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PREFACE
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the supervision of Mr. Richard B. Noll , Vice President of ASI . Dr. Luigi Morino,
Director of Computational Continuum—Mechanics Program at Boston University, and
Dr. Norman D. Ham, Director of the V/STOL Technology Laboratory at MIT , con-
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SECTION 1

INTRODUCTION

Earl y in the design phase , helicopter studies require a great deal of aero-

dynamic information , such as sur face air loads and flow directions , ari d Vol ic~.s compo-

nent interference velocities. This information is most advantageous before any one

configuration is identified as a baseline model for wind tunnel testing. In addition ,

aerodynamic data required for the most effic ient design, such as var ious rotor fuseIa~e-

induced interference velocities , are often costl y and extreme ly difficult to obtain in a

w ind tunnel test . Theoretical and experimenta l works in helicopter oerodynoniics art’

presented in References 1 to 10.

The induced interference effects ore of part icular impor tance since the

separated flow in areas of high interference velocities is the major s~ 1rct ’ of aero-

dynamic drag . The interference velocities result in steep adver se prt’ssure gradients

that may lead to further separation . Furthermore , the separated waLt’ from rotor ,~
fuselage components creates additional interference due to woke blockage . These

effe c ts are seen in Figure 1. The interacting flow fields of the py lon romp , py lon ,

shaft , hub, and blade shanks produce a strong diffuser effect that leads to gross seporo-

t ion. To minimize the separation and, there fore , the induced drag , it is necessai~ to

el iminate the peak interference velocities by gross redistribution of cross-sectional

area and to contour the localized interfe rence regions around the py lon to avo id the

sudden deceleration of flow in the boundary layer .

In the design phase, it is desired to be able to investi gate anal yticall y the

local interference regions and the effects of geometry variations on the separation

characteristics of the design. The advent of high -speed computers has allowed the

application of finite element aerodynamic methods to complex aerodynamk canflgu~o-

~
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_ _ _ _



_ 

____________

;
~~~~~~~~~~~~~~~~~~~~~~~~~~~~,BLE~~~~~ RAT~~~~REGI~~~S

OtIASI-ONE DIMENSIONA L FLOW “DIFFUSOR EFFECT

HIGH LOCAL STREAMLINE ACCELERATION / _____

SE PA RAT ION C RE A lES

__________ HUB - 
_______ 

___________

(From Reference 8.1

Figure 1 . The Hub—Pylon Interference Problem .

tions. As a result , sur face airloods may be obta ined quick ly and efficiently. Flow

direction and magnitude can be obtained , aiding in the identification of potent ial

separated flow regions to minimize the effect on aircraft drag .

This report presents the results of a study to examine the total effect of the

presence of the rotor in its various operating conditions on the pressure distribution

and drag (induced) of the helicopter components beneath the rotor . A potential flow

aerodynamic program with suitable rotor wake representation is developed to predict

the separation characteristics of arbitrary three-dimensional bodies with lifting sur-

faces in yawed flow . In part icular , the effect of the main rotor blade woke , blade

shank woke , and hub woke on the separation of the flow over the hub, shaft , py lon,

and fuselage of a lifting helicopter in forward flight is analyzed .

10
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The report is presented in two volumes. This volume , Volume I, Theoreti-

cal Formulation , gives the theoretical background for the computer program. Volume

II, Program SHAPES User’s Manual , presents a detailed description of the computer

program.

This volume begins with the background description of the helicopter rotor-

fuselage aerodynamic interference. The analytical approach to the problem for

separated flow and the helicopter rotor wake representation are also discussed. A

theoretical formulation for incompressible aerodynamics with separation is given in

Section 3. Fundamental aspects of wake dynamics are discussed in Section ‘. The

numerica l formulation of the aerodynamic method for use in the computer program is

given in Section 5. Section 6 presents the computed results . Concluding remarks

on the present study and recommendations for future research are also provided. A

list of references supporting the var ious discussions is also included.

ii
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SECTION 2

HELICOPTER AERODYNAMICS

The helicopter configuration with its numerous rotating parts isa complex

aerodynamic shape with Intersecting wakes and separated flows. Anal ysis of these

configurations requires the use of computer programs designed For use on high-speed

computers. Programs of this type that can be applied to configuiat ons with aciody—

namic interference are reviewed in Subsection 2.1. One o these , Program SOUSSA ,

is discussed in m art’ detail in SubsectIon 2. 2 , arid its application to helicopter oc’ro—

dynamics is introduced . The last subsection presents a brief discussion of the repre-

sentation of the helicopter rotor woke.

2.1 AEROD YNAMIC INTERFERENCE

The classical approach For evaluating the aerodynami c pressure on interfer-

ing lifting surfaces (wings or rotors) is the lifting surface method (Reference 11).

Calculations have been norma lly limited to wings or other lifting surfoces separately,

except for a limited number of cases In which the vehicle could be considered as a

slender body. However , Interaction of the flow fields of lifting surfaces and the

fuselage results in Interference effects (Reference 12) that catmot be odc’quuk’Iy

accounted for when examining the tilting surface and the body separately. The advent

of modern high-speed computers has prompted the recent development of a series of

new methods, generally called finite element methods. These methods offer both

flexibility and efficiency and can be applied to complex configurations. All he

methods are based on potential aerodynamics and consider various distributions of

sources, doublets, vortices , pressure panels, etc . , on and/oi inside the ‘.uI t~ w e  of

th. aircraft .

. — —  - —
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An eal ly work on the Flow field around three—dimensional bodies by h ess

and Smith (Re ference 13) uses constant stIength soutce —element s to solve the ptoblem at

steady subsonic Flow around nonlilting bodies . Th is method has been extended to lift-

ing bodies ( References 14-16) by Including doublet and vortex panels . Woodwotd’s
method for steady subsonic and sUpeI sOIiiC flow (References 17 and 18~ is a diffe,c’nt

approach that uses Ult ng surface elements to, the tepiesentatlon ot the body , litt le

work has been done In unsteady flow . For oscillatory subsonic act odytmm cs • cx ten —

s lons of the doublet—lattice method (Re ference 19) ate obtained by e ither plac ing

unstea dy lifting surface elements on the surfo t.e of the body or by using the method al

Images comb ined with slender body theory (Reference 20) . In the supersonic range ,

complex configurations are analyzed in References 1, , [I, and 27. The pi ogram

noted In Reference 7 is a modification at the program by Rubbe, t and Soot is (we

Reference 14), which in turn Is based on the original ploglani Lw I less and Smith

(Reference 13).

Of all the methods nient ioned above , none is SLI t ti de n  t l y general to atm

lyze unsteady rotor—fuselage Interfetence in compressible flow since there ex i s t s  no

ha m , of reference w ith respect to which all the surfaces t,ba~b and rotcs, ’t a’ e t

However , a general method for unsteady compressIble aerodynamks around complex

configurations (where the sur face is allowed to move with i espect to the frame at

reference as necessary for the present analysis) has recently been developed (Refe r —

ences 23 and 24) . ThIs method provides a unucled theory for onalv: in~ s teoih and

unsteady, subsonk and supersonic aerodynam I s’s for complex au s t  c i t ?  scw s t i it at Ions

and Is the only method that allows for the complex unsteady rotor —fuselage Inte, -

act ion In compressible Flow . Various developments at-c glvets in Refe,en~
-
~ s ~3 to 33.

This method is readily applied to c ompressible (subsonic and supeisanic~
flow and is the only known method for onaly~ ing , tot instance , unsteady supet sonic

I’
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flow around non—zero—thickness configurations (References 27 and 29). The technique

Is implemented In the computer program called SOUSSA (Steady Oscillatory Unsteady

Subsonic and Supersonic Aerodynamics). In this program, the motion of the surface

with respect to the frame of reference is assumed to consist of small osrillations with

arbitrary variation in time. The surface of the airéraft and its wake are divided into

small quadrilateral elements that are approximated by a hyperboloidal surface defined

by four corner points. In this process, the continuity of the surface is maintained,

although discontinuities in the slopes ore introduced. The unknown is assumed to be

constant within each element and, therefore , the integral equation reduces to a system

of linear algebraic equations. It should be noted that the general formulation includes

fully unsteady flow . Therefore, the problem of interference of the fuselage with the

rotor is a particular case of the general theory of Reference 23.

2.2 PROGRAM SOUSSA

Program SOUSSA Is based on radically new integral equations proposed first

by Dr. Luigi Morino (Reference 23) for lifting non-rigid bodies having arbitrary shcspes

and motions (including, for instance, the combined motion of blades—fuselage for a

helicopter In forward flight or maneuvering, w ith elastic deformation included). The

method is based upon the classical Green’s theorem opprooch, which was never before

used in computational aerodynamics. While the representation of the velocity poten-

tial is still in terms of source and doublets distribution, the specific nature of the

representatIon (which is not assumed, but obtained from the Green ’s function theory*)

has many advantages that make the method superior to any other existing one. Only

th. subsonic case is described here. First , the integra l equatio-i does not imply the

For example, for steady Incompressible flows, one obtains a distribution of source with
known Intensity equal to the downwash (prescribed from the boundary conditions) and a
distribution of doublets equal to the unknown potential itself . This Is obtained by
solving the Integral equation (see SectIon 3).

14
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normal derivative of the integral representation (as the others do) and, therefore,

there ore no singularities in the integral equation (see , for example, Reference 23) .

This yields programming simplicity with the scheme—convergence being very fast .

Therefore, fewer elements are required and thus the computer times are very low .

Second, the vorticity distributions over the boundary layer and the wakes are included

(as equivalent doublet distributions) in the limit as the viscosity goes to zero (zero—

thickness boundary layer and wakes) . Third, Program SOUSSA is very simple to use

since the type of distribution (source doublet , or vortex elements) is prescribed by the

formulation itself and not left to the experience of the engineer using the program.

Finally, the methodology is applicable to the general compressible unsteady flow . In

part icular , the effect of the compressibility and unsteadiness for the rotor-blade

motion can be included in an exact way. No other existing theory con accomplish

this. -

The classical approach is weak in the modeling of separated flows since , in

the separated wake (i.e., the region between the dividing line and the body), the

flow field is not potential . The presence of vorticity is apparent for the point 0v

(Figure 2). Therefore, formulations of potentia l flow w ith boundary layer (where

the vorticity is limited to a thin layer near th3 body) are not adequate to describe the

complete flow field since vorticity is not included in the neighborhood of the paint Q,~,.

The correct formulation for the description of flow fields in the presence of

vorticity (rotational, i.e., nonpotential flows) is given in Reference 30. A simpl fied

• version of this general, exact formulation is used . This consists in assuming that the

vorticity distributed in the separated wake can be replaced with the vorticity of a

zero-thickness separation wake* with the addition of a single solated vortex located

*The separation wake is defined here as a zero -thickness vortex sheet (i.e., doublet
layer, Reference 23) emanating from the separation line and composed of the dividing
streamflnes.

15
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STREAML INE

