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- Int roduct ion was the soli tary wave

The recen t  developments in nonlinear = 3a 2 sech5 -~~(ax - o 3 t ) ,  (3)

wave theory  over the last ten or f i f teen 
However , the unexpected boost came from

y e a r s  are alread y too extens ive  for a de- 
the discovery b y Gardner , Greene , Kruskal

tailed review in one lec ture .  But it ~~ and Miura (1967) that explicit formulas
hoped , throug h a discussion of some cur ren t  

could be given for the interaction of any
ideas and (h e i r  relation to ear l ier  work , to number of solitary waves (with different
to uch  upon enoug h topics to g ive some gen- parameters a) and that even more general
eral impression of the field , 

solutions could be related , via a scattering
One of the remarkable advances in the problem, to the solution of a linear integral .

area was the discovery of hi ghl y nontrivial equation.
exact solutions to some of the prototype 

The equation is similar in form to 
-equations. These were f i rs t  fo und for the 

Burgers’ equation
Korteweg-de Vries equation 

~ + ~~~ = ‘.s (4)t x XX ’
+ TJfl + li 0. ( 1)

X XXX which can be reduced to the heat equation
This equation was derived in 1895 as a long (and hence solved in detail) by the Cole-
wave approximation for water waves but is 

Hop! transformation
2~of gene ra l  interest  since it combines a aim- 

- ~~~~~ ~) —.--~~ (5)x
plc dispersive linear pa rt , whose diapersios

But the methods developed required a whole
relat ion is

sequence of quite ingenious steps , not jus t
(a) 4 Ic3 0, (2)

a sing le trick.
with a typical nonlinear te rm.  As a ronse-

Perhaps the easiest way to show the
qu ence  it appears as an approximation in

surprising novelty of this work is to quote
other  physical  settings: plasma ph ys ics  Is

immediately the result for N interacting
an example . Korteweg and de V rlee had

soli tary wave.. If the parameters are
alread y noted that solutions of the form

• ~~~~~~ °N’ the solution is given by
17 rflx - U t ) ,  representing wavetrains

l2~~-~~ log~~D~~, (6)t r ans l a t i ng  with constant speed U , could

be found in t e rms  of elliptic functions where D I  is the determinant with d c-

( c n o i d a l  wave s’), and that  one limiting case n-tent.
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-a xfi i~ t s t ra ig h t fo rward  way from a per turba t ion  pro .
m m m -D 06 + eron ron a +0m n cedu re .  Since iZ has not appeared before it

Imagine c a l c u l a t i n g  s~~co l ld d e r i v a t iv e s  of dt- — wil l  be descr ib ed  b r i e f l y .  The ori g inal m o -

t e r n a inan t s , an d (hen  even  th ree  more den y -  t i v a t ion  was to l e a r n  how some of t i l l  more

a t i v e s  fo r  r~ if a d i rect  ve r i f i ca t ion  s t anda rd  per t u r b a t i on  p r o c e d u r e s , w h i c h  havexxx ,

w e r e  necessa r y !  been so s u c c ess f u l  fl o t h e r  n o n l i n e a r  prob-

The r e su l t  of the interaction is also lems , woul d f a r e  on these  p a r t i c u l a r  equa-

su rp r i s ing , It can he shown f rom (6) that  t ions .

the ori ginal sol i tary waves eventuall y emerge In the  cane  of the  Kor teweg-de  V t i e- .

unc hanged , and the only memory  of the inter-  equation (1) it is conven ien t , but not e ssen-

action is a constant displacement of position tial , to in t roduc e

from the path eac h one would have otherwise 17 - 12(1, ( 12)
X

followed. Figs . I and 2 are for other equations and take an equiva lent  form

discussed later , but the behavior Is typical . ~ + ~ = - (13 1
