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3.1 INTRODUCTION

The chi-square test, invented by Karl Pearson in 1900, is not only the

oldest test of fit, but the oldest non-trivial test of significance . While

it is inferior in power to other classes of tests of fit, the Pearson test is

unexcelled in ease and flexibility of use. It applies with little modification

to the problems of testing fit to parametric families of distributions , to

discrete distributions , and to multivariate distributions . Recent variations

of the Pearson statistic have improved the flexibility of chi-square

techniques, especially when unknown parameters must be estimated in the

hypothesized family. This chapter focuses on those variations of the chi-square

which appear most useful to practitioners , with briefer comments and

references for other aspects of the subject. Numerical examples are given in

Section 3.2.4 for the Pearson statistic and in Section 3.3.3 for some newer

chi-square statistics. In addition , Section 3.4.2 illustrates the use of

chi-square techniques in the less common situations of multivariate observations

and censored data. Recommendations on the use of chi-square techniques in

practice appear in Sections 3.2.5 and 3.4.1.

4Preparation of this chapter was supported in part by the Air Force Office
of Scientific Research under Grant APOSR 77-3291. The author is grateful
to Dr. Daniel Mihalko for his assistance .
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3 .2 UIL PIiARSON CHI-SQUARE STAT1 SlIC

Si nn~le pothesis

To test the simp le hypothesis that a random sample X11 ..., X~ has the

d t s t r t h u t ion t u n c t i o n  F(x) , Pearson partitioned the range of into M cells ,

~~ ~~~~ i f  N1,.. .,NM are t he  observed number of X ’ s in these cells ,

then N. has the binomial distribution with puranletels it
1

p. = P (X. falls in Es.) f dF(x) (3.1)
1

1

when the  n u l l  hypothesis  Is t rue . Pearson reasoned t h a t  the d i f fe rences

N - n p 1 between observed and expected cell frequencies express lack of fit

of the data to F, and he sought an appropriate funct ion of these differences

for use as a measure of fit.

Pearson ’s argument here was in three stages: (I) The quantities N~_np 1
have in large samples approximately a multivariate norma l distribution ,

and this distribution is nonsingular if only M-l of the cells are considered.

(ii) If ~
‘ = (

~
‘1~~ 

. ,Y~ ) ‘ has a nonsingular p-variate normal distribution

N~(~i . E), then the quadratic form (Y-~i) ~ 
1 (Y-ii) appear ing in the exponent of

the density function has the x~(p) distribut ion as a function of Y. Here of

course ~t is the p-vector of means , and E is the ~~~~ covariance matrix of Y.

(iii ) Computation shows that if Y (N1 -np 1 
, . . . ~N~_ 1 _np~_ 1 ) ‘ , this quadratic

form is
M (N.-np.)~2 v 1 iX m L

i= l  ri

which therefore has approximately the x (M-l) null distribution in large

samples. This is the Pearson chi-square statistic.

________  -— ~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~
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This elegant argument will reappear in our survey of recent advances

in chi-square tests. Pearson reduced the problem of testing fit to the

problem of testing whether a multinomial distribution has cell probabilities

p1 given by (3.1). This problem , and the statistic X2 do not depend on whether F

is univariate or inultivariate, discrete or continuous. But if F is continuous, considera-

tion of only the cell frequencies N~ does not fully use the information available in the

observations X~. Thus the flexibility and relative lack of power of
stem from the same source.

3 . 2 . 2  Co~posite Hypothesis

it is common to wish to test the composite hypothesis that the distribution

function of the observations X~ is a member of a parametric family {F( I8): 0 in c~) ,
where ~i is a p-dimensional parameter space . Pearson recommended estimating e by an

estimator ~ (a function of X1,...,X )., and testing fit to the distribution F (.jÔn)~
Thus the estimated cell probabilities become

p1(è~) = J dF (xlö )

and the Pearson statistic is
M [N.—np.(e )]2

~
n 1=1 np (e )

Pearson did not think that estimating 0 changes the large sample distribution of

x2, at least when Ô is consistent. In this he was wrong. It was not until

1924 that Fisher showed that the limiting null distribution of X2(0~) is not

and that this distribution depends on the method of estimation used.

Fisher argued that the appropriate method of estimation is maximum

likelihood estimation based on the cell frequencies N1. This gAoaped

data. MLE is the solution of the equations

M N. 
~p1(O)I ( )  ae 0, k l,...,p (3.2)

i=1~i k

obtained by differentiating the logarithm of the multinomial likelihood

_function. Fisher showed further that an asymptotically equivalent estimator

_ _
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can he obtained by choosing o to minimi ze X2(8) for the observed N1. This

m~~ onwn ch~-~qwvte ~~t~ma tok is  the solut ion of

M N~ 
2 ap 1(0,

H 
~ 

— • 0 , k • 1 ,...,p. (3.3)

Let us denote either es:imator by 
~~

• Then X2(ö~) is conceptually the

Pearson statistic for testing fit to l ( . Iö~) . the member of the family

(F (xf 0)) which is closest to the data if the Pearson statistic is used as a

measure of distance. Fisher showed that the ~..S~ n-F 4L4 h e7~ ~~a2L4.tA.~

X2(~11) has the x (M-p-1) distribut ion under the null hypothesis , no matter

what 0 in ~ is the t rue  value . This  is the famous “lose one degree of freedom for each
pa rameter  e s t imated”  r e s u l t .

Neyinan (1949) noted that another estimator asymptotically equivalent

to 
~ 

can be obtained by m i n i m i z i n g  th~ modif ied c h i - s q u a r e  s t a t i s t i c

M [N 1-np~(0)I
- 

N1.1 1

T hi s  iwowntun moci.iL~~ed ch - ~qwvtc ~s t m af c ’ t is the  so lu t ion of

N p . (0) ~p. (0)

