
AD AOS5 822 DUKE UNIV DURHAM N C ADAPTIVE SIGNAL DETECTION

Qt~~~2 ________

a --



-~~ -~~-- ~----~~~~--‘
. 

- 
—---~~~~

—-
~—~~

-- —
~~

--
~~~~

- 
~~~~~~~~~~~~~~~ 

-

~ ruRi~ER IRAN ~~~~~ 
11/

TR.14

ARISON OF NO NOISE CANCELING
SYSTEM ALGORITHMS

>~
by DI D

Rachel Patricia Messina
Department of Electrical Engineering 

JUN 
~~

Prepared under: E
Office of Naval Research (Code 222)

Contract No. N000-14-75-C-0191

111h1s document has been approved for public release
and sale; Its distribution Is unl imited.’!

U



DUKE UNIVERSITY

ADAPTIVE SIGNAL DETECTION LABORATORY

Department of Electr ical Engineering
School of Engineering

Technica l Report No. 14

A COMPARISON OF TWO NOISE CANCELING

SYSTEM ALGORITHMS

by D D C
r ir?r~ 1Pflflfl

Rachel Patricia Messina
JUN 30 1918

U~n~.~15u v
December 1977 E

- (- , ~,Approved : / - 
-

L.W. Nolte
Principal Investi gator

Prepared under: Office of Naval Research (Code 222)
Contract No. N00014-75-C-0191

“This document has been approved for public release and sale; its
distribution Is unlimited .”

I

7*~ 06 29 016



Ii

This report was also a thesis
submitted in partial fulfillment of the
requirements for the Mast . ience
degree In the Oepartm~ rtThf Electrici’T~~Engineering in the Graduate School 0f Arts
and Sciences of Duke University , 1977 .

Ac~~~Iw, f.
____________

NTIS mut. s.crnu
Soc Sifl kctlsu 

~NANNO IUCEJ 0
~~TWIC4TISI  

I~ IIIINTlSl/*V*IU$IUTT CSSQ

— ~~~ AV~It. ~ Si. VfCI*L

_ _ _  

—~~ 

_  _



ABSTRACT

The purpose of this study is to compare two noise canceling system

algorithms when the number of inputs to the system is small. The expected

value al gorithm is an estimate of the optimum solution for minimum mean square

error analysis. The LMS (least mean square) algori thm was ~~~oped by Widrow

(Widrow et al . ., l 975)~to avoid the matrix Inversion Inherent in the optimum

solution given by the Wiener-Hopf equation . The comparison between the two

algorithms Is measured by the rate of convergence of the mean square error

and the minimum error after five hundred iterations. —.———~~ ~ta.-~.- ~ ~~~~
A two Input noise cancel ing system is investigated In the first part

of the study and a three input system is studied In the second part. A two

Input noise canceling system has one input that contains a mixture of the

signal and noise and a second i nput which is noise alone . The noise only

Input is multiplied by a weight, W, and subtracted from the first input to

produce an estimate of the signal. The three Input system adds another noise

only input and a corresponding weight.

The expected value and LMS algorithms attempt to determine the

Wiener-Hopf weight vector through different methods. The expected value al-

goritPun estimates the necessary expected values , substi tutes them Into the

Wlener-Hopf equation , and performs the necessary matrix inversion. The LMS

algorithm uses gradient techniques and the method of steepest descent to

avoid the complexity of the matrix inversion.

(1)
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A computer simulation of a dc signal in Gaussian noise provided the

comparison between the two algorithms. The tradeoff in terms of performance

for simpl icity in the 121$ algorithm was discovered to be great. The ex-

pected value algorithm consistently produced better results in terms of

faster rates of convergence and smaller minimum errors after five hundred

iterations.~
The 1245 algorithm presented problems in implementati on because of

two parameter values that had to be chosen . A value for the Initial weights

had to be chosen since the weights were determined using only previous data.

This value was not as important when considering such a large number of it-

erations as was the value of i, the term that controls the rate of converg-

ence. This term must be wi thin a specific range in order to guarantee con-

vergence of the algori thm. This range is small when only considering five

hundred iterations. Large errors produced by the algorithm were also a prob-

lem.

In conclusion, the expected value algori thm was judged to be the

better of the two. The differences in performance were great especially

when the signal-to-noise ratio or the correlation between the noises was

small. If a “correct~ value of u is chosen , the results may be simi lar, but

if not, the results can be extremely different from those of the expected

value algorithm. Thus for a small number of inputs, where the matrix to be

inverted is of small dimension , it Is better in terms of performance to use

the approximation to the optimum solution given by the expected value algor-

I thm.

1 2 __
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A COMPARISON OF TWO NOISE CANCELING SYSTEM ALGORITHMS



CHAPTER I

INTRODUCTION

An important concept in signal detection theory is the noise cancel-

ing system which is used to eliminate noise from a contami nated signal . The

noise cancel ing system consists of one input containing the contaminated

signal and a varying number of noise alone inputs . Several algorithms have

been developed in order to decrease the number of computations and thus in-

crease the speed of convergence to the minimum error.

Early work in least squares estimation was done by Wiener in 1942

when he recognized that the solution of the Wiener-Hopf equation determined

the optimum estimate for stochastic processes (Kailath , 1974). This was later

extended to stationary and nonstatlonary processes. Kalman also contributed

to the work by developing a fi l ter which modeled the covariance of the sig-

nal process (Ka i lath, 1974). The 1245 (least mean square) adaptive algorithm

was developed in 1959 by Widrow and Hoff at Stanford University (Widrow 
~~~~~~~~~~~~~~~~

1975). Work on adaptive systems continued In tt’~ 1960’s with major contribu-

tions by Lucky at Bel l Laboratories (Widrow , et al., 1975). This research

compares the LMS algorithm with an estimate to the optimum solution for two

and three Input noise cancel ing systems.

A general n—Input noise cancel ing system consists of one Input with

both signal and noise and (n-l) nolse only inputs. Each noise only input is

(2)
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multIpl ied by a weight arid subtracted from the first input In order to ob-

tain an estimate of the signal . The system is shown in Figure 1.1.

x
1

* s + n
l +

_ _ _ _  

?

~
r

~~~~~~~~~~~~~~~~~~~X2 fl 2 >ç~:::~ 
...

a fl~ 
________________________

Figure 1.1. An n—input Noise Canceling System.

The weights are chosen so that the signal estimate, ~~~, is a linear

least mean square estimate. That is, it is desirable to minimize

E[c2] E[(~—s )
2] (1.1)

through a linear combination of the inputs . The optimum solution is given

by the Wiener-Hopf equation:

= R~~P (1.2)

where W~ is the optimum weight vector:

*W2

“3

* : (1.3)

~ Is the input vector: 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~~~~~~~~~ • - • - • - • A
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x2

x3
(1.4)

R Is the input correlation matrix:

E[x2x2] ... E(x 2x~]

T EExx]32 . (1.5)

E(x~x2] ... EEX ,~X,~]

and P is the cross correlation vector between the desired response, d and the

Input vector X:

ECdx2]

ECdx3]
P E(d~) * : (1.6)

E[dx~3

The minimum error can be found by substituting this value of ~ into

the equation for the error:

~
1

~~
a X

1 — w x (1.7)

and thus

mm E[(s—s)
2
] E~(x~ - W X—s)2] (1.8)

The expected value and LMS (least mean square) algori thms attempt to

determine the Wiener-Hopf weight vector through different methods. The cx-

pected value algorithm estimates the expected values of the R and P matrices

and substitutes these Into the Wiener-Hopf equation. Thus the weight vector

is determined by actually taking the matrix Inverse . The LMS algorithm

--
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discussed by Widrow et al., in “Adaptive Noise Cancelling : Principles and

Appl ications” (Proceedings of the IEEE , December, 1975) uses gradient tech-

niques and the method of steepest descent in order to avoid the complexity

of the matrix inverse inherent in the optimum weight vector. The two al-

gorithms are simulated on a PDP-l1/45 computer at Duke University. A plot

of the mean square error as a function of the number of iterations provides

the main basis for the comparison.

Chapter II derives the algori thms for the two input noise canceling

system. In this case , the ~ matrix Is a lxi matrix. The optimum weight

vector and the theoretical minimum mean square error are also derived. Chap-

ter III presents the computer simulation and the results.

Chapter IV extends both algori thms to the three input system. The

expected value algori thm is again the estimate to the optimum weight vector

formed by estimating the necessary expected values. The 1245 algorithm is

Widrow ’s algorithm where the one element weight vector of the two input sys-

tem has been replaced by a two element weight vector. Chapter V presents

the results of the three input noise canceling system computer simulation.

The final chapter, Chapter VI , suninarizes the results . Directions

for possible future research are discussed.

L —- — - - •  -
~~~~~

- ‘ —
~~
--

~~~~~~~~~
- -- - 
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CHAPTER II

DERIVATION OF THE ALGORITHMS

This research explores the problem of minimizing the mean square error

of a noise canceling system. A two input noise canceling system is shown in
Figure 2.1.

x = s + n  +1 1 
> +  > s

x2 n2

Figure 2.1. Two Input Noise Canceling System.

The signal , s, Is uncorrelated with the noises, n1 and n2, which are correlat-

ed with each other. The weight, W , attempts to transform the noise n
2 so that

it can be subtracted from the x1 Input to give an estimate of the signal .

This estimate is defined as

a x1 
— Wx2 (2.1)

Thus the error Is given

c S - S  (2.2)

(6)

- - ~~~~~~~~~~~~~~~ 
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The mean square error is defined as the expected value of the squared error:

EEc2] — Ef( - s)2] (2.3)

It is desired to derive the weight, W , in such a way that the estimate

of the signa l , i, produced is a linear least mean square estimate. Thus the

estimate attempts to minimize the mean square error EEc 2] through a linear

combination of the inputs. The optimum solution Is given by the Wiener-Hopf

equation. This problem was studied by Widrow and the 1245 <least mean square)

algorithm was developed. This algorithm is used in many noise canceling sys—

tans and was one of the two studied in this research.

1. LMS Algori thm

The LMS algori thm starts wi th the basic noise canceling structure

shown in Figure 2.2.

x ~~s + n 1 
+

d._
__

__~ 
-1 

+ >~
x2

:n
2 

— 

.

FIgure 2.2 . Noise Canceling Structure for LMS Al gorithm

The L.NS algorithm as described In Widrow ’s “Adaptive Noise Cancelling :

Principles and Applications ,” attempts to adjust the weight vector, W , to

minimi ze the mean square error. The method of steepest descent Is used as a

practica l way to find clos, approximate soluti ons to the Wiener-Hopf equation:

A
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(2.4)

where W~
’ Is the optimum weight vector, R is the input correlation matrix

R EE~.~!J
T] (2.5)

and P is the cross correlation vector between the desired response and the

input, or X~, vector

(2.6)

as defined in Chapter 1 for the jth inputs.

In order to avoid the matrix Inversion required to find the optimum

weight vector, the 1245 algorithm sets the next weight vector, W~ .1, equal to

the present weight vector plus another term proportional to the negative

gradient, V~ , of the weight vector. Thus

- w~ - (2.7)

where ~ Is a parameter that controls stability and the rate of convergence.

(For a study of convergence to the optimum solution see Appendix A). The In-

stantaneous gradient is also estimated by assuming that the squared error

Is an approximation of the mean square error ECc~
23. Thus the 1245 algor-

ithm uses an estimate of the true gradient.

From Figure 2.2, the estimated signal , ~~, for an n input system is

given by

~~~ x 1 - W TX (2.8 )

Substituting (2.8) into the value of the error, c, given by (2.2) yields

£ • — ~~ (2.9)

Taking the partial derivative of the error with respect to ~ produces

~~~~~

— -
~~~~~ (2.10)
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The partial derivative of the squared error with respect to W is given by

.~~~.—a 2c4~ — 2cX (2.11)

The estimated gradient at the jth Iteration, 
~~~~

, is set equal to the partial

derivative of the squared error with respect to W. Thus

2
(2.12)

Finally from the method of steepest descent, the weight vector can be deter-

mined:

~-j+l S IjJ -

(2.13)
‘~~ 2uc,~X~

When the noise canceling system has only two inputs as shown in Fig-

ure 2.3, the expression for the weight vector reduces to a scalar quantity:

W ~ W2 +2~ x (2.14)2j+i i 2~

Xl
* s + n

l +

>~~ > s

~~~~~

Figure 2.3. Two Input Noise Canceling System.

This noise cancel ing system can al so be written in terms of a feed-

back system. A general two input feedback noise canceling system Is shown

in Figure 2.4. The input d~ is the desired response and is the error.



.-

x1 — s~ +n 1 +/-
~~ \ 

10

X
2 

= 

0
~~~~

Figure 2.4. General Two Input Feedback Noise Cancel ing System.

Since the desired input is actually the unknown signal , d
1 

is often

set equal to x1 (Widrow et al ., 1975). When this is done, the system is not

a feedback system in the true sense because the error term is. now given by

C a d  LMS

— 

~LMSJ
— W~~

1
x2~ (2.15)

Thus the weight , W
1~1, is given In terms of Inputs only when (2.14)

is used to define the weight.

Since the noise cancel ing system employing the LMS algori thm as de-

fined by (2.14), is not an actual feedback system, another algorithm was

developed. This algorithm, the expected value algorithm, also attempts to

minimize the mean square error. However, a feedback approach was not taken.

Instead two weights and a brute force method of solving the matrix inverse

avoided by the LMS algorithm were used. For a two input system this matrix

is one dimensional so the inverse is quite simple.
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2. Expected Value Algorithm

The expected value algori thm uses a ratio of estimates to the ex-

pected values of the inputs in order to minimize the mean square error. The

weight, W, is derived for the expected value algorithm using the two input

noise cancel ing structure shown in Figure 2.5.

xl
a s + n

l + 
-

_ _ _ _ _ _ _ _ _ _ _  

>~~~

— n~ 
__________________

Figure 2.5. Two Input Noise Canceling System.

