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The theory of singular lines on the Parameter Plane
and in Parameter Space are derived, and applied to control

system design.

A method for design of compensation of linear feed-
back control systems using singular line theory is
presented, and application of this design method for

self-adaptive control systems is considered.

General design steps and required procedures for using

this design method are summarized and examples are pres-
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I. INTRODUCTION

Prior to 1959 analysis and design of control systems
was primarily performed by classical methods. These
methods are adequate when there is a single variable
parameter and a single loop system.

In modern control engineering, where multiloop systems
with characteristic equations with two or more variable
parameters usually result, the above mentioned design
methods become in general very complex. The designer has
to complete several designs in a trial and error process
and to choose the most suitable solution and to make
usually some arbitrary choices based on his experience.

Methods for studying the effect of variations in
parameters of a multivariable, multiloop control system
have been developed by Mitrovic [1] , Siljak [2] , Thaler
[3] , and other investigators. All these methods are based
on the same concept and their dependence on a computer is
characteristic.

Mitrovic's [1] method which was introduced in 1958,
allowed study of the effect of variations of two variable
parameters on the location of the characteristic roots of
a system. This method consists of specifying as variables

the two lowest order coefficients of the characteristic

14
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equation. Using then the characteristic equation as a
mapping function, constant zeta, omega and sigma curves

are transformed from the s-plane into the variable co-

efficient plane. This method permits the designer to

adjust these variable coefficients so that the roots of the

characteristic equation may be set at desired locations.

In 1964, Siljak [2] extended Mitrovic's [1] , co- |
efficient plane method into the Parameter Plane method in |
which the two variable parameters may appear linearly in
any or all coefficients of the characteristic equation.
The parameter plane method provides the designer with a
procedure for factoring a characteristic equation and ; ?
displaying the results in a parameter plane diagram, and
allows ‘him to obtain information about system stability
and how it is affected with parameter variations.

The parameter plane method was further extended in
1965 [4] to a general case in which the two variable
parameters may appear nonlinearly in the coefficients of
the characteristic equation. Another extension of the
Parameter Plane method to include more than two variable
parameters has been defined as the Parameter Space method
s} .

When in general only two parameters (or coefficients)
are involved, for any complex value of s or a pair of (c,wn)
values two simultaneous equations in two unknowns are ob-
tained by setting the real and imaginary part of the

characteristic equation equal to zero.

15
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In 1967, Bowie [6] while working with the character-
istic equation of an inertially stabilized vehicle on the
parameter plane, found that a complete set of roots for
the characteristic equation could not be determined in
the real root area by using the existing parameter plane
theory. He further investigated this problem and found
that specific pairs of ¢,w, values, make the above men-
tioned system of equations singular, which thus corresponds
to a single straight line in the parameter plane; called
a '"'singular line".

The singular line added a new dimension to the para-
meter plane because it provides the designer a way to hold
a root fixed while varying others, by varying the two
parameter values. Another important charécteristic of
singular lines is also the fact that they can be drawn in
a parameter plane diagram by hand, without needing a
computer, as in the case of drawing constantZ orwp curves.

Although an analytic study of the two previous men-
tioned simultaneous equaticans, which are obtained by
sefting the real and imaginary part of the characteristic
equation equal to zero, makes obvious the existence of
singular lines under certain conditions, they were not
found earlier due to the standard computer programming
practices and limitations.

Singular line theory is based on the special case of
linearly dependent parameter plane solution equations.

From the standpoint of the design engineer it was

......
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desirable that this theory be investigated in order to
establish a standard general set of rules which would
provide a method to obtain systems with singular lines.

In this thesis this task is accomplished and possible
applications of the singular line theory in control system

design are investigated.




