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THE OCCURRENCE OF FINGERPRINT CHARACTERISTICS
AS A TWO-DIMENSTIONAL POISSON PROCESS

Stanley L. Sclove

University of lllinois at Chicago Circle
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ABSTRACT

The individuality of a fingerprint is based on the configuration

of occurrences of the ten Galton characteristics. The existing model

for the occurrence of these characteristics, in terms of a grid of

cells, is further developed. The occurrence of the characteristics

is modelled as a two-dimensional multivariate Poisson process.

L. INTROUDCTLON

The individuality of a fingerprint is based on the pattern

of occurrence of the ridge-line details. These details, first

systematically studied by Galton (1892), are now called Galton
characteristics. They are of ten types: islands, bridges, spurs,
dots, ridge endings, forks (bifurcations), lakes, trifurcations,
double bifurcations, and deltas. ([See Osterburg, Parthasarathy,
Raghavan and Sclove (1977) for diagrams and detailed descriptions
of the characteristics.] It is desired to develop formulas

for the probability of partial prints, such as crime-scene prints.
In Osterburg, Parthasarathy, Raghavan and Sclove (1977) such a

development was made, according Lo Lhe following model.
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Assumption 1. A fingerprint is considered in terms of a grid

of one millimeter cells.
Assumption 2. For each cell there are 13 possibilities: either
the cell is empty, or one of the following 12 possibilities has
occurred: island, bridge, spur, dot, ending ridge, fork, lake,
trifurcation, double bifurcation, broken ridge (two ridge endings),
or some other multiple occurrence.
Assumption 3. There is statistical independence between cells.

Assumptions 2 and 3 bear further study, with a view toward
developing better models.

In Sclove (1978) the extent of departure from Assumbtion 3
was studied, and the multinomial model was refined according
to that departure.

The categories defined in Assumption 2 are somewhat arbitrary.
The ten categories corresponding to the occurrence of each of the
ten characteristics as singletons are natural enough; it is the

special treatment accorded two ridge endings and the lumping

together of all other multiple occurrences which warrant alternative

treatment. In the present paper a method is presented which not only
takes @account of inter-cell dependence but also provides a different

treatment of multiple occurrences.

In the present paper the occurrence of fingerprint characteristics
is modelled as a two-dimensional Poisson process, taking into account
the dependence between cells and providing alternative treatment
of multiple occurrences.

A configurafion such as that of Figure 1 represents the result
of placing a grid of one-millimeter squares over a partial fingerprint.
It has 43 cells, 37 of them empty, the other six being occupied by
L ridge endings and 2 forks. Its probability, estimated by the method
of Osterburg, Parthasarathy, Raghavan and Sclove (1977) is given by 1
—10610; = 11.h, where P denotes the probability and ﬁ its estimate.

D




a 0 0 0 0 0 0

b E O 0 0 E

2 0 0 F 0 0

d 0 0 0 0 0 0
2 0 0 0 E 0 0
5 0 0 0 0 F 0
& 0 3 0 0 0 0
h 0

FIG. 1

Configuration of U3 cells with 4 ending ridges and 2 forks.

Al

0 = empty cell, E = ending ridge, F = fork.

2. MODELLING DEPENDENCE AMONG CELLS

Let the cells be numbered in some fixed order, say, as one reads
a langunge such as English, starting with the top row and moving
from left to right within each row. Let YC be a random vector
giving the outcome in the c-th cell,
\C = (\lC,YQC..‘.,Y )\

10,¢
c = 1,2,...,t = total number of cells in the print, where, for
v =1,2,...,10 characteristics, YvC = number of occurrences of the

v-th characteristic in the c-th cell.
Let. P denote the probability of a configuration. Then

P = P(configuration) = P(Y1=yl.Y2=y2,...,Y i)

t Yt
This can be written as
] = 2 =V g o = «o o F = 2
13 P(Y1 yl)l(Y2 )Clxl)x(Y3 y3|YD,Yl) P(Yt yhlyt_l,...,yl). (2.1)
Under Assumption 3, independence among cells, expression (8:1)
simplifies to
P = P(Y =y IP(Y,y ) P(Y =y, ).
Under this assumption, all that would be required to obtain a model
to give P would be to describe the within-cell distributions of the

