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AFIT/GGC/EE/77-6

A generalized Monte Carlo Analysis Program (MCAP ) has been

developed for linear or extended Kalman filter design. The computer

program is similar in structure to the Air Force Avionics Laboratory

developed General Covariance Analysis Program (GCAP ) so users can

easily transition from a covariance analysis to a Monte Carlo analysis

of a (extended) Kalman filter. A detailed users ’ guide for MCAP is

included in Appendix A . In addition , this study treats the high accur-

acy tracking of a satellite from an aircraft. The purpose of the study

is to evaluate the feasibility of a reduced order system model for

implementation in an extended Kalman filter formulation whose estimates

would be used. to aid the tracker. The six state model accomplishes

tracker state estimation by exploiting the information already avail-

able in the tracking geometry , dominant modes of satellite dynamics ,

and the range measurement. Tracker state estimation is accomplished

in the line-of—sight coordinate frame . A Monte Carlo analysis was

performed , evaluating the filter against a 42—state truth model. With

some propoccd modificat~~i~~, it wa~ conc1ud~d that the six statc filter

is feasible and warrants further study.
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AFIT/GGC/EE/77-6

A GENERALIZED I ONTE CARLO ANALYSIS PROG RAM FOR KALMAII FILTER DE3IGN
• WITH APPLICATION 10 AN AIRCRAFT-~~-~kThLLIT~ ThACKINC FILTER

I. Introduction

Overview

A large :class of estimation p~~b~eis is concerned with finding an

optimal estimate of some quantity (an unknown parameter , a random

variable, or a random signal) given noise-corrupted measurements of
/

a fun,i~ion of this quantity (corrupted by noise) . In particular , there

ary4lanY problems with aerospace applications, such as navigation ,

/i
’
uidance. and weapon delivery systems, which require that noise—

corrupted measurements be us2d to estimate certain physical parameters

precisely. For instance, the techniques used to combine these external

- 

.— 
-
. - measurements with Inertial Navigation System (INs) outputs fall into

two general categories: conventional continuous-feedback damping and

Kalman filter damping (Ref 1:1). The trend in recent years has been

toward extensive use of Kalman filter techniques.

In complex aerospace systems, the number of parameters needed to

describe the system (the true system model) accurately may be extremely

large. The real time implementation of this true system model within

the “optimal” Kalman filter is often not practical because of the

large number of parameters, memory requirements, and resultant compu-

tational burden imposed on the airborne computer. In order to obtain a

Kalman filter which is computationally feasible , intentional modeling

—~ —-~~~~~—-- - - -•
~~~~~~~~~~~~~~

----—•-
~~~~~~~~ -
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approximations are introduced by deleting nondominant states and

terms from the system model. Thus a “snbo ptimal” Kalman filter based

on this reduced order model will give poorer performance , from a

statistical standpoint, than the optimal fIlter. Computer simula-

tion techniques are used to develop the required compensation (filter

tuning) and to study the effects of uncertaintaes (an error analysis)

in the true system model. Two types of simulation techniques are

commonly used: the covariance analysis and the )-lonte Carlo analysis.

A covariance analysis generates the second order statistics of

the error between suboptimal Kalman filter state estimates and the

corresponding parameters from the true system model, A General

Covariance Analysis Program (GCAP) has been developed by the United

• States Air Force Avionics Laboratory and is coming into widespread

use (Ref 2). The covariance analysis is somewhat limited because

stringent assumptions (see Appendix A) are necessary for the analysis

results to be a valid depiction of the error characteristics.

The Monte Carlo analysis, on the other hand, actually conducts a

sample-by-sample simulation using random number generators and

shaping filters to generate the random error sources. The)~i-sy system

measurements are then processed by the suboptiinal (exte~~~d) Kalman,

filter algorithm to generate the filter estimates. If

simulations are conducted, then the statistics of the error between

• the filter estimate and the truth model can be computed. Eecause of

the larger number of simulations necessary to determine the performance

of ~~e set of KalLlan filter parameters , a Monte Carlo analysis can

require the expense of large amounts of computer resources,

2
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Consequently when a covariance analysis can be performed , the Monte

Carlo analysis is viewed as a step to be performed after a covariance

analysis. The Monte Carlo analysis is thus used to fine tune the

Kalinan filter and validate the filter performance after the covar~ance

analysis has been performed.

The extended Kalman fIlter cannot be evaluated or tuned totally

on the basis of a covariance analysis (like GCAP ) because the gain and

error covariance matrices depend on the time history of the state

estimates (which are not available in a covariance analysis). Never-

theless, the covariance analysis is used to tune a linearized Kalmari

filter operating over a nc ~ mal state trajectory as an approximation

to the extended Kalinan filter with small deviations from this nominal.

Subsequently , the Monte Carlo analysis is conducted to investigate

filter performance thoroughly (Ref ~a9-38).

Since a Monte Carlo analysis of promising filter designs should be

performed after the covariance analysis, it is desirable to have avail-

able a general 1-lonte Carlo Analysis Program (IICAP). This program

should be similar in structure to GOAP so that users can easily

transition from a covariance analysis to a Monte Carlo analysis of the

Kalman filter under study. Also, if possible, problem dependent

computer subroutines should be applicable to both GCAP. and MCAP. The

development of this general Monte Carlo Analysis Program is the primary

objective of this study.

3
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Obj ectives of the Study

The primary objective of this study is to develop a general Monte

Carlo analysis program which can be used to evaluate ] alman filter

and extended ICalman filter performance. In order to demonstrate

the validity of the simulation, the following secondary objectives will

be performed to investigate a specific problem.

1, To develop a simulation of the aircraft and satellite dynamics

using the truth model developed by Mitchell and modified by

Mann, -

2. To perform a Monte Carlo p-~rformance analysis of the six

state reduced order filter investigated by Mann .

3, To analyze the performance of the reduced order filter.

Problem Statement -

The high accuracy tracking of one accelerating vehicle from

• another vehicle has many military applications, These include: aircraft

to aircraft tracking, aircraft to missile tracking, aircraft to satel—

lite tracking, missile to aircraft tracking, etc. This project will

consider the problem of tracking a satellite from an aircraft. Tracking

is usually accomplished by measuring range and angle information with

a steerable radar. These measure ments are then used, to estimate the

state (position , velocity , acceleration , or equivalent parameters)

from the aircraft.

Since the radar observations of the satellite are uncertain due

to noisy measurement data , the state estimates are not exact (determin— 
- I

istic) quantities. If the measurement corruptions are described
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statistically and the system dynamics are described by a linear mathe-

matical model , then a Kalinan filter will provide the ~k ~tstics of the

state estimates. However , since the problem to be investigated is non-

linear , the extended Kalman filter formulation has been chosen to deter-

mine the state estimates and associated error covariance.

Previous Air Force Institute of Technology (APIT) thesis projects

by Robert Mitchell (Ref 4) and Robert nann (Ref 5) established a base-

line of information for this, problem. In particular, the thesis by

Mann extended the work of Mitchell and utilized an extended Ka]~nan

filter to perform state estimation. Mann conducted a covariance

analysis for two reduced order Kalman filters. As indicated by the

Mann covariance analysis, the performance of the two filters was not

satisfactory. However , a covariance analysis is viewed as only a

first step in the evaluation of the proposed reduced order filters,

The covarian~e equations provide filter error statistics but the

covariance analysis does not represent a complete system simulation,

A direct statistical simulation (Monte Carlo analysis) is required to

continue analysis of the filter performance. In ord er to limit the

scope of this study , a Monte Carlo analysis of the Mann six state

filter will be performed since it is more likely to be implemented if

it meets performance objectives.

Assumptions and Limitations

Since the system dynamics are non-linear for the aircraft to

satellite tracking problem , the basic Kalman filter cannot be applied

in this study. Several non-linear estimation methods are available

.5
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for handling problems of this type. However , as long as performance

is satisfactory the extended Kalman filter will be used because the

equations are simple and easy to calculate,

The six state filter will be analyzed with the tracking profile

used in the Mann thesis. With this profile, the tracker (aircraft),

at the beginning of the simulation, lies in the orbi t plane of the

satellite. As the simulation progre~ses , the aircraft movc3 orthogonal

to the orbit plane. The assumption is made that this profile repre-

sents a worst case condition. This is a reasonable assumption because

the tracking geometry restricts the flow of information to some of

the states in the extended Kalman filter and creates observability

problems. The six state reduced order filter will be tuned using this

tracking profile . -

The remaining assumptions parallel those of Mann : -

1. Essentially perfect measurements of the tracker acceleration

with respect to inertial space are available as the derived

output from three accelerometers.

2. The tracking system will provide noise-corrupted measurements 
—

of the inertial angular rates of the tracker , range and small

• angle deviations between the boresight and line-of—sight

frames .

3. The tracking system can be instantaneously corrected by the

extended Kalman filter state error estimates. 
-

4, Essentially perfect measurements of the tracker elevation and

azimuth angles are available from resolvers.

5. The tracker y axis will be inertially stabilized so that it

always lies parallel to the geocentric x—y plane.
6
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Research Strategy 
• 

-

The research for this project is divided into the following five

major categories:

1. To investigate the background of the problem.

2. To determine the computer simulation method for the general

Monte Carlo perfornance analysis.

3. To develop a general lionte Carlo Analysis Program (;;CAP)

to perform the system simulation.

4, To perform the !-Ionte Carlo analysis of the six state reduced

order Kalinan filter using 1ICAP .

• 5, To analyze theresults of the computer simulation. -

Suinma~y -

This study is concerned with the development of a general Monte

Carlo analysis program and its application to a problem previously

investigated in a limited manner through covariance analysis. Chapter

II presents the Kalinan filter and extended Ka].man filter equations

used. in this study. Chapter III briefly describes the Monte Carlo

analysis simulation method and how the error statistics are computed.

A more detaiied description of NCAP is contained in the users guide

(Appendix A). The fourth chapter presents a detailed description of

the satellite and aircraft tracker system state equations for the

problem investigated with the general Monte Carlo analysis program.

Chapter V presents the development of a reduced order extended

Kalinart filter model used in the analysis. The results of the analysis

are presented and discussed in Chapter VI . The final chapter presents

the conclusions and recommendations of this project.

7

~ 

~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~



-~- - - - -• --- ~— --~~~~~~~~~~~~ -~~~~~~~~~~~~~~ •~~~~~~~~~~ - -~~~~~~~—— -~~~~~~~~-~~~~~— ~~~—~~~~ - —~~•

II. Extended Kalman Filter Eq uations

Introduction

This chapter presents the propagation and update equations for

both linear and extended Kalman filters. A Kalman filter is, concisely

stated , an optimal recursive data processing algori thm for the deter—

mination of the states or parameters of a system using noise corrupted

measurements (Ref 6:16). If a physical system of interest can be

modeled by a set of ordinary linear differential equations ana linear

measurements with system and measurement noises which are white and

Gaussian , then the Kalman filter will provide the best estimate of

the system states. However , in many cases of practical interest ,

physical systems must be represented by a nonlinear set of differential

equations and/or nonlinear measurement equations . For such problems ,

it is often convenient to linearize the system equations about some

assumed set of nominal conditions and use developed algorithms (such

-as the extended Kalman filter which uses reevaluation of the nominal

at each measurement time) for estimation about these nominal conditions

(Ref 7:57) .

Considering the approximations necessary and the fact that there

is no “best” suboptimal filter, the extended Kalman filter gain and

covariance propagation equations have the same form as the Kalman

filter equations, but are linearized about the current state estimates.

The linearization is a first term approximation to a Taylor series

expansion .to the state estimate. Higher order and more exact approxi-

mations can be achieved by using more terms of the Taylor series

expansion for the nonlinearities and by deriving approximate recursive
•
8 
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relations for the higher moments of the state vector ~ (Ref 8~184) ,

yielding higher order nonlinear filters. As might be expected, if

the system nonlinearities are significant, then neglecting the higher

order terms will result in biased estimates. However , when compared

to the extended Kalinan filter, the higher order filters are both more

complex and more costly in terms of computer imp lementation. For this

reason , the extended Kalman filter is often considered first in non-

linear estimation problems. 
-

Notation -

This study has adopted the notation presented by Wrigley, Hollister,

and Denhard, (Ref 9:20-23). A vector (represented by a letter with an

underbar, ~~
) is considered to be a geometric entity in real, three

dimensional space. The vector represents some physical quantity which

has both magnitude and direction. 
- 

When the physical quantity is

-measured with respect to a coordinate frame, the vector is said to be

coordinatized. in that frame. The three numbers associated with the
- 

mathematical vector are the components of the physical vector relative

to the specified coordinate frame. As an example, if ~ is coordinatized

in tne “i” ~~~~~ the vec~or would be deno ted by ~i, a three—tuple of

numbers. Another vector of interest is the physical angular—velocity

vector, generally denoted by a ~~. The angular velocity vector will

have two subscripts, as an example 
~~b’ 

The subscripts indicate that

the angular velocity, ~~, is of frame b with respect to frame n ,

coordinatized i.n the i frame.

- 9
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A 3x3 direction cosine matrix is used in this study to tranzfcrm

the components of a vector in one frame to those in another. The

direction cosine matrix is represented by a capital C and. an underbar .

Associated with the letter ~ will be a subscript for the frame from

which the transformation is made , and a superscript for the new coordi —

- nate frame. As an example, C~ would transform the vector ~ from the

b frame to the n frame , as = ~~~

- 
Where it is necessary to address individual components of a vector

coordinatized. in a specific frame , the vector will be specified and

subscripts used. to indicate individual components . For example;

- = = ~ 4 i]T (i)

w~j
where T denotes the transpose operator.

Definitions

Listed below are some of the definitions used in this chapter:

x(t~) = system state at time t~ ( n—vector)

— filter estimate prior to incorporating a measurement at
• 

time t~ (n-vector)

t~) = filter estimate after incorporating a measurement at time

t~ (n—vector) - -

z(t1) = m vector of measurements at time t~

= system dynamics white Gaussian noise s-vector, independent

of x(t0), where (w(t)]  = ~~, and ELW(t)w( T )TJ ~(t )6(t-~r) .

[~ (-t ) is assumed to be zero mean , Gaussian , and white

(uncorrelated in time)] with ~ (t) an sxs positive semi—

10 
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definite symmetric matrix that is, in general , piecewise

continuous in t.

v(ti) = zero mean , white Gaussian , measurement noise sequence

independent of !(t) and ~(t 0) for all time (rn-vector).

The statistics of v(t1) are E{v(t~)] 0, and

= ~(t1) t~ = tj

0 otherwise - 

-~ (ti, t1_1) = state transItion matrix from time t~~1 to time t~

(nxn matrix)

= filter computer covariance matrix of state x(t j ) ,  also of

the error in the estimate of ~(t~), prior to incorporating

a measurement at time tj  (nxn symmetric matrix)

= filter computer covariance matrix of state ~(t1), also of

the error in the estimate of ~
( t1), after incorporating a

measurement at time t~ (nxn symmetric matrix)

~ (t) = system dynamics matrix ( rum) or the matrix of partial

derivatives of 1[x(t) ,t] with respect to ~ for the extended.

Kalman filter - -

= system input matrix (nxs)

~j(ti) = system observation matrix at time tj (mxn) or the matrix

of partial derivatives of ~~~( t) , t] with respect to ~

for the extended Kalman filter

R (t
i) 

positive definite measurement noise covariance matrix (mxni )

K(ti) = Ka]inan gain matrix ( nxnl ) defined at time t~

11
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Linear Kalman 1~i1ter Formulation

The linear Kalinan filter formulation presented in this section is

for a continuous time system model wi th discrete tine measurement

updates . Assume that the system modeling has been completed and that

the state vector x(t) satisfies the vector stochastic differential

equation:

c(t) = F(t) x( t) + G(t) ~(t) (2)

The state equation is propagated. forward in time from the initial

condition x(t0). Since the exact initial condition may not be known ,

it is modeled as being a Gaussian random variable with mean and

covariance 
-

4 x( t0)] = 
~~~~. 

(3)
- ~~}~~ (t 0) - 

~~~
‘
] = (4)

The initial covariance matrix ~~ may be positive semideuinite ,

admitting exact knowledge of the initial conditions of some of the

states or linear combinations thereof. It can be shown (Ref 10:157—

163) that, under the assumption that ~ (t0) is either determinis tic

or a Gaussian random variable, the solution x( t) to linear stochastic

differential equations such as Equation (2) is a Gauss-Markov process, 
—

i.e. the conditional density of ~ at time t1 based upon all realiza-

tions of x through time tj.. 1 is both Gaussian and completely determined

by the process value at tj _1. Because the conditional density is

Gaussian , it is completely specified by its mean and covariance

(Ref 7:92).

12 

— - -—- -— ----- ——-—-~~ ~——---  — -—-—-~--—-- 
- — — ~- - ~~~ -- —‘~ ‘.~- - — --- -- ~-



- — r ------?-,. ~~~~~~~~~~~~~~~~~~ - , -~ ~~~~~~~~~~~~~~~~~~~~~~~ ~~~~ - ~~~~

~1easurements are available at discrete time points arid are

- 
- assumed to be of the form of a linear combi nation of the states and

corrupted by a white Gaussian sequence (Ref 3:2) :

z(t j ) — H (t1) X(t i) + v(t~) (5)

The state estimate propagates between measurements (from time 
-

to time t )  according to:

~
(t
~
) =~~(t1, t~~1) ~(t ~~1) (6)

and the covariance propagates according to:

~(t ~) ~ k(t j :tj ...1) ~X 4_1) ~ (t~ ,t11)T 

T
+ ,f ~(t~,’r) G(r) ~(T)

T 
~(t~,T) dT (7)

ti_i -

At measurement time t~ , the estimate is updated. according to

(Ref 10:233) :

= 
~~(~~~) 

+ K(t 1) Li~ 
— u(t~) ~(ç)] (8)

~(4) = ~ .(t~~) - ~.(t~) ~ (tj) ~(t~) (9)
where

K(t1) ~(ç) H(t~)T 
[~(t1) ~(t~) H(t~)

T 
+ R(ti)y’ (10)

where [ ]~ indicates the inverse of the bracketted matrix and Xj ~~

the rcaiizeci ~~1uc of the ~neasurement z(t~) at time t~ .

Under the assumption that the adequate system model is linear ,

and that the dynamic driving and measurement noises are Gaussian and

white, the Kalman filter provides the optimal estimate ~(tt) of the

state of the system (Ref 10:66 ,214) , relative to many optimality

criteria with these assumptions ~(t~) is the mean, mode , and median

of the conditional density of 
~
( t1), conditioned on the entire measure-

ment history through time t1. The covariance of the error committed

13 
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by using ~(4) as the estimate of the state at time t~ is denoted. by