For this system, the estimated signal , ~~, is given by

— ax~ + bx2 (2.16)

The orthogonal ity principle gives

— s )x 1 ] 0 (2.17)

and
E((s — s)x 2] — 0 (2.18)

Substituting the value of ~ given by (2.16) into (2.17) and (2.18) produces

aE(x1x1] + bE[x2x1] - E(sx1] — 0 (2.19) 
-

and aE(x1x2) + bECx2x2] - E(sx2J 0 (2.20)

Writing (2.19) and (2.20) In matrix form gives

1~
x 1x h 1 EEx2x1]1 Fal F~

5
~

d1~ (2.21)

LEEX1XZ E(x2x2]J LbJ LEESX2 J  

~~~~~~~~~~~~~~~~~~~~~~~~~~ - .
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Taking the matrix inverse, equation (2.21) can be solved for a and b. Thus

E[sx,]E[x.,2] - E[x,x.,]E[sx.,]
a —  ‘ ‘ ‘ ‘  ‘ (2.22)

E[x1 ]Etx2 ) - [E(x 1x 2]]

and

EEx,2]E[sx,] - E(x1x.,]E(sx1]
b —  2 ‘2 ‘ ‘  ‘ (2.23)

E(x1 ]E[x2 ] - [EEx 1x2]]

By hypothesis, ECsn1] 
= 0 and E[sn2] 

= 0. Thus E[sx2] 
= 0 and

E(sx1] — Ets(s + n1)] E(s2] + Etsn1] EEs2] (2.24)

Substituting these values into (2.22) and (2.23) gives

E(s2]E[x 2]

E[x1 ]E[x2 3 - [E[x1x2]]

and

E[s2]ECx, x.,]
b — -  ‘‘ . (2.26)

E[x1 ]E[x2 3 - [EEx 1x 2fl
Let

2 2~ 2 (2.27)
Etx1 ]E(x2 3 - [E(x1x2]]

Substituting the value of ~ into (2.25) and (2.26) gives

a — ~E(x2
2] (2.28)

and
b — -cxE[x1x2] (2.29)

Looking again at the noise canceling system diagram and replacing the

values of a and b as determined in (2.28) and (2.29) yields 
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x1 s + n 1 
. 

+

aE[x2 ]
.
x2 - n 2 >ç~~~~~

::::
~

aE(x1 x 23

Figure 2.6. Two Input Noi se Canceling System for the Expected
Value Algorithm.

or

x — s + n  + -1 >ç >ç >ç~~~~~~~~ >~~
ECx2

2] a

— “2 ______________

E [x 1 x2]
Figure 2.7. Two Input Noise Cancel i ng System for the Expected

Value Al gorithm.

The term ~ can be simplified by recognizing several relationships .

One input to the noise canceling system is x1 where

x l — s + n1 (2.30)

Squaring both sides of (2.30) gives

x 1
2 S2 

+ n1
2 

+ 2sn1 (2.31)

Since E(sn1] - 0, takIng the expected value of both sides of (2.31) gIves

~ :1. 
________________
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E[x1
2] — E(s2] + E[n1

2
3 (2.32)

The second input to the noise cancel ing system is x2 where

— n2 (2.33)

Since x2
2 

= n2
2, taking the expected value of both sides gives ECx 2

2] E [n2
2].

Al so since x1x2 = Sn2 + n1n2, taking the expected value yields E[x 1x2] —

ECn,n2].

The correlation between n1 and n2 is defined as where

ECn1 n2]

~l2 * ___________ (2.34)
..jE[n1 

2]ECn2
2]

Squaring and rearranging (2.34) produces

EE Cn 1n23J 2 
= p12

2E[n1
2]Etn2

2] (2.35)

Substituting (2.35) into (2.27) gives

r 2
ES _______________________________

2 2 2 2 t2.36
ECn2 3 [Ets 3 + E[n1 3] p

12 E(n1 I

Since Etx2
2] E(n2

2], let

aEEx2
2] aECn2~]

Thus
r 2ELS

E(s 3 + E(n1 3(1 - 

°12

The system of FIgure 2.7 can be reduced again to produce a multiplier

of one in the top branch as shown In Figure 2.8.

The term s is found to depend on the apriori knowledge In terms of

the signal-to—noise ratio and the correlation between the two noise terms.

Olviding the numerator and denominator of (2.37) by E(n1
2] and recognizing
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x - s + n  +1 1 

>S? 

>~I~ 
>;

x~~~~n I

EEx1x2]

£ Cx2
2]

Figure 2.8. Two Input Noise Canceling System for the Expected
Value Al gori thm.

that the signal—to—noise ratio (S/N) is the term E[s 2]/E(n1
2] yields

S
- 

N (2.38)
W~

Thus the weight, W , for the expected value algori thm is given by

ECx, x.,]
(2.39)x2

where the term ~ must also be a multiplier of the output of the system.

In suninary, the expected value algorithm uses a ratio of the expected

values of the inputs in order to determine the weight, W. However, since

expected values are mathematical concepts , they are estimated for the com-

puter simulation in terms of the jth sequence of inputs . The two input

noise canceling system with the expected value algorithm is shown in Figure

Both the 1)45 and expected value algori thms have only one weight

which Is multiplied by the noise only input. Therefore an Interesting prob-

lem is to find the optimum weight for a linear least mean square estimate.
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xl s + n l >~~~ 
>çp 

> S EV

x2 * n 2 
_ _ _ _ _ _ _ _>\~~J S

N
I r i  , S 2qx 1X.,j ~.+l — pw ‘

E[x2 j

Figure 2.9. Expected Value Al gorithm.

3. Optimum Weight Vector

The noise cancel ing structure is shown in FIgur~ 2.10.

xl = s + n l 
> ;

x2
a n

2 >çi~~~

Figure 2.10. Two Input Noise Canceling System.

The error, ~~, for a linear least mean square estimate is given by

E(( - s)2] (2.40)

where ~ Is defined In (2.1). Substituting the value of given by (2.1)

into (2.40) yields

— E[ (x 1 — Wx2 - s) 2] (2.41 )

Taking the derivative of the error wi th respect to the weight and setti ng the
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result equal to zero produces the optimum weight. Thus taking the partial

derivative of (2.41) with respect to W produces

~~~~~‘ 
E((x 1 

- Wx2 
- s) 2] — 0

and thus

EEx 1x2] - WECx2
2) - ECsx2I 

— 0 (2.42 )

By hypothesis

E (sn 1 ] — ECsn2I 
— E(sx2J 

— 0

Solving for W in (2.42) yields

E(x x 3
O~ E[x2 3

Thus the optimum weight fo~ a l inear least mean square estimate is

given by (2.43) and the noise canceling system Is shown in Figure 2.11. This

weight is the same as that given by the Wiener-Hopf equation for a two input

noise canceling system.

S + 

. 

> ~~

x2 * n 2 
>~:ç~~;::~

E(x 1x 3
W a _ i c

_
x 2~]

Figure 2.11. Optimum Weight Vector for the Two Input
Noise Cancelin g System .

‘A .,. 
_  

_ _  .~~~~~~~~~~ 
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Notice that the optimum weight and the theoretical weight for the ex-

pected value algorithm are the same. The expected value algorithm , however,

has a multiplier of B which is not present In the noise cancel ing structure

of Figure 2.11. When B — 1 , the expected value algorithm would be the same

as the optimum if the expected values could be computed directly. The weight

for the LMS algori thm will converge to the optimum weight as the number of

iterations increase (see Appendix A).

Since both the LMS and expected value algori thms have weights which

converge to the same value , the theoretical minimum mean square error can be

found.

4. TheoretIcal Minimum Mean Square Error

The theoretical minimum mean square error for both algori thms is the

same (since the weights converge to the value given by the optimum weight)

and can be determined from the optimum weight vector. Using the noise can-

cel ing structure of Figure 2.10 and the optimum weight vector given by (2.43),

the minimum mean square error, c~~~~, can be computed:

E(x x 3
~~~~ ~l 

~~~ 
2.~ 

X
2

S

LX
2

and E E n n 3
— EC(n1 

— 
1 2  n2)

2] (2.44)

If 

E(n2 ]

- 

E[n1n2] (2.45)
Etn2 

]

then substituting (2.45) into (2.44) produces
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— EC(n1 
- yn2 ) ) (2.46)

Expanding (2.4~S) yields

— ECn 1
2) — 2yEEn1n2] + r2Etn2

2] 
. 

(2.47)

The correlation coefficient, 
°12’ 

j5 defined i~ (2.34) and can be re-

written in terms of EEn1n2]. That is:

ECn1n2] p12 JE[n1
2]Etn2~j (2.4.8)

SubstItuting (2.48) into (2.45) yields

/E(n 
2]

I /
~ E[n2 3

Using (2.48) and (2.49) the minimum error can be simplified:

- - 

2[Qlz~~
E
~
n
i:~ ]Ql2~~Etnl

z]Ecn2
z] + 

[P12
2 

:Cn2
2
]]~~

T’2 ]

and thus
* E(n1

2](l - P12 ) (2.50)

The theoretical minimum mean square error for the noise canceling

system of Figure 2.10 is given by (2.50). The minimum error depends only on

the power of the noise mixed wi th the signal and the correlation between the

two noises. As the correlation decreases to zero, the error approaches its

largest value . When the correlation actually equals zero, this is the worst

case in terms of error. Thus the error would be the same if no noise cancel-

ing system had been used. When the correlation equal s one, the error equals

zero and the best case is realized. Thus as the correlation increases and

the noise power decreases (Implying increasing signal-to-noise ratio), the

theoretical minimum mean square error also decreases.
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For the expected value algorithm , Figure 2.10 assumes that a — 1.

This is a reasonable assumption because a depends on apriori knowl edge of the
signal-to—noise ratio and the correlation coefficient p12. If this know-

ledge is known, a better estimate can be obtained .

Using the noise cancel ing structure of Figure 2.9 and the value of

B from (2.38), the theoretical minimum mean square error for B $ I can be
computed. From Figure 2.9, the estimated signal , ~~, is given by:

EEx1x~,]$ — - 2 x2] (2.51)
E(x2 I

SubstItuting (2.51) into (2.40) gives

E[x1x.,] 2C — Ef(ax - ‘ ‘ - s) 3 (2.52)
x 2

Using (2.43) and (2.48), equation (2.52) can be simpl ified:

- 012
2)62 + ECs 2](a - 1) 2 (2.53)

If B = 1, then (2.53) reduces to (2.50).

5. Sunrary of the Al gorithms

The algori thms were deri ved in a theoretical manner , but are suninarized

here in the forms which were Implemented for the computer simulation . The in-

puts, weights, and estimates are given In terms of the ,jth Iteration.

A. 1)15 Al gorithm

The weight vector for the LMS algorithm was defined In (2.13) in terms

of the error: 
-

- + ZUCj4~ (2.13)

However , since the signal , s, is not generally known, it is desirable to re-

place the error Cj In (2.13) by 
~~~~

. Then the weight vectors can be shown to 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -
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converge to the same value. Thus for the ,jth iteration

a — (2.54)

Replacing by in (2.13) gIves

* W- + 2p~ ~~ + 
~~ X (2.55)51+i 5j

and in general

j —l ,j— 1
a w + ~ E s.~X 1 + ~~~ ~.j 5 j (2.56)

i*0 1-0

Taking the expected value of both sides of (2.56) produces

.1—1

EC~~ 3 — + 2~ E ECC 1!1] # ~ 
~~~ 

E(X 1s1] (2.57)
1 1— 0 1—0

By hypothesis E~~ s] - 0. Therefore

j—I

E[~~ I + 2.~ ~~~ E[~jX 1] (2.58)
1 1—0

Therefore replacing by either or - s,~ produces the same weight

solution.

The weight vector used throughout the remainder of this paper re-

places C
j  

by and for the two input system is given by

— W~ + 2p~3x~ (2.59)

The weight vector can also be written in terms of the data inputs alone by

substituting for the value of from (2.1). Thus

a — 2~~2 ) + Z~aX1 X2 (2.60)

The weight vector, W,~ 1, is computed during the computer simulation

after determining 
~~~~~~~~~ 

This value is stored in a vector so that it can be

_ _ _ _  

1
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used to compute 

~Lt15 
for the next iteration. Figure 2.12 shows the LMS algor-

ithm for the jth iteration of the computer simulation .

xl — s . +n l
Ii 3 I r \> ( )  >

x 21
a n

21 
_ _ _ _ _ _ _ _ _ _ _ _ _

— W1(l 
- 2~x2

2) + 2~x1 x2

Figure 2.12. LMS Al gorithm as Computer Simulated .

B. Expected Value A1~orithm

When the expected value algori thm was implemented on the PDP-ll/45

computer , the expected values were estimated using an i terative approxima-

tion. For example:

I
Ex11

x2,
E[x 1 x2 ] — 1 1

1 (2.61 )
i i

The term a was set equal to one for reasons explained later. Thus for the jth

-Iteration, the expected value algorithm is implemented as shown In Figure 2.13.

The expected value algori thm can be written In a form which reveals
the way -in which the weight is updated:

I
L.j1 2 W + x x

W 
U 

— ,, (2.62 )

Ex2
2 j—l 2~

1— 1
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Xl + n1 

>:~:;;:I:~

Ex11*z . A ’ 1 + x 1 x 2
LA 1+1 

— 
i i

.1
E ~2

.2 
- I

1—1 ~~
FIgure 2.13. Expected Value Algorithm as Computer Simulated.

This form also indicates the estimation of the expected values needed for

the optimum weight vector defined in (2.43).

C. Compari son of the Al gori thms

The optimum weight vector as given in Figure 2.11 will produce the

best results in terms of mean square error estimation for the two Input sys-

tem. However, since the expected values are not known quanti ties , they must

be estimated. The difference in performance between the expected value and

1)15 algorithms can be traced to the weights. The expected value algorithm

makes two estimates (one for the numerator and another for the denominator)

before dividing the two to obtain an estimate of the weight:

I
E x x1 4 24 W 1 ~ 

+x , X
I I 4 1  Iw — ‘ ‘  a (2 63)EV1 

~~~x 2
2 W~...1 + X2

i—i

The ith inputs are used to update the (J-l)st estimates before the division 

-. -- -
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Is made.

The 1)45 algorithm however, makes one estimate for the weight:

- W1~~ + 2u~ 1x2 (2.64)
I J—i ‘-‘ .

-1

or in terms of the inputs:

W,~~ (1 - 2 zx., 2 ) + 2ux, x., (2.65)
~
“ j — 1 ‘j—l ‘j —l ‘j— 1

Al though the same terms, x1x2 and x2
2, are being calcula ted , the two

estimate approach of the expected value algorithm generally will produce a

better estimate in fewer iterations. The expected value algorithm also uses

the ith inputs to compute the .jth weight , but the 1)45 algori thm only uses

the data through the (j-1)st inputs. This i~ the reason the 1)45 algori thm

can be written as a feedback system and the expected value algori thm can not.

--TI _
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CHAPTER III

COMPUTER SIMULATION OF TWO INPUT NOISE CANCELING SYSTEM

The two algorithms described and developed in Chapter II were simu-

lated on a PDP-l1/45 computer at Duke University . In order to make the al-

gorithms more comparable, the noise cancel ing structure of Figure 2.10 was

used for the simulation. The multipl ier of B for the expected value algor-

ithm, as shown in Figure 2.8, was set equal to one. If a Is actually

calculated, a better estimate could be obta ined. However , for purposes of

comparison It was desirable to use the same amount of apriori knowledge for

both algorithms. The comparison was based on a graph with the mean square

error plotted as a function of the number of iterations.

1. Probl em Description

Values for the Inputs to the noise cancel ing system of Figure 2.10

had to be chosen before beginning the computer simulation . A dc signal was

used as the signal component of the system. The value of the signa l was con-

stant and arbitrarily chosen to be 10.0. The choice of a dc signal enabled

a more comprehensive study since a frequency dependent signal , such as a
s-Inc wave, would have had the effects of changes In phase or frequency em-

bedded in the results.

The noise was generated using the computer’s random number generator.

Uniformly distributed random numbers were obtained and then transformed to

(25 )
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zero mean Gaussian random numbers by employing the Box-Muller equations.

Each pair of Gaussian random numbers had a given variance and correlation and

served as the noise components needed for the inputs to the noise canceling

system.