II. SINGULAR LINE THEORY

A. SINGULAR CONDITIONS

Consider the characteristic equation:

™-

F(s)= o s =0 (2-1)

where a ¢ {k=0, 1, 2,...,n} , is a function of two variable

K=0

parameters aand 8, i.e., ax=gk (a,B), and s is a point on
the s plane which can be expressed in rectangular coordi-

nates as:
s= - Ty + 51 2-2)

If for a given pair of g, wpg values {where |Cg| <1 and
whs >0}, equation (2-1) has an infinite mumber of oand 8 real valued
pairs which satisfy it, then for this equation singular conditions
exist. In this case the point of the s plane which is defined by the
pair ¢ s» Yns is a singular point, and the characteristic equation is
singular.

The locus of all points ( @, B) on the Parameter Plane which
satisfy equation (2-1) in the case of singular conditions is called
the singular line. Each such line corresponds to a specific singular

point or in other words to a specific pair of ¢, wpg values.

18




B.

many practical problems is the linear case. In this case
the two variable parameters a and B appear in the coefficients

of the characteristic polynomial in the general form:

where b¢ ,C« and dc are real constants.

a

(2-2), into equation (2-1), and equating real and imaginary

parts to zero, it can be shown [6] that:

n
DI-Z

(.1)Kc.< ,‘"nK iy ) e 2 (-1)'<C,<mn'< U. (&) (2-9)
[o] K=0
n
CGD% 0 U (B De=)  (-1)%dw Su (2)
K=0 K=0

SINGULAR LINE ANALYSIS IN THE LINEAR CASE ]

A simple case, which was analyzed and which appears in

a.= Beatcy, BHdy (2-3)

1. Analysis by Using Parameter Plane Equations

Consider the characteristic equation (2-1), where

is defined by equation (2-3). By introducing equation

o S Sl (2-4)
Bza +C'2' g8 = - D2

D, w0k U, () 82-2: (-0 beu “d_ U, (2)

19




The functions Uk(g) and Uk_l(c) are Chebyshev
functions of the second kind for which Uo(c)ao, Ul(C]=1,

and in general:

U (8)= 22U, 1 (5) - Uy, (&) (2-6)

The system (2-4) can be written in the Matrix form

as.
Bl Cl o N 'Dl
B, G, |® -D,
or
Ax =8 (2-7)

When the solution of the system (2-7) is considered
there are the following cases:

a. No Solution

When Rank (A) = 1 and Rank (A, B) = 2, which

implies that:

B D

—
(@]

vt Rt SRS B0 3 (2-8)
B, & D,

then the system has no solution.
b. Unique Solution
When Rank (A) = 2 and Rank (A, B) = 2, which

implies that:

B C D
_l ,‘ _1. # . _l‘. (2-9)

then the system has a unique solution.

20




c. An Infinite Number of Solutions
When Rank (A) = 1 and Rank (A, B) = 1, which

implies that

. (2-10)

then the system has an infinite number of solutions. There-
fore in this case, since there are an infinite number of
pairs of o, B values which satisfy the system (2-4) and in
consequence the characteristic equation (2-1), it implies

that for this equation singular conditions exist.

2. Analysis by Using Complex Variable Theory

The characteristic equation_(z-l) is considered

again. This equation can be rearranged in the form:

fl(s) a + fz(s) B+ fs(s) =0 (2-11)

where fl(s), fz(s) and fs(s) are polynomials of s. Intro-
ducing equation (2-2) into equation (2-11), these poly-
nomials will be in general a complex number with some
magnitude and an argument. Thus they can be written as:

fl(s) =1 eJe1

fz(s) =T, ejez

f5(s) = 15 el®3

Introducing the above equations into equation
(2-11) yields:

r; eI91q 4 T eJ82 8+ Ty e®3 = o (2-12)