It should be noted that for a linear estimation problem , the

covarlance propagation [Equations (7,9)], while depending- on the

sequence of !j(t~) and ~(t~), is independent of the time history of

measurements 
~~~~~~ ~~~ 

• • • )  This will no longer be the case in the - -
~

extended Kalman filter formulation.

The assumption that the system can be modeled as being driven by

white Gaussian noise is often well founded on two accounts . Fiist ,

it has been found from practical experience that the Gaussian distri—

bution provides a reasonable approximation to observed random behavior

in certain physical systems (Ref 7:92) . Secondly , the central limit

theorem (Ref 7:96) states that if’ the random phenomenon that we observe

at the macroscopic level , is due to the superposition of a large number

of independent random variables on the microscopic level , then the

macroscopic phenomenon can be adequately modeled as a Gaussian random

variable (Ref 10:40).

Extended Kalman Filter Formulation (Ref 3:179—189)

The extended Kalman filter formulation is commonly used in esti—

mation problems in which the adequate stat,.~ and/or measurement equations

are nonlinear rather than linear. Consider , as before , a system that

is continuous in time with measurements at discrete sampling times.

Assume that the system state satisfies the following nonlinear vector

stochastic differential equations

~(t) — f[~(t), t] + a(t) ~(t) (11)

14
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where ~f~,t] is a nonlinear function of the states and time 
~

general ~ could also be a function of deterministic control inputs

~(t) ], and. where the vector w(t )  of zero mean white Gaussian driving

noises and covariance ~(t) enters in a linear additive manner. The

initial condition of x(t0) is modeled as a Gaussian random variable

with mean and covariance ~~~. Noise corrupted vector measurements

of a nonlinear function of the states and time are available at

discrete times t~ as;

= i~[~~(t1
), t

1] 
+ v(t j ) (12)

where ~(ti) is a zero mean white Gaussian sequence with covariance

kernel (Ref 3:180).

ELv(tj ) v( t~)] = R(t 1) for i = j  (13)

0 otherwise

It is assumed that the processes ~ and x are independent of each other.

The filter propagation equations are:

~ 
~
( t/t~) = ~~~~ t/ti), t] ( 14)

= ~.(4) ( ‘5)

where the notation ~( t/t~) means the optimal estimate of the state,

x , at time, t , given the updated estimates up to and. including time

t1. In addition, (the covariance is propagated approximately by) s

~(t/t~) = ~[t;~~(t/ti)] ~~(t/t~~) + ~ ( t/t~) k [t;P~( t/tj )]T

+ G(t) ~ (t) ~(t) T (16)

P(t~/t~) = ~(tt) (‘7)

where F is the matrix of partial derivatives of I with respect to ~~,

evaluated along the trajectory [which is propagated by means of £quation

(14)]:

15
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~tt;~~(t/t1)j 
— 

A 
( ia)

— x = x( t/t1)

The measurement update is given by:

K(t~) — p (t~~) HLti ;~ (tj )]T ti ;~ (t~)] p (t~) ~~ti ;~(tr )]
- + ~(t~)F~ (19)

~(t1) = ~
(t
~) 

+ K(t~)(1j — ~~~( tj :) ,tj]} ( 20)

r(t~) = P(tj ) - K(t~) ~Lt ;~ ( t )]P(t~ ) (21)

where
- 

~(t~ ) = ~(t1/t1_1) (22)

p(t~) = ~(tj/ ti_,) (23)

a~~ x ,t]
— - 

( 24)
— x~~~x(t j )

The notation t.j  implies the value of the quantity at the instant prior

to the update at time t~ , and tt is the value of the quantity just after

the update. The notation used thus far , except as noted for the F

matrix , is developed and. used in (Ref 3).

Unlike the conventional Kalmari filter, the extended Kalinan filter

gain and. estimation error covariance matrices depend on the time history

of’ ~ (t/tj). Since a covariance analysis could only use an ~nominai(t)

as an approximation to 1(t/t
1) 

as actually used. by the filter in its

online operation ( the linearized Kalman filter) , the extended Kalinan

filter performance should be verified by a I-Ionte Carlo simulation. -

In general , this form of analysis is both more time consuming and more

costly in terms of computer usage than is a covariance analysis.

i6
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III. Nonte Carlo Simulation and. Analysis of a Sub~~pt1!flal

Kalinan Filter

- Introduction

As mentioned. in Chapter I , a ~4onte Carlo analysis is a computer

simulation technique that c -‘ be used to develop the required

(extended) Kalman filter ~ ing , portray filter performance capabilities,

and study the effects of parameter variations in the true system model.

The ~1onte Carlo simulation uses random number generators and shaping

filters which generate random errors -to noise corrupt both system

state dynamics and measurements. The noisy system measurements are

then processed. by the suboptimal ( extended) Kalman filter to generate

the filter estimates . If many of these simulations are conducted ,

H then one can compute the statistics of the error between the filter

estimate and the truth model for quantities of interest.

Performance Analysis

Figure 1 depicts schematically a means of conducting the perform-

ance analysis of a given ( extended.) Kalman filter design. The truth —

model by def1nition is the best , most complete mathematical model that

can be developed to describe the system under study . Such a truth model

is the product of extensive study and data analysis of the system.

As noted in the figure, the truth model is an nt-State model , linear

or nonlinear, driven by noise !t(t) (assumed white and Gaussian), that

generates the true state values x~( t) . It is assumed that the true

values for the critical quantities of’ interest are related. to the true

state values by the vector function 
~.t (a p vector - generally less

17 
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than 1
~
1
t)1

= 
~t[~~(

t),t] (25)

Often , c~[x~(t) ,t] is a linear function of’ X t , as 
-

= c(t )x ( t )  (26)

In fact , in many instances, the quantities of interest are simply a

subset of the truth model states; letting the components of x(t) be

ordered so that the first p states are the quantities of interest,

this yields the particular form:

~~(t) = CL 9.] ~~ (t) 
- 

- (27)

Thus we have access to the “real world” values for comparison with the

filter estimates.

At discrete times (t1) the rn—dimensional measurements :

!t(t~) = ~~~~~~ 
+ !t(t~ ) (28)

are presented to the Kalman filter. The Kalman filter algorithm

processes the measurements and produces the state estimates ~(t).

These state estimates are related to the estimates of critical quanti-

ties of interest by the vector function c (a p vector) :

j( t) = 2[~~(t),t] (29)

Thus the true error committed by the Kalman filter (e t) at time t~ ,

before and after measurement incorporation , is:

~t( ti) .~(ç) 
— zt(t~) (30)

- j .~t(tt) ~(4) - z~
(t

~
) ( 31)

If a feedback control system with impulsive correction is assumed ,

then a third error is of interest as well:

!t(4°) = 2(4C) — 
~~
(ti°) (32)

where the superscript c denotes after the control is applied.

19
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The objective of the performance analysis is to characterize the

error process statistically. This is accomplished in the flonte Carlo

simulation by generating many samples of the error procths and then

computing the sample statistics directly. If enough samples are gene-

rated, then the sample statistics should approximate the process

statistics very well (Ref 3:6—71). The sample statistics co~.puted

at each point in time are the calculated mean error (~), calculated

standard deviation of the error (~~~), ~nd the ensemble average of the

filter covariance diagonal terms ~~~~~~~ The calculations are made

over the ensemble of runs (N) for each time point (t~)~

1 N
= ~~ E[~~~(t~~) 

- ~~1(t~)] ( 33)

~~(t) = ~ [~1(t~) - ~~i(t~)]
2 

- N ~2(t )}/~N_,]l/2 (34)
1=1

~~kk(tj) 
= ~~~~~~~~~~~~ 

- 

(35)

These equations can be found in any good statistics text (see for

example Ref 11:26,40). It is important to note the use of l/(N—l)

in the expression for the standard deviation, ~~, instead of 1/N;

this results in an unbiased estimator of variance before the [ ]h/2

is taken and is customarily used for sainpie i dd~ta (for sm all or

moderate N).

One useful output of the Nonte Carlo analysis is a p.Lot of the

filter estimate of the standard deviation, q~~j~(t.), along with the

corresponding computed standard deviation, ~~(t~) for all t,~ or

interest. The Kalman filter is tuned by minimizing the computed error

standard deviations. As a rule of thumb, good tuning is achieved

20 
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when the filter estimated standard deviations are approximately equal

to the computed standard deviations. If the problem under invest~ga-

tion is sensitive to small changes in the filter tuning parameters

[p(t0), and time 4Lestories of ~ (t) and R(t)J then the investigator

musts

1. Conduct the Monte Carlo aimulation

2. Examine the standard deviation plots

3. Determine tuning parameter(s) to be changed

4. Repeat 1 through 3 until adequate tuning is achieved

Thus it can be readily visualized thit precise tuning of the Kalman

filter by Monte Carlo techniques is very costly in terms of effort and

time.

A second useful output of the Monte Carlo analysis is a plot of

the mean error versus time. This plot is usually obtained with one

standard deviation bounds plotted above and below the mean error.

This plot is useful to determine if the suboptimal Kalman filter

provides the desired accuracy. If the filter starts from initial

conditions other than the truth model initial conditions, then the

filter performance to non-zero initial error can be observed. Bias

errors, a problem of significance to many extended Kalman filter

designs, also become readily apparent from the plots of this form.

Digital Simulation of’ the Truth Model and Filter Model

In order to simulate the system on a digital computer , the problem

must be divided into segments which , when processed sequentially over

a given time period , will provide a realistic portrayal of filter use



-~~~~~~~~~

in actual on-line implementation. A convenient time period i~~ the

sample period between times at which measurements become available.

Then the entire procedure is iterated over some desired time interval

of interest. The segments are:

1. Time propagation of system state equations

2. Time propagation of’ filter state equations

3. Time propagation of filter covariance equations

4. Update of filter covariance matrix

5. Generation of measurements for the filter

6. Update of filter states

7. Application of impulsive feedback to “update ’ system states

8. Reset the filter states after the feedback

The first segment is simulated by integrating the nt—dimensional

system (truth model) stochastic differential equations -

~t(t) = 
~~ L~ t ( t ) , t] + ~t(t)~ t(t) - (36)

from time t~ to time of the next measurement time t1+1. The integra-

tion is typically performed by either Euler or Runga-Kutta numerical

integration methods with a specified integration step size. Integrating

the deterministic part of the different~a1 equation is readily apparent~
however, the additive white Gaussian noise wt is not. The following

derivation shows how the solution to the stochastic differential

equation can be approximated.

To provide insight into the approximate solution form, consider

firs-u a linear stochastic differential equation of the forms

= F(-t.) x(t) + c(t) w(t) (37)

22
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where w(t) is a zero mean white Gaussian noise with i4i~(t)w(t+t)
T
]

a(t)6(t). An equivalent discrete time system equation would be:
tj-4.1

x(t
~+i) ~(t1~1,t1) x(t~) + J~ ~(t 1+11t~) G( T)w(T) dT

t~ (38)

= ~(t1~1,t1) ~(t1) + j~ (t1) (39)

where 
~~
(. .) satisfies both of the following relationships:

~~ ~(t,-tj) = F(t) ~(t,t~) for t in the interval

(t i, t1+1) (4o )

~(t19 t1) = 1 (41)

For this discrete time system , ~~(t1) is a zero mean -white Gaussian

discrete—time noise with strength:

= 
~(t1~1,T) ~(T) a(T) c(T)

T 

(42)

~
(ti÷i,T) dT

(43)

0 for t~ ~4 t~ 
- 

- 

(44)

Now if the integration step size is small relative to system character-

istic response time and constant (~t sec in duration) then the following

approximations can be made;

~
(ti 1,t1) ~~ I + F(t1) ~t (45)

tj+1
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (Z~6)ti

where all terms of order ~t
2 
or higher have been neglected. Thus one

approximate simulation of the continuous time system would be:

— [1 + ~(t1) ~t] x(t~) + j~ (t1) (47)

= ~(t1) + ~(t1) ~(t~) At + ~~(t1) (1e8)
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where 
~~
(t
~
) is described by:

~~~~(t 1)�~~(t1)T
J [~,(t1) ~ (t 1) a(tj)

T
i ~t (49)

Thus the differential equation is integrated using Equation ( Li-6)

and noise generators utilized for the ~~(t1) term, higher order inte-

gration techniques can be applied to the nonhomogeneous portion of the

differential equation , with the same 
~~
(t
~
) as above used as the forcing

terms. It should be noted that this technique is directly extendable

to nonlinear equations of the form:

k(t) = ~[~~(t),t] + ~(t) ~(t) 
- 

- (so)

Segment two is performed by calculating the filter equation (6) .

The filter covariance propagation Equation (7) is calculated to

accomplish segment three. Segment four is performed by solving

Equations (10 and. 9). Segment five uses Equation (5) to generate the

rn-dimensional measurements. Noise generators are utilized to provide

the v~(t1) term. The filter update Equation (8) is calculated to

perform segment six.

A Kalman filter will often be implemented in an indirect feedback

conf iguration , in which filter error state estimates are fed back to

the actual system to correct the actual error. If the system correc—

tion can be performed rapidly enough compared to the filter update

period, then the feedback can be simulated. as a-n impulsive change.

After application of the correction, assuming linear feedback, the

truth model state process becomes (Ref 3:6—76):

= 
~t
(t
~) 

— 

~~
(t
~) ~

(t~) (51)

24
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The filter should be “told” that this feedback to the system has

occurred , so its state estimate is modified as:

A (t
+C

) ~(t~) - D(-t~~) ~(4) (52)

=[1 -~~ (t~)fl(4) (
~~~)

Note that if the filter is estimating error states then the D(t~ )

matrix will typically be an identity matrix. Segments seven and

eight are performed by calculating the results of’ Equations (51)

and (52) . -

Each of these segments are performed. sequentially at the measure-

ment update time and the simulation time , system state , filter state,

and filter covariance values saved. on a data tape . This process con-

tinues until the simulation final time is reached , thus completing

one run of a Monte Carlo simulation. After many runs of the ilonte

Carlo simulation have been performed , then the data tape can be read,

the sample statistics calculated using Equations ( 33-35) and computer-

plots created .
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IV . Satellite and Airc raft Tracker System State Equations

Introduction

In this chapte:-, the satellite (target) and aircraft tracker sys-

tem state and measurement equations are developed for the system

(truth) model. Since this study is a follow—on to the work of Mitchell

(Ref 4) and Mann (Ref 5) ,  the presentation in this chapter will paral-

lel their development.

~yistem Descrip~~.on

Physically, the problem consists of an orbiting satellite (target)

and a moving aircraf t which is equipped with some type of tracking

device. The tracking device is typically a radar or laser, 3ecauze

the aircraft and satellite are both moving in this problem, the

tracking system must be capable of following the satellite motion.

The tracking system is equipped with three rate gyros which provide

measurements of the three components of the tracker inertial angular

velocity. Because of tracking system dynamics and errors in the

tracking system, the satellite will not lie exactly along the bore—

sight of the tracking device. In this problem , a tracker control aye—

tern is available to correct the ~stimated tracker error angles. These

estimates of the error angles will be provided by an extended Kalman

filter. Three accelerometers, mounted on the aircraft , provide

measurements of the specific force of the tracker. These specific

force measurements are used by the aircraft  Inertial Navigation Sys-

tem (INs) to determine the tracker inertial position and. velocity.

26
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In this study , it is assumed that uncorrupted ( treatej as perfect)

tracker inertial position and velocity information is available from

the aircraft INS , In addition to the tracker angular velocity , the

tracking system provides measurements of range to the target and the

true line of sight. The measurements are all assumed to be imperfect.

The nature of the noise corrupting the measurements will be dIscussed

later.

Satellite State Equations

The system model used for the satellite d~rnamios will be presented

in this section. The satellite state equations will not be formally

derived; the approach taken is straightforward and the derivations of

the models may be found by the interested reader in any good astro-

dynamics text (see for example Ref 12) . As noted in Mann- (Ref 5~8),

due to limitations in the computer simulation , the solar pressure

perturbative acceleration is deleted from Mitchell’s system model . To

compensate for this additional unmodeled effect , the strengths of the

driving noise sources on the satellite equations are increased by an

appropriate amount.

The target state equations are expressed in the geocentric

equatorial nonrotating coordinate system with the x-axis lying along

the line of the mean vernal equinox (Figure 2). This coordinate aye-

tent will be considered to be an inertial (“i”) frame for this appli—

cation. The state equations describing the satellite’s motion ares

(54)

(55)

27
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= x6 (56)

(57)

- a  + a  + a  + a  + w  (~ 8)
$ gy my sy dy 2

(~~~)

where

x1, x2, x3 represent the target inertial position components

along the x , y, z axes respectively

x~, x5, x6 represent the target inertial velocity

is the earth’s gravitational acceleration vector

is the lunar gravitational perturbation vector

is the solar gravitational perturbation vector -

is the atmospheric drag acceleration vector

w1, w2, w
3 
are zero-mean independent white , Gaussian noises

included to account for unniodeled. effects. These

effects include: solar pressure perturbations ,

higher order gravitational terms, and uncertain-

ties in the models used in this study, such as

deviations in the atmospheric density ,

In order to determine the strengths of the white noises, consider

the following calculations. For a relatively small satellite - in a

200 Km circular near polar orbit - wi th a solar pressure coefficient

equal to that of a vehicle with a projected surf ace towards the sun of

10 m2 and a ballistic coefficient of 0,15, the terms of have deter—

ministic values of:

= -7.55 rn/sec2 
- acceleration due to full gravity

-28
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= +5.OxlO ~ rn/sec2 
— lunar perturbative acceleration

+2.0xl0 9 rn/sec
2 

- solar gravitational perturbative

acceleration 
-

= —9 .OxlO ~ rn/sec2 
- drag acceleration

These values have been determined using the models proposed later in

this section with the satellite at 30° north latitude and the sun and

moon positioned for worst case effects . The unmodeled. solar pressure

perturbation on the satellite under these assumptions would be
—9 2-2 OxlO rn/sec . Because of the aforementioned criteria of modeling

all perturbative accelerations of magnitude greater than l0~~ m/sec2 ,

a reasonable value for the distribution standard deviation of w1 due

to modeling uncertainty and higher order effects is 1x10 9 rn/sec
2
.

Taking into account the unmodeled effects due to the solar pressure

perturbations , w1, w2, and w3 are modeled as zero mean independent

white Gaussian noises with distribution one sigma values of 3x10 9 ml
2sec .

Gravitational Field Modeling

Modeling of the earth ’s gravitational field is accomplished in a

geocentric, equatorial, rotating coordinate fram e. The relationship

between this “r” fram e (x’, ~r , ~r) T and the inertial “i’, (x’, y~ , zi)
T

coordinate frame used in the previous section is shown in Figure 2.

The transformation matrix from the rotating (r) to the inertial (i)

f rame is defined ass

29
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cosO —sinO 0

C1 — sinO cosO 0 (60)

0 0 1 -

where

e = e g + w j~~t (61)

and

8g local sidereal ti1ae at t=0

- Wie earth ’s angular rotation rate (7.292xl0 5 rad/sec)

t t ime

The potential model that was chosen includes tesseral , zonal ,

and sectorial harmonics up to and including (6 ,6) (Ref 12:173—180) .

The gravitational potential U(~ r , ~r z )  in the “r” fram e is (Ref 12:

175):

k~ ~ + ~ 
p
~~ 

sinø Wk cos(rn~E)
r k~2 m 0

+ Sk,m sin(mX E)}) (62)

where the terms in Equation (62) are defined as followss

p(m) ( i ø )  are Legend.re functions :

- ; (~_) A r ’2 dmP~~’ (s inø) ~ (1 — sinØY’ — 
~~ 

-CP~(sinØ)}d( si.nØ)

and is the Legendre polynomial with argument sinØ.

sn is the mass of the earth (5.983 x lO24Kg)

ke is the gravitatIonal constant for the earth (k~ = 3.986x1014

3 2rn /eec )

- ; r is the radial distance from the earth ’s center to the satellite

30 
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0 Is the geocentric declination angle of the satellite .
- 

-

X E is the longitude of the satellite with respect to the

prime :ieridian , 
- 

-

S,~, and are the harmonic coefficients for the gravita-.
~,
m ,m

tional potential such that Ck,O 
...40) and 2k,O 0 and

(0)
the 

~k 
coefficients are the zonal harmonics . 

- 

-

and 3k ,m are termed tesseral harmonics if rn ~ m 0

and sectorjal harmonics if m = k (Ref 4:115—117) .

The components of the gravitational acceleration vector along t
r r r r r rthe x , y , z axes — agx~ agy~ agz - can now be determined by

ar aU
gx

o r 
~ a~~ r ( 63)

r Z U  -

agz

and the gravitational acceleration vector in the inertial frame can

be determined from
I j  r

(Q 2r (Q

Lunar and Solar Perturbative Accelerations

The perturbative accelerations on the satellite due to the lunar

and solar gravitational fields is presented in this section. Since

the time elapsed during a complete tracking pass is small when compared

to the inertial dynamics of the moon and sun , they are considered

stationary for the purposes of this study.
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The lunar pertur1~ative acceleration vector in the inertial frame

is denoted by (~~)
i
, with the components along the inertial x , y, and

z axes denoted by a~~ , a~~, arid 
~~~ 

respectively . The position vector

of the moon in the inertial frame is denoted as
- r~1

(r)i~~ r~~ 1 (6k)

r~~J
The position vector of the mpon relative to the vehicle is denoted by - 

-

(~~~~) 
= (r~) - (~~~) 

= r~~ — x2 (66)

- 
r~~~~

x
3 

-

and the perturbative acceleration on the vehicle (satellite) due to

the moon ’s gravitational field is - 
-

r
~~~~

x1 
—-

/ ~ my my
~~n

1 
~m 

- 

~3 - —
~
-- ~o7

rm

-x mz
:3rms

where -

= gravitational rarameter of the moon (4.903 x i~
12 

m3/sec2)

~ [(r~~-x1)
2 

+ (r~~-x2)
2 

+ (r~z~x:3)
2
]
1/2

~ (r~~
2 

+ r~~
2 

+

x1, x2, x3 the satellite position In inertial frame.
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In a similar manner , the perturbative acceleration due to the

sun ’s gravitational field is

5 C  -

( ) i 

~ 

(68)

The position vector of the sun in inertial frame is defined as

I

( ) i 

~ [~E1 (69)

and the perturbative acceleration on the vehicle due to the sun’s

gravitational field is

r1 - xcx 1 cx
r

SS 

(70)

i I
— x3 r5~

where 
- 

-

- 
= gravitational parameter of’ the sun (1.327 x io2° m/sec2)

~ i. 2 i 2 2 1/2r55 — [(r 5~-x1) + (r —x2) + (r 5~-x3) ]

~ ~~2 i 2 1 2 1/2
= (r5~ 

+ r51 + r5~ ) -

Acceleration Due to Dr~~

Satellite acceleration due to drag is modeled as a function of the

height above the earth’s surface, the velocity of the satellite rela—

tive to the rotating atmosphere and the vehicle ballistic coefficient: 

~~~~~~~ ~~~~ — _ __
~~~~~i___ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~ __ _
;~~~ - -  



~

i i -  I(~~ ) =~~~Xi3~~4 (Ma) (71)

where
I -(~~ ) — drag acceleration vector in inertial frame

+ WieX2

(~~ ) = X
5 

— 1 ie’~1 
velocity of satellite relative to

x6 rotating atmosphere

B ballistic coefficient of the satellite

= atmospheric density, modeled as X =

mean sea level atmospheric density (1.376229 x 10
_6 

g,~~3)

altitude atmospheric density decay rate (1.395 x l0~~/m)
2 2 2 1/2

h = (x1 + x2 + x3) - R
0 

height above mean earth radius

= mean earth radius (6.37817 x io6 
~)

Wie — angular rotation rate of the earth

While the ballistIc coefficient of’ the vehicle is generally not

known, it is known that for a nonthrusting vehicle it will not change

significantly during the time of a tracking pass (an attitude maneuver

could affect it by changing the surface area along the velocity vector).

Hence, it is assu~.ed in this study that the ballistic coefficient can

be adequately modeled as a random constant or bias (a random variable

that has 10~~ correlation in time)

(72)

with an initial condition as a Gaussian random variable.

Tracker State Equations

While the target state equations are straightforward and represent

a commonly used model for satellite dynamics, the tracker state

~34
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dynamics and measurement equations are very dependent upon the modeling

assumptions made in this study . Therefore , a full development of the

tracker dynamic state equations and then the tracking system measurement

equations will be given In this section.

The geometry of the tracker is shown in Figure 3.

~

&Ie 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ t

y ! “4 4
z i Z~

Figure 3. Tracker and Line—of—SIght Geometry

It is assumed that the tracker base is inertially stabilized such

that the tracker elevation axis, y~, always lies in the inertial X-Y

plane. The x~ axis is along the boresight of the tracker and the

axis completes a right--iand orthogonal system. Assuming that the

tracker base is inertially stabilized as above, the two Euler angle

rotations needed to go from the inertial to the tracker frame are

dependent only upon the relative position vector from the tracker to

the target , expressed in inertial coordinates. The first Euler angle

rotation is by an angle 0 about the inertial z axis as shown in Figure 11..

The superscript “a” indicates an intermediate frame and the transforma-

tion matrix is

- 35
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cosO sinO 0

= -si.nO cos9 0 ( 73)
- / 0 0 1 _

Figure 4, First Azler Angle Rotation

Because of the constraint on the yt axis, the next Euler angle rota-

tion is by an angle 0 about the ~a axis - leaving the yt axis in the

inertial xy plane. A view of this rotation is shown in Figure 5. The

I - transformation matrix between the intermed4 ate “a” frame and the tracker

“t” fram e is

oosø 0 —sinØ

1 0 (74)

si4 0 cosØ

Therefore , the Euler angle transformation from the inertial to the

tracker t frame is give by g~ as is shown in Figure 6.
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- zt

- 

-

Figure 5. Second Euler Angle Rotation

z:za

~~~~~~~~~~~

t

ya :y t

X k

~
T

~~~~
a

Figure 6. Inertial ana ~Crac~wr Frame Orientations
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cosecosØ cosØsine -sthØ

= Q —sinO cosO 0 (75 )
• cososimø sinØsine cosØ -

The line—of-sight (LS) coordinate frame is widely used in pointing and

tracking problems. The LS and t frames have the same origin; however,

the LS frame has one axis pointing exactly at the target while the t

frame is misaligned from this line-of-sight. This study assumes that

the LS x—axis points directly at the target as was shown In Figure 2,

For perfect tracking, the LS and t frames are aligned, i.e. =

Let (
~ ts)

1 
denote the position vector of the satellite with respect

to the tracker expressed in the inertial frame:

I

(
~ts)

1 
~ 4sy 

(76)

Transforming this vector to the LS frame yields:
LS LS

~~ts~ 
2~. 

(~~~~) (77)

LS~~ IRl
However, by definition of’ the LS frame (

~ ts~ 
= 

L~i 
where R is the

range between the target and. the tracker. Remembering that

~~ (for perfect tracking =

It cosecosØ sinecosØ —sinØ r
~5~

O —sin8 cosO 0 - r~5y (78) 
-

0 cososinø sinestnø cosø r
~5~

then

+ r~5~cos8 = 0 (79)
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so 
rt

tanO — (80)
rtsx -

or

tan~~ r
~8~~

> 0

(81)
tan~~ 

tsy 
+ 

~~~ 
< o

r
~5~

Also,

45~
cosesinO + 45~sin~stnø + 

45~
cosØ 0 (82)

which implies, after some algebraic manipulation, that

tanØ = 
tn

2: 
+r~

2 .,~ 1/2 
(83)

‘ts x tsy’ -

and therefore, 
~r
1 

+ ~
2 
~l/2

—1 ’ tsx tsy’ i(cos - 

~2 + 
j 2 

)l/2 
rt3~~

> 0
+ rtsy rt5~ (811)

This relationship can be seen in Figure 7.