The algorithms were implemented on the computer using several iter-

ative estimates . The expected values needed for the expected value algori thm

were computed using the approximation

~~~xl i
x2i

E(x1 x2 3 — (3.1)
i i

The mean square error was also approximated:

Ec~ 
— s~)

2

EE (s. - s.) 2) . (3.2)

The Initial weight vector, w(l), for the LMS algori thm was set to a

constant value of 5.0. This value was an arbitrary choice. Since the mean

square error was computed for five hundred iterations , the effec t of the

Initial weight vector washed out. If It was necessary to use a smaller num-

ber of iterations, the effect of the Initial weight vector would be more

important and thus it should be carefully chosen.

The 1)15 algorithm also required values for the parameter ~ which con-

trols the rate of convergence of the algori thm. In order for the two input

system 1)15 algorithm to converge, the value of ~a must be within a given

range (see Appendix A) defined as

- 2uECx2
2
]I < 1 (3.3)

As the value of IL decreases, the rate of convergence also decreases since

- -- .. --- -

~

- - -
~~~~~
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— 2iaE[x2
2
31 approaches 1. Three values of ~ were chosen for the computer

simulation. These were values of .01, .001, and .0001 which correspond to

graphs b, c, and d, respectively on each page of figures. For convenience

in the computer simulati on

E[n1
2) — E[n2

2] (3.4)

Therefore when the signal-to—noise ratio is 10.0, all three IL values are
within t~e range for convergence of the algorithm. When the signal-to-noise

ratio is 1.0, p values of .001 and .0001 are within the range, but a ~ value
of .01 results in equality in equation (3.3). When the signal-to—noise

ratio is .1, only the ~ value of .0001 is within the range of convergence.

Equality in equation (3.3) results for a p value of .001 and a ~ va l ue of

.01 is outside the range for convergence of the algori thm.

The theoretical minimum mean square error is defined in (2.50) and

depends only on the values of Efn 1
2) and 

°12~ 
Thus when p

1~~ 
= 0, the worst

error is produced. Figure 3.1 shows the worst case for the signal-to-noise

ratio 0f 10.0. When 1 , the best case is realized and the noise Is

completely canceled . Therefore when 212 is between 0 and 1 In value , some

noise canceling is achieved, but some error also exists.

With the noise canceling system described , the method of compari son

was a graph of the mean square error as a function of the number of itera-

tions. Each curve consisted of five hundred Iterations. Twenty-five curves

were averaged point by point before this ensemble average was plotted. In

this way, the effect of a single ensemble (or particular sequence of random

numbers) was less and the averaged curve was a smoother curve. The curves

can be compared directly or the difference from the theoretical minimum mean

square error after five hundred iterations can be used as a basis of compar-

hon.
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2. Performance Comparison

The graphs of the mean square error as a function of the number of

Iterations follow. They are arranged by pages with the same signal -to-

noise ratio (S/N) and noise correlation (212) on each page. Each page con-

tains a graph using the expected value algori thm and three graphs of the

LMS algorithm, each of which employs a different ~ value . The pages are

arranged in order of decreasing signal-to-noise ratio and decreasing corre—

lation coefficients. All of the graphs were plotted using the same scale in

order to compare them directly. When the mean square error was too large to

be within the bounds set by the scale , the curve was plotted as a straight

line until the iteration when the value came within bounds. This does not

mean that the mean square error was a constant value through this Iteration ,

only that it was too large for the desired scale (see Appendix C). Table

3.1 gives representative val ues of the curves.

The difference between the minimum mean square errors a-f the curves

Is explained by the different rates of convergence. The theoretical minimum -

error i s the same for each set of values of signal-to-noise ratio and noise

correlation. Changes in the amount of noise correlation have little effect

on the rate of convergence itself , but do change the value of the theoretical

minimum error.

Figure 3.1 demonstrates the worst case 0.0) for a signal -to—

noise ratio of 10.0. The expected value algori thm shows rapid convergence

to the theoretical minimum error of 10.0. After five hundred iterations,

the actual error (with a value of 11.22) is very close to the theoretical .

This Is the worst case for this signal-to-noise ratio. Any larger value of

noi se correlation will improve the ability of the system to eliminate the -

noise. The 1)45 algori thm does not perform as wel l as the expected value
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algorithm because the rate of convergence is slower and the minimum error

after five hundred iterations Is larger. As the value of p is decreased, the

rate of convergence becomes less. However, the p value of .001 produces a

smaller error than does the p value 0-? .01. Al though the rate of convergence

is less, the minimum error is smaller due to fewer fluctuations in the weight

vector.

Figures 3.2 through 3.4 all have the signal-to-noise ratio of 10.0.

Each figure has a different value of noise correlation. For each figure, the

expected value algorithm exhibits the best performance in terms of a lower

minimum value and a faster rate of convergence. In each case the LMS algor-

ithm with ~ equal to .01 compares more favorably with the expected value al-

gorithm in terms 0-f rate of convergence. However , with p equal to .001, the

LMS algorithm compares better in terms of minimum error. The u equal to

.0001 case of the 1)45 algorithm has a slow rate of convergence and large ini-

tial and final errors. Thus this case is not as important in the comparison

between the two algorithms.

When the signal-to—noise ratio is 10.0, small changes in correla tion
produce only small changes in the curves . As the correlation is reduced,

the rate of convergence of all of the curves decreases. The minimum error

after five hundred iterations becomes larger. The maximum error for the ex-

pected value algorithm never exceeded 100, but the LMS algorithm often pro-

duced large errors. As the correlation decreased, these maximum errors In-

creased.

When the signal-to—noise ratio was lowered to 1.0, the comparison is

more dramatic. Figures 3.5 through 3.7 display these results. Again the ex-

pected value algorithm produces the best results. The change in signal-to-

noise ratio has scarcely affected the performance of this algorithm. However, 

-~~
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the UIS algorithm has been affected by the change to a great degree. The

p equal to .01 case of the 1)45 algorithm produces a curve that is entirely off

of the scale. This is due to the fact that the value of p Is outside of the

range of convergence. The p equal to .0001 curve has a very slow rate of

convergence and the initial values are so large that the straight line effect

is observed; Thus the ~ equal to .001 curve Is the only curve for the 1)15

algorithm that can be effectively compared with expected value algori thm. The

rate of convergence is much slower than for the expected value algorithm and

the minimum error is much larger. The 1)15 algorithm again produces large

initial errors.

With a smaller signal-to-noise ratio , changes In noise correlations
are more important. Small differences in correlation have a greater effect

on the rate of convergence and the maximum and minimum errors than when the

signal -to—noise ratio -Is larger. If the correlation is constant and the

signal-to-noise ratio is l owered or if the signal-to—noise ratio is constant

and the correlation decreases, the rate of convergence is slower and the

maximum and minimum errors for five hundred iterations Increase. This was

true -for all of the- cases tested except that the maximum error for the ex-

pected value algorithm was never greater than 100.

When the signal-to-noise ratio was lowered to .10, the expected value

algorithm alone produced curves with values small enough to be wfthin the de-

sired scale. The p values of .01 and .001 are too large for the algori thm to

converge. However, as the ~ val-ie gets smaller , the rate of convergence be-

comes too slow for convergence within five hundred Iterations. Thus the ~
value of .0001 also produces a curve with values too large for the scale.

Small changes -In correlation produce noticeable changes in the expected value

algorithm curves. When the signal-to-no ise ratio was 10.0, a change In



_ _ _  - - -
~~~

31

correlation from .99 to .98 produced barely distinguishable changes in the

curves. Nevertheless, the expected value algori thm produces good results in

terms of a fast rate of convergence and a minimum error that approaches the

theoretical minimum.

3. Suninary of Two Input Resul ts

In all of the cases tested, the expected value al gorithm produced the

superior results. The expected value algorithm consistently had a faster

rate of convergence and a smaller minimum value . It also had two fewer in-
puts than the LMS algori thm since an initial weight vector, W(l), and a 

~~

value did not have to be chosen. The expected value algori thm never produced

error values greater than 100, but the LMS algorithm produced many values that

were too large to be graphed on the desired scale.

The complexity of the two algorithms is approximately the same. In

order to calculate the weight vector, each algori thm requires two mul tipll-

cations. The expected value algori thm also required an additional division.

However , i n terms of performance, the extra division time Is wel l worth the

small trade off in speed. Each algorithm computes the same terms, x1x2 and
x2
2, but the expected value algori thm updates two estimates at each iteration

before dividing the two to obtain an estimate of the weight, W. The 1)45 al-

gorithm , however, only computes one estimate of the weight. Al though the one

estimate takes less time, the two estimate approach produces better perform—

ance.

The probl em in choosIng a p value proved to be great. In general , as
the u value decreased , the rate of convergence also decreased, but the minimum

values of the curves approached more closely the theoretical minimum error due

to fewer fluctuations In the weight vector. Since only the first 500 itera-
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tions were used, the range of p was even smaller than equation (3.3) would

-Ind icate. This small range proved to be an Important drawback to the 1)45 al-

gorithm. The large error values produced by some values of ~ created storage

and graphing problems that were not present in the expected value algorithm.

For signal-to—noise ratios of 1.0 and .10, the reason that the larger values

0-f p generated curves off the scale was due to the fact that the p value was

not in the range for convergence. However, for small values of u, the large i
errors were probably due to the slow rate of convergence of the weights.

Al though the choice of the initial weight vector was not Important

in this study because of such a large number of iterations, ft could have an

effect when considering a smaller number . In any case, the effect of the

choice is not as Important as that of the p value because it tends to wash

out after several i terations. This Is another value , however , which must be

chosen for the IllS algori thm and which is not necessary for the expected value

algorithm.

The comparison between the two algorithms Is dramatic when the signal-

to—noise ratio Is high , but becomes even more so as the signal-to-noise ratio

decreases. When the signal-to—no ise ratio ~s 10.0, the results are closer If

a correct ~ value Is chosen than when the signal-to-noise ratio is .10 and

only the expected value algorithm can be said to converge within five hundred

-Iterations. The performance for all signal-to-noise ratios and correlation

values tested reveal that the expected value algori thm works better for a two

Input noise canceling system with a dc signa l and Gaussian noise than does

the 1)15 algorithm.

I
I
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Table 3.1. Representative Values of the Curves Obtained:
Two Input Noise Canceling System

Each page contains four graphs labeled a, b, c, and d. These have
characteristic values given by several parameters:

- the signal—to—noise ratio
P12 — the correlation between the noises n1 and n2
TMIN - the theoretical minimum mean square error
Algorithm - the algori thm employed-either expected value or LMS
p - the value of the parameter p for the LMS algorithm
MAX - the maximum value of the curve
MIN - the minimum val ue of the curve

S
Figure N ~

‘l2 TMIN Al gori thm MAX MIN

3.la 10 0.0 10.0 expected value 100 11.22
b LMS .01 230.4 26.82
c LMS .001 242.0 23.68
d LMS .0001 259.1 117.4

3.2a 10 .95 .975 expected value 100 2.408
b LMS .01 142.6 16.04
c IllS .001 153.8 10.26
d LMS .0001 165.0 71.72

3.3a 10 .75 4.375 expected value 100 5.728
b IllS .01 162.3 19.99
c LMS .001 172.3 14.50
d 1)45 .0001 184.6 82.11

3.4a 10 .50 7.5 expected value 100 8.778
b 1)45 .01 185.7 23.68
c LMS .001 195.5 18.75
d 1)45 .0001 209.3 94.55

3.5a 1.0 .95 9.75 expected value 100 10.97
b LMS .01 3.Ol9E2l 1426
c LMS .001 1426 36.0
d LMS .0001 1536 95.03

3.6a 1.0 .85 27.75 expected value 100 28.52
b 1)45 .01 3.438E2l 1526
c LMS .001 1526 56.88
d LMS .0001 1628 117.2
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Tabl e 3.1 cont’d.

S
Figure i~ ~lZ Th IN Al gorithm MAX MIN

3.7a 1.0 .75 43.75 expected value 100 44.06
b IllS .01 3.715E21 1623
c IllS .001 1623 75.52
d 1145 .0001 1720 137.5

3.8a .10 .99 19.9 expected value 100 20.88
b LMS .01 overflow overflow
c IllS .001 3.277521 13830
d 1145 .0001 13830 146.0

3.9a .10 .98 39.6 expected value 100 40.03
b IllS .01 overfl ow overflow
c 1145 .001 3.648521 13940
d IllS .0001 13940 168.8

3.lOa .10 .97 59.1 expected value 100 58.71
b 1145 .01 overflow overflow
c 1)15 .001 3.993521 14050
d 1115 .0001 14050 191.3
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Figure 3.1. Computer Simulation of the Two Input System.
S/N • 10.0 and p12 

• 0.0.
(a) Expected value algorithm.
b 1145 algori thm, p .01.
c LMS algorithm , ~ 

• .001.
d LMS algorithm, p • .0001.
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Figure 3.2. Computer Simulation of “the Two Input System.
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(a) Expected val ue algorithm.
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Figure 3.4. Computer Simulati on of the Two Input Sys tem.
S/N • 10.0 and p12 

• .50.

a) Expected value algori thm.
b) LMS algorithm, p • .01 .
c) LMS algorithm , ~ • .001.(d) LMS algori thm, 
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• .0001.
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Figure 3.5. Computer Simul ation of the Two Input System.
S/N • l . 0  and p1~ •.95.

(a) Expected value algorithm.
(b) 1.115 algori thm, p • .01 .
(c) IllS algorithm, ~ 

• .001.
(d) 1.115 algorithm, p • .0001.
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(a) Expected value algorithm.
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Figure 3.7. Computer Simulation of the Two Input System.
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(a) Expected value algorithm.
(b) U’IS algorithm, p • .01.
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Figure 3.8. Computer Simulation of the Two Input System.
• S/N • .10 and .99.

• (a) Expected value algori thm.
(b) 1145 algori thm, u • .01.

- (c) 1.115 algorithm , p • .001.
(d) 1.145 algorithm , p • .0001.
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Figure 3.10. Computer Simulation of the Two Input System. I I
S/N * .10 and p 12 • .97.

a) Expected value algori thm.
b) 1145 algori thm, p • .01.
c) INS algorithm, p • .001.
d) INS algor ithm, ~ • .0001 .



CHAPTER IV

EXTENSION TO THREE INPUT NOISE CANCELING SYSTEM :

DERIVATION OF THE ALGORITHMS

The algorithms derived and simulated in Chapters II and III are ex-

tended in this Chapter to a three input noise canceling system. The goal of

the algorithms is to minimize the mean square error. Again the performance

of the algorithms is determined from a computer simulation.

A three input noise canceling system has one input containing a mix-

ture of signal and noise and two inputs of noise only. The weight vector

contains two weights. The three -Input system is shown -In Figure 4.1.

xl = s + n l
> +  > s

x2
a n

2 
)PI

~
::;

~~
?_

~~~

—

.
x 3

a n
3 >-ç;i::~
Figure 4.1. Three Input Noise Canceling System.
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The signal , s, is uncorrelated wi th the noises, n1, n2 , and n3, but
the noises are correlated with each other. The estimated signal , ~~ , is

given by
- W2x2 - W 3x3 (4.1)

and the error is defined by (2.2) as

c S — S  (2.2) H
The weights , W2 and W3, are determined such that the signal estimate,

~~ , is a linear least mean square estimate.

