely determined
by the process value at tj.3. Because the 6onditional density is
Gaussian, it is completely specified by its mean and covariance

(Ref 7:92),
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Measurements are availadle at discrete time points and are

y ' assumed to be of the form of 2 linear combination of the states and

corrupted by a white Gaussian sequence (Ref 3:2):
, 2(ty) = H(ty) x(ty) + ¥(ty) (5)

i The state estimate propasates between measurements (from time

tI-l to time t;) according to:
ofa® %
R(t,) =(ty,0ty ) 2(t54) (6)
and the covariance propagates according to:
+ G T
.‘B( ti) . ‘P.( tio ti-l) 2( ti-l) _'\3( tit ti-].)

t
00 B, (1) oM ok, M7 ar (7)

a1

At measurement time ti, the estimate is updated according to

(Ref 10:233):
2(t) = 20¢0) + K(%y) [y; - W) &(+])] (8)
CR(£]) = B(t]) - K(%;) H(tg) R(£]) (9)

where

K(ty) = B(8]) HCe)T [a(t) (D) ()" + B(eDTE (20)
where [ ]’1 indicates the inverse of the bracketted matrix and Yj is
the realized value of the measurement g(ti) at time t.

Under the assumption that the adequate system model is linear,
and that the dynamic driving.and measurement noises are Gaussian and
white, the Kalman filter provides the optimal estimate g(t;) of the
state of the system (Ref 10:66,214), relative to many optimality
‘ eriterla with these assumptions 2ﬁtI) is the mean, mode, and median
of the conditional density of g(ti), conditioned on the entire measure-

ment history through time ti. Theoﬁgvariance of the error committed
o




by using 2(t;) as the estimate of the state at time t; is denotea by
g(t{). It should be noted that for a linear estimation problen, the :
covariance propagation [ Equations (7,9)], while depending on the |
sequence of ﬂ(ti) and g(ti), is independent of the time history of
measurenents Y, (Y;, Yp» ++.). This will no longer be the case in the
extended Kalman filter formulation,

The assumption that the system can be modeled as being driven by
white Gaussian noise is often well founded on two accounts. First,
it has been found from practical experience that the Gaussian distri-
butioq‘provides a reasonable approximation to observed random behavior
in certain physical systems (Ref 7:92), Secondly, the central limit
theorem (Ref 7:96) states that if the random phenomenon that we observe
at the macroscopic level, is due to the superposition of a large.number
of independent random variables on the microscopic level, then the
macroscopic phenomenon can be adequately modeled as a Gaussian random

variable (Ref 10:40),

Extended Kalman Filter Formulation (Ref 3:179-189)

The extended Kalman filter formulation is commonly used in esti-
mation problems in which the adequate state and/or measurement equations
are nonlinear rather than linear, Consider, as before, a system that 4
is continuous in time with measurements at discrete sampling times, ;
Assume that the system state satisfies the following nonlinear vector .
stochastic differential equations

2(t) = £x(¢), t1+ c(t) u(t) (11)
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where f{x,t] is a nonlinear function of the states and time [in
general f could also be a function of deterministic control inputs
u(t) ], and where the vector w(t) of zero mean white Gaussian driving
noises and covariance g(t) enters in a linear additive manner, The
initial condition of x(t,) is modeled as a Gaussian random variable

and covariance P Noise corrupted vector measurements

with mean X Py

%o
of a nonlinear function of the states and time are available at
discrete times ty as:

z(ty) = E[E(ti)' ti] + v(ty) k3R
where x(ti) is a zero mean white Gaussian sequence with covariance
kernel (Ref 3:180).

Hv(ty) w(t5)] = [ R(ty) for i = j (13)

0 otherwise
It is assumed that the processes w and v are independent of each other,
The filter propagation equations are:

B(e/yy) = £3(4/%), 1] (1)

R(ty/ty) = %(t;) (25)
where the notation Z(t/t;) means the optimal estimate of the state,
x, at time, t, given the updated estimates up to and including time
ty. In addiiion, (the covariance is propagated approximately by):

B(t/ty) = L 4:2(6/8)] B(t/ty) + B(t/t;) H t:8(/23)]"

+6(t) a(t) a(v)T  (26)

B(ty/t,) = B(t}) (17)

where F is the matrix of partial derivatives of f with respect to x,

evaluvated along the trajectory'[which is propagated by méans of Equation

(14)]
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The measurenent update is given by:
K(ty) = B(t7) Bty s2(e)T™ Gt R(40)] (85) H 442(¢])]
+ R(+3)11 (19)
£(ty) = 2(tg) + K(2)0yy - HR(4D), 4] (20)
B(t}) = B(t7) - K(t,) H 6:%(]) (%) (21)

2(t7) = &(4y /%, 5) (22)

P(4]) = B(t3/t; ;) ' (23)

H ti%(¢])] -a—%i"’t] % o A

= PEwdet) :

The notation t; inplies the value of the quantity at the instant prior
to the update at time t;, and tI is the value of the quentity just after
the update. The notation used thus far, except as noted for the F
matrix, is developed and used in (Ref 3).

Unlike the conventional Kalman filter, the extended Kalman filter
gain and estimation error covariance matrices depend on the time #istory
of %(t/t;). Since a covariance analysis could only use an Xponinai(t)
as an approximation to i(t/ti) as actually used by the filter in its
online operation (the linearized Kalman filter), the extended Kalman
filter performance should be verified by a Monte Carlo simulation,

In general, this form of analysis is both more time consuming and more

costly in terms of computer usage than is a covariance analysis,
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Section ITT

lMonte Carlo Simulation and Analysis of a Sub-Optimal Kalman Filter

Introduction

As mentioned in Section I, a llonte Carlo analysis is a computer
simulation technique that can be used to develop the required (extended)
Kalman filter tuning, portray filter performance capabilities, and

study the effects of parameter variations in the true system model,

B 13 g v

The Honte Carlo simulation uses random number generators and shaping
filters which generate random errors to noise corrupt both system

4 state dynamics and measurements., The noisy system measurements are
then processed by the suboptimal (extended) Kalman filter to generate
the filter estimates. If many of these sinulations are conducted,
then one can compute the statistics of the error between the filter

estimate and the truth model for quantities of interest.

Performance Analysis

Figure 1 depicts schematically a means of conducting the perform-
ance analysis of a given (extended) Kalman filter design., The truth
model by definition is the best, most complete mathematical model that
can be developed to describe the system under study. Such a truth model

is the product of extensive study and data analysis of the systiem.

As noted in the figure, the truth model is an ny-state model, linear

or nonlinear, driven by noise wi(t) (assumed white and Gaussian), that

o o SO el il s S

generates the true state values ﬁt(t). It is assumed that the true

values for the critical quantities of interest are related to the true

e -

state values by the vector function.g_t (a p vector - generally less
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than n,)s

¥ (t) = [x,(¢),t] (25)
Often, ci[x4(t),t] 1s a lincar function of x,, as

r(t) = c(t)x(t) (26)

In fact, in many instances, the quantities of interest are simply a
subset of the truth model states; letting the components of x(t) be
ordered so that the first p states are the quantities of interest,
this ylelds the particular forms
v, (8) = [110] x,(+) (3% (27)
Thus we have access to the "real world" values for comparison with the
filter estimates,
é At discrete times (ti) the m-dimensional measurements:
ze(ty) = Bxy(ty), 85 + v (ty) (28)
are presented to the Kalman filter. The Kalman filter algorithm

ot i S

processes the measurements and produces the state estimates X(t).

