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TI LE ( M’CtIRHl: N CF ~ OF F T N~ FNPR I NT CILARAC’I’FlU fITIC S
AS A TWO—ftLMENS TONAL P01 SSON PROCESS

I ~ tan1ey L. Scj ove

I U n i v e r s i t y  of’ I l l inoi s  at Chicago Circ le

I ki~u h i ~ 1~ 1 Phl ~~s ’ .~: J ’!nt ~t ’Pf ’r i n ( 
~; id1’nt H ’i~~z i t ;  ~~~~~~ 1 is tics ;

I t (S —Lizmm ~?w z cnz i L s t  \! IkzS t i~ ~‘i’~~e~s; Marko v prOces~3; rO t8sO~t

I A BSIR A CT

The m d i  v idwtl j i  y of a f I ngerpr  i nt  is based on the configuration

I 
of oc currences of the ten (lal ton c h a ra c t er i s t i c s .  The e x i s t i n g  model

for the  occurrenc e of these cha rac t e r i s t i c s , i n term s of a grid of

cel ls , is f urther  developed . The occurrence ci’ the charac te r i s t ics

I is modelled as a two—d imensional m u l t i v ar i a t e  Poissoli process.

I
I. . 1 N 1H000 ( ’ 1 [ON

J The m div idual j t .y of ’ a f i ng e r p r i n t  is based on the pa t t e rn

of occurrence of t he  r i d g e — l i n e  detail s . These details , first

I sys temat ica l ly  s tu d ted  by Gaiton ( 1892) , ar e now ca lled Gal ton

cha rac t e r I s t i c s .  They are of ten types: islands, bridges , spurs,

I dots , ridge erl (llngs , forks  ( b i fu r c a t i o ns) ,  lakes , t r i fu rca tions ,

double b i fur eat . ’to ns , and deltas . (See Ost .erburg , Parthasarat .hy ,

Raghavan and Sciove (19’(7 ) for diag r ams and detailed descript ions• 1 of the charac ter i s t ics .  ] it is desired to develop formulas

for t h e  probabi lity of’ par t i a l  p r in t . s, such as cr ime—scene  p r i n t s .

I In Osterburg , Par t.hasarathy , Rag havan and Sciove (1977 ) such a

development , was made , accord i ng to the fof l  ow i ng model.

I
I
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Assumption 1. A f i n g e r p r in t  is  considered in terms of a g r id
of’ one mi l l ime te r  cel ls .

Assump t io n 2. For each cell there are 13 possibilIties: either

• the cell is empty, or one of the following 12 possibi lities has

occurred : island , bridge , spur , dot , ending rid~ r , fork , lake ,

trifurcatio n , double bifurcation , broken ridge (two ridge endings),

or som e o ther  multiple occurrence,

Assumpt ion  3. There is s t a t i s t i ca l  independenc e between cells.
AssumptIons 2 and 3 bear further study, w i th a view toward

developing b e t t e r  models.

In Sclove (1978) the extent of departure from Assumption 3

was stud i ed , and the mu l t in o m i a l  model was re f ined  according

‘I to that depar tu re .

The categories defined in Assumption 2 are somewhat arbitrary .

The ten categories corresponding to the occurrence of each of the
• ten characteristics as singletons are natural enough; it is the

special t reatment accorded two r idge endings and the lumping

together of all other multi ple occurrences which warrant  a l t e rna t ive
• treatment. In the present  paper a method is presented which not only

takes account. of inter—cell dependenc e but also provides a (lifferent.

• treatment of multiple occurrences.

In the present paper the occurrenc e of fingerprint characteristics

is modelled as a two—d imensiona l Poisson process , taking into account

the dependenc e between cells and providing alternative treatment

of multiple occurrences.

A configuration such as that of Figure 1 represents the result

of placing a grid of one—millimeter squares over a partial fingerprint .

It ha s 143 cells , 37 of the.m empty, the other six being occupied by

is ridge end ings and 2 forks. Its probability , estimated by the method

of Osterburg , Parthasarathy, flaghavan and Solove (1977) is given by

—log10P 11.ls , where P denotes the probability and P its estim ate.

