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INTRODUCTION.

In this paper, we analyze the relationship between actuator torques and
Jjoint angular accelerations for a device with three rotational degrees of free-
dom, such as a "leg" on a locomotory system or the first three joints of a
manipulator or "arm". The kind of analysis we present here leads to a clear
understanding of the effects of varying inertia, joint-interactions and cori-
olis forces and forms the basis for simulations of such systems and, most im-
portantly, design of control systems. It is likely that high speed control
of articulated kinematic chains is not possible without this kind of detailed
understanding; conversely, we show that the computations required of such a
control system are manageable.

Initially, we restrict our attention to arrangements with no offsets be-
tween links, as shown in figure 1. Later, we consider a more realistic case,
the MIT-Scheinman electric arm, which has offsets, as do many practical devices.
Further, we model links as thin rods and, finally, consider more complicated
mass distributions at the end of the paper.

We use rather primitive techniques in order to avoid possible complications
due to the potential difficulty of visualizing angular rotation vectors and
components of inertia matrices. The same results, however, could be obtained
using such advanced notions, with little savings in effort and considerable

loss of insight.

ACCERSION for
s White Section

Olet. AVAIL. and/or SPECIAL

A




_ NOTATIONAL CONVENTIONS.

The links, modelled as thin rods (see figures 2 and 3), are numbered
starting with the base. The base, link 0, is rigidly attached to a fixed
Cartesian coordinate system with the z-axis pointing up through the column,
link 1. Joints are number systematically, with joint i connecting link (i - 1)
to link i. Thus the "hip" or "shoulder" is joint 2, with the "knee" or
"elbow" being joint 3.

The lengths of the links will be ) and 23s with masses mys m, and
ms. The joint-angles will be called 815 65 and 83 and the angular velocities
represented as é], 62, and 63. At times it is convenient to use vector nota-

tion with

1D

= (e,, 8,5 03)

1D

T 8yn8p: S5)

Clearly, ¢ together with é specify the state of the device completely.
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PLAN OF ACTION.

We treat each link in turn: first, we calculate the velocity of each point
in the link as a function of the joint-angle rate; second, we calculate the
total kinetic energy in each link; third, we calculate the torques required
to support the motion of that 1ink; and, finally, we add up the torques
required to move all links to obtain the total torque that must be applied by

each actuator. We calculate gravity components of torque at the very end.




REVIEW OF BASIC MECHANICS.

It is convenient to calculate the total kinetic energy of each link by

dividing it into infinitesimal parts and integrating along the length of each
link. The kinetic energy of a particle of mass m moving with velocity v is,
of course, (1/2)mv2 . Thus we can obtain the total kinetic energy of a link

from

2
K= fo v2(s) ds

where s is distance along the 1ink and v(s) is the velocity at a point located
a distance s from one end. Here we have assumed that all the mass is concen-
trated along a 1ine and is distributed uniformly from one end to the other
with Tinear density m/2. More complicated models require more difficult analy-
sis and are warranted only if measurements can be made of the actual mass-dis-
tribution in particular 1imbs.

We find that, in general, v(s) is of the form
vZ(s) = a + bs + cs2
Then clearly

. M 22 3°
K ﬁ—[au-b-e-«\c?]
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CALCULATION OF ACTUATOR TORQUES.

The easiest technique is based on the Euler-Lagrange formula,

=4 (3K, _3K_
U (?éT) 28,

where éi is the angular velocity

5, =
8 = 9t %
and Ti is the torque required at joint i to support the motion. K is the
kinetic energy. This may look complicated, but, in fact, is very convenient.

In general, if the potential energy term is added in, this calculation leads

to n equations for a device with n degrees of freedom.

n ¥ n n i
i e e e o2 g Ctafer oy &

Here Ti’ the actuator torque required at joint i, is made up of three components.

The first is the gravitational term obtained from the potential energy P,

The second term is a sum of products of inertias and angular accelerations

oJ, where




This term is thus composed of the inertial forces needed to accelerate the
links along the desired trajectory.

The third term is a double sum of velocity product terms and constitutes
the torque required to balance Coriolis forces; these include the centrifugal
forces. Note that all three kinds of coefficients Gi’ Iij and Cijk are
functions of the configuration, 8, only, where

)

¢ = (67, 05, 85 ... B
That is, they do not depend on joint angle velocities (or accelerations). In
fact, we find that these terms are polynomials in link lengths and sines and
cosines of the joint-angles.

