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ABSTRACT

The purpose of this study is to compare two noise canceling system
a]gdrithms when the number of inputs to the system is small. The expected
value algorithm is an estimate of the optimum solution for minimum mean square
error analysis. The LMS (least mean square) algorithm wasAffzflggsgyby Widrow
(Widrow et al., 1975)%to avoid the matrix inversion inherent in the optimum
solution given by the Wiener-Hopf equation. The comparison between the two

algorithms is measured by the rate of convergence of the mean square error

and the minimum error after five hundred iterations. — /uanT" /‘¢€ZA—J

A two input noise canceling system is investigated in the first part
of the study and a three input system is studied in the second part. A two
input noise canceling system has one input that contains a mixture of the
signal and noise and a second input which is noise alone. The noise only
input is multiplied by a weight, W, and subtracted from the first input to
produce an estimate of the signal. The three input system adds another noise
only input and a corresponding weight.

The expected value and LMS algorithms attempt to determine the
Wiener-Hopf weight vector through different methods. The expected value al-
gorithm estimates the necessary expected values, substitutes them into the
Wiener-Hopf equation, and performs the necessary matrix inversion. The LMS
algorithm uses gradient techniques and the method of steepest descent to

avoid the complexity of the matrix inversion.

(1)




A computer simulation of a dc signal in Gaussian noise provided the
comparison between the two algorithms. The tradeoff in terms of performance
for simplicity in the LMS algorithm was discovered to be great. The ex-
pected value algorithm consistently produced better results in terms of
faster rates of convergence and smaller minimum errors after five hundred
iterations.:>\\

The LMS algorithm presented problems in implementation because of
two parametaer values that had to be chosen. A value for the initial weights
had to be chosen since the weights were determined using only previous data.

This value was not as important when considering such a large number of it-

erations as was the value of u, the term that controls the rate of converg-

' ence. This term must be within a specific range in order to guarantee con-
| vergence of Ehe algorithm. This range is small when only considering five
hundred iterations. Large errors produced by the algorithm were also a prob-
[r lem.
' In conclusion, the expected value algorithm was judged to be the
better of the two. The differences in performance were great especially
when the signal-to-noise ratio or the correlation between the noises was
smail. If a "correct” value of u is chosen, the results may be similar, but
if not, the results can be extremely different from those of the expected
value algorithm. Thus for a small number of inputs, where the matrix to be
i inverted is of smal]l dimension, it is better in terms of performance to use
the approximation to the optimum solution given by the expected value algor-

ithm.

(i)
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A COMPARISON OF TWO NOISE CANCELING SYSTEM ALGORITHMS




CHAPTER I
INTRODUCTION

An important concept in signal detection theory is the noise cancel-

ing system which is used to eliminate noise from a contaminated signal. The

noise canceling system consists of one input containing the contaminated
signal and a varying number of noise alone inputs. Several algorithms have
been developed in order to decrease the number of computations and thus in-
crease the speed of convergence to the minimum error.

Early work in least squares estimation was done by Wiener in 1942
when he recognized that the solution of the Wiener-Hopf equation determined
the optimum estimate for stochastic processes (Kailath, 1974). This was later *
extended to stat1on;ry and nonstationary processes. Kalman also contributed

to the work by developing a filter which modeled the covariance of the sig-

nal process (Kailath, 1974). The LMS (least mean square) adaptive algorithm

was developed in 1959 by Widrow and Hoff at Stanford University (Widrow et al.,
1975). Work on adaptive systems continued in the 1960's with major contribu-
tions by Lucky at Bell Laboratories (Widrow, et al., 1975). This research |

compares the LMS algorithm with an estimate to the optimum solution for two

and three input noise canceling systems.
A general n-input noise canceling system consists of one input with

both signal and noise and (n-1) noise only inputs. Each noise only input is

(2)
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multiplied by a weight and subtracted from the first input in order to ob-

tain an estimate of the signal. The system is shown in Figure 1.1.

& 75 LI ;
g

Figure 1.1. An n-input Noise Canceling System.

The weights are chosen so that the signal estimate, 5, is a linear
least mean square estimate. That is, it is desirable to minimize
ECe?] = E[(5-9)%] (1.1)
through a linear combination of the inputs. The optimum solution is given

by the Wiener-Hopf equation:

W= B_“P_ {1.2)
where t_d_' is the optimum weight vector:
e
¥
*
3
W*a | (1.3)
w*
s L

X is the input vector:




Kot (1.4)

R is the input correlation matrix:

F--E[xz)(z] Cd E[xzxn]

E[x3x2] 1

_E[xnxzj T E[xnxn]_
and P is the cross correlation vector between the desired response, d and the

input vector X:

Efdx,]

P = E[dX] = (1.6)

E[dxn]

. =

The minimum error can be found by substituting this value of W into

the equation for the error:

4
Sax =W X (1.7)

and thus
min E[(s-s)"] = E[(xl - W 575) ] (1.8)

The expected value and LMS (least mean square) algorithms attempt to
determine the Wiener-Hopf weight vector through different methods. The ex-
pected value algorithm estimates the expected values of the R and P matrices
and substitutes these into the Wiener-Hopf equation. Thus the weight vector
is determined by actually taking the matrix inverse. The LMS algorithm

IR 49
-
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discussed by Widrow et al., in "Adaptive Noise Cancelling: Principles and
Applications" (Proceedings of the IEEE, December, 1975) uses gradient tech-
niques and the method of steepest descent in order to aveid the complexity
of the matrix inverse inherent in the optimum weight vector. The two al-
gorithms are simulated on a POP-11/45 computer at Ouke University. A plot
of the mean square error as a function of the number of iterations provides
the main basis for the comparison.

Chapter II derives the algorithms for the two input noise canceling
systam. In this case, the R matrix is a 1x] matrix. The optimum weight
vector and the theoretical minimum mean square error are also derived. Chap-
ter [II presents the computer simulation and the results. |

Chapter IV extends both algorithms to the three input system. The
expected value algorithm is again the estimate to the optimum weight vector
formed by estimating the necessary expected values. The LMS algorithm is
Widrow's algorithm where the one element weight vector of the two input sys-
tem has been replaced by a two element weight vector. Chapter V presents
the results of the three input noise cénceling system computer simulation.

The final chapter, Chapter VI, summarizes the results. Directions

for possible future research are discussed.




CHAPTER I1
DERIVATION OF THE ALGORITHMS

This research explores the problem of minimizing the mean square error
of a noise canceling system. A two input noise canceling system is shown in

Figure 2.1.

X; = s +n ;:/f:‘\

\ ~
s > S

Figure 2.1. Two Input Noise Canceling System.

The signal, s, is uncorrelated with the noises, " and Ny» which are correlat-
ed with each other. The weight, W, attempts to transform the noise ny so that
it can be subtracted from the X input to give an estimate of the signal.
This estimate is defined as

S = x - Wx, (2.1)
Thus the error is given

€E=S§-5§ (2.2)
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The mean square error is defined as the expected value of the squared error:
2 a 2
&g * E(e"] = E[(s - 5)°] (2.3)

It is desired to derive the wéight, W, in such a way that the estimate
of the signal, §, produced is a linear least mean square estimate. Thus the
estimate attempts to minimize the mean square error E[ez] through a linear
combination of the inputs. The optimum solution is given by the Wiener-Hopf
equation. This problem was studied by Widrow and the LMS {least mean square)
algorithm was developed. This algorithm is used in many noise canceling sys-

tems and was one of the two studied in this research.

1. LMS Algorithm
The LMS algorithm starts with the basic noise canceling structure

shown in Figure 2.2.

/WXV

5 wz
wn
Figure 2.2. Noise Canceling Structure for LMS Algorithm

The LMS algorithm as described in Widrow's "Adaptive Noise Cancelling:
Principles and Applications," attempts to adjust the weight vector, W, to
minimize the mean square error. The method of steepest descent is used as a

practical way to find close approximate solutions to the Wiener-Hopf equation:
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* -1
W R (2.4)
where W* is the optimum weight vector, R is the input correlation matrix
R = E0xx, ) (2.5)

and P is the cross correlation vector between the desired response and the

input, or lﬂ’ vector
P = E[djij] (2.6)

as defined in Chapter 1 for the jth inputs.

In order to avoid the matrix inversion required to find the optimum
weight vector, the LMS algorithm sets the next weight vector, gﬁ+1, equal to
the present weight vector gd plus another term proportional to the negative
gradient, Vj' of the weight vector. Thus :

Ejﬂ = !‘_j ki l-l_V.j (2.7)
where y is a parameter that controls stability and the rate of convergence.
(For a study of convergence to the optimum solution see Appendix A). The in-
stantaneous gradient 7.

J
‘JZ is an approximation of the mean square error E[ejz]. Thus the LMS algor-

is also estimated by assuming that the squared error

ithm uses an estimate ﬁj of the true gradient.

From Figure 2.2, the estimated signail, §, for an n input system is
given by
S=x -WX (2.8)
Substituting (2.8) into the value of the error, &, given by (2.2) yields
c=ny - WX (2.9)
Taking the partial derivative of the error with respect to W produces

ke.x (2.10)
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The partial derivative of the squared error with respect to W is given by

2
.?ag_l 2;%&--2:}_ (2.‘”)

The estimated gradient at the jth iteration, ﬁa. is set equal to the partial

derivative of the squared error with respect to W. Thus

2
3
3 = —:ﬁ— = 24X, (2.12)

Finally from the method of steepest descent, the weight vector can be deter-
mined:
iy = ¥y - uly
(2.13)
Bipp = By + 2ueyk
When the noise canceling system has only two inputs as shown in Fig-
ure 2.3, the expression for the weight vector reduces to a scalar quantity:

W = W, + 2ueg.X (2.14)

2 e

S

—
T

Figure 2.3. Two Input Noise Canceling System.

This noise canceling system can also be written in terms of a feed-
back system. A general two input feedback noise canceling system is shown

in Figure 2.4. The input d.1 is the desired response and € is the error.
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/ +
)
A\

J
X, =n e
L S W
P
"
V.
= adaptive /’;

= algorithm eJ /

d.

J

Figure 2.4. General Two Input Feedback Noise Canceling System.

Since the desired input is actually the unknown signal, dj is often
set equal to x; (Widrow et al., 1975). When this is done, the system is not
a feedback system in the true sense because the error term is now given by

ej = dj - gLMS
B PR,
€ = wLMSJXZj (2.15)

Thus the weight, Nj+], is given in terms of inputs only when (2.14)
is used to define the weight.

Since the noise canceling system employing the LMS algorithm as de-
fined by (2.14), is not an actual feedback system, another algorithm was
developed. This algorithm, the expected value algorithm, also attempts to
minimize the mean square error. However, a feedback approach was not taken.
Instead two weights and a brute force method of solving the matrix inverse
avoided by the LMS algorithm were used. For a two input system this matrix

is one dimensional so the inverse is quite simple.

A o A 1 o b O
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2. Expected Value Algorithm

The expected value algorithm uses a ratio of estimates to the ex-
pected values of the inputs in order to minimize the mean square error. The
weight, W, is derived for the expected value algorithm using the two input

noise canceling structure shown in Figure 2.5.

X, =S +n + :
1 1 :><;§;> >;/’:\\ > s
< P
+

a
w Bl i O

E 4

b

Figure 2.5. Two Input Noise Canceling System.