These state estimates are related to the estimates of critical quanti-
ties of interest by the vector function ¢ (a p vector):

2(t) = o[2(¢),t] (29)
Thus the true error cqmmitted by the Xalman filtexr (Et) at time i
before and after measurement incorporation, is:

eg(ty) = 3(1]) = y4(ty) (30)

e, (1) = (£ - ny(ty) (31)

If a feedback control system with impulsive correction is assumed,

A AR 5 BB AR S Bt W i

then a third error ié of interest as well:
+c ayz, + c
ey(ty) = X(tic) - xe(ty) (32)

where the superscript ¢ denotes after the control is applied.
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The objective of the performance analysis is to characterize the
error process statistically, This is accomplished in the ilonte Carlo
simulation by generating many samples of the error process and then
computing the sanple statistics directly. If enough samples are gene- ;
rated, then the sample statistics should approximate the process
statistics very well (Ref 3:6-71)., The sample statistics computed
at each point in time are the calculated mean error (E), calculated
standard deviation of the error (s.), and the ensemble average of the
filter covariance diagonal terms (Eikk)' The calculations are made |1

over the ensemble of runs (N) for each time point (tj)a |

1
N

- N [ o)
&(ty) = i:z:l[;i(tj) - 244(t5)] : (33)
N

; R .
200 = [ 2 [y()) - 2y ()T -0 Eera] (o0

N |
o 1 : |
PF'l . (tJ) =% 121 E-Ekki(tj) (35) £ |

These equations can be found in any good statistics text (see for

A B SO N i i

example Ref 11:26,40), It is important to note the use of 1/(N-1) |

B s i

in the expression for the standard deviation, s,, instead of l/N;

il b et 00

this re:.lts in an unblased estimator of variance before the [ ]1/2

Mot s

is taken and is customarily used for sampled data (for small or

noderate N),

s it i 50k N M S s

One useful output of the Monte Carlo anzlysis is a plot of the

filter estimate of the standard deviation, ngkk(tj)' along with the

7 o

corresponding computed standard deviation, §e(tj) for all tj or
« interest, The Kalman filter is tuned by minimizing the computed error

standard deviations, As a rule of thumb, good tuning is achieved
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when the filter estimated standard deviations are approximately equal

to the computed standard deviations, If the problem under investiga-
tion is sensitive to small changes in the filter tuning parameters
[g(to), and tine histories of Q(t) and K(t)] then the investigator
musts

1, Conduct the lionte Carlo simulation

2, Examine the standard deviation plots

3. Determine tuning parameter(s) to be changed

4, Repeat 1 through 3 until adequate tuning is achieved
Thus it can be readily visualized that precise tuning of the Kalman
filter by Monte Carlo techniques is very costly in terms of effort ard
time,

A second useful output of the Monte Carlo analysis is a plot of
the mean error versus time., This plot is usually obtained with one
standard deviation bounds plotted above and below the mean error,
This plot is useful to determine if the suboptimal Kalman filter
provides the desired accuracy. If the filter starts from initial
conditions other than the truth model initial conditions, then the
filter performance to non-zero initial error can be observed. Bias
errors, a problem of significance to many extended Kalman filter

designs, also become readily apparent from the plots of this form.

Dirital Simulation of the Truth lModel and Filter llodel

In order to sinulate the system on a digital computer, the problem
must be divided into segments which, when processed sequentially over

a given time period, will provide a realistic portrayal of filter use
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in actual on-line implementation., A convenient time period is the

sample period between times at which neasurements becore available,
Then the entire procedure is iterated over some desired time interval
of interest. The segments are:

1. Time propagation of system state equations

2. Time propagation of. filier state equations

3. Time propagation of filter covariance equations

L4, Update of filter covariance matrix

5. Generation of measurements for the filter

6. Update of filter states

7. Application of impulsive feedback to "update" system states

8. Reset the filter states after the feedback
The first segment is simulated by integrating the ni-dimensional
system (truth model) stochastic differential equation:

£,(¢) = £,x,(4),t] + g, (t)uy(t) : (36)

from time ti to time of the next measurement time t34y. The integra-
tion is typically performed by either zuler or Runga-Kutta numerical
integration methods with a specified integration step size, Integrating
the deterministic part of the differential equation is readily apparent,
however, the additive white Gaussian noise w{ is not. The following
derivation shows how the solution to the stochastic differential
equation can be approximated,

To provide insight into the approximate solution form, consider

first a linear stochastic differential equation of the form:

x(t) = E(t) x(t) +G(t) s(t) (37)

o Gy U R DT A 2 Tt
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where w(t) is a zero mean white GCaussian noise with Eﬂg(t)ﬁ(t+t)T] =

Q(t)6(t). An equivalent discrete time system equation would be: ]

it

t
SCUVEE OIS FCVEN i CRRR N o

A 38) ,
= 0, 4p0t,) x(t)) + wy(ty) (39) 24
where §(+,.) satisfies both of the following relationships: 1

gf ®(t,t3) = F(t) 2(t,t4) for t in the interval
(tilti+1) (40)
B(tyoty) =L (41)
For this discrete time systen, gd(ti)'is a zero mean white Gaussian

discrete-time noise with strength:
Bwg(tug(t) ] =S 3 O(ty41,7) G(T) Q(7) G(7)
i

I
g&ti+107) ar ( 2)
= Q,5(ty) (43)
gt )mg(t) 1= 0 for by £ g ()

Now if the integration step size is small relative to system character-
istic response time and constant (At sec in duration) then the following

approxinations can be made;

Bty 10ty) =L+ F(ty) ot (45)
t

.rtm 0cga” el ar = [a(t,) alty) o(t,)"] at (46)
p |

2
where all terms of order At or higher have been neglected. Thus one
approxinmate simulation of the continuous time system would be:
x(ty4y) = [T+ B(ty) at] x(¢,) + ny(t,) (47)
= x(t,) + F(t,) x(t;) at + wy(4,) (48)
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where !d(ti) is described by:
T T
Elwg (4, g ()71 = [G(t,) a(t,) G(t,)"] at (49)
Thus the differential equation is integrated using Equation (46)

and noise generators utilized for the Ed(ti) term, Higher order inte-
gration techniques can be applied to the nonhomogeneous portion of the
differential equation, with the same gd(ti) as above used as' the forcing
terms, It should be noted that this technique is directly extendable
to nonlinear equations of the form:
x(t) = fx(t),t] + c(t) x(t) - {50)

Segment two is performed by calculating the filter equation {6},
The filter covariance propagation Equation (7) is calculated to
accomplish segment three, Segment four is performed by solving
Equations (10 and 9). Segment five uses Equation (5) to generate the
m-dimensionz2l measurements, Noise generators are utilized to provide
the !t(ti) tern. The filter update Equation (8) is calculated to
perform segment six.

A Kalman filter will often be implemented in an indirect feedback
configuration, in which filter error state esiimates are fed back to
the actual system to correct the actual errs>r, If the system correc-

tion can be performed rapidly enough compared to the filter update

period, then the feedback can be simulated as an impulsive change.
After application of the correction, assuming linear feedback, the
truth model state process becomes (Ref 316-76):

x(t°) = 2y (4,) - Dy(ty) &(ty) (52)
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The filter should be "told" thati this feedback to the system has

occurred, so its state estimate is modified as:
(4°) = 2(4)) - D(t;) &(4) T
= [I - D(t,)] &(7) (53)
Note that if the filter is estimating error states then the D(t,)
matrix will typically be an identity matrix, Segments seven and
eight are performed by calculating the results of Equations (51)
and (52).

.Each of these segments are performed sequentially at the measure-~
ment update time and the simulation time, system state, filter state,
and filter covariance values saved on a data tape, This process con-
tinues until the simulation final time is reached, thus completing
one run of a Monte Carlo simulation, After many runs of the Honte
Carlo simulation have been performed, then the data tape can be read,
the sanple statistics calculated using Equations (33-35) and computer

plots created.
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-SECTION IV

DESCRIPTION OF THE GENLRALIZED MONTZ CARLO ANALYSIS FROGHAN (MCAP)

Introduction

The general Monte Carlo Analysis Program (MCAP) is a modular
progran designed to perform a Monte Carlo performance analysis of a
given (extended) Kalman filter design, The program is composed of
the main program, %5 problem independent (constant) subroutines, and
a minimum of 8 user defined problem dependent (variable) subroutines.
The main program acts as an executive to sequence the simulation
through the performance analysis, The }CAP subroutines can be divided
into tﬁree major categories: 1) data input subroutines, 2) data output
subroutines, and 3) "workhorse" subroutines. The data input subroutines
read in the problem dependent parameters and control parameters for
MCAP execution. The output from MCAP consists of data printed on the
computer line printer and a data file (Tape 3) containing the sample
realizations for the many simulation runs, The amount of printed
output is determined by the control parameters specified in the data
input, The output data file (Tape 3) is used by the statistics/plot
(STATPLOT) program to calculate the statistics of the true error ncted
in Section III (Equations 33 through 35) and to prepare a plot file
for the Calcomp (or other) plotting device. The "workhorse" subroutines
are executed in the sequence managed by the main program to perform
many functions:

1. Initialize the Monte Carlo performance analysis

2, Initialize the simulation run

3. Propagate the system state equations
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4, Propagate the filter state equations

5. Propagate the filter covariance equations

6., Update the filter covariance matrix

7. Generate system measurements for the filter

8. Update the filter states

9. Apply feedback (if applicablc to the problem) to reset the

system and filter states

MCAP was developed using the General Covariance Analysls Progran
(GCAP) by the Air Force Avionics Laboratory (Ref 2) as a baseline,
Consequently, the goals of having }CAP similar in structure to GCAP
and having (some) problem dependent subroutines applicable to both
GCAP and MCAP are met, Because MCAP is composed, to a large extent,
of modified GCAP subroutines; users already familiar with GCAP should
not have any difficulty in applying ICAP to their problem.

