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CYCLIC DUCTILITY , CYCLIC STRENGTh AND FATIGUE
CRACK PROPAGATION OF METALS AND ALLOYS

fl ~ ABSTRACT

Fatigue crack prop~gation has been related to the cyclic stress-

strain and life_strain/response of materi als by means of a ductility exhaustion

mechanism. The da/dn-fr relationship has been derived from the assumption

that an elemental crack) extention occurs when the sum of the fractional

fati gue life of an eleiuient at various cycl es is equal to unity . Experimental

fatigue crack propagation data of representati ve metals and alloys have been

compared with ,tf~at predicted from their low cycle fatigue properties. The

threshold~~i(behavior has been explained in terms of the existance of a threshol d

plasti c strain amplitude .
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INTRODUCTION

Fatigue crack propagation (FCP) has been studied on various materials

for the last two decades. It has been almost universally recognized that

fati gue crack propagation for a parti cular materi al is a function of the stress

intensity factor, and experimental results are normally presented as log plots

of fati gue crack growth rate (FCGR) per cycle (da/dn) versus the stress intensity

factor range (A K) as shown schematically in Figure 1. An engineering materi al

spends a negligible fraction of its life in region III and this stage is of

least interest. There is a threshold AKth value below which the crack does not

measurably grow . The da/dn increases rapidly after AKth and is sensiti ve to

both the envi ronment and the Kmax~
Kmin ratio (R ratio). The A Kth decreases and

da/dn value increases wi th the R ratio. A simi lar change also occurs when the

envi ronment is made more aggressive . There is an intermediate range of AK

(Region II) where the crack growth data appears to follow the paris t l )  equation :

da/dn = A (A K)~ (1)

Experi mental resui ts (2_ 6 ) have shown that the exponent p varies from two

to four. Various attempts have been made to calculate the da/dn values from

monoton i c and cycli c pro per ti es of mater i als and also to calculate the exponent

p of equation (1)
(7_17). However there has been littl e concentrated effort to

find a theoretical basis for AKth~ 
to predict da/dn values for low AK region ,

or to explai n the effect of R rati o and envi ronment on the crack propagation

rate .

Liu and tino (13) assume that cumulati ve damage by strain cycling causes the

crack to propagate. The material of a finite element in the reverse plastic

zone (RPZ) ahead of the crack—tip experiences cyclic strain of increasing

magnitude as the crack propagates toward It. If each cycle produces damage to
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the material and if one uses Miner I st l8) cumula tive damage law and Coffin—

Manson I s(19
~
2t
~ cyclic life—strain response (CLSR) law , an express ion for FCGR

may be derived. Liu and iino~~~ arri ved at an equation for da/dn wi th p = 2.

This is not satisfactory even for the Intermediate AK range, since in real ity

p may vary from 2 to 4. Maj umdar and Morrow~
12) modified Liu and lino ’s approac h

by introducing a microstructure parameter , p~~. They argue that continuum

mechanics and bul k properties cannot be used to ana lyze a zone up to a distance

of p* ahead of the crack tip. Then they simply i gnore the part of the fatigue

life experi enced by the material in this zone even though it experi ences the

most acute fati gue cycling. In some cases (especia lly at lower A K) this zone

may become an appreciable fraction of the reverse p las tic zone and Majumdar

H and Morrow t s modi fication drasti cally reduces the da/dn calculated for the lower

‘AK values. This results in an increase in the exponent p from the constant

value of 2 predicted by Liu and I ino .  However , one ~annot ignore this important

area ahead of the crack tip j ust because the analysis does not hold. In this

paper a modi fication of the same Liu and Iino (13 ) model is used and the fatigue

crack propagation behavior is correlated with CLSR and CSSR (cyclic stress-

strain response) parameters (i.e., low cycle fatigue data) wi thout ignoring

any par t of the RPZ ahead of the crack ti p .