t xxx  x

After  considerable fur ther  development,
Then  one would take the  s e r i e s

with many people making contributions, sim-

ila r r e s u l t s  have now been foun d for other = I
-J

1prototypes that combine simple dispersion

with or without an explicit small amp litudewith typical  nonlinear terms . These includ e

Modif ied  K , d V . :  ii F ,pZ~~ + u = 0 . ( 8) parameter , and obtain the h ie ra rch y of sue-
t x xxx

c e s s i v e  equations
Sine-Gordon: u - u + sin u 0, (9)tt XX 

~ .~~ 4I 0 , ( ( 4 !
Cubic Schr ~ dinger :  iu + u 4 v I u I 2 u 0,t XX

(10) ~‘j a!fr~ -+

u — u — (u 2 ) — uBoussinesq: 
~ xxxx

b{— __—~L~~+ ____
~L~ . f  .,~~ 1 151

(11) ax Ox lx ‘lx lx Ox

and certain difference equations. It is sig- The simplest solution of i14 is

nificant that these were all posed as key (Ib!
equat ions  of the subject , with real is t ic  app li- and th i s  can be used as a p r e l i m i n a r y  t r i a l

cation. in mind , before the possibi l i ty  of case . A f t e r  ~~ and ~ a r e  ca lcula ted ,

such general solutions was real ized.  They it becomes apparent  and is readily checked
were  not manufac tured  to be solvable . tha t
2 . Successive approximations and perttu-ba-

( 17 !
t ion expareions. 

- j - l
__________________ a

One of the quickest  approaches to re-  The o r ig inal  series is convergen t  onl y for

sui ts  such as (6)  s tar ts  in a re la t ively l a r g e  enoug h positive x ;  however it is

• 936
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7-

easil y summed to th t -  lorna This formula  replaces the power B1 in ( l7i by

B a snore general  product .  If the s imilari ty( 18)

ca can be explo i ted , there is the possibility of

which  is valid everywhere . It gives in fact summing the series for (1c in analogy with

the solitary wave ( 3 ) .  Notice that in the ( 18).

f inal  resul t  there is no limitation to small First  in the case of (20) we may wri te

amplitude. B(i_~__!!) = ~ T (~~)~~(17) (23 )

Of course  fi nding the solitary wave is
where p is a column vector with elements

no great achievement, but we see the nature
-a Xfa 3 t %n n ’of the problem. For solutions which tend to p = ( e 1 (24)n /

zero as x — ~~~, we mig ht start  with a and ~ T denotes the transpose i .e. the row

simple perturbation expansion , but then its vector. Then , (22 )  may be written as

usefulness  will depend on summing the
= (_ l ) i pT (X)P3~

l(x)p(x) (25)
series in some way to obtain a form valid

where P(x) is the matrixfor all x.

This approach has been investigated in P(x) = f p(z)p 5 (z)dz , (26)
x

de tail by Rosales (1977). A general solution
with elements

of (14) may be written formall y as a Fouriex
2

P (x) = p (x)p (x). (27)integral mn a + a in
in n

B(x)  = fe~~dx(k), il = kx + k’ t ; (19) In (25) we now have 
~

,. expressed as a

we include the formal interpretation that the power; this time as a mat r ix instead of a

scalar. We can evaluate the sum :integral  may contain contributions from onl y

Idiscre te  points k = ic~ and stands for b (x) = ~~ ( 1 ) i_ l
pTpi_ 

p
1

-a xl-a3 t
13(x) = ~~~~~ 

n ~ - (20) 
= ~

T(j + P)1
p

The t -dependence is not displayed explicit ly 
- Trace((I + P)’1

~~!~}

for  reasons that appear in a moment. After

- log detll + p
~
. (28),/~ and (1,~ have been calculated It becomes = ax

clear and may be verified in general that This gives a form equivalent to (6) for 
~~.

- +~~ ) When B is not separable in the form

(~Z i) 3 1f. - .f(k fk
e
)~~~+ k ,  . .(k +k 

(23), the expression in (22) can be re lated
i— I j