It is convenient to think of the total kinetic energy of the device as a

sum of the kinetic energies of the individual links,

and to calculate the total torque required of a particular actuator as a sum of
components, each obtained by applying the Euler-Lagrange equation to a component

of the kinetic energy,
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where 'l’1 j is the actuator torque required at joint i to support the motion
of link j.

AL oK
KPR




THE UPRIGHT COLUMN.

If we model this link as a thin rod, it will have no inertia and not im-
pede accelerations about its axis at all. It is more realistic to model it as
a cylinder of uniform mass distribution. If it has height H, radius R and

mass m, , it has inertia

m R2
I =._1_.

1 2

To introduce the techniques used later for the other links, we calculate this

from first principles. The volume of the cylinder is
V = «R2H

Consequently, its mass density is m]/(wRZH).
Now consider a cylindrical shell of thickness ds at distance s from the

axis as in figure 4. It has mass

- - 2nsH
dn = mshen 9

Particles in this shell move with velocity sé] when the column rotates at angular

rate 61. The kinetic energy of the cylindrical shell is then
- m .
% (dm) [se.']2 = ﬁ; s3 o ds

Integrating over the whole cylinder we find the total kinetic energy is

s tpiii




it APSANOIS

=M s PR 3 .0 _1 mR2 .,
Ky = g7 8 fo ¥ ds = 5 (55-) 63

The term I] = mR2/2 is the inertia of the upright column, link 1, about its
axis of rotation.
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ACTUATOR TORQUES REQUIRED TO SUPPORT MOTION OF LINK 1.

We are now ready to apply the Euler-Lagrange equations to find the required
actuator torques.

BK] BK]

JOUS o vis  eil
h*®at (ae]) 36,

where
-5'5]- =0 and -aT]- = 119]
so
s 2
T= g (hdy)
or

=1 &

This rather obvious conclusion shows that we need only an inertial torque to

support this motion. No other joints are affected.
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THE SECOND LINK.

Link 2 is modelled as a thin rod of mass m, and length 29 (see figures 5
and 6). To compress long expressions we adopt a convention for trigonometric

terms:
c; = cos(ei) s; = sin(ai)
and
€y = cos(ei + ej) Sij * cos(ei + ej)
The infinitesimal particle ¢ of length ds has mass
m
dn = £ ds
2

First we determine the velocity of this particle; it can be found by differenti-
ating its position with respect to time. Let g (x,y,z) be the particle's posi-
tion in reference to the rectangular coordinate system introduced earlier. If

j, s g are unit vectors in the directions x, y, z respectively, then,
g 5[((:-'52) '_‘_ + (5152) .2 + (Cz)'_(]
Taking the derivative we get the velocity

v = SD(-sq0y55 + cqepep) 1+ (095, + 51€,0,) § + (=5,8,)K]
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To calculate the kinetic energy we need only the square of the absolute value
of the velocity,

VZ=y.ys= s2[(-s]é1s2 + c]czéz)2 + (c]é]s2 + s]czéz)2 + (5262)2]
v2 = s2[s§éf + 65]

Finally, the kinetic energy is

m y . L
K, = %;E [s36% + 03] fo’- s ds

That is,

O —

K, =

2 [e2p2 a2
m, 23 [sze] + 02]
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ACTUATOR TORQUES REQUIRED TO SUPPORT MOTION OF LINK 2:

First, we find the required derivatives:

':":% 0. . % = 3 mythls,c,0%]

;;% = %-mzzi[sgé]] and ;;f- = %-ngg[éz]
gf(zgf) = %-mzz%[ZSZCZézé] + sgb}]

g_t'(%) = 3 mt3l5)]

Finally, using the Euler-Lagrange equation,

To= 4 (ifg) - 353 =1ln 22[s20, + 25,C,0,6,]
‘?-ET;,;,] 2, 3 22-217 “2%%
3 3
Vg TR NS R "
%27 gt (G5, - 5, T 3" (%) - 5,058

E—
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ANALYSIS OF TORQUE COMPONENTS.