~~~~~~~~~~~~~~ ATION LINE ,~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
V

Figure 2. Separated Flow,

at °v~ 
The location of the separation line and the geometry of the zero-thickness

wake along with the geometry of the vortex line is assumed, based upon experimental

results , physical intuition and engineering experience .

Program SOUSSA can be used to solve the problem If the value of the

strength of the vortex is known . This value may be obtained by iteration by imposing,

at a prescribed point , that the separation line is a stagnation line . In addition ,

var ious geometries for the wake and various locations for the separation line will be

analyzed by iteration and Imposing the condition that the flow field is tangent to the

wake surface and that the separation line corresponds to a stagnation line . The

agreement with experimental results will be used as final criterion for assessing the

Improvement and/or correctness in the solution.
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2.3 ROTOR WAKE GEOMETRY

The complex wake geometry of a helicopter during cruising flight is shown

• in Figure 3. The most important parameters are the distribution and time history of

bide Ioading*, which determine the internal structure of the wak e as well as the

varying size, shape, and deflection angle of the wake, which in turn determine the

position of the wake elements with respect to components of the aircraft such as the

fuselage.

BLADE LOADING

I

.

‘
~~ROTOR TIP PATH PLANE

CENTERLINE

_ _ _ _ _ _ _

X LOCAL WAKE
~ DEFLECTION

~~~~~N~~~E

ROTOR INCIDENCE -

ANGLE WITH RESPECT ‘

~~~~~~
— —

TO FREESTREAM ENVELOPE OF
• VELOCITY WAKE VORI TICIT Y

Figure 3. Helicopter Rotor Wake Geometry.

An approximation to the blade loading and vortex wake of the helicopter is

made as follows . The wake for each blade is assumed to be a helicoidol surface of

vorf icity whose axis is at a wake deflection angle x to the free stream velocity, con-

tained within a circular cylinder of fixed radius whose axis is at an angle (i + x) wi th

respect to the rotor tip-path plane. This rotor wake model is shown in Figure 4.

~~ should be noted that the blade loading s automatically obtained in Program
SOUSSA if the geometry of the wake is assumed.
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ANGLE i ULTIMATE WAKE
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Figure 4. Rotor Wake Model.

Presently, wake contraction is not included. Because of the asymmetric geometry of

the rotor wake as well as the presence of wake interactions of the rotor with the

separation line and rotor,4useloge wake interaction, simplifying assumptions are made.

These are:

• The vortex patterns from each blade do not intersect

• The rotor woke can be truncated above the fuselage

• The rotor wake is described so that it does not intersect
the separation line or the isolated vorticity

• The separation line and the solated vorticity are not
coplanar .

It is shown in References 34 and 35 that when the rotor has a small incidence

angle with respect to the freestream (less than 30°), the wake rapidly rolls up into two

concentrated vortices similar to the tip vort ices of a monoplane wing. On this basis,

the wake model chosen for the helicopter is equivalent to two vortices trailed from the

ends of the lateral diameter of the rotor disk . The strength of the vortices Is obtained

by assuming that the rotor behaves as an elliptical monoplane wing of span 2R (the

18
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Glauert hypothesis) whose lift, i.e., thrust , T, is given by

T = pv~ r [i O
2]

1/
~ (1)

where P = air density

V = flight velocity

= midspan va lue of elliptical circulation distribution

y = sponwise coordinate measured from midspon

R rotor rodius

Making the transformation y = R cos e , dy = -R sin 8 do , the thrust becomes

I = PVr0R J sin~ 9 dO

= ~ PVr0R (2)

Then the strength of the trailing vortices is given by the strength of the midspan

circulation, i.e.,

r0 
~~~PVR 

(3)

In the far wake the two vortices are assumed to be convected downward at

one-half the local downwash velocity, due to vortex sheet rollup effects, as suggested

by the results on page 45 of Reference 34. The resultant flow velocity is then given by

the vector

((V +2v cos i), (v sin i)J (4)
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where from Reference 36, page i85 ,

C.~.OR
= 

2 L~~
2 +x 2 j l~~ 

(5)

and

V sln i
_ _ _ _  

(6)

\ V cos i+v (7)

c~R

CT = 
p~ R2(C)R)2 

(8)

Consequently, the wake deflection angle x to the freestreom is

x = tan
_
~~[_~-!5~~~ 1 (9)

LV + 2v cos

20

~~~~~~~~~~~~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ :~~~~~.. - ;~ -~~- -~~~~~~~~ - - —-----~~~~~~~~~~~~ -~~~—• - -~~~~~ --~~~~~ 