For this system, the estimated signal, s, is given by

S = ax; + bx, (2.16)

The orthogonality principle gives

EC(S - s)x;1 =0 (2.17)
and
EC(s - s)x,] = 0 (2.18)
Substituting the value of § given by (2.16) into (2.17) and (2.18) produces
aE[x1x1] + bE[x2x1] - E[sxl] =0 (2.19)
and aE[x1x2] + bE[xzxZJ - E[stJ = (2.20)

Writing (2.19) and (2.20) in matrix form gives

E[x1x1] E[xlel 2 E[sx1 am

E[x1x2] E(xzxz] b E[sle

: - e e w

T yEpra—
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Taking the matrix inverse, equation (2.21) can be solved for a and b. Thus
E[sx, JE[x 2] - E[x,x,]E[sx,]
E[x] ]E[xz ] - [E[x]XZ]]
and
Elx 2]E{sx ] - E[xyx,]E[sx,]
bbb 1] (2.23) |
E[X1 ]E[xz 1- [E[x]lel %
By hypothesis, E[sn1] = 0 and E[an] = 0. Thus E[st] = 0 and
E[sx]] = Efs(s + n])] = E[sz] + E[sn1] = E[sz] (2.24)
Substituting these values into (2.22) and (2.23) gives
E[s21Elx,’]
8% 2 2 5 (2.25)
ELxq“JEDx,"] - [E[xqx,]]
; and
2
E(s ]E[x]xZ]
b= - 7] 3 — 2 (2.26)
: E[X1 ]E[Xz 1- [E[X1X2]]
Let
2
a = 2 ggs ] o (2.27)
E[x1 ]E[XZ ] - [E[X1xz]]
Substituting the value of o« into (2.25) and (2.26) gives
a = oElx,’] : (2.28)
¥ and
{ b = -aE[xyx,] (2.29)
| 1%2
j Looking again at the noise canceling system diagram and replacing the
values of a and b as determined in (2.28) and (2.29) yields




13
X, * S +n ;
+ -
1 1 >@_ >m > s
aE[x,°]
Xa =N

Figure 2.6. Two Input Noise Canceling System for the Expectad
Value Algorithm.

or

s T W

w

E[xlxzj

Figure 2.7. Two Input Noise Canceling System for the Expected
Value Algorithm.

The term a can be simplified by recognizing several relationships.

One input to the noise canceling system is Xq where
X) * s+ . (2.30)
Squaring both sides of (2.30) gives

x,2 PN n]2 + 2sn, (2.31)

Since E[sn1] = 0, taking the expected value of both sides of (2.31) gives
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Elx,°] = E[s%] + E[n]z] (2.32)
The second input to the noise canceling system is X, where
Xy = Ny (2.33)

Also since X1Xp = SN, + CLPY taking the expected value yields E[x]xzj =
E[n1n2].
The correlation between " and Ny is defined as 012 where
x E[n]qg]

P2
~/E[n]z]E[nzi]

Squaring and rearranging (2.34) produces

(2.34)

[ECnn 1% = oy, €00, 21ECn, ] (2.35)

Substituting (2.35) into (2.27) gives

2
o= Bl ; (2.36)

Eln,"1  [E0s°] + €Dn,°1) - o,,°ELn, %]

Since E[xzz] = E[nzz], let
g = aE[x22] = aE[nZZ]
Thus

2
g —s éﬁ% ; (2.37)
E(s°] + E["1 10 - f12 )

The system of Figure 2.7 can be reduced again to produce a multiplier
of ane in the top branch as shown in Figure 2.8.

The term g8 is found to depend on the apriori knowledge in terms of
the signal-to-noise ratio and the correlation between the two noise terms.

Dividing the numerator and denominator of (2.37) by E[n12] and recognizing

Since xzz = nzz, taking the expected value of both sides gives E[x22]= E[nzzl.
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st e @ >3
B
X =0, e
E[x]xzj
E[xzz]
Figure 2.8. Two Input Nocise Canceling System for the Expected
Value Algorithm.
that the signal-to-noise ratio (S/N) is the term E{sz]/E[n12] yields
S
N
B oemte— (2.38)
-
N 12
Thus the weight, W, for the expected value algorithm is given by
Efxy%,]
g (2.39)

E(xz ]
where the term 8 must also be a multiplier of the output of the system.
In summary, the expected value algorithm uses a ratio of the expected
values of the inputs in order to determine the weight, W. However, since
expected values are mathematical concepts, they are estimated for the com-
puter simulation in terms of the jth sequence of inputs. The two input
noise canceling system with the expected value algorithm is shown in Figure
2.9.
Both the LMS and expected value algorithms have only one weight
which is multiplied by the noise only input. Therefore an interesting prob-

lem is to find the optimum weight for a linear least mean square estimate.

ek etiiain,
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= +
w b S 1)
Ay i b
N
o el gt1-eq2
E[x2 ]

Figure 2.9. Expected Value Algorithm.

3. Optimum Weight Vector

The noise canceling structure is shown in Figur=> 2.10.

x]=s+n1

w

Figure 2.10. Two Input Noise Canceling System.

The error, ¢, for a linear least mean square estimate is given by

e = E[(5 - 5)8] (2.40)
where s is defined in (2.1).

into (2.40) yields

Substituting the value of s given by (2.1)

e = E[(x, - Wxy - 5)%] (2.41)

Taking the derivative of the error with respect to the weight and setting the
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result equal to zero produces the optimum weight. Thus taking the partial
derivative of (2.41) with respect to W produces

3
3 = E(x; - Ux, - 5)2] = 0
and thus
Elxyx,] - NE[xZZ] - E[sx,] = 0 (2.42)
By hypothesis
E[snl] = E{snzl = E[stJ =0
Solving for W in (2.42) yields
e (2.43
ot " 43)

Thus the optimum weight for, a 1inear least mean square estimate is
given by (2.43) and the noise canceling system is shown in Figure 2.11. This
weight is the same as that given by the Wiener-Hopf equation for a two input

noise canceling system.

+
X; = s+ .
opt

Figure 2.11. Optimum Weight Vector for the Two Input
Noise Canceling System.

ki, e

W
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Notice that the optimum weight and the theoretical weight for the ex-
pected value algorithm are the same. The expected value algorithm, however,
has a multiplier of 8 which is not present in the noise canceling structure
of Figure 2.11. When g8 = 1, the expected value algorithm would be the same
as the optimum if the expected values could be computed directly. The weight
for the LMS algorithm will converge to the optimum weight as the number of

iterations increase (see Appendix A).
Since both the LMS and expected value algorithms have weights which
. converge to the same value, the theoretical minimum mean square error can be

found.

. 4. Theoretical Minimum Mean Square Error

The theoretical minimum mean square error for both algorithms is the
| same (since the weights converge to the value given by the optimum weight)
and can be determined from the optimum weight vector. Using the noise can-
celing structure of Figure 2.10 and the optimum weight vector given by (2.43), |

the minimum mean square error, Evms® ©an be computed:

s = EL(3 - )7

and
E[nyn,]
€ = E[(n_l - ﬁ n2)2] (2.44)

If
Y- -—2'— (2.45)

then substituting (2.45) into (2.44) produces
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€rs * EC(N = m))2] (2.46)

Expanding (2.44) yields
Cs * ECN 21 = 2ECnyn,] + +3ELn,2] | (2.47)

The correlation coefficient, 012 is defined in (2.34) and can be re-

written in terms of E[n1n2]. That 1is:

Elnyny] = oy, JECn 21Eln, 2] (2.48)

Substituting (2.48) into (2.45) yields

Nl (2.49)
Y= :
12 E[nzzl
Using (2.48) and (2.49) the minimum error can be simplified:
2 2
E(n, ] E(n, ]
s = ED " - 2foqy | —p oqp JEn TEDn, 2] + 07,7 —Lleln,?)
E[n2 ] E[n2 ]
and thus :
s = E007 2001 - 07,0) (2.50)

The theoretical minimum mean square error for the noise canceling
system of Figure 2.10 is given by (2.50). The minimum error depends only on
the power of the noise mixed with the signal and the correlation between the
two noises. As the correlation decreases to zero, the error approaches its
largest value. When the correlation actually equals zero, this is the worst
case in terms of error. Thus the error would be the same if no noise cancel-
ing system had been used. When the correlation equals one, the error equals
zero and the best case is realized. Thus as the correlation increases and
the noise power decreases (implying increasing signal-to-noise ratio), the

theoretical minimum mean square error also decreases.

A
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For the expected value algorithm, Figure 2.10 assumes that g8 = 1.
This is a reasonable assumption because B depends on apriori knowledge of the
signal-to-noise ratio and the correlation coefficient P12 If this know-
ledge is known, a better estimate can be obtained.
Using the noise canceling structure of Figure 2.9 and the value of
8 from (2.38), the theoretical minimum mean square error for g # 1 can be

computed. From Figure 2.9, the estimated signal, §, is given by:
A E[x1x2]
s = s[x.l = x2] (2.51)
E[x2 ]
Substituting (2.51) into (2.40) gives

EMMS = E[(BX-‘ = ‘E_[x—z]— BXZ = 5)2] (2.52)

Using (2.43) and (2.48), equation (2.52) can be simplified:
Cs = ELn 2101 - o, 006% + €218 - 1)? (2.53)

If 8 = 1, then (2.53) reduces to (2.50).

S. Summary of the Algorithms

The algorithms we;e derived in a theoretical manner, but are summarized
here in the forms which were implemented for the computer simulation. The in-
puts, weights, and estimates are given in terms of the jth iteration.

A. LMS Algorithm

The weight vector for the LMS algorithm was defined in (2.13) in terms
of the error:

!d+1 = !d + 2“‘151 (2.13)
However, since the signal, s, is not generally known, it is desirable to re-

place the error € in (2.13) by §J. Then the weight vectors can be shown to

d
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converge to the same value. Thus for the jth itefation
cj a §J - sJ (2.54)
Replacing ‘j by §j in (2.13) gives
!§j+1 = !gj + 2“‘j55 + Zusjl(.j (2.55)
and in general
j-1 j-1
My @+ 2 Do ek + 24 4y, (2.56)
i=Q i=Q
Taking the expected value of both sides of (2.56) produces
j=1 3-1
£l 1 =ty + 2 D Lokl + 2w ) Elxs,] (2.57)
i=0 i=0
By hypothesis E(X s] = 0. Therefare
-1
£l 1 = by + 2 D Elex] (2.58)

i=0
Therefore replacing €5 by either §j or €5 = §J - sj produces the same weight
solution.
The weight vector used throughout the remainder of this paper re-
places € by §j'and for the two input system is given by

Wiap = ¥y + Zps‘szj (2.59)

The weight vector can also be written in terms of the data inputs alone by
substituting for the value of §j from (2.1). Thus

Hypy = 401 - zuxzjz) "o vy (2.60)

The weight vector, wj+1, is computed during the computer simulation

after determining gLMS' This value is stored in a vector so that it can be
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used to compute gLMS for the next iteration. Figure 2.12 shows the LMS algor-
ithm for the jth iteration of the computer simulation.

X

J

=S, Tn +
S W

i A
> S

LMSJ

2
g = Wo(1 - 2ux, ©) + 2ux, x

Figure 2.12. LMS Algorithm as Computer Simulated.

B. Expected Value Algorithm

When the expected value algorithm was implemented on the PDP-11/45
computer, the expected values were estimated using an iterative approxima-

tion. For example:

J

}:x‘ixzi

E[x]szj] . ’—"—3—- (2.61)

The term g was set equal to one for reasons explained later. Thus for the jth
iteration, the expected value algorithm is implemented as shown in Figure 2.13.

The expected value algorithm can be written in a form which reveals

the way in which the weight is updated:

>
Xy X '
1y 2 W + X, X '
ey = et w o gl wli (2.62)
oy Wy o+, ¢ Wy
DML ]
-
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X, ®S.+n

1 J 1 + 51
.. - s

EVj
. %N
. W v X
:é:
* xZ W , + x, x
" TS 1 > A i:] Ij Zj
EVj T HJ_‘I 45 xz.

Z "21.‘2 :

i=] g

Figure 2.13. Expected Value Algorithm as Computer Simulated.

This form also indicates the estimation of the expected values needed for

the optimum weight vector defined in (2.43).