1. L145 Algori thm

The INS al gorithm -Is easily extended to the three Input noise can-

cel ing system of Figure 4.1 because several scalar quantities of the two

Input system are simply replaced wi th vectors . The weight , W , of the two

input system is replaced wi th the vector W where - -

1w 1
~* Lw ~i 

(4.2)

The input x2 is replaced with a vector of noi se only inputs:

rx l  -

~.•I 
2

1 (4.3)
• LX 3J

The next weight vector, W,~11 , is calculated utilizing (2.13) and (2.59) wi th

(4.2) substituted for W and (4.3) substituted for x2. Thus,

* + 2u~~X~ (4.4)

or in matrix form:

• Iwl Iw l lxi
~ 

* 
I 

2
1 + 2p 2

; (4.5)

j i

• • - •  • - • - -  -

I.- ~~~~~~~~~~~~~~~ - 
— --- - ---- -——-

~~ - ——-- ~-
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where

• x1 - w Tx (4.6)

or
s
3~~~

x1 - W 2 x2 -W 3 x3 (4.7)
j  i i  i i

In terms of the inputs , the weights of the three input system are

given in Figure 4.2.

xl * s + n l 
_ _ _

x2 • n 2 ()
w2 • w 2 +2 p~~x23+1 3 3 3

W2 (1 - 2px2 
2) + 2px2 (x 1 

— W3x3 ~

• 

• +

W 3 (1 - 2px3 
2) + 2px3 (x1 

- W 2 x2 )
3+1 3 j i i  i i

Figure 4.2. 1145 Algorithm.

The LMS algorithm can be easily extended to any number of inputs

necessary to solve a noise canceling problem. The expected value algorithm

involves a matrix inversion, but is an estimation of the theoretical optimum

solution. The tradeoff between the two algorithms is in terms of the com-

plexity and performance.

• - ~~ “ ------ ~~--- - - —-
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2. Expected Value Algori thm

The expected value algori thm attempts to minimi ze the mean square
error by estimating the optimum weight vector for Figure 4.1. The optimum

weight vector can be determined by solving for the weights that make the

partial derivative of the mean square error with respect to the weights

equal to zero. This is equivalent to solving the Wiener-Hopf equation for

a three Input system.

Equation (4.1) can be written in matrix form:

• x1 — wTx (4.8)

where W and X were defined in (4.2) and (4.3). Substi tuting (4.2) and (4.3)

into the definition of the error given by (2.2) yields

- 

- WTX - s (4.9)

Squaring and taking the expected value of both sides of equation (4.9) pro-

duces the mean square error: -

• E[(x1 
— s) 2] - 2WTE [(x 1 

— s)~J + wTECxx T
~w (4.10)

In order to find the value of W that minimizes (4.10), it is necessary to

take the partial derivative with respect to ~~~ . Thus

~~ EEc 2) • —2E((x 1 - s)~.] + 2E(~~
T)W (4.11)

Expanding (4.11) and recalling the hypotheses that E[sx2] 0 and ECsx3)~~ 0
gives

~E EEc 2] -2E(x 1~.] + ZEEXX T ]W (4.12)

Define the two expected value terms in (4.12) as follows :

~~~~~~~~~~~~~~~ E(~~~~(
T

]

-~~~~~~~~~~ -~~~~
_ -

~~~~~
, - --

~~~~
-_ 
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or
E(x,x2] E[x2x,] 1“ I

— E(x 2x3] E(x 3x3] J
and

E[x1~J

or rEcx1x2n
I (4.14)

1— [EEx1x33j
Thus , substituti ng (4.13) and (4.14) into (4.12) gives

. E(e2] 
~~~ 

+ 2j~ W (4.15)

In order to find the minimum error, the partial derivative In (4.15) -Is set

equal to zero. Solving for W gives

~~~~~~~~~ 
• 

(4.16)

Equation (4.16) can also be written in matrix form utilizing (4.13) and

(4.14) :

IE(x2x2] E[x2x3]11W2] IEtx 1xz]1
I II I I I (4.17)
LEEx3X2) E(x3x3Jj LW3J LE[x1x3)J

Taking the matrix inverse, (4.17) can be solved for W2 and W3:

ECx 1x2]E(x3x3] - E[x 2x3]E(x1x3] 18)2 E[x 2x2j Elx3x3J — E[x 2x3JELx 2x3J

and

E[x x JEEx x 3 - E[x x ]E[x x 3
3 E lx2x2JE [x3x33 

— ELx2x3JEL x2x3J

Thus the values of and as determined In (4.18) and (4.19) are

the optimum values necessary to minimize the mean square error. They are



_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  —
-- —-

50

in fact the solutions to the Wiener-Hopf equation , (1.2), for a three input

system where R 
~~ 

and ~ The expected value algori thm utilizes
— 1—

these optimum weights in order to estimate the signal . The expected values

are mathematical terms and are estimated (see (2.61)) for the computer simu-

lation of the three input system. Figure 4.3 shows the three input noise

cancel ing system with the weights determined from the theoretical derivation

of the expected value algorithm.

4,—’>( )
~ 

> S EV

•

‘. ‘ x

E[x 1x2)EEx3
2
3 - E[x2x33Etx 1x33

E[x2 ]ECx3 3 - CECx2x3fl
x3 n3 __________________________________

~~
‘

E(x 2
2)ECx 1x3] Etx 2x3]E(x 1x2]

E(x2 ]EEx3 3 - [ECx 2x3
])

Figure 4.3. Expected Value Algori thm.

Since the expected value and LMS algorithms both converge to the same error

(see Appendix A), -It is useful to determine the theoretical minimum mean

square error.

3. Theoretical Minimum Mean Square Error

In order to effectively compare the two algorithms , it is desirable

• to determine the theoretical minimum mean square error. The optimum weight

vector for a linear least mean square estimate was determined by the expected
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value algorithm. Thus using (4.18) and (4.19) for the weight vector, (4.1)

for the estimated signal , and (2.40) for the minimum error , the theoretical

minimum error can be calculated:

tm-In 
• E((~~~ 

- s) 2] (2.40)

and

a E[(n 1 
- W2x2 - W3x3)

2] (4.20)

Equation (4.20) can be simpl ified using Figure 4.1 and replacing x1, x2, and
x3 with their equivalent values in terms of s, n1, n2, and n3. The definition

of correlation given by (2.34) is also used:

• E[n1~] 
- 2W2Etn1n2] - 2W3E[n1n3] + 2W 2W 3E[n2n3]

+ W2
2E[n2

2] + W 3
2E(n3

2)

and thus

* E(n.~
2] - 2W 2012.1JE[n1

2]E[n2
2) - 2W3p13 JE[n1

Z]E(n3
2]

+ 2W2W3P23~JE(n2
2]E(n3

2] + W2
2ECn2

2] + W3
2E(n3

2] (4.21)

The optimum weight vector given by (4.18) and (4.19) can be rewritten

in terms of s, n1, n2 and n3. The definition of correlation In (2.34) also

helps to simplify the vector. Thus,

~E~i• c1 / 2 (4.22)
‘ 

~.,/ E(n2 )

where

p — p  p
• 12 23 13 (4.23 )

• 
1 — p 23 

—--• ---- - -  • - - •--— -—--—-~~~-- - • • -  _—
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and 2JEEn, 3
W • c 2 J ‘ (4.24)

~J E [n3 )

where P -0  P13 12 (4.25)
1 — 

~23
Substituting (4.22) and (4.24) into (4.21), the theoretical minimum 

- 
I

error can be simplified further: 
-

a Etn1
23~1 - 2p12c1 - 2p13c2 + 2c 1c~p23 + c1

2 # c2
2] (4.26)

where c1 and c2 are defined by (4.23) and (4.25).

Since the weight vectors of both al gorithms converge to the optimum

weight vector (see Appendix A), the theoretical minimum mean square error of

both algori thms Is gi ven by (4.26).

4. Suianary of the Algori thms

The algorithms are suninarized here in the forms that are used for the

computer simulation. The inputs , weights, and estimates are presented In

terms of the jth -Iteration.

A. U’IS Algorithm

The 1245 algorithm utilized the computed value of for the com-

puter simulation. The values of the weights at each iteration are stored

so that they can be used to compute the weights for ~the next iteration.

Therefore the 1245 algorithm is simulated for the .jth iteration as shown In

Figure 4.4 .
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X = S + f l  +1 1 

- 

+ _ _ _ _

x 2
a n

2 >K:;~::~
+ 2~S .

3 3 - i ~ j-l

* + 2~ S 4 1x33 ,j—1 ~ i— i

Figure 4.4. 1245 Algorithm as Computer Simulated .

B. Expected Value Algorithm

The expected value algorithm is derived In terms of the expected

values of the inputs which will minimize the mean square error. Since the

expected values are mathematical quantities which are not known exactly, the

expected value algori thms must estimate them and is therefore only an approxi-

mation to the optimum solution.

The expected values were estimated using the iterative procedure des-

cribed in Chapter II. The expected value algorithm for the jth iteration of

the computer simulation is implemented as seen in Figure 4.5.

C. Comparison of the Algorithms

The optimum weight vector will produce the best results for the three

input system. However, s ince It can ’t be calculated directly the expected

value algorithm approximates It by estimating the expected va lues. As -In

the two input case, the LMS algorithm attempts to estimate the optimum weight

vector as one term while the expected value algori thm estimates each expected

value before combining them to form the weight vector. Al though this method
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xl • s + n - l - +

- 

>~~~~~} > ~~~

(Ex1 x2 )(Ex3
2) - (Exz x3 )(Exi x3 )

w • 

1 i*1 i~ I 1

(Ex2
2)(Ex3

2) - (Ex2 x3 ) 2
i*l i*1 jal

~~~~~~~~~~ 

>(‘7~ -

\~ J 3 3

~ (E*2
2) (Ex1 x3 ) -

a — 1~1 i*l 1
“3 3

(Ex 2
2 ) (Ex 3

2 ) - (Ex2 x 3 ) 2

1~1 1 1  ja i

Figure 4.5. Expected Value Algori thm as Computer Simulated .

is more complex and more time consuming due to the increased number of mul—

tipllcations and divisions , the improved performance justifies it. The 1245

algorithm could also be written in terms of a feedback system as in the two

input case, but this is not necessary. The expected value algori thm can ’t

be a feedback system because it needs the jth inputs to compute the jth es-

timate. The 1245 algorithm Instead computes the .jth weights wi th the data

through the (j-l)st Inputs. This method is not as effective as that of the

expected value a lgorithm.
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CHAPTER V

COMPUTER SIMULATION OF THE THREE INPUT

NOISE CANCELING SYSTEM

The three input algorithms developed in Chapter IV were simulated on

a PDP—ll/45 computer at Duke University. Figures 4.4 and 4.5 give the al-

gorithms in terms of their computer implementation.

1. Problem Description

Parameter values had to be chosen before starting the simulation.
The signal was a dc signal with value 10.0 as in the two input case. The

values of the initial weight vector for the LMS algorithm were again constant.

The first weight, W2, was set equal to 5.0 as in the two input case, and the

second, W3, was arbitrarily set to 3.0. These values were not important due

to the large number a-f iterations.

The choice of the parameter ~ for the LMS algorithm was again a
problem as it was for the two input system. In order for the algorithm to

converge, the value of ii must be in the range (see Appendix A) defined as: -

Ii - 2pEtX~~Jl -c 1 (5.1)

where X Is defined by (4.3). The three ~& values of .01, .001, and .0001,

corresponding to graphs b, c, and d, re— pectively on each page of figures,

are the same as those used in the two input system simulation. Al so for

convenience In the simulation,

(55)
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E(n1

2) • E[n2
2] • E[n3

2] (5.2)

When the signal—to—noise ratio Is 10.0, all three values of ~ are wi thin the
range for convergence of the algorithm. When the signal—to-noise ratio is

lowered to 1.0, the ~ value of .01 is outside the range of convergence.

Both ~ values of .01 and .001 are outside the range of convergence when the

signal-to—noise ratio is .1. For a given signal-to-noise ratio , a decrease

in the parameter ~ results in a decrease in the rate of convergence since

the quantity I1-2~EE~.
T!]I approaches one.

The noise was generated using the method described in Appendix B.

• Independent zero mean Gaussian random numbers were generated and then trans-

formed using this method to correlated Gaussian random numbers. The correla-

tions, 
~i~ ’ 

p13’ and °23’ were parameter values of the program. The input

matrix EEX3
X
J
T] has to be a positi ve semi-definite matrix. Thus the trans-

formation matrix , made up of correlation values and given by (5.3)

J~i ~l2 P13
f

°12 1 
~23 (5.3)

LP13 p23 1 
J

has to positive semi-definite. This restricts the choices of the correlation

values . Once two correlation values have been chosen, the third must be Se-

lected In such a manner that the matrix is positive semi-definite.

The mean square error was approximated using (3.2) as in the two in-

put case. Iterative estimates were used for the expected values as shown in

Figure 4.5.

The theoretical minimum mean square error was defined In (4.26). Its

value depends only upon the values of LEn1
2], 

°i~ ’ 
p13, and p23. When the

three correlations all have values of zero, the worst case is realized and

_ _  -~~~~~~--- -  
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no noise can be effectively canceled . As the correlations increase in value ,

noise canceling occurs.

The method of comparison of the two algorithms was the same as for

the two input case. Graphs of the mean square error as a function of the

number of iterations were used. Twenty-five, five hundred iteration ensem-

bles were averaged to obtain the curve that was plotted. As In the two input

system, the three input system simulation curves are compared for differences

in rates of convergence and minimum error after 500 iterations.

2. Performance Comparison

Following are the graphs of the mean square error as a function of

the number of iterations. Each page contains graphs with the same signal-

to—noise ratio and correlation values . One graph using the expected value

algorithm and- graphs of three values of IL for the LMS algori thm are on each

page. Again all of the graphs are plotted on the same scale. The straight

l ine effect (see Appendix C) is still observed when the value of the mean

square error is too large for the boundaries of the scale. Table 5.1 gives

representative values for the curves .

Figures 5.1 through 5.3 set the signal-to-noise ratio to 10.0.

Each figure has a different set of correlation values . The expected value

algori thm exhibits the fastest rate of convergence and the smallest error

after five hundred iterations . However , graphs 5.lb and 5.2b, which are

the p values of .01 for the L~MS algorithm, are very similar to those of the

expected value algori thm. Thus if a “correct” p value is chosen, the re-

• sults can be close to the optimum results as estimated by the expected value

algorithm. As the 
~~ 

value decreases , a slower rate of convergence is cvi—

denced and the minimum error after five hundred iterations Is further from

- • - __- ••—-—---- •---—--- ••—_ •• •_ -- •-• • - _ . .. .- _- --_ - -- _•—- • -  A
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the theoretical minimum . If two a-f the correlation values are small (Fig-

ure 5.3), the difference between the expected value and LMS algori thm be-

comes much greater.