THE PROPOSED FATIGUE CRACK PROPAGATION MODEL

Fatigue Crack Propagation Rate: It is assumed that the reverse plas tic

zone ahead of a propagating crack tip is composed of smal l elements which undergo

uniaxial cyclic plasti c defo rmation . Crack extension occurs due to the

exhaustion of cyclic ductility in these elements . The dimension of each element

alon g the crack path i s taken as the crack extens ion per cycle (da/dn). The



3

cyclic st rain amplitude of an element (A c) depends upon Its distance (x) from

the crack tip and the applied stress intensity range (AK) .

In order to estimate the relationship between Ac and x , Majumdar and

Morrow (12) used Rice ’s~~ model for a stationary crack loaded in antiplane shear

(mode III) under smal l scale yielding. From an analogy between mode I and III

they derived

L Ac . Ac = 
fl+n ’)irEx (2)

where Ac and A~ are the cycli c stress and stra in ranges at a di stance x from

the crack tip,

n’ is the cyclic strain hardening exponent, and

E is Young ’s modulus.

The strain amplitude can be divided into plast ic and elastic components

AC = Ac + Ac~
(3)

E p

Assuming that Ace is negl igible compared to Ac~ and that there Is no effect

of the strain ampl itude calculated by equation (2) for x < p~ (where p~ is the

“microstructure size ”) Maj undar and Morrow ( 12) deduced an equation for FCGR wh ich

may be wri tten as

= 2  

~: ~ 
dx (4)

where R~ is the RPZ size, and c and C ’f are the cyclic ductility exponent and

cyclic ductility co-efficient (the CLSR parameters) respectively. The lower limit

~
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of integration in (4) was assumed to be p~ because it was considered the

l ower l imi t for x, below which continuum analysis and bulk fatigue properties

are not applicable. However, this author feels that the contribution of the

cyclic strain wi thin the distance of p~ ahead of the crack tip may not be

neglig ib le  and the model presen ted here in use d the fo l lowin g app roach to

Incorporate the effect of this strain.

Assuming that cyclic stress and strain may be related by the CSSR parameters

k ’ and n ’ from

Ac = k m ( A ~~~)
n (5)

and using equations (2), (3) and (5) we obtain:

H - n 1
A 

k ’ - 2n ’ (6)
(Ac~ ) + r-{Ac )

where A = (AK2 ) I (1+n ’)irEk’. Equation (6) should predict the approximate

H cyclic plasti c strain for a continuum , and represen ts stra i n as a continuous ly

decreasing function of distance. However, in metals and a l lo ys , this is an over-

simpl i fication , and may resul t in a si gnifi cant error. For exampl e, le t us

consider the deformation around a crack tip in a singl e phase polycrystalline

material deforining by planar slip. Slip bands will possibly cross the entire

grain in which the crack tip exists. There may be similar bands formed in other

grains fur ther away from thee crack tip (Figure 2). Under strain cycling the

dislocations move all along these bands and there will be a tendency to equalize

the strain ampl itude in an indi vidual structural region in the RPZ. Therefore

one should consider the crack tip area to be composed of these regions (hence

forth called mi crostructural deformation zones or MDZ). All the elements In each

MDZ can be assumed to have the same amount of cyclic plastic deformation . This 

~~~~~~~. .
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is schemati cal ly shown in Figure 3. In this figure the average position of a

linear crack tip with respect to the matri x is shown . The actual MDZ size

varies from one point to another on the crack tip, and an average size (i’) will

be considered in order to estimate FCGR. ~~
‘ for the n-th order MDZ’s

depends upon the microstructure or the distribution of the major deformation

barriers. The average size of all the first order MDZ’s (s’) w ill be the

average distance between the crack tip and the nearest barriers. When grain

boundaries are the major barrier 
~~~~

‘ is equal to half of the grain s ize. For

a materi al with large precipi tates ~~~~
‘ will be equal to half of thei r mean free

path .

In order to estimate the strain ampl itude for the elements in an MDZ (Ac pn)

the following assumptions are made.