to the (j - 1)th power of an operator
dX (k 1 ). - - ~~ (k~) (2~ 

applied to B. To do this write B(L~
._1)

~ 
as B(x ,y) and introduce an operator

(~ 1)3 l f . - . f~B(~ 3 B !j ~
2 ) .  - - 13( j-

2
l 

defined by
X X

dz 1 - - .dz,~~1. (22 ) f(x , y) = f f(x , z)B ( z , y) dz - (29)
X 937
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Then , from (22 )  th. solution can be writ ten of (15) (or the  K . d V .  equa tion ) ,  si nce i n

= K(x ,x), (30) solving for the j - t h  i terate as a mul t i p le

where Four i e r  i n t i - g r u l lan e d i v i d e s  by

4 .. + k.), (37)K(x, y )  = ~ (-l)~~
’&4B(x , y). (31) ~ (k 1 ) # . • . # c(k~) - i~(k j -

where .c 4k) is the linear dispersion

Formally, we could write this as relat ion . Most of th i s  has to cancel  wi th
A lK(x ,y) (I + B) B(x ,y), (32) the numerator ~nd add j ust a simple factor ,

hut would then have to give a meaning to the such ~~5 k + k (3 8)i — i
operator (I + ~ )‘l • However , we can for the K . d V .  equa t ion .  At  present  t h e  r e q u i r e -
ins tead obtain this result  in the form ment of a simple Iactorjzation has I tm i t e d  t h e

A
(I + BE(x , y) B(x , ~‘) ( 3 3 )  t echnique  to th a  e q u a t i o n s  ment ioned , Of  c o u r s e ,

directl y fr om (31), and interpret at as it is  i t  n e c e s s a ry  to um the p e r t u r b a t i o n

K(x , y)  • f K(x , z ) B ( z , y)dz = B(x , y) .  (34) se r i es  exactl y ,  t h i s  would be too mu c h  I i , cx-
x

pect n n-tore comp l ica t ed  c a s e, .  It is  n l y a- -

This  is the Marchenko in tegra l  equation
:e .sary to e x t r a c t  t h e  p r i n c i pal par t  t h a t  Ie- a~~es

which  was or i ginall y found as the end resul t
the remai nder u n i f o r m l y small .

of the inverse  scattering method’ .
3 . A n o t h e r example if i n t e r a c t i ng  s o l i t a r y

The approach goes throug h with appro-
waves .

priate modifications for the othe r equations
Looking beyond the se  special e q u a t i o n s

noted in (8) -  (11). It is also in te res ting  that
it is na tu ra l  to ask whi t h e r  t h e  r e , i a i t - . a r e

w h e n  it is applied to Burge r s ’ equat ion (4)
typical (or other p rob lems .  In p a r t i  i a l a r ,

it rapidl y leads to
an in t r i g u i n g  q u e s ti o n  i s  whether i- a-

~ j — l  way s . , f ‘h ey  , l = t  t a  t I a  cr 1 1. 1 -a 
~ (-1 ) ~j ( 3 5 )

j = l  in te rac t  c leanl y and even tua l l y em e r g e  ~. t t h

where  B is any solution of the linear heat t he i r  ini t ia l  j d e n tj t a , n i n t u C t ,  l a i r  a Cen era ] -

equation . Since (35) is the logari thmic tzed form of t h e  K o r t e w eg - d e  ‘a n e —  equat ftlt ,

ser ies  (5) , follows with which we have studied for other reasons , the

= I + B. (3fJ an.wer ii yea.

The key step is In finding an e f fec t ive  The  equation is

way to sum th, series corresp onding to (2 1) a f V ) x  - ~)n~( C , t ) d f ~ 0.li
t 

• 1711
*

for each case.  So far , this  •tep rel l.s ( 30 )

very st rong ly on a simple factored form for It g ives the K or t e w eg -  n e  Vries equation when

the denominator in the inte gr and . The de- V i x )  6”( ’t ) .  (40)

nominator arise, from the linear dispersive but can give any linear dispersion relation

operator in the problem (the left hand side by choosing

93.

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - -- ~~~~~~~~~~~~~~ - — —  - ‘ a



7.

relate to the question of solving integral

IKX (41) equations suc h as (34)  when the function B\ ‘(x)  ‘-~~~~ f c(~~)e dK,

is not separable .
where  c ( K )  is t h e  des ired  phase velocity.