- - ---
~~~~

- --



- —-  -----— -------- ~~~ --~~~~~~~~~ - ---— 

SECTION 3

INCOMPRESSIBLE POTENTIAL AERODYNAMICS FOR SEPA RATED FLOWS

The general formulation for incompressible potential aerodynamics for

separated flows is presented in this section. For incompressible fluids, potentia l flows

are obtained if the fluid is inviscid and the velocity flow field is rrotational at time

t = 0. According ly, these hypotheses are invoked here . Since the analysis of sepa-

rated flows was not included in the preceding descriptions of the formulation for

SOUSSA, a new formulation is presented here, starting from basic principles and

avoiding the hypothesis that the flow is not separated.

3. I INCOMPRESSIBLE INVISCID FLOWS --

Assuming the fluid to be [ 1 1  * inviscid, and 1 21 incompressible , the

motion is governed by the Euler equations

(.
~ ~~~~~~~~~ 

(10)

and the continuity equation (for incompressible fluid)

(1 1)

where 9 is the velocity vector with respect to a prescribed frame of reference , p is

the pressure, p the density (constant for incompressible fluid), t the time , whereas

(12)

is the del operator . Equations (10) and (11) form a system of four partial differential

equations for four unknowns V
~
, Vy~ V z~ 

and ~
,.

*Numbers in brackets indicate new hypotheses introduced in the formulation .
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In order to complete the formulation of the problem, the boundary conditions

at Infinity on the body and on the wake must be obtained . Here It will be assumed that

• (31 the unperturbed flow consists of uniform translation, e.g., in the x -’axis direction .

Hence , the boundary condition at infinity may be written as

V = U<~~~I ( f o r P a tx’) (13)

where U~ is the freestream velocity. In particular, U~, = 0 for helicopters in hover.
On the body it is assumed that 141 th, surface of the body is Impermeable ,

i.e., the normal components of the velocity V of the fluid , and of the velocity V B of

the body coincid, at point P on the surface ~ B of the body:

(V — V B) . n = 0 (for ~ on 
~ B~ 

(14)

where ~ is the normal to at P.

Next , the boundary condition on the wake for lifting bodies is considered.

It is assumed that [51 the body has certain separation lines (in particular sharp trailing

edges) and that the velocity flow field has surfaces of discontinuity (wakes) emanating

from these separation lines (or trolling edges) . Indicating by subscripts 1 and 2 the two

sid s of the woke, let ~ be the outward normal on side 1 and let

= fl — f 2 (15)

denote the discontinuity of any functions f across the wok s surface . (For the classical

wing wake, 1 and 2 correspond to upper and lower sides, respective ly; is the upper

normal and Af = - The boundary condition on the wake surface is

that there is no pressure discontinuity at point P on the wake

Ap 0 (for Pon
~~~

) (16)
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This condition can be expressed more conveniently in terms of the velocity discon-

tinuity. However , this requires the introduction of the concept of Lamb surfaces.

These surfaces may be avoided in the case of potent ial flow and, therefore, the

boundary condition is given here for potential flows only.

Equations (10), (11), (13), (14), and (16) completely define the problem

in terms of four partial differential equations for four unknowns V~, V>,i V z and p,

with the corresponding boundary conditions.

3.2 DIFFERENTIAL FORMULATION FOR INCOMPRESSIBLE
POTENTIAL FLOW S

In the preceding section, the flow was assumed to be [11 inviscid and [2 1

incompressible. Next assume (6 )  the flow to be initially irrototional; then the flow

remains irrotofiona l at all times and, therefore, there exists a potential function I

such that

9 =~~~~~, (17)

In this case, Equation (lv, may be integrated to yield Bernoulli’s theorem*

(18)

*The x derivative of Equation (18) yields

~x \~~t 2 ~t ~~x/  ~x ~x2 
~
y ~x~y

~z~~ x~z p~~ x

=( .~~
+9 .

~~)V ~~
+ 1

~~~~= o
p ~x

in agreement with the first component of Equation (10).
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The constant on the right-hand side of Equation (18) is obtained from the boundary

conditions at infinity .

Fur thermore , Equation (11) may be rewritten as

V2 $ = 0  (19)

where V 2 is the Laplac fan operator.

S milarly, Equation (13) may be rewritten as

I = U~,, x (for P at a) (20)

and Equation (14) becomes

31 —

— = V 8 • n  (21)

Next consider the boundary condition on the wake given by Equation (16) .

Combining Equations (16) and (18) yields

~~ ( i  2 )  +! 
(~~ l ~~~i ~~~2 

.~.2) = 0 (22)

or

+ 
~A 

.

~~~~~~ 

Al  = 0 (23)

with 

3t

Al •~ ~~2 
(24)

and

— 

2~ 
(v.1 +~.2) 

= ! (
~ 

+v
2) 

(25)

is the overage value of the velocity . This average value may be attributed to the point

on the wake. Equation (23) may thus be interpreted a~

24

I t) 
~~
.

— —

~

•.

~

— . -- •



---~~
- - - - - -

~~ 
- -

~~~~~~~~~~
-
~~~~~

--
~~~

-
~~~~~~~~~~ 

.- —
~~~~~~~~~

• -
~~~~

-— -
~~~~~~~~~~~~~~~~ 

__7_
’

•_
~~~ -

~~ 
constant in time (26)

where is the physical point of the wake being convected with velocity VA . Note

that Equation (23) imp lies that the wake is tangent to VA . In particular , for the

steady state , the woke is composed of the streamlines of points 
~ 

emanating from

tra iling edges or other separation lines. Equat ion (19) is a partial differential

equat ion for ~‘ with boundary conditions given by Equations (20’I, (2fl , and (23).

Once I is known , the velocity is given by Equation (171 , wh ile the pressure is ob-

tained from Equation (18). It may be worth not ing that the potential aerodynamics

formulat on considered in this section is considerably simp ler than the formulation

based upon physica l variables (V and p) since the former gives one linear partial

diffe rent ia l equotkn instead 0f four nonlinear ones.

3.3 PERTURBATION POTENTIAL

In order to use the Green ’s theorem approach , it is convenient to have

homogeneous boundary conditions at infinity . This can be accomp lished by introduc-

ing the perturbation potential ~p, re lated to the potential ~ by

I = U~~~x + c p  (27)

Then, Equation (19) yields

= 0 (28)

while the condition at infinity , Equation (20) , becomes homogeneous

= 0 (for P at ‘c)~ (29)

On the other hand , combining Equations (21) and (27), the boundary

condition on the body is now given by

_ _  _ _  
T~LT I.IE~~~~~~
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= (-u~ i+~8) 

. (30)

while on the wake (see Equations (23) and (26))