1
-2—
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‘ i u i ~~L r t t t  i~~m t cf  14 ccl i s  w i t h  en I i  ng ridges and 7 forks.
0 = empty  c e l l , E = end i ng r i d g e , F = fo r k .

2. Mm.) DEL L ,I NG I ) EI’E NI )F N CE Aflt ”NG CEl.L~
• Let the cel l s  he numbered in some f i x e d  order , say , as one r eads

• a language suc h as Engi i sIt , st  at’ t .1 ug w i t h  the  top row and moving

• f rom l e f t  to r igh t  w i t h i n  each row . Let Y be a random vector

r g iving t .he ou Ic ~f f l t ’ in  t h e  c— t im cel l

1. 
~

‘
e ~~ 1c ,Y~ ,... ,Y 10 ).

c = I , 2, . . . , t = to t.~i I nun tie m’ of c e In  in t h e  pr m t .  , where , for

v = .1 , 2 , . . . ,lO c l i a ract er i  sties, Y = number of’ occurrences  of the
•

-• 
v — t h  c h a r a c t e ri st i c  in  t h e  c—t b ccli.

Let, P denote  t lit ’ probabi 11. t.y of a cont’igura t. ion.  Then

r = r (conf ’ig iu’a t • i on )  = P(Y
1 y 1, Y~~ y~~, ..  ~~~~~~~~

• ‘[‘his ca n be w r i t t e n  as

F = ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (2 .1 )

I tInder Assumpt ion  .~~~, indep endence  among cells , expr ession (2 .1 )

sim pU f l e s  t o

I P = P ( Y
1 y 1

)P( Y ,~~y2 ) ’

tJnd er Lii i  r i ssumpt i  on , ~i 1.1 that .  wou ld be r eqimi  red to o b t a i n  a mno (I ei

I to give  P would be t .~ de sc r ibe  the w i t h i n — c e l l  d i st r i b u t i o n s  of t .he

ten charac te ri st i c s , i . e . , the Jo in t  d i s t r i b u t I o n  of Y ,Y ,~~ , . . . , Y ,~lc ~c 1 ,c

I
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However , any depar ture  from A s sum p t i o n  means that . we need to model

I not only what happens within cells but also to model the dependence
• be tween cells.

As a step toward modelling dependenc e , we in t roduce

I Asswnp t ion  3~ The outcom e in the c—th  cell depend s on the outcomes in

the other cells only through the outcomes in adjacent  cel ls .