As noted in Section I, in general, the covariance analysis is
limited because stringent assumptions are necessary for the analysis
results to be a valid depiction of the error characteristics, In
particular GCAP assumes that:

1. The filter and system are modeled by a set of linear differen-

tial equations.

2. The measurements used by the filter are a linear combination

of the system states with additive nolse-corrupted measure-
ments,

3. The states being modeled in the fllter are error states,
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4, Total impulsive feedback control is applied to the system
(error) states,
These stringent assumptions limit the application of GCAP to carefully
posed problems. None of these assumptions are necessary fér problems
to be investigated using MCAP, Thus, at the expense of additional
computer time, lNCAP can be used to solve a larger class of estimation

problens,

MCAP Program Structure

)

The performance analysis of the Kalman filter is conducted under
the management of the main executive program., Figure 2 illustrates
the structure of i1CAP, There are generally three levels of subroutines
within this structure. The first level subroutines are coded on the
figure to note the main functions performed and if the subroutine is
problem dependent (a variable subroutine to be specified by the user).
The function code is located below the subroutine name, If the sub-
routine is problem dependent then the subroutine name is underlined
(for example ASDOT). The coding used on this figure is:

I - Data input function
0 - Data output function

W1l - Initialize the Monte Carlo performance analysis

=T

W2 - Initialize thé simulation run

W3 - Propagate the systém state equations

W4 - Propagate the filter state equations

W5 - Propagate the filter covariance equations

W6 - Update the filter covariance matrix

W7 = Generate system measurements

234




B gge e R s e e AT A
= e a5
ﬁ -
(sx
SEINT oCHd ASIZE
.
s oy
X5d x1d ¥
Io5ET q1dind XI50
IR ¢ #
YSGINT INIING [ ] NEITT
X1d LCUsX nYLESS
wd — I70ax NIgd
ZSION 418178 foi3h Mct
ToCET — INOIFE exTEzS
C (e~
LOCEY ISZINT
(] (2¥) (1)
YFIND AXILINT — vyl T
=~ =
YU
e e P e B P T N e

e i = Y S 3 AP

e Bl L e M A

ram otructure

24

1.CAY Prog

Figure 2.

<34




T ——

N
18
-2
ire
N
b}
5]
2

. (é6x)

PN SHEE00 SIS

X0 Shegl ITnE

3]
AR B TXIVC& IViiic

ISION

(o (<%) &
nEend IS o o EO ey

v T8d

235

= I ooz

ICAP Program Structure (con't)

ny
omd i3 Legzes

s NIIN

[
[
Figure 2,

Yea T3dSY — 1V.1TE

B

{ (9%)
%W. - aIvean| |

N

S e i

a




S e o A

s s N & oS

W8 - Update the filter states

W9 - Apply feedback to update the filter and system states
Several of the subroutine namecs are repeated to illustrate the program
structure and sequence of subroutine execution better,

The first task HCAP performs is to read in the problem control
parameters, problem dependent parameters, and assign memory storage
locations, Function W1l is then perfcrmed in order to set the print
and plot control “"switches" and initialize the random number generator,
The simulation run is initialized (W2) by calculating the integration
constants and initializing the program time parameters,

One run of the lionte Carlo simulation is performed by sequencing
through a cycle of functions W3 through W9 at a rate equal to the
measurement interval until the final problem time is reached, Through-
out this run, the data output function (0) is performed to print the
data selected by the user with the problem control parameters,
Subsequent runs are performed by repeating functions W2 through ¥9
until the user specified number of runs is completed.

The rest of this section expands on this brief description and
provides a description of the variable subroutines required for riCAP.

A good description of the constant subroutines is contained in the

GCAP users guide (Ref 2) and is not repeated here,

Data Input Function (I)., The variables listed and described in

Table I are the input parameters required for MCAP, The normal input
media for the problem variables is the card deck structure shown in

Figure 3, However, the user may elect to read the values of v,
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Table 1

Definitions and Format of CAP Input Parameters

Parameter | Description Format
(title) | Problem title (limited to 80 characters)| 8410
$USRCTL Troblem dependent control parameters lkamelist
are contained in this namelist
N1, Suboptimal filter dimension Namelist
N2, Truth model ('system dimension) Namelist
i, Number of measurement§ Namelist
v, Initial problem time (seconds) Namelist
TF, Final problem time (seconds) Namelist
DTUP, !leasurement update interval (seconds) Namelist
DTINT, Integration interval (seconds) Nanmelist
IPASS, Nunmber of runs in ifonte Carlo Namelist
simulation
ISEED, Initial seed for random number Namelist
generation
IRNFRCT, | Number of runs per printed output Namelist
IPRCT, Number of integration intervals per Namelist
printed output
IPRSYI, if 0 - do not print lower triangular Namelist
portion of symmetric matrix PF
if 1 - print lower diagonal of symmet-
ric matrix PF
IPRK, if 0 - do noet print Kalman gain matrix Namelist
K
if 1 - print Kalman gain matrix K
IPICT, Number of integrations intervals per Namelist

plotted output (must be 1 to get
plot)
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diagonal element initial condition
value (N1 in number)

—r = b e oo
Table I (cont'd)
IPFILE, if 0 - usual data input from cards Namelist
if 1 - input restart values T¢,
TIMUDY, XF, XS, and PF from Tape 11
TIMUDY, Starting value of the update time in Namelist
seconds =-- unused if IPFILE = 1
TIMNTY, Starting value of the integration Kamelist
tine in seconds ~~ unused if
IPFILE = 1
3 End of Namelist Namelist
- NZFF Nunber of non-zero terms in the I3
filter F matrix
INDFF The coordinate pairs of the non- 8(213,4%)
zero terms in the filter F matrix
NZQF Number of non-zero terms in the 3
filter g matrix
INDQF The coordinate pairs of the non-zero 8(213,4X)
terms in the filter g matrix
NZHF Number of non-zero terms in the filter 13
H matrix
INDHF The coordinate pairs of the non-zero 8(213,4X)
terms in the filter H matrix
NZRF Number of non-zero terms in the filter I3
R matrix :
INDRF The coordinate pairs of the non-zero 8(213,4%)
terms in lhe filter R matrix
XF¢ if IPFILE = 0, each filter state ini- E20,0
tial condition value (N1 in number)
xs¢ Af IPFILZ = 0, each system state ini- E20,0
tial condition value (12 in number)
12314 if IPFILE = 0, each filter covariance £10,0
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Figure 3, Input Card Deck Structure
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TIMUDY, XFg, XS¢, and PFY from the file named “Tape 11" as shown in

Figure 4, This option facilitates "restarting" the simulation at the

e

simulation time where a previous execution was terninated,

Concurrent with the data input, the variables N2 and il undergo a
"reasonableness" test in order to insure program memory is not exceeded.
If the values of these variables pass the test criteria (i less than
21 and N2 less than 401), then MCAP begins to assign storage locations
within the unlabeled CCMMON block A, These storage locatlons are used ?
to store the indices of the filter state matrices (F, &, H, and R). 3
When this process is completed for the filter state ﬁatrices, NCAP
generates the memory location pointers for the first word locations
of the initial values of the filter states, the system states, and

the covariance matrix; the time varying values of the filter states,

s R o L B S S el e i i =

the system states, and the covariance matrix; the time varying values

of the filter state derivatives, the system state derivatives, and ]

the filter covariance derivatives; the filter state matrices (E, 9y

fi BT ek ASARSS

H, and R), the Kalman gain matrix; and memory locations for temporary
intermediate calculations., This elaborate memory assignment scheme

enables the reuse of storage locations while the simulation is executing.

i i S a3 s i N

However, th> user should be cautioned, that this "feature" may cause
problems if values are needed in the user-supplied variable subroutines.