C. Comparison of the Algorithms

The optimum weight vecfor as given in Figure 2.11 will produce the
best results in terms of mean square error estimation for the two input sys-
tem. However, since the expected values are not known quantities, they must
be estimated. The difference in performance between the expected value and
LMS algorithms can be traced to the weights. The expectad value algorithm
makes two estimates (one for the numerator and another for the denominator)

before dividing the two to obtain an estimate of the weight:

J
Xy X !
2 Vgeey WNppt B
=1 s
Wey = . (2.63)
g 2 Wit
X, 3- J
1 s
=1

The jth inputs are used to update the (j-1)st estimates before the division

e,
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is made.
The LMS algorithm however, makes one estimate for the weight:
Woye =W + 2uk, X (2.64)
LMSj LMSj-] =1 Zj_]
or in terms of the inputs:
2
W = W (1 - 2ux ) + 2ux X (2.65)

Although the same terms, X1%o and xzz, are being calculated, the two
astimate approach of the expected value algorithm generally will produce a
better estimate in fewer iterations. The expected value algorithm also uses
the jth inputs to compute the jth weight, but the LMS algorithm only uses
the data through the (j-1)st inputs. This ic the reason the LMS algorithm

can be written as a feedback system and the expected value algorithm can not.




CHAPTER III
COMPUTER SIMULATION OF TWO INPUT NOISE CANCELING SYSTEM

The two algorithms described and developed in Chapter II were simu-
lated on a PDP-11/45 computer at Duke University. In order to make the al-
gorithms more comparable, the noise canceling structure of Figure 2.10 was
used for the simulation. The multiplier of B8 for the expected value algor-
ithm, as shown in Figure 2.8, was set equal to one. If g is actually
calculated, a better estimate could be obtained. However, for purposes of
comparison it was desirable to use the same amount of apriori knowledge for
both algorithms. The comparison was based on a graph with the mean square

error plotted as a function of the number of iterations.

1. Problem Description

Values for the inputs to the noise canceling system of Figure 2.10
had to be chosen before beginning the computer simulation. A dc signal was
used as the signal component of the system. The value of the signal was con-
stant and arbitrarily chosen to be 10.0. The choice of a dc signal enabled
a more comprehensive study since a frequency dependent signal, such as a
sine wave, would have had the effects of changes in phase or frequency em-
bedded in the results.

The noise was generated using the computer's random number generator.
Uniformly distributed random numbers were obtained and then transformed to

(25)
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zero mean Gaussian random numbers by employing the Box-Muller equations.
Each pair of Gaussian random numbers had a given variance and correlation and
served as the noise components needed for the inputs to the noise canceling
system.

The algorithms were implemented on the computer using several iter-
ative estimates. The expected values needed for the expected value algorithm
were computed using the approximation :

J

:E:x‘ixzi

E[x1.x2 1= liT—— (3.1)
h S :
The mean square error was also approximated:
j .
DGy -5y’

: < i=]
E[(SJ e SJ) ] 2

I (3.2)

The initial weight vector, W(1), for the LMS algorithm was set to a
constant value of 5.0. This value was an arbitrary choice. Since the mean
square error was computed for five hundred iterations, the effect of the
initial weight vector washed out. If it was necessary to use a smaller num-
ber of itarations, the effect of the initial weight vector would be more
important and thus it should be carefully chosen.

The IMS algoritim also required values for the parameter y which con-
trols the rate of convergence of the algorithm. In order for the two input
system LMS algorithm to converge, the value of u must be within a given

range (see Appendix A) defined as
1 - 2uE0x, %] < 1 (3.3)

As the value of u decreases, the rate of convergence also decreases since
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v - ZuE[xzz][ approaches 1. Three values of , were chosen for the computer
simulation. These were values of .01, .001, and .0001 which correspond to
graphs b, ¢, and d, respectively on each page of figures. For convenience

in the computer simulation
Etn12] = E[n22] (3.4)

Therefore when the signal-to-noise ratio is 10.0, all three , values are
within the range for convergence of the algorithm. When the signal-to-noise
ratio is 1.0, u values of .001 and .0001 are within the range, but a , value
of .01 results in equality in equation (3.3). When the signal-to-noise
ratio is .1, only the u value of .0001 is within the range of convergence.
Equality in equation (3.3) results for a u value of .001 and a y value of
.01 is outside the range for convergence of the algorithm.

The theoretical minimum mean square error is defined in (2.50) and
depends only on the values of E[n12] and P12 Thus when P1p = 0, the worst
error is produced. Figure 3.1 shows the worst case for the signal-to-noise
ratio of 10.0. When 012 * 1, the best case is realized and the noise is
completely canceled. Therefore when P12 is between 0 and 1 in value, some
noise canceling is achieved, but some error also exists.

With the noise canceling system described, the method of comparison
was a graph of the mean square error as a function of the number of itera-
tions. Each curve consisted of five hundred iterations. Twenty-five curves
were averaged point by point before this ensemble average was plotted. In
this way, the effect of a single ensemble (or particular sequence of random
numbers) was less and the averaged curve was a smoother curve. The curves
can be compared directly or the difference from the theoretical minimum mean
square error after five hundred iterations can be used as a basis of compar-

ison.
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2. Performance Comparison

The graphs of the mean square error as a function of the number of
iterations follow. They are arranged by pages with the same signal-to-
noise ratio (S/N) and noise correlation (912) on each page. Each page con-
tains a graph using the expected value algorithm and three graphs of the
LMS algorithm, each of which employs a different , value. The pages are
arranged in order of decreasing signal-to-noise ratio and decreasing corre-
lation coefficients. A1l of the graphs were plotted using the same scale in
order to compare them directly. When the mean square error was too large to
be within the bounds set by the scale, the curve was plotted as a straight
line until the iteration when the value came within bounds. This does not
mean that the mean square error was a constant value through this iteration,
only that it was too large for the desired scale (see Appendix C). Table

3.1 gives representative values of the curves.

The difference between the minimum mean square errors of the curves
is explained by the different rates of convergence. The theoretical minimum
error is the same for each set of values of signal-to-noise ratio and noise
correlation. Changes in the amount of noise correlation have little effect
on the rate of convergence itself, but do change the value of the theoretical
minimum error.

Figure 3.1 demonstrates the worst case (912 = 0.0) for a signal-to-
noise ratio of 10.0. The expected value algorithm shows rapid convergence
to the theoretical minimum error of 10.0. After five hundred iterations,
the actual error (with a value of 11.22) is very close to the theoretical.
This is the worst case for this signal-to-noise ratio. Any larger value of
noise correlation will improve the ability of the system to eliminate the

noise. The LMS algorithm does not perform as well as the expected value

!
!
|
i
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algorithm because the rate of convergence is slower and the minimum error
after five hundred iterations is larger. As the value of u is decreased, the
rate of convergence becomes less. However, the u value of .001 produces a
smaller error than does the u value of .01. Although the rate of convergence
is less, the minimum error is smaller due to fewer fluctuations in the weight
vector.

Figures 3.2 through 3.4 all have the signal-to-noise ratio of 10.0.
Each figure has a different value of noise correlation. For each figure, the
expected value algorithm exhibits the best performance in terms of a lower
minimum value and a faster rate of convergence. In each case the LMS algor-
ithm with u equal to .01 compares more favorably with the expected value al-
gorithm in terms of rate of convergence. However, with u equal to .001, the
LMS algorithm comparés better in terms of minimum error. The u equal to
.0001 case of the LMS é]gorithm has a slow rate of convergence and large ini-
tial and final errors. Thus this case is not as important in the comparison
between the two algorithms.

When the signal-to-noise ratio is 10.0, small changes in correlation
produce only small changes in the curves. As the correlation is reduced,
the rate of convergence of all of the curves decreases. The minimum error
after five hundred iterations becomes larger. The maximum error for the ex-
pected value algorithm never exceeded 100, but the LMS algorithm often pro-
duced large errors. As the correlation decreased, these maximum errors in-
creased.

When the signal-to-noise ratio was lowered to 1.0, the comparison is
more dramatic. Figures 3.5 through 3.7 display these results. Again the ex-
pected value aigorithm produces the best results. The change in signal-to-

noise ratio has scarcely affected the performance of this algorithm. However,
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the LMS algorithm has been affected by the change to a great degree. The

u equal to .01 case of the LMS algorithm produces a curve that is entirely off
of the scale. This is due to the fact that the value of u is outside of the
range of convergence. The u equal to .0001 curve has a very slow rate of
convergence and the initial values are so large that the straight line effect
is observed.” Thus the u equal to .001 curve is the only curve for the LMS
algorithm that can be effectively compared with expected value algorithm. The
rate of convergence is much slower than for the expected value algorithm and .
the minimum error is much larger. The LMS algorithm again produces large
initial errors. :

With a smaller signal-to-noise ratio, changes in noise correlations
are more important. Small differences in correlation have a greater effect
on the rate of convefgence and the maximum and minimum errors than when the
signal-to-noise ratio is larger. If the correlation is constant and the
signal-to-noise ratio is lowered or if the signal-to-noise ratio is constant
and the correlation decreases, the rate of convergence is slower and the
maximum and minimum errors for five hundred iterations increase. This was
true for all of the cases tested except that the maximum error for the ex-
pectad vaiue algorithm was never greater than 100.

When the signal-to-noise ratio was lowered to .10, the expected value
algorithm alone produced curves with values small enough to be within the de-
sired scale. The u values of .01 and .001 are too large for the algorithm to
converge. However, as the u value gets smaller, the rate of convergence be-
comes too slow for convergence within five hundred iterations. Thus the
value of .0001 also produces a curve with values too large for the scale.
Small changes in correlation produce noticeable changes in the expected value

algorithm curves. When the signal-to-noise ratio was 10.0, a change in
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correlation from .99 to .98 produced barely distinguishable changes in the

curves. Nevertheless, the expected value algorithm produces good results in
terms of a fast rate of convergence and a minimum error that approaches the

theoretical minimum.

3. Summary of Two Input Results

In all of the cases tested, the expected value algorithm produced the
superior results. The expected value algorithm consistently had a faster
rate of convergence and a smaller minimum value. It also had two fewer in-
puts than the LMS algorithm since an initial weight vector, W(1), and a ,
value did not have to be chosen. The expected value algorithm never produced
error values greater than 100, but the LMS algorithm produced many values that
were too large to be graphed on the desired scale.

The complexity of the two algorithms is approximately the same. In
order to calculate the weight vector, each algorithm requires two multipli-
cations. The expected value algorithm also required an additional division.
However, in terms of performance, the extra division time is well worth the
small trade off in speed. Each algorithm computes the same terms, X%y and
xzz, but the expected value algorithm updates two estimates at each iteration
before dividing the two to obtain an estimate of the weight, W. The LMS al-
gorithm, however, only computes one estimate of the weight. Although the one
estimate takes less time, the two estimate approach produces better perform-
ance.

The problem in choosing a u value proved to be great. In general, as
the u value decreased, the rate of convergence also decreased, but the minimum
values of the curves approached more closely the theoretical minimum error due

to fewer fluctuations in the weight vector. Since only the first 500 itera-
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tions were used, the range of y was even smaller than equation (3.3) would
indicate. This small range proved to be an important drawback to the LMS al-
gorithm. The large error values produced by some values of y created storage
and graphing problems that were not present in the expected value algorithm.
For signal-to-noise ratios of 1.0 and .10, the reason that the larger values
of u generated curves off the scale was due to the fact that the u value was
not in the range for convergence. However, for small values of i, the large
errors were probably due to the slow rate of convergence of the weights.

Although the choice of the initial weight vector was not important
in this study because of such a large number of iterations, it could have an
effect when considering a smaller number. In any case, the effect of the
choice is not as important as that of the u value because it tends to wash
out after several iterations. This is another value, however, which must be
chosen for the LMS a1gor1thﬁ and which is not necessary for the expected value
algorithm.