The two components of Hz represent inertial and coriolis factors. First,
note that (l/3)mzz§s§ is the inertia of link 2 about the vertical axis. Multi-
plying this by the angular acceleration of joint 1 gives us the tcrque re-
quired to produce that angular acceleration. The second term, containing a
product of angular velocities is a coriolis force factor which vanishes when

é] =0, 62 = 0 or o, is an integer multiple of 90° since
Zszc2 = sin(Zez)

This torque term has to do with the change in kinetic energy when the inertia
about the vertical axis is changed -- it is the term which speeds up a spinning
ice skater when (s)he pulls in his(her) arms and slows him(her) down as the
arms are stretched out. It shows one of many interactions between motions for

which it is hard to get an intuitive grasp.

The components of Iz?_ are even easier to understand. The first term is just
the inertial force needed to accelerate link 2, since the inertia of link 2
about joint 2 is simply (1/3)mzz§. The last term is a centrifugal force term,
which again is zero when 0, is an integer multiple of 90°. It represents the
tendency for the second 1ink to become horizontal as a result of rotation about

the vertical axis.

R R S
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THE THIRD AND LAST LINK.

Link 3 is modelled as a thin rod of mass mq and length 2q (see figures 7

and 8). The location r of the infinitesimal particle of length ds and mass dm
is found first, where

We find that, E
P =cqlegsy) + 5 5301 + 5.(y5,45553)F + (25¢, + 5 ¢,p5) K
Differentiation with respect to time,
¥ = Longlylagsy + 8 8990 + clageshy + 5 cpglfiy + 83001 1 ¢

[c]é](zzsz *3 523) + s](zzczéz +s C23(éz + 63))12 +

Then,

vi=y. v =

6i(zzsz~rss23)2+ (zzczé2 +s c23(62 + 63))2 +

['125262 - 3 323(62 + 63)12

—.-,» »
L e e e e i f L L e ke s
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2 2 2y 42 22 o (6 q
v2 = (zgsz + 2;2525233 + 5333 ) 6] + 1263 + 212c3ez(e2 + 93)5 +

(6, + 6302 52

Since CxCa3 *+ SpSp3 = cos(oz - (02 + 83)) = Cj.

So,
2 m
Ky = 13 ;g ds
0 3
becomes
m3 2 2 ,' 2 '2 2- . . .
Ky = 77 [(24383 + tpn5,5)3 + 3 535003 + 2303 + 2,00c40,(6, + 6,) +
RN
2
aho Rl
That is,

my 23 '
K3 = 7 [(23s3 + 250485553 + 3 53,)6% +

zg A
(23 + 2584¢5 + 3%)0F +
23 . .
(292405 + —3°) 6,04 +

l2
(39 83

This finally is the kinetic energy 1ink 3!
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PARTIAL DERIVATIVES NEEDED.

akK
89]

3Kg mg : 22; 02
a6, T 7 (243550 ¥ 2p%3(Cosp3 * Spep3) * 3% 5p5053) 6F

3Kz mg 2% = e e
36, - 2 L(%p8355Co3 + =37 553€53)8F + (-252353)83 + (-2,2455) 8,6,]

3 7 20353 + tptysysp3 + 3 s3,)6,]

Ky my ; 23 . 23
3.5; L [2(12 + 1213(;3 + 3—)02 + (221363 + "3—) 93]

akK 22 202
3_m 3y - 3 -
=== "3 [(2,2,0, + —57) 6, + == 6.]
363 7 2°3°3 3 2 x T

._____..
prevRp




dim N 23
ET‘SE;) =g 202355 + 2035)5)3 + 37 533) o) +

222
2 . . . . -_3 . . .
2(2035,50, + £523(Co855,3 * 5,Co3(6, + 83)) + 3= 553C,4(6, + 65))6]

d 3 my ’ zg. 29.5 A
E“?;g) =7 [2(23 + 2pngc3 + )6, + (2y05c3 + %) 03+

2(-2258383)8, + (-25235363)6,4]
3K m 222 222
d . 3 3 3-
_'(dt 35 3)- 7 [(2213c3 )e + 5 85 9, + (- -2,8 35363)02]

—— i e A
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ACTUATOR TORQUES REQUIRED TO SUPPORT MOTION OF LINK 3.