I) The crack blunts to a radius of r0 gi ven by

AK2
r = Crack—tip opening displacement 2 = ____

0

where a~’ is the cyclic yield strength (‘~ 
ks (O .O04 ) n ,2), and the

average n—th order zone begin at x = r~...1 and ends at x = r~ 
=

r0 +

ii) The strain amplitude in a zone is equal to the average of the strain famplitude calculated for the zone from equation (6).

i ii) The cross sectional area of the zone which is to be used for averaging

w ill be bound by lines with equations y = ± ~~ (see Figure 3). Since

the shape of RPZ may be approximated to an ellipse, q can be taken to

be equal to ½. 

_I~~~_ __, ~_~_ . . . — -~~~~~~~
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Then

r r

Ac~~ = 

n 

. A~~ . dx/ 
J 

dx (7)

X=rn l

Assuming AK to be constant, the total amount of strain cycling for an

element before the crack tip arri ves wil l be equal to the suimiation of the strain

cycling of all the elements in the RPZ at one cycle. Therefo re, for fracture

the sunination of the fraction of life per cycle for all of these elements shoul d

be unity. This fraction of fatigue life for an element in the n-th order MDZ

will be gi ven by the Coffin-Manson relation as:
— 1

Ac C1 _ , pn
Nf 

- ____

where Nf is the number of cycles to failure for a specimen wi th a constant

strain ampl itude of Ac~~

Suming up all values for all the el ements from 1st order MDZ to the end ofNf
the RPZ,

