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FOREWORD

This final report was prepared by the Aerodynamics Section of the Grumman
Aerospace Corporation, Bethpage, New York for the Flight Mechanics Division,
Air Force Flight Dynamics Laboratory, Wright-Patterson Air Force Base, Ctiio.
The work was performed under Contract No. F33615-75-C-3073, which was initiated
under Project No. 114.76, “Advanced Wing-Body Aerodynamic Analysis and Design .”
Mr. J. Kenneth Jctinson (FXM) was the Project Monitor of this contract.

The report consists of three volumes. Volume I, entitled “Description of

Analysis Methods and Applications,” describes the methods used to predict sur-
face pressure distributions and. aerodynamic forces on three-dimensional wing-
body ccsnbinations at transonic speeds, including viscous effects. Volume I

also contains an extensive set of comparisons between numerical predictions

and experimental results. Detailed instructions required to use the program

are provided in Volume II, “User’s Manual and Code Description.” Volume III

was written at Sybucon, Inc., Atlanta, Georgia and contains a complete descrip-
• tion of the theory and program that computes the full three-dimensional boundary

layer over the wing. This work was performed by Sybucon under subcontract to

Grumman Aerospace. Although this program operates independently of the program
described in Volume II, the input data set required for the full three-dimensional

boundary layer computation is generated by the code documented in Volume II.

Mr. F. Berger was the Program Manager; Dr. W. Mason and Mr. D. MacKenzie
served as Project Engineers. The work was performed in close cooperation with

the co-authors from the NASA Ames Research Center, Dr. W. F. Ballhaus and
Ms. J. Frick. Additional contributors to the project included G. Simpers,
A. Vachris, D. Raila, P. Aidala, M. Sturm and A. Bunnell of Grumman , and
Drs. F. R. Bailey and T. Hoist of NASA Ames. Moreover, contributions have been

made by A. Chen of Boeing , Drs. R. Melnik, B. Grossman and G. Volpe of the
Grumman Research Department and Grumman Consultants Prof. A. Jameson, Prof. J.
Werner and Dr. E. Murman . As noted above, the three-dimensional boundary layer
program was written by Dr. 1. Nash and Dr. R. Scruggs of Sybucon, Inc . 
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SECTION 1

INT RODUCTION

~~~. 
BACKGROUND

The method described herein was developed with the objective of

producing a computationally efficient scheme for calculating three—

dimensional boundary layers : laminar or turbulent , over a finite swept

wing of arbitrary planform and thickness , in compressible steady flow.

The method is intended to be used both for routine boundary—layer calcu-

lations in specified pressure fields , and for interactive calculations

in which the pressure field will be generated by a parallel potential

f l~~ calculation via suitab le iterative coupling.

The approach adopted has been to draw on the extensive experience

gained with the earlier turbulent methodology (References [1 through 81),

to retain the turbulence—model formulation essentially intact , and to

concentrate on improving the numerical aspects of the method and its

data—handling capabilities . The need for radical improvements in this

latter area became evident f rom the large amount of hand work which had

to be done in performing calculat ions even for the simple planform geom-

etry considered in References [6 ,71. It was subsequently decided to

upgrade the basic fluid—dynamic package by including the thermal energy

equation, in differential form , among the governing equations, so as to

provide greater generality for the method . It was also decided to avoid

the limitations , imposed by matching the solution to a separate inner—

layer calculation near the wall, by continuing the numerical solution

through the viscous sub layer. Lastly , the provision for performing purely

laminar calculations, near the leading edge or elsewhere, was to be made.

1
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As far as the numerical scheme was concerned , it was thought eseen—

tial to replace the explicit formulation, used in the earlier methods,

by an implicit one. Only by doing so would it be possible for the user to

gain control over the chordvise step length and escape from the excessive

computer run— times which had been typical at high Reynolds numbers. On

the other hand, the adoption of an implicit numerical scheme posed a ninu—

ber of problems which had not arisen with the older explicit method .

First, the long chordvise step lengths, mane possible by the implicit

scheme, and tha need to scan the integration domain laterally, presented

problems in proper treatment of the zones of dependence. These problems

were resolved by using an alternating direction technique, which offered

other advantages too. Second, the implicit formulation of the particular

set of governing equations , which included the empirically—modified

turbulent kinetic—energy equation, posed stability problems associated

with changing character of the equations: the equations become hyperbolic

near the wall whereas (since molecular viscosity is included) they are

parabolic in the outer part of the flow. The stability problems were

resolved by representing the turbulent dissipation as a sink term in the

matrix form of the governing equations.

2. OUTLINE OF THE METHOD

The wing surface is segmented into quasi—quadrilateral panels —

(Figure 1) and a locally orthogonal set of curvilinear coordinates is

constructed following a conical development of the local region. The

development is required to satisfy certain geometrical constraints.

Streamwise cuts are made over the planform at arbitrary spanwise loca—

tions and the number of surface points on each cut is the same. The

2
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calculation then proceeds from the planfortu leading edge ; proper account

being taken as to whether the leading edge is turbulent or laminar. The

governing equations are firtite—differenced with respect to the local

surface normal coordinate y, and the locally transverse coordinate z, so

that in the local y—z plane ~he difference equations are implicit. The

solution is then obtained at each x (streamwise) station in succession.

This chordwise forward—marching is applied with arbitrary step length

proceeding from leading to trailing edge or until  separation is encoun-

tered at some spanwise location . Provision is made to step past locally

separating regions if desired . Transition from laminar to turbulent flow

may be triggered at the user ’s discretion at any chordwise position ,

except when the leading edge flow is already turbulent.

I
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SECTION II

GOVERNING EQUATIONS

The following equations relate to a steady, compressible, three—

dimensional turbulent boundary layer developing on a doubly—curved aur-

H face of large radii.

1. COORDINATE SYSTEM

The equations are expressed in terms of a coordinate system : x ,y, z,

that is precisely orthogonal on the surface : y 0, on which the boundary

layer is developing, and approximately orthogonal elsewhere, to within a

tolerance compatible with the customary first—order boundary—layer

approximations (Figure 2). The metric coefficients , associated with the

x— , y— , s—directions , are h
1
, h2, h3, respectively , and curvature pa ram-

eters of the form

- 
- 

K —i---- —i ( 2 . 1 )
1 3  Z

K — ----
~~
--- --—

~~ 
(2 .2 )31 h h  ~x

K (2.3)
21 h h  ax

i
— ——~~ ~~~~

— ( 2 . 4 )

“2

~~23 — h h  
3h
2 (2.5)

satisfy the appropriate Lame relationships [4,9).

2. EQU ATIONS OF MOTION

The velocity components , corresponding to x ,y , z, are expressed as

4 
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U + u , V + v , W + w , respectively , where Ii , V , W are defined as t ime—

averaged means , and u , v , w are the instan taneous fluc tua t ions abou t

those means. Similarly , the static temperature , pressure , and nansity

are expressed as T + •, p + p ’. p + p ’, respec tively .

The equations of motion : consisting of the two mean—flow momen-

tum equations, the mean thermal—energy equation , and th e continuity

equat ion, can accordingly be written in the form

-~~~ + -~~-- (pV + p ’v)~~ +h1 ax h2 
ay h3 3s

+ pW( K 13U - K31W) + ~~~
-. 

~~~~~

+ h2 F (
~~~

) — 

~~~

— }- (jr- .
~~~~

-) a (2.6)

h
1 

3x h2 ~3 9 h3 as

- pU (K13L1 — K 31W) + 
~~~~

— -
~~~

+ j : - ~ , (pv’w ) ~~~~~~~~~~~~~~~~~~~~~~~~~ — 0 , (2.7)

~Uc c pWc
+ - 2~ &~v + ~~~

) 
~~ +

ax h2 
3y h

3 ~z

ax h
3 

aa 112 ay h 2 ay

~U
2 W 2 a

— ~~ ( (~!~_) + (.t_._) ) + p~ + — (pv$) — (.~.8)
h~~ 

ay 
~~~ ~2

ay
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(pU) + 

~~~~

- f- (pV + ~‘V) + 
~~~~~ 

•
~;: 

(pW)

+ pU (K21 + ~3l~ 
+ pW(K 13 + 1(23) — 0 , (2.9)

where c is the rate of turbulent dissipation into heat.