The user then has the option of over-riding the NCAP storage assignment

s SR A B 3 A i

[by modifying the memory assignment subroutine (STRVAL) ] or storing

the values of the variables in the variable subroutines as labeled

COMION,

i L
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Initialize the Performance Analysis (W1l), Once the storage

allocations are made, MCAP sets the print and plot control "switches"
according to the problem control parameters (IRNPRCT, IPRCT, IFR3YI,
IPRK, and IPICT), The random number generator "seed" is iﬁitialized
to the value specified by the user (ISEED), This seeding of the random
nunber generator is for lionte Qarlo simulation repeatability from one
set of runs to another, Next, the user supplied subroutine U3KIN is
called, The subroutine USRIN may be employed in a variety of ways.
USRIN may be used to input parameters which change between lionte Carlo
sinulations but which remain unchanged within a single simulation, Or
the user may employ USRIN to create special initial conditions, such as
a nondiagonal FF{, Whatever the usage, USRIN is a convenient method
which permits a user to customize MCAP input data to the specific
problen,

Initialize the Simulation Run (W2). INCAP then initializes the

time dependent values for the filter states, the system states, and
the covariance matrix to the values specified in the data input, The
two user supplied subroutines XFDOT and XSDOT are called to allow these
initial valu~s to be modified with each simulation run, The integra-
tion constants and the program time parameters are then initialized,
MCAP is now ready for a simulation run,

Propagate the Derivative Equations (W3 through W5). One run of

the lMonte Carlo simulation involves sequencing through a cycle of

functions W3 through W9 at a rate equal to the measurement update
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interval; until the final problem time is reached, Functions W3
through W5 require the extrapolation of the system state values, the
filter state values, and the covariance matrix from the current simu-
lation time, TTME, (which bas an initial value of T¢) until the first
update time, TINMUD., TIMUD is the sum of TIli and the neasurement up-
date interval, DTUP. Subroutine INTEGX propagates, in turn, the system
state values and the filter state values between TIME and TIMUD,

INTEGX accomplishes this propasation by successively integrating the
systen and filter propagation equations [Zquations (6) or (14)], where
each integration is DTINT long. The integration is ferformed using a
fourth order Runge-K .tta numerical integration method., In the case

of the system state equations, the zero mean white Gaussian noise
sequence, (%) [Equation (48)], is added to the system state values
at this DTINT rate. Subroutine INTIGP propagates, in a similar manner,
the covariance matrix from TIMNE to TIMUD,

In order to perform the fourth order Runge-Kutta calculations, both
INTEGX and INTZLP require values for the derivative equations at the
following time points: TIME, TIME4DTINT/2, TIME+DTINT/2, and
TIME+DTINT, (Note that the fourth order Runge-Kutta method requires
a derivative value twice at the midpoint of the integration interval),
For the system and filter derivative states this is accomplished by

calling either subroutine XSDOT or XFDOT. The calculations for P, on

the other hand, requires values for the F and Q matrices, which in turn,
derive their values from (possibly) time varying parameters, These
time varying parameters are obtained when INTXGP calls the user sub-

routine TI’AJ at each time point noted above, The time varying
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parameters are transmitted between TRAJ and user subroutine FLITAT
via a user defined labeled CO!IION, After the call to TRAJ, INT:GP
calls FLTIAT two separate times in order to obtain the current (non-
zero) values of the F and Q matrices respectively, INTEGP then cal-
culates P and extrapolates the covariance matrix to the next time
point, using Equation (7) or (16).

Update the Filter Covariance Hatrix (16). When the TIiUD time is

reached, function W6 can be pevformed, In order to update the filter
covariance matrix, the Kalman gain matrix, X, must be computed (see
Section II), However, this requires the current values of the filter
H and R matrices, These values are obtained when subroutine UFDATFP
calls FLTIAT two separate times, Subroutine UPDATFF then calls other
subroutines in order to calculate K [Equation (10) or (19)] and up-
date the filter covariance matrix, P [Zquation (9) or (21)].

Generate the System Measurements (H7). The system measurements are

generated by the user supplied subroutine [HEAS, HNZAS calculates the
measurements using the current system state values corrupted by
additive noise [Equation (5) or (12)].

Update the Filter and System States (V8 and W9). The filter

estimates (XF+) after the measurements obtained are generated by the

user supplied subroutine UPDATXF, UPDATXF generates XF+ by performing
the calculations indicated in Equation (20) [see Section II], This
routine is user supplied in order to accommodate the non-linear vector
function h, After the XF+ estimates have been obtained, the user

supplied subroutine CORRECT is called to apply impulsive feedback to

Ol R oS b




(selected) system states, (Note that if no feedback correction is
required for the problem under study, subroutine CORR:CT will simply
have a RETURN and END statement). The feedback is applied by modi-
fying the system state values using Equation (51) and the filter state
values with Zquation (52).

Additional Simulation Runs. Throughout the simulation run, data

is printed (values of iF, XS, PF, X, and Z) according to the user

specified values of the printer control parameters (IRNPRCT, IPRCT,

IPRSYH, and IPRK), In addition, at the end of a simulation run (if

IRNPRCT is greater than the current run number) MCAP prints the lower
triangular values of the final PF matrix and "RUN NUIBER xx COMPLZTZ",
If additional simulation runs are required, then functions W2 through

W9 are repeated until the specified number of runs have been completed,

Variable Subroutines

As mentioned earlier, !ICAP requires a mininum of 8 problem
dependent (variable) subroutines to perform the ilonte Carlo simulation.
These variable subroutines are:

1. XFDOT

TRAJ
FLTUAT
MEAS
UPDATXF
CORRECT

USRIN
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These subroutines are designed to meet most problem requirements and
to be used easily by users having only a basic knowledge of Fortran
programning.

The essential elements of each variable subroutine are‘described
below, In order to illustrate the usage of these subroutines, the
next section presents an example using a linear Kalman filter which
should clarify this discussion,

XFDOT, Subroutine XFICT. major function is to provide ICAF with
the derivative values of the filter states at each time point of the
Runge-Kutta integration. The SUBROUTiNE statement contains the
following arguments (in the order shown): X, XDOT, N1, INIT, NOIS,
DT, and TI}E, X contains the current values (an Nl-dimensioned vector)
of the filter states, The calculated values of the filter state deri-
vatives are returned to the calling program (INTEGX) in XDOT (an K1l-
dimensioned vector), N1 is the dimension of the filter, INIT and
NOIS are declared logical variables to select one of the three sec-
tions of this subroutine code, INIT is true only if the subroutine
has been called during function W2, NOIS is false for each time point
of the Runge-Kutta integration, At the end of the integration inter-
val, The current value of the simulation time is contained in TIMZ.

The first éection (when INIT is true) of XFDOT is called once
per simulation run (by INTHGI) and is used to initialize constants,
unique to this subroutine, The second section (where INIT and NOIS
are false) is used to calculate the values for the derivatives of the

filter states using either X, = g(zf,t) for the nonlinear filter or
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=F for the linear filter. The third section is normally nct

i, ~Lx
used, however, the option remains for the user to modify filter
state values at the end of the integration interval.

Table II lists the required Fortran statements for subroutine

XFDOT:

Table II

Required Statements for AFDOT

SUBROUTINE XFDOT (X,XDOT,N,INIT,NOIS,DTINT,TIIE)
DINENSION X(1),XDOT(1)
LOGICAL INIT,NOCI3
IF (.NOT. INIT) GO TO 200
: [ subroutine constants ]
200 CONTINUE
IF (NCIS) GO TO 300
[derivative calculations]
RETURN
300 CONTINUE
Luser option]
RETURN
END

XSDOT. Subroutine XSDOT provides liCAP with values for the deriv-
ative of the system states (of N2 dimension) and, at the end of the
integration interval, adds the zero mean white Gaussian noise, w4, to
the system state values, Subroutine XSDOT is identical in structure
to XFDOT described above, The only change to Table II is to modify
the subroutine name and replace the user opticn section with the calcu-
lations necessary to evaluate ¥y and add it to the system states, The
calculations performed in the second section again uses either the
nonlinear equation gs = i(;s,t) or the linear equation 23 - Es Xge

The noise sequence !d(ti) covariance is found by Equation (49).
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The vector LY is calculated using the IICAF constant subroutine
NOISE, Subroutine NOI3Z returns a Gaussian random number with mean
and standard deviation specified on each subroutine call, The argu-
ments for NOISE are: R!M3, XMEAN, and XNOISE, Where RIS is the
standard deviation of the desired random number, X!MZAN is the desired

mean of the random number, and XNOISE is the returned random number,

If the system dynamics noise, W, elements are independent of each
other, then matrix § of Equation (49) is diagonal, Also, often

G is the identity matrix so the term in the brackets [GQGT] can be

S P N PP TS

written Q' or simply reidentified g.' The standard deviation for the
random number is simply the square root of the gkp element times the

square root of At (DTINT). Table III shows typical Fortran statements

which calculate ny and add it to the system states (for zero mean
independent white Gaussian noise terms). If nondiagonal ggg? is

desired, this can be handled by means of transformations of indepen-

DA s e s

dent noises using square root matrices [see Ref (3:7-60)].