One basic problem is to find the dis-
The ori g inal in te res t  (Whi tham 1967) was to

turbance produced by an initial step function,
soften the  ~ te rm to allow the var iousxxx In gas  dynamics  this would produce a shock
brea king  phenomena observed in water  wave

wave . In the d ispers ive  problems ~onsidere~A par t icular  case studied is
here , the equations are reversible, there is

v 
, (4~ ) no dissipation and the solution must haveV ( x) = ~~~~~~~ c ( K )  = 

~~

quite a d i f f e r en t  charac te r .  In the setting ofs ince  (39)  can then  be reduced to the d i f f e r -

plasma d ynamics  suc h solutions are  some-e n t i a l  equation

times r e f e r r ed  to as ‘ collisionless shocks 1 .02
- v2 ) ( i ~ F 1)1) ) - v 2 i’~ = 0. (43)

X X For the K .dV . equation the fomulation
Th i s  has solitary wave solutions and a sing le 

of this  problem leads to a fairl y comp licated
one can he given anal yticall y.  But the 

B ~~~~~~~~~ in (34) and the solution of the
expression is complicated enough that it 

integral  equation has not yet been found .
seems at present  v e r y  unlikely that analytic 

However , an earlier approximate approach
formulas  could be found for the interaction 

g ives the main  par t s  of the solution. Apar t
of a number  of them. Here the solitary 

from solitary waves , solutions of d ispers ive
wave  solution includes a limiting case of 

wave problems tend naturally to be oscillatot’y
maxinaun i  heig ht for which the c res t  has a 

in charac te r , and then  a detailed description
s h a r p  angle ( re levant  to the or iginal  purpose 

would obviously be complicated . With this
in water waves). 

in mind , an approximate treatment for mod-
Dr. llengt For ’nherg invest igated the 

ulated wavet ra ins  was developed (Whitham
interactions numerically and found in every 

1965, 1974), which derives equations for
c ase that the solitary waves emerged cleanly 

various overal l  quant i t ies  such as local
with the typ ical phase changes seen in the 

amplitude a(x ,t), local wave number k(x , t ) ,
earlier work. This was true even for the 

and mean dis turbance  ‘
~ (x , t ) .  This theory

i nt e r a c t i a ,n  of the  wave of maximum heig ht 
was applied to various questions concerning

with  a smaller on e. See Fig. 2. the concept of nonl inear  group velocity and
Other  solutions of (43) were also corn- 

cer ta in  instabil i ty problems , but onl y half-
puted and a selection will  t,e shown, 

hearted attempt s were made on the step
4 . The step problem; the well  problem. 

problem because of worries about the valid-
The i n t e r a c t i o n  of so l i t a ry  waves  has 

i ty of the ave rag ing procedures  near  the
natorall y dr awn a lot of a t tent ion , but there  

front of the d is turbance .  However , Gurevicil
are many other important problems. These 

and Pitaevskii (1974) show that the theory

936
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gives pertect~y reasonable  resu l t s , at least r e su l t ,  via the in tegra l  equation I 3~~~; ( 4 ~~)

for the K . d V . equat ion.  In t ha t  case , for ~ looks d e c e p t i v e l y  e a s y !

ste p c a r r y i n g  an increase in Je~ e1 A p a r t  t r o r n  t i l e r d i r t - a r i n t e r est  t h e

( - 1, x > o , above solut ions a r e  use fu l  in b lu i d i n g  lap
t 1 = ~~~ (44)

L 0, x < o , more  invo lve d c a s e s , i f  onl y qua l i t a t ive l y .

the quant i t ies  a , k , i~ are  all funct ions  of One such case  is the r ec t angu la r ~vel1