+ ‘
~
‘A 

•
~~~ AP = 0 (31)

‘at

or

Ap = constant in time (32)

• Furthermore, once P is known , the perturbation velocity

(33)

may be evaluated and then the velocity is given by

9 = u~~ ;+ v .  (34)

Accordingly, the Bernoulli theorem may be rewritten as

~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (35)
3x 2 P p

The above equations could be obtained in a slightl y different way, i.e.,

by assuming the frame of reference to be connected with the undisturbed air. The

veloc ity of the body in such a frame of reference would be given by -U~ i + V B,

in agreement w ith Equation (30).

3.4 GREEN’S FORMULA FOR LAPLACE EQUATION

Consider two arbitrary functions f and g and note that

26
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j .  (fVg) = ~f . V g + fV 2g

and

V .  (gV f) = V g Vf + g v2f (36)

or

. (fçg — gv f )  = fv 2g — gv 2f. (37)

Also, according to the Gauss theorem, for any arbitrary vector

JJJ ~ 
. dV = ~~~~~

. ~ d E (38)

V
I

where E surrounds V ’and ~ is the inward directed normal . Combining Equations

(37) and (38) yields

JJJ ( fV
2g _ 9 V 2f) dV =~~~~(f~ g - g~~f) ~~dE

V
I

= ~~ (f ~i - dE (39)
\ a n anJ

Next , assume that both f and g satisfy the Laplace equation, that is

v2f = V2g = 0 (m V). (40)

Then Equation (39) yields

• 
. 

~~(f~. a _ 9~~) & = o  (41)

which is the desired Green’s formula for the Laplace equation.

Next choose the function g to be the simplest function that satisfies the

Laplace equation. If g is a function of the distance r from a specified point P~, then

27
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the function that satisfies the Laplace equation s

g =± ~+ 8  (42)

where

r = l~~-~~t (43)

Note that P* must be outside the volume V ; otherwise Equation (40) is not satisfied

at P~. Also 
note that the value of B does not affect Equation (41) under the condi-

ti on

= 0 (44)

which is obtained from Equation (41) with g = 1. Therefore , the conven ient value

B = 0 is used here. For this case the function g represents a source . It is convenient

to choose A such that g represents a unIt source, that is , a source with flux equal to

1 . This is obtained with A = —1/4 ii, .e. , *

g = - ~~~~ 
(45)

4rt r

Combining Equations (41) and (44) y ie lds the desired Green ’s formula for

the Laplace equation

0 ~~ (
~

) ~ 
dE = 0 (46)

* For , in this case , the flux through a spherical surface of radius R is given by

d~ = L .4 ~ R2 = 1
— Dr — , ~



3.5 GREEN’S THEOREM FOR INCOMPRESSIBLE POTENTIAL AERODYNAMICS

In order to obtain the Green’s theorem for incompressible aerodynamics

(Laplace equation for the exterior problem , i.e., for \/ ‘ outside the surface E0), it is

convenient to consider the surface ~ composed of three branches as 
indicated in Figure

5. Note that the inward normal for V
1 is outward to . is a spherical surface of

radius € and center P,,, while E2 is a spher ical sur face of radius R and center P ,,.

Then Equation (46), for f = cp, reduces to

4~j~i [~p I (‘~.!-_\ - ~ .. t_~ 1 ci E = 0 (47)
[ a~ \4~ r/ an 4r~r)jE0 +E1 +E2

Note that as the radius e of E1 goes to zero

l~~~~~~[P ~
= l~~ * 

~~ 
(
~

) d E - (~)* ~ 
d

= lim ~ 4~~ 2 
~~ d>~ 

~
(
~)* r1 

d~~
]

= lim 1P* +(
~ 1 (48)

~~ L \~ n 
* j

whereas, as the radius Rr2 °~ E2 goes to infinity
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Figure 5. Geometry for Green ’s Theorem for Potential Aero-
dynamics of Separated Incompressible Flows.
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lim d~ ~~
_ (±\~~~ L ~L dr

R-.-”~~
’ 

~n \4r~rJ an 4r~r -2

0 (49)

under the conditions*

l i m p O (50)

lim -~! R = 0 (51)

Therefore, as ~ tends to zero and ~~ tends to infinity , Equation (37)
2

becomes

~ 
[
~ 

(
~

) - P 
~~ 

(
~)] dE~ (52)

If the point P~ is inside E0, then there is no need for the surface Y’ 1.

- • In this case , Equation (47) yie lds simp ly

0 1.~! _± -p _±~ d~~ (53)
[an 4nr an 4nr/

Equations (52) and (53) may be combined by writing

= -
~~~~ 
I ±~1d~0 (54)

an 4r~rJ an 4~~r/j

* ~ is verified a posteriori (EquatIons (71) and (72)) that these conditions are
satisfied. -
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w here

E~ E(P~) = 1 (P
~ 

outside E0)

= 0 (P~ inside E0) (55)

3.6 ROTOR-FUSELAGE-WAKE INTERACTION WITH FLOW SEPARATION

The model considered here for the analysis of separated f lows around rotor -

fuselage configurations consists of the actual geometry of the fuselage and the roto r

blades . In addition , a vortex -layer woke emanates from the trailing edge of each

rotor blade, and a vortex—layer wake emanates from the separation line as shown in

Figure 6. Finall y, the vor ticity in the separated wake is modeled as one single

isolated vortex line .

The model described above is relativel y crude . In particular , isolated

vort ices are transported by the flow field whereas the isolated vortex considered here

is assumed to remain in a fixed position wit h respect to the helicopter . This apparent

contradiction is exp lained by the fact that the distributed vorticity in the separated

wake (converted downstream by the flow field) is continuously replaced by the vortic ity

com ing from the boundary layer . Therefore , the vortex line should be thought of as on

analytica l model to represent the vorticity field in a form that is computationa~ly

efficient . As a consequence , the location of the vor tex line is somewhat arbitrary ,

while the intensity can be used to obtain the condition that the velocity be equal to

zero at Q5 (Figure 6).

The model described above can be analyzed using the potential flow formula-

tion presented in the preceding section . In order to accomplish this , note that the flow

field is potential everywhere except on the wakes and the isolated vortex line . There—

fore, if one considers the surface 
~~~~~ 

depicted in Figure 7 (i.e ., a surface surrounding 
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the rotor , fuselage, wakes, and the isolated vortex) the flow is potential outside

and, therefore, Equation (54) is valid. - 

-~

• Next consider an open surface having as its boundary the isolated vortex

line. Such a surface does not intersect any of the other surfaces (i.e., the fuselage,

rotor , rotor wake, and separation wake) and has otherwise arbitrary shape. The func-

tion of this surface is similar to the one of the branch lines in the theory of complex

variables and, therefore, it will be indicated as a branch surface, or branch wake,

as shown in Figure 8.

Next let become infinitesimally close to the surfaces of the fuselage

and wakes (including the branch wake) . Note that in this process, the closed surface,

E~~, surrounding each wake is replaced by the two sides of an open surface such

that EW R~~~ B For this case

~i I d E -PJJ A (.~i
’
~ -i~ d E 0 (56)

an r ~an/ r

4
since A( .~!~ = 0, whereas

\an/

, L (!) ciz~5s Ac- 1( !)dE (57)

4

Therefore , in the limit, Equation (54) reduces to*

4~rE ~p~ = -
~~~~~~~ 

[i~~~~~. 
!_ P !_ (_ L 1d E+JJ Ap i(!\dt

[an r an ~ r J an \rJEF+ER E F~~ B~~R (58)

* Note that the wake surfaces E’ F, Z’R, and E’R are open surfaces. The sour ce
integrals on the woke surfaces are dentically equal to zero since the values of

on the opposUe sides of these surfaces are equal to zero .
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where is the (closed) surface of the fuselage, ER is the (closed) surface of the rotor

blades, E’F is the (open) surface of the body wake (emanating from the separation line),

is the (open) surface of the branch wake , and E
R 

represents the wakes of the rotor

blades (see Figure 8). Furthermore (see Equation (15)),

= p1 ~~ 2 (59)

while ~ is the normal on the side 1 of the woke . Note that AC P is known from Equation

(32), on and E~~, while ACP is constant and equal to the vortex intensity on E’ B
(Appendix A). Note also that the vortex-layer wake of the fuselage and rotor are

represented as a doublet layer . The proof of the equivalence of doublet layers and

vortex layers is briefly outlined in Reference 40.

In addition, if P~ 
ison 

~F + L R then, as shown in Reference 23 , E~ 
= 1/2 .

Thus, Equation (55) may be rewritten as

E~ 
= E(P~) = I (P

~ 
outside + ER)

= 1/2 (P* onz F +Eg)

= 0 (P
~ 

inside EF + 
~‘R~ 

(60)

Note that on EF and ~R’ ~~~~~ 
is prescribed by the boundary conditions of Equa-

tion (30) . Thus for P,,, on E F + ER, Equation (54) is an integral equation relating p to

the prescribed ~~~~~ That equation is used to analyze the potential flow for inter—

action of fuselage, rotor, and wakes in the presence of flow separation .

3.7 ALTERNATIVE TREATMENT OF THE ISOLATED VORTEX

An alternative treatment of the isolated vortex is presented here . This

treatment s similar to the formulation of rotational aerodynamics presented in Refer-

ence 30, and the derivation of this treatment could be obtained from that reference.
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However , since the vorticity is represented by a single vortex , the some results may

be obtained directly from Equation (58).

Note that combining Equations (33) and (58), one obtains

= = ~~ 
[

~~i (_±) -,  ~~~~~. ( ±)] €~Ln nr an 4nr
EF4

~ R

+V ,~ fj A~ —~~
_ 

(!)dE (61)

Equation (61) may be rewritten as

(62)

where is the velocity induced by the isolated vortex (with ~P = see Equations

(A-26) and (A-27) of Appendix A),

= ri~ f[ _
~~_ (_± d~ (63)

)) ~n \4~rr
B

whUe ~ is the potential in absence of the isolated vortex, which therefore satisfies

the equation

4~~E~
;. =0 1~-~ (—s- -; .-

~
-

[an ~4~ir an

+ $5 ..!. 