ten characteristics, i.e., the Joint distribution of ch’Y?c""’Ylo,c'
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However, any departure from Assumption 3 means that we need to model
not only what happens within cells but also to model the dependence
between cells.
As a step toward modelling dependence, we introduce
Assumption 3! The outcome in the c-th cell depends on the outcomes in
the other cells only through the outcomes in adjacent cells.
Due to the fact that (2.1) forces one to use a linear ordering
of the cells, one must develop the model in terms of the four preceding ]
ad jacent cells rather than all eight adjacent cells. More precisely, ]
under Assumption 3', the conditional probability P(Yc=yC|Y Y

c-1’"c-2°

...,Yl) will not depend upon all of Yc-l’Yc~2"'°’Y1 but only upon

four of these variables, namely, those corresponding to the cell to

the left (west) of cell ¢, the cell above (north of) cell c, the
cell just northwest of cell c, and the cell just northeast of cell c.
[If the configuration were rectangular and cells were indexed as (i,j}),
i=1,...,1, J=1,...,J, then the conditional distribution of the vari-
able Yi,J’ given the variables preceding it in the ordering, namely
Yi,j—l"'"Yi,l'Yi—l,J’Yi-l,J-l‘°'"Yi—l,l""’Yll’ would depend only
upon the four variables Yi,J_l,Yi_l,J+1,Yi_l’J,Yi_]’J_l.] If W, is
a matrix whose columns are the four preceding neighbors of Yc’ then
Assumption 3' is

P(YC=yC|YC_1,YC_2,...,Yl) = P(Yc=yc|wc) . (2.2}
Assumption 3' may be viewed as an assumption that the process is a
Markov process.

2.1. Data Analysis

A between-cells data analysis is discussed in Sclove (1978).
The results were that the probability that a cell is occupied increases
monotonically with the number of its neighbors that are occupied.
Accordingly, we introduce
Assumption L'. The expected number of occurrences in a cell depends
upon the number of neighboring cells depends upon the number of neigh-
boring cells that are occupied.

A within-cells data analysis is discussed in Appendix A. It

was found that negative binomial distributions provided a good fit

wlj= .




to the distribution of the number of characteristics, and to the

mumbers of different characteristics. This is consistent with a
model of a mixture of Poisson distributions, for a negative binomial
distribution can be obtained as a mixture of Poisson distributions.
Accordingly, we shall make

)

4''.  The number of occurrences in a cell is a Poisson

Assumption
random variabdble.

'andl W' combine into

Assumptions U
Assumption Q. The number of occurrences in a cell is distributed
according to a Poisson distribution with parameter A which depends
upon the random variable a, the number of adjacent cells which
are occupied: X = i(a), a = 0,1,2,3, or &,

Thus, letting Nc be the number of occurrences in cell ¢, we
have

n
P(N =n|W_ ) = P(N =n|A =a) = g iisifatal]
c c c & n!

Now, this is the distribution of the total number of occurrences of
all ten types in a cell. The relative frequencies P, of the types,
v=1,2,...,10 types, are given in Table I. It is reasonable to
assume that the expected value ot the number of occurrences va

of the v-th characteristic in the c-th cell, given Ac=u‘ is X(u)pv,
v=1,2,...,10. We shall assume that the joint distribution of
YetYoer 10,0
PJ'P?""’plO' This gives

Assumption 5.

Ll L AR 2] R v y

n e tee le -
(Y = ) = » Yo \"L... ¥ .
Bty feem) = [ 7 ) p, P, Byo
e 10,¢

, #iven N =n, is multinomial with parameters n and
¢

Assumptions b and 5 combined give the result that the marginal

Joint distribution of \10.\90.....310‘0

averaging over the distribution of Nc) is that of independent Poisson

(marginal in the sense of

variables, the pavamcter of Y  being M(a )p :
ve L v

10 e
“\(¢ alp
P(Y =y |V sv ) = P(Y sy |A =a) = & ¢~ &) [}Ma i
¢ ¢ %4 & C (M >4
i=1 yic!
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TABLE L

Relative Frequencies of the Ten Galton Characteristics

Relative
Characteristic Frequency® Frequency*
Ending ridge 12L7 Jhot
Fork 399 .159
Delta 3N .0135%
Spur 88 .0350
Dot 255 .102
Island ridge 259 .103
Bve (lake) 66 .0263
Double bifurcation 16 .00637
Trifurcation T 00279
Bridge 140 L0558