21
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Using the Euler's formula el® = coso + jsine ,

equation (2-12) becomes; /
rl{cosel+jsinel}a+r2{cose2+jsinez}Brfrs{cq593+jsine3 }=0

or

{ rlcose 1a+r2cos ezs +r3cose 3 Hi{ rlsine 1a+rzsineZB+r3sin93} =0

Equating real and imaginary parts to zero yields
the system:
rlsinela+rzsin62 B=—rssine3
(2-13)
rlcosela+r2cose2 B=-TC0SH
By applying the same reasoning as in paragraph one,

the system (2-13) will have:

a. No Solution

If and only if:

r_lsine1 . rzsine2 r351ne3

TC0S;  T,C0Sg, ' T3COSBy

or
tane1 = tane, # tane3
b. Unique Solution

If and only if:

tane1 # tane2 # tane3

€. An Infinite Number of Solutions
If and only if:

tane1 = tanez = tane3 (2-14)

22




Equation (2-14) implies that for the character-
istic equation (2-1) which has been rearranged in the

form (2-11) singular conditions ekist, if and only if:

el= 93+k1H

92 = 93 + kzl'[

or

/fl(s) =ﬁ3(s) + kT
/fz(SJ =é3(s) + kT (2-15)

where k1 and k2 are integers.

3.  Singular Conditions for the Linear Case

Summarizing previously derived results, the con-
Clusion is that, iu the linear case where the character-

istic equation is written in the general form:

n
F(s) =£ ay sk =0
k=0

where ap =B o+ Cx B+ dk’ singular conditions exist if and

only if:

leW
O’HO
U, o

-

N

2 2

When the characteristic equation is considered

in the general form:

fl(s)a + fz(s)s + f3(s) =0
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then singular conditions exist, if and only if:

[E1(5) =/Eg(s) + Ky

Zéz(s) = f3(5) + kzﬂ

4. Equation of a Singular Line

When for a given pair ofcs, B values singular

conditions exist for the characteristic equation:

n
F(s) =Z ay sk= 0
k=0

or
fl(s)a + fz(s)B + f3(s) =0

then, according to the previous analysis the two para-
meterso andB will be related by one of the following

equations, respectively:

Ba. bt Lasg. 2. 2%a (2-16)

or

r351ne3 rlsme1 s r3cose3 : rlcose1

: : o (2-17)
rzsme2 rzsu'e 2 rzcose 2 r2c0562

Each of these equations, is the equation of the

)

singular line corresponding to the singular pair (;s, Bas

which was considered. This singular line is a straight

line on the parameter plane which is tangent to the constant
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curve at the singular point [6]. It was found in this 1

Cs
thesis, that this is also tangent to the constant w,s curve

at the same point.

5. Methods to Test if a Point s is Siggular

When the characteristic equation is given and it
is desired to determine if a given point ( g, wn) s Clzl <12

and wn.>0), is singular the following methods can be used.

a. Algebraic Methods

By using the ¢, 0 values of the point under

consideration, the coefficients of equations (2-5) can be |
evaluated. Then the given point will be singular if and
only if equations (2-10) are satisfied. |

A second algebraic method consists of the

evaluation of the arguments appearing in equation (2-15),

e T ) M o b Bt

after writing the characteristic equation in the form of ;
equation (2-11). Then the given point is singular if and

only if equations (2-15) are satisfied.
b. Graphical Method

By this method the characteristic equation
must be written in the form of equation (2-11) and the roots
of the polynomials fl(s), fz(s) and f3(s) must be evaluated.
After these roots have been located on the s-plane, with
the use of a spirule the arguments of the previous men-

tioned polynomials for the point under consideration are
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determined. Then this point will be singular if and only

if, equations (2-15) are satisfied.

c Use of a2 Computer

There are in general many ways by which a
computer can be programmed to answer this problem. One
such program is the <<Singular Point Pfogram >> which was
developed with this thesis and which appears in Appendix
H. 1In order for this program to be used in the case under
consideration, the corresponding value of ¢ of the point
which is considered is used as an input data. Then at the
computer print output the corresponding value of wy is
checked if it is such that it makes the system (2-4) have
an infinite number of solutions. When this is the case,

the point ( &, wn) which was considered is a singular point,

otherwise it is not singular.