Figures 5.4 through 5.6 lower the signal-to-noise ratio to 1.0. The

same correlation values are used again. The smaller signal-to—noise ratio

produces dramatic results. The expected value algorithm generates the best

curves in terms of the rate of convergence and the minimum error. The ~
value of .001 for the 1245 algorithm produces the only curve that can truly

be compared with the expected value algorithm. Nevertheless, its rate of

convergence is much slower and its minimum error is much greater. The u val-

ue of .01 generally produces values that are too large for the desired

sca le or curves that appear to converge to a large error. For this signal-

to—noise ratio , the ~ value of .01 is outside the range necessary for con—

vergence. The ~ value of .0001 has such a slow rate of convergence that the

straight line effect is again observed. As the correlation decreases, this

case of the 1245 algori thm has an even slower rate of convergence and even-

tually the value of the mean square error for five hundred i terations is too

large ~or the desired scale.

FIgures 5.7 through 5.9 lower the signal-to-noise ratio to .10. Only

the expected value algorithm generates curves wi th values small enough for

• the desired scale. The 
~~ 

va lues of .01 and .001 are outside the range for

convergence o-f the algori thm. When ~ equals .0001, the rate of convergence

is too slow for convergence within five hundred Iterations and the minimum

values of the curves are still too large for the scale. Al though the p value

of .00001 i s not shown , the minimum value was found to be larger (for only

fi ve hundred i terations) than the case where ~ equaled .0001. AgaIn there

is a storage and graphing problem created due to the large numbers generated

ft 
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by the LMS algori thm that is not present with the expected value algorithm.

3. Suninary of the Three Input System Results

The expected value algorithm proved to be the superior algori thm

for the three input case as it was for the two input system. The rate of

convergence is consistently faster and the minimum error is smaller than for

any of the u values of the 1245 algori thm that were tested. For a signal-

to-noise ratio of 10.0, the LMS algorithm produces curves similar to those

of the expected value algorithm . However, this occurs for only one particu-

lar ~ value since other p values do not produce results that are as similar.
As the signal-to-noise ratio decreases, the expected value algori thm clearly

produces the best results. Several ~ values also generate curves whi ch
have values too large to be plotted.

• In several cases, the expected value algori thm generated curves

whose minimum values were less than the theoretical minimum va l ues . Thi s Is
probably a peculiarity of the computer simulation and the computer used .

Since all of the noise was generated wi th the same variance , this probably

contributed to the small minimum errors. This would be especially noticeable

wi th small signal-to—noise ratios because of a higher possibility of ari th—

metic roundoff errors.

The expected value algorithm is more complex in terms of the number

of multiplications and divisions required to implement it. Again , the

several estimate approach of the weight vector used by the expected value

algorithm enabl es a better estimate in fewer -I terations. For a three input

noise canceling system, a two dimensional matrix inverse is required. Al-

though an inverse of thi s size matrix i~ more complex than the 1145 algori thm,

the tradeoff In terms of performance appears to Justify this added complexity .
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The effect of changes in correlation is hard to assertain because of

the large number of values per curve. Generally as the correlations were

lowered, the difference between performance of the two algorithms became

greater. With three Inputs, the signal-to—noi se ratio appeared to have more

of an effect on the results .

The problem with the LMS al gorithm is the same as in the two input

system. Values for the initial weight vectors and for ~ must be chosen.

It Is almost impossible to determi ne beforehand the best values for these

parameters (in terms of minimum mean square error and convergence rate). Un-

fortunately, unless the p value i s chosen correctly, the 1145 algorithm may

not converge or may have a slow rate of convergence and large errors even

after five hundred i terations.

2
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Table 5.1. Representative Values of the Curves Obtained :
Three Input Noise Canceling System

Each page contains four graphs labeled a, b, c, and d. These have
characteristic values given by several parameters:

S

- the signal-to—noise ratio
- the correl ation between the noi ses n1 and n2

~l3 
- the correl ation between the noi ses n1 and n3

~23 
- the correl ation between the noi ses n2 and n3

TMIN - the theoretical minimum mean square error
Al gorithm - the algori thm employed-either expected value or LMS
p - the value of the parameter p for the Ill S algori thm
MAX - the maximum value of the curve
MIN — the minimum value of the curve

S
Figure N ~l2 ~l3 “23 TMIN Al gorithm MAX

5.la 10 .90 .90 .80 1.0 Expected value 100.0 2.390
b LMS .01 72.29 6.361
c LMS .001 72.29 11.12
d LMS .0001 72.29 46.04

5.2a 10 .75 .20 .75 1.371 Expected value- 100.0 2.933
b IllS .01 66.57 4.557
c LMS .001 67.04 13.83
d LMS .0001 68.50 50.13

5.3a 10 .25 .99 .25 .1989 Expected value 99.99 2.893
b LMS .01 207.1 48.55
c LMS .001 207.1 16.02
d 1245 .0001 207.1 65.10

5.4a 1.0 .90 .90 .80 10.0 Expected value 99.95 2.882
b - 1145 .01 911.1 538.9
c LMS .001 722.9 20.35
d LMS .000 1 722.9 104.9

5.5a 1.0 .75 .20 .75 13.71 Expected value 99.99 5.148
b 1145 .01 665.7 108.4
C IllS .001 665.7 21.56
d LMS .000 1 610.3 132.0

L . ~~~ •
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Table 5.1 Contsd

S
Figure ~t “12 “13 “23 TMIN Al gori thm ~ MAX MIN

5.6a 1.0 .25 .99 .25 1.989 Expected value 100.4 7.386
b IllS .01 Overfl ow Overflow
c LMS .001 2071 77.33
d 1115 .0001 2071 139.3

5.7a .10 .90 .90 .80 100.0 Expected value 99.32 7.724
b IllS .01 Overflow Overflow
c LMS .001 9189 799.9
d LMS .0001 7229 157.6

5.8a .10 .75 .20 .75 137.1 Expected value 100.1 27.06
b 1115 .01 Overflow Overflow
c 1.115 .001 6657 299.9
d IllS .0001 6657 191.5

5.9a .10 .25 .99 .25 19.89 Expected value 100.9 52.08
b 1215 .01 Overf low Overflow
C 1145 .001 Overfl ow Overfl ow
d 1115 .0001 2.071E04 359.3
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Figure 5.1. Computer Simulati on of the Three Input System.
S/N — 10.0, .90, “13 

a .90, and “23 
* .80.

a) Expected value algorithm.
b) IllS algorithm, ~ - .01.

• c) 1245 algorithm, p .001.
d) 121$ algorithm, ~ 

- .0001. 

• . • . - . . • - . • • •• • 
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FIgure 5.2. Computer Simulati on of the Three Input System.
S/N * 10.0, “l2 ~~~ ~13 .20, and 

~23 ~~~
• a) Expected value algorithm.

b ) LMS algorithm, p .01.
C) LMS algorithm, p — .001.
d) IllS algori thm, p .0001.
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Figure 5.3. Computer Simulation of the Three Input System.
S/N — 10.0, 

~~ 
.25 , ‘13 .99, and 

~23 .25 .

(a Expected value algori thm.
b 1145 algori thm, p — .01.
C 124$ algori thm, ~ • .001.d LMS algori thm, p • .0001.
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Figure 5.4. Computer Simulation of the Three Input System.

S/N a 1.0, “12 — .90 , “13 — .90, and “23 — .80.

(a) Expected value algori thm.
- 

b) 1245 algorI thm, ~ — .01. -

c) 1245 algori thm, ~ - .001 .d) 1145 algorithm , ~ 
• .0001.
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Figure 5.5. Computer Simulation of the Three Input System.

• S/N — 1.0, “12 ~~~ “13 * .20, and “23
(a) Expected value algori thm.
(b LMS algorithm, p .01.
(c LMS algorithm, p — .001.
(d 1215 algori thm, p • .0001.
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FIgure 5.6. Computer Simulation of the Three Input System.
S/N • 1.0, “12 .25, 

~13 
•~
g
~ and “23 

r .25.

(a) Expected value algori thm.
• (b) 1245 algorithm , p • .01.
• (c LMS algorithm , p .001.

(d LMS algorithm , ~ 
= .0001.
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70 - s i- - i ~- • 
~
- minl inu error too large for scale 
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nue~er of iteratIons

a - b

r~1n$rn t,, •rro r too l arge for scale ,u,InI,’um error too lar oe for ~i cale

C d

Figure 5.7. Computer Simulati on of the Three Input System.

S/N ~~~~~~ “12 ~~~ ~13 
.90, and 

~23 
.80.

(a) Expected value algorithm.
(b) IllS al gorithm, p a .01.
(c) 1145 algori thm, p • .001.
(d) 1215 algorithm, p .0001.

L
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Figure 5.8. Computer Simulation of the Three Input System.
a .10, “12 • ~~~ “13 .20, and p23. .75.

(a) Expected value algori thm.
(b) 1145 algorIthm, ~ .01.
(c) 1145 algori thm, p .001 .
(d) 1145 algori thm, p • .0001.
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Figure 5.9. Computer Simulati on of the Three Input System.
S/N .10, 212

2 .25, “13 ~~~~~ and “23
w .25.

(a) Expected value algorithm.
(b) LMS algori thm, ~ 

a .01 .
(c) LMS algori thm, ~ 

• .001.
(d) LMS algorithm, 

~~
• .0001.
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CHAPTE R VI

SUt4IARY AND FUTURE WORK

1. Siminary

This research compares two al gorithms used in noise cancel ing systems .

The first part studies a two input noise canceling system. The expected val-

ue an d LMS (leas t mean square ) al gor ithms are compared i n terms of their mean

square error performance. The second section extends both algorithms to a

three input noise canceling system. These results are then compared.

Chapter II derives the algori thms for the two input noise canceling

system. The optimuii weight vector is given ~y the Wiener-Hopf equation as

explained in Chapter I. The expected value algori thm as implemented for the

Computer simulation is an estimate to the optimiun algorithm in that the math-

ematical expected values are replaced with estimates. The L.MS algori thm

attempts to lessen the complexity Involved in the matrix inversion by using

gradient techniques and the method of steepest descent.

Chapter III reveals the results 0f the two input system computer

simulation . The expected value algorithm proved superior in that it had a

faster rate of convergence and lower rninlmt.an errors after five hundred iter-

ations. The difference was especially apparent at lower signal—to—noi se

ratios and lower values of noise correlation . The LMS algorithm also pre-

sented problems In that values for the initial weight vector and for p had to

be chosen. Al though the choice of the Initial weight vector was not as

(72)
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Important when considering fi ve hundred iterations , the value of ~ was ex-

tremely Important. In order for the algorithm to converge, the value of the

term had to be within a specified range which proved small when only five

hundred Iterations were considered.

The algorithms are extended to a three input noise canceling system in

Chapter IV. Again the expected value algori thm is an estimate to the optimum

for a cninimun linear least mean square estimate. The LMS algorithm Is much

simpler because It does not Invol ve a matrix inversion.

Chapter V reveals the results of the computer simulation of the three

input system. The results are similar to those for the two input system.

The expected value algorithm has a faster rate of convergence and smaller

minimum errors. However , for several cases of correlation val ues, the 1)15

algorithm produced results that we re extremely similar to those produced by

the expected val ue algori thm. Nevertheless , this only happened for one value

u while the other two p values tested produced results that were much worse.

The additional complexity of the expected value algori thm due to the matri x

inverse is still justi fied. Unless the Is correctli p value is chosen , the re-

sul ts will be much worse than the optimum .

In general , the expected value algori thm performs better than the 1145

algorithm. For a noise canceling system wi th only two or three inputs , an

estimate to the optimum method is better. With a small number of Inputs, the

added complexity invol ved in Inverting the Input matrix is justified in terms

of performance. This added complexity In forming the weight vector is prob-

ably the reason for the better performance. Al though both algorithms compute

the same terms (In terms of the data), the expected va lie algori thm updates

several estimates before combining these to form one estimate for the weight

vector. The LMS algorithm, however , only forms one estimate. The several

__________________ _ _ _ _ _ _ _
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estimate approach of the expected value algorithm produces a better estimate

of the weight vector in a fewer number of iterations.

The additional problems encountered when implementing the LMS algor-

ithm (that is, choosing values for p and the initial weight vector) al so

discourage Its use. The expected value algorithm does not have these prob-

lems and its performance is better in terms of rate of convergence and min-

imum errors.

2. Future Research

This research should encourage efforts to study the tradeoffs between

complexity and perfo rmance that exist In many algorithms. Often algorithms

are developed for the more intricate cases of a problem. Thus whfle the

algorithm may be the only practical way to solve the more complex problem,

this -is not always true when the problem is in a simpler form.

The two input noise cancel ing system was studied thoroughly and the

expected val ue algori thm produced better results. The three input system

needs to be studied more carefully. The rel ationship between changes in

correlation values should be established. Wi th variations for three correla-

tion val ues, only a few were selected to study here. The Importance of one

correlation value with respect to the others should be ascertained. Changes

in the variance between the noise inputs should also be studied.

In general , the importance of the initial weight vector of the LMS

algorithm should be studied. For this research, the value was arbitrarily

chosen. If less than five hundred iterations are essential , the initial

weight value will be more important.

This study shoul d also be ex tended to systems with more Inputs to

determine how large a system can be handled practically wi th the expected

_________________ 

—
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value algorithm. Many programs today are availab le to invert a matrix quick-

ly. This would enable larger systems to employ this estimate to the optimum

weight vector.

This research is only a beginning , but it should encourage further

research in this area. The major contribution should be the questioning of

algorithms to solve simpler problems when the optimum method would produce

much better results.
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APPENDIX A

CONVERGENCE OF THE WEIGHT VECTOR FOR

THE LMS ALGORITHM

In order to make the compari son between the expected val ue and 1115

algorithms valid, it is necessary that their weight vectors converge to the

same val ue. The weight vector for the expected value algori thm is shown to

be an estimate to the optimum weight vector in SectIon 3 of Chapter II. 
-

Therefore, it is only necessary to prove that the weight vector for the 1145
algorithm converges to the optimum weight vector.

Looking first at the two input noise canceling system, the weight

vector for the L!IS algorithm is defined to be

+ 2~s~x2 (A. l)

The optimum and theoreti cal expected value algori thms have a weight vector

given by

E[x 1 x2 ]
w ,, — W , • (A.2)OP~j Ll

j E[x 2 ‘]
j

To prove that the 1145 weight vector converges to the optimum weight
vector, It is essential to show that

u r n  E(wL,,~s
] • (A.3)

(77)
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For the two input noi se cancel i ng system,

• x1 
- W~x2 (A .4)
i .1

Substituting (A.l) and (A.4) into (A.3) produces

E(W 1~~ 3 * E[ (1  — Zpx2 
2)W1~~ + 2px 1 x, 3 (A . 5)

j  ‘ j

Reducing the index by one , W~~ can be wri tten in terms of W~~~. . Thus
j

(A.5) becomes

E(W~J~ 3 E~(l—2px 2 
2)(l..2~~ 

2 )W~~5 + (l-2px 2 
2 )( 2px1 x )

j+l j — 1 j —l j  j —l

+ 2ux1 x2 3 (A.6)

Equation (A.6) can be rewritten In terms of W1j450
. Both Inputs x1 and x2 are

uncorrelated over time. Therefore 1 the expected val ue can be taken of each

product in (A.6):

EEW L215 1 (l_2PECx 2 )
~~

WL,45 ~

2uECx1x2]El + (l-2~ECx2
2]) + (l-2pECx 2

2])2 +

+ (1-2pECx 2
2
3)~] (A.7)

Recognizing that the second term in (A.7) is a geometric series , (A.7) can

be simpl i fied:

rl-cl -2uEcx 233 j+l1
EEW~J45 ) (l-2pEEx 2

2])~~
1W~~ +[

2
2 j

2uECx j~2) (A. 8)

in order for (A.8) to converge, it is required that

— 2pE[x2
2]( < 1 (A.9)

Assuming that (A.9) Is true, taking the l imi t as .j approaches infinity of

both sides of (A.8) gives

- -~~ _ _ _
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E [ x x ]

j+l E[x2 3

This is the desired result. The weight vector for the LMS algorithm

converges to the optimum weight vecto r when (A 9) is true .