2511 1.00

*
Rased on 8591 cells

2.2. Border Cells

Cells at the border, not being touched by the full complement.
of four preceding adjacent cells, require some special treatment.
One could take the results in border cells as given and take the
probabilities for the other cells conditionally on the outcomes in
the border cells, but this would result in considerable reduction
in the effective sample size. (E.g., 18 of the 43 cells in Figure 1
are border cells.) We wish to use such information as is present.
I.e., some but not all W preceding adjacent cells are sometimes
present; we make use of this. For example, if there are 3 adjacent
cells and 2 are occupied, then we know that if all 4 cells were present,
then 2, 3 or It of themwould be occupied. To use such information
we need to know the conditional expected value of the number of
occurrences, given that the number of adjacencies, A, is in the
interval [aj.nzl. where inlip?fﬁ. Recall that Nv fs the number of
occurrences in cell ¢ and AC is the number of the four preceding
adjacent cells that are occupied. Then the conditional expected

value we need is E[Nclaliﬁcjpel = A(ul,ne), say. Note that

n") a')
l(al,aq) e L€ x(a)P(Ac=a)/z“ P(A°=a).
i a=a, a=a, g

-
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Table I! gives the estimates of V(A =a) and of A(a), a = 0,1,2,3
.

TABLE

11

Estimates of Distribution of Number of Ad)acencies
and Conditional Expected Number of Occurrences

Number of adjacencies, a Q 1 > } L
Relative frequency,
estimate of P(A =a) «3%1 - 296 .21k .08k .01S
¢
Estimate of \(a) 222 .3hh WOk  ,511 1.252

Table 111 gives the estimates of Xla. a.).

TABLE 11

Estimates of Conditional Expected Number of Occurrences
for Border Cells, \(ul.n ®

t\l \ n

0 1 > 3 4
(A g. 222 0.2TT1 Q.35 0.323 0.337
1 0.345 0.369 0.380 0.4
2 0.402 0.433 0.473
3 0.512 0.626
4 1.207

3.  COMFUTATION OF PROBABILITIES OF VARIOUS CONFIGURATIONS

We are now in a position to use the model to estimate the
protabilities of various configurations. We illustrate with the

configuration of Figure 1. Table 1V illustrates the computation.




It may be helpful to elucidate the steps in the camputation, since

other researchers may wish to employ a similar two-dimensional

Foisson-multinamial Markov model in vroblems they are working on.

The steps are as follows,

(1) Count the pumber of adjacencies for each cell,

() Look up the corresponding expected number of occurrences in
Table III.

() Compute the Poisson probability of this number of occurrences:

(4) MNote the types of characteristics in the cell, if any.

(5) Compute the multinamial probability of this configuration of

(6) Multiply the results of steps (3) and (5) to obtain the proba-
bility for the cell.

(1) Multiply the results for all cells to obtain the probability
for the whole configuration.

The result, which will be a very small probability, is best expressed

on a negative log scale. [This means that in step (7) we add the

logs of the numbers rather than multiply the numbers themselves. ]
This deals with the assignment of a probability P to the occur-

rence of a given contiguration in a given set of cells. For inferen-

tial purposes it is necessary to estimate the probability that a

person has, this configuration somewhere on his fingers. This problem

is discussed in Section 3.2 of Osterburg. Parthasarathy, Raghavan
and Sclove (1077). Further problems of inference concerning the
identity of the person who left a print are considered in Section U
of the same paper.

Now we carry out the above steps for the configuration of

Figure 1 (Table 1V),

-




gy g

P e G e G e g

TABLIY TV

Computation of Estimate of Probability of Confipuration of Figure 1

Multinomial Number
Number Poisson prob, of ' prob. of of
in this number Types these such
1% A cell in cell in cell types Cell probadbility cells
-0, 222 :
0,06 0.222 0 e =, 801 0 1 .801 6
U h pon
0,0 0.222 1 0.222e n"":.IYH I Jhat L178(.497)=.188 3
-0.222
0,0 0.222 1 0.222e ke = B .159 .178(.159)=.028 1
= 2 4 i
0,1 0.277 0 o 02T, 788 o v 758 2
- S
0,2 0.305 .0 e 030 151 o 1 AN b
0,2 0.305 0 o.jose'o‘*°’=.?25 I Lot .225(.h97)=.112 1
0,3 0.323 0 n'”"£*=.72h 0 1 .72k 5
o,h 0.337 0 n’”'33(=.71h 0 1 LT1h 1
-0.3h5
1,1 0.3h5 0 e "3')=.708 0 1 .T08 13
2031
1,1 0.305 1 0.3hs5e”0" 3" 2= ol 159 L2Wh(.159)=.039 1
1,2 0.369 0 e 0369 61 o 1 .691 4
-0.389 :
1,3 0.389 0O e =618 0 1 .678 1
-0.ho2
2,2 0.b02 0 e =.669 0 1 669 1
L3

- p = =6 T 00D =0 (BRSO S s = 12.
loglol ()]OLJO 801 -3 loglo 08¢ 1OLJO 669 = 12.9

The estimated negative log probability is 12.9. Compare this with
the figure of 11.lU given [Osterburg, Parthasarathy, Raghavan and Sclove
(1977)] by the approximation based on independence; the ratio of
probabilities is about 32:1. This difference is unimportant since
we are interested only in order of magnitude.