aK
a K3 3
R3® &t (51) %,

m 22
B | 2¢2 32y
3= 7 [2(2353 + 25035,5,5 + 32 555) ¥ +

2
223

2 L] [ ]
2203555 + 2503(Cp5,3 + 55C53) + 3 Sp3Cp3) 6;6, +

224 e
2(292387C3 + =3 5,53€p3) 030;]
e
23° dt 53; 28,

my zg ¥ Zzg i
Q37 77 (25 * tprges + 39 By + (2503 + 39) g

222
'3
-(2035c, + 2503(¢,8p3 + SCp3) + —5> 5p3Cy3) B3 -

3K 3K
w B a3
T33 EE1363) 26,

my 223 s
T33= 7> [(tyte T’ Bt 5 8-

222
5
(2235,Co3 + =3 $53p3) 63 +

(2,2555) 3]
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GRAVITATIONAL TORQUE COMPONENTS IN SIMPLE CASE.

If gravity acts along the z-axis and has magnitude g, then the potential

energy of the device can be found easily from the vertical positions of the

centers of mass of the two links.

s
=7 € and  z5= (25¢, + 57 cyy)
So the total potential energy is

k9 ‘3
P = glmy 5= c; + myle,c, + 3= ¢y3)]

So the torque components are simply

and

g™ " 36, = 9 (M3 7 53

These components may simply be added to the components already found for inertial

and coriolis torques.
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GRAVITY COMPENSATION IN GENERAL CASE.

The position of the center of mass of link 2 is

2
ry = 25 [leys,)1 + (515,)3 + (c))K]

If g = (91,92,93) is the vector of gravitational acceleration, then the po-

tential energy is

L
- il AR
Po = =l 9Imy = my 5% [eys,9; + 54559, + 595

Similarly, the position of the center of mass of link 3 is

o ! 3 ; 3
ry = Cq(8y8; + 77 5p3)1 + 57(055, + 57 5,300 + (2,65 + 5= cpa)k

el
"

3 -(r3 : 9)m3 =
%3 5 3
maley(2p8, + 37 553091 + 51(255, + 37 55309, + (2,¢, + 5= ¢p3)95]

The total potential energy is the sum of P2 and P3. The gravity compensation

torques can be found from P by differentiation.




-22-

£ 2
® - & = @) .-g >y ._.3_
T aey - 510 37 5p - Mylys, + 5% s55))g; +

) q
Cy(my 5= 5, + m3 (255, + 5= 553))g,

. L
)

Lo |
5, - S1{M 77 S + Myleycy + 3= cpg)ly, +

A
%o 3
sp(my 37 ¢ + my(2y¢, + 55 cy3))g, +
o .|
(-my 5= 55 = my(2y5, + 5= 5,3))q,

2 | L
RS i 3 3 |
Tg™ ~ 36 - Mleq(z €309y * 5107 cp3)95 - 7 Sp3 93]




; -23-

MASS CONCENTRATION AT THE END OF LINK 2.

Let there be an additional mass M2 attached at the end of link 2.

} squared is ’

<
N
"

13 [s3 83 + 63
So
g et 22 82 4 42
Ky = 7 My 250s 6 + o3l

So the torque components would come to

' = 2 2.. I (4
T] "2‘2 [5291 + 252°2°1°2]

Ve 2" v 02
Ty = Mp2306, - s,c,07]

Its velocity




MASS CONCENTRATION AT THE END OF LINK 3 -- LOAD CARRIED.

Let there be an additional mass M3 attached at the end of link 3. Its

velocity squared is

g 232 282 A (p 2 p &

v (zzs2 + 23523) of + 2565 + 22223c392(92 + e3) + zg(e2 + e3)2
So,

e | 24 :
K3 = 7 M3l(a;8, + 235,3)26F + (23 + 20p83c, + 23) 83 +
< 242
223(12c3 + 13)02e3 + 1333]
aK 3 _ :
36,

K.

o 2
3%, Mal(258; *+ 23553)(2,¢, + 23c55) 64)

aK!
_3 - 02 -2 . .
%65 Mal(ps, + 2355300503 83 = 29035303 - 25055, 6,6,]

3k

% e .
" Mal(2p5, + 235,3)%6,]

@

Kl
- /.
?6_2 M;[(Fz + 212z3c3 + z%) §2 + 23(22c3 + 23) 93]