In Equations (2.6, 7, 8), p , k and C are the molecular viscosity,

the thermal conductivity, and the specif ic hea t at constant pressure,

respectively, and they can be related to one another via the Prandtl num-

ber : Pr Pc~ /k~ which is taken to be a constant (— 0.72); c is also

taken to be a constant (a 6006 ft2.sec
2 
°R) ,  and hence p and k are pro-

portional to each other. The molecular viscosity is taken to be a func—

tion of local static temperature via the Sutherland formula:

T312 8 2
- 

- 
p — 2.270 T + 198.6 

x 10 lb sec/ft . (2.10)

The fluid is assumed to be thermally perfect , whereupon the equation of

state holds, in the form

p — pRT (2.11)

where the gas constant: R — 1716 f t2/sec2 °R. These values of c~ and

R are consistent with v — 1.4, where ‘I’ is the ratio of the specific heats.

3. CLOSURE RELATIONSHIPS

Closure of the system of equations is effected by means of the

turbulent kinetic—energy equation, which is written in the form

!Lf (9~- )  +~~~~— (p V +~~~~) f (~~~~) +~~f 
(9 ) +

2.~!!~L ~~2~~~~±~~~L-L  (2..!~~~ii ) + Pt -0 , (2. 12)
ay h2 ay h2 ay p 2

6
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where q2 — u 2 + v 2 + w 2 , (2.13)

together with empirical relationships to model the diffusion and dissi—

patton terms , and to model the dependence of the turbulent shear

stresses and turbulent hea t flux on q
2 .

Specifically , following Sradshaw et al. [10 , lii and Nash [11, the

diffusion and dissipation terms are modeled , respectively by

+ — a~ q
2 (2.14)

2 3/2
— — , (2.15) - -

D

where q2 Is the maximum value of q
2 in the outer three—fourths of the

max

boundary—layer, and where the diffusion function : a2, and the dissipa—

tion length: L
D
, are assumed to be universal functions of physical dis—

tance through the boundary layer. The particular forms for a2 
and L

D
,

used here , are the same as those found appropriate in earlier studies

[3,4],  and can be represented by

a
2 

— 1.125 — 0.375 (2.16)

7.195
2 

(2.17) - -
l + 1.n + 5n

These two functions are illustrated in Figure 3. In Equations (2.16,17) 
- 

-

v~ is the dimensionless physical distance through the boundary 
layer: 

- 
-

y
ii — -

~ J h 2dy , (2.18)

1 
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and ~ is the boundary— layer thickness, defined as the distance from the

surface where

2 2 1/2
(( U — U) + (W

e 
— W) ) — 0.005 

~e 
(2.19)

The turbulent shear—stress components are related to q2 by empiri-

cal func tions of the form

a -p
~~ f D (2.20)

( q )  h
2

a - p
~~ 

L
D (2.21)

(q ) h
2 J

Several earlier models are contained as special cases in Equations

(2.20,21) : If f ( I ~) = constant , the Townsend structural—equilibrium model 
- 

-

[121 is recovered; if f(’P ) 
~
p, the Isotropic eddy viscosity model is

recovered (although not a prescribed eddy viscosity) finally, if

q,2 the mixing length model is recovered. It is the intention to

explore the implications of and exper imental support for , alternative

forms for the function f at a later date; meanwhile, a cursory study of

some available experimental data (Figure 4) indicates the suitability of

the form

f(*) — 0.0225 *, (2.22 ) - -
-

and this form has been provisionally adopted.

The corresponding relationship between turbulent heat flux and q2

is written 
a s 8
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~~~ 
g ~~~~~ ~~~ , (~ .23)

where g is another empirical function . To date the various possible

forms for g have not been explored , and the present work is based on

the provisional form

0.0225

Pr (2.24)
t

in which Pr
~ 

is an assumed constant value (a  0.9) of the turbulent

Prandtl number . An obvious refinement could be to allow Pr~ 
to vary

with position across the boundary layer.

14• DIMENSIONLESS VARIABLES

Characteristic scales of length , velocity, temperature , and density:

L ,  Q ,  T , p .  respectively , are introduced for the purposes of reducing

the variables to dimensionless form. Two of these , in turn , define a

Mach number , M , where

Q
M — ° (2 .25)
° (oRT~,)~~~

2

the particular choice of characteristic scales is of no special signifi-

cance; here , Q
0 

is identif led with the free—stream velocity , and T and

p are associated with stagnation conditions.

The dimensionless var iab les subsequently become

(2.26)
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U — - ~— ,~~~— - — , W — - ~— (2.27)

o 0 0

~~
—

~~~
— , p a - - ,~~~~

. p
2 (2.28)

o o p Q

~~~~~~~~~~ 
,~~~

_
C P

k
Q L  (2.29 )

0 0 0  P 0 0 0

q — - - — 2 ~~~~~~~~~~~~~~~ 
(2.30)

~~~~~~Q0TØ~~ 
(2.31)

In what follows, the - sign w ill be dropped for clar ity, but it will be

understood that the variables retain their dimensionless status as

defined here.

5. EQUATIONS IN MATRIX—VECTOR FORM

The two momentum equations (Equations 2.6,7),  the thermal—energy

equation (Equation 2.8), and the empirically modified turbulent kinetic—

energy equation (Equation 2.12) are selected as the principle governing

equations, leaving the continuity equation to be solved retrospectively.

The.. four principle governing equations can conveniently be written in

matrix vector form, as follows:

A
1

F + A
2~~~~

+ A 3~~~~
+ A 4~~~

+ A
5 ~

—{ + A
6 

— 0 , (2.32 )
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where F is a four-dimensional vector of the principl, dependent varia-

bles:

F
T 

— (U W, T, q2) . (2.33)

In Equation (2.32) the A1 
through A

5 
are 4 x 4 matrices, and A6 is a

4—dimensional vector. - -

A2 and A3 
are simply products of a scalar with the identity

matrix, I, of order 4:

A2 
— I, A3 ~~ I ; (2.34)

1 3

A5 
is a diagonal matr ix , and A

4 
is full. A

1 
could contain off—diagonal

terms , depending on the particular formulation; here It contains only

one term, as indicated below.

Writing

A1 
— Ea(1)1 J

] (2.35)

h
2
A
4 

— [a (4)j j I (2.36)

h A 5 
— (a (5) 1~~1 (2.37)

A6 
— 

~~( 6) j ~ 
, (2.38)

• the non—zero content of these matrices is as follows:

2~~~~~
1l2

a(1)4,4 
— ç (q )  , (2.39 )

- pV - m
~
(c
~ 

- 

~22~ 
+ 
~22~ ~ 

(2.40)



____ ~ — 

~~~~~~ 
‘“

~~~~~
“ -- --—-

~~~~~
-
~~~~~~~~~~~~~~~

--
~
----- -- - - ---

~~~~~ 
‘
~~~~~~~ 

-

L 
- .
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2
‘(4)1 3 

- - ~~~~~~~~ tu 
(2.41)

a(4)1 4 - ~~u ‘ 
(2.42)

a(4)2,2 
- pV - m ( c

~ 
- + K22 p , (2.43)

2
a(4)2,3 

— Q.~._. 
~~ 

, (2 . 44)

- , (2.45)

a(4)3 3 — V — m~ (c~ — ‘
~22~ ~ 

K22k

—
~~ 3/2

- (~ - l)M2 T ‘ 
(2.46)

2
a(4)3 4 — •

~~ p(y  — 1)M (q )  g , (2.47)

2
— 2p q , (2.48)

2
a(4)4 2 

— 2p q , (2.49)

— 2 a
a(4)4,4 

— pV + 2 (2.50)

‘(5)1 1 
— — (s i  + at ) , (2. 51)

‘(5)2,2 
— —(p + isp) , (2 .52)

‘(5)3 ,3 
- -(k + mT) , 

(2.53)
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a(6)1 
— pW( K 13U — K31W) + 

~~~~~ ~~~~~

(2.54)

‘(6)2 - -pU(K13U - K31
W) + i~; 

-
~

(2 . 55)

a(6)3 - -(y-l)M ( i~; ~~ 
+ ~~

- 
+ ~~2)~

/
~ + {(~ U ) 2 + (~!)2)

1 aT 
~ 

C~k ~~ a ( 2))  2 56)— 

h, ay h
2 ay 

— 2h2 ay q

2 2
- 

- 
2p (q )~~~~~ q c~a2

— 
Qeh2 

(2.57)

where

at - p (q2)112 L
D 

f~~ ( 2 . 5 8 )

at - ) (q 2 ) ”2 L
D 

f~ (2.59)

- -p (q
2)112 ~~ g’ , (2.60)

aa~
c — —i , ( 2 . b l )a a2h2 ay

c
~ 

— 
LDh2 

~~D , (2.62)
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~~2~~

’

(2.64)

In the above equations, f ’ , g’ denote differentiation with respect to

their arguments; the subscripts: u, w are attached to f f’ to distin-

guish between the arguments involving aU/ay and aW/ay, respectively.