~
-
~~~
-—

~~ ~~~~~ 

-

~~ 
= 0. k • I p. (3 .4)

id j k

Since for the purposes of large sample theory t h i s  es t imator  is interchangable

with the previous two , call it also 
~n 

to minimize notation . Neyman ’s remark

is important because equations ( 3 .4)  are more of ten  solvab le  in closed form

th an are (3.3) and (3.2).

EXAMPLE. Consider the chi-square test of f i t  to the family of density

func t ions

f ( x I O )  • 4u + Ox) -l x < 1 (3.5)

with o - (-1 .1). This family has boon used as a model for the distribut ion of

the cosine of the scattering angle in some beam-scattering experiment s

in physics. For cells l~ — (ai l ,  a~1 with

—l — &O
( 
~1 

< • 1,



S

we have
a1

p1(O) = ta f ( x I O ) d x
i—i

= ~-(a~-a.~~) +

It is easily seen that neither (3.2) nor (3.3) has a closed solution , while

(3.4) has solution

14

~ (aça1~~) (a1-a~_ 1)/N ~
0n

Substituting this value in the Pearson statistic produces an easily computed

test of fit for the family (3.5) using x
2(M-2) critical points.

But even the minimum modified chi-square estimator must often be

obtained by numerical solution of its defining equation. If cells

E. = (a 1, a.] are used in a chi-square test of fit to the normal family

F(xj~ ,o) = •(3 .a) -~~~ < ~ <

($ is the standard normal distribution function) , then

a1-ii a .1 — i.’
p
~
U.
~
,a) = $( ) - “(  ~, 

).

It takes only a moment to see that none of the three versions of ~ can be

obtained algebraically, so that recourse to numerical solution is required. Most

computer libraries contain efficient routines using (for example) Newton ’s method

to accomplish the solution.

This circumstance calls to mind Fisher ’s warning that his “lose

one degree of freedom for each parameter estimated ” result is not true when

estimators not asymptotically the same as are used . For example, in

_______________________ ______________
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t e s t ing  un ivar iate normali ty  we may not simply use the raw data MLE ’s

‘ U= 

~
i. 2. X .

j= l  ~

a = (1.

in the Pearson statistic . Chernoff and Lehmann (1954) studied the consequences

of using the raw data MLE e m  the Pearson statistic . They found that

x ~(O~) has as its limiting distribution under F(~ IS) the distribution of
p

~~(M—p—1 ) + Z X k(0)x~
(1). (3.6)

Here x (M-p- l)  and X k (l)  are independent chi-square random variables with the

indicated nuinbei~ of degrees of freedom . The numbers A k (S) satisf y

2 . 2
~~ .~~ ~i (°

~ 
< 1. So the large sample distribution of X (en) is not x and depends

on the true value of 0. All that can be said in general is that the correct
2c r i t ica l  points fa l l  between those of x (M-p- l )  and those of x (14-1).

These bounds often make X 2 ( 9 )  usable in practice , especial ly when the number

of ce l l s  M is large and the number of parameters p is  s m a l l .

3.2.3 Choosing Cells  In The Pearson Statistic

A major  object ion to the  use of chi -square  tes ts  has been the arbitrariness

introduced by the necessi ty to choose c e l l s .  This  choice is  guided by two

cons idera t ions : the power of the  r e su l t ing  test , and the  desire  to use the

asymptotic distribution of X2 as an approximation to t he  exact distribution for

sample s ize  n.  These issues have been studied in d e t a i l  for the case of a

simple hypothesis. i.e., the case of testing fit to a completel y specified

d i s t r i b u t i o n  F .  Recommendations can be made in th i s  case which may reasonably

be extended to the case of testing fit to a parametric famil y {F ( . I O f l .
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Mann and Wald (1942) initiated the study of the choice of cells in the

Pearson tes t of fi t to a contin uous dis t ributi on F. They rec ommended, firs t,

that the cells be chosen to have equal p~~babilities under the hypothesized

distribution F. The advantages of such a choice are : (1) The distance

sup~F 1(x)-F(x) to the nearest alternative indistinguishable from F ~ is

maximized . (2) The chi-square test is unbiased . (Mann and Wald proved only

local unbiasedness , bu t the tes t is in fact unbiased against arbitrary alternatives

I~~. This is not true when the cells have unequal probabilities under F.) (3)

I mpiri col studies have shown that the x~ 
distribution is a more accurate approximation

to the exac t nul l distribution of X when. equiprobable cells are employed .

Mann and Wald then made recommenda t ions on the number N of equiprobable cells

to he used . Their work rests on large-sample approximations and on a somewhat

comp lex m inimax criterion , so that it is at best a rough guide in practice. Mann

and Wald found that for a sample of si:e a (large) and significance level a, one

should use approximately

M = 4 1~ -~~ —}~~
’s 

(3.7)
c(~~~

where c(a) is the upper a-point of the standard norma l distribution . The

optimum is quite broad . in particul ar , the N of (3.7) can be halved with

little effect on power. Retracing the Mann-Wald calculations using better

approximations , as in Schorr (19 74 ) ,  conf i rms  that  the “optimum ” M is smaller

than the value given by (3.7). Since the exact optimum depends on the criterion ,

a choice of error p r o b a b i l i t i e s , and of course on the assumption that the

hypothesized F contains no unknown jarameters . the practitioner need not go

beyond the following recommendation . For n > 50, choose a number N of

equiprobable cells falling between the value (3 .7)  for  a = 0.05 and half that

v a l u e . i ’his recommendation i s  not an endorsement of ’ t he  USC of ~ 0.05 in tests

-
- 

- 
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of fit. Because (3.7) increases slowly with a, but overstates the number of

cells required , the value fo r a = 0.05 can a lso be used when larger  significance

levels are in mind .

For n < 50, computati on and s imulat ion sugges t that the recommendations

above remain reasonable , even though their theoretical base in asymptotic theory

is no longer valid . For small sample sizes, the question of the accuracy of the

approximations to the null distribution of the Pearson statistic becomes more

• prominent and has traditionally influenced the choice of M relative to n. The

avai lability of inexpens ive co mputin g power has led to ex tens ive s tudy of this

issue since Cochran (1954) gave the commonly accepted rule of thumb . Cochran ’s

rule was tha t all expec ted ce l l  f r equenc ies np 1 should be at leas t 1, with at

least 80 percent being at least 5. Two papers which summarize more recent work

are Roscoe and Byars (197 1), a simulation study , and Good , Gover and Mitchell

• (1970), which is based on computation of the exact distribution. It is notable that

current recommendations are stated in u erms of the avera~,~ expected cell frequency

rather than in terms of the minimum expected frequency.

Here are the findings of Roscoe and Byars , which may serve as a guide for

practitioners .

(i ) Wi th equiprobable cel l s, the average exp ected cell  frequency

should be at least 1 (that is , n > N) when testing fit at the

a 0.05 level ; for a = 0.01, the average expected frequency

should be at least 2 (that is, n > 2M),

(ii) When cells are not approximately equiprobable , the average

expected frequencies in (i) should be doubled .

(iii) These recommendations apply when M 3. For N = 2 (1 degree of

freedom) , the chi-square test should be replaced by the test

based on the exact binomial distribution .

— — ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Even guideline (ii) is satisfied whenever Cochran ’s rule is satisfied,

and so is strictly less restrictive. The cL i-square test with x~ critical
points has a true a higher than the nominal a when the guidelines (i) and (ii)

are not met . Roscoe and Byars considered only a - 0.J5 and ~ - 0.01,

whereas tests of fit preliminary to other statistical procedures often use

a 0.25 or similar levels. Since the x approximation seems least accurate

in the tails , it appears that rule (i) is adequate for such larger values of

a . It should be noted , however , that simulation and analytic approximations both

suggest that using the maximum number of equiprobable cells (N = n) al lowed

b guideline (i) results in a test with less power than tests having fewer

cells , against all but very short-tailed alternatives . Since the

Mann-Wald suggestion (3.7) falls w i t h i n  the  Ro scoe-Byar s  gu~ de1ines , we can

reaffirm the recommendations underlined above.

Recommendations in the composite case are less easily made . Both

• theoretical and empirical results suggest that the choice of N depends on

the particular hypothesized family, on the method by which the unknown

parameters are estimated , and on the alternativ es we wish to detect. The

degree of arbitrariness is greatly reduced by using data-dependent cells

which are equiprobable under the estimated parameter values. This is

possible when the hypothesized family of distributions has only location

and sc ale parame ters , as is illustrated by Examp le 1 in Section 3.2.4 and

d iscussed in Section 3.3.1. The most thorough study to date of the effect

of N on the power ot’ a chi-square test in the composite case is Dahiya and

~;u r l a n d  ( 1973) . They investi gated the test of’ univariate normality using

\ ( ~~,
) . the I’earson statist ic w i t h pu i’.Iulc t  ci’s est m ated by the raw data MI.E,

and data-dependent cells equiprobabic under the estimated parameter values

I r’4
_ _ _ __ _ _ __ _ _ _
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t~ r sample size SO and 100. Agai nst some alternatives (double exponential ,