x/ t , the similari ty fo rm expec ted for (44)  0 , 0 X~
- I , — I < x < 0 , ( 5 1)

and the d i s t u rbance  is confined to 0 , x <~~~~I

x 1 A c c o r d i n g  to (45 )  and ( 4 9 ) ,  t he d i s t u r b a n c e
(45

wo uld be c c omb i n a t ion  of the r e s u l t s  fo r  t h ~
it should be remembered that in the stan-

two sepa ra te  s teps  u n t i l  t 31 2 , at  sv l t i c  It
d a rd  form (1), the d e s c r i ption is  re la t ive to

t ime the  two pa r t s  beg in to i n t e r a c t .  A f t e r  -

a moving f r ame  of r e f e r e n c e  so that the
wards the solut ion would he predicted to be

ul t imate  veloc ities cor respond ing  to (45 )  a re
something l ike the numer ica l  r esu l t s  shown

posi t ive) .  The solution is g iv en by
in Fi gs . 7 and S.

a~~ ~ 2 k r  ~ ~~e z . ~.L!l _ 2 +  ~ 2 - - - - - -~1 K ( s )  ‘ In gas dynamic s and s imilar  d i s s i p a t i ve
(46)

systems (also for Burgers equation (4)) the
w h e r e  s is the solution of

asymptotic behav io r  would jus t  be the tn-
2 — s~ 2 5 2 (1 - s~~)X( s)  x

- 
3 

- ‘3 F(s )  - (1 - s1) K ( s )  - 

(47) 
angular wave shown in Fig. 9. Dissipation

It is shown in Figures 3 and 4. A typical would smooth out the shock at the rear

resu l t  of d i rec t  numerical  calculat ion of the sli g htl y but  it could often he approximated

K . dV. equation (by Dr. Fornberg) is shown as a d it - c o n t i n u i t y . In suitable norma ’ .~ed

in Fig. 5. va r i ab l e s  the approximate solution wouk

In the case of a step that dec reases  the sa t i s f y
17t

a t p j i - O  ( 5 2 )
l eve l , i .e.

and he g iver -  by
0, x > 0 ,

11 = - (4& ‘
, - - a ( t )  < x - 0

- 1 , X < 0, a~ = ( 5 3 )

the  osci l la t ions are neg ligible and the approx- 
0 , X < - s ( t )

where  ~ - s (t )  is t h e  shock posi t ion.
irnate solution is just

The determination of s(t( depends on t h e
-

~~ = ~~~ , 
- 1 < 0 .  (49) c h ok e  of the correct shock condition. Fair

This is a simple solution of the equation these familiar cases , it leads to the  con-

+ 1717 = 0 (50) di tion :
x veloci ty 

~ -z X s tre a ig th  (54)

when the dispers ive  te rm 17xxx is neg lectid . 
i . e.

A typical resu l t  of d i r ec t  numer i ca l  calcula-

tion is shown in Fi g.  6 . 4- f , s At
1
’, strength = At~~~ .

It would he in t e r e st i n e  to obtain these (55 )

940
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7.

Since the t r i angu la r  wave has width At ”~ independent of a. Thus it is the same for

and depth At  , it is immediately seen all solitary waves , whatever  their  ampl i tudes .

that  t h i s  4~~5.respOi7t1s to consttWt . area Secondly, an ,n -sl rt ant prs~dt tion der ived

from the scat ter ing problem r e f e r r e d  to inf r~ dx = const . ( 56)

Section 1, and not mentioned so far , co n c e rn s

In these  usua l  cases , 17 is proportional to the number of solitary wavea produced by a

the dens i ty  and this choice of shock co ndition large initial disturbance 170 (x )  in the form

is derived from conservation of mass . of a sing le posi t ive hump (see Whitha m 1974).

In the dispersive wave case of Fig . 7 , The number is

we might t ry  to view the result  as a trian-

N = ~~~~~~~ 1 110
’1 dx. (6 11gular wave for the mean level ij, with the

6 r
oscillatory tail superposed to carry energy

It is interest ing tha t
away (in place of dissipation). Then we

would have the beg innings of a very  simple NZ = 2 ”~ f n o ’~ dx. (62)

t reatment  suitable for more complicated
If the quantity

problems. A key question would be the

‘ shock’ condition. Conservat ion of mass f a i ’4dx , ( 63)