6. BOUNDARY CONDITIONS

The boundary conditions on the surface over which the boundary

layer is developing, which is assumed to be a smooth, impervious, ther-

mally insulated wall, are :

U — V — W — O  (2.65)

allay — 0 (2.66)

q
2 - O  (2.67) 

-

~~~

At the outer edge of the boundary layer the appropriate conditions are:

(2.68)
ay ay ay

q
2

- 0 .  (2.69)

Initial conditions , at the leading edge , are assumed to conform to the

similarity relationships pertaining to asymptotic, attachment—line flow

at the local leading—edge sweep angle . Under such conditions the bound—

ary layer quantities may be expressed in the form

14
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F — F(y, C~, 1 4 )  , (2.70 )

where F is the vector dependent variable (Equation (2.33),  M
e 
is the

local external Mach number, and C~~~ is the similarity parameter

/ ( ~ I / 3 x ) , (2 . 71)
w~~~~~ w ~ ap n

in which W Is th t~ extern.il ve~ i~~eit v c. ponc.~ l l.~ra1kei t o  the attach—ep
ment line Li is the component norma l tt~ i t , and x is the normal dis—

e na
tance from the attachment line, measured along the wing contour. The

flow in the boundary lay er , on the attachment line, is considered to

be laminar (at least for M
e 

— 0) if C~ < l0~ (see Reference [13]), and

turbulent if C~
b 

> 10~~.

In the present work, the functional form , corresponding to Equa—

tion (2.70) , is initially taken to be the same as Its incompressible

equivalent, and subsequently is improved upon via an iteration involving

conditions at the first two chordwise stations. The incompressible

form for laminar flow is tabulated in the text books (see, e.g., Refer-

ence (143), and experimental results for incompressible flow are given

in References (13]).

Boundary conditions must also be specified along the sides of

the intagration domain: i.e. for the extreme values of z, which corre-

spond to the root and tip of the wing. The true conditions along these

boundaries are, of course, unspecified and the most that can be done is

to provide the user with options, representing stereotyped boundary con-

ditions , permitting sensitivity studies to be carried out for the

particular configuration and pressure distribution. Candidate stereotyped

15
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root and tip cond itions considered here are:

(a) two—dimensional flow

(b) pla ne—of — symmetry flow

(c) infi nite—yawed—wing f low.

In each case, different assumptions are made concerning the

spanwise derivatives on the boundaries, and these assumptions take the

place of detailed information about the flow quantities being convected

across those boundaries .

7. DISPLACEMENT THICKNE SS AND WALL SHEAR STRESS

The displacement thickness: ~~, in a three—dimens ional flow

(Reference [4 ,15]), can be determined by matching the normal component

of mass f l ux , in the real flow , to that which would exist in a hypotheti-

cal invlscid flow about a displacement surface whose distance from the

wall is 6~ . In this equivalent inviscid flow:

e~e ~~ PeWe ~~~*
- —h—— j + 

~~~

+ 1 ~~~~~

- 

e’~e~ ” (2.72)

where 3(pe
V)/ay is given by the continuity equation (Equation 2.9):

- 
~~~~ e”e~ 

- 
~~ 

(Pe
U
e
) + h e

We
)

+ 
~e~e~~2l + ~3l~ 

+ pe
W (K 13+ K 23), (2.73)

and 
~D 

is the value of y corresponding to ~~~ . Upon substitution into

Equation (2.72), we have
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y
+ f (P~U~K2~ + p

W K 23)h
2

dy

— 

P U  
~~~~ 

+ 

Pe
W
e ~~~~

3x h3 
az

— 

~~ 
(P~ U~ ) + 

~~~

— 

~ 
( P W ~ )

+ Pe
U
e
K3l + p WeK32 f h2

dy (2.74)

in which the integral on the right—hand side represents the physical

distance between and y. The left—hand side is set equal to the

value of

Pe
V + (pUK 21 + pWK23 )h

2
dy

determined retrospectively from the boundary—layer calculation at each

x—z station, whereupon Equation (2.74) reduces to a partial—differen-

tial equation for ~~~~~ . It is integrated over the two—dimensional domain:

x,z, subject to the same side boundary conditions as were imposed on the

principal governing equations .

The comp.~~ents of the wall shear stress, or skin friction , are

determined retrospectively from the boundary—layer velocity profiles.

Specifically:

— ~i (aU/ay) (2.75)

— ~i (a WI ay)  , (2.76)

where is the molecular viscosity at the wall.

I
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Sepa rat ion of the boundary layer is deemed to occur when the component

of the wall shear stress, normal to the local sweep line , falls to zero.

This interpretation of separation is consistent with the customary

interpretation of oil—flow visualization pictures . Its usefulness, as

a criterion of separation , clearly deteriorates as it becomes more diffi-

cult to define the sweep lines —— as on a wing of hi gh taper , for exam—

— ple. Furthermore, the more three—dimensional the flow becomes , the less

certainty there is that surface—flow diagnostics correlate with the

behavior of the flow in the outer par t of the boundary layer; it is the

angle between the externel streamlines and the body surface which con-

trols the departure of the pressure distribution and loading from their

inviscid counterparts . The proper def ini t ion of separation , from an

engineering standpoint , should therefore focus on abrupt changes of th1~;

streamline angle, rather than on conditions near the wall. Unfortunately

there is, as yet , no agreed—upon criterion of separation which ref 1~’cts

this more realistic focus; the conventional wall—shear—stress criterion

has therefore been adopted as a surrogate.

18 
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SECTION III

GEOMET RY REPRESENTATION

Several approaches are available for representing the body

surface in terms of general curvilinear coordinate systems. The pres-

ent authors take the view , however , that orthogonal systems are beat

stited to bounda ry—layer calculations because the governing equations,

so formulated , preserv e the physical c lar i ty  which is essential to

proper description and modeling of the flow. The system chosen here Is

bas ed on local developmen t of th e su r f ace as de f ined by a set of air-

frame reference coordinates X, Y, Z. A c onical development is performed

at each surface mesh po in t as dep icted In Figure 5. The f i gure shows

the arrangement of surface mesh points on an arbitrary body in the neigh—

borhood o f poi nt A , about which a local development is to be made . The

developments are performed row—wise , marching in the general direction

of the freestreain. This procedure will be discussed later .  Of interest

fo r the development at A are the poin ts B through F, of which points C

th rough E lie generall y “upstream” of A.

The lengths All, AC , AD , AE , and AF are preserved in the devel—

opment. In addition the spatial angles between adjacent pain-  of

directed line segments are preserved , so that local surface areas are

approximately preserved as well. Figure 6(a) depicts the development of

the region shown in Figure 5, The conical development generates radii

of curvature r 1 and r 1, corresponding to the regions on the left and righ t

hand sides of point A. The appropriate coordinate system is then polar ,

~i tt h the nei ghboring mesh points located via a radius , r , and an angle , 0.

The origin of coordinates is fixed by a line 8 — constant passing through

th, points B and C for the left side and E and F for the right side . The

I 
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two coordinate systems are thus arranged so that point A lies at (r 1, 0)

and (r 2, 0) respectively . This arrangement has the desirable feature

that vector quantit ies at point A do not require rotation in passing

from one coordina te system to the other . Local vectors AS, AC , and so

on, are generated from the input ordinate data . The appropriate dis-

tances IAB I through IAF I are generated by inner products such as

tAl l — ~~~~~~ , (3.1)

and the angles are obtained as,

—l AS • ACcos (3.2)
1 IAB IIAC I

-1 AC .
— cos (3.3)

2 lAC llA1~l

- -1AD AE
— cos — (3.4)

IA DIIAE I

—1 AE • AF
~s — cos . (3.5)

IAE I IAF I

The local coord ina tes (r 1,0 1
) and (r 2, 0 2) are then generated by extend —

ing lines BC and EF to intersection with line DA extended. Figure 5(b)

depicts a local development in the nomenclature appropriate to the f in—

ite differencing scheme used in the governing equations. The quantity

A on the left and on the right , is computed for each local development

once the coord ina tes of points B and F are determined. The region to

the left of point A is taken to be in the direction of increasing

20 
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ordinate z. All geometrical quantities can then be referred to as

subscripted on the side of increasing z and “— “ on the decreasing side.

In the finite difference equations the various geometric coefficients

may now be identif ied from the local deve lopmen t:

• l•
~ l (3.6)

h
3
4 

— r
1
0
1 (3.7)
B

= r202 (3.8)
F

+
~ l3 — h r 1 (3.9)

K13 — h r
2 

. (3.10)

As the implicit finite difference equations are developed along

the span at each downstream station , it becomes necessary to form first

z—derivatives of the velocity components at every point along the span.

The situation is depicted in terms of the local z—differenc ing index n,

in Figure 7. The figure depicts the development at point n of the + and

— regions. Also shown are the appropriate developments for points (n—i)

and (n+1). It is clear from the figure that, f or examp le, the components

U~_1, W~~1, computed in the frame of reference at station (n—i) can not

simply be transferred to the frame of reference at position n without

taking account of the relative rotation between the two frames of refer—

ence. Thus in forming z—differences of velocity at station n involving

veloc i ty at station (n—i) the angle ,

21
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‘y 0 — 0  311n—i 2n ‘n—i

must be used to rotate the velocity vector from station (n—i). Scalar

quantities are not affected so that the four—vector F~_1
u (U,W , T, q

2)
T

occurring in the difference equations is given in the local frame by

F 1 ROT F~.1 (3.12)

where

CcS Y sin Y 0 0n—h n—i

sin y cos y 0 on—I n—i
ROT — (3.13)

O 0 1 0

o 0 0 1

A similar rotation matrix applies when the z—derivatlve at n involves

values at (n- f l) .

- - A similar situation exits when transferring vectors in the

x—direction . Figure Ba shows a different view of the development region

around point A. Recognizing that the point D was, for the previous x-

step, the point about which development was performed , it is seen that

a streaawise rotation may exist between the two coordinate systems.

Since the only quan tit y needed to transfer from point D to point A is

the relative rotation of the two systems, it is sufficient to construct

a tangent plant at point D and to perform rotations into this plane.

To fix ma tters , the rotation of the planes con taining DD’ and DA is

performed about the local sweep line in the tangent plane . The result is

22
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depicted in Figure Ob. The heavy lines depict the vector distances as

seen normal to the tangent plane. The dashed lines are the result of

rotation into the tangent plane. The angles 
~d 

and y are then obtained

by forming a vector along the sweep line, ~~, and computing the dot

products,

— I D ’D l  l -
~il cos(~ + ‘

~d~ 
(3.14)

AD CE — LA D I l
.
~ l cos(-~ — 

~a
) (3.15)

The required rotation angle is then

— 

~
‘a 

— 1d 
(3.16)

when the streamwise slope of the tangent plane is positive , and

- 

~d 
- ‘

~a ‘ 
(3.17)

when the streamwise slope of the tangent plane is negative .

Then in order to transfer F at t—l to the coordinate system at t,

the following rotation is performed,

— ROB FQ_ 1 (3.18)

where

cos ’Yb 
Sifl ’fb 

0 0