lo g i s t i c ) , powe r decreases as N increases , so t ha t  N = 3 i s  optimal. This

s u r p r i s in g  resu l t  does not hold for the Pearson-l~i~. .~~r s t a t i s t i c X 2 (~~~) , or

for the Rao-Robson statistic which ~c w i l l  recommend in Sect ion 3.3.2. For

alternatives less close to the notm.il f a m i l y ,  a number of cells roughly half

that specified by (3.7) gave the h i g hes t  p o w e r .

The examples in this chapter will use ~~~~~ for .~ = 0.05 as a guide in

c h o o s i n g  N. This avoids s u h i e c t i v ’ t y ,  and in the author ’s experience res ults

i n  greater sensitivity than the c a l c u l a t i o n s  of Dahi ya and Gurland suggest.

Fh ere is some evidence that an N half thi s size may gi ve slig ht ly better power.

3 . . . 4  Examp les Of The Pearson Test

Because of i t s  r e l a t i v e  lack ok power , X cannot he recommended for t es t ing  f i t

to standard distributions for which special-purpose te .ts are available , or for which

the special tables ot critical points needed to app ly tests based on the empirical

distribution function (EDF) when parameters are estimated have been computed .

t e s t i n g  f i t  to the f a m i l y (3. 5) is , on the other hand , a r e a l i s t i c  app l ica t ion  of

the Pearson-Fisher statistic X (~~ ) . Indeed , only chi-square tests allow solution

of t h i s  problem us ing  tabled c r i t i c 5 i l  p o i n t s .  i’he examples below of X applied to

t he  NOR data  set are in t ended  o n l y  as ii lust rat ions of the mechanics  of app ly ing

the test.
EXAMPLE 1. Since NOR purports to be data simulating a normal sample

with ji = 100 and ~ = 10, let us first assess the simulation by testing fit

to this specific distribut ion. The Mann-Wald recipe (3.7) with a = 0.05

and n = 100 gives M = 24. For computational convenience, we use M = 25 cells

chosen to be equiprobable under N(lOO,l00). The cell boundaries are

100 + l OZ j. where is the O.04i point from the standard norma l table,

i - 1,2,.., ,24. For example , the 0.04 point is -1.75, so the upper

boundary of the leftmost cell is 100 (l0)(-l. ’S) 82.5. Table 3.1

‘ I shows the cells  and their  observed frequencies . The expected frequencies are

• ~i 1l (1flfl’~(fl,fl4’~ — ~t Wh~~~ r. = 1/U ~~~~ i’ ~ 11 4 .,~~ b~~v.

__________________ ~~~~~~~~~~~ 
-‘
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- • -

7 -

11

= 
~ 
(N1- 

.)2

So in this example ,

= ~~
- ~~(N~-4)

2

• 112
• — —i--- — 28.

The appropriate distribut ion is •C(24) ,  and the P-value (attained significance

level)  of X~
’ = 28 is 0.260.

To test the NOR data for fit to the family of univariate normal distributions,
- 

- an intuitively reasonable procedure is to estimate ~.i , a by ~~ and use cells with

• boundaries X + z.~~, where z~ are as before . These ce l l s  are equi probable under

• the normal distribution with ~ = X and o = a. it will be remarked in Section 3.3

that the Pearson statistic with these data-dependent cells has the same large

sample distribution as if the fixed cell boundaries 100 + lOZ
k 

to which the random

boundari es coverage were used . This distribution is not ~
2(24) , since 

~
j  and a

were estimated by their raw data MLE ’s 5~ and a ~n computing the cell probabilities

p1
(X ,a) = 0.04. The appropriate distribution has the form (3.6), so that its

critical points fall between those of x (24) and x (22) . Calculation shows that

• X = 99.54 and a = 10.46. The cell boundaries X + and the observed cell

frequencies are given at the right of Table 3.1. The ~bserved chi-square value

is = 22, reflecting the somewhat better fit when parameters are estimated from

the data. The P-value falls between 0.460 (from ~
2
(22)) and 0.579 (from ~

2
(24)).

For comparison , the same procedure was applied to test the LOG data

set for normal i ty .  In this case , IC = 99.84 and ~ = 16.51 , and the observed

- - 2
chi-square value using ccl i boundaries X + oZk 

is X 31.5. The corresponding 

-~~ - ~~~~~~~~~ ~~~~~~~~~~~~~~~~~~ — T i ~~,~1,_1~1 . ~ — _________________
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TABLE 3.1

Chi-square tests for

normality of the NOR data

Fit to N (100,lO0) Fit to normal family

Upper Upper
Cell Boundary Frequency Boundary Frequency

1 82.5 3 81.2 3
2 85.9 8 84.8 5
3 88.3 5 87.3 5
4 90.1 8 89.2 5 . .
5 91.6 4 90.7 6
6 92.9 2 92.1 4
7 94.2 1 93.5 3
8 95.3 5 94.6 1
9 96.4 6 95.8 4
10 97.5 1 96.9 6

• Il 98.5 3 98.0 3
12 99.5 3 99.0 3
13 100.5 4 100.1 2
14 101.5 2 101.1 5
15 102.5 2 102.2 2
16 103.6 7 103.3 5
17 104.7 7 104.5 9
18 105.8 3 105.6 3
19 107.1 1 107.0 1
20 108.4 2 108.3 1
21 109.9 4 109.9 5
22 111.7 6 111.8 6
23 114.1 6 114.3 • 6
24 117.5 4 117.8 4
25 3 3

____________
_ _  _ _ _ _  ---
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P-vaL ue lies between 0.086 (from ~~(22)) and 0.140 (from x (24 ) ) .  Thus this

test has correctly concluded that NOR fits the normal family well , while the

t’it of LOG is marginal. Since the logistic distributions are difficult to

d is ti nguish from the normal family, this is a pleasing performance. In

contrast , the same procedure with M = 10 has IC = 9.4 for the LOG data, so

• that the P-value lies between 0.225 (from X 1 .7)) and 0.402 (from x
2(9)).

- 

• 

Using 3 cells gives X 0.98 and again fails to suggest that the LOG

data set is not normally distributed . Thus for these particular data, the

larger M suggested by (3.7) produces a more sensitive test .

E XAMP LE 2. The same procedure can be applied to the EMEA data , but

a glance shows that these data as given are discrete and therefore not normal .

Indeed , w ith 15 cells equiprobable under the N(~ ,6) distribut ion for these
5)

data , X~ = 554. Since the data are grouped in classes centered at integers,

a more intelligent procedure is to use fixed cells of unit width centered

at the integers , with cell probabilities computed from N (X,). Of course,

~ and a from the grouped data are only approximate. Sheppard ’s correction

for 3 improves the approximat ion , and gives ~ = 14.540 and 3 = 2.2 16 .

(:alctala ting the cell probabilities and computing the Pearson statistic , we

obtain = 7.56. The P-value lies between 0.819 (from x
2(12)) and 0.911

(from x (l4)), so that the EMEA data f i t  the normal family very well indeed.

• The applicability of X2 to grouped data such as these is an advantage cf

chi-square methods.

5 . 2 . r  H~ c ommenda t ions For Use Of The Pearson Statistic

(I) When tht~ raw data MLE ~~ is computationally simpler than the

grouped data estimator ~~~~ do not hesitate to use The critical

points of X2(~~ ) f a l l  be tween those of ~~(M-l) and ~
2
(M-p-1) , and

- - 
•—‘ 
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s i m u l a t i o n  sugge s t s  th at X 2 (O~) is usually more powerful than the

P e a r s o n - F i s her  t e s t  ba sed on X ( . ) and x ( M — p — 1  ) c r i t i ca l  poin ts .

(2)  When t e s t i n g  f i t  t o a loc ;it t a i i  s c a l e  family ( F(  ‘ j t l )  1, use cells which

are equi probabit’ under the estimated value of 0. The fact that these

cells are data-dep endent does not a f fe c t  t h e  distribution theory , as

Section 3.3.1 d i s c u sses more f u l l y ,

(3) Choose the number N of equiprobable cells to be approximately 2n2”5.

(This is based on t h e  d i ’. cu iss ion  in Section .2.3. Ualf the Mann—~ ald

recipe (.~.7) for (LOS is 1 .9n~~
5
.)

3.3 GE N ERA L ClI i -SQ~~~RE STATISTICS

3.3. 1 Data-dependent Cells

As already noted in Sec t ion 3.2.4 , the use of data-dependent cells increases

the flexibility of cu -square t e s t s , f o r t u n a t e l y w i t h o t . t  increas ing their  comp lex i ty

in p r ac t i ce .  The essen t ia l  requirement is that as the samp le si:e increases , the

random cell boundar ies  must conve rit e in proh.ub i l i t 1  to  ,u set of fixed boundaries.

The limit ing cells will usually he unknown  • si n d’ they depend on the true parameter

a I ut e . Random cells are used i i i  cli i — square tests by ‘‘forgetting ’’ that

the cells are data—dependent and proceeding as if fixed ce lls had been

chosen . Since the cell frequencies are no longer multinomial , the theory

of such tests is mathemat i ca l ly  d i f f i c u l t .  But in practice , the limiting

dis tr ibut ion of X2 with random cells is exactly the same as if the limiting

fixed cells had been used . This i s  true even when parameters are estimated.

D e t a i l s  and regular i ty  condit ions appear in Section 4 of Moore and Spruill

( 1975 ) .  Therefore , ~~~ s t a t i s t i c,  such as the Pearson-Fisher X2(ë~ )1

which has a 00-free limiting null dis tribut ion us~~~ fi:~ed cells , has that

same limiting null distribution for any choice of converg ing random cells .

A statistic such as the Chernoff-Lehmann X’(O) which has a 0
0-depcndent

lim iting null distribution for fixed cells , has in general this same

_______________ •
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def i c i ency  wi th  random cells. But if the hypothesized family {F(’ 8))

is a location-scale family, a proper choice of random cells eliminates this

• 00-dependency and also allows cells to be chosen equiprobabie under the

estimated o, thus matching the recommended practice in the simple hypothesis

case. Such cell choices should be made whenever possible. Theorem 4.3 of

Moore and Spruill (1975) is a general account of this. Let us here illustrate

it by returning to the X2 statistic for testing univariate normality.

When the parameter 0 = (ti ,~~ ) is estimated by 0
n 

= (~,&) and cell
boundar ies ~ + z~~ are used, the es t imated cell probabil it ies are

X + z . o  2

‘i~~ ’3~ = 
~~~