-~~~

would again suggest (54) and (55) .  However
which looks like some kind of ‘action’, were

it is still possible for mass as well as
conserved , the resulting solitary waves

energy  to be t ransfer red  under the oscilla-
would c a r r y  it all. Somehow they have

tory tail. An alternative suggested by the
picked up more before emerging . But the

step solution (45) rewritten for arbitrary
amount i. still proportional to the initial

step size , is that the front of the oscillatory
input.

part . moves with
The relation of these results with (58) —

velocity = -~~ X strength . (5 7)
(59) is still obscure; it is yet one more

Then instance of the cross-relations that hint

. l ss - -
~~ -j . ; s = At1, s trength = At~~~. (58) there Is much more tha n we know.

Dr. Fornberg ’ s numerical calculations
It is intr iguing that this  corresponds to

indicate that the width of the triangular wave
conservation of

I
is proportional to t3 as in (58), but thef J~~ 

dx , (59)
strength decays more slowly than t ~~,

-‘-
for t h i s  qua ntity has appeared in signif icant  closer to t ~ in fact. It is also interesting

ways  in other connections. First  of all , it that the resul ts  of water wave experiments

- ishould he noted that for the solitary wave by Dr.  J. Hammack came out with t Z for

(3) the strength; any viscous corrections would

~~ I,
= f ~

‘2 dx = 2lF J~~, (60) change the power even further away f rom 2/3.

-
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The rec tangular  well problem has been z 
~ ~~~ • ( b9 )

— A

discue~~ed on the basis of the in tegral
r h e  g r o w t h  r a t e  depends  oj a

equation (~ 4) .  A first version by Ablowitz

and Newell (1973) was incorrect; a new I A) j~ a~ a.a z a 2 - -p 4~
2 M 2 ) ( 70)

version by Ablowltz and Segur ( 1977) appar-  an d is ma x imu m  for

entl y f a v o r s  the power laws in (58 ) .
1-1 2 5 

~ ~~ j a 2 . (71)
5 , W a v e t r a i n  ins tab i l i t i e s .

These  r e su l ts  can  also he d e r i v e d
The modulation theory for osc i l la tory

f rom a discus  ion of ‘ side hand ’ in teract ions ,
solutions is  based on the existence of exact

fo l l owing  B e n j ami n ’ s or i g inal  anal y s i s  of deep
so lu t ions  t h a t  r ep resen t  pe r iodic  w a vet r a i n s .

wa te r  waves . Th i s  will  be in d i c a t e d  for one
In some cases  these wavet rains  are unstable

of t he simples t  examples:
to the  modula t ions . Th i s  means that  small

u 3 u u t ~i 0 . ( 7 2 1
pe r t u r b a t i o n s g row , but t he re  is no impli- t x xxx

cation that  the f u r t h e r  behavior  is chaotic . Solut ions  of the  fo rm

For the  simplest problems , the modulation ikx I 1 (k - I A ) x
ii 4A 0 (t)e -

equations for the amplitude a(x , t )  and

wavenumber  k(x , t) are -~~A 2 ( t)e~~
1’
~ 

IA ) x

k I- ca = 0 , (6 4)
t x F complex conjugates, (73)

(a 2 )
~ + ~ca ~ a 2 )

~ = 0 , (65)  are considered , where the ‘ side baa I s ’

where the frequency ca is given b y A 1 , A 2 a re  initially small. In the  nun-

a linear interaction., various products feed
+ w 2 ( k ) a 2 - 

xx~ (66)
back on to ihe original components am when

a.~ (k)  Is the linear diepersion relation and
these are included wi hav’~

t1 2  ( k )  is the coeff ic ient  of the nonl inear
~ ~~-~~ ° 4 k \~ !4A A A O + 4A 1 A ,

correction, For the uniform wavetrain a i~ dt

and k are constants , and it is easil y 3 
~.A 1 A 2 A 0 ,4 ~- A 2 A : ) A o *

shown tha t per turbed solutions in the form ( 7 4 1

6a , 5k Cr ~~~~~~~~~ (67) i dA 1
~~~ dt ) k - ~~ ) 2 A 1 - 4 4 A 5 A 5