~~~~~ 
COS 0 0

R (3.19)OB 0 i o

0 0 0 1
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All the geometric quantities discussed in this section are inde—

pendent of the solution procedure once the computing stations have been

settled upon. Thus for a particular wing the geometry need only be

computed once , and then stored app ropriately. The data are called back

one spanwise row at a time as the solution progresses over the chord. —

Fr
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SECTION Iv
NUMERICAL SCHEME

The governing equations are solved, by an implicit finite—dif-

ference method, erected upon the surface on which the boundary layer is

developing. A forward—marching procedure is adopted , advancing in some

direction : x, in which the mean velocity component is everywhere non-

negative.

1. ITERATION PROCEDURE

The matrix—vector equation (Equation 2.32), representing the four

principal governing equations is nonlinear because the coefficient

matrices depend on F. Accordingly , the customary local linearization

approach is employed , involving an iteration procedure which successively

updates coefficient matrices until they are consistent with the converged

values of F at the station where the solution is being sought . Flow

charts of the iteration procedure are shown in the Appendix .

The external flow is solved first, to provide converged values

of U , W , in terms of the local pressure coefficient:  C . For thise e p

purpose Equation (2.32), which degenerates to a partial—differential

equation in only two independent variables: x,z, is integrated implicitly

along a line of roughly constant x. The values of U , We 
produced are

then used to scale the first—gues s solution within the boundary layer.

Within  the boundary layer, Equation (2 .32)  is integrated by means

of an al ternat ing—direct ion implicit  (ADI) method , covering each suc—

cessive cross—plane of rough ly constant x . The ADI method is embedded

within an i terat ion loop, again , for  the purpose of updat ing the coeffi-

cient matrices to a status consistent with the final solution: F. The

25

I.. •______ — -



~~~~~~~~~~~~~~~ “~~~~~
“

r .

continuity equation is also integrated, within this iteration loop, to

provide current values of the effective normal mass flux: pV +

2. DIFFE RENCE APPROXTM ATT ONS

The integration mesh is configured such that the forward—march—

ing procedur e advances along lines of constant y and z. Accordingly ,

if t , is, a denote indexing in the x— , y— , z—direct ions , respectively

(Figure 9) ,  x—derivat ives can be expressed simply as

- 
~~~~~ 

{F~~~ - ~~~~~~~~ (4.1)

-: where t~x is the increment in x:

- - ~(t-i) (4.2)m,n m ,n

- 
I—

The cross—plane: ~, does not in general correspond to a plane

of constant x, and so the first—order backward—difference approxima-

tion to aF/~z has to be written

- —i-- { (1-A )F~~~~ + A F ~~~~ - F”~~1
), (4.3)

where — ~~— ~~~~~~ — x
~~~~i

} , (4.4)

and Az — — . (4.5)

Correspondingly, the first—order forward—difference approximation to

IF/az is written

26
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(~~~)~~~~ — —~~~~~ (F~
t)
~ 1 + (1 — A”)F~~ — A~ F~

t
;

’) )- , (4.6)

+ 1 ( t )  (t)where A — -
~~ 

{x m n  — X
m~~ .l) (4.7)

and ~~~ — — . (4.8)m ,n+l m ,n

In Equation (2.32), aF/~z is approximated by a backward, or forward ,

dIfference according to the sign of A
3: backward if A

3 
> 0 and forward

if A
3 

< 0. Thus the derivative is always formed in the upwind direc-

tion, so as to preserve convective stability . Elsewhere, the arithmetic

mean of the backward and forward difference is taken; it will be noted

that this procedure is not necessarily equivalent to a central differ-

ence because Az is not necessarily equal to Az’~
’. -

In order to express the first derivative with respect to y, in

difference form , it is convenient to write the term A4
3F/ay, in Equation

(2.32) as

A4 
-~~ — [A~~’~ + A~

2
~ J -~~ , (4.9)

where A~
1
~ contains only diagonal elements and A~

2
~ only off—diagonal

elements. Then :

- + I)F~~~~~ - 2~~F~~~~

A (2)

+ ($_l)F~~~~~ +-
~~ 

EF
~~~,n

_ F
~,~~,n

1 . (4.10)
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The quantity •, in Equation (4.10) is a diagonal matrix , equivalent to

the parameter ci employed in Reference [l6J, which controls the level of

artificial viscosity to be introduced via the difference equations. The

elements of •: $~~, lie be tween — l and 1, and have the same sign as the
(1)corresponding terms of A
4 

. The difference equations becom e uncondi—

tionally stable if = 1. but are only conditionally stable if

< 1. It will be noted that no artificial viscosity is introduced

via the uff—diagonal terms of A
4; this is appropriate since any artifi—

cial viscosity so introduced would relate one element of aF/ax to

another element of ~
2F/~y

2
, with unpredictable results.