Table III

Calculation of Wy for the System States

for noise with ij = 02

XHEAN = 0,

Ri1S = SIGMA * SQRT(DTINT)

CALL NOISE (RS, XMEAN, XNOISE)

X(J) = X(J) + XNOISE 2
for time corielated noise with Qg =0 /2T

where x(k) is a shaping filter state:
XMEAN = 0,
RHS = SIGHA * SQRT(DTINT/(2.*TAU))
CALL KOISE (Ri!3, XMEAN, XNOISK)
X(K) = X(K) + XHOISk
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TRAJ, Subroutine TRAJ provides trajectory constants or time
varying paraneters required by FLTIIAT. The requirements of TRAJ
for MCAP are the same as those for GCAY. The only argument for TRAJ
is SETCON, SETCON is a declared logical variable to select either
the time invariant (SETCON true) or the time varying (SETCON false)
section of the subroutine, SiZTCON is true at the beginning of each

integration interval and TRAJ calculates the time invariant parameters,

For the rest of the :ategration interval TRAJ calculates the time

varying parameters, Instead of computing the trajectory dependent
pérameters as the simulation is progressing, the user may desire to
read the trajectory parameters from either a magnetic tape or disk
unit, If this prestored parameters method is utilized, then the user
must insure that TRAJ transfers data to FLTI’AT at a rate which corre-
sponds to twice the value of DTINT, Table IV listis the required

Fortran statements for subroutine TRAJ.

Table IV

Required Statements for TRAJ

SUBROUTINE TRAJ (SETCON)
LOGICAL SxTCON
IF (.NOT. SETCON) GO TO 100
[time invariant calculations |
100 CONTINUZ
[time varying calculations |
RETURN
END




FLTHAT., OSubroutine FLTMAT provides CAP with nonzero values of

v
the filter matrices F, Q, I, and R in turn, The F matrix is calculated

using Equation (18) for the nonlinear filter or simply F in the linear
filter, Q is found by calculating the term in the brackets of
Equation (46). The H matrix is calculated using Zquation (24) for
the nonlinear filter or simply H in the linear filter. R is the
measurement noise covariance matrix, The requirements of ¥LT/AT for
[ICAY are identical to those of GCAF, The subroutine arguments for
FLTUAT are: SETCON, MATNC, A, and IND, BSzZICON is again a declared
logical variable used to select either time invarian£ or time varying
calculations for the four matrix elements, The integer variable [ATNO
determines the block of coding accessed to calculate the nonzero
values of the desired matrix, The subroutine returns the nonzero
values in the variably dimensioned vector A. The vector IND contains
the packed row-column pairs of indices which corresponds to the matrix
elements returned in the A array. Table V lists the required Fortran

statements for subroutine FLTIIAT,

Table V

Required Statements for FLIHAT

SUBROUTINS FLTHAT (SETCON, MATKO, A, IND)
DIM&NSION A(1), IND(1)
LOGICAL SETCON
GO To (101, 201, 301, %401), MATNO
101 CONTINUZ
IF (,NOT. SETCON) GO TO 110
[time invariant calculations of EJ
110 CONTINUZ
Ltime varying calculations of F]
RETURN
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Table V (cont'd)

201 CONTINUE
IF (.NOT. SETCON) GO TO 210
[ time invariant calculations of ]
210 CONTIKUz
[ time varying calculations of g]
RETURNK
301 CONTINUE
time varying calculations of H |
RETURN
401 CONTINUZ
IF (.NOT. SETCON) GO TO 410
Ltime invariant calculaticns of g]
410 CONTINUZ
[tire varying calculations of 33
RETURK
END

1{EAS, Subroutine }!IZAS calculates and provides to iiCAP the noise-

corrupted system measurements using either Zquation (5) or (12). The
subroutine statement contains the following arguments: X, DUll, Z, N2,
M, T. The vector X 09ntains the current values of the system states
(an N2-dimensioned vector), DUl is an N2-dimensioned vector which

can be used by the subroutine for temporary calculations. The calcu-
lated measurements are returned to (ICAP in Z (an li-dimensioned vector).
K2 is the dimension of the system. il is the number of measurements

of the system, The current value of the simulation time is contained
in T, Subroutine NOISE is called to corrupt the system measurements

with noise. Table VI lists the required Fortran statements for sub-

routine [[EAS,
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- Table V1

Required statements for [1ZAS5

SUBROUTINE I1EAS (X, DUM, Z, N2, K, T)

DIHaNsION X(1), bun(l), 2(1)
measurenent calculations ]

RETURN

IND

UPDATXF. Subroutine UPDATXF calculates and provides to JCAP the
updated filter estimate, XF+. The subroutine statement contains the
following arguments: X, ¥K, Z, N1, if, The Nl-dimensioned vector X
contains the current filter state value (XF-). The array FK (of
dimension N1xiI) contains the Kalman gain matrix values, The noise
system measurements are contained in the li-dimensioned vector 4, X1
is the dimension of the filterand M the number of measurements of the
system., The updated filter estimate (XF+) is returned to MCAP in X.

UPDATXF is not a constant subroutine because, in general, ncnlinear
calculations may be necessary Esee Equation (20)]. However, a constant
subroutine MMXV& is available to perform calculations of a matrix

times a vector, C =A b

The arguments for M'MXVZ are: A, B, C, N, and
M. Where A is an Nx!! matrix, B is an ll-dimensional vector, and C is a
vector of dimension I for result, Table VII lists the required

Fortran statements for subroutine UPDATXE,

Table VII

Required Statements for UPDATXF

SUBROUTINE UPDATXF (X, FK, 2, N1, )
DIILKSION %(1), FK(1), 2(1)
[update calculations
RETURN
END

252




CORRZCT, Subroutine CORRZCT applies impulsive feedback by up-
dating (selected) system states, and after feedback, resetting the
corresponding filter states to zero. The subroutine statement contains
the following arguments: X5, XF, N2, and N1, The Nz-dimenéioned vector
XS contains the current values of the system states, XF is an N1-
dimensional vector that contains the current values of the filter
states, N2 is the dimension of the system., N1 is the dimension of the
filter., The impulsive feedback is performed by calculating Zquations
(51) and (53) and returning the result in the XS and XF arrays.

Table VIII lists the required Fortran Statements for subroutine CCREZICT.

Table VIII

Required Statements for CORRECT

SUBROUTINE CORRECT (XS, XF, N2, N1)
[impulsive feedback calculations ]

RETURN

END

USRIN., Subroutine USRIN is used to read in the problem dependent

user-supplied data for each lHonte Carlo analysis, USRIN may be
employed in 2 variety of ways. USRIN may be used to input parameters
which change between lionte Carlo simulations but which remain unchanged
within a single simulation. Or the user may employ USRIN to create
special initial conditions, -Whatever the usage, USRIN 1s a convenient
method which permits a user to customize IICAP input data to the
specific problem. It is important to note that USRIN is called only
once (during function W1), Table IX lists the required Fortran state-

ments for subroutine USRIN,
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. Table IX

Required Statements for USHIN

SUBROUTINE USRIN

[user specified read ]
RZTURN
2D




Section V
A Sample Problem

Introduction

In order to illustrate how the generalized ifonte Carlo Analysis
Program (MCAP) can be used to analyze and evaluate the performance
of a suboptimal Kalman filter, a2 sample problem is illustrated in '
this section, The example used is the same problem investigated in ‘
the GCAP users guide (Ref 2),

The problem to be studied is a linear system from which nultiple,

noise~-corrupted measurements are available, The truth model is

presented and then a suboptimal Kalman filter is designed to estimate |
certain physical (error) states of this system precisely. These
models are then programmed into the appropriate lCAP subroutines and

10 runs performed for a one hour performance analysis.

Problem Formulation

The sample problem concerns the analysis of a single-axis ilnertial

navigation system shown in Figure 5, In the figure, R represents the

radius of the earth and g is the acceleration due to gravity. The
verformance of the system is analyzed for a one-hour time period,
during which time, position, and velocity measurements occur at 30

second intervals, The integration interval is 30 seconds, Printed

output is required every 40 integration cycles and plotted output is
required every integration cycle.
Tre mathematical model of the inertial navigation system errors

is formulated using state variables, That is, the linear time-
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varying system is described by the vector differential equation:

x(t) = F(t) x(t) + 6(t) x(t) (5%
and the discrete measurements are represented by:
2(t) = H(t,) x(t,) + u(t,) (s8)

Considering the case where x(t), w(t), and v(t) are Gaussian random
variables, their probability density functions are completely

defined if their first and second moments are known, The followlng

definitions apply:
x(t) is an n-vector denoting the system state with zero
mean and covariance P(t):
Bx(t) x(+)"] = B(®)

F(t) is the nxn plant matrix

#(t) is an s vector of white noise inputs which corrupt
the states, having zero mean and covariance @(t)5(T): {

T
lu(t) w(t+r)"] = a(t) 8(7)

- G(t) is the nxs noise matrix ;

H(t;) is the mxn measurement matrix
x(ti) is an m vector of white noise with zero mean and
covariance E(ti) : 53

() we) T = R(s,) 5 |

Truth Model. The single-axis inertial navigation system is

described by the following differential equations:

o = 2% (56)
6V = -gf + b (57)
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g=+c | (58)

where the gyro drift, €, is modeled as the sum of an exponentially

time correlated variable, 61; and random constant, 62:
€
€ = -t 4w (59)
b
é2 = 0 (60)

where the accelerometer bias is modeled as the sum of two distinct

exponentially time correlated variables, b, and bzz

1
. bl
bl = - ﬁi + H2 (61)
v = -}32— + (62)
b2 3 sz "3

and where
Tz = 3600 (seconds)
Tigy 300 (seconds)
Ty, = 3600 (seconds)

Position and velocity measurements are provided to the filter.