+ 1

~~~

1

2 
/2 e•

~
l:t_X) /2

~~~

Z~ 2
= J (211)

_l5 sl’2e
U /2 du

1i l

These are not dependent on (i, ) ,  and are equiprobable if z~ are the
success ive i/M points of the standard normal distribution . Since this choice

of cells leaves both N1 and p~ unchanged when any location-scale transformation

is applied to all observations X
3
, the Pearson statistic has the same

distribution for all (p,a). The lim iting null distribution has the form

(3.6) but the A
k are now free of any unknown parameter. Critical points may

• therefore be computed. Two methods for doing so, and tables for testing

normality, appear in Dahiya and Gurland (1972) and Moore (1971). Dahiya and

Gurland (1973) study the power of this test. The idea of using random

cells in this fashion is due to A. R. Roy (1956) and G. S. Watson (1957, 1958,

1959). We will refer to the Pearson statistic using the raw data MLE and

random cells as the (Va.t6on-Roy ~~~~~~~~ 
Example 1 in Section 3.2.4

illustra ted its use.

- -- 

- 
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Note that the Watson-Roy statistic has 0-free limiting null distribution

only for location-scale families , that this distribution is not a standard

tabled distribution, and that a separate calculation of critical points is

required for testing fit to each location-scale family. These statements

• are also true for EDF tests of fit. Since the latter are more powerful, the

Watson-Roy statistic has few advantages when F (.Ie) is univariate and

continuous. Nonetheless, data-dependent cells move the cells to the data without

e s s e n t i a l l y  chang ing the asymptotic distribution theory of the chi-square

statistic. They should be routinol y employed in practice , and this is done in

most of the examples in this chapter.

3 . 3 . 2  General quadratic Form s

Some of the most usefu l recent work on chi-square tests involves the study of

quadratic forms in the standardized cell frequencies other than the sum of squares

used by Pearson. Random cells are commonly recommended in these statistics , for the

reasons outlined in Section 3.3.1 , and do not affect the theory . A statement of

the nature and behavior of these general statistics of chi-square type is necessarily

somewhat complex . Practitioners may find it helpful to study the examples computed

in Section 3.3.3 and in Rao and Robson (1974) before approaching the summary

treatment below .

Random cells should be denoted by E
1~

(X
1
...~ X~) in a precise notation , but here

the notation E1 for cells and N. for cell frequencies will be continued . The “cel l

probabilities ” under F(.j O) are

p1(0) = f dF(x It3 ) i =

Denote by V~(e) the M-vector of standardized cell frequencies having ith component

I N 1 -i i p~ ( O ) j / ( n p 1 ( O ) ) ~~~
2 .

I

_ _  
_ _ _ _ _- ~~~~~~~~~~~~~~~~~ -— - - --

~~ 
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If = Q~ (X 1,...,X )  is a possibly data-dependent MxM symmetric nonnegative

def in ite matrix , the general form ot’ statistic to be considered is

V~ (O~) ‘Q~V~ (O~) (3.8)

when 0 is estimated by 
~~

. The Pearson statistic is the special case for

which Q
~ l

~~ 
the MxM identity matrix. The large-sample theory of these

statistics is given in Moore and Spruill (1975). The basic idea is that of

Pearson ’s proof: To show tha t V~ (t3~) is asymptotically multivariate normal

(even with random cells) and then apply the distribution theory of quadratic

forms in multivariate normal random variables. All statistics of form (3.8) have

as their limiting null distribution that of a linear combination of independent

chi-square random variables. References on the calculat ion of such

distribut ions may be found in Davis (1977).