G S b
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2K} YR
5— = M3[z3(22c3 + 23) 0, + 9.393]
3
q K3 s : : SR
delan, ] = Mallegsy * 0g8,5)%6; + 20253, + 45,50 (2505h, + 25055(0, + 55)0ey]
a 25 " s s
&f‘565° = MyL(25 + 2050505 + 23) 6, + 23(2,¢5 + 23) 83 -
. L] & -.2

22213539293 22235393]
4 ,°K3 Ly e ol
3%*35;’ = Mylag(Rycs + 23)8, + 238, - 2)03558,05]

"= 23 8.8
Ty = Mallepsy + 23553028, +2eps) + 235,30 (2,C) + 23¢,3)848, +
225C93(255, + 23553) 08,1

—
1]

= 2 AV Bl
p = My [(2F + 205040 + 2306, + 25(25cy + 23) B4
[ 5 2 - ! 2
(2,55 *+ 23593) (25€) + £5Cp3)8] = 20503548504 - ,045403]

i . 2 - '2 .2
T3 = M3lag(nycg + 2308, + 4365 - 23C)3(8,8, + £3553)6F + 2,055467]

These expressions can be used to calculate additional torques required to support

the movements of a load carried by the third link.
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G?AVITY COMPENSATION FOR THE MASS CONCENTRATIONS AT THE ENDS OF LINK 2 AND
LINK 3.

The position of the mass concentration at the end of link 2 is

Ry = alleysp)i+ (s5,)§ + cyk]
and its potential energy is

P2

“(Ry - 9IM, = -Myyleysygy + 515,59, + p05]
Similarly, the position of the mass concentration at the end of link 3 is

Ry = €125, + 235,3)1 + 57(855, + 235,30 + (15, + 2£3€,3)k

and its potential energy is
Py = (R - 90y = -Mjlc,(2ys, + 235,309y + 5(2p8;, + 235p3)9, +
(25¢5 * £5€53)95]
The net potential energy of the mass concentrations is

P = Py + Py

and the gravity compensation torques for the three links, on account of the
mass concentrations, are

o oLV :
G ™ sty " Wit "M * tgpgliag

€y (Ma258, + M3(2,8, + 23553))9,
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] =

P!
29~ " 36, - C1(Mpa%p * M3leycy + 23cp3))g; +
s1(Mp2pcy + My(25c, + 258540, -

(Maps, + M3(i55, + 235,3) )9,

L E._ = -
3g " a6, M3(2309C39; + 2351Cp39, = 235,95)

o
W |
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-THREE DEGREE OF FREEDOM DEVICE WITH OFFSETS.

In some manipulators and legs, trade-offs in the mechanical design dictate
a geometry with offsets between links as seen in figure 9, for example. Smaller
packaging, better strength and larger range of motion can be achieved this
way in return for a small 1ncrease‘in complexity of control. The MIT-Scheinman
electric manipulator is an example of a device with offsets. It will be found
that only a few extra terms appear in the expressions for the torques required
of the actuators. Obviously the torques required to support the motions of

link 1, the upright column, do not change, so we start with link 2.




THE SECOND LINK IN A DEVICE WITH OFFSETS.

The position r of a particle on the second link can be found by considering
figures 10 and 11.

r=[scys, - 6,518 + [ssy5, + 6,¢,1§ + [sc,lk
Differentiating,

v= [-s5,0;5, + scicy6, - 8,C184]1 +
So,

2 = ¢2¢2p2 S 8 )2 2¢2p2
v s2s3e% + (sc292 6291) + 525363

2 = (82 2¢2)a2 - a2 A 242
v (52 +s 52)91 2562c26162 + s2g

2

The kinetic energy can be found by integration

L m

23
= Ok 2 & o9 . o . .
Ky = 2 mpl(s3 + 3= s5)8F - 258,c,8,0, + 3= 63]
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ACTUATOR TORQUES REQUIRED TO SUPPORT MOTION OF LINK 2.