(t) dE (64)

EF+ER

38
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Note that the boundary condition on ~ is different from the one on P, for , according
to Equations (14), (34) and (40), the boundary condition for p is

= ( U ~~ I - y
r 

+ v B ) . (65)

Note that in this formulation vB appears only in the boundary Conditions . Also,
according to Equations (62), (A—27), and (A—30),

= ± x dl  (66)
\~4rrr/

Equation (66) implies the evaluation of a vortex line integra l while Equation (63)

(and thus the preceding formulation) requires the evaluation of a doublet layer inte-

gral. The last is much more lengthy than the first one . Therefore, the formulation
presented here is preferable for the analysis of the problem considered here .

A further advantage is that the formulation may be easily extended to the

case in which the vorticity is represented by a continuous distribution . For this case

this formulation is still valid if Equation (66) is rep laced by (see Reference 30)

= v* xJJJ ~ 21 dV (67)
4”r

For the above reasons the formulation presented in this subsection is used in
the remainder of this report.

3.8 CONDITIONS AT INFINITY

In this subsection Equations (50) and (51) are verified. Note that as r

goes to infinity, Equation (52) yields
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‘
~0

0

0 0 (68)

since the flux through E0 Is equal to zero , i .e.,

dE -
~~ 0 (69)

while

Urn P ~ d~ f Inite . (70)

R — ’~

Equation (58) imp lies

(P _
~~~- O(r 3) at ‘‘~ 

(/ 1)

and

t O(r 4) at ‘ - .
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SECTION 4

WAKE DYNAMICS

In this section, the fundamenta l aspects of wake dynamics are presented .

These require some basic concepts on the dynamics of vortex layers . Also, it should

be noted that vortex layers are not used in Program SOUSSA , which deals only wit h

source and doublet layers. However, it may be shown that a vortex layer (arid isolated

vortices) may be represented by a doublet layer . Therefore , discussion on doublet

and vortex layers is presented in Appendix A as background materia l; source layers

are also included. Here vorticity dynamics are presented and finall y the resuIt~ are

cipplied to the wake dynamics.

4.1 VORTICITY DYNAMICS

In order to formulate the wake dynamics problem, it is necessary to

reformulate some classical results on vort icity dynamics in a novel fashion that is

particularly suitable for the analysis of wake dynamics.

Consider the equilibrium equation for an inviscid fluid (Euler ’ s equation)

.~~~= _ i vp (73)
Dt p

Note that

Df 

=

~~~ 

+ ! ~ ~~~ + (74)

L 

_ _  

4 1



where

~~= ~‘x V  (75)

Taking the curl of Equation (73) y ie lds , for incompressible flow

- D V_
— - 0
Dt

or, according to Equations (74) and (75)

+ V x  ( C x V )  = 0 (76)
at

Equat ion (76) may be rewritten in a more useful form by noting that

(Reference 41, page 43)

x (~i x b) = (b. ~~5 - (~
.
~~)b - b(~ .~) + ~(~ .b) (77)

and, therefore, combining Equations (76) and (77) and noting that V . = 0 and V V

= 0 (incom pressible flow), yields

+ (\l .ç)~~~. (C’v)V 0 (78)
at

or

= (79)
Dt

Equation (79) is a classical result known as the third vortex theorem .

Equation (79) may be integrated in closed form as shown in Reference 41 , page 80.

However, a novel method of solution was obtained in Reference 30 and is briefly

— 42
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presented here since this new result facilitates the discussion on woke dynamics.

Note first that by introducing a system of curvilinear coordinates, !~
r
, the vector C

may be written as (Reference 30)

C Ca g~ (80)

where

o 1 ,2,3 (81)

are the base vectors, while ~~ are the contravariant components of the vector 
~~
. Note

that

= (82)

where

-r = g~~ ~~ (83)

w ith

• a 

= (84)

where 6 .,
~
, is the Kronecker delta and g ~~ is the metric tensor given by

g~~ = (85)

Note that

= D ° 
~~ + (86)

Dt Dt Dt

4 43
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Next assume that the coordinate system,- ~~~~, moves wi th the fluid. Such a system

describes the motion from a Lagrangian (rather than Eulerian) point of view; therefore,

t may be called a Lagrangian coordinate system. Such a system is also called a materi-

al coordinate system (since at any time the point, ~ = constant , represents a material

po int) or convected coordinate system (since the coordinate points are convected by the

system). Note that, in this coordinate system, the total time derivative coincides with

the partial time derivative, since the total time derivative is, by definition , the time

derivative in a system moving with the flu d. Therefore,

D~ .~~~~~~~~ 
— 1 2 3.___a — — 
~~~~ 

(~ 
, , , t)

Dt at

= 
a a t  

X(~
1 ~2, ~~~~

, t) = (87)

Hence,

~a D~~ = _ _ _  = (
~~

)
~ 

(88)

and Equation 186) may be rewritten as

2-i = 2-i ~ + (89)
Dt Dt

Comparing with Equation (79) one obtains

D a
(90)

Dt

or

DC
a 

= ~~ ~&~(:1 ~ 2, ~~~ , t) = 0 (91)
Di at

44

~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~



-

La.,

~~ ~ 
1 , ~2 ~~~~ t) = ~~ (~ 1 ~2 !~ , 0) (92)

Equation (92) indicates that in a Lagrong ian coordinate system , ~~ is

only a function of i.e., 
a 

is a function of the material point and not of time .

In particular , in steady sta te , is constant olong a streamline .

The result obtained above y ields two important properties of flow fields:

(a) A particle or a portion of fluid initiall y irrotatianal remains
irrotational at all times ~ agrange—Cauchy theorem).

(b) Vortex lines are material Iines~ i.e., the set of porticles that
composes a vortex line at one instant will continue to form a vortex
line at later instants.

The first property is an immediate consequence of Equation (91). In

- I order to prove the second one, consider a materia l line, LM, described by a parameter

-

~~~ X (~~ (~ ), ii X (~. t ) (93)