The comparison between the two algorithms is dramatic when the signal-
to-noise ratio is high, but becomes even more so as the signal-to-noise ratio
decreases. When the signal-to-noise ratio 's 10.0, the results are closer if
a correct y valuye is chosen than when the signal-to-noise ratio is .10 and
only the expected value algorithm can be said to converge within five hundred
iterations. The performance for all signal-to-noise ratios and correlation
values tested reveal that the expected value algorithm works better for a two
input noise canc?ling system with a dc signal and Gaussian noise than does

the LMS algorithm.
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Representative Values of the Curves Obtained:
Two Input Noise Canceling System
Each page contains four graphs labeled a, b, ¢, and d. These have
characteristic values given by several parameters:
the signal-to-noise ratio
the correlation between the noises n and n,
the theoretical minimum mean square error
the algorithm employed-either expected value or LMS
the value of the parameter u for the LMS algorithm
the maximum value of the curve
the minimum value of the curve
12 TMIN Algori thm N MAX MIN
0.0 10.0 expected value 100 .22
LMS .01 230.4 26.82
LMS .001 242.0 23.68
LMS .0001 259.1 117.4
.95 .975 expected value 100 2.408
LMS .01 142.6 16.04
LMS .001 153.8 10.26
LMS .0001 165.0 71.72
.75 4.375 expected value 100 5.728
LMS .01 162.3 19.99
LMS .001 172.3 14.50
LMS .0001 184.6 82.11
.50 7.5 expected value 100 8.778
LMS .01 185.7 23.68
LMS .001 195.5 18.75
LMS .0001  209.3 94.55
.95 9.75 expected value 100 10.97
LMS .01 3.019E21 1426
LMS .001 1426 36.0
LMS .0001 1536 95.03
.85 27.75 expected value 100 28.52
LMS 01 3.438E21 1526
LMS .001 1526 56.88
LMS .0001 1628 117.2
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CHAPTER IV
EXTENSION TO THREE INPUT NOISE CANCELING SYSTEM:
DERIVATION OF THE ALGORITHMS

The algorithms derived and simulated in Chapters II and III are ex-
tended in this chapter to a three input noise canceling system. The goal of
the algorithms is to minimize the mean square error. Again the performance
of the algorithms is determined from a computer simulation.

A three input noise canceling system has one input containing a mix-

ture of signal and noise and two inputs of noise only. The weight vector

contains two weights. The three input system is shown in Figure 4.1.

3 4

Figure 4.1. Three Input Noise Canceling System.

(45)
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The signal, s, is uncorrelated with the noises, Nps Nos and n3» but

the noises are correlated with each other. The estimated signal, s, is
given by
S = Xy = Woxy - WaXs (4.1)
and the error is defined by (2.2) as
€=5s5 -5 (2.2)
The weights, NZ and w3. are determined such that the signal estimate,

§, is a linear least mean square estimate.

1. LMS Algorithm
The LMS algorithm 1; easily extended to the three input noise can-

celing system of Figure 4.1 because several scalar quantities of the two
input system are simply replaced with vectors. The weight, W, of the two

input system is replaced with the vector W where

W
o[

The input Xy is replaced with a vector of noise only inputs:

xz] :
X = (4.3)

The next weight vector, PRy is calculated utilizing (2.13) and (2.59) with
(4.2) substituted for W and (4.3) substituted for Xo. Thus,

or in matrix form:
d W I
I i 2us, 2 (4.5)
W W X
g L3y 3;
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where
S, = x; - WX (4.6)
J 1,‘] =5 =] 1
or
S: =Xy =MW, X, =W, x (4.7)
J lj 2J Zj 3j 3j
In terms of the inputs, the weights of the three input system are
given in Figure 4.2.
X, =s+n %
1 1 2
ZA\*Y 7 Sws
N\
xZ,an ' \/—X\
>l
W = W, + 2uS.x
CpI sifgh i Ay
2
W = W, (1 - 2ux, ©) + 2ux, (X9 = Wox, )
o Bl SO}

’\{
W = W, + 2usS.x
3j+l BJ 38,

J

2
W 2 Wy (1 - 2uxq ) + 2ux, (X9 = Wy X, )
ey HE 3 B R

Figure 4.2. LMS Algorithm.

The LMS algorithm can be easily extended to any number of inputs
necessary to solve a noise canceling problem. The expected value algorithm
involves a matrix inversion, but is an estimation of the theoretical optimum
solution. The tradeoff between the two algorithms is in terms of the com-

plexity and performance.
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2. Expected Value Algorithm

The expected value algorithm attempts to minimize the mean square
error by estimating the optimum weight vector for Figure 4.1. The optimum
weight vector can be determined by solving for the weights that make the
partial derivative of the mean square error with respect to the weights
equal to zero. This is equivalent to solving the Wiener-Hopf equation for
a three input system.

Equation (4.1) can be written in matrix form:

=y - WX (4.8)

where W and X were defined in (4.2) and (4.3). Substituting (4.2) and (4.3)
into the definition of the error given by (2.2) yields

e=x; - WX-s (4.9)

Squaring and taking the expected value of both sides of equation (4.9) pro-

duces the mean square erraor:
EC<?] = EC(x; - )20 - 2TEQ(x; - s)X] + WECKXT W (4.10)

In order to find the value of W that minimizes (4.10), it is necessary to

take the partial derivative with respect to W. Thus
& E%] = -2EC(x, - s)X] + 260xx W (4.11)

Expanding (4.11) and recalling the hypotheses that E[sxz] = (0 and E[sx3] =0

gives

3 2 T

W E(c"] = -ZE[x]g + 2E(XX W (4.12)
Define the two expected value terms in (4.12) as follows:

Sy * ELX8T]
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or
Sy EEXZXZJ 41y (7.13)
p x2x3] E[x3x3]
and
b, x ™ Ll
or 15': E[x1x2] e
E[x]xaj
Thus, substituting (4.13) and (4.14) into (4.12) gives
g‘_‘w_ E(e?] = -zg,(li * 2900 (4.15)

In order to find the minimum error, the partial derivative in (4.15) is set
equal to zero. Solving for W gives
o = 2y x (808
Equation (4.16) can also be written in matrix form utilizing (4.13) and
(4.14):
E[xzxzj E[x2x3] Hz E[x1x2]
= (4.17)
E[x3x2] E[x3x3] w3 E[x1x3]
Taking the matrix inverse, (4.17) can be solved for “2 and w3:

E[x 2]E[x3 3] E[x 3]E[x1 3]

E["z 2dElxgx3] = E[*zxsls[*z 34 i

and
Thus the values of Hz and Wy as determined in (4.18) and (4.19) are

the optimum values necessary to minimize the mean square error. They are

s

T L p——
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in fact the solutions to the Wiener-Hopf equation, (1.2), for a three input
system where R = 21& and P = g*léf The expected value algorithm utilizes
these optimum weights in order to estimate the signal. The expected values
are mathematical terms and are estimated (see (2.61)) for the computer simu-
lation of the three input system. Figure 4.3 shows the three input noise
canceling system with the weights determined from the theoretical derivation

of the expected value algorithm.

Xy 3sS +n + P
Bt g G

’7\jT</L[x1x2]E[x ] - E[x 3]E[x1 3]

2 R, IEx, ] - [Elxgxg 112

(%)
Y[ ]E[X] 3J 5t E(xz 3]5[)‘1 2]

3 EDx,CIELxg] - [EDxpx,]1°

Figure 4.3. Expected Value Algorithm.

Since the expected value and LMS algorithms both converge to the same error
(see Appendix A), it is useful to determine the theoretical minimum mean

square error.

3. Theoretical Minimum Mean Square Error

In order to effectively compare the two algorithms, it is desirable
to determine the theoretical minimum mean square error. The optimum weight

vector for a linear least mean square estimate was determined by the expected
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value algorithm. Thus using (4.18) and (4.19) for the weight vector, (4.1)
for the estimated signal, and (2.40) for the minimum error, the theoretical

minimum error can be calculated:
g a 2
€nin E[(s - s)7] (2.40)
and
3 A 2
SvMs E[(n1 - w2x2 w3x3) ] (4.20)
Equation (4.20) can be simplified using Figure 4.1 and replacing X1 Xgs and

X3 with their equivalent values in terms of s, Nps Nos and ns. The definition

of correlation given by (2.34) is also used:
s = ELn 21 = B,EDNgn,] - 24,E0n 0,1 + 24 ME(n,n,]
2 2 2 2
+ Uy EDn,°] + W;E[n,°]

and thus

Cpes E[n12] “ 2“2912./E[n1215[n2§] i 2W3p]34/5[n1215[n32]
+ BUMaP o [ELN,ZTENS2] + W ZELN,2] + Wy 2E[n, ] (4.21)

The optimum weight vector given by (4.18) and (4.19) can be rewritten

in terms of s, nys Ny and ns. The definition of correlation in (2.34) also

helps to simplify the vector. Thus,

W i (4.22)

.c .

I 27 e, 21

-~

where

(] - PaafP

’ ¢ s 12 - P23°13 (4.23)
1= Pa
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and
W k. 3 (4.24)
E ] c .
3 2 E[n3z]
where

_P13°%12%23
1 - 923
Substituting (4.22) and (4.24) into (4.21), the theoretical minimum :

<5 (4.25)

error can be simplified'further:
s * E(n]21[1 - 29958 - 2°13°2 * 204Copp3 *+ c12 + c22] (4.26)
where ¢, and c, are defined by (4.23) and (4.25).
Since the weight vectors of both algorithms converge to the optimum

weight vector (see Appendix A), the theoretical minimum mean square error of

both algorithms is given by (4.26).

4. Summary of the Algorithms

The algorithms are summarized here in the forms that are used for the
computer simulation. The inputs, weights, and estimates are presentad in

terms of the jth iteration.

A. LMS Algorithm
The LMS algorithm utilized the computed value of gLMS for the com-

puter simulation. The values of the weights at each iteration are stored
so that they can be used to compute the weights for -the next iteration.

Therefore the LMS algorithm is simulated for the jth iteration as shown in

Figure 4.4.

e e ek e e - 1 —
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/
X2 = n2 @
W, =W, +2us. .x
k 25 2y, 1724
o el

=W + 2u§._ X
3j 3j—1 J-173

j-1
Figure 4.4. LMS Algorithm as Computer Simulated.

B. Expected Value Algorithm

The expected value algorithm is derived in terms of the expected
values of the inputs which will minimize the mean square error. Since the
expected values are mathematical quantities which are not known exactly, the
expected value algorithms must estimate them and is therefore only an approxi-
mation to the optimum solution.

The expected values were estimated using the iterative procedure des-
cribed in Chapter II. The expected value algorithm for the jth iteration of

the ¢omputer simulation is implemented as seen in Figure 4.5.

C. Comparison of the Algorithms
The optimum weight vector will produce the best results for the three

input system. However, since it can't be calculated directly the expected
value algorithm approximates it by estimating the expected values. As in

the two input case, the LMS algorithm attempts to estimate the optimum weight
vector as one term while the expected value algorithm estimates each expected

value before combining them to form the weight vector. Although this method
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Figure 4.5. Expected Value Algorithm as Computer Simulated.

is more complex and more time consuming due to the increased number of mul-
tiplications and divisions, the improved performance justifies it. The LMS
algorithm could also be written in terms of a feedback system as in the two
input case, but this is not necessary. The expected value algorithm can't
be a feedback system because it needs the jth inputs to compute the jth es-
timate. The LMS algorithm instead computes the jth weights with the data
through the (j-1)st inputs. This method is not as effective as that af the

expectad value algorithm.

RN i




CHAPTER V
COMPUTER SIMULATION OF THE THREE INPUT
NOISE CANCELING SYSTEM

The three input algorithms developed in Chapter IV were simulated on
a PDP-11/45 computer at Duke University. Figures 4.4 and 4.5 give the al-

gorithms in terms of their computer implementation.

1. Problem Description

Parameter values had to be chosen before starting the simulation.
The signal was a dc signal with value 10.0 as in the two input case. The
values of the initial weight vector for the LMS algorithm were again constant.
The first weight, wz, was set equal to 5.0 as in the two input case, and the
second, w3, was arbitrarily set to 3.0. These values were not important due
to the large number of iterations.