I Due to the fac t t ha t  (2 . 1)  forces one to use a l inear ordering

of the cells , one must  develop the model in terms of the four prec eding

I adjacent cells rather than all eight adjacent cells.  More precisely ,

under Assumption 3’ , the conditional probabili ty P ( Y y I Y 1,Y 2 ,

I .. . , Y1) wil l  not depend upon all of 
~~~~~~~~~~~~ 

,Y 1 but only upon

fou r of these var iables , namely, t hose co r r espond i ng to t he c ell to

4 the left  (wes t )  of cell c , the cell above (north of) cell c , the

I cell just  northwest of cell c , and the cell just  northeast of cell c.

[If the conf igurat ion were rectangular and cells were indexed as (i,j),

J 1. = 1,... ,I, j 1 ,... ,J , then the conditional distribution ci’ the vari-

able given the variables preceding it in the ordering , namely

I Y
i ,j—l ’” ‘‘~ i ,1’

1
i—l ,J’

1
i—l ,J— 1’” 

. ~~~~~~~~ .,Y11
, would depend only

upon the four variables ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ If W
0 ~

I 
a matrix whose columns are the four preceding neighbors of 1 , then

Assumption 3’ is

i 
P(Y =y I Y 1,Y 2,.. .,Y1) = P(Y =y IW ) . (2.2)

I Assumption 3’ may be viewed as an assumption that the process is a

Markov process.

1 2.1. Data Analysis

A between—cells data analysis is discussed in Sciove (1978).

I The results were that the probability that a cell is occupied increases

monotonically with the number of its neighbors that are occupied .

I Accordingly, we introduce

Assumption 14 ’ . The expected number of occurrences in a cell depends

upon the number of neighboring cells depend s upon the number of neigh-

boring cells that are occupied .

A within—cells data analysis is discussed in Appendix A . It

t I was found that negative binomial distributions provided a good f  it

I ~14~~ .
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I nartbet’s ~ t ’ ti i i  t ereii  t c h i  t i e  en i I c . ft i I s  c on ci ~ t e n t  w i t  it a

model ‘f a mix t u r~ i f ’  P . ’ 1 c. ’it I i  t t’ b it t ( S , t o n  i rie ~. ’i t. iv e binomial

J 1s t r i but  ton  ‘ i i  be ‘H i i  iit’d u a mix t u t  e o I’ l’ oI  ‘n l i s t  r i but

j ! I r~ lv , ~
..‘ Ih Il I I

‘mi  ~‘ . 1 h ’  mct’ ibi ’r ‘f t ’. u r r e t i i ’t n  i i i  a c i i i  i s  a Pci

t ’ : t t i  L’ri V :i r  j a b l i .’

.~n:;’ti ~[~t i ’ri ; .‘ t n  I ‘ S  ~~.rnl ’i tu ’  i n t o

I ~~~~~~~~~~~~~ 
Ilk :t’ riih. n ‘I ’ 1” u r r t ’ 7 )~~.’n in  a c e l l  is d i s t r ib u t e d

•~~~‘~‘‘•dj ng t ’  a • non l i t  n i  b u t . i e m i  w i t h  [n i r t u n e t e r  \ w h i c h  depemids

J l 4 ; ’ i ’ r i  h it ’ m i n t ‘~n \ i~~ i • i l  ~ • I l i t ’  titr’tt ’’ r o t  adj acen t  cc~l in  wh i c h

c , ’ , p iou : I = I ( a  ~ , a P , 1 ~
‘, ~ • ~~~~~ Ii

I ~‘hun • i t  I tu ~ N l i .  ‘ li i  mu unl ’er of ’ occur r enec i ;  in  ce l l  c • we

h iv e

= 0—\(a)I\ (a) “~~

I i o w , hi s ~~ t h e  d i s t  r i t ’u t t O f l  c’t ’ the ~~~~~~ of ’ ( t ~’ (~tU . 4’C4I ( ’CS ~ f

a l l  t en  t .ylue c in a ‘c i i  . T h e  ro 1 at.  iv t’ fr equ enc  i u.’ :  of’ the ty

I v = 1 ,.’ I P t y pen , t i m ’ , i v u. ’mi i i i  ‘ f i b  I , ’ I . I t .  I n  rcanoutthl . c t o
:tn ~, iu:mt’ t l n t t  t ie ex t ’ec  t e d  Va t t i e  of t he nuintuer of ’ oeciAl’t’ u ’Itct ’i; ‘1

I
, 

V t ’
of’ tin’ v—t)i harac ~‘. i st i in  t iit’ c — Ii  et’ i i  , ~