In practice, perfect tracking in which the tracker x axis aligns

perfectly with the LS x-axis will not be possible. The misalignment

between the tracker and LS frames can be defined in terms of two Euler

angle rotations. In a manner entirely similar to the previous deniva—

tion, the Euler angle rotations are ôv about the z~ axis and ÔE about

an intermediate ~~~ = ~LS
) axis as shown in Figure 8 and ,

cos6vcosbE ~i~b~cosôE —sinôE

= —sin6~i cosôv 0 (85)

oosôvsinE sinôvsinö E cosô E

-39 



- - 
~~~~~ 

- 
~~~~~~~~~~~~~~~~~~~ 

— - ----- ---
~~~~

- -----
~
-- - --

~~ 
-—---

~~~
— -

~
-
~~~~~~~~~~

- 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ________

z

~Jr~ + r ~

- 

~~~~~~~~~~~~~~~~~ 

y

- Figure 7. Relationship of 0 to r

zt

/

~~~~~~~~~~~ Y~~:Y~~~

X

t1
~~~

a

Figure 8. Tracker and Line-of-Sight Frame Orientations
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It is reasonable to assum e that ô~ and ÔV are sufficIently small, even

at the beginning of the track, so the small angle approximations can

be used : -

sin6E 6E sinöv Z 6v

cosb E ~ 1 cosöv ~ 1

In which case, Equation (85) beconies

1 ôv -ÔE

-öv 1 0 (86)

ÔE 0 1

A solution for the time rate of change of ÔE and óv is now sought.

Since ÔE and óv are both small angles, then the time rate of change

of these angles (o~ a.nd o’~) are nothing more than the y and. z axis

components, respectively, of’ the angular velocity of the LS frame with

respect to the tracker frame, coordinatized. in the LS coordinates.

Hence,

w
~~Sx

= (87)

6~)

But
L5 LS LS

- 
~~t 

(88)

LS LS t
— aiLS - ~.t ~it 

(89)
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1 Av -6€

~
‘iLSy - —6w 1 0 

~~~ 
- 

(90)

LS t6 0 1 w
1~,

LS t t tWILSx - w1~~ - 6w wit~ 
+ ÔE

LS t —

- wjt~ 
+ 6w w1~~ (91)

LS t t— ~~~ — 6€ w
i~~

So since w
~~5~ 

0, it is evident that

- W~ 3y - w~~ + 6w w~~~ (92)

LS t t -6v — w
~ 5~ 

- ~~~ - 6€ w1~~ (93)

LS t t tWiL3~ ~~~ + ~~~~ w1~~ 
— 

~ ~~~ (94)

EquatIons (92) and ( 93) describe the time prop~~ation of the error

misalignment angles 6€ and 6v . Equation (94) will prove useful in

the following development of the time evolution of the line—of-sight

LSangular velocity vector

In order to determine expressions for the time rate of change of

the line-of—sight angular velocity vector , consider the position

vector of the satellite with respect to the aircraft, rta. Differenti-

ating 
~ts 

twice with respect to time and. applying the Coniolis Theorem

each time yields
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d2
~t5~ 

= ____ + 2 

~LS 
+ 

d
~~L~ 

~ts

+ aiLS X(Wj~ç• x 
~ts~ 

(95)

where the vertical bar indicates the frame in which the differentiation

takes place. Coordinatizing Equation (95) in the U frame and
defining the acceleration of the satellite relative to the tracker

along the line-of—sight x, y~ and. z axes as

LS
/2 \Ls at5~ -

(dr t8~ 
) ~ ~~~ ~ 

(~ t5)U (~ t)
U 

- (~~)
U 

(96)

\ 
i/ 

~~~ 
-

and

LS rE -:
(
~ts
)

(
~~~~~1L

S)U 

[

~

r] (98)

where R range rate, the following is then obtained

~~ 1 
- - - 

0 
- o - 

-R(w~~~ +w~~ )tsx r iUy i~~z

U LS .LS LS LSat5~ 
— 0 +2 Vr~~L~~ 

+ RWjL~Z 
+ RW ILSXW1LS

a
U o LS R

LS 
~

LS ~
LS

tsz . • r~
’iLSy • ~~~~ - 

R tUx iLSz

(99)
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Examination of Equation (99) yields the following scalar state

equations LS U
.L5 ~~~ 

2 VrWiL~y U LS -
- Th - + W

iLS 
W
ILSZ (100)

LS U
.LS at~~ VrWILSz U U

it - 
it 

- ‘~iLSx ‘4iLSy (101)

- Vr

= 
~~~ 

+ R(w~~:~ + w
~~~
) ( 102)

Defining (Ats)
t 
as th3 inertial acceleration of the satellite

relative to the tracker, coordinatized in the tracker frame, Equation

(86) can be used to obtain
tat5~

LS LS t LS t
~~ ~~ts~ 

=
~~t 

at5~ (103)

t

thus, It follows that
LS t t t

+ 6w at5~ - ÔE ata~ ~l04

a~5y - 6w a
~ax (io~)

~~~ 
a
~5~ 

+ ÔE a
~5~ 

(106)

Equations (100) through (102) now become

.LS a
~qz 

- 6€ a
~5~ 

2 VrW~~S~ U U 10— - —

~~~ it - + WIU,c WiL9~.
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.LS — 6w at~x 2 VrW~~SZ s U
— - - WILSY ( 108)

= ~~~ i• &v a~5~ - 6€ a~5~ + R ( W ~~~~~~~~
1 

+ wt~~~) 
- (109)

Using ~quation (94) to eliminate ~~~~ from Equations ( 107) and (1CB)

yields U
•LS ~~~~ 

2 YrWILSY U tWiLSY - 
~~~ 

+ WIU.,. WitX

6E at
- 

+ ~~ -1
~ 

+ W~~~~
J

~~ [6w ~~~ — 6€ 4tZ~~ 
(110)

t ., LS
•LS 

at5~ ~
. VrWILSZ LS tWILSZ = ____ - _________ - W

~JJs~ 
witx

b v a t
+ C- ~~~~~~~~~~~~~~ - ~~~~ [ow w~~,. - 6€ 4tz]~ 

(ill)

The bracketed. C }  terms in Equations (h o) and. ( 111) represent

effects due to the misalignment between the tracker and LS frames .

For the case of perfect tracking (6E = Ov = o) these terms equal zero.

Measurement Equations

The tracking system has the capability of measuring the inertial

angular velocity of the tracker , the two angular deviations OE and Ow ,

and. the range betWeen the tracker and the target. The models used in

the measurement equations are developed. in References 13, 14, and. 15.

The inertial angular velocity of the tracker is measured in the —

tracker coordinate frame by three rate gyros, one mounted along each

tracker axis. While the system ( truth) model propagates the true line-

of—sight angular velocities ~~~~ and. ~~~~ [Equations (110) and (iii)],

45 

.-- ~~~~~~ - 
- - 

- - -
—-—--— ~~~~I~ ••_ •aa____ -i ----- — — --~ - -—----~~-. -.--- — .—~~~ -- ~‘—.~~~ -- ---——.~~



- ‘—. ,_-—----_t•____v —-- - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
,.~•-.--- . --.--. ~- - . —~~ -.--‘r .’ .‘ ~~~~~~~~~~~~~~~~~~~~~~~~~ - -‘r--,-—- - - -___ .

~~~~ 
- . - _________________

measurements are available only in the tracker frame o~ 4~~~~~
, W

~ty,

and ~~~~ Therefore, measurements of w~~ , and ~~~~ are considered

by the filter to be pseudo-measurements of ~~~~ and ~~~~~

The dominant effects which contribute to errors in the rate gyro

measurements are scale factor errors , drift errors , g-sensltive mass

unbalance errorz , misalignment errors , and white noise, v1. A

suggested gyro rate measurement model (Ref 13:300) is given as

( tracker x-axis only )

3
= + Bg~~~ w~~~ + £ B~~~ a1 + C~~ -

~
1
~ 2gma ~i~t

1 

~ 
+ v1 (112)

where 
-

= measured angular velocity along xt axis

= true angular velocity along Xt axis

Bgsfx = constant bias gyro scale factor

Bg.~ coefficients (along x, y, z directions in tracker frame)

of the g—sensitive mass unbalance to which the gyro is

subject

a1 accelerations (atsx , ~~ 
a
~5~
) of the tracker origin

with respect to inertial space

c~~ gyro drift rate along xt axis

~~gma — the error angle transformation matrix resulting from

the znisahigniaents of the three gyros
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— gina12 13
= B 0 -B—gina gina21 gina

23
—B B 0

ma — gyro misalignment error angles between the desiredg 
ij

gyro coordinates and the actual gyro coordinates

(mounting errors )

[. -  
]j , i = x, y, z = 1th component of the vector [ .
additive zero mean white Gaussian noise to account for

unmodeled effects such as aniso—elastic drift , quantiza—

tion error , etc .

Suppose a gyro has been studied. in the laboratory . Results of

the gyro testing indicate that the gyro has a drift component along

the x—axis with a. steady state standard deviation of a radians per

second and a process correlation time of T seconds. These statistics

characterize an exponentially time-correlated (first order ~arkov)

process , modeled as the output of a first order lag feedback network

driven by a zero-mean white Gaussian noise of strength ~ =

(Ref 3t4—88) , as shown in Figure 9. The state equation for C~~ is

‘- — - ~4.C + w

The autocorrelation function of C is

F~~g~~t) cg~( t1_r)] = a2 e~ 
ITI (113)

The remaining coefficients in the rate gyro measurement equation

are modeled as random biases, (Ref l0s4-82), as shown in Figure 10.
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Figure 9. Gyro Drift Model

- Initial
Condition

~ H~
Figure 10. Random bias Model
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With this model, the filter is “told” that the value of the variable

does not change in time, although you do not know its value apriori.

This represents a reasonable model for the remaining coefficients

because, while they may not be constant on a long term basis, they

will remain essentially constant during a ten minute tracking pass.

The general form of the state equation for these coefficients is

k = 0. The equation which describes the way the covariance propagates

in time is

- 

(114)

This indicates that the variance of the coefficient does not change

in time and that the initial condition on P represents the variance

of the coefficIent about its mean.

The measurements of the tracker angular velocity about the tracker

y and z axes are modeled in a manner identical to wax . The values used

for the standard deviations in the process correlation tine in the

gyro rate measurement model are representative of a typical aircraft

rate gyro (Ref 13:302) ;

Steady State Process
Quantity Standard Deviation (a) Correlation Time (~d

Gyro drift lxl0~~ rad/sec 3600 sec

Gyro scale factors 5xl0
4 

00

Gyro mass unbalance 3xlO ’6 racl-sec/m Co
coefficients

Gyro misalignment lxl0~~ Co
coefficients

Additive white lxlO ~ rad/sec 0
Gaussian noise V

1 
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The error misalignment angles 6€ and Ow are measured in the

tracking coordinate frames. Effects which can degrade these measure-

ments are; deterministic scale factors, scale factor errors, angle

track biases, and angle track scintillation noises. No attempt has

been made to model noises that are specific to a typical radar or

laser ranger. Rather, the measurement model proposed below is repre-

sentative of- a large class of measurement devices (Ref 14:l~4)

OE m = OE + SE + 

~SFE~~ 
+ BATE 

+ v4 (115)

= Ov + S~ + C5p OV + BAT + v
5 

(116)

where

0E’ 6v = true misalignment angles

5E ’ ~~ = angle track scintillation noises -

CSFE~ 
CSFV 

= scale factor errors 
-

BATE. BAT = angle track biases 
-

v4, v5 
= zero mean white Gaussian noises to account for urunodeled.

effects

Both the angle track scintillation noises (SE and s~) and the

scale factor errors (c~F , C5~ ) are modeled as exponentially time
V

correlated random variables. Scintillation noise is dependent upon

various factors such as atmospheric propagation, and amplifier

characteristics which change as a function of time during a typical

tracking pass. Scale factor errors are a function of tracker variables

that undergo a change with respect to time (Ref 14z15). These vari-

ables are reasonably well modeled as exponentially time—correlated and.

the following equations are obtained ;
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SE + w4 (117)

— -Ø5S~ + w
5 (118)

°SFE 
= 

~~~l0C3i~E 
+ w10 - (119)

+ w11 (izo)

where w4, w5, w10, and. w11 are zero mean white Gaussian noises with

= 2a~/T1. The 
~~ 

represent the inverse of the process correlation

time, 
~ 

= l/T1. The angle track bias coeff icients BAT and. BAT areE v
modeled as random biases - initial value unknown but describable as a

Gaussian random variable with mean zero and a known variance. The

values used for the process standard deviations and correlation times

are given below (Ref 4:149).

Steady State Process
Quantity Standard Deviation (a) Correlation Time (~rj

Angle track lil0 6 rad. 10 sec
scintillations (

~E’~)
Angle measurement 

4scale factor errors 10 300 sec
(cSFE,

CSF )

Angle track bias 2x10~~ rad - 
Co

(BAT ,BAT )
V

Additive white noise lxlO rad 0

The model of the measurement of range is very similar to those

of the angular deviations. Uncertainties in the measurement of range

are due primarily to scintillation noise and bias errors.

Rm~~ R + S R + B R + v 6 (121)

where
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— range scintillation noise

R - true range

BR range bias

v6 zero mean white Gaussian noise to account for uninodeled

effects

The range scintillation noise is due to atmospheric effects and

errors in the digitization of the returned signal. The atmospheric

effects in particular are a direct function of the elevation angle

of the tracker — less scintillation error when the satellite is

directly “overhead” and greater errors at the horizon. The scintil-

lation error will show a degree of time correlation during a tracking

pass and. an exponentially time correlated random variable is used to

model this state:

SR = ~~~3~R 
+ w6 (122)

where w6 is a zero mean white Gaussian noise with Q = 2G
2
/T and

l/T31~ The range bias is modeled as a random bias. (Initial

value unknown, but describable as a zero mean Gaussian random variable

and. known variance.) Values used for the standard deviations and

correJation +~mes are shown below (Ref 4:150). -

Steady State Process
Quantity Standard Deviation (a) Correlation Time CT)

Range Scintillation 20m 10 sec

Range bias 5m Co
Additive white noise 5m 0
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Summary of State and Measurement Equations

After augmenting the satellite and tracker state equations with

the noise states needed to define the measurements , the truth model

contains a total of 42 states. They are repeated here for clarity .

State Equations

(i) *1 — x~, (123)

(2) k2 — x5 Satellite inertial position ( 124)

(3) ~~ — x6 ( 125)

(4) x4
I
~~agx + a ~~~+ a sx + a da + w l ~ (126)

(5) c — a + a + a5 + ady + w2 Satellite ( 127)
~ gy ~~ y f inertial

(6) X6 ag5 + amz + a5~ 
+ ada + w

3 ) velocity (128)

t LS
~ .Ls atsz 2 VrwiLSy LS t(7) w~~~ = ~ .J ~Sy — - - + w1~~~ wj~~

+ 
~~ 

6 E a ~8,~ 
+ w~~5 [Ow w~~ - OE w~~~]} ( 129)

Line—
t is~ 

of—
. ~ .j,3 aJ ~~ 2 VrWiLSZ LS t sight

(8) WLSZ WiLSz = R - — 

R - WiLsy Wi~~ angular
velocity

6 v a t
+ 

~~
— B 

SX 
- ~~~~ [Ow w~~7 

— OE w
~t5J 

( 130)

(9) 6E — W~~~5y - 4ty + ~v 4t~c (131)
Error misalignment

. L angle
(10) by — WiLSZ - w~~7~ — bE (132)

(1].) R — Vr Range (133)
( 12) 

~r 4~ 
+ 6w 4 - bE 4 + R(w~~~ +w~~~~) 

Rang:

(13) k
3.3 

— 0 Satel lite ballistic coefficient (i3~)

(14) 
~E - ~~~~~~~~ 

SE + W4 Angle track 
- 

(136)

(15) s
~ ~~2 

5v + w5 
scintillation (137)
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(16) SR — ..~3
3 
5
R 

+ w6 Range scintillati on ( 138)

(17) ~ — -
~~~ 

C
8~ 

+ w7 (139)

(18) Ôgy — 
~~~~ 

C~~~ + w8 Gyro drift (140)

(19) Cg5 — ~~~6 
c~~ + w

9 (141)

(20) C
~~E 

— ••d
7 

Cs~ + Angle measurement ~142)

(21) 
~SFy — 

~~~8 
C5F~ + 

scale factors (143)

(22) — 0 (iliJ+)

• Coefficients of gyro mass
• unbalance (nine equations)
.

(30) - 0 (145)

(31) ~ — 0  ( i46)
~~~12

(32) ~~~~~ — 0 ( 147)
13

(y~) ~ — 0 (1i48)
~~~21 Gyro misalignment

coefficients (six
(34) ~ = 0 equations) (149)

~~~23

(35) ~ 
— 0 (iso)

(36) ~ — 0 ( 151)gma32

(37) B~ — 0 Range bias (i~2)

~~~ 3AT — 0 (‘53)E Angle track bias
(39) 

~ATy — 0 (154)

~~~ ~gsfx
(41) Bg5fy — 0 Gyro scale factor s 

- (156)

(42) Bgsfz — 0 (3.57)
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_ _ _ _ _ _ _ _ _ _ _ _ _  ‘
~~~~

Neasurement EQuations

(0) w~~ ~~~~ + Bgsfx ~~~~ + 

~ 

Bg~~ a1 
+ Cgx

+ [~
Cgna ~~t

1x + (i~8)

(i) = 
~~ty 

+ 

~gsfy ~jty 
+ Bgry ai +

+ [
~
Qgma t1y + v2 (159)

- (2) w~~ = ~~~~ + 3gsfz ~~~ 
+ 

1=1 
Bgmz a1 + C~~

+ [
~~gma 

i!~t1z + v3 
(160)

~~ 
OE

m 
= bE + SE + C~~~OE 

~ 
SATE 

+ V4 (161)

(4) 8
~m 

= by + S~ + CSF~OV + BAT~ + v4 (162)

(5) R m = R + S R + B R + V 6 
(163)
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Introduction

This chapter presents the development of a reduced order system

model which is used as the suboptimal filter model for the general-

ized flonte Carlo Analysis Progr-~m . The reduced order system model

should be computationally simpler than the full system (truth) model.

How this simplification takes place is dictated. by the prior experi-

ence, skill, and decisions of the designer. In many cases, simplifi-

cation is accomplished by deleting states from the truth model that

represent non-dominant effects in the problem under study. Typically

this is accomplished with a corresponding Increase in noise strengths

driving the model to compensate for the deleted terms or states. As

an example , if time correlated gyro drift rates are replaced by an

additive white noise in a navigation filter, the filter performance

may be significantly degraded. However, the deletion of these states

may not be noticed for a tracking problem of ten minutes duration.

In addition to deleting states, the designer might also choose to

delete terms in the state equation that are about an order of magni-

tude less than the size of the other terms. So in addition to deleting

non-dominant states , non—dominan t terms are also deleted. However,

careful jud gement must be exercised when non-dominant terms are deleted

because these small cross coupling terms may be extremely important In

meeting system performance criteria.
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The reduced. order filter (a six-state filter) was suggested by

the Air Forc e Avionics Laboratory to flann (~ ef 5). The main idea

behind the filter is to use what is known about the dominant forces

acting on the satellite hdng tracked and its geometry to aid in the

simplification of the truth model.

Six State Filter Eq uation Development

The underlying concept for the development of the filter model

proposed. in this section is to delete the satellite inertial position —

and velocity states [x(i) through x(6)] . Other information already

available in the remaining six states and INS data will then be used —

to determine the acceleration of the satellite relative to the

tracker (4~~
) based upon the iu~ow1edge that the dominan t acceleration I —

of the satellite can be d.cscribed by a two body point mass gravity

model. This approach to the satellite tracking problem was suggested

by Air Force Avionics Laboratory personnel.

Figure 11 represents a typical tracker line—of—sight to satellite

geometry. Where

(x~, y~ , z~) is the geocentric equatorial inertial frame

(x~
’5, ~LS ~L~) is the tracker iine-- of—sight frarne, with

pointing at the satellite

is the vector from the center of the earth to the tracker

is the vector from the center of the earth to the satellite

is the vector from the origin of the tracker system to

the satellite along the line—of-sight x-axis
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Figure 11, Tracker Line—of—Si ght to Satellite Geometry

58 

- ~~~~~~~~~~~~~~ 



—_ - - - - - - -—- -- — - ------.-.- ~—. ----.-,— - - — --.-- ---S-,- -.- --  
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

When the satellite 1r~ertial position and velocity states are

deleted from the system , the following information remains available

to formulate a filter model: -

e,Ø precise resolver measurements of the tracker azimuth

and elevation angles

c’~ (e Ø) the transformation matrix from the inertial to the

line-of—sight frames as a function of 8 and. 0
t

~~~~ 
high precision measurements of the tracker accele-

rat ion with respect to inertial space In tracker

coordinates, determined, from the outputs of three

accelerometers — one mounted. along each of the tracker

axes

R~, w~ ,, w~~, OE~, 0~m 
noise corrupted measurements of range,

tracker angular rates, and angular

deviations as discussed in Chapter IV.

Consider now the tracker line-of—sight angular velocity state

equations .
- t 2 V w ~~-~.LS at~5 r aL~y LB tWiLsy - - — + WiLBZ Wj~~

~~~~ t
~~~~~~ -

~~
• ~~ + WiLSZ [by Wity — 0€ W

~t~J
} (164)

,~~~ ~~~~ 2 VrW~~Sz LS t
WILSZ 

= - - WILSZ Witx

+ 
~~ ~~ ;tsx - 

~~~Sy 
[by 4ty - 6€ 4tz]} (165)
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The bracketted terms £.) result from the fact that the tracker and

line-of-sight frames are not coincident and. differ by the two small

Euler angles bE and by . For high accuracy tracking, the small angular

deviations 6€ and by will have magnitudes on the order of i0 5 radians

or less (Ref 10:67). For the particular tracking profile used in this
-11 2study , the bracketted terms are on the order of 10 radians/sec while

the smallest values of and. are z io 6 radians/sec2. Thus,

in the reduced order filter ~node1 the bracketted. ter~:is are neglected

and replaced by a zero mean white Gaussian driving noise to account for

the increased uncertaInty in the dynamics model:

t LB
4 - a~5~ 2 

~r’~iL3y LS t
= - —~~

— - + W
jJJ ~~~~~ ~~~ + w1 (166)

t LB
.LS atsy 2 VrWiLSZ LS tWiLSZ = R 

— - wiLsy W1.~< + (167

before the filter was tuned to give the best performance, w1 and w2
were assigned one-sigma values of ~~~~ radians/sec

2, based. upon the

values of the bracketted terms that were dropped.

The remaining state equations are:

bE = ~~~~~ - ~~~ + by ~~~ (168)

- 

o~) = 
~~~Sz 

- ~~~ - bE ~~~ (169)

R = V r (170)

= a~5~ + 6~ ~~~ - bE a
~5~ 

+ R(w~~s~ 
+ W 3 ~ ) (171)

EQuation (171) may be simplified using the same criteria as for

Equations (164, 165). For high accuracy tracking, the terms containing

bE and by will be approximately five orders of magnitude smaller than

-60
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Vr s Therefore , in the proposed filter model , these two terms are

dropped and replaced by a zero mean white Gaussian driving noise

(w 3) of strength equal to (i. x ~~~~ rn/see
2);

= a
~8~ 

+ R(w~~5~ + w
~~s~
) + w

3 (172)

Consider the following develcpment of the acceleration of the

satellite wi th respect to the tracker expressed in the line-

of-sight frame.
i i i(

~~
) = (

~~
) + (ru) (173)

where the superscript “I” again indicates coordinatization in the

inertial frame. From the definition of the line—of-sight (LS) frame

( the line-of—sight x axis - — points exactly at the target), we

know that the position vector of the satellite relative to the tracker
LB LBlies along x . -

(
~~~~~

)
“

~ 

£~ [
~
] 

- 

(174.)

where H is the range between the tracker origin and the satellite.

H It follows that

~~ LS i

~~ts~ ~i ~~ts~ 
( 17.5)

From Equation (173) it is seen that the acceleration of the satellite

H with respect to the tracker expressed in inertial coordinates

(~~5) i s  
.

(z~~) 
(
~~

) — (
~~

) (176)

Elementary astrodynamics tells us that we can model the inertial

acceleration of the satellite as
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~:~
) 

~~ 
( 177)

i~ s~
where .ie is the earth ’s gravitational constant and Equation ( 176)

becomes i
~. 

i.t~(~5) ..
= I ( )

~I~ 
— (178)

where from Equations (173) and ( 175)
j  j. j LB

( r )  ~~~ + 

~LS ~~~~ 
(179)

It is evident at this point that if the tracker inertial position

(
~~~~

)
1 
were made available from an INS on the aircraft, then the accele-

ration of the satellite relative to the tracker expressed in LB

coordinates [which is (at5)
1
~] 

can be found by

LS~~ - . LB LS ..