A study of convergence was made in more detail wi th an arbitrary set

of parameters for the two input noise cancel ing system. A signal-to—noise

ratio of 10.0 and a correlation of .95 were used for the study. The values

of p tested were .01, .001 , .0001, and .00001. Figure A.l shows t”~ graphs

of the mean square error versus the number of iterations for one ensemble

and the above parameter val ues. One ensemble was graphed Instead of the

usual average of twenty—five ensembles to emphasize the fluctuations In the

error. Looking at Figure A.l , the largest p value coincides with the fastest

rate of convergence, but the mean square error does not steadily or smoothly

decrease to a minimum value . Instead the val ue fluctuates considerably.

The second graph with p .001 exhibits the smoothest decline towards a mi n-

imum value , but the rate of convergence is slower than the curve in (a) and

the mean square error still varies with a small number of iterations. Never-

theless , the mean square error in ( b ) has reached a smaller va l ue after five

hundred iterations than in (a). Graph (c) displays an even slower rate of

convergence than (b) and graph Cd) does not appear to begin to converge after

five hundred iterations .

For the above parameters, the value 0f the optimum weight Is approxi-

mately .95 . Examining the value of the weight vector at each iteration re—

veal s more about the rate of convergence towards the optimum weight vector.

Al though wi th p • .01, the rate of convergence Is the fastest, there are

large fluctuations In the value of the weight vector. Even after two thousand
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iterations , the weight vector does not appear to converge , but instead fluc-

tuates in val ue between -l and +3. Wi th p • .001, the rate of convergence
is slowe r, but the weight vector exhibits fewer variations in value. The

fluctuations are mainly between .7 and 1.7. The case with p .0001 shows

an even slower rate of convergence than the previous case, but the fluctua-

tions in the values of the weight vector have almost disappeared. Inspecti ng

the rate of convergence for two thousand iterations Indicates that the

weight should converge after approximately twenty-five hundred iterations .

The last case studied was with p * .00001. The weight vector again showed

almost no fluctuations in value , but Instead , a steady decline towards the

optimum value. Convergence based on this rate will not occur until approxi-

mately six thousand iterations.

The results of the convergence test can be extended to the three in-

put case . Al though the study is not as extensive as for the two input sys-

tem, It Is shown here that the weight vector for the 111$ algori thm converges

to the optimum weight vector. It was shown in Section 2 of Chapter IV that

the weight vector for the expected value algorithm is an estimate to the

optimum weight vector.

The weight vector for the 1115 algori thm can be written In vector

form:

}~4J45 • + (A. l l )
j+l j J

or

1’~21 1W21

Lw3i
L~~~ 

+ 2p~ I_ x3jj 
(A.12)

It Is necessary that

_ _  
-_ --~~- .-~~~~~~—~~~~~~
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• llm EE~ ,~ • 1
] 

~opt 
(A .13)

The optimum weight vector is given by (4.17) and is

~opt 
(A.14)

or 

~opt 
• 
[E[x2x2] E[x2x3]1

1 
[EEx ix2

1] (A.15)
LE(~ x3] E[x3x33J ECx1x3]

Taking the expected value of both sides of (A.ll) gives

E(k~~~~~
] 2 Ef3~~~ + 2u~~ X~] (A.l 6)

Substituting for in (A.16) yiel ds

EN~~~~~) • E~2px1 X~ + k,..~~[l_2p~.j
T
!j]3 (A.17)

Equation (A.l7) can be rewritten in terms of the (j-l)st iteration :

E[~~~ 3 E(2px 1 X. + 2px 1 X. (l~2~x Tx )
j J ._ 1 J i i

(A.18)

Equation (A.18) can also be wri tten in terms of and the expected value

can be taken of each term. Thus

Ef~L~~ 3 * W0(l_2pE[~
T&])i~ + 2uECx 1~J[1 + (1-2pE[~

TX )] +

+ (1-2uEC
~~ .

T!])
~~~ ] - 

(A.19)

RecognIzing that (A.l9) contains a geometric series which will converge when 
-

il 
- 2uE[!T~.JJ < 1 (A.20)

(A.19) can be written in a simpler form :
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LEW 3 * W (1_2PE(X T
~J)~~

l + 2pEEx 
~J (A.21 )LMS~+1 0 1 l- [1-2pE[~ ~J3

Thus when (A.20 ) hol ds, the series will converge. Taking the limi t of both

sides of (A.21 ) produces

u r n  
EEk~~~~3 

a (E[~.
T JY 1 ECx1~.3 (A.22)

This Is the desi red result. Thus the weight vector of the LMS algor-

ithm does in fact converge to the optimum weight vector for both the two and

three input noise canceling systems.

- 
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Figure A.l. Convergence Test of the LMS Al gorithm for the Two Input System.
S/N a 10.0 and 

~l2 •

(a p a .01 .
(b ~~• .o0l .
(c p a .000l.
(d)  ~ • .00001.
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APPENDIX B

NOISE GENERATION FOR THE THREE INPUT NOISE

CANCELING SYSTEM

The computer simulation requi res three correlated Gaussian randc~m

numbers for the noise components to the three input noise cancel i ng system.

An unpubl ished paper by Charles S. Liu, University of Michigan—Dearborn,

develops a technique to transform a n-dimensional vector of independent

Gaussian random numbers to correlated Gaussian random numbers. The method

will be suninarized here.

Let L
T=CZl,Z2,... ,Z,~] be an n—dimensional random vector whose ele—

mei~ts are independent Gaussian random numbers with zero mean and unit var-

iance. The vector Z may be transformed such that it contains new random

variables :

~ PZ (B.1)

where P is an n x n transformati on matri x specified by the covariance matrix

~~~a

~~~
ppT (8.2)

The transformation V • P1 is not unique since there are an Infinite number

of matri ces which sati sfy (B.2). Since the covarlance matri x Is real

(84 )
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sytimietric, the elgenvectors, (Y 1} of 9 are orthogonal. Thus 9. can be diagon-

alized as shown:

A
2.. 

(8.3)

0 
•
~n

IF (8.3) is premultiplied by 
~~~~~~~~ 

,
~~

] and posbnultiplled by

then

CL1 ~~~~~~~~~~~ 
,~~,.. ,y ] T

gj:L1 ,y v ]  ,y, y j1 *

xl 0’

x2.
a [L1.!.2’...’~n] o ~ (84)

Thus 9. can be rewritten_ using (3.4) so that

9 * CL1’!2’...’~~
] ~~~ ~~~~ [~~ v , Y]T (3.5)

o~~~~~~o~~~rç
Recognizing that (8.5) Is of the same form as (B.2), the transformation

matrix ~ can be defined as

p a C ! 2 ...
~!~

] (B.6)

o ~rç
Therefore the eigenvalues and elgenvectors of the covari ance matrix

determine the transformation matrix necessary to obtain correlated Gaussian
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random numbers from independent ones. That transformation is defined by (8.1)

where P, the transformation matrix, is given by (8.6).

I.

_ 
~~~~~~~~~~~~~~~~~~~~~~~ i~~~~~~~~~~~~~~~~~~~~~~~~~

—
~~~~~~~~~~

-
~~~~~~~~~



APPENDIX C

STRA IGHT LINE EFFECT OF GRAPHS

In order to make the comparison between the algori thus clearer and

more apparent, it was desirable to plot all of the mean square error curves

using the same graph scale. The graphs were produced on a computer screen

of l imi ted size. When the val ues were too large to be within the range of

the scal e, the curve was plotted as a straight line at the top of the screen.

Al though the straight line section of the curve tends to Imply that the

curve has a constant value over this range, this Is not the case. Figure

C.l shows this effect by rescaling one graph so that the entire curve lies

within the boundaries of the scale. This is done using the maximum and mi n-

Imimi values of the curve as the maximum and minimum points of the scale. If

a graph is replaced by the statement that the minimum error is too large for

the scale, this means that for five hundred iterations the error Is always

greater than 140.

(87)

~~~~ 
_ _ _ _ _ _
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APPENDIX D

COMPUTER SIMULATION PROGRAMS

A. Two Input Noise Canceling System

Purpose:

The computer simulation was the basis of comparison between the ex-

pected val ue and LMS algori thms. The equations given for the algorithms In

Figures 2.12 and 2.13 were Implemented on a PDP-ll/45 at Duke University.

The mean square error was computed and plotted as a functi on of the number

of iterations.

Speci fications:

The specifications of the problem were descri bed In Section 1 of

Chapter III and they are summarized here.

1. The signal Is a dc signal with value 10.0.

2. The noise was generated using the computer’s uniformly distribu-

ted random number generator and transforming to zero mean Gaus-

sian random numbers with the Box-~j11er equations.

3. The ini tial weight vector W(l), for the LMS algorithm was set

equal to 5.0.

4. The mean square error was computed using an iterative estimate:

L I (89 )

_ _ _ _  - - -•~~-—~~~~~~~- - — -—
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5. The mean square error is computed for 500 iterations to produce

one ensemble curve. Twenty-five ensembles are averaged point

by point and this curve Is plotted as a function of the number

of iterations.

Program Structure : 
-

A separate program is employed for each algori thm. The program

ESTSIG Implements the expected value algori thm and the program ANEST Imple-

ments the LMS al gori thm. Each program is divided into two main parts . One

part generates the noi se , computes the weight vector, and determines the

mean square error. The other part averages the ensembles and plots the re-

sult. Figures 0.1 and 0.2 show the structure of the programs.

7rogram Seqment Descriptions

1. ESTSIG -— Main program to Implement the expected value algori thm and

compute the mean square error; calls subroutines CGAUSS

and PLOTIT.

INPUTS: RO -— correlati on p12 between the two noises

XVAR -— variance of the noise n1; E(n1
2)

YVAR -— variance of the noise n2; E(n2
2]

OUTPUTS: plot øf the mean square error as a function of the number

of Iterations.

2. ANEST -— Main program to implement the LMS algorithm and compute

the mean square error; calls subroutines CGAUSS and PLOTIT.
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INPUTS : C -— term which determines the rate of convergence.

RO -- correlation P
12 between the two noises .

XVAR -- variance of the noise n1; E[n1
2].

YVAR —— variance of the noise n2 ; E(n2
2).

OUTPUTS: plot of the mean square error as a function of the n umber

of iterations.

3. CGAUSS (r1 ,12,RO,x,Y) -— generates a pair of zero mean Gaussian ran—
- 

dom numbers using the Box-Muller equations

to transform two uniformly distributed

random numbers; calls library uniformly

distributed random number generator RANDU.

INPUTS : Ii -- seed number
RO -— desired correlation P12 between the pair of numbers.

XVAR —— desired variance E(n1
2) through COMMON statement.

YVAR -— desired variance E[n2
2] through COMMON statement.

OUTPUTS: X -— zero mean Gaussian random number

V -— zero mean Gaussian random number
12 -— seed number.

4. PI.OTIT (X,NP ,NV ,NS) -— plots mean square error as a function of the

number of iterations; calls library plotting

subroutine TEKPLT.

INPUTS: X -— matrix where each row Is a vector of points to be
plotted so that up to five curves can be plotted

on the same graph; can also be entered as a vector
• if only one curve Is to be plotted.

NP -— number of points wi thin each vector for plotting.

T1~~~~~~~I 

- -



92

NV —— number of variables or curves to be plotted on the

same graph.

NS —— scaling determinant; value of zero allows programer

to scale while value 0f one provides automatic

scaling .

OUTPUTS : plot of vectors entered as a function of the number of

points within the vector.

B. Three Inout Noise Canceling System

Purpose:

This computer simulation extends the two Input system In order to

furthe r compare the two algori thms . The equations for the two algori thms

are given in FIgu res 4 .4 and 4.5. These were impl emented on the PDP-ll/45

computer at Duke University . The mean square error was plotted as a function

of the number of iterations .

Speci fications:

The spicifications for the problem were descri bed in Secti on 1 of

Chapter V and are simnarized here.

1. The signal is a dc signal with va l ue 10.0.

2. The noise was generated wi th a method developed by Charles LIu

and described in Appendix B. Independent Gaussian random numbers

are transformed to correlated ones using this method.

3. The Initial weights for the LMS algorithm were set to arbitrary

val ues: W2(l) 5.0 and W3(1) 
* 3.0.

4. The mean square error was computed using an Iterative estimate:

U

-

~

-

~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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ESTSIG

PLOTIT

TEKPLT RANDU

Figure 0.1. Computer Program Structure Diagram for the Two
Input Noise Canceling System with the Expected
Value Algori thm.

1± ~~~~~-~~ -- ~~~~~ - . _  . - - -
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ANEST 

F

PLOTIT CGAUSS

TEXPLT [ RANDU

Figure 0.2. Computer Program Structure Diagram for the Two
Input Noise Cancel ing System wi th the LMS
Algorithm. 
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Computer Program Listing

ESTSIG

C :!5T3I~ •. TO E~T!MA1E A SIGNAL
C 

-

t CI ~d E P % $ I O N  SIO ( 0 ) ,T EMP ( 5e0 ) ,T ~ 3E(~ 0g), Tf rsE2 (5Oa)
CO MPi Ct /A/XVAR ,YVA R
‘CATA Z1,12116401,0/
W R IT E (5, 90)

- RU0 (6,91) RO
k RITE (5, 80)

‘REA C (6 ,83) XY AR
bRIT E (~ ,-81)
R E A p  (6,83) ~~A R
~IiO ! 1ER z25

:P,5;l
•31 MA %. s lO,O
k RIT E (6 ,94 )  RO, XVA R,  Y V A R

‘CC 1202 J~c*~~5~~1000
CC 2~ Is 1,~ 90

25 •S I G ( X ) ~ $ I G N A L  -
‘CC 1~ G Ki I,NCZTE R

CC 101 JPcL 2 j ,~~0O
101

~CC 10 I’1,~ $0
CALL C GAU~ 5 (I1,12,RC,X ,T)

X2 cY
I~t S U14xI *X 2
•L2’U2 .X2~ X2
L3’L’1/U2
TE 1~P ( I) .(  (X 1’sU 3 *x2)~ SI ,~ ( I))**2

‘CC 11 J~1,!II T~’5 E2 ( I)sT:~’3E2(I) + T EMP (~ )

10 TM SE U) ’ TMSE ( I )  + 7~Pliac1)100 CCNTZtU E
CC 220 IL’1,500

200 T $SE( IL ) ’ TP~3E( !L)/ (~ L CA T (~ Cj TE R ) )
CALL PLC UT CT M3E ,520,1 ,~ $)

C
II ‘

~0RM A T (/ 1X , I X V A R t ,/ IX , 1 e O ~~~~~~~
1
~Uec iV I )

81 FO RP~A T  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
83 PORMAI ~EL5,8)84 FCR PIT ~~~~~~~~~~~~~~~~~~~~~~~~06 FC RP~ T (t5)
90 FCR w A T  (/1~ ,~ RO I ,/ 1X , Per uvo ,~~~~ I)
91 F OR ~ A 1 (P12 ,~

)
FCRM *T (/ 1X ,iNS’ ,/U,’~~’)‘ FCR~ A T ( I I)  .