To avoid the necessity to compute special critical poin ts , it is

advantageous to seek statistics (3.8) which have a chi-square limiting null

d istribution . This idea is due to D. S. Robson . Rao and Robson (1974)

treat the important case of raw data MLE ’s. They give the quadratic form

in V~(0) having the ~
2(M-1) limiting null distribution . The appropriate

matrix is 
~~°n~’ 

where

= 1M + B(o)(J(e)—B(0)’B(e)] 18(e)’,

J(0) is the pxp Fisher information matrix for F(.I0), and B ( 0 )  is the Mxp

matrix with (i,j)th entry

~~ (°) 112 
~~~~~ 

.

The Rao-Ro b4on ~~~~ L~-t~c is

= V ( O ) ’ Q ( O )V ( e ) .

This test can be used whenever J-B’B is positive definite. Since

nJ is the information matrix from the raw data and nB’B the info rmation

matr ix  from the cell frequencies , J- B ’B is always nonnegative definite.

Notice that R~ is just the Pearson statistic X 2 (8~ ) plus a term which 

—=-• 
• •~~~~~~

--

~~~~~~~~~~~ 
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conceptually builds up the distribution (3.6) to x
2
(M-l). This term

simplifies cons iderably , sin ce ~~~~~~~~ — 0 implies that

M N. ~p. N N. ap.
~
, ,

~~ — — 1/2, ~ ~ i 
~
‘ i iV I) - £ • j ’

~~ ~~

•

~~

—
‘‘ ‘

~~~~
‘ L ~~

— 

~~—) (3.9)
1=1 1 1 1=1 rj  p

and

R~ = X2(e) + (V’~ B)(J-B’B)~~~(v’ 3)’, (3.10)

all terms being evaluated at 0 = O~~~. Further simplification can be

achieved in location-scale cases by the use of random cells for which

p~ (6) ~ l/M. Rao and Robson ( 1Y ’4 )  g ive severa l examples of the use of this
statistic , using random cells in some cases.

Simula tions by Rao and Robson show that R
11 has generally greater power

than either the Pearson-Fisher or Watson-Roy statistics. Spruill (1975) gives

a theoretical treatment showing that R~ dominates the Watson-Roy statistic

• for any location-scale family (F(’fO)}. Since is powerful, has tabled

critical points, and is easy to compute whenever the MLII 0 can be obtained,

it is recommended as a standard chi-square test of fit. Moore (1977)

gives a general recipe for the quadra tic form havin g the ~
2(M- 1) distribution

when nearly arbitrary estimators are used . The idea parallels Pearson’s

proof, using a generalized inverse of the covariance matrix. The Pearson-

Fisher and Rao-Robson statistics are the ~ and 0 special cases of thisn n
recipe , which is the WaLd ’4 meihod ~~at~.ot~c.

If (3.6) can be built up to x~(M-1), it can also be chopped down to

~
2(M-p-l). Dzhaparidze and Nikulin (1974) point out that the appropriate

statistic is

Z~ (O~ ) = V ’ n (I M_B (B’B)
1B ’)V n

where V and B are evaluated at 0 = 0n ’ Zn has the x
2(M-p-l) limiting

distribution whenever O~ approaches 0~ at the usual n 1”2 rate , and can

tticrefti re he used with any reasonable est i m at o r  of 0. Compu t at  Ion of Z
4 n

is again simplified by (3.9) . As mi ght he expected , simulat ions suggest 

__________________________ ___________
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that. n l O )  is inferior in power to both the Watson-Roy and Rao-Robson

statistics.

3.3.3 Examples Of General Chi-S~~are Tests

EXAMPLE 1. It is desired to test fit to the negative exponential family

f ( x l O )  = O~
1
e~
X/0 

, o < x <

where 11 = ( 0 :  0 < 0 < co} ~ Since the MLE of 0, 6 = ~~, is available, the
n

Rao-Robson statistic is the recommended chi-square test. When p = 1, (3.9)

and (3.10) reduce to

N (N . -np.)~ M N. dp.
R = 

i=~1 ~r i 
1 

+ 

~~~~

where
M dp.

D = J -

and J, p., dp./dO are all evaluated at 0 = For a sample of size n = 100,
we wi l l  once more use M = 25 equ iprobable cells. In this scale-parameter family,

equiprobable ce lls are achieved hv the use of random c e l l  hour~d a r ic s  of the  form :.
1

I ron —

p.(O) = I ’ e e ~~~
0dx (3.11)

z
i—lx

the condi t ion p
~
(X) 1/25 gives z0 = 0, z25 = and

= - log (1—kg’) i 1,... ,24.

Differentiating (3.11) under the integral sign, then subsituting 8 = X , gives

= ~[‘.i_ .
~~ log (l-~.g.)-(1-~~

1
) log (l-~-~~)] = v1/X .

Because of their iterative nature , the quantities , v . are easily computed on a

programmable calculator. The Fisher informat ion is .1(0) = o 2 so that
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TABLE 3.2

The Rao-Robson test for the negative
exponential family, with 25 equiprobable cells

WE 2 EXP

i z. V .  z . X  N .  z . X  N
1 1 1 1 1 1

1 .0408 - .0392 0.036 1 0.221 6
2 .0834 -.0375 0.073 0 0.451 S
3 .1278 -.0358 0.112 1 0.692 3
4 .1743 -.0340 0.153 1 0.944 2
5 .2231 - .0321 0.196 3 1.208 5
6 .2744 -.0301 0.241 1 1.486 5 •

7 .3285 -.0279 0.288 2 1.779 7
8 .3857 -.0257 0.338 3 2.088 2
9 .4463 -.0234 0.392 5 2.416 4
10 .5108 -.0209 0.448 5 2.766 3
11 .5798 -.0182 0.509 1 3.140 3
12 .6539 -.0153 0.574 5 3.541 4
13 .7340 -.0123 0.644 3 3.974 6
14 .8210 -.0089 0.721 5 4.445 3
15 .9163 - .0053 0.804 8 4.962 4
16 1.0216 - .0013 0.897 4 5.532 4
17 1.1394 .0032 1.000 16 6.170 3
18 1.2730 .0082 1.118 9 6.893 3
19 1.4271 .0139 1.253 11 7.728 4
20 1.6094 .0206 1.413 7 8.715 2
21 1.8326 . .0287 1.609 5 9.923 7
22 2.1203 .0388 1.861 1 11.481 3
23 2.52 57 .0524 2 .217 3 13.676 3
24 3.2189 .0733 2.826 0 17.430 6
2S .1288 0 3

—5 
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25

_ 
~ v~ ]

i=l

Finally 25 2

R - ~ 
~~(N 

_4)2 + 
(25)2 ~~l 

N.y.)

100 — 
~ i 100 1-2S~

25
v~

1 1

Table 3.2 records z. and v ., from which
1 1

l-25~~
5v~ = 0.04255.

For the WE2 data set , X = 0.878. The resulting cell boundaries and cell

frequencies appear in Table 3 .2, and

R - 351 + 
(2 5) 2 

(00519)
2

100 
- 

4 ( 
~ 100 0.04255

87.75 + 0.40 = S8.l5

This gives a P-value of 3 x 10~~ using the ~
2 (24) distribution . In contrast ,

the EXP data set has X = 5.415, cell boundaries and frequencies given at the

right of Table 3.2, and

R — !(54) + 
(25)

2 (_ 0.l23l)2

100 
- 4 100 0.04255 •

= 13.5 + 2.23 = 15.73.

The P-value from x
2 (24) is 0.898 .