As a second example, consider the configuration of Figure 2,
in which the occurrences are still all singletons but are tightly
clustered. The negative log probability, estimated by the method

of this paper, is 11.2, compared to 11.h for the method based on

independence. 'Ihe vratio of these two probabilily estimates is 1.6:1.




1 2 3 h 5 6
a 0 0 0 0 0 0
b 0 0 F E E 0
(< 0 0 B I 0 0
d 0 0 0 F 0 0
e QO Q0 Q Q 0 0
5 0 0 0 0
& Q O Q Q
h 0

FIG, 2

Configuration of U3 cells with b ending ridges and 2 forks,
as in Fig. 1, but here the six occurrences are clustered.

As a third example, let us still consider a configuration
of 43 cells with 4 ending ridges and 2 forks, as in Figures 1 and
2, but now suppose some of these occur not as singletons but rather

as multiple occurrences in cells (Figure 3).

1 2 3 L 5 6
a 0 Q 0 Q 0 Q)

0 0 K EF 0 0
c 0 Q 0 EEE 0 0
d ] Q ] Q 0 0
e O QO Q ¢] Q 0
f 0 Q Q 0 0 0
24 Q T 0 0 Q] ¢] 0
h 0

FIG. 3

Configuration of k3 cells with b ending ridges and 2 forks, as in
Figures 1 and 2, bul with the six occurrences as a singleton,
a doubleton, and a triplet.

The new feature of this example is the multiple occurrences in cells
(b,h) and (c,h). Finding the probability of the doubleton in cell

(b,b) invélves the following computation.




Number of adjacencies =1
Expected number of occurrences = 0.3k45

Poisson probability

2
of 2 occurrences = e-o'3h5 94%%2— = h,21 x 10"2
Multinomial probability > > 1 0 0
that the 2 occurrences = (.. ) .497°.1597.0135 "« + -+ .0558
10 £ 5 RN
are E and F 2
= T7.85 x 10
Prob. for cell (b,4) = (7.85 x 10‘2)(h.21 x 10'2) = 3.31x 1073

The computation of the probability of the triplet EEE in cell (c,b)
is as follows. i

Number of adjacencies = 2

Expected number of occurrences = 0.402

Poisson probability

of 3 occurrences = 3

e-o.hoz o.hoz?

51 = 7.2k x 107

Multinomial probability
that the 3 occurrences

oo o)-kor3.159% - .0558°

are E,E,E Siflaee-
= 123
_Prob. for cell (c,4) = .123(7.24 x 1073) = 8.89 x 1o'h

Computing the probabilities for all the cells and multiplying gives
-10810§ = 11.7 for this configuration. The method given in Osterburg,
Parthasarathy, Raghavan and Sclove (1977) lumps all multiple occurrences
together, assigning a cell with amy such multiple occurrence a probabil-
ity of .0355. A fork has a probability of .0382, an empty cell, a
probability of .766; hence P = .766h°.03552.03821, -1og10§ = 9.0.

The difference is negative log probabilities provided by the two
methods is 11.7T - 9.0 = 2.7, 102'T = 500. The difference begins

to be sizable but is not particularly'important in terms of order

of magnitude, not when one is more interested simply in discriminating
between probabilities on the order of one in a thousand and those

on the order of one in a million millions.

=11~




As a fourth example, let us consider again a total of L3 cells
with 6 occurrences, two forks and four rigae endings, but all in
one cell. This is to be ccasidered as a mathematical extreme and
not an empirical example: We never observed more than 5 occurrences
in a single cell and these were combinations of ridge endings and
dots.’ The conditional expected number of occurrences in a single

cell, with no adjacent cells occupied, is 0.222; the corresponding

-0.222 7

Poisson probability of 6 occurrences is e 0.?226/6! ' 1.33=10".
Obtaining the relative frequencies from Table I, we compute the multi-

nomial probability of 2 forks and 4 ridge endings, given 6 occurrences,

as
(».,2,0?...,o)-'*97"-1592-01350'"-05580 = 15(.497)"(.159)2
S B BT, f
The probability for the cell is thus (1.33 x 10'7)(2.31 x 10‘2)
= 3.08 x 10_9. Computing the probabilities for the other cells by

following the steps outlined and combining the results for all cells
gives -10810; = 13.4 for this configuration. The method given iT
Osterburg, Parthasarathy, Raghavan and Sclove (1977) gives -logloP