~~ts~ ~~ts
) = 

~~~ ~~ts~ 
(180)

= 

~~~ 

- (± .
~t)j 

( 181)

= 0
LS~ 

~~e 
[
(rt) +C ( r )  ] 

- (
~t)~~ 

(182)

lie ~~~~~~~~~ .. LB
= j 3  - (

~~
) (183)

(~~3
)

Under the assumption that bE and by are small, the tracker and

line—of-sight frames are nearly aligned. It follows that the accele-

ration vector of the satellite relative to the tracker coordinatized in
tthe tracker frame — (its) - is well approximated by (its) • Also ,

the acceleration of the tracker with respect to inertial space expressed

in the LB frame — (rt)
LB 

- is well approximated by the inertial

- 62 
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acceleration of the tracker in the tracker fram e (~t)
t which is derived

from the outputs of the accelerometers. Equation (183) can now be

approximated as

LB i LB
t ~~~ [Q.1 

~~t
) + (~ts) I •. t(

~~~) 
— 

/ 4 3 — (184)
~r5)

Equation (184) is readily implementable as all quantities in it are

available :

is a known function of the resolver angles 0 and. 0

( ) i 
is provided by the INS

(r)
LS 

= [~] where R is the range

(j . )
t 
is derived from the output of the accelerometers

()t = (r ,t)~ 
+ ~~~~~~~~ (185)

Therefore, the form of the state equations for ~~~~~~~~ 
~~ Sz’ 

and

Vr remain as given in Equations (166), (16?), and (172) with the compo-
t

nents of 
~~ts

)

rtat5~
(~ts)

t 
~ ~~~ (186)

t

determined by the corresponding components of Equation ( 184) .

Filter Heasurement Equation -Deve~~p!nent

The measurement equations for the truth model are summarized at

the end of Chapter IV. Each measurement is considered to be the sum

of the state (which is a realization of one stochastic process), and

additive noises (which are realizations or samples of other stochastic
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processes), For instance, consider the~4~asurement of the inertial/
angular velocity of the tracker along the tracker y axis

t
~ + B  w +~~~~~~~~ j3 a + Cmy ity gsfy ity 1=1 gmy1 I

+ L~
Qgma ~ t 1y + v1 ( 187)

where ~ [4t ~ 4.
~~
. ~

t
j
T 
represents the true angular velocity

of the tracker coordinatized. in the tracker frame (it should be recalled

that w~~ and. w~~ are considered to be pseudomeasurements of the line—

H of sight angular velocities w~~5~ and ~~~~~ which are not directly

measurable). The second. through fifth terms in Equation (187) are

stochastic models of the dominant noise processes that corrupt a rate

gyro measurement. The last term , v1, is a zero mean white Gaussian

noise sequence added to account for errors in the modeling assumptions

and unmodeled higher order effects. 1~ , B , B , B andgsfy gmy1 ~~ ‘2 gtny
3

the elements of the matrix ~Cgma are all modeled as random biases . For

lack of better information they are modeled. as zero mean with a variance

determined. from empirical data . Each of these stochastic processes is

then multiplied by a known quantity (in the truth model) — the resulting

product in e~ ch case belr.g a randc~t process. The Inertial acceleration

of the tracker origin in the tracker coordinates

t

t~~ t(
~~

) at~ 
(188)

t

is assumed to be a deterministic system parameter in this study. The

component of the gyro drift along the tracker y axis, C~~, is modeled as

an exponentially time-correlated random process. In the filter
.64
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measurement model, it Is assumed that the total effect of all of the

corruptive effects In each of the truth model measurement equations

can be replaced by z-. single zero-mean white Gaussian noise sequence.

The filter measurement model , for each state , consists of the “true

value” plus an additive white noise to account for modeling uncertain-

ties. For the state we chose as an example,

t 
+ 8- ~~~~ v~

This approach to modeling the measurements leads to the simplest filter

implementation. If the performance should prove to be poor using

this model , the variance of v1 could be increased to indicate additional

uncertainty in the assumed measurement model. If perfcrmance remains

poor, this would be an indication that some of the effects appearing

in the truth model measurement equations must be added - at the expense

of a higher dimensioned filter — to the filter measurement equations.

Summary of Filter State and Ileasurement Eqpations

The state and measurement equations for the reduced order filter

model are summarized below. The development of the linearized dynamics

and measurement matrices F and 1-i for the filter is given in Appendix B .

State Equations 
.
~ LS

, ~ 
.
~~3 ~~~ 2 VrWiLSy LS t(1) wLBY — WILSY = - - 1 Wj~~~ Wj~~ + w1 ~l90

(2) 
~I,Sz ~~ 3z 

= 

a~5~ 2 Vrwt~Sz - W
~~By w~~ + w2 (191)

(3) bE w~~~y — 4ty + Ôv 4tx (192)
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(k) 6~~~ 
- 
~~~~ 

- w~~ - -6€ w~~ (193)

(
~

) R = V  - 
(194)

(6) ‘1r a
~5~ 

+ R( w~~L~y + w~~~~) + W
3 

- (195)

Heasurement Equations

(1) w~~ ~~ty + v1 
(196)

(2) 
~~ 

= w + (197)

- (3) \6~m 
= by + v

3 
(198)

(4) •6E m = bE + v4 (199)

(
~

) R m = H + (200)

-i
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VI , Results and Discussion

Introduction

A generalized i~onte Carlo Analysis Program (LCAP ) has been

developed and used in the analysis of an extended. Kalman filter (for

a users’ guide and program description, see Appendix A). The purpose

of this chapter is to present the results of this feasibility study

using ?1CAP in evaluating the six—state extend ed Kalinan filter and

subsequently to discuss and interpret these results. Prior to

presenting the results , the tracking profile used. in the ~ionte Carlo

analysis and the philosophy used to tune the filter will be presented.,

since they have direct bearing on the performance achieved in this

study .

At the initialization of the tracking profile, the aircraft

( tracker) lies on the Greenwich meridian , at a geocentric latitude

of 30° north. For the duration of the 200 second. tracking pass, the

tracker moves at a constant velocity of 135 meters/sec ( 300 iailes/hr)

eastward while maintaining a constant altitude of 9000 meters and. the

same geocentric latitude, The satellite is in a 2,0x105 meter circular,

near polar orbit. The satellite is a relatively small vehicle , with a

ballistic coefficient of 0.015 and a solar pressure coefficient equal

to that of a vehicle with a projected. surface area towards the sun of

10 meter2. Initially, the satellite lies essentially on the prime

meridian and is approaching a descending node (descending towards the

equator) , as shown in Figure 12. Pertinent tracking information for

this flight profile is summarized in Table I. The angles 0 and 0~

67
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F- : 30
0 N /

- Equator

Prime Meridian

Figure 12. Satellite/Tracker Geometry -

Tab].e I

Typical Tracking Parameters

Initial Value Final ValueParameter (t=o) (t=zoo)

Elevation Angle 56.60 74.5°
of Tracker ( -0) -

Azimuth Angle 180.0° 221.0°
of Tracker (0)

H WLSY. -9.58x10
4 
Rad/Sec —4.98x10 3 Had/Sec

2.57xl0
4 
Rad/Sec 2,47xl0 3 Had/Sec

Range (R) 2.lOxlO
6 

Meters 6.l3x105 Meters

Range Rate ( V )  —7.50xl03 n/Sec —6.98xl03 I,L/Sec

- 68
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which define the coordinate transformation from the inertial to the

line-of-sight frame (see Chapter Iv), may also be used to describe the

tracker azimuth and. elevation angles. The term —ø is the elevation
angle and 8 the azimuth angle (00 azimuth being defined as the condi-

tion in which the XLS ax is is ~parallel to the inertial x—axis).

Figures 13 and 14 present the time history of 0 and. 0.
The truth model time history of states WLSy and WLSZ [states x(l)

and x(2)]  are given in Figures 15 and 16, Note that the maximum tracker

angular velocity is reached at the end. of the tracking pass. Since

the range is decreasing, this condition is expected front the geometry

of this tracking profile. As the vehicle moves , the tracker

traverses a trajectory confined to a plane perpendicular to the satel—

lite orbital plane. Therefore , it is expected that the inertial

angular velocity about the elevation ax5s (wL~y
) would continue to

increase until the satellite approaches Its zenith with respect to the

tracker . In addition, the inertial angular velocity about the azimuth

axis (wLSZ) is expected to continually increase until the satellite

lies in the plane of the tracker path (an azimuth angle of 2700).

Thus , while the tracking profile used in this study did not represent

worst case conditions, it does present a highly nonlinear angular rate

history with which to evaluate the estimation accuracy of the Kalman

filter.

The truth model time history of states R[x(5) = range] and

V1.[x(6) — range rate] are shown in Figures 17 and 18. Note that the

range plot is nearly linear (over the time period of interest) and the
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satellite and tracker are closest at the end of the tracking pass . On

the other hand, the plot of range rate is decreasing with time and is

non—linear over the time interval.

Bri efly stated, a Kalman filter is considered to be well “tuned”

if the filter error variance fo llows the “ true” system error variance

as closely as possible without underestimating it. Typically this

will result in the lowest possible true system error variance. This

is accomplished by varying the initial filter covariance matrix L~~]~
and. the strengths of the state and measurement L~. and. H] noises in the

filter until the desired “tuning ” is achieved.. If’ the filter under—

estimates the error variance significantly, then the filter may diverge

because the filter is weighting the filter internal model too heavily

and the measurements too lightly. This is what Jazwinski has termed.

“learning the wrong state too well” (Ref 16:301—302). On the other

-j hand, if the filter error variance weights the measurements too

heavily , then the filter will track the noisy data and. not exploit

the internal model sufficiently. Divergence may also occur, in an

extended. Kalman filter, if constant noise strengths (~ and ~j) are used

(Ref 3:77) , Such divergence characteristics can be remedied to some

extent by admitting time varying (such as piecewise constant) noise

strengths in the model upon which the filter is based. However , the

scope of this study was confined. to achieving adequate tracking per—

forniance over a reasonable time interval with the use of a single set

of noise strengths. Decreased dynamic noise 3trengths would allow a

.76
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“tighter” tuning during the initial period while increased strengths

would remove (or at least postpone) the onset of’ divergence. In

eventual implementation, time-varying strengths, possibly set adaptively

since their “best” evaluation would be trajectory dependent, could

enhance filter performance (Ref 3:155).

Results of Filter ~~~~~~~~~~~~~

The initial Ilonte Carlo analysis and tuning was performed using

the (unrealistic) assumption that at time to the filter state values

were equal to the system state values (zero initial error) with vari-

ance equal to that used by Mann (Ref 5). Even though this assumption

is unrealistic it is commonly used. for initial tuning of the (extended)

Kalman filter. The initial one sigma values for ~ and. R were obtained

using the apriori estimates shown in Chapter V. Table II presents

these initial filter tuning parameters.

Figures 19 through 30 present the results of the ?-lonte Carlo

analysis obtained from ten simulation runs. In Figures 19 through 24

each plot presents the square root of the average of the filter covari—

ance (denoted by x on the plot) and the calculated sample standard

deviation of the true error (denoted by + on the plot). Figures 25

through 30 present the calculated mean error (denoted by + on the plot)

plus and minus one standard deviation. The three lines are not distinct

on some plots , because the large valued mean error prevents adequate

resolution. It should be noted. that “automatic” scaling is used to 
—

prepare each plot. The scale factors are selected in order for the

plot to fill the plot area, hence small valued. changes can be exagge-

rated.
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Table II

Initial Filter Tuning Parameters

Parameter
Flatrix Diagonal E~lement Value Units

Index Nunber

1 l.Oxl0~
11 rad/sec2

2 l.Oxl0~~~ rad/sec2

3 l.OxlO 8 rad2

4. l.0x10 8 rad2

-8 2
5 l,OxlO Km

6 l.0x10 1° (Km/sec)
2

1 l,0x10 11 rad/sec

2 l.0x10 11 rad/sec

3 3.0xlO~
’ Km/sec

B 1 5.OxlO 6 rad/sec

2 5.0x10 6 rad/sec

3 2.5x10 6 rad

4. 2.5x10 6 rad

5 20 m

Figures 19 and 20 plot the standard deviation of the error in the

estimates of WLSy arid. WLSZ [states x(1) and x(2)] . As shown in the

plots, the filter estimated error before the measurement update is

greatcr than the true error until the time is greater than 180 seconds.

At 180 seconds , the true error begins to diverge. After the measurement

update, the filter estimated error is below the true error. It should

be noted that after the initial transient (about five seconds on the

plot), the filter estimates are essentially steady state.
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The mean error of state WLSY and WLSZ is plotted in Figures 25 and.

26. Since the filter was tuned with filter initial conditions equal

to the truth model, the plot begins at zero mean Initial error. It

should be noted that the magnitude of both plots are monotonically

Increasing over the time interval and that the measurement update tends

tc degrade the filter estimates. Table III presents the minimum and

maximum values of the mean error starting from zero initial conditions.

Table III
State Mean Error (Zero Initial Conditions)

Parameter Flinimum Haximum Units• Value Value 
_________

WLSY x(1) -7.3x10 7 3,0x10 3 rad/sec

WLSZ x(2) —3.4.xlO 8 2 .9xlO 3 rad/sec

6€ x(3) —1.1x10
7 

8.4.xl0’2 rad

6w = x(4.) —3.7x10 6 5.6x10 2 rad

R x(5) 0 2.6xl0~
3 Km

• Vr x(6) 0 5.8xl0~~ Km/sec

Figures 21 and 22 plot the standard deviation of the error in the

estimates of the error states 6w and. 6€ [states x(3) and x(Li.)]. Note

that the true error standard deviation diverges in both cases. The mean

error for states 6w and. 6E i: plotted in I~ gures 27 and 28. Again note

that both plots start from zero initial error and increase.

The standard deviation plots for states 11 and Vr [states x(5) and

x(6)] are shown in Figures 23 and 24. with the corresponding riean error

plots in Figures 29 and 30. Again note that the true error standard

deviation diverges In both cases arid, the mean starts from zero initial

error and increases.
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Several Nonte Carlo simulations were performed while varying

values of ~ and B for each sImulation. No value was found that would

prevent the x(5) state (range) from diverging. Recall from the

filter equations (Chap ter v), the only x(5) state tuning parameter

is the measurement noise R5. The state equation for the x(5) state

was modified as followsi

= = Vr + (201)

where w4. is a “pseudonoise” with strength to be determined from the

filter tuning. If a fictitious noise, or “pseudonoise”, is added to

the filter state equations, then the filter better accounts for (cannot

• neglect) the incompleteness of the filter representation of the true

system (R ef 3s9—4.).. The addition of this “pseudonoise” yields another

x(5) state tuning parameter.

Twelve Nonte Carlo simulations (10 runs each) were then performed

to tune the extended. Kalman filter. The initial filter covariance

terms (
~~

) were not changed from the values shown in Table II, The

filter tuning parameters (
~ 

and B) used for each of these 12 simulations

are shown in Table IV. The entries in the table are shown in an abbre-

viated form i~’ere l,OxlO is ~rItten 1—11, also entries underlined

are values changed from the previous case.

In order to increase the standard deviation error in the filter

estimate for state x(5), the V I I pseudonoise~ (~4) 
was set to 1.0x10~

’6 and.

a tlonte Carlo simulation performed (case 1). Except for states x(5)

and x(6) the plots were the same as in the initial simulation and are

not shown . Figures 31 and 32 show the plots for the standard deviation
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- Table IV

Filter Tuning Parameters for ~ach
Monte Carlo ~imu1ation

Case — 0.. It
# 1 2 3 4 1 2 3 14. 5

Initial 1-11 1-11 3—7 --- 5—6 5-6 2 .5-6 2 .5-6 20

1 1-11 1—11 3-7 ~~~~ 5—6 5—6 2 .5—6 2 .5-6 20

2 1-11 1-11 ~~~ 1+6 5—6 5—6 2.5-6 2 .5—6 20

3 .5—11 5—11 1—2 1+6 5-6 5—6 2.5-6 2 .5—6 20

ti 5—11 5—11 1-2 1+6 5-6 5-6 1-8 1-8 20

.5 5-11 5-11 1-2 1+6 5-6 ~-6 ~~~ ~~~ 20

6 5-11 5—11 1—2 1+6 5-6 5-6 1—9 1—9 ~~~~~

7 5-1]. 5-11 1-2 ~~~ 5-6 5-6 1-9 1-9 1+5

8 5-11 5-13. 1-4 1+3 5-6 5-6 1-9 1-9 ~~~~~~

9 ,5-l1 5-11 1—4 1+3 5-6 5-6 1-9 1-9 1+4

10 5-11 5-11 1-4 1+2 5-6 .5-6 1-9 1-9 1+4

11 5—11 5—11 1—4. 1+2 5—6 5—6 1—9 1—9 ~~~

12 5—11 5—11 1—4. 1+2 5-6 5—6 1-9 1-9 ,~~~~~

for states x(5) and. x(6) , For state x(5) the filter estimate of the

standard deviation increased significantly before the iueasureraent up-

date. Also, the standard deviation of the true error has increased.

For state x(6), the true and the filter standard deviation plots both

increased.. The mean error plots for state x(5) is shown in Figure 33.

The mean error is approximately the sane as in the initial simulation,

however , the one signa bounds are wider.
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Case 2 was performed by Increasing so that the error in state

x(6) would increase. The only plot that changed noticeably was state

x(6) and is shown in Figure 34. The true error standard deviation

remained unchanged, however, the filter standard deviation increased.

Next, in order to Increase the error in states x(l) and x(2),

and were increased for case 3. As expected, the filter estimate

of the standard deviation for states x(l) and x(2) increaszxl, so that

it i~ greater than the true error standard deviation, which did riot

change t. any visually apparent degree. These plots are shown in

Figures 35 and 36. The other plots remained. the same and are not

shown.

Case 4. was performed by decreasing It3 and It4 so that the error in

state x(3) and x(4) would var~r more before and after measurement update.

The standard devIation for states x( 3) and x(4) changed significantly, 
V

with the true error standard deviation decreasing by a-factor of 1/3.
V These plots are shown in Figures 37 and 38. All of the mean error

plots changed and are shown in Figures 39 through 144 , The most signif-

icant change is noted on states x(i) through x(4) . For these states

the mean error decreased, sone by as much as four orders of magnitude.

R
3 
and R4 were decreased again for case 5 in order to reduce the

filter estimates of the standard deviation for states 3 and. 4.

AgaIn, as shown In Figures 45 and L~6 , the standard deviation for

states x(3) and x(4) changed significantly. Also all of the mean

error plots changed noticeably and are shown in Figures 47 through 52.
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Case 6 was performed by increasing R~ so that the error in state

V x(5) would ry less before and after measurement update. All

standard deviation and mean plots changed significantly and are pre- V

sented In Figures 53 through 64. Uost noticeable is the decrease in

the true error standard deviation on all plots , some by as much as two

orders of magnitude.

In order to reduce the fi lter standard deviation estimate for

st-ate x(5) Q~ was decreased for case 7. The standard deviation for

states x(5) and. x(6) changed and are presented in Figures 65 and 66.

The most noticeable change in Figure 65 is the decrease in the van —

V ations of the filter estimates of the standard deviation before and

after the measurement update. In FIgure 66 the standard deviation 
V

for the true error decreased. Figures 67 through 72 present the mean

error plots.

Case 8 was perform ed by decreasing the value of 4~ and R5 so that

the filter standard deviation estimate for state x(5) would be reduced

further, The filter estimate of the standard deviation for both

states x ( 5)  and x(6) decreased. However for both states , the true

error standard deviation Increased significantly as noted in Figures V

73 and 711. The mean error plots are presented in Figures 75 through

80.

Case 8 yielded too much reduction in the filter standard deviation

estimate for stato x(5) so H
5 
was increased by an order of magnitude

to perform case 9. The filter estimate of the standard deviation for

state x(5) increascd slightly, however, the true error standard devi-

ation decreased by a factor of 1/2 , as shown in Figure 81. For state
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x(6), the filter estimate remained the same, but the true error

decreased by a factor of 1/2 as shown in Figure 82. Figures 83 and

84 present the mean error plots for these two states. -

Case 10 was performed by decreasing Q,~ by an order of magnitude
so that the filter standard deviation estimate for state x(5) would

be reduced further, Both the filter estimate and the true error

standard deviation decreased for state x(5) and is shown in Figure

85. Again, the true error decreased for state x(6) as shown in Figure

86. Figures 87 and 88 present the mean error plots for these two

states.

Since the true standard deviation was greater than the filter

estimate, was increased by a factor of five to perform case 11.

— 
For state x(5), the filter estimate of the standard deviation increased

and the true error decreased as shown in Figure 89. Figure 90 shows

that the true error also decreased for state x(6). The mean error

plot for state x(5) is shown in Figure 91.

Case 12 was performed by decreasing R
5 
by approximately 1/2 so

that the filter estimate would be closer to the true standard deviation

at the end of the simulation time. The filter estimate of the standard 
- 

-

deviation decreased and the true error increased. The complete results

for this case are shown in Figures 92 through 103. Since this is only

a feasibility study, further tuning was not attempted,

These results demonstrate that all filter state estimates of’ th

true standard deviation error are “tunable”. As the filter standard

deviation is changed for some of the states, cross-coupling can affect
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the estimates for the other states significantly. i-lost noticeable —

in these plots is that the filter estimate of the mean error is

biased. This bias appears to grow without bound for the time period

of interest . The next chapter will present some recommendations for

c~r~pensating this bias .

Extended Simulation Runs

Additional Monte Carlo simulations were performed, using the

parameters for case 12, to obtain the results for 5, 20, and 40

simulation runs. These additional runs were performed in order to
1

show the change in calculated statistics with additional data points

(samples). For each of these simulations (case A — 5 runs, case B —

20 runs, and case C — 40 runs), the average filter estimate of the

standard deviation for each corresponding state was essentially the

same. However, there is some variation in the plots of the true error

standard deviation between the cases. ~-Iost noticeable is the true

error for state x(5). Figures 104 through 106 show the standard devi-

ation plots for state x (5) :  case A , case B , and case C. The mean

error plots change only slightly from case to case with the number of

simulation runs and are not shown.

These additional simulation runs were performed because Bucy,

Hecht , and Senne (Ref 17i 79-85) make the statement that significant

conclusions (having a statistical confidence) cannot be made on the

basis of only ten simulation runs. However , these results indicate

that if a suff icient number of simulation runs are performed to obtain

reasonable confidence in the resultant statistics, that the results
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will be similar to those presented in Figures 92 through 103 (for

V~ ten simulation runs). This result indicates that the filter can be

tuned using only a relatively small number of simulation runs . Once

the desired tuning is achieved , the number of runs can be increased to

gain confidence in the resultant statistics.

Recovery from Initial Condition Error

While it is generally accepted practice to initially tune the

(extended) Kalman filter with zero initial condition error and with

as the best apriori knowledge of the initial condition error, this

is not the conclusion of the filter performance analysis. Since, in

the real world , the starting conditions of the filter will almost

always be different from the “true” system , the filter should be

analyzed with non-zero initial error. The question then arises as to

what initial error should be used. One accepted method is to displace

the filter initial condition from the truth model by one sigma of the

apriori. standard deviation and observe the change in the mean error

plots for a Kalman filter and , for the extended Kalman filter, the

standard deviation plots as well.

One Monte Carlo simulation (10 runs) was performed with one

filter state having an initial condition error displaced by one sigma

of the apriori standard deviation. Repeating for each state variable

initially offset , the standard deviation plots were the same as

- 

- 

Figures 92 through 97. However, the mean plots did change slightly

and are discussed below.
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Figures 107 and 108 present the mean error plots for states x(1)

and ~(Li-) when the simulation was performed with x(l) havint-~ an initial

condition error. Note in Figur e 107 at time to state x(i) starts

with an initial error of —3.2xl0
6 
rad/sec and recovers to the plot of

Figure 98 within 10 SCL-onds. This initial transient is also noted in

state x(4), Figure 108, when compared to Figure 101.

The ~-tonte Carlo simulation was subsequently perfomed. with an

x(2) initial condition error- and the mean error plots for states

x(2) and x(3) are presented in Figures 109 and 110. In this case,

state x(2) and x(4) have an initial transient when conpared to

Figures 99 and 100.

Figures 111 and 112 present the mean error plots for states x(3)

and x(2) when the simulation was performed with x(3) having an initial

V condition error. In this case, x(3) has an initial transient and

L recovers to Figure 100 within 10 seconds. This initial transient is

V also noted in state x(2) ;  Figure 111 when compared with Figure 99,

however, the transient lasts 15 seconds.

For the case with x(4) initial condition error, similar results

were observ&, with state x(k) having the transient and the transient

also being observed in state x(l), When the ilonte Carlo simulation

was performed with states x(5) and x(6) having an initial condition

error , no change was noted in the mean error plots , These results are

not presented.

In summary, if states x(l) or x(2) have an initial condition error,

then this will result in an initial transient in states x(3) and x(4)
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or x(2) and x(3) respectively. This transient recovered to the case

V -

I 

of zero initial condition error within 10 seconds. This result is

also noted if the initial condition is reversed; x(3) or-x(4) with

initial condition error and the transient in states x(2) or x(l). The

transient for this second set of cases lasted 15 seconds.

Random Initial Condition Error

In order to simulate a condition where the filter initial condi-

tiOns differ from the true system values, the filter values assumed

initial values which were changed from the true value by an additive

white, Gaussian noise having strength equal to the initial covariance.

This was accomplished by calling subroutine l~OISE (see Appendix A)

in the first section o subroutine XFDOT. The value for the variable

RIIS was the square root of the initial covariance diagonal element.

The result of NOISE, XNOISE, was added to the initial filter state

t - 
value yielding a random initial condition for the initial filter

states with every simulation run . While varying the truth model

states would be more realistic, the initial condition value would be

more difficult to obtain because of the interrelationship in the sys— 
V

teia states. (A variation in satellite position affects w~~y, WJJ~~~,

R , and Vr)• Varying all the filter initial condition values roughly

corresponds to the truth model starting from a different initial coridi—

tion for each run.

The results of this i—ionte Carlo simulation (io runs) is shown in

Figures 113 through 124. The average filter estimate of the standard

deviation is the same as case 12 (Figures 92 through 97) , however , the
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true error standard deviation has changed for all states as expected.

Note that in all cases the standard deviation for the filter estimate

is greater than the true error so the filter is riot divergent. The

mean error plots have also changed when compared with Figures 98

through 103. The most noticeable result in states x( 1) through x(4)

is an initial standard deviation transient lasting approximately 15 —

seconds.

These results compare with the previous section, where now instead

of only one filter state having an initial condition error , all states

have an initial error. The transient noted is different (a standard

deviation, no ’ ~. mean), however, the transient duration is approximately

the same (15 seconds).

Comparison with Previous Results

As noted in the users’ guide for 1- CAP (see Appendix A) one of

the stringent assumptions made for the GCAP covariance analysis is

that total impulsive control is applied to all states. The problem

investigated in this study (and presumably in the study of 1~ann and

Mitchell) applied impulsive feedback to only two of the six filter

states. Since the covariance analysis used in the previous studies

(cc~~) assumed feed back of all error states to the system and. several

Fortran coding errors were detected , no direct comparison can be made

with the previous studies. Consequently , the results of this study

invalidate the results of their previous work . However , it should be

noted that most of the corrected computer subroutines developed by

~1ann were easily adaptable to the requirements of the generalized

Monte Carlo Analysis Program (I-ICAP).

195 -

L. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ =•~~~~~ •~~~~~ ~~~~~
• • -.

~~ .~~~ •_____ ~~~~~~~ ---. ~~~
-
~~~~~—-~~~~