‘. iv en A n • I n . \  (~t )  P
I.,

v = I ,.‘, . . . , I P .  Wi ’ ~Pu 11 assume t h a t  t lie j o i n t ,  d i n t  r ibu t . ion  of

I Y , Y ‘ 
, . . . , I , iv  cmi  N m ’ , i nu t It  I nu.~n I al w i t  ii p arameters  it and

I.’ I 0
,,

,’ 
• ,p., . . . .  ,p

1~~ . 1h~ s b i \ t a .

Assum,p t. ion 5•1 ~~~~~~~~ l N ~~ u i  = 

~ 
) p k’p~~’~’~

Ic

I Assumpt  i ~~~ It a u.l , c unbi ned g I V e the result . t ha t .  the  muarg i nal

J o i n t .  d i s t . r i t ’ i t . i o n  of I .1,, , . . . , I (ma rginal .  In  the sense of’
1’

I tiver :i~~ lug ove r t h e  tI i s I t S  I bit t. ! on et ’ N ‘I I t h a t. o~ i m id ependen I Fe is son

var lab irs , t l it’ ~~~~ ram. ’ I .‘r c t. Y lie tug \ (a ) p

I . V .10
F’(Y .=y~ ~~~~ ~~~~~~~ 
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I 1~elat iv e Fre cpiet iu.’ let ;  of the I o u  ( a  1 ton Charac t. er I i t t  i Cs
R e ]  at. iv e

Cha r a c t e r i s t i c  l” re 1uency~ Frequency *

I ing r j~~’.’ I 7111 .

Fork . . 1 59
Pn l t . a  .01 ~~I ‘: t~t tt .  .0350

107
I clamid r i.. Ige ‘“ ,P . t o
Fyc (lake) Pt’ .

I I~oiui ’ 1 e i i  f u t ’ .’ i t  I .16 . oe~
fr i fu re  at .  i en 7 . 00279

I 
Br idg e  lh;O . 05~;8

7”] 1 1 .00

I *Based on 8591 c e l l s

2 .2 .  1I u.”t’ . Icu ’  Cd I s

Cells at the  border n ot  be i ui g t ou ched by the  f u ll compi u ’Tnt ’ il  $

[ of ’ font p r e c ed i n g  : t I ,l a c e t i t ,  ce ll s . r e q u i r e  some pc ..’ i t i l  t r e a tment . .

One could  t ake  the  r e n i t  i t s  in b o n i e r  ce l ls  a n  g i v e n  and t a k e  t h e

I probab il i t i e s  Con t he  e t . l i ’r  ce l ls  c o n d i t i o n a l l y  on t lie outcomes in

the border cells , I ’ut t h i s  would r e su lt .  In c o n s i d e r a b l e  reduc t ion

I in the e f f e c t i v e  sample t : I . ~c.  ( E . g . ,  18 of the 143 cells in Figur e 1

are border cells. ) We wish  t o  use such i n f o r m a t i o n  as is present .

I . e.,  some hut  not.  a ll  14 preceding ad j acen t ,  cells are sometimes

I present ;  we make , use of ’ t h i s .  For ex~~itpl e , if there are 3 adJacent

cells  and 7 are occupied , then we know t h a t  if a l l  )s cells were pre sent ,

I then 2 , 3 ot . II of ’ t hem woul.d he occupied . To use such i n f o rm a t i o n

we need to know the condi t ional  expec t ed  va lue  of’ t he  number of

I occurrences , g iven th a t .  t h e  number of adjaceneies, A , is in t h e

interval.  E n 1 , a ., I , where  0~ ti 1 <a~~ 1I . R eca .l 1 t h a t  N , I s  t h e  number of

I occurrences  in  cell, c and A is t h e  number of’ t h e  four  pr ec eding
C

adjacent ccll~ that  are occup ied . Then the  conditiona.I  expected

I value we need is E[N ~a1
<A <a

2
) = ) t ( a

1,a 2
) , say . Note that .

a
,a ) = ~: \ ( a ) F ( A  ~a ) / i ~ P (A a ) .

1 ‘ a=:t~ 

_6_
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Computation of Estimate of Probabilit y of Configuration of Figure 1
M uu ltinomi a l Number

Number Poi :;nnum prob . of • ‘t irob . of of
i n  Lb is: number Typos t .Ii .’sc ’ ~ueh

L a
1 ~~~~~~ 

t’i ’ i 1 in • i  I l i i  ee l  I t ypes C c i i  iro t l i t y  cell:;

0,1’ (
~. 722 0 ~‘ 

‘ ‘ zs j 3f l [  0 1 .8(11 ~
0,0 0.77’ 1 0. ; ‘;Yi’ ”0

~ 
‘ ‘

= . I ‘(~3 K . 1191 . iVI ( . h9 ’( )= . i138 3
0,0 0.227 .1 0.~’;’;’c’ 

‘ ‘ ‘ ‘  = .178 F .159 .178(.159)= .028 1

0,1 0.277 0 
0.
~~~