1

1- ~~~
‘ 

~n 2 —~~~~— 
~~~~~~~~ 

da/dn . 2c
n 1  (8)

1
Ac Cor da _ 

~~ 
- ,, pn

— L1~ ~n ‘2cf
’

n=1

where Ac~~ is given by equations (6) and (7). 



Since the RPZ is finite , the contribution of higher order MDZ ’s will be

negl igible in most cases and equation (8) can be numerically solved .

The Threshold Phenomenon: At low AK the cyclic plasti c deformation may

be considered to be contained in the first order MDZ ’s. There exists a threshol d
for the plasti c strain range (Ac ) below which deformation may be completely

~th (21)reversable and fatigue damage is not accumulated , and when AK is

reduced some of the first order MDZ’s will have Ac~ 1 (as calcula ted by equation 7)

which w ill be smaller than Ac . The crack tip w ill have to drag along these
~thMDZ ’s and an accelerated reduction of CGR will be observed (Point B of Figure 1).

When AK is further reduced (Point A of Figure 1), the majority of the first MDZ’s

will be deformed by cyclic strain smaller than Ac and the crack wil l not
~‘thmeasurably grow. This will possibly be the case when the 1st order MDZ ’s with

the size of average grain diameter have Ac 1 
= Ac , and AKth will be given by

~ththe rel ation:

r0+D r0+D

Ac~ = ~~ x ½ 
dx/ J ~½ dx (9)

x=r0 x=r0

AK th
2 

1where x = 
(1+n ’)irEk’ n ’+l +

and D = average grain di ameter or particle spacing.

One may readily deduce from equation (9) that the threshold increases wi th

increasing cyclic strength and increasing grain size.

Limitations of the Model:  The major source of error for the calculati ons

presented in this work is possibly in calculation of strain ampl itudes for an

MDZ (equation 7). Even if the consideration of an average size for each order

MDZ is assumed to hold good, the calcula tion of Ac~~ by averaging the strain 
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amplitude obtained from equation (6) over one such average MDZ may not be

appropriate . It is only a first approximation at best. (The reverse plastic

zone size obtained by Ri ce’s equation is found to be much smaller than actual

measured zone si zes(:22,23) indicating that his analysis may not hold good for the
H FCG experiments.) A more rigorous deri vation of Ac~~~ may be necessary .

The cyclic life —strain response (CLSR) and the cyclic stress—strai n response

(CSSR) of a material as obtained from a Low Cycle Fatigue (LCF) test may not be

dupl icated in the cyclic pl astic zone of a FCP Test. Specifi cally, there is

usually a break in both the vs. Nf and Ac vs. curves due to strain l ocali-

zation at low strain ampli tudes of the LCF tes t.(24_ 27) However, it is the

author ’s bel ief that if one plots the actual local response and not an overal l

response in the case of macrosco pi c strain local i zation , a more or l ess uni fo rm

CLSR and CSSR will be obtained for all Ac~ ranges i f the mechani sm involved i s

considered to be constant. Therefore to transfer LCF type data to FCP test

predi ctions one should use data from the high strain amplitude range extra-

polated to all ranges.

The predi cted FCGR is for local crack growth behavior whereas the experi-

mental data is usually for overal l growth. In an FCP experiment the FCGR is

measure d along the overall crac k growth direction where as loca l ly, the crac k

may or may not grow in the same direction. For a tortuous crack path the

act ial growth rate may be a factor of two or more higher than the measured over-

all growth. Therefore, it may be expected that for some cases the calculated

growth rate may ove restimate the measured growth value by this magnitude. If

the crac k i s tortuous and one uses the standard equa tion for a straight crack

normal to the stress axis , another apparent overestimation of FCGR by equation (8)

will occur. Envi ronmental factors have not been considered.
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When considering the size of MDZ one has to consider the distribution

of effective barriers. This may change from low AK l evel to high AK l evel .

For singl e crystals and large grained materials the first MDZ size should be

considered to be the plastic zone size.

CALCULATIONS AND DISCUSSION

The Effecte of Various Pcrr ’cvneters : Figure 4 shows the effect of var ious

CSSR and CLSR parameters on FCGR. In each diagram only one vari able is changed

(at increments of 50%). Even though it is unlikely that only one parameter may

be var ied in an actual exper iment, this figure allows one to observe the effect

of considerable changes in a parti cular parameter. It is interesting to note

that c has a larger effect than Cf 4 and c~’ has a larger effect than either n’

or E. Figure 5a shows the effect of changing c and C f in such a way that

material 1 has the highest cyclic life at low Ac~ and material 3 has the highest

cyclic life at high Ac~~. It is found that the FCGR is l owest for material 1 at

low AK , and for material 3 at high AK . Figure 5b shows the effect of changing

and n ’ in a similar fashion; however, the effec t of thi s change on FCGR seems

negligible for any AK range.

Figure 6 shows the effect of the changes in micros tructure . For the model
presented here the microstructural parameter , p ’ has a strong effect provided

the other parameters do not change (Figure 6a). For most materials both

and £ f ’ (and possibly n ’ and c) w ill change w ith p ’. If c~~’ increases with

decreasing p ’ the predi cted curves may appear as shown in Fi gure 6b. If C f ’

increases with decreasing p ’ the changes will be gi ven by Figure 6c. Figure 6b

and 6c show that the mi crostructure may not have a signifi cant effect on overall

FCGR. Figure 6d shows that if both c~~~
’ and C f ’ are assumed to improve by

reducing p ’ , the effect of changing p ’ may be completely offset by the change of

L~~~~~
_ 

~~~~~~~~~~~~~~
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and C f .  Therefo re, It Is clear from FIgure 6 that changes in p ’ may

create confusing effects on FCGR if its effect on cyclic response parameters is

ignored.

Since it is not possible to change any one parameter without some changes

-) i n at leas t another parameter , and since none of these parameters are negli gible ,

thi s model shows that all of them must be considered for observing changes in

FCGR. Furthermore there may be a dynamic interaction between crack growth , stress

intensity- factor range , frequency of loading, mi crostructure , materials cyclic

response and env i ronment; and various factors must be isola ted to make any

conclusions about FCP behavior.

Comparison zai th Experimental FCGR data : Figure 7a shows a comparison

between the experimentally measured FCGR for a Tt-24% V as quenched ai ioy(28)

and that calculated from equation (8) using low cycle fatigue parameters
(24)

.