form 

Second derivatives with respect to y are expressed in the usual

(t)
4 ~~F = 

1 {F~’~ — 2F~~~ + F (t )  ) , (4.11)

~~,fl 
(Ay)~ 

in+1,n m,n m— i,n

where

— 
~~I~~~~~~fl 

— — ~~~ (4.12)

Upon introduction of the various difference approximations into

Equation (2.32), the following difference equation is obtained, relating

to the node point t, is , n (see Figure 9) :

(I.) 
+ F

( t )  + B ~ U)
BiFm,~. i n  B2 ni,n+l 3 m,n

+ B F(i) + B F(t)  
— B F (t

~
1)
, (4.13)

4 m—l,n S m,n—l 6 m,n

28

— 

- :~~~ I L ~T ~~~ ‘-- - ‘ - ~~~~~~~~~~~~~~~~~~~~~~~ : 
- -



- —-—— ~--,--—-- -——— “-- ‘—--- -~ -“-—-‘--—- - - ---- -—‘— ----“-——-‘ - ---- -“-- 7’ — --‘ — - ‘—--- - —
~
.—---.--—-‘

~
—‘ ~~~~~~~~~ 

—- -

~~

7’

~

’

~

’

~ 

--‘-— —-— -—— -- ‘-  .- ---- -,- --—‘- -‘—-- -——-- —-- - ----‘- -- ___7 ’_.___._,.,_*_,___~_ ,

~~~~~~~~ 
‘I

where the B ’s are square matrices representing linea r combinations of

the A ’s in Equation (2.32).

3. ALTERNATING—DIRECTION SCHEME

The forward—marching procedure advances in the positive x—direc—

tion, from a cross—plane: L—l , where the solution is assumed to be

known, to a cross—plane: £ , at which a new solution is sought. The

cross—plane is scanned alternately in the n— , and is—directions (Figures

10, 11), converting Equation (4.13), respectively , into the successive

forms:

BlF~~~~n 
+ B3F~~~ + B4F~~~~n 

— C
1 

(4.14)

B
2
F(t)~ 1 

+ B
3
F~~~ + B

5
F~~~_1 — C

2 
. (4 .15)

in which C1, C2 
contain the passive terms originating on the left—hand

side of Equation (4.13). During the scan in the n—direction, Equation

(4.14) represents a recursion relationship for 1 < is < M , and , during

I 
- the scan in the rn—direction, Equation (4.15) represents one for 1 c n ‘- N.

In either case the sequence of Equations (4.14, 15) may be written in

the form

PQ = R , (4.16)

where Q is a vector of order M or N, whose elements are the vectors F ,

R is a vector of similar order containing the elements C1 
or C2, and P

is a tridiagonai square matrix , of order H or N , containing the B’s

from Equation (4.14) or (4.15).
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During any given iteration P and R are regarded as known, and

the solution of Equation (4.16) is formally determined as

Q — ~-l R . (4.17)

The solution is readily calculated using the extended Choleski

method (Reference [17]) which involvee forward el imination of the lower

diagnnal elements of F, and backward substitution to determine the ele-

ments of Q. The coefficient matrices P, R are updated in successive

iterations and the solution process continued until convergence is

obtained.
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SECTION V

ADDITIONAL DETAILS OF THE METHOD

1. EXTERNAL FLOW

It is assumed that the external flow conditions are specified

in terms of the local pressure coefficient, C , together with condi-

tions in the undisturbed free stream . The local static pressure,

static temperature, Mach number, and resultant velocity in the exter-

nal flow can be determined , directly , as follows :

H 2
2. = i + 

~~ ~~~~ C , (5.1)p 2 p

T
= (1) 

‘
~
‘ 

( 5 . 2 )
T p

- —
~~~~~ ( (1  + j1 M

2
) ~~~~~~ 

- 1) (5.3)

Q M T l
~/2

(5.4)

The velocity components, U , W
e~ 

cannot be determined directly, but must

be found by solving the Euler equations (the momentum equations without

the viscous and turbulent shear—stress terms) subject to the appropriate

boundary conditions. These equations are solved implicitly , in the

two—dimensional domain: x, z, using the same difference approximations

as are employed for the full boundary—layer equations.

Truncation errors associated with these difference approxima—

tions will of course , arise and , as a result, the values of and We
derived will not generally be consistent with the value of determined

from Equation (5.4). The truncation errors can however, be reduced for
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certain types of flow, by su itable handl ing of the pressur e grad ien ts:

op/ax , ~p/~ z. In par ticular , for an infinite yawed wing, a transforma-

tion of the form:

M2 ~~~~
C
2 

- cos2A - 
2 

~(1 + --~~ C ) ~ - 1~~, (5.5)
(y—l)M (. I’

will enable the exact values of U , W , to be obtained using a two—

point backward difference for aC~/ax:

. - --
~~~ ~~l + C~)~~~~ ~~~~~~~~ - (C~~)~~

”
~~~(S.6)

and a three—point d i f fe rence  for ~C /~z:p

- ~(l  ~~ c~) ~~~~~~~~~~ (C~~~~~ - 

- 

-

-

- 
l:~:) (C )~~~~ 

- (~~~~~ 
- i - - ’)  (C )(~~

l ) 1 (C )~~~~~(5.7)
Az ~T ~ Az Az ~T ‘~ Az ~

‘T a-

The transformed pressure coefficient: C , will be recognized as being

identical to the velocity component normal to the sweep lines , and the

quantity

1M
2 l/y

(l+-j— C~) . 
‘

in Equations (5.6,7) as being identical to the local density raLio:~ ,/ p .
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in the present formulation, the above transformation is used

for the finite swept wing also. In this more general case truncation

errors will ar ise in the solution of the Euler equations but , in most

cases, they will be smaller than the errors that would arise if

ac /ax, ac /az were determined by applying the difference formulae to

the untransformed pressure coefficients. It should be stressed however ,

- - that no approximation is introduced into the Euler equations other than

the difference approximations to the derivatives.

2. DISTR IBUTION OF NODE POINTS THROUGH THE BOUNI)ARY LAYER

The thickness of the integration domain is set equal to ~~~~, where

5 is the boundary layer thickness and ~ is a constant in the neighbor-

hood of l.2~ . Thus, if the physical distance from the wall is denoted

by ~~, then

as O~~~m < M ,

where H is the number ot node points distributed through the domain.

The transformed space variable , y, is defined by

y — mAy , (~~.8)

where Ay is any convenient constant , and hence the relat fonship between

y and ~ describes the manner in wh ich the node points are distributed . 
—

For laminar flow, a uniform d i s t r ibu t ion  Is appropriate , where—

upon

— t~ m/M ,

Ii , — 3~ /am ~l~fM , (~ .1O)

K ,1 - 0.

fl
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For turbulent flow, a non—uniform distribution is more appropriate

which provides increased point—density in the region of large gra-

dients close to the vail. A distribution that respects the various

- 
- 

regions of a turbulent boundary layer: viscous sublayer , logarithmic

region, and “wake region” is

(1 +~~)M {c
1(m—M) + ~

M } , (5.12)

in which • — 4t(m) is such that • becomes large as m-’M. The distribu-

tion thus reduces to the uniform one

— fj (c
1
(m—M) + ~M } (5.13)

in the outer part of the boundary layer . in the inner par t, the dis-

tribution is controlled by the function $ which takes the form

c m
— — c

2
m + c

3
(e — 1) . (5.14)

Here , c3 is taken to be proportional to the additive constant in the

Law of the Wall , and c2 determines the distance from the wall at which

it is desired to place the first node point; c4 
is selected such that

y is non-singular in the interval 0 c m c H.