However, the system measurements are corrupted with exponentially time

correlated noises AP and AV in addition t¢ the while noises vector v,

AP and AV are modeled asi

. AP ) g
QP = - e + Wy, (63)
. AV
258
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where:
Tpp = 1800 (seconds)
Tay = 300 (seconds)
If the system state vector X is identified as:
x =[sPovge v €, b, ap Av]T (65)
and 2zt
3 = [me 6Vm]T

then the following matrices describe the system model:

1
o2 0 @ o0 0
00 -g 0 gy 0 0
1
°oF 0 1 (s 0 0
: _
00 0-2=— 0 0 0 0 0
Tey
1
= s 5% - 0 66
Fg g6 0 6 i 0 0 0 (66)
6.6 6 ‘0 S 0 0
1
o6 0 8 g B e 0 0
-1 0
00 o0 o L
60 0 0 0 @ B0 e ad .
Tav
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00 0
0 0 0 ,
100 (67) ;
01 0 ?
0 0 1
. |
T
(68) :
09 X _
— i
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
zof; g.
—t 0 0 (69) !
T ;
1 ¢
g e W ;
2
207, §
e 5\
20
0 0 —-.Féli 0 !
e
20
T ST -?éy-
AV 7
(70)
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where:

O¢, = 4.85 x 1078 rad/sec

°b1

Tz
Oap

= 3.0

Ogp = 1.0

Ogy = 50

To complete the specification of the optimal filter model, Table X

lists the initial diagonal values of the apriori covariance matrix,

= 6.4 x 1072 ft/sec2
= 3,22 x 1072 ft/sec2

x 107 24

-1
x 10 = ft/sec
x 102 £t

x 10"1 ft/sec

with the off diagonal values zero initially.

Table X

Covariance Matrix P(to) Elements

State Variable

Pyg(ty)

6P
v

3.6 %= 10+7
1.0 x 10%?
3,14 x 1072
2,35 x 1070

5,15 x 107

5,88 x 10”24
1.038x 10715
9.0 x 10t

2.5 x 107%




Filter Model. The underlying concept for the development of the
filter model is to delete some of the less significant or non-dominant
system states, Typically, when states are deleted from the truth
model, the noise strengths driving the model are increased to compen-
sate for the deleted states, The example used in the GCAP users'
gulde simply deleted states 62, bz. AP, and AV from the truth model,
without any increase in noise strengths,

The deletion of these states ylelds the filter state vector x.

T
x, = [6P 6V g € v,] (71)
and measurement vector z:
T
[op, 6Vm] (72)
The following matrices describe the filter model:
0 0 0 0

- 0
1
-

0
0
0

0
0 -

e

0




Sl

With these ¢g's and T's having the same values as for the truth model.
The filter initial covariance g(to) values are the first five elements

noted in Table X,

MCAP Program Implementation

In oxrder to adapt !NCAP to this example problem, the user must

and CORRECT, Subroutine USRIN reads, stores, and prints the constant
paramcters between computer runs, XFDOT calculates the derivatives
of the filter states, XSDOT calculates the derivatives of the system
states and adds the zero mean Gaussian noise, LA to the system state
values at the end of the integration interval., TRAJ provides the

constants or time varying parameters required by FLTMAT. FLTHAT calcu=-

lates the nonzero elements of the filter matrices F, Q, H, and R.
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MEAS calculates the system noise-corrupted measurements, UPDATXF
calculates the updated filter estimate XF+, CORRECT applies impulsive
feedback by updating the system states and, after feedback, resets the
filter states,

USRIN. Subroutine USRIN is usually coded first in order to specify
the labeled COMMON variables used in the other user supplied subroutines,
These variables are those parameters which may vary between computer
runs but remain unchanged within a single computer run (Monte Carlo
simulation)., Variables typically in this category are the filter
tuning parameters: oel, Gbl, Oppr and Oay for this ﬁroblem. Since

the user may also want to analyze the sensitivity of the filter to

m—_‘.,_.....,,.n,-._..,.wn_.

changes in the system noise strength or noise correlation time, these

parameters are also read in by USRIN,

Figure 6 shows the USRIN Fortran coding used for this. example,
These parameters are input and printed by means of the NAMELIST
statement. The values of the parameters are stored in the labeled
common blocks: QFNOIS, RFNOIS, TCFIL, QSNOIS, RSNCIS, and TCSYS for
use by the other user subroutines, Table XI shows the relationship
between the Fortran variable names and the parameters of the filter i
and truth model,

XFDOT, Figure 7 shows the XFDOT Fortran coding used for this
example, Note that since this problem models error states and full
state feedback, the values for the filter X and XDOT are zero for all
t. Two subroutine constants (RE and G) are used in the first section

of the subroutine, In the second section, note that the derivative
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c
C
C
€
C
Cc
C
¢
C
C
Cc
C
C
C

SURROUTINE USRIN
THIS ROUTINE READS ANI' FRINTS THE USER SUPPL;ED-CONSTANTS.

COMMON/QFNOIS/QF (2) /RFNOIS/RF(2)/TCFIL/TAUF(2)
COMMON/QSNOIS/Q6CH) rQSO/RENDIS/RS(2)/TCSYS/TAUS(S)

NAMELIST/IN/TAUF » QF » RF
NAMELIST/INN/TAUSy QS50 RS

READI(Gy IN)
WRITE(6yIN)
REAIN(SGy INN)
WRITECS6r INN)
RETURN

END

Figure 6. Fortran Coding fer USRIN

. SUBROUTINE XFDOT (XoXDOTyMy INITyNOISy DTy TIME)

*#**********************************************X***k*****************
THIS ROUTINE CALCULATES THE FILTER DIFFERENTIAL EQUATIONS
XFIOT = F(XF»T)

X% NOTE -- SINCE THIS EXAMPLE FROBLEM MODELS ERROR STATES
THEN XF(T) = 0. FOR ALL TIME IT WOULD BE SUFFICTENT
TO USE
RETURN
END

HOUEVER TO SHOW THE METHOD OF CODING THIS ROUTINE THE FOLLOWING
I8 FRESENTED .
DIMENSLON XC(1) 9 XDOTCL)
COMMON/TCFILZTAUFC2)
LOGTCAL. INITyNOIS d
IF (LNOT. INITY GO TO 200
INITTIALTZATION OF CONSTANTS
RE = 2,09E+7

G = 32,2

RETURN

Xi0T CALCULATIONS

CONTINUE

IF (NOLS) GO TO 300

Xnora1) X(2)/RE

Xnore2) =X(3)XG + X(5)
CXDBOTC(R) s X(2)/RE + X(4)
Yoy ca) =XC(4)/TAUF (1)
XnaTen) =X(5)/TAUF (2)
RETURN

CONTINUE

RETURN

END

Figure 7., Fortran Coding for XFDOT
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. Table XI

Correspondence of Fortran Variables and Model Parameters

Fortran .
I.
Filter System A

QF(1) Qs (1) Oe,
Qr(2) Qs(2) 0y

i

es(3) Oy,

Qs(k) Opp

Qs(5) By

RF(1) | Bs(1) Osp
RF(2) R3(2) Oy

TAUF(1) | TAUS(1) Te

TAUF(2) | TAUS(2) Ty

1
TAUS(3) Toy
TAUS(4) T
TAUS(5) | T,y

calculations [Fo(t) x,(t)] are directly coded from the filter differ-
ential equations., The values for the time correlated variables are
obtained from the user specified labeled COMMON, Table XII shows the
correspondence between the Fortran variables and the model states,
XSDOT. Figure 8 shows the XSDOT Fortran coding used in this
example, Subroutine NOISE is used to obtain a different initial
value for the random constant 62, system state 6, for each run. The
second section performs the derivative calculations [Es(t) zs(t)] for

the system, Note that the derivative calculations are directly coded
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SUBROUTINE XSDOT (XoXDOTyNe INITeNOQISyDT e TIME)
KA ORFOK KK OKAKOKAOKAKOKKORK KA K ROROK AR IOKAOKAORNOK KKK KA OK RO K KA XK KKK K