Ky m, 243 i et
28, 38, ~ 7[5 525288 * 198552000,]

Ky, m, . 23 ’ i
38, "7 (2065 * 37 53) by - 1p85058,]

d K m RE . W3 o :
dt (550 = 77 [2063 + 37 s5)8; - 296,08, + == 550,818, + 2,6,5,82]

d aK2 m, ; 225 > .
ﬁ(ﬂ;’ =7 [-085058, + 358, + 2,6,5,8,8,]

Finally,

I
12 dt 35'1' 20,

‘“2 2 z% 2 U ' 422 o o -2
T2= 7 [2(83 + 5 53) B - 158)C58, + 5= 50,88, + ,8,5,82

‘zz‘ﬁ(ﬂg) " %,

2 2

m
- 2 " oo “ 2 a2
B2= 7 [-2p8,58) + == 6, - == 5,¢,8¢]

e e ]
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THE THIRD LINK IN A DEVICE WITH OFFSETS.

The position r of a particle in the third link can be found from figures
12 and 13.

r= Lepsy + s sp3ley - 63511 +
BRgS, + 8 Syg)sy + dgeyld +
[eyc, + s cpalk
Differentiating,
v = Dlagsy + s spadsydy - 63048y + (658, + scpyld, + 43))cy i +
[(2g5p + 5 spadcqoy = 83518y + (1058 + scpylby + 63))s 14 +
[-255,8, - s 523(62‘+ 64) Ik

So,

2 - 2‘2 % . . @ . 2
VE =V L v E (1y8) + 5 5,3)20F + [-650; + 2,050, + scy3(6, +65)]2 +
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That is,
v2 = (2,8, +s s23)26% + s%et + z%é% + s2(, + 63)2 = 25312c26162 +
2585C36,(6, + 83) - 2835C558;(8, + 83)

ke 2¢2 2¢2 2082 e
v (zzs2 + 252252523 + 5235 + 63)01 263(22c2 + sc23)e]e2 +

2 2.2 o o o- o o
(22 + Zszzc3 + s52) 03 + (2522c3 + 252)9263 + (52)65 2553c23e3e]

m 2
= 3 (92e2 - 2) %2 . s 2
Ky = 7712353 + y035,555 + 3= 553 + 63) B - 85(205C, + 23Cp3)0;0, +

: i3.e, 2z§ o7 23 : ik
(23 + 2y0905 + 37003 + (250505 + 37)6,05 + (3763 - 63(23¢53)030,]
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PARTIAL DERIVATIVES NEEDED.

s 58

89]

2
aK3 g m 22

R B | 2 oD 22
%, 2 [(203s5c) + 2p23(cpsys + 5ycp4) + 3T $23C23)8% +
83(2058; + 2£3553)818, + 63245,58,6,]

3 52 b
36, T 7 [(%2%380%3 * 3 Sp36p3)8F + 63(835,5)800, -

.2 5 Y . o (]
(292353)83 - (2p0355)8,6, + 83(23553)846,]

Ky m, s 23 v
38, 7 (20353 + totasyspy + 37535+ 63 Dy -

83(2055 + 23€73)8) - 65(24C54)8,]

m zg

2¢2
3r. : 2 =3t —3
3, T 7 [83(205% + 1305508y + 2005 + tyrgeq + 306, + (npt505 + —52)8;]

2
aK m 223

3 _ M 25, .
38, 7 L0565 * 3700, + 578 - 63(230,)8]
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22

%, k
% ‘ae ye i?‘ (20233 + tpt38p5y3 + 3= 535 + 63) &, -

QL
Vol

Q.lﬂ-
(2
—_
L
N W
~

Q.IQ.

(‘5‘3‘)

m‘ i sl it

@ = & L X] 2
[ 63(2£2C2 + z3c23) o, + Z(z2 + 2.8

83(285C) + 23,308, - 85(24¢,3)6, +
2 . . . .
21203596285 * 29%3(C85593 + SyCp3(6, + 85)) +

222

63(23523(62 + 63))63]

23
2t3c3 + 396, +

N 3
w

202
3 o0 . . L] L]
(k303 * =57 )83 + 83(20y58, + 2353(by + 83)), -

ugu 2%,. i
2> [letgc, + T30 + 37 03 - 83(2405,)8, -

(2223538308, + 63(235,3(8, + 85))8,]

3 . . . ] . . .
3 5232305 * 0303 8y ¥ 83(20)5,8, + 155,,(, + 83))e, +
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ACTUATOR TORQUES REQUIRED TO SUPPORT MOTION OF LINK 3.