The values of h2 
and K22, corresponding to Equation (5.12) can

be determined by differentiation with respect to m :

c 6 [c
1(m—tl) + 

i)1]
— M 1 + + 2 •‘ (5.15)

• (l + +)
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2 6 2c1~’h2 K22 — 
N (1+,)2 + (c

1
(.—M) + ~4I ¶

. ____.t.!~
___ 

— __i±.!~~ • (5.16)
(l+,)2 (1+~ )
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SECTION VI

EVALUATI ON OF THE METHOD

Time and funding constraints have placed severe limitations on

the scope of the validation procedures which could be performed on the

method. The following represent only a cursory set of checks to deter-

mine whether gross errors were likely to arise when the method was

used. A more comprehensive process of validation is clearly needed, to

search for more subtle errors or inaccuracies, involving checks of

internal consistency as well as comparisons with experiment and exact

theory . These comparisons would also form a basis for “fine tuning” of

the method (adjustment of the empirical functions, etc.) which , so far

has not been done.

A number of numerical convergence checks were made using, as a

simple test case, two—dimensional, incompressible laminar flow over a

flat plate. Figure 12 shows the effect of varying the number of node

points distributed through the boundary layer. It is evident that 20

points is sufficient to adequately recover the exact Blasius solution

and that further refinement has no significant effect. The results shown

were obtained using 7 streamwise stations (including the leading edge

which was represented as a stagnation point from which the fluid accel—

crated linearly to free—stream velocity in a distance equal to 0.005 times

the length of the piate). A coarser description involving only 5 stream—

wise stations resulted in a 4% error in wall velocity gradient compared

to an error of less than 1% with 7 stations. A finer description,

involving 14 streamwise stations, reduced this error to less than 0.05%.

Figure l3a shows the convergence of the iteration process for

the case involving 7 streamwise stations and 20 node points across the

36
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thboundary layer. At this particular x—atation (the 7 ) the calculation

converged to a tolerance of lO~~ in 6 iterations. Here, the tolerance

is defined as the maximum permissible variation between successive

iterations, expressed as a frac tion of Ue~ (Corresponding tolerances

are placed, where applicable , on W, T, and q2). Relaxation of the tol-

erance results in progressively larger errors in wall velocity gradient

(Figure 13b); with a tolerance of 0.003 this error is about 8%.

Figure 14a shows the predicted effect of compressibility on the

two—dimensional laminar boundary layer. The calculations indicate a

reduction of about 16% in normalized wall shear stress at a Mach number

of 3. This order of reduction is close to the figure given by Young’s

formula (181. Figure l4b shows the computed temperature profile through

the laminar boundary layer at Mach numbers of 2 and 3. The profiles show

~ L the enthalpy is being properly conserved in the outer part of the bound-

ary layer. The loss of enthalpy near the wall is of course to be

expected because the recovery factor is less than one.

Figure 15 shows some calculated results for incompressible lami-

nar flow over an inf inite 45°—swept wedge. The external velocity compo-

nent: U , normal to the leading edge, is assumed to increase in propor—

tion to the normal distance : x , while the external component : W ,

parallel to the leading edge is constant. The computed velocity pro—

f iles are expressed in similarity form and are compared with the exact

solution of Mowarth and Cooke (19,20]. It should be noted that the cal-

culation proceeded , not along the normal to the leading edge , but in the

direction of the undisturbed stream. The velocity profiles: U(y), W(y) ,

appea r ing in the calculation did not, therefore , reach an asymptotic form
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but varied with x. The profiles plotted in Figure 15 were obtained by

resolution.

Some results for incompressible turbulent flow are presented

in Figures 16 through 19. Figure 16 shows an inner—la, plot of the

velocity profiles in a constant—pressure turbulent boundary layer at 4

Reynolds numbers. It will be noted that the viscous sublayer and blend—

• ing region are well represented, and that the familiar logarithmic region

is obtained at high Reynolds numbers . The slope of the logarithmic por-

tion is consistent with the value of von Karinan’s constant used here

(0.418 ) ; the additive constant emerges as 2.5, compared with Patel’s [4)

value of 2.3.

The predicted wall shear stress is expressed as a function of

Reynolds number in Figure 17. The trend is consistent with that given by

Rotta [21], Coles [22], and Smith and Walker [23), although the predicted

values themselves appear to be slightly low.

Figure 18 shows the computed mean velocity profile at a Reynolds

number (R
6
*) of lO~ . Two sets of results are plotted , corresponding to 20

and 30 node points across the boundary layer, and there is no significant

difference between them. The calculations are in good agreement with the

experimental data of Klebanoff [24] and Smith and Walker (23). The corre-

sponding profiles of turbulence intensity: are shown in Figure 19.

It will be noted that? increases front zero, at the wall, to a maximum

(for constant — pressure flow) which is located near the edge of the vis—

cous sublayer. The maximum value: q2/U 2. 0.0085, is consistent with

the predicted wall shear stress of 0.0013, assuming a value of a1 
( 111_uv/q 2)

equal to 0.15. The calculated results are compared with the data of
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Klebanoff [24]. Experimental values of are shown and also the meas-

ured values of —uv divided, here, by a1. The two sets of experimental

data are in close agreement with each other over most of the boundary

layer, but diverge close to the wall because of the “inactive” component

of the turbulence included in q2. The calculated results are in closer

agreement with the values of -uv/a1, in this region, confirming that the

quantity q2 considered in the theory is to be identified with the active

component of the turbulence which is responsible for momentum transport.
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SECTION VII

DEMONSTRATION TEST CASE

The test case selected for demonstration purposes corresponds

to the upper surface of the right wing of the NASA/Air Force TACT

(modified F 111) airplane. The wing geometry and flight pressure dis-

tributions have been supplied by NASA Flight Research Center , Edwards,

California. The particular case, for which a boundary layer calcula-

tion has been performed corresponds to a nominal leading edge sweep angle

of 26° , and an airplane angle of attack of 9.01°. The Mach number is

0.84, and the static pressure is 903.08 lb/ft
2
.

The wing geometry ts shown in Figure 20. The pressures were

measured, in flight, along four spanwise stations designated Rows A

through D , in which Row A is near the tip , and Row D near the junction

with the inner—wing glove. The instrumented portion of the wing was

clean, and was uniformly tapered. The pressure distributions , along the

four spanwise stations are shown in Figure 21, and it wil l  be noted tha t

a shock is present over most of the span. The shock appears to be simple

at Rows B and C , but becomes bifurcated at Row A , near the t~ing tip.

The calculation was performed with 15 streamwise stations and four

spanwise stations (corresponding to Rows D, B, C, A). The end stations

(D,A) were treated as being portions of locally—infinite—swept wings .

In the interior of the integration domain (Rows C,B) the flow was treated

as being fully three—dimensional. Transition was assumed to occur at

11% of local streamwise chord , on Rows D, C, and at 6% of local chord

on Rows B,A. These stations correspond to the start of the adverse

streaawise pressure gradient.