As these examples suggest, the Pearson statistic X2(0), which is the
first component of R , is usually adequate for drawing conclusions when N

is large and p is small, in this example , the critical points of X2(0~)

fall between those of x
2
(22) and those of x2(24). A reasonable strategy is

to compu te X2 (On) f i rst, complet ing the computation of R~ only if the

S results after the first stage are ambiguous.

EXA MPLE 2. The BAEN data are to be tested for fit to the double-

exponential family

f(xIO) = ‘y
~

— e
_ 0

l~~
02 - < x <

= ((01,02) :  — 0 1 ~~ , 0 < 0
2 

<

~ 
L 

~~~~~~

_
. 
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The MLE = (0ln V 02n
) from a random sample X

1
,...,X is

0 = median (X 
ln 1 n

; =~~~ -~~~ Ix. -~ I.2n n~~ 1 3 lu

I n this location-scale sett ing , e~ui probab 1e cel ls  with boundaries

• 81n + a.~~2 wil l  again be employed . Usi ng an even number of ce l ls , say

- 

• N 2v , and choosing the a . sviwIl - t 1-i cally as a
~ ÷t = = C

j~ 
whe re

c
~ 

= -1og( 1-~ ) i = 0 , . . .

( in par ticular , a0 = -~ . a = 0, a~ = ‘) gives 
~~

(O
~) 

E 1/N .

Computations s imi lar  to tho ;L ’ shown in Example 1 yield

-
• 

8
1 
(0 ) = -i/Me ., i = 1 ,.. .,v

= l/ M O2~ 
i = v+1 ,. . . ,M (3.12)

3P “ 1 c k l  
_ C

k

~~~~~~~~~~~~~ 

= 
~~~~~~~~~~ 

_ c
ke ) i = v +k , v-k+I

2 2n k = l , . . . , .
-c -ck-i kI f  dk = Ck l 6 cke , then . 

I 
-

fi
B( 0 ) ‘ B ( O  ) = 0 ‘in a 2n 

~~ ~~~~~~~1 1

Since the information matrix i s  0~~ I ,, the mat rix J( O ) - B ( e ) ’ B ( O )

has rank 1 and the Rao -Robson statistic is not defin.~d. (The reason for this

unusual situation is that for th i s  choice of cells, the median is both the

I

-— 
-

~~

—- - 

~
-
~~~~~~~~~~~~

-—
~~~~

— -
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raw data MLE and the grouped data MLII for The Dzhap aridze-Niku l in

statistic is

Z~(O~) = ~~~ (N 1 
- ~~~2 

~ 
i 

2 ’) ~~~~~~ 
+

1=1 2Y d. 1=1i i

This computation was simplified by the fact that B ’B is diagonal ai~i the

first term of (3.9) is 0 by (3.12) and the definition of the median .

The BAEN data contain n = 33 observations, for which

0 ln 10.13 and 02ri = 3.36. Table 3.3 contains c
~
. upper cell boundaries

0 + c . O  , and cell frequencies for these data. The statistic Z is ,in i 2 n  n

after some arithmetic ,

10 10 
~‘ 1 0  1 -,

Z = ~~ 
~~~~~~~~~~~~~~~~~ 

(2) (.1574) [~
1.2828]

= 7 .30— 1.S9 = 5.71

The P-value from 
~
2(7) is 0.426. The Pearson

TAB LE 3.3

Testing the f i t  of the BAEN data
to the double t’ -~~onentiai family

Cell C . 0 + c O  N.
i in i 2 n

1 -1.609 4.722 4
2 -0.916 7.051 7
3 -0.511 8.414 3
4 -0.223 9.380 2
5 0 10.130 1
6 0.223 10.880 3
7 0.511 11.846 4
8 0.916 13.209 3
9 1.609 15.538 4
10 2

statistic x2 7.30 has critical points falling between those of x
2(7) and

_________________________ 

-
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‘.~~~~S) t ak ing  advan tage  of th . t . I I’t that the grouped data MLII was used to

estimate one of the two unknown parameters. The corresponding bounds on

the P-value are 0.398 and 0.SOS . ~he double exponential model clearly

fits the BAEN data very well. l-vcri t hough an anoma l y red uced from 2 to 1

the difference in the degrees of freedom of the x dis t r ibut ions  bounding

\ , there is a considerable sprea d in the corresponding P-values. This is

typ ical when n (and therefore N) is small. In examples where the goodness

of fit is less clear t han here , us e of R or : can be essential to a clear

C WC 1 us ion.

3.3.4 Nonstandard Chi-Squa re Statistics

l E e  c lass  of ~ tandLt —’Ld c~~ : / I t ~ c ~tat~~~~c~ is composed of all nonnegative

definite quadratic forms in the standardized cell frequencies , with possibly estimated

parameters and data-dependent cells. Such statistics have a unified large-

sample theory given by Moore and Spruill (1975). Other classes of statistics

are less well.explored hut may hold rronise. A few are mentioned here.

Since none can yet compete with standard statistics in p r a c t i c e , t h i s

section can be considered opti onal reading.

(a) Increasin1 N with n.  Standard statistics assume that the number

of cells M remains fixed as the sample s i z e  n increases . The usua l pract~ c~

is to use more cells as n increases 1rec~il1 the Mann-Wald s~~gcstion ~‘.7)), yet this

practice is not exp licitly recognized in the theory of standard chi-square statistics.

Kempthorne (1968) proposed the use of the Pearson statistic with N = n equiprobable

cells. Such statistics have a large-sample theory very d i f f e r en t  from that

of standard statistics. For the case of testin g fit to a comp letely

- 

——  —~_ _ 5 -~ J~. -• ~~~~~~ 
— 
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spec ified distribution, Morris (1975) shows that the Pearson statistic

has a normal limiting null distribution in some generality when H increases

wi th  n.  The behavior of such statistics when parameters must be estimated

is la rge ly  unexplored . Simulation studies of Kempthorne’s statistic suggest

that standard statistics with fewer cells have superior power except against

very short-tailed alternatives.

(b ) Sequentially adjusted cel ls .  By use of the conditional probability

integral transformation (see Chapter 6), O’Reilly and Quesenberry (1973)

obtain particular members of the following class of nonstandard chi-square

tes ts. Rather than base cell frequencies on cells E
~ 
(fixed) or E

m

(X
1
. ~~~~~ (data-dependent) into which all of X

1
,...,X are classified, the

cel ls  used to c lass i fy  each successive X
3 

are functions E .~ of X1,... ,X.

only.  Thus additional observations do not require reclassification of

earlier observations, as in the usual random cell case. No general theory

of chi-square statistics based on such sequentially adjusted cells is known.

O’Reilly and Quesenberry obtain by their transformation approach specific

functions E.. such that the cell frequencies are multiromially distributed

2 . . .  .
and the Pearson statistic has the x ( N - i)  limiting null distribution. The

transformat ion approach requires the computation of the minimum variance

unbiased estimator of F( JO ) . Testing fit to an uncommon family thus

requires the practitioner to do a hard calculation. Moreover, any test

using sequentially adjusted cells has the disadvantage that the value of the

statistic depends on the order in which the observations were obtained.

These are serious barriers to use.

.~

S
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(c) Easter ling ’ s aj~proach .  l a s t e r l i n g  (1976) provides an interesting

approach to parameter estimati on based on tests  of fit. Roughly speaking,

he advocates replacing the ~isua t unfidence intervals for 0 in F(. 1$)

!ased on the acceptance reg ions ot a test of

U
0
: 0

II
I
: 0 ~

with in tervals  based on the acceptance reg ions of tests of fit to completely

~ pec i lie d di st r ibut ions

ll~ *: G(~ ) = l ( .  0 )

Ll i * : G ( . )  ~ P (~~ 0 0
)

~~ the course of his discuss ion , l a s t e rl  i l i g  suggests r e j ec t ing  the family

F(~ j ~): 0 in si} as a model for  t h e  data  if the (say) S0~ confidence interval

- 

I 
for 0 based on accept a~ ce reg i ons  f o r  I1(~ is empty. This “implicit test

of fit ” deserves comment . using t he clii -square ca se to make some observations

-h a pp ly  as well wh en othe r  t e s ts  ~f Il
~~ 

ar e  emp lo yed .

F a k i n g  t hen t h e  s t a n d a r d  c h i  square st it i s t  i c  for

M L N  . -n p .  i U2 r in ‘ ()
X (0~ ) — / Ill) . ( (~ 

-.

i n  i

and deno t ing  by \ ( M - l )  t he  upper  I l - -po in t  of the x~~(M - l )  d i s t r ibu tion , the

I • -
~~~~