The choice of the parameter u for the LMS algorithm was again a
problem as it was for the two input system. In order for the algorithm to

converge, the value of u must be in the range (see Appendix A) defined as: ~

N - 2E0XTX]] <1 (5.1)
where X is defined by (4.3). The three u values of .01, .001, and .0001,
corresponding to graphs b, ¢, and d, re-pectively on each page of figures,
"are the same as those used in the two input system simulation. Also for

convenience in the simulation,

(55)




56
€n,%1 = €[n,2] = Eln,2] (5.2)

When the signal-to-noise ratio is 10.0, all three values of y are within the

range for convergence of the algorithm. When the signal-to-noise ratio is

lowered to 1.0, the u value of .01 is outside the range of convergence.

Both u values of .01 and .001 are outside the range of convergence when the

signal-to-noise ratio is .1. For a given signal-to-noise ratio, a decrease

in the parameter y results in a decrease in the rate of convergence since

the quantity |1-2uE(575J[ approaches one.

The noise was generated using the method described in Appendix B.
Independent zero mean Gaussian random numbers were generated and then trans-
formed using this method to correlated Gaussian random numbers. The correla-
tions, 0127 P13° and pp3s Were parameter values of the program. The input
matrix E[Z§Z§T] has to be a positive semi-definite matrix. Thus the trans-

formation matrix, made up of correlation values and given by (5.3)

p= -
1 12 o3 |
PR P23 (5.3)
P13 P23 L

has to positive semi-definite. This restricts the choices of the correlation
values. Once two correlation values have been chosen, the third must be se-
lected in such a manner that the matrix is positive semi-definite.

The mean square error was approximated using (3.2) as in the two in-
put case. [terative estimates were used for the expected values as shown in
Figure 4.5. i

The theoretical minimum mean square error was defined in (4.26). Its
value depends only upon the values of E(n12], P12° P13 and Pp3* When the

three correlations all have values of zero, the worst case is realized and
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no noise can be effectively canceled. As the correlations increase in value,
noise canceling occurs.

The method of comparison of the two algorithms was the same as for
the two input case. Graphs of the mean square error as a function of the
number of iterations were used. Twenty-five, five hundred iteration ensem-
bles were averaged to obtain the curve that was plotted. As in the two input
system, the three input system simulation curves are compared for differences

in rates of convergence and minimum error after 500 iterations.

2. Performance Comparison

Following are the graphs of the mean square error as a function of
the number of iterations. Each page contains graphs with the same signal-
to-noise ratio and correlation values. One graph using the expected value
algorithm and graphs of three values of p for the LMS algorithm are on each
page. Again all of the graphs are plotted on the same scale. The straight
1ine effect (see Appendix C) is still observed when the value of the mean
square error is too large for the boundaries of the scale. Table 5.1 gives
representative values for the curves.

Figures 5.1 through 5.3 set the signal-to-noise ratio to 10.0.

Each figure has a different set of correlation values. The expected value

algorithm exhibits the fastest rate of convergence and the smallest error
after five hundred iterations. However, graphs 5.1b and 5.2b, which are

the u values of .01 for the LMS algorithm, are very similar to those of the
expected value algorithm. Thus if a "correct" u value is chosen, the re-
sults can be close to the optimum results as estimated by the expected value
algorithm. As the y value decreases, a slower rate of convergence is evi-

denced and the minimum error after five hundred iterations is further from
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the theoretical minimum. If two of the correlation values are small (Fig-
ure 5.3), the difference between the expected value and LMS algorithm be-
comes much greater.

Figures 5.4 through 5.6 lower the signal-to-noise ratio to 1.0. The

same correlation values are used again. The smaller signal-to-noise ratio

"produces dramatic results. The expected value algorithm generates the best

curves in terms of the rate of convergence and the minimum error. The yu
value of .001 for the LMS algorithm produces the only curve that can truly
be compared with the expected value algorithm. Nevertheless, its rate of
convergence is much slower and its minimum error is much greater. The u val-
ue of .01 generally produces values that are too large for the desired

scale or curves that appear to converge to a large error. For this signal-
to-noise ratic, the u value of .01 is outside the range necessary far con-
vergence. The u value of .0001 has such a slow rate of convergence that the
straight line effect is again observed. As the correlation decreases, this
case of the LMS algorithm has an even slower rate of convergence and even-
tually the value of the mean square error for five hundred iterations is too
large for the desired scale.

Figures 5.7 through 5.9 lower the signal-to-noise ratio to .10. Only
the expected value algorithm generates curves with values small enough for
the desired scale. The u values of .01 and .001 are outside the range for
convergence of the algorithm. When M equals .0001, the rate of convergence
is too slow for convergence within five hundred iterations and the minimum
values of the curves are still too large for the scale. Although the y value
of .00001 is not shown, the minimum value was found to be larger (for only
five hundred iterations) than the case where y equaled .0001. Again there

is a storage and graphing problem created due to the large numbers generated

— it M
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by the LMS algorithm that is not present with the expected value algorithm.

3. Summary of the Three Input System Results

The expected value algorithm proved to be the superior algorithm
for the three input case as it was for the two input system. The rate of
convergence is consistently faster and the minimum error is smaller than for
any of the u values of the LMS algorithm that were tested. For a signal-
to-noise ratio of 10.0, the LMS algorithm produces curves similar to those
of the expected value algorithm. However, this occurs for only one particu-
lar u value since other u values do not produce results that are as similar.
As the signal-to-noise ratio decreases, the expected value algorithm clearly
produces the best results. Several y values also generate curves which
have values too large to be plotted.

In several cases, the expected value algorithm generated curves
whose minimum values were less than the theoretical minimum values. This is
probably a peculiarity of the computer simulation and the computer used.
Since all of the noise was generated with the same variance, this probably
contributed to the small minimum errors. This would be especially noticeable
with small signal-to-noise ratios because of a higher possibility of arith-
metic roundoff errors.

The expected value algorithm is more complex in terms of the number
of multiplications and divisions required to implement it. Again, the
several estimate approach of the weight vector used by the expected value
algorithm enables a better estimate in fewer iterations. For a three input
noise canceling system, a two dimensional matrix inverse is required. Al-
though an inverse of this size matrix is more complex than the LMS algorithm,

the tradeoff in terms of performance appears to justify this added complexity.

|

A —
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The effect of changes in correlation is hard to assertain because of
the large number of values per curve. Generally as the correlations were
lowered, the difference between performance of the two algorithms became
greater. With three inputs, the signal-to-noise ratio appeared to have more
of an effect on the results.

The problem with the LMS algorithm is the same as in the two input
system. Values far the initial weight vectors and for u must be chosen.

[t is almost impossible to determine beforehand the best values for these
parameters (in terms of minimum mean square error and convergence rata). Un-
fortunately, unless the u value is chosen correctly, the LMS algorithm may
not converge or may have a slow rate of convergence and large errors even

after five hundred iterations.
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Table 5.1. Representative Values of the Curves Obtained:
Three Input Noise Canceling System
Each page contains four graphs labeled a, b, ¢, and d. These have
characteristic values given by several parameters:
S
N - the signal-to-noise ratio
12 - the correlation between the noises n and ny
13 - the correlation between the noises " and n
Pa3 - the correlation between the noises n, and n3
TMIN - the theoretical minimum mean square error
Algorithm - the algorithm employed-either expected value or LMS
u - the value of the parameter u for the LMS algorithm
MAX - the maximum value of the curve
MIN - the minimum value of the curve
3
Figure N °12 P13 P23 TMIN Algorithm n MAX MIN
5.1a 19- .90 .90 ' .80 1.0 Expected value 100.0 2.390
b LMS .01 72.29 6.361
c LMS .001 72.29 11.12
d LMS .0001 72.29 46.04
5.2a 10 .78 .20 .75 1.371 Expected value 100.0 2.933
b LMS .01 66.57 4,557
¢ LMS .001 67.04 13.83
d LMS .0001 68.50 50.13
5.3a 10 .25 .99 .25 .1989 Expected value 99.99 2.893
b LMS .01 207.1 48.55
¢ LMS .001 207.1 16.02
d LMS .0001 207.1 65.10
5.4a 1.0 .90 .90 .80 10.0 Expected value 99.95 2.882
b - LMS .01 911.1 538.9
c LMS .001 722.9 20.35
d LMS .0001 722.9 104.9
5.5a 1.0..75 .20 .75 13.71 Expected value 99.99 5.148
b LMS .01 665.7 108.4
c LMS .001 665.7 21.56
d LMS .0001 670.3 132.0
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100.4
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100.9
.01 Overflow
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MIN
7.386
Overflow
77.33
139.3

7.724
Qverflow
79.9
157.6

27.06
Overflow
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52.08
Overflow
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399.3
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(a) Expected value algorithm.
(b) LMS algorithm, u = .01.

¢) LMS algorithm, u = .001.
d) LMS algorithm, u = .0001.
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CHAPTER VI
SUMMARY AND FUTURE WORK

1. Summary

This research compares two algorithms used in noise canceling systems.
The first part studies a two input noise canceling system. The expected val-
ue and LMS (least mean square) algorithms are compared in terms of their mean
square error performance. The second section extends both algorithms to a
three input noise canceling system. These results are then compared.

Chapter II derives the algorithms for the two input noise canceling
system. The optimum weight vector is given by the Wiener-Hopf equation as
explained in Chapter I. The expected value algorithm as implemented for the
computer simulation is an estimate to the optimum algorithm in that the math-
ematical expected values are replaced with estimates. The LMS algorithm
attempts to lessen the complexity involved. in the matrix inversion by using
gradient techniques and the method of steepest descent.

Chapter III reveals the results of the two input system computer
simulation. The expected value algorithm proved superior in that it had a
faster rate of convergence and lower minimum errors after five hundred iter-
ations. The difference was especially apparent at lower signal-to-noise
ratios and lower values of noise correlation. The LMS algorithm also pre-
sented problems in that values for the initial weight vector and for u had to

be chosen. Although the choice of the initial weight vector was not as
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important when considering five hundred iterations, the value of u was ex-
tremely important. In order for the algorithm to converge, the value of the
term had to be within a specified range which proved small when only five
hundred iterations were considered.

The algorithms are extended to a three input noise canceling system in
Chapter IV. Again the expected value algorithm is an estimate to the optimum
for a2 minimum linear least mean square estimata. The LMS algorithm is much
simpler because it does not involve a matrix inversion.

Chapter V reveals the results of the computer simulation of the three
input system. The results are similar to those for the two input system.

The expected value algorithm has a fastar rate of convergence and smaller
minimum errors. However, for several cases of correlation values, the LMS
algorithm produced results that were extremely similar to those producad by
the expected value algorithm. Nevertheless, this only happened for one value
of u while the other two u values tested produced results that were much worse.
The additional complexity of the expected value algorithm due to the matrix
inverse is still justifieq: Unless the "correct" u value is chosan, the re-
sults will be much worse than the 6ptimum.

In general, the expected value algorithm performs better than the LMS
algorithm. For a noise canceling system with only two or three inputs, an
estimate to the optimum method is better. With a small number of inputs, the
added complexity involved in inverting the input matrix is justified in terms
of performance. This added complexity in forming the weight vector is prob-
ably‘the reason for the better performance. Although both algorithms compute
the same terms (in terms of the data), the expected value algorithm updates
several estimates before combining these to form one estimate for the weight

vector. The LMS algorithm, however, only forms one estimate. The several
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estimate approach of the expected value algorithm produces a better estimate

of the weight vector in a fewer number of iterations.

The additional problems encountered when implementing the LMS algor-
ithm (that is, choosing values for u and the initial weight vector) also
discourage its use. The expected value algorithm does not have these prob-
lems and its performance is better in terms of rate of convergence and min-

imum errors.