— -.---— r —,—--.V-.--.r --—,
~~- —.-—~~

. - ~~—-~~~ ~~~~~~~~~~~~~~~~~~~~~~~ -. 9

Additional Comments

The tuning of a (linear or extended) Kalman filter is a time

consuming, sometimes tedious and frustrating experience. In particu-

lar, if the initial tuning parameters are not “close” to a (proper

but unknown) range of values, then the computations made in the finite

wordlength computer may exceed the machine limits (“blow up”).

If this occurs then the analyst must modify the simulation (through

insight and experience) in order to determine an acceptable starting

set of values. In investigating this problem three program modifica-

tions were used to start the simulation:

1. The filter and system state equations were decoupled (no

feedback), the first measurement update time set to the end

of the problem, and the filter covariance propagation equa-

tions bypassed. These modifications allowed the true error

standard deviation transients to reach steady state. Filter

values were then modified considering these values.

2. In this problem formulation, no measurement is available to

the filter for the range rate state [yr = x(6)j. When the

filt-’r performed the measurement update , the Kalman filter

gain matrix K would cause the filter estimate of range rate

to be grossly in error. This error quickly rippled through

the filter state equations, and the simulation exceeded the

machine numeric capabilities. The program modification was

to set the filter estimates of range rate equal to the true

value after the update. After several simulations, the

appropriate tuning parameters were determined which gave
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better estimates of the range rate and so the modification

was no longer needed.

3. The idea of a transformation of state variables is used in

this program modification. Since this problem did not use

error states for the filter or system equations, calcula-

tions are performed using large and small state values,

causing severe numerical problems on a finite word.length

computer. If the large state values are scaled down, then

this problem is eliminated. To better understand this idea,

the development is presented in the next paragraph.

The idea of rescaling the problem is best understood by considering

the linear filter state and. measurement equations:

(202)

H z = H x + v  (203)

Now, it is desired to rescale some of the states (the large valued

states) to have values closer to the other states, If the rescaled

state vector is denoted by x’, then the following relationships are

found :

x ’ = T x  (2oL~.)

F’ T F T 1 (205)

c’ = T G  (206)

~j ’  = H r ~~ (207)

~
, T P T T (208)

where T is the diagonal transformation (rescaling) matrix that con-

tains the scale factors along the diagonal. In the case of’ non-linear
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state and measurement equations, then the relationships are best

-. ) found by writing out the matrix equations to determine the relation-

ships.

The problem investigated in this study used this idea of matrix

transformation to rescale the filter range and range rate states

[x(5) and x(6)J and the satellite position, satellite velocity, range

and range rate states [x(i) through x(6), x(ll), and x(12)J in the

truth model.
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VII . Conclusions and Recommendations

Cor.~lusions

A generalized Monte Carlo Analysis Program (MOAP) which evalu-

ates the performance of either the linear or extended Kalman filter

has been developed. [-ICAP is similar in structure to a widely used

General Covariance Analysis Program (GCAP) [Ref 2], and so users should

have little difficulty performing a Monte Carlo analysis after the

(linearized) Kalman filter has been analyzed by a covariance analysis.

Also, with NCAP , the user can now analyze an extended Kalman filter

properly because the state values are available in the Monte Carlo

analysis. As noted in Chapter VI, MCAP can be used to evaluate the

(extended) Kalman filter under a variety of conditions, for example,

results of performance: to zero initial condition error, to single!

multiple state initial condition error , or to random initial condition

- . 
error. Thus, 1-ICAP is a versatile and useful computer program for

the design and analysis of the (extended) Kairnan filter.

The feasibility of using a six state extended Kalman filter for

estimating the states of the tracking system (wLsy , WLSZ, ÔE , 6w , R ,

and Vr) has Deen demonstrated. As noted in Figures 19 through 103,

when the tuning parameters are varied , the filter performance changes

accordingly, and so the filter can be tuned for Qptimum performance.

In general one can postpone the onset of divergence with constant ~

parameters , however better performance can be achieved with nonstation—

ary noise or using an adaptive filter. It is also noted that the

filter produces biased estimates. These biased estimates are very
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characteristic of extended Kalman filters, and is due to the

neglected higher order effects inherent in using linear perturbation

techniques. The more pronounced the nonlinearities are in a given

application, the more serious one can expect performance to be

degraded by this effect. In order to compensate for these bias errors,

bias correction terms can be added to the filter model (Ref 3:9-44).

As noted in Chapter III , a filter often is considered to be

tuned when the filter estimated standard deviation deviations are

approximately equal to the computed standard deviations or when the

true error standard deviations are smallest in sonic sense. This

“covariance matching” technique may not always yield the best perform-

ance for a given set of conditions. This is observed for the case of

zero initial condition error by comparing case 7 (Figures 67 through

72) and case 12 (Figures 98 through 103) mean error plots~ Even

though case 12 is “more appropriately” tuned. (compare states 5 and 6)

better performance is indicated in case 7 by the mean error plots.

Consequently , the filter should be tuned by considering the problem

conditions (how accurately the initial conditions are known, typical

versus worst case tracking profiles, etc.) and obtaining the best

performance in both the standard deviation plots and the mean error

plots.

Recommendations

Even though tICAP, as written, is a general Monte Carlo analysis

program, further improvements can be added. These improvements will

be discovered after several different estimation problems are
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analyzed using IICAP . Two additions currently come to mind, The

first addition concern s the white Gaussian noise generator presently

implemented in subroutine NOISE~. This noise generator executes

rapidly and provides random numbers which are approximately white

and Gaussian. If a better but slower executing noise generator

is desired. the implementation shown in Ref 17 can be substituted. for

NOICE. In addition to provid±ng better white Gaussian numbers, the

implementation shown in Ref 17 features computer to computer

(different types of computers) repeatibility.

since, in general, the user may want to specify the filter method

of integration, the second improvement would be to modify i~1CAP to

add. this capability. Several filter integration methods could be

programmed and the user would select the desired method with a probleru

dependent control parameter ($USRCTL).

Further work can also be recommended for the filter analyzed in

this study. The performance variation of the filter should be

studied. for many different tracking profiles. The filter can then be

tuned (both standard deviation and mean) considering these several

trajectories. This additional information will give insight into

the nature of’ the bias correction terms needed to improve filter

performance. These bias correction terms should then be added to

the filter model. If these correction terms still do not improve

performance adequately , then either: 1) a time varying ~ and ~ as

some unknown function of the angular rates and/or range data could

be determined after studying several representative trajectories,
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or 2) an adaptive ~ technique could be used based upon the real time

evaluation of the innovations (residuals) sequence(s).

Several simplifying assumptions were made in order to limit the

scope of this study. Additional analysis can be performed by

relaxing these assumptions. In particular; The resolver measure-

ments of e and 0 were considered to be perfect. These parameters

should be modeled stochastically and included in a future filter

analysis to determine the performance sensitivity of the filter to

these variables. Also, the performance sensitivity of the filter

to accelerometer noise corruptions should be studied.
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USERS’ GUIDE FOR:

A GENERALIZED MONTE CARLO ANALYSIS PROGRAM FOR KALNAN FILTER DESIGN

Section I

Introduction

Overview

A larg e class of estimation problems is concerned wi th finding an

optimal estimate of some quantity (an unknown parameter, a random

variable , or a random signal) given noise-corrupted measurements of

a function of this quantity ( corrupted by noise). In particular, there

are many problems with aerospace applications, such as navigation,

guidance , and. weapon delivery systems, which require that noise—

corrupted. measurements be used. to estimate certain physical parameters

precisely. For instance, the techniques used to combine these external

• measurements with Inertial Navigation System (INS) outputs fall into

two general categories : conventional continuous—feedback damping and

Kabian filter damping (Ref 1:1). The trend in recent years has been

toward extensive use of Kalman filter tec~in1ques.

In complex aerospace systems, the number of parameters needed to

describe the system (the true system model) accurately may be extremely

large. The real time implementation of this true system model within

the “optimal” Kalman filter is often not practical because of the

large number of parameters, memory requirements, and resultant compu-

tational burden imposed on the airborne computer. In order to obtain a

Kalman f ilter which is computationally f easiFle, intentional modeling
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approximations are introduced by deleting nondominant states and

terms from the system model. Thus a “suboptimal” Kalman filter based

on this reduced order model will give poorer perfcrnance , from a

statistical standpoint, than the optimal filter. Cc~~uter sir.zula-

tion techniques are used. to develop the required compensation (filter

tuning) and to study the effects of uncertainties (an error analysis)

in the true system model. Two types of simulation techniques are

commonly used: the covariance analysis and the ~onte Carlo analysis.

A covariance analysis generates the second order statistics of

the error between suboptimal Kalman filter state estimates and the

corresponding parameters from the true system model. A General

Covariance Analysis Program (GCAP) has been developed by the Ur.ite3.

States Air Force Avionics Laboratory and ~s coming into widespread

use (Ref 2). The covariance analysis is somewhat limited because

stringent assumptions (see Appendix A) are necessary for the analysis

• results to be a valid depiction of the error characteristics.

The Monte Carlo analysis, on the other hand, actually conducts a

sample-by-sample simulation using random number generators and.

shaping filte”s to generate the random error sources. The noisy system

measurements are then processed. by the suboptimal ( extended) Kalman

filter algorithm to generate the filter estimates. If many of these

simulations are conducted, then the statistics of the error between

the filter estimate and the truth model can be computed. Because of

the larger number of simulations necessary to determine the performance

of one set of Kalman filter parameters, a ilonte Carlo analysis can

require the expense of large amounts of computer resources.
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Consequently when a covariance analysis can be performed, the Monte

Carlo analysis is viewed as a step to be performed after a covariance

analysis. The ~Ionte Carlo analysis is thus used to fine tune the

Ka].man ...lter and validate the filter performance after the covariance

analysis has been performed .

Since a Monte Carlo analysis of promising filter designs should

be performed after the covariance analysis, there is a definite need

for a general Eonte Carlo Analysis Program ( 1-:CAP). This program

should be similar in structure to GCAP so that users can, easily

transition from a covariance analysis to a Monte Carlo analysis of the

Ka].man filter under study. It is also desirable that the problem

dependent computer subroutines be applicable to both GCAP and i-~CAP.

This report presents a description and users guide for the general-

ized !‘onte Carlo Analysis Program (rECAP). Section II presents the

Kalman filter and. extended Kalinan filter equations used in the ilonte

Carlo analysis of the suboptimal Kaiman filter. Section III briefly

describes the 1-lonte Carlo analysis simulation method and how the error

statistics are computed. Section IV describes the general Monte Carlo

Analysis Program (MCAP ) structure and provides a brief description of

the constituent subroutines. The documentation presented is sufficient

to allow the reader to use MCAP for the analysis, evaluation, and

design of suboptimal Kairnan filters. This report is concluded with a

sample problem using UCAP , presented in Section V .
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Section II
Extended Kalman Filter Eq uations

Introduction

This section presents the propagation and update equations for

both linear and extended Kalman filters. A Kalman filter is, concisely

stated, an optimal recursive data processing algorithm for the deter—

inination of the states or parameters of a system using noise corrupted

measurements (Ref 6:16). If a physical system of interest can be

modeled by a set of ordinary linear differential equations and linear

measurements with system and measurement noises which are white and

Gaussian, then the Kalnian filter will provide the best estimate of

the systern states. However, in many cases of practical interest s

physical systems must be represented by a nonlinear set of differential

equations and/or nonlinear measurement equations. For such problems,

it is often convenient to linearize the system equations about some

assumed set of nominal conditions and. use developed algorithms (such

as the extended Ka].man filter which uses reevaluation of the nominal

at each measurement time) for estimation about these nominal conditions

(Ref 7:57 ) .

Considering the approximations necessary and the fact that there

is no “best” suboptima]. filter, the extended Kalman filter gain and,

covariance propagation equations have the same form as the Kalman

filter equations , but are linearized about the current state estimates.

The linearization is a first term approximation to a Taylor series

expansion ±0 the state estimate. Higher order and. more exact- approxi-

mations can be achieved by using more terms of the Taylor series

expansion for the nonlineari ties and. by deriving approximate recursive
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relations for the higher moments of the state vector x (Ref 8:184),

yielding higher order nonlinear filters. As might be expected, if

the system nonlinearities are significant, then neglecting the higher

order terms will result in biased estimates. However ,, when compared

to the extended Kalman filter, the higher order filters are both more

complex and. more costly in terms of computer implementation. For this

reason, the extended Kalinan filter is often considered first in non-

linear estimation problems. -

Notation

This study has adopted the notation presented. by Wrigley , Hollister ,

and Denhard (Ref 9:20-23) . A vector (represented by a letter with an

underbar, ~) is considered to be a geometric entity in real, three

dimensional space. The vector represents some physical quantity which

H has both magnitude and direction. When the physical quantity is

• measured with respect to a coordinate frame, the vector is said to be

H coordinatized in that frame. The three numbers associated. with the

mathematical vector are the components of the physical vector relative

to the specified coordinate frame. As an example, if x is coordinatized,

in the “i” frame, the vector would be denoted by ~~ a three-tuple of

numbers. Another vector of interest is the physical angular—velocity

vector, generally denoted b y a  ~~. The angular velocity vector will

have two subscripts, as an example i~~b. The subscripts indicate that

the angular velocity , w, is cf frame b with respect to frame n ,

coordinatized in the I frame. -
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A 3x3 direction cosine matrix is used in this study to transform

the components of a vector in one frame to those in another. The

direction cosine matrix is represented by a capital C and an underbar.

Associated with the letter ~ will be a subscript for the frame from

which the transformation is made, and a superscript for the new coordi-

nate frame. As an example, -~~~~~~ would transform the vector x from the

b frame to the n frame, as = ~~ ~
b.

Where It Is necessary to address individual components of a vector

coordinatized in a specific frame, the vector will be specified and

subscripts used to indicate individual components . For example :

(1)

where T denotes the transpose operator .

Definitions

Listed below are some of the definitions used in this chapter:

x(t1) = system state at time tj  (n—vector) 
-

filter estimate prior to incorporating a measurement at
- 

time t~ (n-vector) -

~(4) = filter estimate after incorporating a measurement at time

t~ (n—vector)

z(t1) = in vector of measurements at time t1

system dynamics white Gaussian noise s-vector, independent

of ~(t0), where ~~w(t)] = 0, and ~Lw(t)w(T)TJ =

[w(t) is assumed to be zero mean , Gaussian , and white

(uncorrela-ted in time)] with ~(t) an sxs positive semi—
216 -

•

- _%c_==___ 
~~~~~~~~~~~~~~~~~ 

- - - ~~~~~• _ _ _ _ _  _ _ _ _ _ _ _ _ _-- -



- - - ~~~~~~~~~~~~~~~~~~~ --- - -r- --—-— ,~~~~~~~~~~~~~~~~~~~~~- , -~~~-— -
~
- - r —~~~-, - r - — ~~~~~~-—~

definite symmetric matrix that is, In general, piecewise

continuous in t.

v(t1) zero mean, white Gaussian, measurement noise sequence

independent of ~(-t) and ~(t0) for all timn (rn-vector).

The statistics of v(tj) are E[v(t1)J = 0, and

~[v(t1)v(t~
)] = R(t1) t1 t~

Q 

- otherwise

= state trans5,tion matrix from time t~_1 to time t~
(zixn matrix) -

filter computer covarlance matrix of state x(tj), also of

the error in the estimate of ~ (t1) ,  prior to incorporating

a measurement at time tj  ( nxn symmetric matrix)

filter computer covariance matrix of state x(t1), also of

the error in the estimate of ~(t1), after incorporating a

measurement at time tj  (nxn symmetric matrix)

• ~(t) system dynamics matrix (nxn) or the matrix of partial

derivatives of fLx( t ) ,t] with respect to x for the extended.

KaL’nan filter

s:rstern input matrix (nxs)

system observation matrix at time t1 (mxn) or the matrix

of partial derivatives of ltx(t),t] with respect to x

for the extended Kalman filter

positive definite measurement noise covariance matrix ( mxm )

jç~(tj ) Kalman gain matrix (nxm) defined at time tj 
-
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Linear Kalman Filter Formulation

The linear Kalman filter formulation presented In this section is

for a contiruous time system model with discrete time measurement

updates. Assume that the system modeling has been completed and that

the state vector x(t)  satisfies the vector stochastic differential

equation: -

c(t ) = F(t) x( t) + G(t) w( t) (2)

The state equation is propagated forward in time from the initial

condition ~(t0). Since the exact initial condition may not be known,

it is modeled as being a Gaussian random variable with mean and

covariance 
~~~

= (
~
)

E[-C~(t 0) - ~~)~x(t0) - = • (4)

The Initial covarlance matrix ~~ may be positive semidefinite,

admitting exact knowledge of the initial conditions of some of the

states or linear combinations thereof. It can be shown (Ref 10:157—

163) that, under the assumption that x(t0) is either deterministic

or a Gaussian random variable, the solution x(t) to linear stochastic

differential equations such as Equation (2) is a Gauss—Narkov process ,

i.e. the conditional density of ~ at time tj based upon all realiza-

tions of x through time tj_1 is both Gaussian and completely determined

by the process value at tj...1. Because the conditional density is

Gaussian, it is completely specified by its mean and covartance

(Ref 7:92).
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Measurements are available at dL~crete time points and are

assumed to be of the form of a linear combination of the states and

corrupted by a white Ga.uszian sequence (Ref 3:2): 
•

z(tj ) H(t1) x(t j ) + v(t1) (5)

The state estimate propagates between measurements ( from time

to time t )  according to:

~(t1) =~~(t1,t~_1) ~(4_~
) (6)

and the covariance propagates according to:

p(-t
1) 

— ~(t~,t~_1) P(tt.1) ~(t1,t1_1)
T

ti
+ ~(t~~r) ~.(T) ~(T) T ~ (t j ,~r)T dT (

~
)

ti_i

At measurement time t~, the estimate is updated according to

(Ref 10:233):

= ~ (tj ~) + ~(t1) [~ 
- ~(t~) ~(ç)J (8)

~~~(4) 
= ~(ç) — ic.(tj) ~(t1) ~.(ç) (9)

where

— ~(ç) l f (t ~)T Uj ( ti) ~(t~) ~j(t1)
T 
+ B.(t 1

)]
~~~~ (10)

where [ ]
~~ 

indicates the inverse of the bracketted matrix and )~j

the reali zed value of the measurement z(t 1) at time t1.