= 6.32 for this configuration. That method gives such a high probabil-
ity compared to the method of the present paper because that method
lumps all multiple occurrences together, as mentioned above, assigning
a cell with any such multiple occurrence a probability of .0355,

or a weight of 1.L45 = —loglo.0355. Using that method, one would
assign that probability to the cell containing the multiple occurrence i
EEEEFF. The method of the present paper gives a probability of

3.08 x 1077, i.e., a weight of B.51 = -1og10§ to this multiple
occurrence. This underscores the advance made by the present method,
compared to the method in Osterburg, Parthasarathy, Raghavan and
Sclove (1977). A criticism of the present method is that it is

too dependent upon the placement of the grid of oe]is. which is
arbitrary, in that multiple occurrences in a single cell could have
been placed in two cells if the grid had been placed differently.
However, the effect of this appears not to be large. For example,
Figures 4(a) and (b) show portions of two configurations, both with

Ik occurrences. In Fig. U(a) the I occurrences are all in one cell;

«] D=




in Fig. U(b) they are in two cells. The Poisson probability for

-0.222)7 -0.222)l(e-0.3b5)b

the 12 cells of Fig. h(a) is (e (.222e

giving -1oglOP = 2.02. The Poisson probability for the 12 cells

of Fig. h(b) is (e 0222)5( pppe=0:222)1(~0.3U5)3(( 5 ~0.345,1
-0.1k .

P 02)2, ~108, ,P = 2.64. The difference is 2.64 -~ 2,02 = 0.62;

100'62 = 4,2, not much difference at all.

0 0 0 0 0 0 0

XXXX 0 0 0 XX XX 0

0 0 0 0 o 8 0 0 0
FIG. lU(a) FIG. 4(b)

Portions of two configurations. (a): 4 occurrences in a single cell.
(b): 4 occurrences, 2 in one cell and 2 in the next. (The symbol |
x indicates an occurrence of some type.) |

APPENDIX: MARGINAL DISTRIBUTION OF THE CHARACTERISTICS

The distribution of the number of occurrences per cell is given in
Table V.

TABLE V
Distribution of Number of Occurrences

Number of
occurrences 0 1 2 3 i 5 Total
Number of

cells 6584 1594 320 72 19 2 8591
Proportion g

of cells .766 .185 .0372 .00838 .0022 .00023 1.00

This distribution is well fit by a negative binomial distribution.

A Poisson or geometric distribution is not adequate. An interpreta-
tion of this finding is that what is involved is a gamma-type mixture 1
of Poisson distributions [see, e.g., Parzen(1962), p. 57], resulting
in a negative binomial distribution, as in the classical accident

studies of Greenwood and Yule (1920). We remark that we proceeded i
with parameter estimation and the fitting of distributions as if

«13e




we had strict between-cell independence though we have shown that

this does not hold strictly. We do note, however, that our parameter
estimates are based upon (at most) the first two sample moments

and that the sample moment is unbiased for the corresponding population

moment, ,even without independence. The chi-square goodness-of-fit

tests, on the other hand, are based on an assumption of independent

trials.

[ra—

Empirical support for the assumption of a local Poisson process,
i.e., a Poisson process where the intensity parameter varies (a non-
homogeneous Poisson process) is given, then, by the fact that a
negative binomial distribution fits. Theoretical support for the
assumption is demonstrated by the plausibility of the following

assumptions. [These are the usual aximoms for a Poisson process

] (see, e.g., Parzen (1962), p. 119), generalized to two dimensions.]
Given any set in the (x,y)-plane, Let N(S) be the number of occurrences
in S and let a(S) be the area of S. Given any point (x,y), let

= {(x,y)}.

Then the following assumptions are plausible. There is a positive

s tendi . 3 i S
{Sn} be a sequence of sets tending to (x,y) llmnman

i number A(x,y) such that

1 - P[N(Sn)=O]
i llmn»m .a(Sny
o A P[N(Sn) = Al
1 1mn-)m a s
_ n
PIN(s, )>2]

limn_m W =0.
. n

Xx,y),

xxyy)s
and
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