) —conf idence  hit cry - i  I is  empt y if and only if

X 2 (0) > Xa
( M _ l )  for a ll 0 in Q. (3.13)

Hut i f  ö is the minimum chi-square est imator . (3.13) holds if and only if

X’ (0) 
~ Xa

(M 1) (3.14)

~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~ —--—~~~ - 
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When any F ( x I e )  Is true, X (~~) has t he ~~(M-m-l) distribut ion , and the

probability of the event (3.14) can be Cxli i i c - i t l y  computed . It is less

th azi  ti , hut close to a when N is larg e .  Thus Uas t er l  ing ’ s sugges t ion

essentially reduces to the use of standard tests of fit with parameters

es t ima t ed by the minimum dis tance method corr esponding to the test statistic

employed . Mo r eover , his method by--passes a proper considera t ion  of the

d i s t r i b u t iona l e f f ec t s  of e s t i m a t i n g  unknown Ini rameters.

5 .4 RECO*lt i N t )AI1ON S AN L ) l : I I R l ’ l fh R l XAMI’Il S

5.4.1 The Use of Chi-S juare Lest s

Cli i —square  t e s ts  a re  genera  I I )’ less powerfu l than EI)F

tests  and special-purpose t e s t s  of fit. I t  i s  d i f f i c u l t  to assess the  seriousness of

t h i s  t ack  of powe r from pub i i shed sources . Comparative s t u d i e s  have genera l ly  used

he P ea rson stat is t ic rat he i• t han the more powerfu l Watson — Roy and Rao — Robson s t a t i s t  i es

Mor eover , such studies have often dealt with pr obl ems of parameter est ima t ion in

w ar s  wh ich  tend to understate the power of general purpose tests such

as ch i—square  and Ko lmogor ov-Sm i rnov t e s t s .  Th i s  is  t rue of the study by

Shapiro , Wi 1k and Chen (1  %8) . for  example . Rel i ab I e thformat ion about the

power of c hi  — square tes t  s for no rimi 1 i t  y can be ga luied f rom Tab 1 e IV of

Rao and Robson (1974) and from iabl es 1 and .~ of flahis’a and Gur land (1973)

The fo rmer demonstrates s t r i k i n g l y  the  gain  In power (a lw ays  a t least 40%

in the cases considered , and usua l l y much greater) oht~duied by abondoning

the  Pearson-Fisher statistic for more modern chi-square statistics.

Nonetheless , ch I — square t e s t s  cannot in genera I match EIW and special



.5— — — r

28

pui’pose tests  of f i t  in power.

This  r e l a t i v e  lack o f  power i m p l i e s  three theses on the practical use

of chi-square techn iques.  F i r s t . :hi-~~~_are tests  of f i t  must compete for

~~~~~ on the basis of fl ex ibjli~~ and ease of use. Discrete

and/ or m u l t  ivar iat  e dat a do not discomfit cli i — square methods , and the

nec essity to e s t i m a t e  unknown p u l u i e t e r s  is more e a s i l y  dealt wi th  by chi—

~~p I ; i r e  t es ts  than by other tests of fit.

cli i - sq~ia re st  at st ic s a c t t i a l l j  havi~~ a ( 1 imi t in g)  ch i— square

i t I distri b ution have a muc h st t e i ~~’r claim to practical usefulness. Ease

1 use requi res  the  ab ili t to ote u in ( 1) the observed value of the test

.t ,tist ic , and ( 2)  critical p o i n t s  for the tes t  s t a t i st i c .  The calculat ions

required for (1) in chi- squta i’e st a tistic s are at most iterative solutions

of nonlinear  equations and evaluation of quadrat ic  forms , perhaps w i t h

ni t r i x  expressed as the i u u v e r s e  of a given symmetric pd m at r i x .  These

are not serious har r i e r s  t o  pr act  i~-al use , g iven the current  a v a i l a b i l i t y

of computer 1 ib r au -y  rout ine s .  Computat ion of c r it i c a l  p o in t s  of an

utu tabled di s t r ibu t  ion  i s  a mu ch harder  task for a user of s ta t i s t i ca l

methods. Chi—square and H1F stat i t  ics both  have as t h e i r  l i m i t i n g  nu l l

I i  str Unit ions the dist  r i hut i ons  o f I inear combinat ions of central chi—square

random variables. Genera l s t a t i s t ic s  of both classes require a separate

t a b l e  of c r i t i c a l  points  for each hypothesized fam i ly .  The effort

uueeded is  j u s t i f i e d  when the hypothes ized f a m i l y  is common , hut should be

expended on a test more power lul t han ch i— squa r e  t e s t s .  In less common

_____________ _________  
_______  - 
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I

cases , or when no more powerful test with 0-free null distribution is

a v a i l a b l e , there are several chi-square tests requiring only tables of the

distribution . These inc lude the Pearson-Fisher , Rao-Robson , and

Dzhaparidze-Nikulin tests , and others which can be constructed by the method of

Moore (197 7) .  Among the chi-square statistics proposed and studied to date,

the  Rao-Rob son s t a t i s t i c  R
11 

of (3 .10 )  appears to have generally superior power and

i s  therefore the statistic of choice. Computation of R in the nonstandard cases

most appropriate for cu -square tests of fit does r e qu ire  some mathematical work .

However , the Pearson s t a t i st i c X ( t 1 )  w ith raw-data MLF ’s i s the firs t and usually

dominant component of R
n~ 

If X2(0
11
) itself lies in the upper tail of the ~

2
(M-l)

d i s t r i b u t i o n , t he  f i t  can be r e j e cted  w i t h o u t  compu t ing  R~~.

The third thesis rests on the exposit ion and examples in th is  chapter.

Chi-square tests are the most p~~~tical tests of fit in many situations.

When parameters must be estimated in non-locat ion-scale families or in

uncommon distribut ions, when the da ta are d i scre te , multivariate , or even

(see the next section) censored , chi- square  tests remain easily applicable.

3.4.2 Further Exa~21es

Chi-square tests should not be used for testing the fit of full ungrouped samples

to common univariate distributions. There are more powerfu l tests available in such

situations . Yet many of the examples given have concerned such situations. This

section illustrates the flexibility of chi-square methods in two more appealing settings ,

one mu itivariate and one with censored data. As in the e a r l i e r  examples of t h i s

chapter , the required numerical calculations are easily done on a programmable

calculator.

EXAMPLE 1. The circular bivariate normal family is a common model for

errors in “bombing ” a target . It represents the effect  of independent

normal horizontal  and ver t ica l  components w i t h  equa l var iances .  The

dens i ty  function is 
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1 2- ——i ~~~ ‘~~‘~~~~ ) +

f(x ,yJe ) = e 2o
2~T 1 2 - < x ,y <

tJ I,~ 2,a): - ~ < ~i ,p
2 ~~~~ ‘ a ‘

the M I E  of 0 from a random samp le ~X 1, Y 1) , . .  .(X ~~Y~) is =

- n n
2 

= ~~~~ ( X . -~~Y + ~~ (Y~ -~ )~~
}

• j=1

i n  constructing a test of f i t  to t h i s  fami ly , it is natural to use as cells

a nn u l i  centered at (i ,?) w i t h  succ-’ssive radii  c .a  for

O = C
0 

< C
1 

< . . .  < < C
M

Fhu s
5 - ’  — — -‘ 2~2F.. = { ( x ,y ) :  c . 1 ci < ( x — X )  + (y-Y~~~ < c. a

Ih e  cell probabilities are

p~(e) = fff(x 1y I O)dxdy

-i

and calculat ion shows that . p~ (il~) l /M when

( -2  log (j 1) } 1/4 i = 1, . .  ., M — l .

The recommended test is based on the Rao-Robson statistic . Differentiating

under the integral sign , then substituting 0 = O~ gives

aP1 = 
~~~~~~~~~ 