which at time t = 0 coincides with a vortex line, i.e., ~ 
is tangent to 1M’ or

~~~ 
0) = ~(g a(x) 0) = X

0
(H) ~~~~~~~~~~~~~~~~~~~ (~~~ ), 0) (94)

Then the proof of property (b) consists of showing that ~ remains parallel to at

all times . Note first that Eouation (94) is equivalent to

E~~
(
~), 0J~~~(~~~(~), 0 J = X 0 ~~

= (~~
) ~~~ I 

~a ( 4 ~) 01 (95)
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or

C
a

E~~ (x), 01 = X (
~ 

(x) (96)

At time t, using Equations (92) and (96) results in

C(x,t) = C
a
R

a(x) , t) ~ [~
a

( )  J

= C°I~~ (x), 0] L[~~(x), t1

= X
0 (x) ~~ (x) [~

°‘(x) t]

= X
0(~ 

8X 
E~~

a(x) t I  (97)

Equation (97) indicates that ~ remains parallel to the material line, LM,

and, therefore, vortex lines are material lines.

An additional result (on vortex stretching) may be obtained from Equation

(97). Consider an element, dL , of the vortex line, given by

d L = .~~- dx (98)ax
Then Equat ion (97) indicates that

= Ic L (99)
IdL J I d L t 0

which is the well-known vortex—stretching 1aw for incompressible fluid; the ratio
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between the intensity, I C ,  of the vorticily and the length, IdLI , of the vortex element

remains constant in time.*

4.2 WAKE DYNAMICS

In the formulation presented in Section 3, the wakes are represented as

doublet layers. On the other hand, it s shown in Appendix A that doublet layers are

equivalent to vortex sheets. Also, a vortex sheet may be thought of as the limiting

use of a distribution of vorticity in a thin volume surrounding the vortex sheet . This

is very close to the physical reality; the wake is actually the volume of the flow

field where the vorticity generated by the presence of the aircraft is not negligible.

The above considerations indicate that the results obtained in Subsection

4.1 are applicable to the analysis of the dynamics of the doublet layer wake. The

first consequence is that the points of the wake may be considered as material points.

However, the velocity flow field is discontinuous through a doublet layer and, there-

fore, the veloc ity of a point of the wake is not clearly defined. It was Helmhol tz who

first suggested that the velocity of a point on the wake is the average of the values on

the two sides of the wake

~ V1 ~~~~ (100)A 2

This result may be obtained by evaluating the velocity of a point on the wake in the

limiting use as the thin layer of vorticity reduces to a vortex sheet . Also, this is in

agreement w ith the result obtained in Section 3 where it was shown that (see Equation

(31))

*Note that the same result is obtained from Kelvin ’s theorem, which yields in the limit ,
-

• 

r = = CdV/dL constant
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DA (A c )
~~

______ = 0 ( 101)
Dt

where

D
...± . =L + VA . V (102 )
Di ~t

may now be interpreted as the total derivative for a material point on the wake .

Based on the above discussion, the fol lowing procedure may be used to

evaluate the geometry of the wake . First , a point on the wake is a material point

having velocity, VA. Therefore, given its location at this time , to, the new

location at time to + dt is given by

XM (t + di) = XM( t )  + dt (103)

This y ields the geometry of the wake at any time t. Furthermore , Equation (101)

indicates that t~P is a function of X
M 

but not of time . Therefore , the distribution of

on the wake is immediatel y avai lable once the location of each material point is

obtained.

Summarizing, the dynamics of the wake is solved by following the loca —

t ions of the material points in time and by the fact that using the value of A~P

corresponding to each material point does not change in time .

_ _ _ _ _ _ _ _ _ _ _ _  _ _ _  
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SECTION 5

NUMERICAL FORMULATION

The numerical formulation used to approximate Equation (58) with a system

of algebraic equations is presented in this section . In summary, the procedure is as

fo llows . The surfaces of the rotor , fuselage and their respective wakes are divided into

sma ll surface elements , E
~
. The potential cp and the normal wash ~ are assumed to be

constant w ithin each element. This yields a set of linear delay equations relating the

va lues of the potential , ~p , at the centroids of the elements , ~~ to the values of the

normal wash, $ ,  at the centroids of the elements, Er,~ 
The coefficients are evaluated

ana lytically for quadri lateral hyperboloidal elements.

5.1 APPROXIMATION OF INTEGRAL EQUATION

For the geometry used in deriving Equation (58) (see Figure 8), divide

the surfaces of fuselage and rotor and ER, into N surface e lements Zn • A lso , divide

the surfaces of their wakes , EF’ and ER’ into M surface elements Em’ • Then Equation

(58) may be rewritten as: - .4

2E(P*,t)cp (P* ,t) = ~~~ s~(t) JJ .- ] ._ dE~
n—i 

____

N ___

+

~~~~~~~~ ~nW JJ dE~ 
——

+

~~ 1 
~~ m(t)JJ

( )  
—p— (-i;;) dE~ (104)
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or

2 E (P~ , t )  ç (P~ ,
t) = 

n~~~1 
B n (P~ , t )  *~ (t)

+ 

~ 
C n (P* ,t ) c n (t)

n 1
M

+ F m (P t , t )  
~~~ 

(t) (105)
m

where

$ = 1~ 
(1 06)

n a n P = P n

and

B (P~~,t) =j~ 
_ -~~ .

-
~
- dr ,.~

En(t) 2 1T r

C~ (P~~,t) 
a ( i  \ dE,~a~ 2-r~r /

Fm (I’* ,t) 

~L, (t) a~~ ( 2 ~~r ) dE~ (107)

By imposing the condition that Equntion (105) be satisfled at the centroids

of the elements Eh, one obtains (note that according to Equation (60) E(Ph) 1/ 2,

is on + ER),

N N M -

•

= 

~~ 
Bhfl(t) $n(t) + 

~~ Chfl(t) Wn(t) ~ ~ 
Fh (t) 

~~m
(t) (108)

n 1  n— 1 m~ i

so

-- --
~~~~~~~~~~~~~~ -~~~~~- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ J~~~- -~-_



where

Bhfl(t) = B (Ph,t)

Chn(t) = Cn (Ph,t) (109)

Fh (t) = F (Ph,t)

• It should be emphasized that (unlike in the formulation for aircraft , Refer—

ence 42) the coefficients 8h ’  Ch ,  and Fhm are t ime dependent. This is due to the

fact that the surfaces En and E’ vary with time (except for the ones of the fuselage)

and also to the fact that the points 
~h move in time (except for those on the fuselage).

Next the relationship between 
~ ~m and ‘n is obtained. Consider the

trajectory of the centroid, P’ , of the elementE~ of the wake . Let ~~ indicate the

point of the trailing edge from which the above trajectory starts (see Figure 9).

Then, according to Equation (32),

— 

m(t) = (t - (110)

Figure 9. Relation of Wake Trajectory to Trailing Edge.
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where 
~~m is the va ue of ~

p at 
~m w ereas is the time necessar y or t e

material point of the wake to move from ~TE to P,, with velocity VA given by

Equation (25) .

In addition, it is possible to express the value of ~m
TE in terms of the

va lues, 
~n’ of the potential at the centroids of the elements , Es, . A simp le expression

is o ta m e by assuming that (in view of the Kutta condition) t e value o t
~Pm may

be approximated with the value of t~P at the centroids of the elements in contact w ith

the point P,~~. This yields

TE
A Cp (t) = 

~~~ 
S n ~~~(t) 

(111)

w here Smn 
is equal to 1 (— 1 ) for the point of the upper—surface (lower—surface) element

in contact wDh the point ~TE of the trailing edge and equal to zero otherwise . In

other words,

Smn = 1 if ~ TE 
EE~ (or-i upper surface)

= —1 i P EE (on lower sur ace)
m n

= 0 otherwise (112)

Combining Equations (108), (110), and (111) yields

N N

~n
(
~
) ~~~ B hfl (t) 

~~~~ ~~~ Chn (t) cpn (t)
n =1 n = 1

M N

~m~~~l n~~~1 
F hm(t) S cp ( t _ T

m
) (113)
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This is a system of linear delay equations with time—dependent coefficients

that may be solved with a step-by—step procedure , once the coefficients Bhfl (t) ,

Chfl(t) , and Fh (t) have been evaluated . An exp licit expression for these coe fficients

is given in Subsection 5.2 . An alternative iterative procedure for the solution of

Equation (113) is presented in Subsection 5.3. -

5 .2 ANALYT ICAL EXPRESSION FOR COEFFICIENTS B , C , Ffin hn hm

Consider the coefficients Bhfl(t) and Chn(t) that, according to Equation

(107) and (109) , ore given by

Bhn(t) =JJ _- ±_ d~’ (114)

~~~(t) 
2-’ r

Cfl (t) = if ~~ (_
i
__) dEn = 

_ 1
3 

r - n dEn (115)

where r = I n  with

= P(t) _ P
fl (t) . (116)

Ph(t) is the centroid of the element Zfl(t)~ whereas P(t) is the dummy point of integra-

tion on the element T~(t) . The integrals in Equations (114) and (115) may be

eva luated analytically if the surface element Zr-~
(t) is quadrilateral and is approximated

by the hyperboloidal element of Reference 43, i.e., the portion of a hyperboloidal

paraboloid of the type (see Figure 10),

P(t) = p0 (t) + ~p1(t) + flp2 (t) + ~ “p3 (t) (117)
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w here the sur face coordinates ~ and 1~ are bounded by

-1<~~~-- 1
(118)

The vectors ~0(t ), ~1(t) , ~2(t) , and p3(t) are related to the corner points

~~~~~ Ppm(t)
~ Pmp(t) i and nm (t) of the element E~(t) by the relationship

1 1 1 1

=1/4 
‘I 1 -1 -1 

\ Pm~~~ (119)

) p2(t) 1 —1 1 1 Pmp(t)

p3(t) 1 -1 -1 1 
~mm

(t)

Note that

d~ ’ = I~1 X 0~~ I d~~dT~ (120)

w here a. (i 1 , 2) are the surface base vectors

01
( 12 1)

02

Note also that the surface unit normal ~~may be expressed as

n X 02)/ lal x 0~ ( 122)

Combining Equations (114) , (115), (118) , (120), and (122) y ie lds

1 1
Bhfl(t) = J j ~_~ !_ 

~~ x 0
2 1 d~ dT~ (123)