6. Methods to Test if a Characteristic Equation is

Singular

In the previous paragraph a characteristic equation
was considered to be given and it was desired to determine
if a point of the s-plane was a singular point for this
equation. In this paragraph the problem is reversed, i.e.,
a characteristic equation is considered to be given and it
is desired to determine if there is at least one point of
the s-plane which is singular. For this problem the fol-

lowing methods can be applied:
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a. Analytic Method

By this method the characteristic equation is
written in the form of equation (2-11). Then, the argu-
ments of fl(s), fz(s) and fs(s) are evaluated as functions

of ¢ and B i.e.,

Hh
—
—~
/]
~—
]

g,(5,0)

Hh
N
—~
w
Nt
]

8,0 T,u) (2-18)

£5(s) = 85( ¢,0,)

Introducing equations (2-18) into the system

(2-15) yields:

gl(C’wn) i 33(C:wn) * kln

(2-19)
gz(c,wn) = gs(c,mn) + kZH

When the system (2-19) is solved for the un-
knowns ¢ and w., any acceptable solution, i.e., any solution
where the values of € and wn are real and also |g| <1
and w.> 0, will define a pair of ¢, w ~values, which cor-
respond to a singular point of the characteristic equation. 5

If at least one such point is found then the character-

istic equation is singular.

b. Graphical Method

By this method the characteristic equation

which is considered must be rearranged again in the form
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of equation (2-11). Then the roots of the polynomials
fl(s), fz(s) and f3(5) are evaluated and they are located
on the corresponding points of the s-plane. By the use of
a spirule a search on the s-plane must be performed for
points which satisfy equations (2-15). This search can be
performed either by moving on constant ¢ lines or constant
wy cycles. This method will in general be useful when

the polynomials of s which are involved in equation (2-11)
are of low order and it is desired to find out if the given

characteristic equation is singular for a restricted area

of the s-plane which is of interest.
c. Use of a Computer

The Singular Point Program which was mentioned
before and which was developed for this purpose corresponds
to one among the many ways by which a computer can be pro-

grammed to answer this problem.
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III. SINGULAR LINE THEORY AND CONTROL SYSTEMS

A. DEFINITIONS

For a control system with two parameters o and g
appearing in its characteristic equation the following
definitions come as a consequence of the singular line

theory which was previously developed.

1. Singular System

A control system is singular, if and only if,

its characteristic equation is singular.

2. Singular Characteristic Equation

The characteristic equation of a control system
is singular, if and only if, the system of the two
simultaneous equations in two unknowns, aand B, which is
obtained by setting s = - Cwntjwﬁ/l-cz into the character-
istic equation and requiring the summation of reals and the
summation of imaginaries to go to zero is singular, for at

least one pair of ¢, w, values, where {z| <1 and wy >0.
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3. Singular Root

A root of the characteristic equation of a
control system is singular if it makes the characteristic

equation singular.

4. Singg}ar Point

Each singular root corresponds to a specific
point of the s plane. Such a point is called a singular

point.

B. SINGULAR LINE THEORY IN CONTROL SYSTEM DESIGN

In general the analysis and design of any control
system is based on an accepted model for the system under
consideration. In the case of a linear control system of
any order the no zero, two complex conjugate poles system
model is used as a standard one. The accuracy of this
approximation is tightly related to the dominant mode
concept.

At this point the use of the singular line theory
seems to be of utmost importance since, if a system is
singular the complex pair which provides the singularity
remains fixed and the locations of the other poles may be

adjusted to some extent because an infinite number of a
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and B pairs is available for their adjustment. In addition
some other performance criteria may be satisfied by an
appropriate parameter variation.

All these cases are analyzed and further investigated
for other probable applications of the singular line theory

in control system design.

G SINGULAR LINE THEORY AND CONTROL SYSTEMS

1. Basic Requirements

From all that has been stated in section II, it
seems that in order for the singular line theory to be
applied on control systems design and compensation the
following basic requirements must be satisfied, i.e., the
system under consideration must be singular, a singular
root of the system characteristic equation must meet
problem specifications when it is considered the dominant
root, this root must be made dominant by adjusting the
parameter @ and B values, and finally the two parameters
a and B must be adjustable.