THIS PAGE IS BES T QUALITY FPACTIc.~~LE
FRO~ COPY FU1~1~-1S1i~D TO _~~~~~~

—

96

94 ‘FCR~ A T (tX ,P10,~ ,1X,E1 6,8,jX,Et 6.8)
96 PC Rl~A T ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~97 PC R ~ A T (P10 ,1)

CA LL EXIT
INO

_ _ _ _ _ _ _ _ _  
__________ 4
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THIS PAGE IS BEST QUALITY PRLC~TL .B~I&
~~OM C~OF~ ~Ui~.L’~I~.H” TO DD,C ., ~~~~~~~,.—

ANEST

C
- 

, A N ES T IS A PROGRAM 1~C - E S T I M A I E  A 5IGP~A L
C US ING THE .l,.P3 A LGCR~ 7~W~

CI PtEl~3 I O N  ~c5o1) , s! .Gc !eo) ,TMsE (5ec ) ,T psE2(s øe) ,TEM pcsea )
CO MMO N / a / X V A R , Y V A R
CA T A 11,12/16401,0/
k R ~ TE (5 ,92)

:READ (6,91) C S

W RIt E (6 ,93)
‘R EAD (6,83) RQ
-WR ITE (6, 85)
‘READ (6,91) XVA R
WRITE (6 , 86)
READ (6,91) V YA R
NOITER! 1 

- -

3
•
~~~tGN AL s19,0 

I

W RITE (6 ,80) .C, RO, ‘X V AR ,Y VA R
‘CO 1009 L~ 1,59a

1000
CC 25 1’ IpSOO

25 •S IC(I)iSIGKAL
‘CO 1~~0 X a l , .NO IT ER
‘CO 101 J ML ’ t , 509
T MSE2 (JKL) s~101

‘CC 69 Isi,.590
CALL CGAU SS CI1,I2,~ ”,X,V )

• X1~ SIG(.j)tXX2 sY
• .$MA T~ X 1~ W C : )*X2

( 1,1) ( 1) +2 , X2,l (SPl A T )
T E M P ( I ) s ( 3 PA T .5 1 G ( I ) ) * ~ 2

‘CC 1~1 J* i,I
U T M $ E 2 ( 1) a T .P ’8E2 (t )  + TL M P(J )

~~~~~~~~~~~~~~~~~~~~~~~~~~
60 T MSE( I)~ T M8E( I) + 1?$U(1)
*08 CONTIN UE

CC 202 %, ‘ l ,SOl
200 T$$ E(ML ) .TP3 E( I ’ U. )/ (F L C AT (PO l l ER) )

C A LL  PLOTIT ( I M S E , 5 0 1 1 , N S)

C
6 2 ‘PO RNAT( I6)
62 ‘P ORKAT ( / t ~ , t NOt lE R1 i /1X, 1V!U~~~

)
80 FORM A T C,1X,E11 ,$,1~~,F13.~~,1~~,2( I15 ,8,1X ) )
31
82 F CR ~ A 1CF ’~ 0 ,1)

P OR~ A 7 (F 18

— — — — .— -~~~~ — —-- — - -  rn——---•-• - --
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THIS PAGE 15 BES T QUALITY ?RACTICAS~Lt
CO~X FURN1S}1E1 TO 1~DC

98

15
H
90
91 ‘PORM*T (Et6 q I) -

- 92
93 PORMAT (I1X , tRC t ,/IX ,’e”ee’oec,’)
96 ‘FCRMAT ( / lX ,’NS’ ,/lX , ’’’)
97 PO R M A TCI I )
3000 CA LL EX IT

END

• 

I 
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THIS PAGE IS BEST QUALITY PRLCTICJ~BLE

~~QM CW’X i~~iL,~h~ L) £0 D.DQ , ..-

CGA USS

•S UBRCUTI NI CcA U3S ( I1,I2 ,RO,X,Y)
C

C TO $EPIERATE CCRRELATEC -~ A~S31AN RAND CP 1~1 MCER3B
C IMENSIOP4 A ( 2 3

CCMPiC P /A/ XV AR ,YV AR
C A TA P1,xMt ~,YP ~IJ/3 ,14I59 ,a.,0,/XX VA R C X VAR )
~~VAR .8Cp ’T(YV A R )
CC 20 J*j,.2

10 C ALL RA I40U Cl1 ,12 ,U)
iF (U ,EQ , 1,00080) ~C 70 10
IF CU ,E0, 0,00080) IC TO 10

20 CONTI NUE
C ’ SOP T ( 2 !0*AL .CG (A ( i)))
C181N(2,2*PI*A(2))

X ‘XNU + XX VAR * C’S

RETURP ~- (N C

- -
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THIS PAGE IS BEST QUALITY PB,LC?ICABLZ
~R0~L C~)rY FU~~1S1~~ TO LiDQ ~~~_ .—

100

PLOTIT

5U S R C U T I NE P L C T Z T ( x , P ~F ,p ” i , N~ )
C 1PENSZC N X ( , NP), X M*X ( 5 ) , X $ !T(5) ,XP ’Ebt (5)

C
C S C A L E  C A T A

C

DC 30 ‘J*j , NV
ZrEA N CJ) ~0,0

CC 19 I~ 1~ HP

to X M A X C J ) ’ A M A X I ( X $ *X ( J ) , . X ( J , I ) )
- 

X~ 2 C ~J).X~ A Xç J )
CC 15 1~ 1~ NP

j, 5 X N ( J ) s A M I ~i 1 C X M t $ ( J ) , ~I ( J , I ) )
I F CX MAX( ~ )) 2 0,22 p39

22 X N A X ( J ) s X M I b ( 4 )
OC~ 25 Iat,NP

25 X P , A X ( J ) . A M A X 1 ( X N A X ( . J ) ,~~( J , I ) 3  —

~0 CC~ TxN UE
a - X~’A X I i X M A X t 1 )

CU 27 I2 1,HY
bX ZseMA~ j(XNAX!,xMAX(1) )

27 N aAp ~jN 1 (Xp ’INI ,XM i~ CI))
I~(~3,EG,2) .C.C TO 50

49 IP C AES ( X NA X TZ NT ) ,~4E ,3,t) GO IC 4~
00 10 ~045 Y5;315 ,/AB3 (~~ ,1X ~ ay jN 1)

50
I~ C NS ,N~ ,0) ~O 10 65
CALL. T EI(PLT(g ,0 ,9,2,2 3
I1’E(5,233~)CC. 80 15 1 ,NV

62 ~R X1E (6 ,2490 ) ~~~~~~~~~~~~~~~~~~~~~~~~~RR1TE (6,2508)
REAC (6,it0O) ‘r3
! F ( A 5 S ( r 3 a x f ’ 8~~I ) , sT , 32 ,24 6) ~8.32 .E + 8/ ~~p A X I
“‘45,/IS
WP ZIE (6 ,2690 )
R E A C ( 6 , 1t 9 9 )  T I N T

85 CAL L TE~ PLt (0,0,Q,~ ,0)CAL L TENPLT(2,62,1 o13~2,1!)CALL TE~~~~~( 2,5o ,6~ o ,5se,6~ o)
C A L L  T E N P C 2 , , p ~~~5 q , 6 4. 3 )

E CAL L T€ CPLT (2 ,$50 ,10 ,See ,642)
CALL , ~~~~~~~~~~~~~~~~~~~~~CC 102 J~ t ,1d -

I
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ThIS PAGE IS BEST QUALITY PBLC?ICU~~ 101

~ *Y Yu ibki~.i) TO £~DQ ~~~~.-

CA LL T EKPI,T (2 ,SS, Iv,60 ,IT)
CAL L Tt~FLT (2.I41,Iy,e50 ,Iy)
XP~YINT+ (45,/YS)*P LOA T (l’J)
I!.IY”d
CALL TEKPLT (3 ,155 ,j’y,$,$)

100 WPITE(6,2900) Xf
Cc 150 J s 1,11

CALL , TENPLT (2~ IX,19,I X ,2O)
C A L L  1E K P L T ( 3, IX~~~3 2 0 , I X, 3 3 S )

159 C A L L  T E K P L ’ r ( 2 , I X , 63 0 , L X ,d 4 e )

cc eea Js1, Pi~YY ’(X(J , 1),YINT)*Ys,3fl .
IF ( A 8 $ ( Y Y ) , Gt , 3 , I E 0 8 ) y y , 3 , E i 6 a y y / A 0 $ ( f l )
IVY s I NI CYT )

CALL TEI(PLT(3,5,IYY,!,Irf)
W R ITE(6,2700) .,
DC 009 I ’2, NP
Yt !(X (J ,I”1 ).YINT)*Y8$326,

IF(A 1S (T1) ,GE,3,1E+ 6) 1123 ,E ,6*Y1/Aa5( ’Vl )
IY1.~IPiT CY 1)

12’CXCJ ,z).rINT)*V34325, 
•I F C A E 8 ( ~r2 ) ,GE ,3 , f E + 6 )  Y2 s3,E+d*y2/ ~ 85(Y2 )

1Y2’ !MT(Y2)
j X l a ( I * X S ) + 5 1 ,
1X2’C!s1)*X3450,

8O~ CA LL TE~cP %.1 (2,!X 1,!yi,IX2 ,I’t2)
1000 PCRMAT (1X,18)
1109
2000 FCRIi%T(~ hs,1PE18 ,3)
235g PCi3P!AT (,tX , ‘ V A R I A e L E I ,5 P y p A X ’ , 11X, l y ~’I N I , t j X, 1 p ! E A N I / / )
2409 FC~MAT (1X,IS,3(5X,1PE19.3))
2500 FCRMA T (//1x , ’E NT ER V eA X IS SCALE’ /1X~~(2600 PCRMAT (/ / 1x, ’EN T ER X~~ X~ $ PC3I’UCP~’/1X ,’(
270o FQRMAT (114s,j2)
2200 PCRNAT(/ //)

R E T U R N

L
--- --— ..~~~~~~~ —-- - ---—--—-.--•-  — ------ - - -- - - - —- 
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5. The mean square error is computed for 500 Iterations to produce

one ensemble curve. Twenty-fi ve ensembles are averaged point by

point and thi s curve is plotted as a function of the number of

iterations.

Program Structure

A separate program is utilized for each algori thm. The programs

ESTSI2 and ANEST2 implement the expected value and LMS algori thms, respect-

ively. Each program is divided into three main parts. The first part finds

the eigenvalues and eigenvectors of the input correlation matrix so that

correlated Gaussian random variables can be generated. The second section

generates the noi se, computes the weight vector, and calcula tes the mean

square error. The third section averages the ensemble curves and plots the

resulting curve. Figures 0.3 and 0.4 show the structure of the programs.

Program Segment Descriotions

1. £51512 -— Main program to implement the expected value al gorithm and

compute the mean square error; calls subrouti nes JACOBI ,

GAUSS3, and P10111.

INPUTS : VARN I -— vari ance of the noise n 1; ECn1
2].

OUTPUTS: plot of the mean square error as a function of the number

of iterations.

2. ANEST2 -- Main program to implement the LMS algori thm and compute

the mean square error; calls subroutines JACOBI , GAUSS3,

and PLOTIT. 

-----~~~~ -~~~~ -. -- 
_ _ _ _ _ _ _
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INPUTS: VARN I -— variance of the noise n1; E[n1
2].

CMLI -- rate of convergence term, ~z .

OUTPUTS: plot of the mean square error as a function of the nLanber

of iterations.

3. JACOBI(T, E1GEN, R012, R013, R023)

-— subroutine to compute the eigenvalues and eigen—

vectors of a syumietric matrix. This program ‘Is

a variation of the one listed in Applied Numerl-

cal Methods. It is used to transform independent

Gaussian random numbers to correlated ones.

INPUTS: A(1,2) -— correlation , o’~~, between the noises n1 and n 2.
A(l ,3) -— correlation, p13, between the noi ses n1 and n3.

A(2,3) -— correlation, p23’ between the noises n2 and n3.
OUTPUTS : I -- matrix where each column is an elgenvector.

EIGEN -— vector of eigenval ues

~~l2 -— correlation, °l2’ between the noises n1 and n2.
R013 —— correlation, p 13, between the noises n1 and n 3.
R023 -— correlation, p 23, between the noises n2 and n 3.
list of the elements of the Input matrix, A.

4. GAUSS3 (IX,S ,AM,F) -— subroutine to generate three independent Gaus-
sian random numbers; calls GAUSS.

INPUTS: IX -- seed number
I S -- standard deviation of the variance of each random

nLunber;.jE[n1
2]

AM -- desired mean of the generated Gaussian random

numbers. 

--~~~-~~~~ - .  - • ——— - - - - - — -~ -----— - -—-~~
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OUTPUTS: F -— vector containing three independent Gaussian
random numbers.

5. GAUSS (IX , 5, AM, V) -- scientifi c subroutine package program to

generate one independent Gaussian random

number; calls library subroutine RAfl~u.

INPUTS : IX -- seed number

S -— standard deviation of the desired random number.

AM -- desi red mean of the random number.

OUTPUTS: V -— Gaussian random number generated.

6. PL.OTIT CX , NP, NV , NS) -— plots mean squares error as a function of

the number of iterations; calls library

plotting subroutine TEKPLT.

INPUTS: X -— matrix where each row Is a vector of points to

be plotted so that up to five curves can be

plotted on the same graph ; can also be entered

as a vector if only one curve is to be plotted.

NP -— number of points within each vector to be plotted.
MV -— number of variables or curves to be plotted on

the same graph .

MS -— scaling determinant; value of zero allows pro-

graniner to scale while value of one provides

automatic scal ing.