h
7~8 0 ‘ 1 .158 2

0,2 0. ~05 .0 ~
_O
~ ~~~~~~~~~~~ 1) 1 .137 ~4

0 , 2 0. 305 0 0. ~~~~~ 
~~~~~ ‘

= .225 11 .1497 •775 (  . 1m9 ’f )= . 112 1

L 0,3 0. ~~ 0 0
- u m . 

~ ~~.72 ?$ 0 I .72 14 ri

O,~i 0. ~
( 0 ~ ~ = .7114 0 1 .1114 1

1 , 1 0 .3 1i5 0 ~~~ ‘~~~~• ‘
~~~= .~~oti o 1. .708 1

— 0 31; 51,1 0. ~lu 5 I 0. 314’a’ ‘ ‘ = .2I i Ju F . .159 .21i1i ( . l59) ~~.o19 I

1,2 0.369 0 ~~~~ ~ ‘~ = .69l 0 1 .6 91 )~
1,3 0.389 0 - 6”8 0 1 .678 1

2 ,2 0. 1i02 0 ~,_ 0.  14o2_ . 669 (1 i~, t ;( >F ’ I
SI

-log 10
P = - (t  .60i — 3  1og~~~.088 - . . .  - Ifl l~10

.669 = 12 .9

[ The ent .im at et l  rit ’~.’, :tt , iv i ’  log  p robahi  I i ty  1:; 1 7 .9 . Compar e t lu i  u w i  Lb

the f i g u r e  of’ ii. . ii g iv e n  jCmm ; tc r hu r g,  I’a r t h rtu:rt r a t.hy , l~aghavan and Sclo v e

1 
(1977 ) 1 by the utp pro x i mat ,  ion imasr il  on indep erid ence; the ratio of’

probah 1,11 t. it ’s ;  is: ahoti I. ~ ‘ : 1. . ‘l’lui s d i f f e r e n c e  is  wi impor t an t  s lisce

we are iuuterest:ed o n l y  i i i  order of’ magnitud e.

I An a senond example , co nni th ’r  the c o n f i g u r at i o n  of Figure 2 ,

in which the occurrences are atill all singletons but are tightly

J i-lu st,ered . The n e g a t i v e  log probabi l i ty , est imated by the method

of Lii i n  putpi ’i’ , i s ; 11.. 7, compn.r ed t, cm i i  . 14 for  t h e  mne tho mi  based on

indepen dence.  The t a t  lo of these  t w o  probuthi l l  Ly es timates  is 1. 6:1.

I
1
1
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I d P 0 F 0 Ii

e 0 0 0 0 ( ‘I ( ‘I

1 1’ 0 0 1’ (1 0

g 0 0 1) C) 0 0

is F)

FIG . 7

I C o n f i g u r a t i o n  ci’ It s ’ i ’i i n  w i t h  14 end i ng m ’ idges ; n u t  7 forks ,
as i n  FIg .  1, but.  here  I lie s ix  oc c u u ’ r e u l c r n  arc o l m m n t  •‘i’esl

I As a t h i r d  example , le t ,  us: s! 1.11 c o nsi d e r  a rouu figiunui t ion

ci’ ii ~ cell r wi t I m  14 ~ui~i lug r idgem ; nui d 7 fo rks  , us in  F’ I guu’es: I

1 2, Pi t t .  now suppose 50m m’ of’ t lmi ’ne  ceour ilot . ass s i u i ~~i t’t . ou~ but. u’ a ther

as mu lt ip l e  occurrences:  in cm’l 1 m m  ( F i g u r e  .

• I. 7 ii

a ( 1 0 0 0 1)

b ( 1 1’ F’ NI” F) F)

0 1 F) F) FFI ’~ 0 0
I d “~ 0 0 0 (5 0

e () F) (1 () (5 0
• f (I  (5 5 5 F) 0 0

g 0 0 0 1) 0 0

h

FIG.