Tha= d_(3K3) - EK_3
137 dt SE; 36,

=

m 2
S 2¢2 3 2V% .
Mi3= 77 [2(23s3 + 2,035,553 + 3= 533 + 63)0,

83(205C, + 23€53)8, - 83(23C,3)65 +

202
2 __3- )
2(2038,¢) + 2,23(Co8p3 + 5yCo3) + 3= 5,5C,3) 66, +

.2 ® [ ] 2
83(22,5, + £3573)03 + 263035,40,0, + 63045,40F +
284 ¥
204693258, + —3™ 553) 6381

K aK
ol 3
T23* gtl3,) - 3,

m 22
o xS [o w 2 3
a5 E(Gne, ¥ Bepsioy * 208 * Lricg ¥ pieg
203 232

L 1] __3_ ¢2 &
(298405 + 37083 = (2035,C, + 2503 (CySp3 + S5Ch3) + 5= §53C53)0]

2(252355)8,8, - (2,2455)63]

Note the cancellation of terms in e']e'2 and 6.39.].

—
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m, 2 203 223 .,
Tyg= 7 [-63(23cp3)8) + (2p25¢5 + =98, + —2)4, -

20
3 2 % 5
23693(2p8, + 37 59308 + (2,2,5,)63]

Note cancellation of terms in 9102, 9293 and 836].




TORQUES REQUIRED TO SUPPORT GRAVITATIONAL FORCES.

The center of gravity of link 2 is

r, = (fg €S, = 8,8,)1 + (5-5 S, + 8,C,)] * (fg )k
£2 2 Bt T Vil T o 9Ss T Gl l) * g Syl

Its potential energy is,
p *2 *2
2= ~(ry - gdmy = -my[(5% ¢;5, - 6,819y + (3= 8¢5, +
%2
Gzc] )92 + (2_ 32)93]
Similarly, the position of the center of gravity of link 3 is
'3 '3
ry = [(aps; * 77 spgley - 63801 + [(eps, + 5% sp)s¢ +
: ty
83611 + [agcp + 37 cp5lk
Its potential energy is

a" Uy W
. 5
P3 = = mll{eys; + 37 sp3)c; - 835,19; + [(ps, + 57 555)s5, +
e
83¢119, + [a,¢, + 37 ¢p3l0,

The total potential energy is the sum of Pé and P3.
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Torques required then are:

ap 2 3
Sg " - aay  91bma(zT 815y + 8p0q) - my(ays, + 5% sp0)s, -

2 2
2 3
m383ci] + gplmy (3= ¢y, - 655)) + my(n,s, + 52 S23) ¢

m3838;]
ap_ *3 %5
Tag ™ =36, = 91lmp 77 ©90p * malayc, + 5% cpp)ey] +

22 .9,3
9plmy 57 5965 + m3(2yc, + 55 cyn)s ]+

22 23
930-my 355, - myl2,s, + 57 5,4)]

3P A5 5 ]
Tag ™ " 95 - 91lm3 7 o301 + 95[m3 5% cp5511 + g5l-my 57 555
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MASS CONCENTRATION AT THE END OF LINK 3 -- LOAD CARRIED.

V2 = (1353 + 205835,5p3 + 23555 + 63)6F -
253(22c2 + 9.3c23)é]é2 + (z% + 20p84Cq + zg)ég +
(20504c4 + 21%)6263 + z§é§ - 22353c23é3é]

Ky = 3 Mav? ;%=o

oK.

—3= ‘2 e o
30, MaL(25, + 23553)(29C) + £3€53)83 + 63(2,5, + £35,3)0,6, +

23835230481

aK!
——3_= '2 e ¢ 2 L ) . L]
Mal(298, + 23553)03C5 383 + 83295,3810, - 2y2353(6, + 03)6, +

363

2363523030711

K

QL
w -

- 2¢2 2e2 238 . ek
3, Ma[(8383 + 205055,5,3 + 23535 + 63)8; - 65(6,C) + 23p3)0,
§323C303]
Ky : 3 i
B, Mal-85(25C) + 25Cp3)8) + (23 + 20505c + £5)6, +

2 L]
(£2£3c3 + 13)93]

o T T Y P T T A PR N Ty v
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L
ol
w -