OUTPUTS: plot of vectors entered as function of the number of points

within the vector.
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Figure D.3. Computer Program Structure Diagram for the Three
Input Noise Canceling System with the Expected
Value Al gori ttin.
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AIIEST2

P10Th GAUSS3 JACOB I

__ I\ L
IEKPLT GAUSS

RAN DLI

Figure 0.4. Computer Program Structure Diagram for the Three
Input Noise Cancel ing System with the LMS
Algori thm.
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ESTSI2

131312 •. T O EST!MAT~ A S IGNA L U~ IhG 1~ E EXPE CTED
t V AL U E  A L G C R I T 1 4 1’ A N C  T kC P~O7 ,~ E ‘ONLY
C I P F U T 3
c- C IMENSIOP4 $ ICC60e ) ,TE PP(5e 0 ) ,DsE (~ 0e),TP sE2 (5ao )

CIMEP~SION •CIAG(3),Y (3).V~C5 (3,3),VAL3(3),FC 3),EDEN(3,3)- C I N e N S I O N  EIDENC3) ,1(3 ,3) , TRAhS ( 3, - 3 )
‘CCUSI,E PREC ISICN VEC S,VALS ,OR C I2,0R0 13 ,-CR0 23
G A l A Ix,AI4,16491,a,t1
kRIT E (6~~09)
RE A D (6 ,83) VA R N I
~~~R I T E  ( 6, 1 1)

•3~3 CRT CV AR N1 )
P ’QITEA ’35
~CC 1009 JN~ 1~ 500
3 19 ) ‘10

10 50
CC 1$ I’1 3

• 
‘CC 19 J u l , 3• 19 EDEN(t ,J)à9,2
CALL. J A C O S  I (V ~~C 3 , V 1 I , S , C R c 1 2 ,  CPC 13sC~C23)-DC 22 I’le3
.EI9E$C1)aSPi G~, ALS (fl)
‘CC 20 J’1,3

20 l(I,4)XZNGL,CVECS(? ,,J))
RC12u$NGL (CROI2)
R013.SNGL (CRC13)
R023 .sNGLiCnC23)
‘CO 21 I’1,3 

-

21
CC 22 I ’1,3 -

*2 EDENC !,I).CIAC(I)
CC 15 1.1,3 

- -

CO 15 J’1,3
15

* T (X ,3)*EDEPI(3 ,4)
CC  100 M . 1, P $ C I T E R

*12.0 ,9
~13s$ ,I

*33.0 ,0
CC 10~ JK L ~~1,5II

101 TMS E2(J I L)sa,S
CC no 1.1,611
CA LL 9AU353 CIX, $ ,A)’,P)
C C 17 N~~j ,3  -

- 
XI SSIGC !)$v (1 )
*2’Y(2, 

- -~~~~~~~~~~~~~~~~~ — - - - - - - —
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‘X3ar (3)
A 12 uA 12 +X 1* X2
A13’A13,X1*X3
A221A22+X2*X2
A33.A33+X3*X3

• A 2 3 s A 2 3 + X 2 a X
P~~D E N. A 22 * A 3 3. A 23 * A 2 3

) 2 1 C A 1 2 * A 3 3. 1 1 3 *A 2 3 ) / W C E N

Pi 35 (A 13 *A22 .A12 *A 23)/ %rCEN
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~‘CC 11 J ’t , !

11 T M8E2 ( I)a l~ SE2( I)  + T!~ P(J)
TP ’ 3 E2 ( i ) aT ~ SE2( I)/ ( f t . CA ’ T ( I ) )

220 li’SE (fl ’fl3ECI) s TPli2 (I)
C~ N TII~iUECC 29 1 IL ~ 1,509

291 T~ 5E(1L )zTP~ EC IL )/(F%.CAl(?1 C 1TER) )
CALL . PLO TI 7 CT ~SE,!Cg ,1 ,0)

C

89 PC R I ~A T ( / U, ’ y A R ~~1 1 , / 1 X , G~~~~~~ C o ;~~~~eo O)

j 1 ~~~~~~~ ~ I ~~~~~~~ I)
83 F C R I A T CEId ,a)

F C R ”AT (F~ ,1)3000 CA L L.  EX I T
•EN~
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ANEST2

c AN E ST2 ‘. IC ESTIMA It A SIGNAL LSING flE LPS
C A~ 0 CR I T ~4 M • H.C T~ O t ’ C I S E  CMLV IP~PU T 3
C
C

CIMEN3ION 3IGC~0g).,TE?”P(5e0),TP!E(50e),D3E2(60a)CIMEN3I ON CIAGC3),Y(3),VEC3 (3,3),VAL~ (3),F(3),EOEli(3,~)CIMEP’8!ON EIGEN (3),I(3,3),TRA~ S(3,3),~ 2(~e1),~ 3(5a1)CCU 6LE PREC ISION ~EC~ , ~ALS ,ORC 12,0R013,CR02 3•CA IA IX,A M/ 164 01 ,0,B/
bRITE (6 ,82)
REA D (6,8 3) YAR N I
kRITE (6~84)READ (6,83) CMV
bRIT! (8,813
3 * 3 D R T ( V A R ~ t )
‘~OZT!R’2510~~i JNS1,509
•SI C~ J~~’10,a1000 TMSE (4 ().O ,6
CC 19 I~ 1,5

‘CC 10 J~ i,3
19 EC E N ( 1 ,J ) a l , C

CAL L J AC OS I (VEC5 , VA L 8 ,CRC1 2,CRO t3,p ~ C2-3)
CC 22 Ia 1,3
E Z~EMCl3.St%GL (VALS(1))22 J ’i,3

20
R012.SNGL. ( CSGI2 ) -

‘P013’ SNGL C C RD 133
RC23 ‘S N CL C C RC23 )
CC 21 111,3 -

21
-CC 22 I’t,3

22 ECEN(I,I)’sCIAG(I)

CC 18 1.1,3 -

CC 18 J’1,3
15 TR A NScI ,J ) ,T ( I,1)*ECEti(1,J)sl(I,,2 )* ECEP(2j J )+

* T (I,3,*EDENC~ ,1J)
‘CC 100 K.1,NCITEN
CC 101 JI(L,1~ 600
~I2(J$L).0•$
P~3(JKL).9,2101 TMSE2(JlcL )s0 ,a• 
~2 (1)u5 ,a
1i3(1).3,0

‘CO 290 1.1,800
CALL 6AU333 tIX ,8,A P ,r)
CO 17 N’1,3
Y(N )’TR Ap,~ (N, 1) ,(1),TR (N,2 )*F(2)+TRAhSCN ,3)*FC3)
•X1 ’SIG ( I)+Y( l)

I- - - ~~— - - ~~- - - -  -~~- - -- —--—~~~~~~~~~~~~-- - -~~~~~~~~~~~ --- — - - - - -.-_—__
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.~2 ’Y (2 )  -

SM A i .X1 u~W2 ( I )aX 2 .W 3C1 )- I X 3
k2 C 1t 1) .w 2 C I) +2 ,C*C P~U~ $)4A I*X2
~‘3 ( I + 1 ) sw 3 ( I ) + 2 .a* C~’L *SHA I* X3
TEMP(I).(S)’AT.SIG(I))**2 

- 
-

CC 11 Jil,!
11 TP SE2(I).TM!E2C1) -+ lEM P C J )
- YM$!2( !)’T1’5E2U)/CFLCATCI))
209 TMSE (t)’TM~E (I3 + t~’EE2(!)CONT IMJE

CC 201 11.1,520
291 T~43E (XL)zT E (IL.)/cF~ CA1 (N OITER) )

- CALL PLO’?!? (1M3E,520,i,g)
C

80 FORM AT ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
$1

13 FCRMA T (E16 ,8) - -

84 ~CR~ A T (/ 1X, IC M UI ,/ 1X, ’~~o~~~~~~~~ V Vo ~~~ I)
90 FCRP’~ T (P3,1)
3I320 -CALL, E X I T

END

Li - -~~~~~~~~~— -  -~__ _ _ _ _  - -- -~~~ t
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PR flCABLR

ill

JACOBI

SU 8RCU TINE JACCO ! (I,EIGEN, RC I2, PCI 3,RC23 )
C .EI G ENVALUE S A ND E1GE~VECTCR3 EY TL” E ‘JACCB I METHOD
C APP LIED NUE E R ICA L MET I’CD$ , 1XA MP ~ E 4,A
C
- IMPL ICIT REA Lt O (A .P) ,(Q’2)

C IPIENSION A ( 3 ,3 ) ,T (3, 3) ,A IX C~ ),EIGEN(3)
•CA lA p

~,ITliAX/3,10/DAT A EP3I,EP82,EPS3/t,000I.10,1,OØC•10,1,20C.8/
C
C RE AD PARAMETE RS AN D E3TA0L.I8)~ 3lARI~NG MATRIX -A
I - C C 2 1*1,3 

-

- C - C 2 . J a 1 , 3
TCIj J)s9~1

2• READ (6,102) AC 1,2),*(1,3),A (2,3)
• A (2,1)’A(1,2)

AC 3,1).A (1~3)A (3,2)’A (2~3) 
-

A ( 1, 1) ‘1,11
A (2 ,2) .1, 39

R0t2’A ( 1,2)

RC2J.A (2,3)
~R ITE (6 ,101 ) ((A (I,’J),4~ 1,N),I s1,N)

C -

c SET ‘UP INITIA L MATRIX I, CCMF~ TE ~1GP.A1 AND .5

‘CF FCSG’0,3
-CO S I’l,N
•SI M A I *SI GMI 1+A( I , I3*~2
T (I,fl’1 ,~ 

-

IPI*I11
IF (I  a CE. N) GO TO 8
-CC S J’tPl,N

B C~ F P S C a C F P C 8 d 4 A ( !, J ) * *2
•3s2,2*CFPD$C~ 3IG~Aj

C
C EE GIP’ JACO8I I?ERATICN

DC 26 tTE ~ ’1 , Z T M A X
CC 29 I.1,t~M 1
IP1~ 1+i

‘CC 22 J’!Pl,N

C
C COMPUTE SIK~ A ND COSIN E CF ~CT AT!CN ANGL E

IF (C ,(E. EP S1) GC Tfl 9
IF ( C AS 5 ( A ( I , J ) )  ,LE, EP52) ;C  10 20

_ _  - - 
I _

~~~. 
- - -4



-~~ — — 
— - — —

~~~ 
—---

THIS PAGE IS BEST QUALITY P ACTICA,BI~ZT~J~M ~ L~~~Y ~~~r~~M 1 Q ~jj[% ~~~~
112

C S A s C S Q R T t ( 1 , 2 * G , S P G ) / 2 ,g)
.S~AsP/ (2,2CCSA a5PO)
•Gc IC 10

9- • SMA a C SA -

CON TINUE
C ’

•LPDATE CCLUHSN I 
- 

ANC 4 CF I •. ‘E~ U IVA L EN T IC
C PUL.1!PLXCATICN Sy C’E A?IN IHILATI CN I1AIR .IX

‘CC 11 K’l,:N
I~’O LDM1PT(M , I)
T(X,1)IHOLCXI*CSA’PT ($,J)*3MA

It 1 (K ,J)aP+OLCs!aSN*.T (5,~J)*i 3A

C.
C COMPUTE N!~ EL.E~EM~~ ~C? A IN ROwS .1 ANC :3

00 16
IF C~I ,GT. J) 50 10 f~~

IF Cs ,NE. 4) Sc ‘TO 14
A CJ ).ZhA*Ali ( (1( )~ C~ A~ A ( 3js)

14 ca Ta 1-6
f ’ C L C I ) c a A ( I , M )

- 

•

A ( J,~c) . A *MCL ~ X $ , C~~ *4 CJ ,5)
•CC Nr! N U E  

. -

C

C :CCMFUTE NE~ ELE)’EN?$ CF A IN CcLUM;~3 I AN D 3

C
C. ~1~.EN I’ IS .L.&~ GER IBIZ~ I

‘co Ii M’t/3
IF (~ .LE. I) 00 10 13

•GC IC tg  -

18 - ) ‘CLC $ I ’A C ~~,t )
A (M p !)sCSAa P’CLCXI+SNA*A(~c ,J).~( J3.SNA*hCLCLc1.C~IA* A .N ,43

t o  CONT IN U E
20
C
C ~ZMO SIGMA2 FOR 7RA~,iPORMfO A ,%NC TE ST F~CR CC~’V ERGENCE

~lGrnA2 ’0,0
CC 21 Ia 1 r N

21- IF C1 ,2.-3!GMAZ/31C-?i-12.,G!. .EF53) GO ‘TC.26
G0 10 309

26
C
C IF tT EP !X CE~OS ITM4X , NO CCN~ ERGENCE

~RtTE (d,2C1) tIER,- S X.t~’At p ~ IGMA2 
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‘So lo ’C
C FOR MATS FOR INPUT ANC ~CUP~T ;STAT EMEN TS
~~01 F C R M A T  (10X,6F1O .4)
102 FORMAT (SX ,3F6,4)
203 FCRMAT (/SX , ’ NO CONVERGENCE, ~ITM’,//7X s

* 111ER • ‘,!5,SX,’ -$ .
- -* ~ SIGMA 1 ~ ~,Ft9 ,5,~ *, ’ 3!GNA2 •
:* THE CURRENT A MAT R IX I3’,/1~

)
C -

309 RETURN
END

‘S

I 
__________  ________  

____ 

______  
_____________________  ________________h~ ~~~~~~~~~~~~~~~ .. ,. 
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GAUSS3

-SUOROUTINE -9AU333 CIX ,.3,AM,F)
C 10 GENERATE 3 INOE PLENCEN T CA LSSIAN RANC CM NU MB ERS
C
- •C ZMENS! ON 1(3)

‘CC 12 I’1,3 
- 

-

CALL GAUSS (IX,3 ,AM ,V)
10 F(I)’V -

RETURN
INC

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —---—
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GAUSS

SUBR OUTINE -GAUSS(IX ,.S ,AM, V )
.A.0.2
‘CC 59 1.1,12
CALL ‘RANDIJ CIX,IygY,
IX *IV

50 A sA+f
Vu C A 6  3) *3$ AM
R ETURN
END

--- - 
- -
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The purpose of this- study is to compare two noise canceling system algori thms when
the system has a small number of inputs . The expected value- -afid LMS (least mean square)
algorithms attempt through different methods to determine the optimum solution given by
the Wiener-Hopf weight vector. The expected value algorithm estimates the necessary - ex-
pected values, substitutes them into the Wiener-Hopf equation , and performs the necessary
matrix inversion. The INS algorithm uses gradient techniques and the method of steepest
descent to avoid the complexity of the.matrix Inversion. The algorithms are compared for
two and three Input systems. 1-n terms of the rate of convergence •f the mean square errorand the minimum error after five hundre4 Iterations. - 

.

A computer simulation. af a dc signal In Gaussian noise provided the conparison be-
tween the two algorithms. The LMS algori thm presented problems In implementation because
of two parameter values that had to be chosen. Al though a value for the initial weights
had to be determined, this value was not as important as was the value of p, the term that
controls the rate of convergence. This term must be within a speclflc range .’tn order to
guarantee converqence of the algorithm. . -

In, conclusion, the expected value algorithm was judged to be the better of the two.
The tradeoff in terms of performance for simpl i.clty in the LMS algorithm - was great es- :

• pecial ly when the signal -to—noise ra.tio or the correlation between the noises was small. -

~ If a “correct” val ue of p is chosen, the results may be simi lar, but if not, the results
can be extremely different from those of the expected ~,a1ue algorithm. Thus for a small

- number of inputs , where the matrix to be inverted i~ of small dimension , It is better In -

~ terms of performance to use the approximation to the optimum solution given by the cx-pected value algorithm. - -
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