2. Future Research

This research should encourage efforts to study the tradeoffs between
complexity and performance that exist in many algorithms. Ofteﬁ algorithms
are developed for the more intricate cases of a problem. Thus while the
algorithm may be the only practical way to solve the more complex problem,
this is not always true when the problem is ‘in a simpler form.

The two input noise canceling system was studied thoroughly and the
expected value algorithm produced better results. The three input system
needs to be studied more carefully. The relationship between changes in
correlation values should be established. With variations for three correla-
tion values, only a few were selected to study here. The importance of one
correlation value with respect to the others should be ascertained. Changes
in the variance between the noise inputs should also be studied.

In general, the importance of the initial weight vector of the LMS
algorithm should be studied. For this research, the value was arbitrarily
chosen. If less than five hundred iterations are essential, the initial
weight value will be more important.

This study should also be extended to systems with more inputs to

determine how large a system can be handled practically with the expected
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value algorithm. Many programs today are available to invert a matrix quick-
ly. This would enable larger systems to employ this estimate to the optimum
weight vector.

This research is only a beginning, but it should encourage further
research in this area. The major contribution should be the questioning of
algorithms to solve simpler problems when the optimum method would produce

much bettar results.
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APPENDIX A
CONVERGENCE OF THE WEIGHT VECTOR FOR
THE LMS ALGORITHM

In order to make the comparison between the expected value and LMS
algorithms valid, it is necessary that their weight vectors converge to the
same value. The weight_vector for the expected value algorithm is shown to
be an estimate to the optimum weight vector in Section 3 of Chapter II. .
Therefore, it is only necessary to prove that the weight vector for the LMS
algorithm converges to the optimum weight vector.

Looking first at the two input noise canceling system, the weight
vector for the LMS algorithm is defined to be

W =W + 2us. (A.1)
LMS5, LS, §72

The optimum and theoretical expected value algorithms have a weight vector

given by
E[x1 X, ]

“m:»t:'1 - l"E\IJ F _LZ'L (A.2)

El:xzJ ]

To prove that the LMS weight vector converges to the optimum weight
vector, it is essential to show that

Jro

W (A.3)

LMSJ”] 7 opt

(77)
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For the two input noise canceling system,
Substituting (A.1) and (A.4) into (A.3) produces
2
E[W J = E[(1 - 2ux, “)W 2%, X, | (A.5)
LMSJ,] Zj LMSj 13 Zj

Reducing the index by one, NLMS can be written in terms of “LMSj_]' Thus

b
(A.5) becomes

2 2 2
s 1-=2: 1- »
E[wLMSJ+]] EL( 2.;xzj )N Zuxzj_] W s ] + (1 zux2j ) (2ux, )

X
i 3] 9=

- 2ux1szj] (A.6)

Equation (A.6) can be rewritten in terms of wLMSQ' Both inputs X and X, are
uncorrelated over time. Therefaore, the expectad value can be taken of each

product in (A.6):

29y341
E[W ] = (1-2uE[x W +
T KDk 1™ s

20ELx %, 101 + (1-2uEx,2]) + (1-2uEx, 2102 + ...
+ (1-2uE0x,2])] (A.7)

Recognizing that the second term in (A.7) is a geometric series, (A.7) can

be simplified:
1-[1-2u£(x22113*‘
1-[1-2uE£x22]]

ED s +]] . (1-zus[x22])3*‘wLMso 4-[ ] 2uElx; ] (A.8)

J
In order for (A.8) to converge, it is required that
1 - 2uEx,2]] <1 (A.9)

Assuming that (A.9) is true, taking the limit as j approaches infinity of
both sides of (A.8) gives

e —
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Elxy%,]
1im 172
; E[W % ey A.10
3>= s * A .

This is the desired result. The weight vector for the LMS algorithm
converges to the optimum weight vector when (A.9) is true.

A study of convergence was made in more detail with an arbitrary set
of parameters for the two input noise canceling system. A signal-to-noise
ratio of 10.0 and a correlation of .95 were used for the study. The values
of u tested were .01, .001, .0001, and .00001. Figure A.1 shows t“e graphs
of the mean square error versus the number of iterations for one ensemble
and the above parameter values. One ensemble was graphed instead of the
usual average of twenty-five ensembles to emphasize the fluctuations in the
error. Looking at Figure A.1, the largest u value coincides with the fastest
rate of convergence, but the mean square error does not steadily or smoothly
decrease to a minimum value. Instead the value fluctuates considerably.

The second graph with u = .001 exhibits the smoothest decline towards a min-
imum value, but the rate of convergence is slower than the curve in (a) and
the mean square error still varies with a small number of iterations. Never-
theless, the mean square error in (b) has reached a smaller value after five
hundred iterations than in (a). Graph (c) displays an even slower rate of
convergence than (b) and graph (d) does not appear to begin to converge after
five hundred iterations.

For the above parameters, the value of the optimum weight is approxi-
mately .95. Examining the value of the weight vector at each jteration re-
veals more about the rate of convergence towards the optimum weight vector.
Although with u = .01, the rate of convergence is the fastest, there are

large fluctuations in the value of the weight vector. Even after two thousand
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iterations, the weight vector does not appear to converge, but instead fluc-

tuates in value between -1 and +3. With u = .001, the rate of convergence

i is slower, but the weight vector exhibits fewer variations in value. The
fluctuations are mainly between .7 and 1.7. The case with y = .0001 shows
an even slower rate of convergence than the previous case, but the fluctua-
tions in the values of the weight vector have almost disappeared. Inspecting
the rate of convergence for two thousand iterations indicates that the
weight should converge after approximately twenty-five hundred iterations.
The last case studied was with u = .00001. The weight vector again showed
almost no fluctuations in value, but instead, a steady decline towards the
optimum value. Convergence based on this rate will not occur until approxi-
mataly six thousand iterations.

fhe results of the convergence test can be extended to the three in-
put case. Although the study is not as extensive as for the two input sys-
tem, it is shown here that the weight vector for the LMS algorithm converges
to the optimum weight vector. It was shown in Section 2 of Chapter IV that
the weight vector for the expected value algorithm is an estimate to the
optimum weight vector.

The weight vector for the LMS algorithm can be written in vector

form:
L‘LMS'.H-'l *Wus, t Zusj_)_(__j (A.11)

or

- . 2u§j (A.12)

It is necessary that
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g m El:ELMSJ.,_]] Hopt

The optimum weight vector is given by (4.17) and is

a” -1
Wopt = &xx &% (A.14)
or
E[xzxz] E[x2x3] g E[x]le

—opt (A.15)

E[x2x3] E[x3x3] E[x1x3]
Taking the expected value of both sides of (A.11) gives
By, ) = Bl + 2u554] (A.16)
Substituting for §j in (A.16) yields
UPRAL CUE !LMSJE]-zuldTEﬂ]] (A.17)
Equation (A.17) can be rewritten in terms of the (j-1)st iteration:

T
E[W 1 = E[2ux, X. + 2ux X. 1(1-2uX.'X.)

T T
* y-LMSJ_]“'Z“Lj-] qu)(]'au.&j )-(-j)] (A.18)

Equation (A.18) can also be written in terms of !LMSO and the expected value

can be taken of each term. Thus

LTI o (1-20ELX X1 + 2000, X100 + (1-20ELX0] + .

+ (1-2uE[X"X1)] : (A.19)

Recognizing that (A.19) contains a geometric series which will converge when

- 20ELXX]] <1 (A.20)

(A.19) can be written in a simpler form:

————e—e - —— —————— —ee e
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shia r1. Tyq1j+1
Elh . 1 = Wo(1-2uELX X1)3*T + 2uE(x,x) LEl-2uELL (A.21)
bl 1-[1-2uE[X X]]
Thus when (A.20) holds, the series will converge. Taking the limit of both
sides of (A.21) produces

o ey 1 = (X ebqn (A.22)

This is the desired result. Thus the weight vector of the LMS algor-
ithm does in fact converge to the optimum weight vector for both the two and

three input noise cancealing systems.
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APPENDIX B
NOISE GENERATION FOR THE THREE INPUT NOISE
CANCELING SYSTEM

The computer simulation requires three correlated Gaussian randem
numbers for the noise components to the three input noise canceling system.
An unpublished paper by Charles S. Liu, University of Michigan-Dearborn,
develops a technique to transform a n-dimensional vector of jndependent
Gaussian random numbers to correlated Gaussian random numbers. The method
will be summarized here.

Let ;T=[Z1 ’22""’Zn] be an n-dimensional random vector whose ele-
ments are independent Gaussian random numbers with zero mean and unit var-
iance. The vector Z may be transformed such that it contains new random
variables:

L =P (8.1)

where ? is an n x n transformation matrix specified by the covariance matrix

of 2':
Q=Eez'z'

g - (8.2)
The transformation Z' = PZ is not unique since there are an infinite number

of matrices which satisfy (B.2). Since the covariance matrix is real
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symmetric, the eigenvectors, {11} of Q are orthogonal. Thus Q can be diagon-

alized as shown:
LY_]"Y"Z’...‘-Y-'\JTQ[L] ’.Y.z""’!n] = r-i1 oﬂ
2, (8.3)

LO n

IF (B.3) is premultiplied by [1] ,12,...,_Y_n] and postmultiplied by
T ,
[14,12,...,1"] , then

PSPPI (NS AT U8 L A PES ATR AN (P PSRN L |

ik
‘2 ‘ .
' o R '-A—] 1y R (8.4)
n
=

Thus Q can be rewritten using (B.4) so that

oo ollm o o]
g. = [!_] slzg..-,ln] ~/.x—?_ JTZ. LY—]’iz""'l"]T (3.5)
o JaibE S
— e

Recognizing that (B8.5) is of the same form as (B8.2), the transformation

matrix P can be defined as

_J_)q L
Poo [¥i¥pseennt] JA_Z (B.6)
%) 3o

Therefore the eigenvalues and eigenvectors of the covariance matrix

determine the transformation matrix necessary to obtain correlated Gaussian




random numbers from independent ones. That transformation is defined by (B.1)

where P, the transformation matrix, is given by (B.6).
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APPENDIX C
STRAIGHT LINE EFFECT OF GRAPHS

In order to make the comparison between the algorithms clearer and
more apparent, it was desirable to plot all of the mean square error curves
using the same graph scale. The graphs were produced on a computer screen
of limited size. When the values were too large to be within the range of
the scale, the curve was plotted as a straight line at the top of the screen.
Although the straight line section of the curve tends to imply that the
curve has a constant value over this range, this is not the case. Figure
C.1 shows this effect by rescaling one graph so that the entire curve lies
within the boundaries of the scale. This is done using the maximum and min-
imum values of the curve as the maximum and minimum points of the scale. If
a graph is replaced by the statement that the minimum error is too large for
the scale, this means that for five hundred iterations the error is always

greater than 140.
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APPENDIX D
COMPUTER SIMULATION PROGRAMS ;

A. Two Input Noise Canceling System

Purpose:

The computer simulation was the basis of comparison between the ex-

pected value and LMS algorithms. The equations given for the algorithms in
Figures 2.12 and 2.13 were implemented on a PDP-11/45 at Duke University.
The mean square error was computed and plotted as a function of the number

of iterations.

Specifications:
The specifications of the problem were described in Section 1 of

Chapter III and they are summarized here.

1. The signal is a dc signal with value 10.0.

2. The noise was generated using the computer's uniformly distribu-
ted random number generator and transforming to zero mean Gaus-
sian random numbers with the Box-Muller equations.

3. The initial weight vector, W(1), for the LMS algorithm was set
equal t» 5.0.

4. The mean square error was computed using an iterative estimate:

(89)
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5. The mean square error is computed for 500 iterations to produce
one ensemble curve. Twenty-five ensembles are averaged point
by point and this curve is plotted as a function of the number
of iterations.