Under the assumption that the adequate system model is linear,

and. that the dynamic driving .and. measurement noises are Gaussian and.

white, the Ka].man filter provides the optimal estimate ~(tt ) of the

state of the system (Ref l0:66,21L1), relative to many optimality

~ +criteria with these assumptions ~(t1) is the mean, mode , and median

of the conditional density of ~(t~), 
conditioned on the entire measure-

ment history through time t~. ThEe covariance of the error committed

— — - •a~_n~ — .tn r~~
---

~~r r ~zznrr 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

-
~3~~~~~ t~



- - - 
~~~~~~~~~~~~

— -•  -

by using ~(tt) as the estimate of the state at time t~ is denotea by
It should be noted that for a linear estimation problem, the

covariance propagation [E quations (7,9)], while depending on the

sequence of H(t i) and R( t1), is independent of the time history of

measurements I X r 129 . . .) .  This will no longer be the case in the

extended. Kalman filter formulation.

The assumption that the system can be modeled as being driven by

white Gaussian noise is often well founded on two accounts . First,

It has been found from practical experience that the Gaussian d.istri—

button provides a reasonable approximation to observed random behavior

in certain physical systems (Ref 7:92) . Secondly , the central limit

theorem (Ref 7:96) states that if the random phenomenon that we observe

at the macroscopic level, is due to the superposition of a large number

of Independent random variables on the microscopic level, then the

macroscopic phenomenon can be adequately modeled as a Gaussian random

variable (Ref l0~L~0).

Extended Kalman Filter Formulation (Ref 3:179-189)

The extended Kalman filter formulation is commonly used in esti-

mation problems in which the adequate state and/or measurement equations

are nonlinear rather than linear. Consider , as before , a system that

is continuous in time with measurements at discrete sampling times.

Assume that the system state satisfies the following nonlinear vector

stochastic differential equations

~(t) f[~(t), t] + G(t) w(t) (U)
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where ~j~~,t] is a nonlinear function of the states and. time [in

general f’ could also be a function of deterministic con trol Inputs

u(t)], and where the vector ~(t) of zero mean white Gaussian driving

noises and covariance ~(t) enters in a linear additive manner. The

initial condition of x( t0) is modeled as a Gaussian random variable

with mean and covariance ~~~~. Noise corrupted vector measurements

of a nonlinear function of the states and time are available at

discrete times t1 as:

!(t j) ~[x( tj ), t~] + v(ti) - (12)

where X(tj ) is a zero mean white Gaussian sequence with covariance

kernel (-Ref 3:180).

- ECv(tj) v(t~)J = R(t~) for i = ( ‘3)

2 otherwise

It is assumed that the processes ~ and ~ 
are independent of each other.

The filter pro;agation equations are:

• ~
( t/t1) = 

~~ t/t1
), t] ( iLl)

~
(-ti/t~

) = 

~(4)  (15)

where the notation a( t/t1) means the optimal estimate of the state,

x , at time ,, t, ~1ven the updated. estimates up to and including time

t~. In addition, (the covariance is propagated approximately by):

P(t/t1) = 
~~

t;
~
(t/ti)] P(t/t1) + P(t/t~) ~~t;~(t/tj)]

T

+ c(t) ~(t) G(t)T (i6)

P(t~/t1) = ~(t~) (17)

where F is the matrix of partial derivatives of I with respect to x,

evaluattd a1on~ the trajectory [which is propagated by means of Equation

(14)]-s
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ô~~x,t]

~~t ;~,(t/tj)] (18)
— = ~ ( t/t~)

The measurement update is given by:

~(t~) ~i[ti;~.(t~)]
T t1;~(t~)] ~(t~) ~~~tj;~~(t~ )]

- + ~(t1)F
1 (19)

= ~(t1) + K(t~)~I1 
- hj..~ (t ~), t1]) (20)

= P(t~) - K(t1) j j [ t ;~ (t )]P(t~) (21)

where

= ~(t1/t1_1) (za)

— ~(t1/t1_1) 
- 

(23)

• 
~~t~~(t )] = —

~; - 
(24)

• 
— x=x( t1)

The notation t~ implies the value of the quantity at the instant prior

to the update at time t~, and t~ Is the value of the quz.ntity just after

the update. The notation used thus far, except as noted. for the F

matrix, is developed and used in (Ref 3).

Unlike the conventional Kalman filter, the extended. Kairnan filter

gain and estimation error covariance matrices depend on the time history

of ~(t/tj). Since a covariance analysis could only use an ~nominai
(t) —

as an approximation to ~(t/t1) as actually used by the filter in its

online operation (the linearized Kalman filter), the extended. Kalman

filter performance should be verified by a Monte Carlo simulation.

In general, this form of analysts is both more time consuming and more

costly in terms of computer usage than is a covariance analysis.
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Section III

Monte Carlo Simulation ~r~d Analysis of a ~ub-O~timal Kalman Filter

Introduction 
-

As mentioned in 3ection I , a Ilonte Carlo analysis is a computer

simulation technique that can be used to develop the required (extended)

Kalman filter tuning, portray filter performance capabilities , and.

study the effects of parameter variations in the true system model.

The Monte Carlo simulatIon uses random number generators and shaping

filters which generate random errors to noise corrupt both system

state dynamics and. measurements. The noisy system measurements are

then processed by the suboptimal (extended.) Kalnian filter to generate

the filter estimates. If many of these simulations are conducted,

then one can compute the statistics of the error between the filter

estimate and the truth model for quantities of interest.

• 

Performance Analysis

Figure 1 depicts schematically a means of conducting the perform-

ance analysis of a given (extended) Kalman filter design. The truth

model by def’,ition is the best, most complete mathematical model that

can be developed to describe the system under study. Such a truth model

is the product of extensive study and data analysis of the system.

As noted in the figure, the truth model is an nt-state model, linear

or nonlinear, driven by noise wt(t) (assumed white and. Gaussian), that

generates the true state values 
~t
(t). It is assumed that the true

values for the critical quantities of interest are related to the true

state values by the vector function 
~~~~~ 

(a p vector — generally less
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than

= 

~ L~
(
~)•~1 (2$)

Often , £tLxt(t) ,t] is a lin ’ar function of as

= c(t)x(t)  (26)

In fact , in many instances, the quantities of interest are simply a

subset of the truth model states; letting the components of ~(t) be

ordered so that the first p states are the quantities of interest,

this yields the particular forms

;(t) 
= [I .9.] ~~

(t) 
- 

- (27)

Thus we have access to the “real world.” values for comparison with the

filter estimates.

At discrete times (t1) the rn—dimensional measurements:

= bL~t(t j ). tj ] + !t(t1) (28)

are presented. to the Kalman filter. The Kalman filter algorithm

processes the measurements and. produces the state estimates ,~(t).

These state estimates are related to the estimates of critical quanti—

— ties of interest by the vector function c (a p vector):

j( t) £[~(t),t] (29)

Thus the tru~ error committed by the Kalman filter (et) at tIme

before and after measurement incorporation, is:

= !(ç) — ~t(t1) (30)

!t(tt) 
= 

~(tt) 
- 

~t(tj ) (31)

If a feedback control system with impulsive correction is assumed ,

then a third error is of interest as well:

~t
(tT°) = 1(

C ) - 

~~(t1
0
) (32)

where the superscript c denotes after the control is applied.
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• The objective o±~ the performance analysis is to characterize the

error process statistically. This Is accomplished in the i~onte Carlo

simulation by generating many samples of the error process and then

• computing the sample statistics directly. If enough samples are gene—

rated, then the sample statistics should approximate the process

statistics very well (Ref 3:6—71). The sample statistics computed

at each point in time are the calculated mean error (~ ), calculated.

standard deviation of the error (h), and the ensemble average of the

filter covariance diagonal terms ~~~~~ The calculations are made

over the ensemble of runs (N) for each time point (ti):

~(t~) = E [~1(t.) 
- ~~1

(t~)] - (33)
H i_i

~e
(t) = [~~~[~1(t~) — 

~t1
(t
~
)]2 — N ;2(t )}/N ]~]

l/2 (34)

= 

~~~ 
~~kki

(
~j
) 

- 

(35)

These equations can be found. in any good statistics text (see for

example Ref 1l 26,40). It is important to note the use of l/(N-i)

in the expression for the standard deviation ,, 
~~ 

instead of i/N ;

this re~~lts in an unbiased. estimator of variance before the [ ]
V2

is taken and is customarily used. for sampled data (for small or

moderate N).

One useful output of the Nonte Carlo analysis is a plot of the

filter estimate of the standard deviation, ~4~~~~(t.), along with the

corresponding computed standard deviation, !e(tj) for all t,~ or

interest. The Kalman filter is tuned. by minimizing the computed error

standard deviations. As a rule of thumb, good. tuning is achieved.
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when the filter estimated standard deviations are approximately equal

to the computed standard deviations. If the problem under investiga—

tion is sensitive to small changes in the filter tuning parameters

and time histories of ~(t) and. ~(t)] then the investigator

must:

1, Conduct the Monte Qarlo simulation —

2, Examine the standard deviation plots

3. DetermIne tuning parameter(s) to be changed

LI. Repeat 1 through 3 until adequate tuning is achieved

Thus it can be readily visualized that precise tuning of the Kalman

filter by Monte Carlo techniques is very costly in terms of effort and

time.

A second useful output of the Monte Carlo analysis is a plot of

the mean error versus time. ThIs plot is usually obtained with one

standard deviation bounds plotted above and. below the mean error.

• This plot Is useful to determine if the suboptimal Kalman filter

provides the desired. accuracy. If the filter starts from initial

conditions other than the truth model initial conditions, then the

filter performance to non-zero initial error can be observed.. Bias

errors, a problem of significance to many extended Kalman filter

designs, also become readily apparent from the plots of this form.

Dii~ital Simulation of the Truth Model and Filter Model

In order to simulate the system on a digital computer, the problem

must be divided into segments which, when processed sequentially over

a given time period , will provide a realistic portrayal of filter use
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in actual on—line implementation. A convenient time period is the

sample period between times at which measurements become available.

Then the entire procedure is iterated over some desired time interval

of interest. The segments are:

1. Time propagation of system state equations

2. Time propagation of. filter state equations

3. Time propagation of filter covariance equations

LI. Update of filter covariance matrix -

5. Generation of measurements for the filter

6. Update of filter states

7, Application of impulsive feedback to “update” system states

8. Reset the filter states after the feedback

The first segment is simulated by integrating the nt—dimensional

system (truth model) stochastic differential equation: -

~~(t) = 
~~[~~

(t),t] + a~(t)~~(t) - (~6)

from time t~ to time of the next measurement time t1~1. The integra-

tion is typically performed by either Euler or Runga-Kutta numerical

integration methods with a specified integration step size. Integrating

the deterministic part of the differential equation is readi ly apparent ? :-

however, the additive white Gaussian noise 
~~ 

is not. The following

derivation shows how the solution to the stochastic differential

equation can be approximated .

To provide insight into the approximate solution form , consider

first a linear stochastic differential equation of the form:

~(t) ~(t) ~(t) + G(-t) w(-t) ( 37)
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where w(t) is a zero mean white Gaussian noise with S[~(t)w(t+t)
T
] =

a(t)6(t). An equivalent discrete time system equation would. be:
ti+l

= 
~
(ti+1,t1) x(t1) + ~(t1+1,t1) ~.(r)i~(T) dit~ - (35)

= ~(t~~1.t~) x(t1) + ~~~t1) (39)
where 

~~
(. ,.) satisfies both of the following relationships:

~~ ~(t,t1) = ~(t) c~(t,tj ) for t in the interval

(t11 t1~1) (40)

~
(ti,t1) I (La)

For this discrete time system , ~~~t1) 
-is a zero mean white Gaussian

discrete—time noise with strength:
- 

T tj.41 
-

Ef~~(t.)~~(t1) ] = 
~(t~+11i) ~(T) ~(i) G(~

y)T

(42)
~(t1+1,i) di

(43)

= 0 for t~ ~ tj (144)

• 
Now if the integration step size is small relative to system character—

isti c response tine and constant (At see in duration) then the following

approximations can be made:

- ~(t1 1,t~) ~~i + F(t1) At (45)

ti.I.].
~~~~~~~~~~~~~~~~~~ ~(t1) G(t1)

T]At (46)
ti

where all terms of order At
2 

or higher have been neglected. Thus one

approximate simulation of the continuous time system would. be:

= + F(t1) At] x(t1) + .~d
(tj) (47)

x(t1) + F(t~) x(t1) At + yd(tj) (48) 
—
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where ~~(t1) is described by:

= [~(t1) ~(t1) G(t1)
T
] At (49)

Thus the differential equation-is integrated using Equation (146)

and. noise generators utilized for the ~d
(ti) term. Higher order inte-

gration techniques can be applied to the nonhomogeneous portion of the

differential equation, with the same ~~(t1) as above used as~ the forcing

terms. It should be noted. that this technique is directly extendable

to nonlinear equations of the form :

= ~[~(t),t] + a(t) ~(t) - (so)

Segment two is performed by calculating the filter -equation (6).

The filter covariance propagation Equation (7) is calculated. to

accomplish segment three. Segment four is performed by solving

Equations (10 and 9). Segment five uses Equation (~~~~) to generate the

rn-dimensional measurements. Noise generators are utilized to provide

the Vt(tj) term. The filter update E quation (8) is calculated to

- perform segment six.

A Kalman filter will often be implemented in an indirect feedback

configuratIon , in which filter error state estimates are fed. back to

the actual system to corrcct the actual er. -cr. If the ~ystcm correc-

tion can be performed rapidly enough compared to the filter update

period , then the feedback can be simulated as an impulsive change. -

After application of the correction, assuming linear feedback, the

truth model state process becomes (Ref 3:6-76):

~t(ti
c
) = 

~~
(t
~) 

- 

~t
(ti) ~c(t~) (51)
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The filter should be “told” that this feedback to the system has

occurred, so its state estimate is modified as:

= 
~ (4) - ~(t1) ~(t~) - (52)

= - ~.(t~)] ~(4) (53)

Note that if the filter is estimating error states then the D(t1)

matrix will typically be an identity matrix. Segments seven and

eight are performed. by calculating the results of Equations (51)

and (52).

Each of these segments are performed sequentially at the measure-

ment update time and the simulation time , system state, filter state,

and filter covariance values saved on a data tape. This process con-

tinues until the simulation final time is reached , thus completing

one run of a ~-1onte Carlo simulation, After many runs of the flonte

Carlo simulation have been performed , then the data tape can be read,

the sample statistics calculated usIng Equations ( 33—35) and. computer

plots created,
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S~X TI0N IV

D~SCRIPTI0N OF THE GE1-L~RALIZ~ D MONTc CARLO ARALY SIS p~oc~~ii (iicAp )

Introduction

The general I~onte Carlo Analysis Program (IcAP) is a modular

program designed to perform a 1~onte Carlo performance analysis of a

given (extended) Kalman filter design. The program Is composed of

the main program, 45 problem independent (constant) subroutines, and

a m inimum of 8 user defined problem dependent (variable) subroutines.

The main program acts as an executive to sequence the simulation

through the performance analysis. The NCAP subroutines can be divided

into three major categories: 1) data input subroutines, 2) data output

-
~ subroutines, and 3) “workhorse” subroutines. The data input subroutines

read in the problem dependent parameters and control parameters for

HCAP execution. The output from ~CAP consists of data printed or: the

computer line printer and a data file (Tape 3) containing the sample

realizations for the many simulation runs. The amount of printed

output is determined by the control parameters specified in the data

input. The output data file (Tape 3) is used by the statistics/plot

• ( STATPLOT) program to calculate the statistics of the true error ncted

in Section III (Equations 33 through 35) and to prepare a plot file

for the Calcomp (or other) plotting device. The “workhorse” subroutines

-
~ are executed. in the sequence managed by the main program to perform —

many functions: -

1. Initialize the Monte Carlo performance analysis

2. InitialIze the simulation run

3. Propagate the system state equations
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Li . Propagate the filter state equations

5. Propagate the filter covariance equations

6. Update the filter covariance matrix

7. Generate system measurements for the filter -

8. Update the filter states

9. Apply feedback (i~ applicable to the problem) to reset the

system and. filter states

MCAP was developed using the General Covariance Analysis Program

(GCAP) by the Air Force Avionics Laboratory (Ref 2) as a baseline.

Consequently, the goals of having flCAP similar in structure to GCAP

and having (some) problem dependent subroutines applicable to both

GCAP and. IICAP are met. Because MCAP is composed, to a large extent,

of modified GCAP subroutines; users already familiar with GOAP should

not have any difficulty in applying IiCAP to their problem.

As noted. in Section I, in general, the covariance analysis is

limited because stringent assumptions are necessary for the analysis

results to be a valid depiction of the error characteristics. In

particular GCAP assumes that:

1. The filter and. system are modeled by a set of linear differen-

tial equations.

2. The measurements used by the filter are a linear combination

of the system states with additive noise—corrupted measure-

ments.

3. The states being modeled in the filter are error states.
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Li. Total impulsive feedback control is applied to the system

(error) states. -

These stringent assumptions limit the application of GCAP to carefully

posed problems. None of these assumptions are necessary for problems

to be investigated using MCAP. Thus, at the expense of additional

computer time, ?ICAP can be used to solve a larger class of estimation

problems.

HOAP Program Structure

The performance analysis of the Kalman filter is conducted under

the management of the main executive program. Figure 2 illustrates

the structure of LICAP • There are generally three levels of subroutines

within this structure. The first level subroutines are coded on the

figure to note the main functions performed and if the subroutine is

problem dependent (a variable subroutine to be specified by the user).

The function code is located below the subroutine name, If the sub—

routine is problem dependent then the subroutine name is underlined

(for example XSDOT). The coding used on this figure isa

I - Data input function

0 - Data output function

Wi — Initialize the Honte Carlo performance analysis

V2 — Initialize the simulation run

W3 — Propagate the system state equations

W4 - Propagate the filter state equations

W5 — Propagate the filter covariance equations

W6 - Update the filter covariance matrix

W7 — Generate system measurements
23)-i-
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W8 - Update the filter states

W9 — Apply feedback to update the filter and system states

Several of the subroutine namc~ are repeated to illustrate the program

structure and sequence of subroutine execution better.

The first task ~1CAP performs Is to read in the problem control

parameters, problem dependent parameters, and assign memory storage

locations. Function Wi is then performed In order to set the print

and. plot control “swi tches” and initialize the random number generator.

The simulation run is initialized (W2) by calculating the integration

constants and initializing the program time parameters .

One run of the 1-lonte Carlo simulation is performed by sequencing

through a cycle of functions W3 through W9 at a rate equal to the

measurement interval until the final problem time is reached . Through-

out this run , the data output function (0) is performed to print the

data selected by the user with the problem control parameters .

• Subsequent runs are performed by repeating functions W2 through W 9

until the user specified number of runs is completed..

The rest of this section expands on this brief description and

provides a descriptIon of the variable subroutines required for riCAP .

A good description of the constant subroutines is contained in the

GCAP users guide (Ref 2) and is not repeated here.

Data Input Function IL).. The variables listed and described in

Table I are the input parameters required Ic: ~CAP. The normal input

media for the problem variables is the card deck structure shown in

Figure 3. However, the user may elect to read the valucs of Tç(,

236 

~~~~--rn—-— -~~~~~~• —-—-----~~~ - - - -



— -— --—- • - • —-•-— --—-~—,~~ - - ----~-,--- —---— ---—•—-~ •~—-—- — —.
~~-—---—~

.---- —- -- -.--,-—
~~

— —• •-—-—

Table I

Definitions and Format of i -~CAP Input Parameters -

Parameter Description Format

(title) Problem title (limited to 80 characters) 8A10

$USRCTL Problem dependent control parameters A~amelist
are contained in this namellst

Nl, Suboptimal filter dimension Namelist

N2 , Truth model (-system dimension) Namelist

H , Number of measurements Namelist

TçI, Initial problem time (seconds) Namelist

• TF , Final probl~m time (seconds) Namelist

DTUP, ~1easurement update interval (seconds) Namelist

DTINT , Integration interval (seconds) Naraelist

IPASS , Number of runs in ilonte Carlo Namelist
simulation

ISEf~D, Initial seed for random number Nainelist
generation

IRNPRCT , Number of runs per printed output Namelist

IPRCT, Number of integration intervals per Narnelist
printed output

IPRSY~1, if 0 — do not print lower triangular Namelist
portion of symmetric matrix PP
if 1 - print lower diagonal of symmet-
rio matrix PF

IP~X, if 0 - do not print Kalman gain matrix Namelist
K
if 1 - print Kalrnan gain matrix K

IPLCT, Number of integrations intervals per Namelist
plotted output ( must be 1 to get
plot)
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Table I ( cont’cL)

IPFILE , if 0 - usual data input from cards Namelist
if 1 - input restart values Tiçi,
TII1UD~ , XF , XS , and PP from Tape 11 -

Tfl IUD~, Starting value of the update time in Namelist
seconds -- unused if IPFILE = 1

TIt~NT~, Starting value of the integration Namelist
tine in seconds -— unused ii’
I ?F ILE=1

$ ~nd of Namelist Namelist

- NZFF Number of non-zero terms in the 13
filter F matrix

INDFF The coordinate pairs of the non- 8(213, 4X)
zero terms in the filter F matrix

NZQY Number of non—zero terms in the 13
filter ~ matrix

INDQF The coordinate pairs of the non—zero 8(213, 4X)
terms in the filter ~ matrix

NZ}iF Number of non—zero terms in the filter 13
H- matrix

INDHF The coordinate pairs of the non-zero 8(213,4X) - -
terms in the filter H matrix

NZRF Number of non-zero terms in the filter 13
H matrix -

— 

INDRF The coordinate pairs of the non—zero 8(213, L4.X )
ter~~ In Lhe fii~e~ R matr ~

XFçI if IPFILE = 0, each filter state m l -  520.0
tia]. condition value (Ni in number)

XS~ if IPFIL~ = 0, each system state jut— E20.0
tial condition value (N2 in number)

PF~ if IPFI L~ = 0, each filter covariance i~l0.0
diagonal element initial condition
value (Ni in number)
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USRIN DATA

Pr
o

xSo

XF O

H 

- 

I N D R F

N Z R F

I N D H F

N Z H F

IN OH F

N Z H F

IN DF F

N Z F F  -

SU S R CT I.

T I T L E

— Figure 3. Input Card. Deck structur e
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TII-1u 4, XFç~
’, xsç~, and PF~

’ from the file named “Tape 11” as shown in

Figure 4. This option facilitates “restarting” the simulation at the

simulation time where a previous executi on was terminated.

Concurrent with the data input , the variables N2 and i undergo a

“reasonableness” test in order to insure program memory is not exceeded.

If the values of these variables pass the test criteria (H less than

21 and N2 less than 401), then NCAP begins to assign storage locations

within the unlabeled COMI-ION block A. These storage locations are used.

to store the indices of the filter state matrices (F, ~ , H, and ~).

When this process is completed for the filter state matrices , HOAP

generates the memory location pointers for the first word locations

of the initial values of the filter states, the system states, and.

the covariance matrix; the time varying values of the filter states,

the system states, and the covariance matrix; the time varying values

of the filter state derivatives, the system state derivatives, and

• the filter covariarice derivatives; the filter state matrices (F, ~~,

1-1, and H), the Kalinan gain matrix; and memory locations for temporary

intermediate calculations. This elaborate memory assignment scheme

enables the reuse of storage locations while the simulation is executing.

However, th~ user should be cautioned, that this “feature” may cause

problems if values are needed in the user-supplied variable subroutines.

The user then has the option of over—riding the ~CAP storage assignment

[by modifying the memory assignment subroutine (STRVAL) ] or storing

the values of the variables in the variable subroutInes as labeled.

C0~1-10N .
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Initialize the Performance Analysis (
~~~). Once the storage

allocations are made, MCAP sets the print and plot control “switches”

according to the problem control parameters ( IRi~PRcT , IPRCT , IPR 3YI I ,

IPRK , and IPLCT) . The random number generator “seed” is initialized

to the value specified by the user (ISEED). This seeding of the random

number generator is for Monte Carlo simulation repeatability from one

set of runs to another . Next , the user supplied subroutine U3hI~ is

called. The subroutine USRIN may be employed in a variety of ways.