‘ 
Conf Igmi ra t .  I on of’ )s~ cot  i s  w i t h  t u end I ng ,‘i i lg i ’:; nud 7 t’m ’ i’km ; • an lii
F igiuu ’e s  I and 7, but. w i t  ii t h e s i x  Ort’Ut’ !’t ’ i m C o n  as a s i n g l e t i ’ll ,

a d o u b l e t o n , and a t r i p l et . .

The new feature  of L i i i : :  exrunp ie i n  t h e  m u l t i p le  ocm ’mur ren c cs  in  eel I:;

(b , 14) and (~ , I i )  . F i uid .1 ug the  probabi I tt .y ci’ the  doublet on l i t  ccli

(b ,14 ) InvOlves the I’o I lo w i uig compmt t .at.  ton
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Num ber of’ adjacencies = 1

Expected number of occurrences = 0.314 5

Poisson probability 
—0 3145 0 3145

2 
2of 2 occurrences = e ‘ 

2! 
= 14.21 x

Multinomial probability 2 2 1 0 0that the 2 occurrences = 
~ ~ o)

~~~
’
~ 

.159 .0135 ~~~O558
are E and F ‘ ‘ , . . . ,

= 7.85 x io
_2

Prob. for cell (b,14) = (7.85 x lo
_2

) ( 1 4 .2 1  x lo
_2
) = 3 . 31 x

The computation of the probability of the triplet EEE in cell (c ,14)
is as follows.

Number of adjacencies = 2

Expect ed number of occurrences = 0.1402

Poisson probability 3
of 3 occurrences = e 3! = 7.2 x 10

Multinomial probability 
3 3 0 0that the 3 occurrences = (3 0 0L1~

’T .159 P .0558
are E ,E ,E ‘ ,... ,

= . 123

Prob. for cell (c ,14) = .123(7.214 x lO~~ ) = 8.89 x l0~~

Computing the probabilities for all the cells and multiplying gives

log10P = 11.7 for this configuration . The method given in Osterburg ,

Parthasarathy , Raghavan and Sclove (1977 ) lumps all multiple occurrences

together , assigning a cell with amy such multiple occurrence a probabil—

ity of .0355. A fork has a probability of .0382, an empty cell, a

probability of .766 ; hence P = .766140
.0355

2
.0382

1
, —log P = 9.0.

The difference is negative log probabilities provided by the two

methods is ll.T — 9.0 = 2.’?’; io2~
7 = 500. The difference begins

F to be sizable but is not particularly important in terms of order

of magnitude, not when one is more interested simply in discriminating

between probabilities on the order of one in a thousand and those
on the order of one in a million millions. 
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As a fourth example , let us con sider agai n a total of 143 cells

with  6 occurrences , two forks and four i~idge end ings , bu t  all  in
one cell. This is to be cc,,sidered as a mathematical extreme and

not an empirical example: We never observed more than 5 occurrences

in a single cell ,and these were combinations of’ rid ge endings and

dots. The condi t ional  expected number of occurrences in a single

cell , with no adjacent (‘el.is occupied , Is 0.722; the corresponding
—0.222 6 -iPoisson probabi l i ty  of 6 occurrences is e O.~ 22 / 6 !  = 1.33 x 10

Obtaining the relative frequencies from Table r , we compute the multi—

nomial probability of 2 forks and 14 ridge endings, given 6 occurrences,

as

(1l ,2 ,o~ . . . , o) . hm 97 .1592 .o135~~~~.o55B ° =

= 2.31 x io 2.

The probabil ity fo r the cell is thus (1.33 x 1O ”
~ )(2.3l x 1o~

2)

= 3.08 x lO ’
~ . Computing the probabilities for the other cells by

following the steps outlined and c~mbin1ng the results for all cells

gives —log
10
P = 13. 14 for this configuration . The method given in

Osterburg , Parthasar.at.hy , Raghavan and Selove (1971 ) gives —log
10
P

= 6.32 for this configuration . That method gives such a high probabil-

ity compared to the method of the present paper because that method

lumps all multiple occurrences tngether , as mentioned above , assigning

a cell with any such multiple occurrence a probability of .0355,

or a weight of i. 1.u 5 = —log 10.0 355. Using that  method , on e would

assign that probability to the cell containing the multiple occurrence

EEEEFF. The method of the present paper gives a probability of’