Program Structure: ;
A separate program is employed for each algorithm. The program
ESTSIG implements the expected value algorithm and the program ANEST imple-
ments the LMS algorithm. Each program is divided into two main parts. One
part generates the noise, computes the weight vector, and determines the
mean square error. The other part averages the ensembles and plots the re-

sult. Figures 0.1 and 0.2 show the structure of the programs.

Jrogram Segment Descriptions

1. ESTSIG -- Main program to implement the expected value algorithm and
compute the mean square error; calls subroutines CGAUSS
and PLOTIT.

INPUTS: RO  -- correlation Py, between the two noises
XVAR -- variance of the noise ny; E[nlz]
YVAR -- variance of the noise Ny’ E[nzz]
OQUTPUTS: plot of.the mean square error as a function of the number
of iterations.
2. ANEST -~ Main program to implement the LMS algorithm and compute

the mean square error; calls subroutines CGAUSS and PLOTIT.




B

3‘

4.

INPUTS:

OUTPUTS :

c e
RO -
XVAR --
YVAR --

plot of

term which determines the rate of convergence.
correlation 912 between the two noises.
variance of the noise n,; E[n,z].

variance of the noise Nys E[nzz].

the mean square error as a function of the number

of iterations.

CGAUSS (I1,I2,R0,X,Y) -- generates a pair of zero mean Gaussian ran-

INPUTS:

OUTPUTS:

¢ S
M
AVAR --
YVAR --
X e
Y e
2 -

dom numbers using the Box-Muller equations
to transform two uniformly distributed
random numbers; calls library uniformly
distributed random number generator RANDU.
seed number
desired correlation °12 between the pair of numbers.
desired variance E[n12] through COMMON statement.
desired variance E[nzz] through COMMON statement.
zero mean Gaussian random number
zero mean Gaussian random number

seed number.

PLOTIT (X,NP,NV,NS) -- plots mean square error as a function of the

INPUTS :

x -

NP ==

number of iterations; calis 1ibrary plotting
subroutine TEKPLT.
matrix where each row is a vector of points to be
plotted so that up to five curves can be plotted
on the same graph; can also be entered as a vector
if only one curve is to be plotted.

number of points within each vector for plotting-
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NV =< number of variables or curves to be plotted on the
same graph.

NS -~ scaling determinant; value of zero allows programmer
to scale while value of one provides automatic
scaling.

QUTPUTS: plot of vectors entered as a function of the number of
points within the vector.

[ 8. Three Input Noise Canceling System

Purpose:
This computer simulation extends the two input system in order to
further compare the two algorithms. The equations for the two algorithms
are given in Figures {.4 and 4.5. These were implemented on the POP-11/45
computer at Ouke University. The mean square error was plotted as a function

of the number of iterations.

Specifications:
The specifications for the problem were described in Section 1 of

Chapter V and are summarized here.
1. The signal is a dc signal with value 10.0.
i 2. The noise was generated with a method developed by Charles Liu
' and described in Appendix B. Independent Gaussian random numbers
are transformed to correlated ones using this method.
3. The initial weights for the LMS algorithm were set to arbitrary
i values: w2(1) = 5.0 and w3(1) = 3.0.

4. The mean square error was computed using an iterative estimate:

- " - " g T
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Figure D.1. Computer Program Structure Diagram for the Two
Input Noise Canceling System with the Expected
. Value Algorithm.
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Figure D.2. Computer Program Structure Diagram for the Two
Input Noise Canceling System with the LMS
Algorithm.
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Computer Program Listing

ESTSIG

g ESTSIG »+ TO ESTIMATE A SIGNAL
; 'CIMENSION 216(32Q),TEMP(S@C),TMSE(SBQ),TVSE2(500)
COMMCN /A/XVAR,YVAR
'CATA 11,12/16441,08/
RRITE (6,94)
- 'REAQ (6,91) RO
RRITE (6,38)
‘REAC (6,83) XVAR
RRITE (4,81) .
‘READ (6,83) YVAR ‘
NOITER22S q
‘nS2@ ;
-SIGNALstﬂ.B
‘RRITE (6,94) RG, XVYAR, YVAR
€0 12¢9 JK=1,849 '
LL] TMSE(IK) 9,0 |
5 0C 293 I=y,408 ‘
| 28 $16(1)33IGNAL
’ §C 188 Ks),NOITER
Lizg,o
L2=3,8
£C 18y JKkLa},5@@
181 THSE2(JIKL) =G,
CC 18 le3,59€
CALL CSAUSE (I1,12,RC,%,Y)
X{=3IG41)+X
Xasy
GteylaxiaX2
Lasu2+X24X2
LIsLi/sy2
TEMP(I)s((XinUIAX2)=31G(1))An2
€0 11 J=q,!?
11 TMSE2(I)aTMEE2(L) ¢+ TENP(J) 3
TM3E2(I)eTVIE2(I3/CFLCATCLI))
19 TMSECI)2THBEC(I) 4 TrSE2(1)
{10@ ‘CGNTINUE
‘CC 223 1L=§,8988
298 TMSE(IL)sTFSECIL)/(CFLCAT(NGITER))
CALL PLOTIT CTMSE,S522,1,K3)

) . 88 ‘FORMAT (/14,VXVAR!,/1X,190500¢ccCCC000ECOC!)
1 8} FORMAT (/71X 'YVYARY,/3X,'2c900¢0C0000000010)
83 ‘FCRMAT (E14,8)

84 ‘PCRMAT (/1%, 'NCITER!,/1%X,1090¢0))

86 FCRMAT (15) ' ‘
99 FCRMAT (/1%,'R01,/1Xp10900¢c300c0¢!) 5
91 FORMAT (F312,3) §
92 FCRMET (21X, INSY,/1n, 001 |
$3 FOR¥AT {IN) : |
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94
968
97
3Joea

96

PORVAT (1X,F18,5,1X 6168, 1X

; £16.8)
FORMAT (/1%,'STGNALY,/LX, 1008 '
FCRMAT (F1d,1) o B i

CALL .EXIT

END
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ANEST

ITYLYONTY

1¢0@
23

191

11

69
joa

8
82
8@
31
82
83

FORMAT(/1X, 'SIENAL Y, /1X,12000¢000001)

97
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FROM COPY FURNISHED TODDC g

ANEST IS A PROGRAM TC ESTIMATE A SIGNAL
NSING THE .LFS ALGCRITNY

‘CIMENSION W(SO1),SIG(2@¢),TMSE(SCR), TFEE2(%8),TENP(20R)
COMMGN ZA/XVYAR,YVAR

CATA 11,12/716481,0/

RRITE (6,92)

‘REAC (6,91) €

‘RRITE (6,93)

‘READ (6,83) RO

WRITE (§,89)

'READ (6,91) XYAR

WRITE (65,38)

READ (6,91) YVAR

'NQITER®Y N

iNS29

-SIGNAL=1G,8 )

PRITE (6,83) .C, ROy XYAR,YVAR
€0 1¢Q9@ L=§,354248

T3E(L)=3,3

‘0C 28 1=1,3@9
318(1)881IGNAL

©0 {32 X=3,NOITER

€0 121 JKklL=sy,54Q8

THSE2(JKL) 23,9

W(JxlL)=0,3

n{1)s5,3

L0 68 Is1,%08

CALL CGAUSS (I1,12,F7,X,Y)
X1381G(I)*X

‘A2wY

SHATeX =W (2)2X2
M{Te1)mn(1242,38CaX2A(3HAT)
TEMP(1)e{SkATe3ig(I))nra2
€0 11 J3y,1
TMSE2(1)aTF3E2(T) + TEMPTJ)
THSEZ{I)sTYSEQLIY/(FLCAT(L))
THSE{I)aTMSE(]I) ¢ TrSE2(I)

.CONTINYE

0 200 Kir1,528
TMSE(KL)sT¥IECKL)/(FLOATCACITER))
:CALL PLOTIT CTMSE,588,1,N8)
‘FORMAT (132

‘FORMATL/ZIRX) INOITERYy/1iX,0000¢8¢))
FORMAT (/71%,518,8,0%,F13,5,1%,2CE18,8,8X))

FORNATIFLG,4)
FORMATLFLR,S)
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91

- 92
93
96
97
h-1T)

R TR TR

FCRMAT(/1X, 'XYAR!, /1%, 00000cccco00005c])

‘FORMATC/IX, "YVARY,/1x,'000¢c05¢c0c0000¢ccq )
PCRMATCZIX)"W(3) Y, /1%,100000000¢00C0¢¢q!)
'FORMAT(ELS,8) -
‘FORMAT(/1%,1'CY,)/1X,10009000CC30G000%!)

PORMAT(/1X%X,'ROT,/1X, 0006008 0¢¢CC")

‘BORMAT(/1X,INSY, /1 %,001)
‘FCRMAT(IL) '

CALL EXIT’

END

98
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-SUBROUTINE CGAUSS (11,12,R0,X,Y)

TQ GENERATE CCRRELATEC GALSSIAN RANCCM NUMBERS

CIMENSION A(2)

COMMCN /A/XYAR)YVAR

CATA P1,XMU,YHU/3,14826,8,,08,/

XAVAR28CRT(XVAR)
YYVARSSGRT(YVAR)

‘€0 20 J=1,2

CALL RANDU (I1,12,U)

1F (U ,EQ, 1,000¢8) €C 70 1@
IF (VU ,EQ, 8,00028) €C 10 18
ACJd)asy '
CONTINUE
CsSORT(+2.82ALOG(ACS)))
CxSIN(2,32FI%AC2))
Es(SCRT(1,0=RO%RC)IA(CEI(2,887T2A(2)))+RO0
XaXMU+XXYARRC2Q
YRYMU+YYYARRC2D

RETURM

EN®
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PLOTIT

SUSRCUTINE PLOTIV(X,NF,NY,NS)
CIPENSICN XCNVpNP), XMAX(S) ) XMIN(S) XFEAN(S)
¢

C SCALE CATA

c
B0 38 'Jai,NV
APEANCI) 0,9
XMAX(J)=@2,8
Cg 1@ IlleP
xr!AN(J)v!HEAN(J)?‘(J:I)IFLCAT(hP)
18 XKAXCJI)mAMAXL (XMAX(J) 2 (M, 1))
COXRINCGJIsXEARCY)
BC 15 Isyi,NP .