2ii r
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• 1 • 1
Chfl(t) i - ~ d~ d ~ - ( 124 )

2i-i- r

Note that both integrals ore of the type

I - J f ( ~
1 , ~

2) d~ d~ (125)

which may be eva luated as

F( 1 , 1) - F(1 , -1) - F(-1 , 1) F(-1 , -1) (126)

w here F(~ , 11) is such that

f (~, ~

Therefor e, Bhn(t) and Chfl(t) are easi ly eva luated if one notes that (Rctvt iic~’ 43)

1 — — — ~2 1 r-~~~ l - r x a 2
— r - a  x a  = ----

~-
- --—- - tan —— — - - -  - -

~~~
-
~~ ( 1.~8)

r3 1 2 I r I r  - a~ x a 2

whereas, assuming ~ to be approximate ly constant wit hin ~~~~~(t )  ~,

1 — -,~2 — — 1 - 
1 f r . a 1

— 

~ 
a1 X 02 I — —r x a 1 - n -—---—-—- s m n h 

~r :_
~!~

_ _
~11 lO l l

1 —1 r . a 2 \
4 r x a - n — sinh -___ _-__- _- -

)

r x a 2 I

— — —1 r x a1 - r X a2 \
+ r - n tan —-—--------—-- -- I . (1 29’)

J r I r  - cli x a2 1

* This is consistent with the hypothesis that ~~
-‘ and * ~~~~~~~~~~ ~ are constant w ithin

S6 
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Next note that the definition of the coefficients F~~(t) is identic al t o  t h e

one for the coeff icients C1 (t ) with the exce ption that the sur toc ,~ elemen ts ~~
- ii e on

• the wa ke - Therefore , if the wake elemen ts are cipprox imoted by qi ,dr lotero l I ’ , pet -

boloidol elements , the coeff ic ients F ore eva luated by t s i t i q  the sti r ,’ p ‘ - d i r ehm -

outl ined for the coefficients Chn

5 .3 ITERATIVE PROCEDURE FOR SOLUTION 01 Dl t UUAT R~ N

In order to solve Equation ( 1 1  3), a step —by —step procedi e iro~ l e  used;

however , t his is expected to be time consuming (hecnt ce ~ I r i t  r t  ions on A t dt ‘e to

stabi lity const raints usuall y connected with step — I- > —step p o u es~ [her e -‘i e , for

the steady state (periodic) solution , on al te r note sc heme may ln~ t —of u l ly ernHo~ 
(‘J -

This scheme is based upon the following i terat ive procedure - lot the zer o~ ’ I t e t o t  lot

assume t hat the variation of A~P
TE in time is small enouqh so th ot

~(O) (t - T )  ~(0) (t ) ( 1 30’)

Introducing this approximation , Equation ( 1 13 ’ )  reduces to

un 
- 1C1 (t) - 

- 

F1 (t) S ) .,( O’) r R~~( t )  
~~

(1 -~ 1’ )

This is a system of algebraic equations (Wi ti r t line ~ -or I to us a pot ~ - r

that may be solved for cit discrete angular posi t ions - ot t he ,~~toi , ‘i us—

ponding to time , t = \ . / 
- (where ~ is the angular velocDs of the otor I or th~

successive iterations , Equation (113) may be rewr it te n as

[~hn - Ch (t)} ~ ~~~ (t)} [BIn (t ’) l n
(t)

f (t ’ )  is 
t ( k -1 

- - ~~hm I L mn • n i i

- 7

~~
_ 
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If the iteration scheme converges , the converged values of w~~ (t ) ore the solutions

for Equation (113).

5.4 EVALUATION OF PERTURBATION VELOCITY AND PRESSURE

Equation (113) is a system of linear delay equations with time -dependent

coefficients. After the potential cc at the centroid of each element is obtained , the

perturbation velocities and pressure can be evaluated . As shown in Subsection 4 .1 ,

the velocity can be decomposed as follows:

• v = v~ = 1 ,2 ,3 (133)

where ~~
° denotes the ad joint base vector and v~ is the covariant component of

the vector v. Note that

v = _
~~
i_ (134)a,

with ~~ representing the curvilinear coordinates. If ~ and P~ are the surface curvilinear

coordinates and and 02 are the base vectors , Equation (133) becomes

— —1 —2 —3v = v 1 a +v 2 a + v 3 a (135)

where

a~~x a~ (136)
01 - a 2 x a 3

—2 a3 x a 1a — — (137)
°i 0

2
X 0

3
and

3 a~~x a ~a — — (138)
01 

. a2 x 03
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since

= - a~~ (139)

a~~a = a = ô’~’ (140)a,

with

= ~~~~~~~~~~ (141)
~ (0 ~~~~

The perturbation velocities in Cartesian coordinates at the centroid of the element are

given by

v~ v1 1+ V~~0 1+  v3o 
- 1 (142)

—2 -v
= V

1 
0 - I + “2 a - I + V

3 
0 - I (143)

and

= v
1

0
1 -t+ v2 a

2 -1 ~+v 3a
3 - 1~ (144)

where I, T, and k are the unit base vectors .

Finally, Bernou I~i’s equation for incompressible potential flow , given by

Equation (18), is used to obtain the pressure, that is,

+ ~~~ + R. I u2 
+ (145)

~t 2 p 2 ~ 
p

or
2 2 2

p - p  2~~— + 2 v  U +v +v +v
c = ______  

t X ~~ x y Z (14-6 )
P 1 2— p U  U

2 ~

w crc -
~

-j = 0 on body and = x r V cc on rotor .
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5 ,5 EVALUATION OF THE AERODYNAMIC COEFFICIENTS

After the pressures hove been obtained at the centroids of the aerodynamic

pane ls , the aerodynamic coefficients can be obtained by summing the contribution of

each surface panel . Hence , the lift on the helicop ter is given by the expression

c - U c .~~ dE
j j  p
E

= - 

~~ I
i 

[
1 

~p ~l 
x 0

2 
1 dgd y

-4 C X 0
2 ~~h 

(147)
h ~h

since

J J d~~d fl = 4 (148)

Simi larl y, the induced drag is given by

C = - It C ~i • T  d~D ~ p

— 4 E C (a x 0
2 ‘~h 

(149)
Ft ~h

Note that C denotes the pressure coefficient at the centroid of the hth e lement . 
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SECTION 6

RESULTS AND CONCLUSIONS

The formulation presented in Sections 3 and 4 for incompressible potential

aerodynamics with separated flow was incorporated into a computer program SHAPES to

study the rotor wake efc ects on hub py lon/flow separation . The program SHAPES is an

acronym for Subsonic Helicopter Aerodynamic Program with Effects of Separation .

The effects of the presence of the rotor in its various operating conditions as well as

the presence of separation on the pressure of the helicopter components be reath the

rotor were investigated. Extensive numerical results showing the flexibility and

accuracy of the method were obtained from the program SHAPES. Also, comparison

with several existing results was made. Concluding remarks are given in Subsection

6.3.

6.1 NUMERICAL RESULTS

Convergence ana lysis was performe l on an ellipsoidal helicopte r confi gura-

tion. The case of a modified BO—105 helicopter fuselage configuration without rotor

was analyzed to study the effects of separation . Results for a single—bladed rotor

- 

- and four—bladed (XH—51A) rotor were obtained and compared with available theoreticol/

experimental results. A fuselage configurat ion (Model 1) with a prescribed separation

wake and a single two—bladed rotor with classical helicoidal wake geometry were

treated separatel y and combined for analysis at forward flight , and compared w i th

exisfing experimental results.

6.1.1 CONVERGENCE

Convergence studies were conducted to Identify the approximate number of

aerodynamics elements required for the analysis.
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Convergence analyses were performe d on an ellipsoidal fuselage configura-

tion with separation effects at an o rspeed of 150 mph, zero angle 0f atta ck , and zero

sideslip angle. The overall length , width, and height of the fuselage were 41 , 14.5 ,

and 16.5 inches, respect ively. Results are given in Figure 11. Two different aero-

dynamic paneling schemes were used: nonuniform and uniform elements.