P~RIN may be used. to input parameters which change between Monte Carlo

simulations but which remain unchanged within a single simulation. Or

the user may employ USRIN to create special initial conditions, such as

a nondiagonal ~~~~ Whatever the usage, USRIN is a convenient method

which permits a user to customize NOAP input data to the specific

problem.

Initialize the Simulation Run (W2), lICAP then initializes the

time dependent values for the filter states, the system states, and

the covariance matrix to the values specified. in the data input. The

two user supplied subroutines XFDOT and XSDOT are called to allow these

initial valu~s to be modified with each simulation run. The integra-

tion constants and the program time parameters are then initialized.

MCAP is now ready for a simulation run.

Propagate the Derivative- ~guations (W3 through wi) . One run of

the Monte Carlo simulation involves sequencing through a cycle of

functions W3 through W9 at a rate equal to the measurement update

242
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interval ; until the final problem time is reached. Functions W3

through W5 require the extrapolation of the system state values, the

filter state values, and the covariance matrix from the current simu-

lation time, TIME, (which has an initial value of 
~~~~~ ) 

until the first

update tine , TIl-IUD . TIMUD is the sum of TItlE and the measurement up-

date interval , DTUP . Subroutine INT~~X propagates , in turn , the system

state values and the filter state values between TINE and TIMUD .

INT~~X accomplishes this propagation by successively integrating the

system and filter propagation equations [~quations (6) or (14)], where

each integration is DTINT long. The integration is performed using a

fourth order Runge-K tta numerical integration method. In the case

of the system state equations, the zero mean white Gaussian noise

-
~ sequence , ~~(t~) [Equation (48)], is added to the system state values

at this DTINT rate. Subroutine INTi~P propagates, in a similar manner,

the covariance matrix from TIME to TIMUD.

In order to perform the fourth order Runge—Kutta calculations, both

INTEX X and INT~Xd~ require values for the derivative equations at the

following time points: TIME, TINE+DTINT/2, TINE+DTINT/2, and

TINE+DTINT. (Note that the fourth order Runge-Kutta method requires

a derivative value twice at the midpoint of the integration interval).

For the system and filter derivative states this Is accomplished by

calling either subroutine XSDOT or XFDOT. The calculations for ~~, on

the other hand, requires values for the F and ~ matrices, which in turn ,

derive their values from (possibly) tine varying parameters. These

time varying parameters are obtained when INT~~P calls the user sub-

routine T1’AJ at each time point noted above. The time varying

243



~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
—--- —-

~~
------—--

~~
--— - ------ .-- —---—.-

parameters are transmitted between TRAJ and user subroutine FLTI IAT

via a user defined labeled COt dION . After the call to T] IAJ, INT.~LP

calls FLTI AT two separate times in order to obtain the current (non-

zero) values of the ~ and ~ matrices respectively. INTI~P then ca].—

culates P and extrapolates the covariance matrix to the next time

point , using Equation (7) or (16).

UDclate the Filter Covariance Matrix ~~6l. When the TIMUD time is

reached, function ~6 can be parformed . In order to update the fil ter

covariance matrix, the Kalman gain matrix, , must be computed (see

Section II). However, this requires the current values of the filter

H and H matrices. These values are obtained when subroutine UPDATFP

calls FLTI IAT two separate times. Subroutine UPDATFP then calls other

subroutines in order to calculate K [Equation (10) or (19)] and up-

date the filter covariance matrix, P [Equation (9) or (21)].

Generate the system Measurements (1,.t7) . The system measurements are

generated by the user supplied subroutine iIEAS. NEA$ calculates the

measurements usin; the current system state values corrupted by

additive noise [Equation (5) or (12)].

~~~ate the Filter and System States [W8 and _W9). The filter

estimates (~~+) after the measurements obtained are generated by the

user supplied subroutine UPDATXF. UPDATXF generates XF+ by performing

the calculations indicated in Equation (20) [see Section II]. This

routine is user supplied in order to accommodate the non-linear vector

function h. After the XF+ estimates have been obtained, the user

supplied subroutine C0R~~~T is called to apply impulsive feedback to

24~.i.
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(selected) system states. (Note that if no feedback correction is

) required for the problem under study , subroutine CORR LeT will simply

have a RETURN and EtJD statement). The feedback Is applied by modi-

fying the system state values using Equation (51) and the filter state

values with Equation (52) .

Additional Simulation Runs. Throughout the simulation run , data

Is printed (values of ~~~~, KS , PF , j~, and ~~~) according to the user

specified values of the printer control parameters (IHNPRCT , IPRCT ,

IPRSYM , and I~ x). In addition , at the end of a simulation run (if

IRNPRCT is greater than the current run number) MCAP prints the lower

triangular values of the final PF matrix and “RUN NUMJ3E xx CONPL~TE”.

If additional simulation runs are required , then functions W2 through

W9 are repeated until the specified number of runs have been completed.

Variable Subroutines

As mentioned earlier , I CAP requires a minimum of 8 problem

dependent ( variable) subroutines to perform the Monte Carlo simulation.

These variable subroutines are :

1. XFDOT

2. XSEOI

3, TRAJ

4. FLTI IAT

5. HEAS

6. UPDATXF

7. CORRECT

8. p~s~~~

211.5
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These subroutines are designed to meet most problem requirements and

to be used easily by users having only a basic knowledge of Fortran

programming.

The essential elements of each variable subroutine are described

below. In order to illustrate the usage of these subroutines , the

next section presents an example using a linear Kalman filter which

should clarify this discussion.

XFDOT. Subroutine XFDCT. major function is to provide 1-ICAP with

the derivative values of the filter states at each time point of the

R unge-Kutta integration. The SUBROUTINE statement contains the

following arguments (in the order shown) : X , XDOT , Nl, BUT, NOIS,

DT , and PIt-lB . X contains the current values (an Nl-dimensioned vector)

of the filter states , The calculated values of the filter state deri-

vatives are returned to the calling program (INT~Zx) in XDOT (an Nl-

dimensioned vector), Ni is the dimension of the filter, INIT and

NOIS are declared logical variables to select one of the three sec-

tions of this subroutine code. INIT is true only if the subroutine

has been called during function W2 , NOIS is false for each time point

of the Runge-Kutta integration. At the end of the integration inter-

val , The current value of the simulation time is contained in TItlE .

The first section (when INIT is true) of XFDOT is called once

per simulation run (by INT~~I) and is used to initialize constants.

unique to this subroutine. The second section (where INIT and NOIS

are false) is used to calculate the values for the derivatives of the

filter states using either Xf = ~‘(xf, t) for the nonlinear filter or
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if = F for the linear filter. The third section is normally net

used, however, the option remains for the user to modify filter

state values at the end of the integration interval.

Table II lists the required Fortran statements for subroutine

XFDOT:

Table II

Required Statements for XFDOT

SUBROUTINE XFDOT (X ,XDOT,N ,INIT ,N0IS,DTINT ,TIiIE)
DIflENSION x(l),xLoT( l)
LOGICAL INIT ,NOIS
IF (.NOT. mIT) GO TO 200

- Lsubroutine constants]
200 CON TINUE

I?_ (No IS) GO TO 300
Lderlvative calculations]

RETURN
300 CON TINUB -

L user option]
R ETURI-1
END

XSDOT. Subroutine XSDOT provides IiCAP with values for the deriv-

ative of the system states (of N2 dimension) and , at the end of the

integration interval , adds the zero mean white Gaussian noise , ~~, to

the system state values. Subroutine XSDOT is identical in structure

to XFDOT described above. The only change to Table II is to modify

the subroutine name and replace the user option section with the calcu-

lations necessary to evaluate and add it to the system states. The

calculations performed in the second section again uses either the

nonlinear equation ~~ = 
~(~~~ t) or the linear equation ~~~ 

= 
~~~

The noise sequence ~~(t1) covariance is found by Equation (49).
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The vector is calculated using the JICAP constant subroutine

NOISE. Subroutine NOISE returns a Gaussian random number with mean

and. standard deviation specified on each subroutine call. The argu-

ments for NOISE are: RilE, XMEAN , and XNOISE. Where RIiS is the

standard deviation of the desired random number, XMBAN is the desired

mean of the random number , and XNOI EB is the returned random number.

If the system dynamics noise, w, elements are independent of each

other, then matrix ~ of Equation (49) is diagonal. Also, often

C is the identity matrix so the term in the brackets [~~~T] can be

written ~~~~
‘ or simply reidentified a. The standard deviation for the

random number is simply the square root of the element, times the

square root of £~t (DTINT). Table III shows typical Fortran statements

which calculate and add it to the system states (for zero mean

independent white Gaussian noise terms) . If n ondiagonal is

desired, this can be handled by means of transformations of indepen-

dent noises using square root matrices [see Ref (3~7-6O)].

Table III

Calculation of for the System States 
- 

—

for noise with Q a2

XI-IEAN = 0.

Ri-IS SIGMA * S~RT(DTINT)CALL NOISE ( R 3 , X1-IEAN, XN OISE)
x(j) = x (~) + KNOISE 2for time corielated noise with = a /2T

where x(k) is a shaping filter state:
XMEAN 0.

= SIGIIA * 5~BT(DTINT/(2,*TAU))
CALL NOISE (Riis , XIiFAI~, xi;oIs~ )

= x( K ) + :~woisS
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TRAJ. Subroutine THAJ provides trajectory constants or time

varying parameters required by FLTIIAT. The requirements of TRAJ

for MCAP are the same as those for GOAP . The only argument for TRAJ

is SETCOIT. SETCON is a declared logical variable to select either

the tine invariant (sETCON true) or the time varying (SETCON false)

section of the subroutine. S~TCON is true at the beginning of each

integration interval and TRAIT calculates the tIme invariant parameters.

For the rest of the : itegration interval TRAJ calculates the time

varying parameters. Instead of computing the trajectory dependent

parameters as the simulation is progressing, the user may desire to

read the trajectory parameters from either a magnetic tape or disk

unit. If this prestored parameters method is utilized, then the user

‘~tust insure that TRAJ transfers data to FLTi AT at a rate which corre-

sponds to twice the value of DTINT . Table IV lists the required

Fortran statements for subroutine TRAJ.

Table IV

- Required Statements for ThAJ

SUBROUTIN E TRAJ (sETCoN)
LOGICAL ~~I~ON
IF (.NOT. SETCON) GO TO 100

[time invariant calculations]
100 CONTINUE

Ltime varying calculations]
RETURN -

END
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FLTtIAT. Subroutine FLThAT provIdes I~CAP with nonzero values of

the filter hlatricos F, ~~, 1~, and R in turn, The F matrix is calculated

using EquatIon (18) for the nonlinear filter or simply ~~in the linear

filter, a is found by calculating the term in the brackets of - -

Equation (46) . The H matrix is calculated using ~quation (24) for

the nonlinear filter or simply H in the linear filter. H is the

measurement noise covariance matrix. The requirements of ~?LT~iAT for

IICAP are idenUcal to those of GOAP . The subroutine arguments for

FLT~AT are: ~L~~ON , flA TN O , A , and IND . SETCON is again a declared

logical variable used to select either time invariant or time varying

calculations for the four matrix elements . The integer variable £ ATN O

determines the block of coding accessed to calculate the nonzero

values of the desired matrix. The subroutine returns the nonzero

- 
- values in the variably dimensioned vector A . The vector IND contains

the packed row- -~olumn pairs of indices which corresponds to the matrix

— . elements rett~.rned in the A array . Table V lists the required Fortran

statements for subroutine FLTiIAT.

Table V

1~equIred. Statements for FLTI IAT

SUBROUTINE FLTI-IAT ( SETC0IT , flATNO, A , IND)
DII-IENSION A(1), nm(i)
LOGICAL SETCON
GO TO ( ioi , 201, 301, 401), t-IATNO

101 CON TINU c~
IF (.UOT. SETCON) GO TO 110 

-

[time invariant calculations of ~J
110 CONTINUE

Ltime varying calculations of F]
RETURN

250 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



_ _ _ _ _ _  :i~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ --

Table V (cont’d)

201 CONTINuE
IF ( .N CT . SETcoN) GO TO 210

L time invarIant calculations of 
~~~]210 CONTINW~

Ltime varying calculations of 
~~~]RETURN

301 CONTINUE
L tIme varying calculations of ~j ]

RETURN
401 CONT INUE

IF ( .~‘cT. ss’rco~) GO TO 410
Ltime invariant calculations of H]

/410 CONTINUE
[time varying calculations of 

~
j

RETURN
END -

UEA S. Subroutine ~~~S calculates and provides to j iCAP- the noise-

corrupted system measurements using either k~quatIon (5) or (12). The

subroutine statement contains the following arguments : X , DUU , Z , N2 ,

~1, T. The vector X contains the current values of the system states

(an N2—dimensioned vector). DUU is an N2—dimensioned vector which

can be used by the subroutine for temporary calculations. The calcu—

lated measurements are returned to i 1CAP In z (an U—dimensioned vector) .

N2 is the dimension of the system. ii is the number of measurements

of the system. The current value of the simulation -time is contained

In T. Subroutine NOISE is called to corrupt the system measurements

with noise. Table VI lists the required Fortran statements for sub-

routine i:~~s.
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Table VI

Required statements for fl~ A~i

SUi3ROUTINE UE~A~ (x , DU~1, Z , N2 , 1 , T)
DI1I~2SION x(i), Du1;(i), z ( i)

[measurement calculationsi - -

RETURN

UPDATXF. Subroutine UPDATXF calculates and provides to IICAP the

updated filter estimate , XF+. The subroutine statement contains the

following arguments: X , FK , Z, Ni , i~. The Nl-dimensioned vector X

contains the current filter state value (xF—). The array FK (of

dimension Nlx I) contains the Kalman gain matrix values. The noise

system measurements are contained in the fl-dimensioned vector L • Ni

is the dimension of the filter and H the number of measurements of the

system. The updated filter estimate (XF+) Is returned to i’ICAP in X.

UPDkTXF is not a constant subroutine because, in general, nonlinear

calculations may be necessary [see Equation (20)]. However, a constant

subroutine UMXVE is available to perform calculations of a matrix

times a vector, C = A b. The arguments for ~~XVE are: A , B, C, N , and

N. Where A is an Nxfl matrix , B is an 1-1-dimensional vector, and C is a

vector of dimension 11 for result. Table VII lists the required

Fortran statements for subroutine UPDATXF.

Table VII

Required Statements for UPDATXF

SUBROUTIN1~ UPDATXF (x , FK , 2 , Ni , ~~~~

DIU~NS ICN x ( i) ,  i’~K( 1) ,  z(i)
Lupdate calculations]

RETURN
I~ND
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CORR~~T. SubroutIne C0RRA~CT applies impulsive feedback by up-

dating (selected) system states , and after feedback , resetting the

corresponding filter states to zero. The subroutine statement contains

the following arguments : XE , Xi”, N2, and Ni. The N2-dimensioned vector

XS contains the current values of the system states, XF is an Nl-

dimensional vector that contains the current values of the filter

states. N2 is the dimension of the system. Ni is the dimension of the

filter. The Impulsive feedback is performed by calculating Equations

(51) and (53) and returning the result in the XS and XF arrays.

Table VIII lists the required Fortran ztateinents for subroutine CCRR~~T.

Table VIII

Required Statements for CORRECT

SUBROUTINE CORREC T (xs , Xi”, N2, Ni)
[impulsive feedback calculations]

R~TUR1
END

USRIN. Subroutine USRI~ is used. to read in the problem dependent

user-supplied data for each Monte Carlo analysis. USRIN may be

employed in variety of ways. US~~j may be used to input parameters

which change between Monte Carlo simulations but which remain unchanged

within a single simulation. Or the user may employ USRIN to create

special initial conditions. Whatever the usage, USRIN is a convenient

method which permits a user to customize I1CAP input data to the

specific problem. It is important to note that U -SRIN is called only

once (during function Wi). Table IX lists the required Fortran state—

ments for subroutine IJERIN.

253

- 
~~~~~~~—~—--~- 

-
~2~~~~~~

- 
-~~ 

- - -



- -~ —-~ —

~~~~~~

- -

~~~~

- ,

Table IX

Required Statements for U3}~IN

3U~J~0IJT1~t~ U~RIN
[user specified read]

J~:)
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Section V
A Sample Problem

Introduction

In order to illustrate how the generalized 1-lonte Carlo Analysis

Program (MCAP) can be used to analyze and evaluate the performance

of a suboptimal Kalman filter, a sample problem is illustrated in

this section. The example used is the same problem investigated in

the GCAP users guide (Ref 2).

The problem to be studied is a linear system from which multiple,

noise—corrupted measurements are available. The truth model is

:1 presented and then a suboptimal Kalman filter is designed to estimate

certain physical (error) states of this system precisely. These

models are then programmed into the appropriate UCAP subroutines and

10 runs performed for a one hour performance analysis. 
-

Problem Formulation

The sample problem concerns the analysis of a single-axis inertial

navigation system shown in Figure 5. In the figure, R represents the

radius o the earth and. g is the acceleration due to gravity. The

performance of the system is analyzed for a one-hour time period,

during which time, position, and velocity measurements occur at 30

second intervals. The integration interval is 30 seconds. Printed

output Is required every 40 integration cycles and plotted output is

required every integration cycle.

The mathematical model of the inertial navigation system errors

is formulated using state variables. That is, the linear time-
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Figure 5. Single Axis Inertial Navigation System
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varying system is described by the vector differential equation:

j(t) — ~(t) ~(t) + ~(t) !(t) (5ZI~)

and the discrete measurements are represented by:

= li(t1) x(t1) 
+ v(t

1) (~5)
Considering the case where x(t) , w(t) , and v(t) are Gaussian random

variables , their probability density functions are completely

defined if their first and second moments are known. The following

definitions apply:

x(t) is an n—vector denoting the system state with zero

mean and covariance P(t):

E[~(t) x(t)
T
J = p(t)

F(t) is the nxn plant matrix

~(t) is an s vector of white noise inputs which corrupt

the states, having zero mean and covariance ~( t)ô(T) :

~~~(t) w( t+r)T] ~(t) 6 (T)

G(t) is the nxs noise matrix

11(t1) is the mxn measurement matrix

v(t1) is 
an in vector of white noise with zero mean and.

covarlance r~(t . )

ELv(tj) v(t~)
T
] = R (t 1) 6ij

Truth Nodel. The single—axis inertial navigation system is

described by the following differential equations:
,~ by

“5

6~~ — - g Ø + b  (57 )
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Ø - ~~~~+ E  - (58)

~ 
where the gyro drift , E, is mode3ed. as the sum of an exponentially

time correlated variable, E1; and random constant, E2s

E
(59)

E2 =o (60)

where the accelerometer bias is modeled as the sum of two distinct

exponentially time correlated variables, b1 and b2:

ci — —  + w 2 (61)

(62) 
—

and where

= 3600 (seconds)

• 
- 7b1 

= 300 (seconds)

T~~ = 3600 (seconds)

Position and velocity measurements are provided to the filter.

However, the system measurements are corrupted with exponentially time

correlated. noises AP and AV in addition tt. the whi te noises vector V .

A? and AV are modeled as:

A ? — -  — + 114 (63)

A~~— -~~L +w 5 (64)
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where:

‘rAP = 1800 (seconds)

‘rAy — 300 (seconds) 
-

If the system state vector is identified as:

= [oP bV 0 E1 b1 E2 b2 A? av]T (6~)
and~~8a

z = [op ovf—s in in
then the following matrices describe the system model:

0 0 0 0  0 0 0

0 0 — g  0 1 0  1 0 0

0 1 0 1  0 0 0

0 0  o _ 1-_ 0 0  0 0 oTE1

0 0 0  0 —~~~ — O  0 0 • 0  (66)

~~ 

~~~~~

-+

~~~~~~~~~~~~~~~~~~~:~
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0 0 0 1 0 0 0 0 0
I
\__•) 0 0 0 0 1 0 0 0 0

0 0 0 0 0 0 1 0 0  - (67 )

0 0 0 0 0 0 01 0

0 0 0 0 0 0 0 0 1

[1 0 0 0 0 0 0 1 ol
H — I  I (68)

Lo 1 0 0 0 0 0 0 1]

with:

0 0 0 0 0 0

0 0 0  0 0 0 0 0

0 0 0  0 0 0 0 0

2
2a

0 0 0  0 0 0 0
TE1 ~~b

0 0 0 0 (69)
1

0 0 0  0 0 - 0  0 0

0 0 0  0 2 0
T~~ 

2

0 0 0  0 0 0 . -  0
‘rAP

- :  0 0 0  0 0 0 0

02 0

~ 
(70)
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where:

— 4.85 x 10-8 red/sec

Gbl 
6.44 x l0~~ ft/sec

2 -

— 3.22 x io
2 
ft/sec

2

0AP — 3.0 x 10
+2 f t

aAV — 5.0 x 10
_i 

ft/sec 
- 

-

1.0 x io+2 ft

0ov — 5.0 x 10
_i 

ft/sec

To complete the specification of the optimal filter model, Table X

lists the initial diagonal values of the apriori covariance matrix,

with the off diagonal values zero initially.

Table X

Covariance Matrix p (t0) Elements

State Variable

OP 3.6 x l0~
’

1.0 x io+2

0 3.l4 x lO 3

2.35 x 10

b1 4.15 x lO~~

E2 5.88 x

b2 1.038x l0~~~

A? 9.0 xl0~
4

25 x 10
_i

• 261

~

-

________ -‘-~- - - -—-  ~~~~~~~~~~ -~~ — - ~~



- 
- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
- 

~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

Filter Ilodel. The underlying concept for the development of the

—- filter model is to delete some of the less significant or non—dominant

system states, Typ~caiiy, when states are deleted from the truth

model, the noise strengths driving the model are increased to compen-

sate for the deleted states, The example used in the GCAP users’

guide simply deleted states E2, b2, A?, and A’! from the truth model,

without any increase in noise strengths.

The deletion of these states yields the filter state vector Xf

as:

= [op ov 0 E~ b1] (71)

and measurement vector z:

= [6Pm bV
~]
T 

(72)

The following matrices describe the filter model:

0~~~ 0 0 0

0 0 - g  0 1

0
~~~ 

0 1 0
R (73)

0 0 0 — -.~~~— 0
TE1

0 0 0 0
Tb1

0 0 0 1 0

0 0 0 0 1

0 0 0 0 0 - (74)

0 0 0 0 0

0 0 0 0 0
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Ii  0 0 0 ol
I (7s)

L° 1 0 0 0J

Rf [%o~ ~O
0
2] 

- (76)

with:

0 0 0  0 0

0 0 0  0 0

T 0 0 0  0 0
f~~f~~f 2 (77)

~~E10 0 0  ~~
‘ 0

b
0 0 0  0 _ _  -

Tb1

With these ~‘s and ~‘s having the same values as for the truth model.