18 XPINCIImAMINIC(XNINCGI),2(J,1))
IF{XMAX(J)) 22,28,30

2@ AMAX(J)sXMIN{J)

CC 25 I=i,NP
‘2% xrax'J)-AnaxltxrAX(JJafo.I))
38 CCNTINUE
© T AMARTIAXMAX(L)
AVINISININ(L)
€0 27 I=1,NY
AMARIAMAXY (XNAXTpXMAX{2))

27 APINIaAM(NL(XMINI XNINCTD)
IT(N2,EG,9) GC 70 50
YINTR{XAXlmXYINIY/2,92VINT

48 TF(ABS(XMAXI»YINT) NE,2,2) 60 TC 48
ySsy,

60 TO L1 ] :

AS YS8318,/ABS{X¥AXTIaYINT)

50 X5232Q,/NP
IFENS,NE,3) 60 TC &35
caLL lEKP'T(EIQ' 0839)
WRITE(E,2323)

*BC 83 1s3t,nV

62 nR!l:(é,:dGn) ToRRAXCI) o XMIN(2)  XNMEAMCY)

RRITE(6,256¢€)

REAC(&,113G) Y3

IFLABS(YSaXMAR]) ,6Y,33,E45) Y8eJ2,E848/XvAX]
¥5848,/78

RRITE(6:2508)

REACC6,11358) YINT

63 CALL TexkPLT(2,0,0,2,3)

CALL TEKPLY(2,52,12,3%2,12)
CALL TEKSLT(2,39,8:0,38¢,82¢)
CALL TEKPLT(2, 90,12;59:5431
CALL ’Exsnvtz,ase,:e,e:e,eaa)
CALL TEKXFLT(2,%%, 383,387,022}
CC 192 J»y,18
1v343,8{15%J}+12,

100
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15¢

80¢
1996
118¢
282¢
238¢
246¢
2586
‘2600
27ee
220¢
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CALL TExPLT(2,88,1Y,62,1Y)

CALL 1£er7t2.aae,xv'esa,xv)

APOYINT@(45,/Y8)2FLOAT(8e))

IY8]1Ye6

CALL TEKPLT(3,88%,1Y,¢,8)

WRITE(G,2000) XP

00 15@ Jwi,18

1X880+ )¢50

CALL TEKPLT(2,IX,18,1IX,20)

CALL TEKPLY(2,3X,320,1%,330)

CALL TEKPLYT(2,IX;830,1x,648)

0C 80@ Jei, Ny

YY2(X(J,1)eYINT)AYS+32E,
IFCABS(YY) GE,341E9¢) YY!3.E0691Y/‘38(?Y)
!YY!!NT(YY)

CALL TEKPLT(I)SelYY,S8,1YY)

WRITE(S,27998) J

00 803 1Is=2,NP

YiIo(X(J,I=1)eYINT)2YS84329,
IFCABS(Y]) ,GEa3,1E+E) Y123, E‘G*Yl/ﬁaﬂ(VlJ
IYI'INT(Yl)

2'(X(J'I)-YXNT)*Y'+3¢5.
"IF(AES(Y2) (GE,Jo4E+E) Y283, Efé*Yzlﬁa'(YZ)
IY2'INT(Y2)

IXta(In%3)+08,

IX3x(T+1)2X3+38,

CALL TEKPLT(2,IX3,1Y1,1X2,1Y2)

PCRAMATC1X,13)

FCRMATC(IX)F18,8)

FCAMAT(iH+,1PE18,3)

101

FCARMAT(/tX, 'VARIABLED, !a'YPﬁX'.!!X;'YiIk'.liX.'VEAN'//J

FCRNAT(1X, 18,3¢5%, {PELE.1))

FGRMAT(//1Xs 'ENTER YwAXI3 SCALE'/1X7'(
FGRMAT(//AX) VENTER XmaX18 PCSITION'/3X,*(
FORMAT(1H,]2)

FGRMAT(///)

RETURN

ENg

")
"
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EC(s; - sj)zl : I 3 (0.1)
§. The mean square error is computed for 500 iterations to produce
one ensemble curve. Twenty-five ensembles are averaged point by

point and this curve is plotted as a function of the number of
iterations.

Program Structure

A separate program is utilized for each algorithm. The programs
ESTSI2 and ANEST2 implement the expected value and LMS algorithms, respect-
ively. Each program is divided into three main parts. The first part finds
the eigenvalues and eigenvectors of the input correlation matrix so that
correlated Gaussian random variables can be generated. The second section
generates the noise, computes the weight vector, and calculates the mean
square error. The third section averages the ensemble curves and plots the

resulting curve. Figures D.3 and D.4 show the structure of the programs.

Program Segment Descriptions

1. ESTSI2 -- Main program to implement the expected value algorithm and
compute the mean square error; calls subroutines JACOBI,
GAUSS3, and PLOTIT.

INPUTS:  VARNI -- variance of the noise n,; E[nlz].
OQUTPUTS: plot of the mean square error as a function of the number

of iterations.

2. ANEST2 -- Main program to implement the LMS algorithm and compute
the mean square error; calls subroutines JACOBI, GAUSS3,
and PLOTIT.

b i s i e o
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INPUTS:  VARNI -- variance of the noise nys E[n12].
CMU -- rate of convergence term, u.
QUTPUTS: plot of the mean square error as a function of the number
of iterations.
3. JACOBI(T, EIGEN, RO12, RO13, R0O23)
-- subroutine to compute the eigenvalues and eigen-
vectors of a symmetric matrix. This program is
a variation of the one listed in Applied Numeri-
cal Methods. It is used to transform independent
Gaussian random numbers to correlated ones.
INPUTS:  A(1,2) -- correlation, 012+ between the noises n; and n,.
A(1,3) -- correlation, P13 betwean the noises Ny and n,-
A(2,3) -- correlation, Po3s between the noises ny and ns.

QUTPUTS: T -- matrix where each column is an eigenvector.
EIGEN -- vector of eigenvalues
RO12  -- correlation, p,,, between the noises ny and n,.
ROI3 -
RO23 -

correlation, P13° between the noises M and n3.

correlation, Pag3s between the noises ny and ns.
1ist of the elements of the input matrix, A.
4. GAUSS3 (IX,S,AM,F) -- subroutine to generate three independent Gaus-

sian random numbers; calls GAUSS.
INPUTS:  IX -- seed number
S -- standard deviation of the variance of each random
number;~/E[n12] ;
AM -- desired mean of the generated Gaussian random

numbers.




5.

6.
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OUTPUTS: F -- vector containing three independent Gaussian
random numbers.

GAUSS (IX, S, AM, V) -- scientific subroutine package program to
generate one independent Gaussian random
number; calls library subroutine RANDU.

INPUTS: IX  -- seed number

$ -- standard deviation of the desired random number.
AM -- desired mean of tiia random number.
OQUTPUTS: Vv -= Gaussian random number generated.

PLOTIT (X, NP, NV, NS) -- plots mean squares error as a function of
the number of iterations; calls library
. plotting subroutine TEKPLT.

INPUTS: X -- matrix where each row is a vector of points to
be plotted so that up to five curves can be
plotted on the same graph; can also be entered
as a vectar if only one curve is to be plotted.

NP -- number of points within each vector to be plotted.

NV -=- number of variables or curves to be plotted on
the same graph.

NS -= scaling determinant; value of zero allows pro-
grammer to scale while value of one provides
automatic scaling.

OUTPUTS: plot of vectors entered as function of the number of points

within the vector.




ESTST2
4 \

PLOTIT GAUSS3 JACOBI
/ 4
TEKPLT GAUSS
Vv
RANDU

Figure D.3. Computer Program Structure Diagram for the Three

Input Noise Canceling System with the Expected
Value Algorithm.
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ANEST2
\ 4 /
PLOTIT GAUSS3 JACOBI
\ \4
TEKPLT GAUSS
N4
RANDU

Figure 0.4. Computer Program Structure Diagram for the Three

Input Noise Canceling System with the LMS
Algorithm.
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Computer Program Listing

ESTSI2

¢ EST312 =« 10 ESTIMATE A SIGNAL USING TFE EXPECTED
¢ VALUE ALGCRITHM ANC TmQ NGLISE CNLY
c INPUTS
¢
) 'CIMENSION 816(6@e), TEMP(52@), TMSE(58Q),TNSE2(590)
‘CIMENSION CIAGCI),Y(I))VECS(I,3),VALS(3),F(3),EDEN(I,I)
CIMENSION EISENC3I) T(3,3),TRANS(I, )
‘COUBLE PRECISICN VECS,VALS,0DRC12,0RC13,CR023
CATA IX,AM/16481,0,2/
MRITE (6,84)
READ (6,83) VARNY
L WRITE (6,81)
5 288CRT{YARNY)
; NOITER®2S
; CC 1900 JKsi,598
i SI16(JIK)I=1d, 2
g 1300 TMSE(JK)uwd,Q
; £6 18 Ist,3
| : €0 318 Jsy,3
: }e EDEN(1,J)2Q,8
CALL JACOBI (YECS,VALS,CRG12,CRC13,0RC23)
DC 22 11,3
EICENCINIaaNGLLVALS(]))
€0 28 Js1,3
ET ] TCIsd)}2SNGLCYECS(T/Y))
| RC12eSNGL(PRCL2)
RFC13eSNGL(CRC1Y)
| RO23sSNGL(CRC2I)
€0 21 Isg,3 '
21 C1AG(1)=SSRT{EICEN(1))
£C 22 1s33,3
22 EDENCI,1)m02AG(])
€O 1S Is4,3
€0 18 J=g,3 . ,
§8 TRANS(ZI ) JIST(I,1)%ECEN(L,J)*TCTI,2)0ECEN(2,0)
2 T(Ir3)2EDENCIHI)
CO 103 Kel,NCITER
AL1298,9
A13s0,8
‘az.'..“
A233,9
A33e0,3
€0 18y JkLag,800
)81 TMSE2(JKL)s2,0
CC 2¢¢ 1s=!,800
CALL GAUSSI (IX,8,A7)F)
00 17 N=i,3
24 Y(N)STRANSCN, LII®F (L) TRANSCNG2)2F(2I4TRANSIN, ) 2F ()
X1281G6(2)4v(})
x28Y(2)
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1

208
149

231
c

ag
s1

82
8
. 3988

X32Y(3)
A128A12+X5222

A133A13exiax3
A223222+%X22X2
A332A3I4XIXI

A2I2A234X24X3

RDEN3A222A332A232A23
PAB(A122A33A132A23)/R0EN
MIS(A13xA22=AL122A23) /NCEN
TEMP(I)a((X1on22%2=hInXI)=F1G(T))r22

€Q 1t Jsy,t

TMSE2(1)=TVSE2(1) + TEFP())
THSE2(1)sTrP8E2(I)/(FLLCAT(]))
TMSE(I)sTMSE(I) + TFEE2(I)
CONTINUE

CC 281 1ILsi,%28
TMSECIL)=TVMIECIL)/(FLCAT(NCITER))

CALL PLOTIY (TMSE,.S8C82,1,8)

FORMAT (/1X,'VARNE',/1X,0¢c00cccc00Cc0cEe0e!)
FCRMAT(/68X)1A(1,2)',14(1,331,14(2,3)1,/6%,10009991,

IRE22-2 11 R '00!!99')'

FCRKAT (E18,3)
FORMAT {F3,1)
CaLL EXIT

END

108
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ANEST2

c
¢
¢
¢

ANEST2 e« 7C ESTIMATE A SIGNAL USING TRE L¥S
ALGORITHM AMC ThQ NCISE CNLY INPUTS

CIMENSION 216(8@Q),TEMP(S20),TMSE(SBR),TM8E2(560D)
CIMENSION CIAGC3I),)Y(3I)pVECS(I,3),VALL(3),F(3),EDEN(I,3)
CIMENSION EIGENCI)pT(3,3),TRANS(3,3),r2(821),n3(5al)
CQUBLE PRECISION VECS,YALS,DRC12,0R013,CR0A23
CATA IX,AM/16401,8,08/ |
WRITE (6,88)
READ (6,83) VARN{
WRITE (&,84)
READ (6,83) .CMY
MRITE (6,41)
SaSQRT(VARM)
NQITER=2S
£0 482G JKs1,508
SICCIK) 18,8
1008  TMSE(JK)wd .8
£0 §2 Is1,3
£C 18 J=1,3
1¢ EDEN(I,;J)08,8
CALL JacCo31l %VECS'VDLSpnﬁC12,CR01310RC2§)
DC 28 1s31,3
EISENCI3wSNGLIVALS(I))
c0 22 J31,3
20 T(I,3)a8NGLCVECS(Isy))
RO12=8NBL(LRE12)
'RCI3I=INGL(CRO1I)
‘R23e8NGL (CRC2I)
€0 21 Ia§,3
23 CIAG(I)=SSRTLEIGENCI))
€0 22 1=1,3
23 ECENCI,13=CTAG(])
£C 1§ Ist,3d
00 15 J=y, :
15 TRANS(Z,J)eTCI, 1) RECENCL, )¢ T(I,2)RECEN(2,J0)¢
* T(I,3)RECEN{3,J)
£0 188 Ksi,NOITER
€0 183 JxLsi,869
LFEASTISET PY]
R3(JKLI=Q,C
104 TMSE2(JKL)®0,0
n3(1)e3,9
€0 269 1=1,800
CALL GAUSSI (IX,8,4V,F)
CO 17 N={,3
5?7 YCNISTRANSUNGL)aF (1) ITRANSIN,)CINF(2)+TRANIIN,J)*F(I)
X1881G6(1)9%¥¢1)

RD