Therefore, the initial problem in general will be to
select the structure of the system or the required
compensator for a given system, in order for the above
basic requirements to be met.

In the following paragraph a preliminary analysis of

the form of the characteristic equation of a control system
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was performed, as the first step in developing the re-
quired structure of the control system to obtain the

desired singular conditions.

2. The Characteristic Equation of a Control System
in the Linear Case

In general the characteristic equation of a con-

trol system in the linear case will be in the form:

n

F(s) =: ay sk - 0 (3-1)
k=0
where a, = bk atcp B +dk and bk’ Cx and dk are real
constants. Equation (3-1) can also be rearranged in the

following general form:

fl(s)a +f2(s)8 +f3(s) =0 (3-2)
where fl(s), fz(s) and f3(s) are polynomials of s of any
order. Assuming that fl(s) and fz(s) are not identical to

zero, and that fs(s) = 0 or f3(s) # 0, yields the following

two cases:
a. f3(s) #0
By assuming that fs(s) # 0, dividing equation
(3-2) by f3(s) yields:

£(s) ,  £508)

+

f3(5) f3(5)

B+l = 0 (3-3)

or
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F1(s) a+F,(s) g+1 = 0 (3-4)

where Fl(s) and Fz(s) are either a ratio of two polynomials
of s or a polynomial of s.

When the characteristic equation of a control
system is considered to be in the form of equation (3-4),
then the necessary and sufficient conditions for this
equation to be singular, according to equatiohs (2-15),
are:

(s) = kln
(3-5)

(s) = kzn
where k1 and kZ are integers.

It must be noticed that according to the process
which was followed in the derivation of equations (2-15),
they are valid if either fl(s), fz(s) and f3(5) are con-
sidered polynomials of s or ratios of two polynomials of s.
Based on this remark and the fact that the argument of
unity is zero or an even multiple of N, equations (3-5)
were derived from (2-15).

Considering now the characteristic equation of a
control system in the form of equation (3-4) the following

cases may appear:

(1) Case I: F;(s) # Fy(s), 1In this case a

point s of the s-plane is singular for the charactereristic
equation (3-4), if and only if, it does not lie on the real

axis and satisfies equations (3-5).
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In order to determine if a given point in such a

case is singular or in order to find the singular points of
the characteristic equation (3-4), if any, one of the
methods which were described in the previous section can
be used. In addition to these methods the following method
which is related to the Root locus concept can be applied.
The characteristic equation of the control system
is:
F, (s) a+F2(S) g+l = 0 (3-6)
Suppose that the Root loci of the following equations are

drawn on the same drawing:

A Fl(s)

=1
B F,(s) = -1

C Fl(s) = -1

n
'
-

D Fz(s)

where A and B are Root locus variable parameters which take
values from zero to plus infinity and C and D are Root
locus variable parameters which take values from zero to

minus infinity.

Based on the angle relation on which each Root

locus is drawn, all the points of each of the above
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Root loci will satisfy the following equations respec-

tively:
ZZSLEF) = (2n + 1)n
[F,(s) = (2n = n
Zﬁhif) = 2nI
&(_s) = 2nm

where n is an integer. Therefore, the singular points of
the characteristic equation (3-6), i.e., the points of the
s-plane which satisfy equations (3-5) simultaneously, will |
be the points where either the first or the third Root
locus intersect with the second or the fourth Root locus.
From the aboye described method it can be con-
cluded that in the case under consideration either there

are no singular points or there is a finite number of such

points. Therefore, when in general Fl(s) # Fz(s) the
characteristic equation of the control system will not 1
always be singular and if it is singular the probability of
finding a singular point which meets problem specifications

as the operating point of the system will be very low.