THIS ROUTINE CALCULATES THE SYSTEM DIFFERENTIAL EQUATIONS
XENOT = F(XSyT) + GXW f
NDIMENSTON X (1) XDOTC(1)
COMMONZTCSYSZTAUS (5)
COMMONZQSHOTS/QE(5) » Q80O
LOGICAL INIT»NOIS
TF (. NOT. INIT) GO TO 200 ; 1
(50 INCTIALYZATION OF CONSTANTS i
RE = 2.,09k+7 . o el
G = 32.2 |
XMEAN = 0. §
CAlL L NOTSE (QS50y XMEANy XNOTSE)
X(6) = XNOISE
RETURN
.C Xnar CALCULATIONS
200 CONTINUE
IF (NOIS) GO TO 300
Xpore1) = X(2)/RE 1
XIOT2) ~GXX(3) 4+ X(5) + X(7)
XnoTe3) XC2)/RE + X(4) + X&)
X107 C4) =X{4)/TAUSG L)
XNOT(5) =X CE5)/TAUS(2)
XnOves) 0.
iy Xnovez) =X(7)/TAUS(3)
1 Xnovag) =X(8)/TAUS(4)
XDOT(9) =X(9)/TAUS(SH)
RETURN
300 CONTINUE . 4
| [ XNOT + NOISE CALCULATIONS
3 J=3 3 1
) N0 310 I=1+5
g RS = QSC(I) X SQRT(2./TAUSCI))
CALL NOISE (RMSyXMEANyXNOISE)
IF (I +EQ. 3) J=J+1
J=Jd+1
X(J) = X(J) + XNOISE % SQRT(DLT)
310 CONTINUE .
RETURN
ENII

oo n

L

oW

I I H

s U b

Figure 8, Fortran Coding for XSDOT

SUBRROUTINE TRAJ(SETCON)

oo

ot e 0

C-=-~ THIS ROUTINE GENERATES THE FLIGHT FROFILE.
p ;
LOGICAL SETCON

i " COMMON/TRJCOM/RE » G

IF ¢ NOT . SETCON) GO TO 100
& :
C~=-= THE FOLLOWING CALCULATIONS ARE TIME INVARIANT.

ey

RE=2, 09E47 . ‘ -
G=32,2
100 CONTINUE

c
C---- THE FOLLOWING CALCULATIONS VARY WITH TIME.
c :
RETURN
END
Figure 9, Fortran Coding for Traj
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Table XII

Correspondence of Fortran Variables and Model States

Fortran Model
Filter | System | State
X(1) x(1) 6P
x(2) x(2) oV
x(3) x(3) ¢
X(4) - X(4) €
x(5) x(5) by
x(6) €,
x(7) b,
x(8) &P
x(9) Av

from Equations (56) through (62). At the end of the integration
interval, section three calculates Wy and adds it to the system state
values, In this example the only noise terms are those added to
states 61, bl’ b, AP, and AV, which correspond to state numbers 4 5
7, 8, and 9,

TRAJ. Figure 9 shows the TRAJ Fortran coding used in this example.
Due to the simplicity of the problem, the example shown is trivial but
it illustrates how TRAJ might be used. It should be noted that the
TRAJ shown here is identical to subroutine TRAJ used in the GCAP users

guide example,
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FLTIAT., Figure 10 shows the FLTHAT Fortran coding used in this
example, Subroutine FLTIAT computes the nonzero values of the state
space matrices for the filter and stores these values in the variably
dimensioned array A. A separate block of code is used for each
matrix. Within each block of coding, the nonzero elements of that
matrix are calculated using parameters and constants transmitted by
labeled COMMON and equated to the appropriate elements of the A array,

The nonzero elements are determined by examining the filter
dynamics matrix, Equation (73). Row 1 column 2 is the first nonzero
element, row 2 column 3 is the second nonzero element, and so on,
Table XIII shows the correspondence between the filter matrices non-
zero elements and the A array. The nonzero values for matrices Ef,
Qes Hyy and R are coded using Equations (73), (77), (75), and (76).

It should be noted that the FLTVAT shown here is identical to subroutine

FLTMAT used in the GCAP users guide example,

MEAS, Figure 11 shows the MEAS Fortran coding used in this example.
This subroutine calculates and provides to INMCAP the noise-corrupted
system neasurements, The system measurements [gs(ti) x,(ty)] are cal-
culated and the results of subroutine NOISE added to obtain the
realized value of the measurement,

UPDATXF. Figure 12 shows the UPDATXF Fortran coding used in this
example, This subroutine calculates the filter estimate XF+ by solving
the filter update equation, Equation (8). Subroutine MMXVE is used
to multiply the filter Kalman gain matrix FK times the measurement

residual [y, - He(t;)%:(t;)] stored in variable Z, The updated filter

estimate XF+ is returned to INCAP in the array X.
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SURROUTINE FLTMh1(SETCON,MATNUnhrIND)

C :
C-=== THIS ROUTINE CALCULATES THE NON-ZERO FLEMENTS OF THE
C---= FILTER MATRICES FFy QF» HF AND RFy STORING THEM IN THE ARKAY A.
C
C--=- IF SETCON JEQ. FALSE, ONLY TIME VARIANT ELEMENTS ARE GENFRATED,
p ;
LOGICAL SETCON
c
COMMONZQFNOTS/ZQF (2) /RFNOIS/RF(2) /TCFIL/TAUF (2)
COMMON/TIMERZTIME » TITMULy TIMINT
COMMON/TRICOM/RE » 6
c
NIMENSION AC1)y INDCL)
c
C-=-~ DETERMINE WHICH MATRIX IS TO RE GENERATED.
c
GO TOC1019102y103,104) y MATNOD
101 CONTINUE
IFC.NOTLSETCON) GO TO 1001
c
C---- CALCULATE INVARIANT ELEMENTS OF FF.
c
A(1)=1./RE
A(2)=~G
A(B.\:lu
AC4)=1,/RE 4
ACS5) =1,

AlE)=-1,/TAUF (1)
AC7)=~1 /TAUF(2)
1001 CONTINUE

C-==- CALCULATE TIME VARIANT ELEMENTS OF FF.

RETURN
102 CONTINUE
IFC.NOT.SETCON) GO TO 1002

C=-== CALCULATE INVARIANT ELEMENTS OF QF.

D0 1022 II=1,2

ACTT)=2,0%QF (II)XAFC(II)/TAUFCIT)
1022 CONTINUE
1002 CONTINUE

c .
C--=- CALCULATE TIME VARIANT ELEMENTS OF QF.
C .
RETURN
| 103 CONTINUE
| IF¢(.NOT.SETCON) GO TO 1003
C
C-==- CALCULATE INVARIANT ELEMENTS OF HF.
C
AC1)=1,
A(2)=1.
1003 CONTINUE {
c :
G-=== CALCULATE TIME VARIANT ELEMENTS OF HF.
C
RETURN
104 CONTINUE
IF (W NOT.SETCON) GO TO 1004
C
C-=== CALCULATE INVARIANT ELEMENTS OF RF.
' [

ACL) =RF (1) %X2
AC2)=REF(2)%%2
1004 CONTINUE

C=m=="CALCULATE TIME VARIANT ELEMENTS OF RF.
C
RETURN
END
Figure 10, Foxrtran Coding for FLTIAT i
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SUBROUTINE MEAS (XeXDOTeZsNeMyT)

*l****#*I*******#*W******t****#********K#*#********l#*i##tt*ﬁ*#****t*l*

THIS ROUTINE CALCULATES THE NOISE-CORRUFTED MEASUREMENTS USED
RY THE FILTER
Z = H(XSyT) + V

COMMON/RSNOIS/RG(2)

DIMENSTON X(1)»,2(1)

XMEAN = 0O,

CALL NOISE (RSC1)sXMEANYyXNOISE)

Z€1) = X(1) + X<(8) + XNOISE

CALL NOISE (RS(2)sXMEANYXNOISE)
CZ(2) = X(2) + X(9) + XNOISE

RETURN &

END

Figure 11, -Fortran Coding for HEAS

SURROUTINE UFIATXF (XyFKyZeNyM)

B et e

KKK HOHROK KO KoK KKOK K OK KOK 0K 3 3K 3K K ok 3K K 3K K 3K KK K 3KOK 0k K K oK 3k KK 3K 0K 30K 0K K 80K K 1Ok JOKK KK Kk Kk

THIS ROUTINE CALCULATES XF+ GIVEN THE FILTER GAIN MATRIX FK
ANl THE SYSTEM MEASUREMENTSy Z

XF4 = XF= 4+ K¥(Z(SYSTEM) - H(XF~,T))

aooonoacnonn

COMMON WRK(1)

DIMENSION X(1)9oFRC1)9Z(1)
Do 110 I=1sM

ZCY) = Z(I) = X(I)
CONTIiNUE :
CALL MMXVE (FKpZysWRKyNyM)
no 120 I=1,M

X€I) = X(I) + WRK(I)
CONTINUE

RETURN

ENL

Tt

Figure 12, Fortran Coding for UPDATXF

TP R o v T T Ty

SLUROUTINE CORRECT (X8yXFyIXSyIXF)
KKK ROK SR IO AKOR K SOK XK AR K OK 3O K 3K 3K 3O oK 3K k3K KK K 3K 5K 383K 3k 3K 3K 3K 3K 3K 3K oK 3K K 3K K K 3Kk oK 30K XK KoK X K

THIS ROUTINE APFLIES INSTANTANEOUS FEEDRACK CORRECTION TO
SYSTEM STATES AND RESETS THE FILTER ESTIMATES

aooonon

DIMENGSION XSC1)XF (1)
No 100 I=1,IXF

X6C(I) = XSC(I) - XF(I)
XFCI) = 0.