40

- - - ~~~~~~~~~~~~~~ 
- 

- -—--—-——-‘————-.—~~~-‘- —— -.‘- - - -1-—~~~~~
- 

~~~~~~~~~ -——- 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

- —~~~~z~~~ _



_ _ _  -

Figures 22 and 23 present the distributions of 5~ , ‘r , and

versus local chord at the four spanwise stations. Figure 24 presents 
- 

-

-

velocity profiles as computed at three representative points on the plan— —

form. Separation occurred in a small region, depicted approx imately in -

Figure 24, and the separation control process was uaed to recover the

boundary layer calculation. Evidence of approaching separation can be -

seen in Figures 22 and 23 through the behavior of 6* -and r .

x

I
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SECTION VIII
1

CONCLUSION S AND RECO) iENDATIONS

The method described herein builds upon experience in calculating

th ree—dimensional boundary layers extending over some eight years . This

experience has been reflected in the retention of many of the more firmly—

based f eatures of the earlier methods , and these features have been incor—

porated , together with many new ones , into an entirely new program struc-

tu re. The new structure offers inetediate computational advantages with

respect to the ease of setting up a r~alculation and the economy of the

calculation itself. It also offers cons iderable flexibility which will

permit extensions and refinements of the method as the need for them

arises . In that regard the method may be cons idered to be a starting

point for further work , rather than a completed product , even though it

offers the user a comprehensive tool which should more than adequately

perform the tasks for which it is currently needed. It will clearly take

time to properly evaluate the new method, and to exploit its full poten-

tial.

Central to the new program structure is the alternating—direction

implicit (ADI) numerical scheme. We believe that the adoption of this

type of numerical scheme represents a definitive solution of several of —

the problems which have plagued the development of implicit methods for

calculating three—dimensional boundary layers . We also believe that it

represents the best starting point for several potential extensions of

the method , involving, fo r instance, the inclusion of higher—order terms

in the equations of the mean motion and/or the turbulence model equations .

A number of fur ther  refinements to the numerical scheme would ,

however, be worthwhile even for flows which satisfy the first—order
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boundary—layer equations. In particular, it would be advantageous to up-

grade the scheme to second—order accuracy with respect to the x— and z—

derivatives. Also, improvements could be made to accelerate the conver-

gence of the iteration process. Schemes which claim to eliminate the

need for the iteration process, altogether, should be evaluated too; but

the present authors are skeptical about the desirability of such schemes

if they place severe restrictions on the step—size in the direction of

march. If this is, indeed, the case, the iteration process has simply

been traded for a much larger number of x—steps.

One of the features of the earlier methods, which has been

retained, is the one—equation turbulence model. We have consistently

argued the superiority of such a model , over the “zero—equation ” eddy—

viscosity or mixing—length approaches , on the grounds of its greater

universality . On the other hand , this universality could be improved

still fu rther by the incorporation of at least one more differential equa—

tion: for the dissipation rate or, equivalently, the turbulence length

scale. We recommend that this refinement be made, possibly in an experi—

mental method, to enable the user to check the validity of the existing

model under specified flow conditions where its adequacy might be ques-

tionable.

To the extent that the turbulence model is closely similar to

that used in the earlier me thods , it would be expected that the degree of

correlation between the predicted mean—flow quantities and experiment,

would be comparabl e to that previously reported for turbulent flow [1,3,4].

A wide r ra nge of measurements is now available , however , and it would seem

highly desirab le to make comparisons with these recentl y acquired data.
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The comparisons would serve as a further check on the reliability of

the method , and might also indicate the areas where “fine—tuning” of —

the empirical functions would produce even better agreement with experi—

ment . It is worth noting that the assumed relationship between dissipa-

tion length and position through the boundary layer , and the diffusion

function assumed herein , are identical to their counterparts in the

earlier method [3,4].

Some improvements can still be made to the geometry—representa-

tion scheme. The conical—projection approach is probably adequate for

most purposes, but it could be upgraded to a full  doubly—curved repre—

sentation , with correspondingly greater generality, without difficulty .

The governing equations are already cast in terms of two geodesic curva—

tures . In this regard , however , we f eel that there is a need to accumu—

late user experience in the description of typical airplane geometries ,

prior to the decision to replace the existing scheme.

One of the major sources of uncertainty, concerning a boundary-

layer calculation extending only over the wings of an airplane configu-

ration, has to do with the specification of realistic boundary conditions

at the wing root. Fluid spilling off the fuselage, onto the wing, convects

information which is relevant to the boundary—layer development but which

the user is unable to specify. Ideally, the calculation should extend

over the whole of the wetted surface of the airplane, in which case the

need for specifying boundary conditions along such arbitrary interfaces

would be eliminated. Unfortunately, such interfaces often correspond,

as does the wing—fuselage junction , to regions whe re the first—order

boundary—layer equations are invalid , and where a more sophisticated
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calculation would be required. Be that as it may , the present method

could readily be extended to a wing-fuselage combination on the assump—

tion that the corner flow is amenable to first—order treatment. The

extended method would, at least, take account of continuity of mass

across the interface , and would partially represent the momentum

exchange too. We strongly recommend that such an extension of the method

be f unded , at an early date, to provide an interim engineering tool for

airplane boundary—layer computations , and to provide a framework for

incorporation of the more sophisticated treatment of the corner flow when

the technology for handling it becomes available.
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NASH/ SCRUGGS T}~ EE DIt€NSI(~~AL BOUNDARY LAYER CODE *

Input Procedure - -

The input data is contained in several blocks. All input is read into

the MAIN program added at Grumman .

Card # Format Field Name Remarks

Al Literal - GTITLE1 1st card of 2 card
title set
(STOP in the 1st 14
columns terminates
execution)

*2 Literal - GTITLE2 2nd card of 2 card
title set

*3 2113 1 LL 11 of streamwise
stations (�~o)

2 MM # of cccputational
points across bound-
ary layer (<21)

3 NN # of span stations
(<30)

14 ITN Maximum number of
iterations allowed
in numerical pro-
cedure at each stream-
wise row

A14 2113 1 KBC Edge boundary conditions
=1 2-D flow

— 
2 plane-of-symmetry

flow

=3 infinite yawed-
wing flow

2 lOITER Output of numerical
iteration history

=0 no output 
—

=1. full output
3 IOPRF (~atput of velocity

profiles at each - 
-

station
-0 no output
—1 full output - -

~

* Input format revised sU~~tly by Bill Mason at Grumman, where this
section was rewritten.

7].
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BLOCK B Geonetry Input

Card # Format Field Name Remarks

Bi 7F10.O 1 XXGECt4(N,1) x (streamwi.se ) location
of leading edge at span
station N

2 XXGEOM(N,2) Y (vertical) location
of leading edge at span
station N

3 XXGEct4(N,3) Z (span) location of
leading edge at span
station N

14 )OCGEC~4(N ,14) Local chord at span
station N

5 XXGEct4(N,5) Wing incidence (in
addition to ordinates)
at span station N

B2 7F10.O ].-~LL XYGEOM(U,N,1) (
~) ordinates at span

station N, read for
Ll fr o t n lt o LL

NOTE: Card B2 is read seven values per card until LL values are read.

B3 7F10.O i-LL XYGEC.f(Ll,N,2) (
~

) ordinates at span
station N, read for

Li fran 1 to LL

NOTE: Card B3 is read seven values per card until LL values are read .

NOTE: BLOCK B is repeated once for each span station starting with the most inboard
span station (NN times).

BLOCK C Flight Conditions

Cl Literal TITLE Title card describing
flight condition and
pressure distribution.

C2 7F].O.0 1 XMINF Mach number
2 XLEN Reference length scale,

in feet . 
-

3 PINF Static pressure, in psi

14 TINF Static temperature, in
degrees Rankine

C3 2113 l-NN LTRN(N) Chordwise location of
specified transition
at each span station

NOTE: Card C3 is read a second time if N N >  21.

72 
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Card # 

:: ;t 

Field Name 

= 

~o~~~~o~~~~~~ le
= 1 write solution to

file
2 KRFF = 0 do not read solution

fran file
= 1 read solution fran

file
3 IPNCH = 0 do not punch output

for plotting
= 1 punch output for
plotting

14 KSIffHS Number of smoothings of
input pressure distribu-
tin (if desired)

C5 7F10.O 1 CNCRIT Convergence criterion
for numerical iteration
(.0005 naninal value)

2 CRTLAM Separation test for
— laminar flow (.05

naninal value)

3 CRTTBL Separation test for
turbulent flaw (.005
naninal value )

BLOCK D Pressure Distribution

Dl. 7F10.O 1-iLL CP(L ,N) Pressure distribution
at constant span station,
L.E. to T.E.

NOTE: Card Dl is read repeatedly until LL values are input, seven values
per card.

NOTE: BLOCK D is read once for each span station (NN times).

Program Termination: The program will autanatically return to the beginning and
read card Al. If the 1st 11 columns in Card Al contain the
clue work STOP, execution terminates.

- -
-~~~ _—~~ --__— -~~-~~ j
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IBM/CI)C Conversion 1~OM COk-~ JRl4ISkiE~ TO DD,C ~~~~~~~.
-

Only minor modifications are requ~red to convert the program fran CDC to

-
- 

- ‘ - ~~~~~~~ - - ‘versa. The following u s ’ , provides the entire de tai lu  -f ti - ~
eonversicn procedure.

I. Comment out the program cards for IBM.

II. ~itry points must be changed. These occur in the listed subroutines:

S1JBROtJ~~~~ CDC fl3M

- I  1. BOUND ENTRY GUESS ENTRY GUESS (L)

2. PRINT ENTRY PRINT2 ENTRY PRINT2(L)

3. PRINT ENTR Y PRINT3 ENTRY PR INT 3(L)

14. DISP ENTRY DISP2 ENTRY DISP2(L)

5. GEOMT ENTRY GEOM2 ENTRY GEOM2(L)

III. For those IBM installations that do not have the H-Extended Compiler , two

function sub~rograins are required in order to supply ASIN and. ACOS . This is
done by using the function subprograms to equate ASIN to ARSIN and ACOS to ARCOS.

IBM JCL

//GRU.40(lOt JOR (727~ ,I36.OO’iO,On3O,OOr’O,,?,,h2),’M ACPcENZIF.S7 !~&S722’,
/ /  M$G LeV EL . 1 ,C LA 3S. C , p

~ GIO~~~
IIS b~

( ,, IM~ .15
/ * M~ 5$AGE Cpu T!~~ t3 M~~~J~ A LL. CL rJCw 50 M P.1 , REGIO N 2~ b~
/ / P~ A$M ~.XFL C ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
// PAR M .L~~FDa

I SIfls (1I0’c,?8b),I~AP ,~~f T ,L1$T’ , x
/ 1  TTMr .r.o.ts
/ /~ OR1 SY8 LII~ ~~~‘ !~S~Ji P.&LOADSU .Ot5Pc(,PASS ), K

/ /  UNITs(SY3DA ,SFPa8V3PNI”~T),3PAC~ .CCY~ ,CU,1)), K
1/ t ) C H s (~~e C F M a ~~~. L R t C L . M O . B ~ K S ! Z I . s J ? 0 O )
//~ OPT ,SY$ I~ Dfl t~I8Ps S , r~S~Js!)77~)218,M ASOP ,GACNA$I 4 ,CAHD8, K
II 1J41T53330,v (ICSERsOSPPO2
,/ L I ~E fl .SY S I P ~~ *

FL’~J T P V  I.iA ~~ %j

//Gfl.YO7FOO) DD DUMMY
//GO,~ T1aPO~ 1 o f’ ‘J’~!ts$Y3hA ,SPAC~ s(CYL,(?,1)),O!8PsC,D~I.ITF), x
/1 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
//Gfl.F? fSP (’4~1 D~ I~~~ D’MY