(2) Case II: Fl(s) = Fz(s). In this case

the characteristic equation (3-4) of the control system
becomes:

Fi(s) (at+B) +1 = 0 (3-7)
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Thus, the singular conditions given by (3-5) become:

fFl(S) = kln (3-8)

As it will be shcwn in the following case,
when there is only one angle relation to be satisfied,
like that which is given by equation (3-8), then there
will be in general an infinite number of singular points.
Considering equations (2-5) and (2-16), the equation of
the singular line of any singular point will be in the

general form:

a+B = C
where C is a real constant. This implies that although
in a singular case there will be an infinite number of
pairs of a and B values which satisfy equation (3-7), the
roots af this equation will be fixed for any of these
pairs. For this reason this case can be considered as a
trivial one under singular considerations and not useful

for applications.

(3) Case III: F,(s) = F,"(s). When F,(s) =

Fln(s), where n is an integer, then the characteristic

equation (3-4) of the control system becomes:

F,(s) a+F1n(s) g+l = 0 (3-9)

and the singular conditions given by (3-5) become:

{F!(s\ = kln (3-10)
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i.e., in this case a point s of the s-plane is singular,
if and only if it does not lie on the real axis and s;tis-
fies equation (3-10).

In order to determine if a point of the
s-plane is singular for the characteristic equation (3-9)
or in order to find the singular points of this equation
one of the methods which were described in the previous
section can be used. In addition to these, the Root locus
method which was introduced in the first case can be used
as follows:

Suppose that the Root loci of the following

equations are drawn:

A Fl(s) -1

B Fl(s) =1

where A and B are Root locus variable parameters which
take values from zero to plus infinity and from zero to
minus infinity, respectively.

Based on the angle relation on which each
Root locus is drawn, all the points of each Root locus

will satisfy the following angle relations respectively:

{F](s) = (2k + 1)n
fPl(s) = 2kn

where k is an integer. Therefore, all the points of these
two Root loci will also satisfy equation (3-10). After
these remarks it can be concluded that in the case under

consideration there will be, in general, an infinite
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number of singular points. Also the probability of finding
a singular point which meets problem specifications as the
operating point of the system will be relatively high.

In the simplest case where n = 2, i.e.,

Fz(s) = Flz(s), the characteristic equation (3-9) becomes:

F, (s) a+F12(s) g+1 = 0 (3-11)

and the necessary and sufficient conditions for this equa-

tion to be singular will be given again by equation:

fFl(s) = kI (3-12)

where k is an integer.

(4) Case IV: F,(s) = an(s)_ In this case

interchanging the two parameters o and B in the character-

istic equation (3-4) yields the previous case.

All the rest of the cases, which may appear can
be considered to belong in Case I, and can be analyzed in

a similar way.

b. fs(s) =0

By assuming that fs(é) = 0, equation (3-2)
becomes:

fl(s) a+f2(s) B =0 (3-13)
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Since fl(s) and fz(s) are not equal to zero, dividing by

fz(s)e yields:

£.(s)
1 2 iy (3-14)
£,05) P
or
F, (s) S;‘-+ 1=0 (3-15)

The singular conditions for this case as it can

be derived from equations (3-5) are given by the equation:

fFl(s) = kI (3-16)

where k is a real integer or zero. It can be-shown by the
same procedure as was done in Case III in paragraph 2a(3),
that in this case there is in general an infinite number of
singular points. Considering equation (2-5) and (2-16) the
equation of the singular line of any singular point will be

in the form:
—a = -
8 C (3 17)

where C is a real constant. This implies that although in

a singular case there will be an infinite number of pairs of
o and B values which satisfy equation (3-15), the roots of
this equation will be fixed for any of these pairs. For
this reason this case also can be considered as a trivial
one under singular considerations and not useful for

applications.




e Summary and Conclusions

In the preliminary analysis of the character-
istic equation of a control system, which was performed in
the previous paragraph, it was found that there is a form
of the éharacteristic equation, which in general has an

infinite number of singular points. This is the following:

Fy(s) a+F1n(s) g+l = 0 (3-18)

or in the simplest case whe