3.08 x lO”~ , i.e., a weight of 8.51 = —log10P to this multiple

occurrence. This underscore.s the advance made by the present method ,
compared to the method in Osterburg, Parthasarathy, Raghavan and

Sclove (1977). A criticism of the present method is that It is

too dependent upon the pl acement of the grid of cells , which is

arbitrary, in that multiple occurrences in a single cell could have

been placed in t,wo cells if the grid had been placed differently .

However, the effect of this appears not to be lange. For example,

Figures 14(a) and (b) show portions of two configurations , both with

14 occurrences. In Fig. l4(a) the 14 occurrences are all in one cell;

1
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In Fig. 14(b) they are in two c e l l s .  The Poisson probabi l i ty  for

I the 12 cells of Fig . b (~i) is (e _0~
222
)T(.222e

_0
~
222)1(e

_0
~

3145)14

• giving -log
10
P = 2.02. The Poisson probabili ty for the 12 cells

of Fig. Ii (b) is (e
_0
~
222)5(.222e

_0 222)1(e
_0 3h5)3(O.3145e

_
~~

3145)]~
I (e _0~

h02
)
2
, -log P = 2.614. The difference is 2.614 — 2.02 = 0.62;

10 = 14.2, not much d i f f e r e n c e  at all .

I

~~ : ~ :0 0 0 0 0 ’ 0 0 0

I FIG.  1 4 ( a )  FIG. 1 4( b )

Portions of two configurations. (a): 14 occurrences in a single cell.
(b): 14 occurrences, 2 in one cell and 2 in the next. (The symbol

I x indicates an occurrence of some type . )

‘7’ APPENDIX: MARGINAL DISTRIBUTION OF THE CHARACTERISTICS
a 

The distribution of the number of occurrences per cell is given in
- Table V.

. 
_ _ _ _ _

Distribution of Number of Occurrences .

Number of
I occurrences 0 1 2 3 14 5 Total

Number of
cells 65814 15914 320 72 19 2 8591

t p
Proporti on
of cells .766 .185 .0372 .00838 .0022 .00023 1.00

I
This distribution is well fit by a negative binomial distribution.

I A Poisson or geometric distribution is not adequate. An interpreta-

tion of this finding is that what is involved is a gamma—type mixture

J of Poisson distributions (see , ~ .g . ,  Parzen(1962), p. 57], resulting

in a negative binomial distribution , as in the classical accident 4

I studies of Greenwood and Yule (1920). We remark that we proceeded

with parameter estimat ion and the f itt ing of distr ibut ions as if

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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J we had s t r i c t  between—cel l  indepen d ence though we have shown that

this does not hold strictly . We do note, howev er , that our parameter 3
I estimates are based upon (at most) the first two sample moments

and that the sample moment is unbiased for the correspond ing population

I moment , even without independence. The chi—s piare goodness—of—fit

tests , on the ot.her hand , are based on an ass~snp t ion of in dependent

trials.

~spirical support for  the assumption of a local Poisson process ,

i.e., a Poisson process where the intensity parameter varies (a non—

I homogeneous Poisson process) is given , then , by the fact that a

negative binomial d i s t r i b u t i o n  f i t s .  Theoretical support for the

I assumption is demonstrated by the plausibility of the following

assumptions. [These are the usual axixnom s for a roisson process

I (see, e.g., Parzen (1962), p. 119), generalized to two dimensions.]

Given any set in the (x,y)—plane, Let N(S) be the number of occurrences

in S and let a(S) be the area of S. Given any point (x,y), let

(3) be a sequence of sets tending to (x,y): lim ,~S = ( ( x ,y)}.

Then the following assumpt ions  are plausible. There is a positive

number A ( x ,y) such that

1 — P(N(s )=o]
lilfl~~~ a(S 

n 
=

- 
- r [ r ~ ( s )  = ii

l’im~~ a(S ) = A ( x ,y),
and P[N(S )>2]

1im~~,, a(S ) 
= 0.
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