~~~~~~~~~~~~~~ D’) ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ K

~r .
Clef’ f~~~u ’ .p $ .f efl

I. 



1. List of Primary~ Coding Symbc l.s

Indices:
M index in the y—direction, MM upper limit.
N index in the s—direction, NN upper limit.
L index in the x—direction, LL upper limit.
IT iteration nuther, upper limit ITN.

F(M,N,l) U(y , z)

F(M,N,2) W(y,z)

F(M,N,3) T(y z)

F(M,N,4) q2(y, z)

FO(M ,N,I) the quantities above, 1—1 ,4, for the previous x-station.
(In general an “0” appended will have this meaning.)

FP(M ,N ,I) values of F(M ,N,I) from previous iteration

cP(L,N) C~ (x~z)

111(N) metric coefficient h1.

H3(M,N,I) metric coefficient h3, measured on the side of increasing
z (1.1) and on the side of decreasing z (1—2) at local
development point. —

DISP(N) displacement thickness

LANINAR(N) equals 1 for laminar flow , 2 for turbulent flow.

LTRN(N) value of L for which transition is specified , at each N.
(input)

XBC an integer fixing boundary conditions in the s—direction.
(input)

QE(N) velocity at the edge of the boundary layer.

RIIOE(N) density at edge of the boundary layer.

~~T1(N,I,J) rotation matrix for the side of decreasing z at the local
d.velop.snt point (I ,J— l ,4).

~Yr2(N,I,J) •ae as ROT1 for lef t hand side .

3W? (N) l..din~ .d~. sweep asil..

b c k wsrd r otat t os ~~ t r t a  a th. local d.v.lops.nt pi’tnt



~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ‘j

SWPL(N) local sweep angle.

DIE(N) Ma ch number at edge of the boundary layer.

XK13(N,I) the curvature coeff icient K1 , measured on the side of
decreasing z (1—2), and on ~he aide of increasing z
(1—4) at the local development point.

V(M,N) pV +

XK2 (M,N,I) the curvature coeff icient K22 f or the previous x—level
(I” 1) and the current x—level (1— 2).

XR(N,I) the quantity A measured on the side of decreasing z (1.2)
and on the side of increasing z (1 — 4), at the local
development point.

YDELTA(N) boundary layer thickness at each z—stat ion.

Y(M N) curvilinear coordinate normal to body surface.

‘C
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2. Description of Subroutines

The flow diagrams in Figure Al through A4 describe the sequence

of events in the computer code. Basically, the code is built around a

driver program called MAIN, which sequences most of the activity given

in the diagrams. All computations are performed through a series of

subroutines and functions. Following is a brief narrative on each of

these.

BOUND (L).

At each x—station computes local edge conditions for each z—station

and local pressure gradients (transformed) in the x and z directions.

Linearly extrapolates boundary layer thickness f ran previous x—station

for each z. Forms a “best guess” set of profiles to start iteration

process at the current x—station by scaling the converged solution from

the previous x—station (entry point GUESS).

CONT.

Computes boundary layer thickness, maximum turbulence intensity,

and wall shear stress for each z, on each iteration. Solves continuity

equation for normal velocity V.

DISP(L).

Computes displacement thickness for each z—station from the differ—

ential equation given in the text.

EQTNS.

Computes the 4 x 4 coeff icient matrices A1 through A6 given in

Equation (2.32) through (2.57). These coefficients are updated on each

iteration. This subroutine is called from SETUP.



FUNCT.

Forms a function used to generate certain matrix elements in

EQTNS .

GEOMT(LJ.

Lof t data are entered in this subroutine and all geo~setric func-

tions are computed for each surface point. The quantities are generated

at z~ and z as appropriate, and taking account at the ends the necessary

values for infinite swept or plane—of—syninetry conditions. Leading edge

and local sweep angles are also computed. Rotation matrices are gener—

ated at each s—station for and z , for vector transfer in the s—direc-

tion. Rotation matrices are also formed at each z for vector transfer

in the x—direction. These calculations are performed for each x—station

in succession and stored on tape. The entry point GEOM2 then returns the

data row—vise for the marching procedure in the main program.

INITV. - -

Computes flow conditions along the swept leading edge. Applies cri-

teria to determine whether turbulent or laminar flow conditions are to be

applied. Starting profiles for the vector F are generated accordingly.

INPUT.

Reads input conditions from cards and computes appropriate con-

stants of the flow.

INVRT(A,B,I~).

Computes the inverse of a 4 x 4 matrix. Inverse of A returned in

B. ID—O returns singularity condition. This subroutine is called in

SOLVE.

MULT4(A I3~CJJJ).

Product of .stric.s A and I returned in C. Matrices are 4 * JJ.



- -

Called in SETUP and SOLVE.

PRINT(L) .

Prints solution profiles in x and z, stream and normal , forms . 
- 

-

Computes and prints wall shear st’:esaes, prints boundary layer thick-

ness and displacement thickness. Also prints iteration history of the

solution.

SCALE. —

Used on first x—step away from the leading edge to scale the solu-

tion back to the attachment line.

SEPCON(L).

This subroutine is called when, for any s—station, the given pres—

sure gradients cause separation to occur. The solution cycle then

passes through SEP~ON successively until a decreased adverse gradient is

found which allows the iteration cycle to be completed for the given

x—station. The local adverse gradient is decreased linearly on each

pass .

SETUP .

Sets up the tn —diagonal matrix, each of whose elements is a 4 x 4

matrix. EQTNS is. called to form the A1 through A6 matrices at each

mesh point. These are then loaded appropriately in the elements of the

tn —diagonal system.

SOLVE.

-
- 

— 
Performs inversion for the tnidiagonal. Called from SETUP. Returns

a solution of the system of equations for F on each iteration.

STORE.

Called on each x—step . Converged solution for current x—step is - -

stored. In addition this solution is rotated to the coordinate system

7~
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for the next x—step, for each z—station. Entry point STOR2 writes the

solution to tape.

YP0INT(KINT).

- - Generates a distribution of mesh points in the y—direction and coin—

putes appropriate geometric terms for this coordinate, i.e. h2, k22,
and their derivatives. KINT ~ 0 interpola tes the solution F to the n~ i

distribution of points.

ZDERV.

The function ZDERV performs 2—derivatives of any quantity, scalar

or vector, one—sided or centered, an~,I which may be defined at some or

all of the six local developments points associated with the point where ~
- 

-

the derivative is taken.

so
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