The filter initial covariance p(t ) values are the first five elements

noted in Table X.

MCAP Program Implementation

In order to adapt IICAP to this example problem, the user must

furnish subroutines USRIN, XFDO T, XSDO T, TRAJ, i-~AT, ?LEAS, UPDATXF,

and CORRECT. Subroutine USRIN reads, stores, and prints the constant

parameters between computer runs. XFDOT calculates the derivatives

of the filter states. XSDOT calculates the derivatives of the system

states and adds the zero mean Gaussian noise, y~, to the system state

values at the end. of the integration interval. TRAJ provides the

constants or time varying parameters required by FLT~1AT. FLT~1AT calcu—

lates the nonzero elements of the filter matrices F, ~~, H , and R.
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FlEAS calculates the system noise-corrupted measurements, IJPDATXF

calculates the updated filter estimate XF+ . CORRECT applies impulsive

feedback by updating the system states and, after feedbaôk, resets the

filter states,

USRIN . Subroutine USRIN is usually coded first in order to specify

the labeled C0I’il’ION variables used in the other user supplied subroutines,

These variables are those parameters which may vary between computer

runs but remain unchanged within a single computer run (Monte Carlo

simulation). Variables typically in this category are the filter

tuning parameters: a~~, a~1
, aAP, and for this problem. Since

the user may also want to analyze the sensitivity of the filter to

changes in the system noise strength or noise correlation time, these

parameters are also read in by USRIN.

Figure 6 shows the USRIN Fortran coding used for this- example.

These parameters are input and printed by means of the NAMELIST

statement. The values of the parameters are stored in the labeled

common blocks: QFNOIS, RFNOI S, ~~FIL , QSNOIS. RSNOIS , and TCSYS for

use by the other user subroutines. Table XI shows the relationship

between the Fortran variable names and the parameters of the filter

and truth model.

XFDOT. Figure 7 shows the XFDOT Fortran coding used for this

example. Note that since this problem models error states and full

state feedback, the values for the filter X and XDOT are zero for all

t. Two subroutine constants (RE and G) are used in the first section

of the subroutine. In the second section, note that the derivative
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SUBROIIFI NE tJSRIN
C

C— — — —  Ti l lS R O t I lIN E  REAL’~
-; ANT’ FR INTS TIlE USER SU PPLIED C O N S TA NTS.

C
coMMoN,cwNOIS,oFc2),r~FNoIs,RF(2),TcFIL,TAuF(2,cOt1MoN/w;UUIS/oS.~ i’ vQSO/RSNOIS/ RS(2 )/TC SY S/ TAUS ( 5)

C
NAMELI  S T / I  N/TAIJF,  OF .RF

NAMELIST /INN/TALJ S OS pO6O,RS
C

REAr ’ (~;,IN) -
W RIT E( 6, IN)  —

REAT’ (~~~~, INN)

W R IT E (6 , IN N)

RETURN
END

Figure 6. Fortran Coding fcr USRIN

- SUL~ROiJTINE X FI’OT ( X , X r ’ O T . N , I N T T . F 4 0 1 5 , t ’ T . T I H E )
C
c *~ *******************~ *** ******** ********W***********)I~**~ *********
C

C THI S R O U T I N E  CAI 1;IJI AT ES THE FILTER DIFFEREN1IAL EQu ATIO NS
C XF EiOT F Xr .r)
C

C ** NO TE —— ST NI~E TI- IT S EXAMPLE PRODLEM MODELS ERROR STA1T S
C THEN X F( T )  = 0. FOR ALL TIME IT WOUL D E~E SIiFF~ CIENT

C TO TISE
c Ri:T ~RN
C END
C 

-

C HOW EVER TI) SHOW THE METHOD OF CODING THIS ROUTINE THE FOLLOWING
c IS F RESENTED

Ii II1FN~, I.I)N X ( 1 ) , X D O T ( 1 )
COMMON/ FCE I L/TAU F (2 )

• LtH3JCAI . INIT ,NOIS -

IF ( .NUT • INIT )  (30 TO 200

C INIT 1 AL : IZAT ION (IF CONSTANTS
RE 2 • 09E+ 7
1~, ~~~~~ 7
RI TURN

C XlIi(T f(1LC1JL .AT IONS
200

IF (w o ic  CiO TO 300
XTIOT ( 1) X (2 )/ R L
X T ’ Ot ( : ’ ) = — X ( 3 ) * G  -f X (~~)

- X t IO T (~~> X (2 )/RE  + X ( 4 )
• X I : ’ UT (4 )  = — X ( 4 ) / T A U F ( 1 )

X fI ( 1T (~.) — X ( 5 ) / T AI JF (2 )
REIIJRN

300 CON IINIJE
RET u RN
END

Figure 7, Fortran Coding for XFDOT
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Table XI

Correspondence of Fortran Variables and Flodel Parameters

- Fortran hode].
Filter System 

_______

~F(i) QS (i) a

Q~(2) Qs(2) cJb1
QS(3) ab2

~s(5)

R~~1) RS(l)

RF(2) RS(2)

TAUF(1) TAUS(1) TE1
TAUF(2) TAUS(2) Tb1

TAUS (3) T~~

TAUS(4.) TA?

TAiJS(5) TA’!

calculations [~~(t) ~f(t)] are directly coded from the filter differ-

ential equations . The values for the time correlated variables are

obtained frca the uzcr zpec~f1ed labeled COI-~ ON. Table XII shows the

correspondence between the Fortran variables and. the model states,

XSDOT. Figure 8 shows the XSDOT Fortran coding used in this

example. Subroutine NOISE is used to obtain a diff erent initial

value for the random constant E2, system state 6, for each run . The

second section performs the derivative calculations [~~(t) ~~(t) ] for

the system . Note that the derivative calculations are directly coded
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SIII CR( ItIF t~~i xs ior  ( X ,X I ’ UT .N~ INIT ,N()J S.Iur ,T I l -tE )
C
C ************** - l ******************************************~~****** ******C
C TI -ITS ROUTI NE CALCIILA1ES 11W SYSTEM DJFF ERENT IAL LUI JATTONS
C XS1’UT ~ F C XS p t >  -I- G*W

JIrtlLNS:I UN XC !> ,Xr’OT ( 1)
COM IIIN./ II;~;Y5 ;’ rAI iS C ~ )cCJMNU N/’ ; O IS /OU (S )  .050
LO G ICA L.  JNI F , N O I S
IF C •NU T , INIT) GO TO 20()

C 
- 

i Nr t I A L J  ZAT IUN OF CONS TANTS
RE = 2.091 +7 -

XMEA N 0.
CA ! I.. NOISE (0S0 ,XMEAN ,XNOISE )
X ( 6 )  XN(1ISE
r - F :T ’IRN

- C xr to r CA LC ULA TIONS
- 200 (;Oi- IT INIJE -

IF (NOIS) (30 TO 300
XL’OI(l ) = X C  2 )/ R E

-; Xr’OT (2) — I3*X ( 3 )  4- X ( 5 )  + X ( 7 )
XTIOT(3> = X (2)/RE + X ( 4 )  + X ( 6 )
XT’ I :JT (4 )  —X (4 )  /TAUU C 1
XDOT (5) —x (li)/TAuJ S(2)
XI :O 1 (6) 0.
X I : ’OT(7)  —x (7) /T AIJS ( :3 )
XJ ’ OT (Il ) = — X ( 8 ) / T A U J S ( 4 >
X !’Ot(Y ) = — X ( 9 ) / T A U S < 5 )

H RE:TLJRN
30() CONTINUE

C XI;iIII + NOISE CALCULATION S
j -~3I’Ii 310 1=1 ,5
RMS = 05(I) * SQRT (2./TAIIS (I> )
CALL NOISE (RMS,XM EAN ,XNOX SE )
IF (I .EO. 3) J=J+1
J = J + 1
X (J) = X (J) + XNO ISE * SIIRT (DT)

310 CONTINUE .

RETURN
END

Figure 8, Fortran Coding for XSDOT

St)DF< OIJTINE T RA..J(S ETCOI 4 )
C
C — — — —  THIS ROUTINE GENERATES THE FLIGHT PROFILE.

C
LOGICAL SETCON

C
- 

COf I M( IN /TRJCO M/RE,G

C -

LI IF(.NO1 .SETCO N) GO TO 100
C -

C———— THE FOLLOWING CALCULATIONS ARE TIME INVARIANT.
C

RE~ 2.09E+7
6=32.2

100 CONTINUE
C
C—---- THE FOLLOWING CALCULATIONS VARY WITH TIME.
C

RETU RN
END

Figure 9. Fortran Coding for Traj
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Table XII

Correspondence of Fortran Variables and Model States

Fortran -

_________ __________ 
Model

Filter System State

x(i) x(i) op

x(2) x(2) ov

x(3) x(3) 0

X( L l )

x(~~~~) x(~~~~)

x(6) E2
x(7)
x(8)

- x( 9) 
_______

from Equations (56) through (62). At the end of the integration

interval, section three calculates and adds it to the system state

H values . In th is example the only noise terms are those added to

states E1, b1, b2, Al’, and AV, which correspond to state numbers ~4- , 5,

7, 8, and. 9.

TRAJ. Figure 9 shows the TRAJ Fortran coding used in this example.

Due to the simplicity of the problem , the example shown is trivial but

it illustrate s how TRAJ might be used. It should be noted that the

TRAJ shown here is identical to subroutine TRAJ used. in the GOAP users

guide example.
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FLT~1AT. Figure 10 shows the ~~~i IAT Fortran coding used in this

example. Subroutine FLT1-~AT computes the nonzero values of the state

space matrices for the filter and stores these values in the variably

dimensioned array A . A separate block of code is used, for each

matrix. Within each block of coding, the nonzero elements of that

matrix are calculated using parameters and constants transmitted. by —

labeled COMMON and equated to the appropriate elements of the A array.

The nonzero elements are determined by examining the filter

dynamics matrix , Equation (73). Row 1 column 2 is the first nonzero

element , row 2 column 3 is the second nonzero element , and so on.

Table XIII shows the correspondence between the filter matrices non-

zero elements and. the A array. The nonzero values for matrices Ff,

Q
~~
, ll~~ , 

and. are coded using Equations (73) , (77) , (75) , and (76).

It should be noted that the FLTMAT shown here is identical to subroutine

FLTMAT used in the GCAP users guide example.

FlEAS. Figure 11 shows the FlEAS Fortran coding used in this example.

This subroutine calculates and provides to J~1CAP the noise—corrupted

system measurements. The system measurements [~j~(t1) ~~(t~)] are cal-

culated. and the results of subroutine NOISE added to obtain the

realized value of the measurement ,

UPDATXF. F±gure 12 shows the UPDATXF Fortran coding used in this

example. This subroutine calculates the filter estimate XP+ by solving

the filter update equation , Equation (8). Subroutine MIIX VE is used

to multiply the filter Kalman gain matrix FK tines the measurement

residual [~, - Hf(tt)~f(t )] stored in variable Z . The updated filter

estimate XF+ is returned to flCAP in the array X.
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- ---

- SLIIIRO IJT IHE FLTMAI (SETC (.IN , MA TNLI , A • INO)
C -

C———— THI S ROIJT I NE CAL .CUI .ATES TUE NUN--ZERO EU MCNT~L OF TIlE
C———— Eli FEF. MAT RICI:S FE, OF,  HF A NII RE, STO RING THEM IN TIlE A RRAY A.
C
C—— ~ — IF 5E~ CUN • CO.  FALSE, ONLY TIME VARIA NT ELEMENTS ARE t1ENF~ ATED .
C

LO GICAL SE1CON
C

coMNou/orNuJ:s/ 0rc2)/Rruois ,Rr12) ,TcFIL ,TAUF (2)
CONM CJN/T I MER/T IIIE.TI MUI* ,T I MINT
CQMMON,’i RJCIM-i(RE 13

C
I’IMENSION AC1 ) ,INLI(1)

C
C—— —— DETERMINE WHICH MATR IX IS TO BE GENERATED ,
C

GO 1OC1OI,102 ,103 ,104),iIATNO
101 CoNTINUE

I F ( .N OT .S E T C O N )  GO TO 1001
C
C———— CALCULATE INVARIANT ELEMENTS OF FF.
C

A ( 1) =1./RE

A( 3’=1 .
A(4 )-~1./RE
A(S) :1.
AC 6)=-1, /TAL JF (j)

, A ( 7 ) — --i
1001 CONTINIJE

C
C———— CAL CULATE TIME VARIANT ELEMENTS OF EF.
C

RETURN
102 CONTINUE

IF(.N IJT.SETCQN) GO TO 1002

C———— CA LCULA T E INVARIANT ELEMEN1S OF OF.
C 

.
lit) 1022 11=1 ,2
A C I I )=2 . 0* I I F C I I)* O F( I I) / TA UF( I I)

1022 CONIINUE -

1002 CONTINUE

C— ~~~— CALCU LATE TIME VA1~IANT ELEMENTS OF OF.

RETUR N
103 CONTINUE

IF(,NOT .SETC ON ) GO) TO 1003

C———- CALCULATE INVA R IANT ELEMENTS OF HF.

A(1 )~~1.
A (2)~’i..

1003 CONT INu E

C———— CALC u LATE TIME VARIANT ELEMENTS (IF Hr. -

C
RETu RN -

104 CONTINUE
IFC .NO 1,SETCON ) GO TO 1004

C— — ~~ CALCU LATE INVARIANT ELEMENTS OF RE.

A C 1 ) RFC1 )**2

1004 CONTINUE

C———— cALCU LA rE TIME VARIANT ELEMENTS OF RE .
C

REI(JRN -

EN D

Ftgure 10. Fortran Coding for FLTL~AT
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SU BR O Ut INE MEA~; (X ,X I ’ UT ,Z , N ,M ,  0)
C - 

-

— C****************************************~c****************~~~4**********
L C

- C TI-ItS ROUTINE CA LCULATES TUE NOfl3E—CORRIJpTEI , MEASLIREMEUFS IJSED
C BY TI-IF FILTER
C Z H( X S ,T )  -f V
C

CUMtiON/RSNO1 S/ RS(2 )
r IIl -IE NS1:IN X C 1) •Z( 1)
XMFAN = 0. 

‘

CAL .I~ NOISE ( RS ( 1 ) ,X M C A N ,X N O I SE )
Z (1)  X CI) + X (8) + XNO1SE
CALL NOISE ( RS ( 2 ) , X M EA N ~ XNOI5E)

- Z (2 )  = X (2 )  + X ( 9 )  + XNO ISE
RETURN
EN)’

Figure 11. Fortran Coding for M1i~AS

SUIc IROIJTI N E tJF IJA 0XF (X ~ FN,Z ~ N,M)
C
C
C
C THIS ROUTINE CALC u LATES XF+ GIVEN THE FILTER GAIN MAT R IX FK
C ANti THE SYS rEM MEASUREMENTS , Z
C
C XF -I- = XF— :f N* (Z (SYSTEM) — H C X F — P T ) )
C

COHIN()N W RI<C1)
DIME NSION X (1) ,Fl’~(1)r Z (1)

- 00 110 I l v M
2(1) Z ( I)  — X C I )

110 CONTINUE
CALL UIM XV E (FK,Z ,WRN ,N ~ M )
00 120 I=1,M
X C I )  X C I )  + WRN CI )

120 CONTINUE
R ET I J R N
ENI’

Figure 12. Fortran Coding for UPDATXF

bL~ R(J U .1 NC CORRECT (XS ,XF , IXS, IXF)
C
C ***********+*******+-*************************************************
C
C THIS ROIJTINE APPLIES INSTA NTANEO u S FEEDBAC N CORRECTION TO
C SYSTE M STA TES ANt:’ RESETS THE FiLTER ESTIMATES
C

D IMENSION XSC 1) ,XF ( 1)
00 100 I=1 ,IXF

- X S( I)  = X SCI) — X F ( I )
XF (I) 0.

100 CONTINUE ‘ -

RETURN
END -

Figure 13. Fortran Coding for CORRECT

~7l
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Table XIII

Correspondence of Nonzero Elements and the A Array

Nonzero Element
_______ —  - Array
Matrix Row Column A

1 2 - 1

2 3 2

2 5 3

If 3 2 4

3 4 5
4 4 6

-

~ 

_ 5 5 7
4 4

5 5 2

1 1 1

2 2 2
~
f 

1 1 1

2 2 2

CORRECT. Figure 13 shows the CORRECT Fortran coding used, in this

example. All of the filter states estimated are used by the inertial

navigation system to zero out the system error states. Consequently,

CORRECT calculates the instantaneous feedback correction of the system

states using Equation (si). After the correction has been applied, the

filter states are reset to zero.
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MOAP Sample Input Data

Table I listed and described the input parameters required for

MCAP . Figure 14 shows the input card data deck used in this example.

As mentioned in the problem formulation, the performance of the inera.

tial navigation system is to be analyzed from the initial time (T~’ = o.)
for a one hour time period (TF 3600. second.s). The measurements occur

at 30 second. intervals (DTUP 30.) and the integration time is 30

seconds (DTINT = 30.). Printed output is required every 40 integration

cycles (IPRCT = 40) for two of the simulation runs (IRNPRCT = 2). The

Kalman gain matrix K is also printed (IPRK = 1). Plotted output is

required every integration cycle (IPLCT = 1). Ten runs are to be per-

formed in the performance analysis (IPASS 10). The random number

generator is started. from a “seed” of 77 (ISEED = 77) .

The number of nonzero terms and indices of those texms is obtained

froi.~ Table XIII and. shown in the proper format in Figure 14. Since

error states are being modeled and since this Is an example, the ini-

tial conditions for the filter [XF(o)] and. system [xs(o)J axe set to

zero . The filter covariance diagonal element initial condition [PF(0)]

is obtained from Table X.

The USRIN data is shown in Figure 1LI. as the NANELIST $IN and $INN

group names. The values shown In the figure are obtained using Table

XI and the problem formulation .

MCAP Sample Output Data -

The printed. data fro m the 1-lonte Carlo simulation of 10 runs is

shown in Figures 15 through 23. The printed data consists of the
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MONTE CARLO ANALYSIS PROGRA M (MCA P) EXAMPLE CASE
SIJ SRCTL TO = 0.0, TE = 3600.0, DTUF = 30.0, TJTIN T = 30.,
Ni = 5, N2 = 9, H = 2,
IPASS = 1C) , IRNPRCT 2. ISEEIU = 77,
IPRCT = 40, IPLCT 1, IPRK = 1 $
7 ** NZFF **
1 2  2 3 2 5  3 2 3 4 4 4  5 5
2 * *N 1UF **
4 4
2 ** N7IIF *t
1 1  2 2
2 ** NZRF **
1, 1 2 2
0.- ** XF (0) **
0.
0. -

0.
0.
0. ** XS (0) **
0.
0.
0.
0.
0.
0.
0.
0.
3 .6Q OE +07’ ** PF (0) **1.000E+02 -~~~~

3.140E— 04 -
2 .350E—lb
4. fl -,0E—0~
$IN TA U F<1 ) = 2*3600.,
O F( 1)  = 4. t3SE—13 v 6.44E—3,

-- ioo.o~ ~~~ $
$INN TA U SC1 ) = 2*3600., 300.0, 1800.0, 300.0,
05 (1) = 4.SSE—8 , 6.44E—3 , 3.22E—2 , 3.OE+2, 5 . O E — l v
RS CI ) = 100.0, 0.5, $

Figure 14. Data Input Card Deck
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(-C a a a a p.
(44 - 4-)

I- a a a a a
0 UI U) (I) U) o 0
5- 0- 0- 0- 0- a

C P )  a a C .1
1- 0. 0. 0. a
~~ U) UI U) U, a 0)
I a 4~)a I~ 144 a a
IC X 5- 7 5- 0
.‘fr f r ’ t  P. 1 a ‘,‘4
0- a
I- t~ Ii. I.~ IL C
3 C’ 0 0 0 0 P-i
I C

UI U) U) (A 0
a I- I- I- I- a
U) Z I 7 7 a

a ~.. 1.. P. 0
a lU~ I 7 7 ao. a a a a a
U) .3 44 44

a a a a P. 0)
14- 144 NI
7 0 0 0 0 a
a 0- 0- 0 0- a
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following items :

1. The problem title, date , and. time the simulation was conducted ,

2. The echo printing of $USRCTL.

3. The echo printing of the number of nonzero elements for each

state space matrix together with the corresponding indices of

these elements.

Li., The minimum required dimension of the unlabeled C0~1M0N block.

5, The echo printing of USRIN data $IN and $INN .

6. The initial values of the filter and system states [xF(0) arid

xs(o)].
7. The square root of the initial diagonal values of the filter

covariance matrix [C PF(O) })/2],

8, The values of the filter and. system states before and after the

measurement and after the impulsive correction.

9. The values of the measurements 5

10. The square root of the diagonal elements of the filter covari-’

ance matrix at times other than T~ and TF.

11. The full Kalman gain matrix , K , at the update times.

12. The final lower triangle values of the filter covariance matrix.

13. The number of simulation runs completed.

The plotted data consists of the square root of the average filter

estimate of the standard deviation 
~~~~~~~~~~ 

along with the corresponding

computed standard deviation , .~e~tj )~ versus time; and a plot of the

calculated. mean error plus and minus one computed standard deviation

versus time for each filter state. The pl ot data was originally

282



written onto TAP~3 by 1- ICAP and then used by a separate Calcomp

plotting program. Figures 2k through 28 are the standard deviation

plots and Figures 29 through 33 are the mean error ± 8e plots for

this example. It should be noted that this example has not been

tuned.
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Appendix B

Linearization of the Sub-~ ptimal Filter State and Ileasurement

Equations

To develop the filter model, the first six states of the system

model were deleted and the inertial acceleration of the satellite with

respect to the tracker in the tracker frame, (a~~), was evaluated as

t E~~(~ )~ 
+ (~ 5)~ J .. .

~~ 
•

- (!ts) 
f ( r ) i13 

- (
~
) (1)

Defining

~ r~~ (2)

rt~

~~~~LS 

~~~~
(~ t)

t 
~ a~~ (Ii.)

attz

• and with

()~ ()
i 

+ 

~~ 
( r ) LS 

(5)

+ (~~
3
)
T 

~~~~ (6)

therefore,
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(r)~ 4~, + C12 R~ (‘i)
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~

where Cjj  are elements of and

= ([r~~ + 
~~~ 

It]
2 

+ ~~i + C12 It]
2

+ Cr z + c l3 E ]2 )3/2 (8)

t 
it e L4x~~t]~ tatsx ( )i 3 — ata

- _____ - (10)

~~~ 
= 

1
e r j~ 

- 

~~~ 
(11)

It follows that
1.L~

~~~ 
= 

~ 
( j  3) [r~~ + R ] .  (12)

(
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)

I \I(~s) l 
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estimation by exploiting the information already available in the tracking

-- geometry , dominant modes of satellite dynamics , and the range measurement.
Tracker state estimation is accomplished in the line—of—sight coordinate frame.
A ~onte Carlo analysis was performed , evaluating the filter against a 42—state
truth model . With soue proposed modifications, it was concluded that the six
state filter is feasibl e and. warrants further study.
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