The calculated curve is well wi thin the normal experimenta l scatterband. The

same alloy was also heat treated to change the mi crostructure by precipitating ~

parti cles in the ~ matrix. In this case also the calcul ated curve very accurately

predicts the FCGR~
28
~. The calculated FCGR for AISI 304 stainless steel and

11-6—4 using the LCF data of smi th et ai.(29) fall within the scatterband of the

experimentally measured rate obtained by Shahinian et al)30) and Irv ing and

Beevers (31) respecti vely.

SUMMARY

The fatigue crack growth ( FCG) behavior of a material has been shown to be

related to its cyclic stress strain response (CSSR) and cyclic life strai n

response (CLSR) and its microstructure . It has been propose d that the revers e

plastic zone (RPZ) can be divi ded into small microstructural deformation zones

(MDZ) within wh i ch the cyclic deformation may be considered uniform . A comparison 
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between experimental and calculated curves show excel lent agreement. This is

signifi cant when one considers that the model predicts the fatigue crack growth

behavior from the low cycle fatigue data and the microstructure of the materi al

without using any adjustable parameters.
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Figure 1. Schemati c Representation of A Typical Crack Growth Rate Versus Stress
Intensity Range Curve.

Figure 2. A Schematic Representation of the Structure of Fatigue Crack-Tip Area .
The Extent of Cyclic Deformation is Represented by the Density of
Dotted Lines .

Figure 3. Schematic Representation of Average Microstructural Defo rmation Zones
and Their Plastic Strain Ampl i tudes (Ac pn~ 

n=1 ,2,3...). The Estimated
Pl astic Strain Ampl itude for a Continuum is Shown by the Dotted Line .

Figure 4. Calculated Fatigue Crack Propagation Rate Versus Stress Intensity
Range Curves Showing the Effect of Changi ng Various Indivi dual Cycl i c
Stress—Strain and Life-Strai n Response Parameters.
(a) Sf ’ = 1, as,’ 

= 620 MPa , n ’ = 0.12, E = 211 GPa, p ’ = 10 pm and
c = -0.44 (curve 1); -0.66 (curve 2); —0.99 (curve 3).

(b) c = -0.66, a~’ = 620 MPa, n ’ = 0.12, E = 211 GPa, p ’ = 10 pm and
= 0.66 (curve 1); 1.0 (curve 2); 1.5 (curve 3).

(c) c =-O.66, Cf ’ = 1.0, n ’ = 0.12, E = 211 GPa , p ’ = 10 pm and
= 410 MPa (curve 1); 620 MPa (curve 2); 930 MPa (curve 3).

(d) c = -0.66, Sf’ = 1.0, c1~ ’ = 620 MPa, E = 211 GPa, p ’ = 10 pm
and n ’ = 0.08 (curve 1); 0.12 (curve 2); 0.18 (curve 3).

(e) c = - 0.66, S
f
’ = 1.0, c ‘ = 620 MPa, n ’ = 0.12, p ’ = 10 pm

and E = 141 GPa (curve 1~; 211 GPa (curve 2); 317 GPa (curve 3).

Figure 5. The Calcul ated Crack Propagation Rate Versus Stress Intensity Factor
Range Curves Showi ng the Effects of Chan gi ng Two Cycli c Response
Parameters Simul taneously:
(a) c~’ = 620 MPa , n ’ = 0.12, E = 211 GPa, p ’ = 10 pm and c = -0.44,

S
f
’ = 0.25 (curve 1); c = -0.66, S

f
’ = 1 (curve 2); c = -0.99,

Sf
’ = 9 (curve 3). The corresponding Coffin-Manson Plots are

shown i n the insert.
(b) c = -0.66, C

f
’ = 1.0, E = 211 GPa, p ’ = 10 Pm and cy’ = 660 MPa ,

n ’ = 0.08 (curve 1); a~ ’ = 620 MPa , n ’ = 0.12 (curve 2); ciy ’ =

555 MPa , n ’ = 0.18 (curve 3). The corresponding cyclic stress
strai n curves are shown i n the i nsert.
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Figure 6. The Calculated Fati gue Crack Propagation Rate Versus Stress Intensity
Factor Range Curves Showing the Effect of Changing p ’ .
(a) Without corresponding changes in any other parameter. c = —0 .66,

Sf’ = 1, as,’ = 620 MPa, n ’ = 0.12, E = 211 GPa, and p ’ = 2 pm
H (curve 1); 10 pm (curve 2); 50 pm (curve 3); 0.5 pm (curve 4).