= 0.

1 2  1 2
“ -1 2 ~ ‘ i - t  2

— = o (c . c — c e  )

-
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h ence

0 0  0

B ’ B I ~ = 

~

The Fisher information matrix for the circular bivariate normal family is

also diagonal ,

fi o  o\
J(0) = !:~5. ( 0 1 0 )

° \oo 4/

so that (J-B’B)~~ is trivially obtained . Moreover, from (3.9) it follows

tha t

V ’ B  = n~~
”2 (0 ,0,~~~N v . / a ) .

The Rao-Robson statistic is therefore

Rn = X2(~~) + (Vn’B)
(J_B’B)

~~
(V ’R)’

M M n 2 M4 (~~N.d.)
2

n i M n l_ M ~~ d 1
2

where

• vi/2 = ( l — ~j) log (l-~ ) - ( i_ 2z~1) log ( l_ ~j!) .

The l imit ing null  distribution is x
2 (M- 1),  whi le  that  of the Pearson

s ta t i s t i c  X2 ( O )  has crit ical points  f a l l i ng  between those of X
2 (M-1)

and ~~ (M-4). The Rao-Robson correction term wi l l  often be necessary for a

clear pictur e of the fit of this three-parameter family.

EXAMPLE 2. The negative exponential distribution with density function

~ 
1
:, 

_______—~~~~~~
_ -
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f ( x I O )  ~~~~~~ o < x <

= ( 0 :  0 < e < ~o}

is often assumed in life testing situations . Such studies often involve

not a full sample , but rather Type I ! censored data. That is, order

statistics are observed up to the sample a-quantile ,

X(1) < ~~~~ < . .. < X
U ] ~

where [na ] is the greatest integer in na and 0 < a < 1. I t  is natural  to

in~uke use of random cells with sample quantiles t,. = X as cell
~ ( [ n S . ] )

1

boundaries. Here = 0, 
~M 

and

0 = < .. . < S~~_ 1  = a < S
M = I

so that the n - [ncz] unobserved X~ fa l l  in the rightmost cell. Although the

cell  frequenc ies N
~ 

are now fixed , the general theory of Moore and Spruill

(1975) applies to this choice of cells. The use of order statistics as cell

boundaries was considered by Witting (19S9) and Bofinger (1913) , but this

applicat ion to censored data seems new. For references to previous lit-

erature on tests of fit for censored data , see Lur ie , har t ley , and Stroud

(1974). This example can be taken as a response to their claim that “the

chi-square criterion is not generally applicable to testing the fit of Type

II censored samples .”

The Pearson-Fisher Statistic. Estimate 0 by the grouped data MLE found

as the solut ion of (3.2). That equation becomes in this case

-
~~~~

. 

~
/0 -E ./0

V N ~~~~~~ 

1 1 
-

i=l ~ 
— 

~~i~ l
1
~ 

_E
~.~/0

e -e
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which is easily solved iteratively to obtain = 
~~~~~~~~~~~~~~ 

The test

statistic is
— 2M [N .-np.(0 )]

— ç i 1 n
“ 

~~~ 
— np . (O )i=1 1 fl

• where

N1 = [nS~ J- [nS1...1J (nonrandom)

~i-l
”0 

~i
’
~- e -e (random).

The limiting null distribution is x
2
(M-2) .

The Wald’s Method Statistic. A more powerful chi-square test can be

obtained by use of the raw data MLE of 0 from the censored sample , namely

(Eps tein and Sobel , 1953),

1 
[na]

= 

~~~~~ 
X
ci) 

+ (n_ [nal)X
([fla])) .

By obtaining the limiting distr ibut ion of V
n
(O
n) and theB f inding the

appropriate quadratic form, a generalizat ion of the Rao-Robson statistic

to censored samples can be obtained . This is done in Mihalko and Moore

(1977). The resulting statistic for the present example is

M .. -)

R = X
2 ( 0 )  + (nD)~~(~~ N.v./p.(o fl~

i=l

where N. and p.(O) are as above, and

- -l -

~~~~

.

v. = 0 (E~~~1e 
1- 1 n

)

~~M-l
”0 M 2 -

D = l-e ~ v~ 
/p.(O )

i=l

~

-

~

• -

~ 
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1.1
In the full sample case, ci = I ’ 

~M-l 
= 

~~~ 
NM = 0, On = ~ and the statistic

R reduces to the Rao-Robson statistic of Example 1 , Section 3.3.3 (with

M-1 cells bounded by the

The motivation for using censored data when lifetimes or survival

times are being measured is apparent from the EXP data set. The sample

80th percentile is 9.46, while the maximum of the 100 observations is

39.12. The MLE of 0 from the data censored at a = 0.8 is = 5.471 ,
compared with the full sample MLE , X = 5.415. Experience shows that the

Roscoe-Byars guidelines are not adequate to ensure accurate cr i t ical  points

from the x
2 distribut ion in the presen t situa tion , where the np~ are random

and unequal. Tests of the EXP data will therefore be made with (a) the

full sample using 10 cells having the sample deciles as boundaries; and

(b) the data Censored at ci = 0.8 using 9 ce l l s  with  the f irst  8 sample

deciles as boundaries. All cells except the rightmost in case (b) contain

10 observations. The results are, for the full sample ,

R = 6.132 + 0.220 = 6.352
n

with a P-value of 0.704 from 
~
2
(9). For the censored sample,

= 5.153 + 0.065 = 5.218

wi th  a P-value of 0.734 from x (8). These results are comparable to

those obtained for the same data in Example 1 of Section 3.3.3.

- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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