3, " M3l 036303C5308) + (20305 + 23)8, + 236,]
¢ % 2¢2 2¢2 21%
EE‘S?;) = Mgl(23s5 + 205035,5,3 + 23535 + 63)6, -

83(2pCp + 23C53)0, = 8305C,405 +

2298y + 23553)(25€58, + £3C53(8, + 83))8; +

83(2p570, + 235,3(0, + 65))8, +

83235,3(6, + 83)6,] i

|
2 2¢2 2 -

Mal(2sy + 209838,5,5 + 23535 + 63)6, i

. (1l {

83(pSy + £3€93)8, - 8325C,98 + :

2(8,5, + 23523)(22c2 + 13c23)e]e2 |

.2 [ ] L )
(258 + 23553)8363 + 2830,5,48,64 +

.2 . .
832359303 *+ 2(258) + 23553)24C)3648,




Ale
d %3 4 : g
EE*SEE) = Mal-c3(agc) + 2505308, + (23 + 20p05c5 + 136, +
2 .o ) . ] Ll e
(22305 + 23)83 + 83(2,5,6, + 235,45(6, + 63))e,
-22223539293 - 2223s3e§]
a o~ oo 2 2 Lid
Mal-cy(ycy + 2505308 + (23 + 20584c4 + 23)6, +
o Yty
(zzz3c3 + 9,3)03 + 63(2252 + z3s23) 8,0,
e o % 2 . .
22223533293 259463 + 6323523936]]
d %3 > o Sy
HE“E;’ = My[-6409Co90 + (2p255 + 23)6, + 2305 + ‘

§3%3593018p = Lp%3S30503 + §3245,4048,

.

i 2e2 2¢2 2Y6. -
Ty = M3ledsd + 2090455505 + 23535 + 63)s,
83(25C) + 23C53)8y - 638305385 + 2(2,5, + £3553)

[ ] L) .2
(29c) + £3693)8,0; + (155, + £3553)6,83 +

. L ] .2 . L3
2634898930703 + 83035936% + 205C55(255, + £3553)848,




- il ’ 2 §
Ty = M3l-83(0pc) + 24c53)8; + (23 + 20505c, + 23)5, +
"o 82 -
23(2563 + 23083 = (255, + 235,3)(25¢, + 25¢,,)03
. - . '2
22223538263 12235393

' = - .. » 2‘. = e
T3 = M3[-8305¢,38) + 23(2,c5 + 23)8, + 236, - 24¢,,

2 a2
(255) + 2355308 + 2,045502]
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GRAVITY COMPENSATION FOR LOAD CARRIED.

The position of the load is,
r3 = [0 * 2350306y - 635131 + [(y5, + 1,5,,)s, +
83611 * 505 + 250551k
The potential energy is,
Py = ~(rg - oMy = Mylg (2,5, + e35p3)c, - 655,) +

92 (2257 *+ 2355308y + 6561) + g5(s,c, + 23cp3)]

Tlg = M3 {-g][(zzs2 + 23523)51 + 63c]] +
9500255 + 23593)c; - 635, 1)
Tag = M3 091(250p + 23cp3)cy + g,(a,c, + 25c,5)s, -

93(855 *+ 23853)

T3g = M309)25C53¢) + 9)25C555; - g3ts5,.)
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SUMMARY AND CONCLUSIONS.

We have shown that detailed analysis of the dynamics of mechanical mani-
pulators is feasible and leads to complicated, but manageable equations. Such
equations may be used in the simulation of such devices or directly in control
systems based on open-loop computation of required joint torques. Simulations
may be used in the design or analysis of traditional control systems, which
can maintain stable control only for low speeds. |

New kinds of control systems can be envisaged, where negative feedback is
only used to account for small errors which come about because of differences
between the actual device and the mathematical model used in deriving these
equations.

We have derived the necessary equations for devices with rotational de-
grees of freedom and no offsets (pages 10, 13, 19). Compensation for gravita-
tional forces have also been calculated for arbitrary orientation of the de-
vice (page 22) as have the torques required to move a load carried at the tip
of link 3 (page 25). Finally, compensation for gravitational forces on this
extra load were considered (page 26).

The same calculations were then repeated for a device with offsets

(pages 10, 29, 34, 35).
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