(b) az,,’ changes wi th p ’ with the relation : a~’ = (350 + O.86/,~’) MPa .
c’ =-O.66, €

~~

‘ = 1.0, n ’ = 0.12, E = 211 GPa and p ’ = 2 pm (curve 1);
10 pm (curve 2); 50 pm (curve 3); 0.5 pm (curve 4).

(c) Sf
’ changes with p ’ by a relati on : S

f
’ = 0.2 + 2.5xlO 3/~~

T.
c = -0.66, = 620 MPa, ti ’ = 0.12, E = 211 GPa and p ’ = 2 pm
(curve 1); 10 pm (curve 2); 50 pm (curve 3); 0.5 pm (curve 4).

Cd) Both S
f
’ and a~,’ changes with p ’ by the relations : S

f
’ = 0.2 + 2.5x

i0 /v~~, and a~’ = (35O+O.86/V~~) MPa. c = -0.66, n ’ = 0.12,
E = 211 GPa and p ’ = 2 pm (curve 1); 10 pm (curve 2); 50 pm
(curve 3); 0.5 pm (curve 4).

Figure 7. Cal culated and Experimental Fatigue Crack Growth Rate Versus Stress
Intensity Factor Range Curves.
(a) For a Ti—24V solutionized and quenched ~~~~~~~~~~ c = -0.8,

= 0.65, c ‘ = 860 MPa, n ’ = 0.06, E = 110 GPa, p ’ = 32 pm.
28The calculated FCGR is shown by solid lines . Experimental data

is gi ven by crosses.
(b) For a cold worked 304 stainless steel .(29~

30) c = -0.7, Sf
’ = 1,

= 760 MPa, n ’ = 0.14, p ’ = 35 pin, E = 211 GPa. The cal culatedy 30FCGR is shown by solid l ine and the best fit experimental curve
is shown by dotted l i ne.

(c) For a Ti-6Al-4V alloy in martensiti c condition (29131). c = -0.7,

C
f
’ = 1, as,’ = 880 MPa , n ’ = 0.086, p = 2.5 pm , E = 120 GPa. The

calcula ted FCGR is gi ven by solid lines . The best fit experimental
curve(31) is shown by dotted line. 
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Figure 1. Schemati c Representation of A Typical Crack Growth Rate Versus Stress
Intensity Range Curve. 
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Figure 7. Calculated and Experimental Fatigue Crack Growth Rate Versus Stress

In tensity Factor Range Curves.
(a) For a Ti-24V solutionized and quenched aiioy (24

~
28), c = -0.8,

$ = 0.65, a 5
= 860 MPa, n 5 = 0.06, E = 110 GPa , p 5 = 32 tim .

(28)The calcula ted FCGR is shown by solid lines . Experimental data
Is giv en by crosses . 
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(b) For a cold worked 304 stainless steei .(29 s30) c = —0.7, C f 
= 1,

a = 760 MPa, n ’ = 0.14, p ’ = 35 tim, E = 211 GPa. The calculatedy (30)
FCGR is shown by solid line and the best fit experimental curve

is shown by dotted line.
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(c) For a T1-6A1-4V alloy in martensitic condition (29 131). c = — 0 . 7 ,

C ’ = 1,a ‘ = 88O MPa , n ’ 0.086, p 2.5 pm , E 12O GPa. Thef y ,

calcula ted FCGR is gi ven by solid lines . The best fit experimental

curve~31) is shown by dotted line .
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