have
3 * - .

• A 2 A~ ) A i + ~~A~~A 2 ,
V c4 ± (4cai z a 2 ~~w~~ p~~I ’~ (68) 2

(75)

If .4w 2 > 0 , the value , of V are real with a similar equation (or A 2. If these

and give nonlinear generaliza tions of the equations are linearized on the basis that

linear group velocity. If w~’ea2 < 0, smal l A 1 
<<

modulation, will grow when IA is in the
the r e su l t s  in ( 6 9 ) - ( 7 l )  a r e  r e c o v e r e d , in

range
this case with
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- k’ , w 2 = -~~k. (76) The time taken f rom 10% of maximum to the

maximum is
The growth  rate in (70) is

T 2 .3/ka 2 (83)
a2 

~3k1s (-~ - IA (77) Numerical studies of this problem were

and is a maximum when made by Fornberg by direct computation on

= a/2 . (78) (72)  and the resul ts  are extremely interest in9 .

As the side bands grow at the expense The exact periodic wavetrain was introduced

of the main wave , the linearized approxi- initially, and for some time the disturbance

mation ceases to apply and the full equation just  t ransla ted in space without change of

(74)-(75) must be used. This is a conser- form, as it should ideally. However , the

vative sys tem and the energy oscillates small numerical  e r r o r s  were eventuall y

between the th ree  modes . Eventual l y the suff icient  to t r i gger  the burs t s  shown in

side-bands decay again and return the energy Fig.  10. The clean re turn  to the periodic

to the main wave. In detail, it can be wavetrain (which was repeated as long as

shown that the calculations were run) fits the above

+ IA 1 + = constant , (79) analysis. To compare in more detail , the
k k - I A  k + IA

various harmonics in the solution were

J!±~_L - J!~.LL = constant , (80) analyzed and a typical case is shown ink - I A  k + IA

and an equation for JA 1 ~~, say, can be Fig. 11. In these computations, the problem

obtained which has solutions in elliptic is formulated to be periodic over a large

functions. One limiting case is space interval; as a consequence, the wave

IA 1 12 
= 

IA 2 12 
= 
a2- IA 0 2 numbers present have to be integer multiples

k - I A  ki- IA
of a basic unit. For the case shown in

= 7~ u 2 ( a 2 2 P A )/k

(l2IA 2 +a 2)+(1~~
2 -a2 )cosh 6kM (~~~~u2)~~t 

Fig. 10 and II thi s unit is ir/64 . The

initial wavetrain ha. a = 0. 2 , k = 7 units .

(87) According to (78),

This  shows the growth of the side bands in IA = 0.1 ~ 2 units ,

accordance  with (77) ,  but a maximum is for the most rapidly growing sidebands. In

reached and the side bands decay again . FIg . 11, the strong growth of side bands 5

The other  solutions are a periodic repetitiorl and 9 agrees  qualitatively with this  prediction.

of th i s type of behav io r .  But other side bands k * 2 p ,  k ± 3 12 , etc
. ,

For the sidebands of maximum growt h are also produced by nonlinear interactions

ra t e , IA a/2 , the maximum value in (81) which were neglected in the th ree  mode

g i v e s  equatIon. (74)- (75). For thi s case the

A 0 = 4a
2 , IA 1 ~ = (I - ~)~~a2 , values in (82) are

I A 2 2 = (1 + ~)4a
2 . (82J 

IA 0 = 0.13 , IA 1 I = 0. 09, IA 2 I 0.12
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The extra  d r a in  on A 0 I can be at t r ibuted

to loss of e n e r g y  to the o ther  side bands.

The time scale (83) is T — 180 , whic h

checks quite well.

The bursts repeat with more and more

sidebands called into play at eac h burs t , and

slowly more  a c t i v i t y  in between.  The case

in Figs .  10 and 11 was run to t = 7600 i - 
5,~.

with ten b u r s t s  r ecorded ,
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Fi g. 3 . Amplitude , wave number , mean
heig ht for step solution (46) .

Fig. 5 . N u m e r i c a l  ca lcu la t ion  of po si t i v e
step so lu t ion .

Fi g.  4 . Wave prof i le  cor responding  to Fig.~

Fig.  6 . N u r t a e r i c a l  c a l cu l a t i on  of n e g a t i v e
step s o l u t i o n ,
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Fi g.  7 . N u m e r i c a l  calcula t ion for well .

Fig. 10. Instability bursts .
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Fi g .  8. Noni e r ical  c a l c u l a t i o n  for well . ‘ Ia 24(~~
t a m e

F i g .  I I .  Spec t r a  for  Fi g .  10.

F i g .  9. Simple t r i a n g u l a r  wave .
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