CONTINUE

RETURN

END

Figure 13, Fortran Coding for CORRECT
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‘Table XIII
Correspondence of Nonzero Elements and the A Array
Nonzero Element
Array
Matrix | Row | Column A
1 2 1
2 3 2
2 5 3
E, 3 2 4
3 L 5
L L 6
‘ 6.8 7
Qf L 4 1
5 5 2
H
25 it 1 1
2 2 2
R
2 1 1 1
) 2 2 2

CORRECT, Figure 13 shows the CORRECT Fortran coding used in this
example, All of the filter states estimaticd are used by the inertial
navigation system to zero out the system error states., Consequently,
CORRECT calculates the instantaneous feedback correction of the system
states using Equation (51). After the correction has been applied, the

filter states are reset to zero.
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MCAP Sample Input Data

Table I listed and described the input parameters required for
HCAP, Figure 14 shows the input card data deck used in this example,
As mentioned in the problem formulation, the performance of the inere
tial navigation system is to be analyzed from the initial time (T¢ = 0.)
for a one hour time period (TF = 3600, seconds), The measurements occur
at 30 second intervals (DTUP = 30,) and the integration time is 30
seconds (DTINT = 30,). Printed output is required every 40 integration
cycles (IPRCT = 40) for two of the simulation runs (IKNPRCT = 2), The
Kalman gain matrix K is also printed (IPRK = 1), Plotted output is
required every integration cycle (IPICT = 1). Ten runs are to be per-
formed in the performance analysis (IPASS = 10), The random number
generator is started from a “seed" of 77 (ISEED = 77).

The number of nonzero terms and indices of those texrms is obtained
fron Table XIII and shown in the proper format in Figure 14, Since
error states are being modeled and since this is an example, the ini-
tial conditions for the filter [XF(0)] and system [XS(0)] are set to
zero. The filter covariance diagonal element initial condition [PF(0)]
is obtained from Table X.

The USRIN data is shown in Figure 14 as the NANELIST $IN and $INN
group names, The values shown in the figure are obtained using Table

XI and the problem formulation.

MCAP Sample Output Data

The printed data from the Monte Carlo simulation of 10 runs is

shown in Figures 15 through 23, The printed data consists of the
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MONTE CARLO ANALYSIS FROGRAM (MCAF) EXAMFLE CASE

$USRCTL TO = 0.,0r TF = 3600.0s DTUF = 30,0¢r DFINT = 30.v
N1 = Gy N2 = 9y M= 2y
IFASS = 10y IRNFRCT = 2y ISEED = 77,

IFRCT = 40, IFLCT = 1y IPRK = 1 $
7 XK NZFF XX

1 2 % 3 2.5 3 2 3 4 4 4 5 %
2 X% NZOF XX

4 4 % 5

2 XK NZHF XX

% 2 2

2 Kk NZRF XX

11 22
0 ; Xk XFCO) Xk
00
ol .
0.
0.

0. Xk XS(0) Xk
0.

0.

0.
0.
o‘
0. ;
00
0.
3.6Q0E+07 *X FF(0) XX

1.000E+4+02

34140E~04

24350E-15

4,150E-05

$IN TAUF (1) = 2X3600.y

QF (1) = 4,85E-8y 6.44E-3y

RF(1) = 100,02 0.5¢ &

$INN TAUS(1) = 2%3600.» 300.0r 1800.0r 300,0¢

Q5(1) = 4,85E-8y 6.44E-3y 3.22E-2y 3.0E+2y G.0E-1y
RG(1) = 100.0¢r 0.5y ¢

Figure 14, Data Input Card Deck
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following items:
The problem title, date, and time the simulation was conducted,
The echo printing of $USRCTL.
The echo printing of the number of nonzero elements for each
state space matrix together with the corresponding indices of
these elements,
The minimum required dimension of the unlabeled COIlMMON block,
The echo printing of USRIN data $IN and 3INN,
The initial values of the filter and system states [XF(0) and
xs(0)].

The square root of the initial diagonal values of the filter

covariance matrix [{PF(O)}I/zj.

The values of the filter and system states before and after the
measurement and after the impulsive correction,
The values of the measurements.
The square root of the diagonal elements of the filter covari-
ance matrix at times other than T¢ and TF.
11, The full XKalman gain matrix, K, at the update times,
12, The final lower triangle values of the filter covariance matrix,
13. The number of simulation runs completed,

The plotted data consists of the square root of the average filter
estimate of the standard deviation JEE%k along with the corresponding
computed standard deviation, Ee(t ), versus time; and a plot of the
calculated mean error plus and minus one computed standard deviation

versus time for each filter state. The plot data was originally




written onto TAPE3 by !ICAP and then used by a separate Calcomp

plotting program, Figures 24 through 28 are the standard deviation

plots and Figures 29 through 33 are the mean error + 8y plots for

this example, It should be noted that this example has not been

tuned,
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Appendix B

Linearization of the Sub-Optimal Filter State and ileasurement

Equations

To develop the filter model, the first six states of the system
model were deleted and the inertial acceleration of the satellite with ; £

respect to the tracker in the tracker frame, (gts), was evaluated as

t -ue[Q?(zt)i + (;_ts)LS] : f

Tt
(2,0) = r - (i) (2) ;
e (zs)il3 ¥ f
Defining ' |
: tx
() & |, (2)
i
Tiz
R]
(z,) 2|0 (3)
OJ ¥
e ;
aly . i
% !
(zy) 2 a:y : (4) ;
2% :
| Ptz |
and with |
i i LS £
(5) = () *+s (z,) (5)
13.T : ' %
= (2t + () ()™ (6) »

therefore,

204




P;it'.x +Cy) R
(ze)* = Ty * Cpp R (7)
i
ftz + 013 R
where Ci 3 are elements of gi and
i Tl
3/2
+ [z}, + ¢35 8D (8)
o ). (9)
a o - &
iy
afey = T35 -t (10)
tsy (-I-'s)ilj y
i
-4 T
ates = TT03 - ok, (1)
(zg) |
It follows that
-
g'R' azsx i g’ﬁ{ ( l( :P) [ritx +R]} (12)
Zs)
~i d -+
- 133§[r1tx+R]+Eritx+R]§F ei3
I(Es) (zg) l(13)
-u
- e - welzh, +R] & ___1_1_5 (1%)
(x) =]
-u Youlrte + BRI 3
i ei 3 £ 3 1x5 oR (Es)i (15)
(zs) lz)!]
50 i : ]
0 ¥ “He Sk LTty + RI P
R 2tsx © (16)

kot 2
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(_1_',5)jL

3
® =3
3 i 1 .

2 (€9 (xgy + Gy R) + Cyp (xyy + Cpp k)

i
013 (rtz + 013 R)]

Now, defining La P Lb
P g ‘.'LS tsz 5 r 1L51 . "LS
1 iLsy =~ R R iLox ilsz
LS SRR - g
o A8 Pty 2V Wilsy 15 1S
oY Wy W g R = Wilsx WilLsy
N 1S 152 152

T~ Yo m + B(w) iLS + ¥iTs,)
and therefore,

4 B
1 LS 1S
Py : ) 3 [Rats sz T atey * 2 Vp WiTgy]

a = & o1n LS
Wl 2 [R tsy T OF Ztsy " 2 Vr "iLSz]
2 3% 3 B qut
4 L3 LS
P3 = 3R = 3K afsx * Wirgy * “1L3z

then

3f [x,t]
ox

E.[t i .;S(t/ti)] i
x(t) = X(t/ty)
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