Results for nonuniform elements are given in Figures 1 1(a ) through 11(d);

Figures 11(e ) through 11(h) present corresponding results using uniform elements . Both

the velocity potential and pressure distribution aI~ng the top fuselage centerline and

the side of the fuselage were obtained. The four ca~~s used for each aerodynamic

panel breakup scheme were as follows:

Run Symbol Number of Elements

1 64

2 0 120

3 0 168

4 
-

~ 

- 

200

It IS noted that the geometric symmetry of the fuselage, i.e., left - and right—hand

side, was not used, and the number of aerodynamic panels represents the total number

of elements used. On the CDC 6600 computer systems, 250 seconds of computer time

were required 10 run four cases.

It is seen that the use of the uniform elements yields slower convergence of

the perturbation potential near the nose and tail sections of the fuselage . A slower

rate of convergence is seen when the pressure distribution along the top centerline and

the side of the fuselage is computed. Hence, the use of nonuniform elements is desir-

able, Le., smaller panels near the nose and tail sections of the fuselage. It is
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estimated that for this fuselage approx imatel y 168 nonuniform elements are sufficient

for convergence , whereas the use of the uniform element scheme requires more than

200 elements for ana lysis .

6.1 .2 SEPARATION EFFECTS

The study of the effects of the separation wake on an ellipsoida l helicopter

fuse lage configuration is given in Figure 12. The location of the separation line is

• prescri bed and can be determined from existing f low visualization data or estimated

by the use of analytica l criter ia far separation .

The strength of the isolated vortex element is varied such that the velocity

is zero at the prescribed separation locotion . Figure 12 shows the effect of the

strengt h of an isolated vortex element on the potential difference distribution and

pressure on the top centerline of a simp le ellipsoida l fuselage at 150 mph, r = 00
,

and B = 00 . Again the overall dimensions of the fuselage are 41 , 14 .5, and 16. 5

inches , respective ly. The four cases run are shown below .

Run Symbol Vortex Strength

1 20

2 0 40

3 0 60

4 80

The number of aerodynamic e lements used in each case is 186. On the CDC 6600

computer system , the required computer time was approximatel y 80 seconds per case ,

i.e., for each va lue of vortex strength. Again , the symmetry of the helicopter

fuse lage was not employed.
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6.1.3 ROTOR EFFECTS

Results for a single-bladed rotor are presented. The geometry and flight

conditions of the rotor were R = 17.5 ft , C 1 .083 ft , 
~co 

= 2 .33 ft , 
~B = 10 .61

with C1 = .00186 and 0 355 rpm . Further details are given in Reference 44. The

c lassical helicoidal wake model is used with the induced rotor velocity (associated

with the convection of the rotor wake) given by

u~~ =
~/~ 

C1 
OR

The spanwise potential difference and the sectional lift are shown in Figure 13. It is

seen that 90 elements for this configuration are not sufficient for comp lete conver-

gence, although convergence is close . Reference 45 indicates that about 100 pane ls

should be required for analyzing a sing le rotor blade. The cases considered are sum-

marized as follows:

Run Symbol Number of Elements

¶ 1 42

2 0 64

3 0 90

For each of the above runs , the number of wake spira ls , N5, used is 3 and

the number of surface elements , Ne~ 
a long the flow direction is 18. Further details

on the convergence analysis of a rotor configuration are given in Reference 45. The

computer time required is approximate ly 400 seconds for the three case s. The results

were compared with other theoretical results , i.e., Landgrebe ls wake model and

classica l wake model. It is seen that the present results are in very good agreement

since the present woke model and the classical wake model do not take into account
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Figure 13(c). Comparison with Other Theoretical Results.
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the concentration of the vortex sheet into a tip vortex (not included in the present

analysis). It is noted that the Landgrebe wake model (Reference 46) is obtained from

experiments and inc ludes the effect of the tip vortex. Details of these results ore

presented in Reference 44.

Results were obtained for the XH—51A Helicopter rotor at hand with ~i 355

rpm, 
~B 

10.61°, and thrust coefficient C1 = .00574. The rotor radius is 17.5 ft with

root cutout at 2.33 ft and constant blade chord of 1 .083 ft . Using a classica l heli—

coida l wake model , the induced rotor velocity is estimated to be 35 ft/sec. The four

cases considered are

Run Symbol Number of Elements

H 1 32

H 2 0 168

3 192

4 200

In each case, the values N5 = 3 and Ne = 18 were prescribed . Note that the number

of elements represents the total number of panels on the four rotor blades.

Convergence analysis for this rotor configuration is shown in Figures 14(a)

through 14(c). It is seen from these studies that the use of 200 elements is very nearly

sufficient for convergence . Both the spanwise potential difference and sectional lift

distribution are obtained. These results are compared with other existing theoretical

and experimental results and are shown in Figure 14(c) . Results are in excellent

agreement with experimental data for the XH—5 1A obtained in Reference 47. Also,

present results are in good agreement with results obtained using both the Loncigrebe
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Figure 14(c). Comparison with Other Results .
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wake model and classical wake model. Overall ,the results ore in exceptionall y good

agreement if one considers that the effect of the concentration of the vorticity into a tip

vortex is not taken into account. This effect is clearly shown by Landgrebe wake

results since the Iandgrebe wake model us obtaIned from experiments and includes the

effect of the tip vortex. About 1000 seconds were required to run a sing le case (200

elements) on a CDC 6600 computer system

In both cases, the rotor wake geometry is helicoidal and automatically - I

adjusts itself for various values of U~ and ~ where U~ is the induced rotor velocity

involved with the transport of the rotor wake and ~? is the rotor angular velocity .

6.2 COMPARISON WITH EXISTING RESULTS

Results for the BC —1 05 configuration without py lon and toil boom section were

obtained and compared with available experimental results . Details on the exper i—

mental data are given in Reference 5. A sketch of the 80—105 fuselage section is

given in Figure 15 . Oil flow visualization on the BO—105 configuration (rigure i6~
at 150 MPH and t~v = 0 was used to estima te where separation occurs. The strength of

the isolated vortex element was varied until close agreement with experimental results

was obta ined. The results of this study are given in Figure 17. In obtaining most
of these resu lts, no attempt was mode to verify the location of the separation line .

W hen separation occurs , a step pressure gradient is observed and the velocit y changes

si gn . It should be noted that the location of maximum total potentia l corresponds to the

location at which the velocity changes sign. This is the criterion used to determine the

cnrrect vortex strength for the flow and the result is presented in Figure 17. In

.~.r1.r oI, the resu lts are good although some improvement is desirable. Improvement can

. I4 - conç lished by moving the separation line , vary ing the vortex strength at smaller

~~~~~~~~~~~ ~n~d includin g a more comp lete vortex dynamic model.
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Next , the results for Model 1 with separation obtained from Program SHAPES

are compared with available experimental results . The sketch of Model 1 and the rotor

blade plonform are shown in Figure 18. Further details of this model are given in Ref-

erence 49. The case of a fuselage configuration wit hout rotor geometry was investi-

gated. A tota l of 64 elements was used with a required computer time of 31 seconds on

CDC 6600 computer systems . It should be noted that experimental data obtained by

Wi lson and Mineck (Re ference 49) include the presence of the py lon, whereas results

in Figures 19(a) and 19(b) are presented without the py lon. Pressure distri bution on the

top center line and bottom centerline of the fuselage was obtained . Overall , the re-

su lts are in good agreement since the present result does not include the presence of the

py lon section .

Results for Model 1 with the py lon ~nd rotor are given in Figure 19(c).

The rotor radius is 20 inches with a root cutout of 8 inches. The blade chord is 3.5

inches with a thickness ratio of 0.12 . In th is analysis the effect of separation was

inc luded. The exact geometry of Model 1 designated in Reference 49 is not used .

With a geometric preprocessor , the geometry i5 opproximated by simp le overall

geometric configuration, i.e., ellipsoidal and conical sections . Pressure distribution

along the fuselage top centerline and bottom centerline is presented . The operating

condition for this run is 30 knots, c~ -
~ 0, ~ 0, and rotor angular speed of 3600 rpm .

The cases considered are summarized as follows .

Run Symbol 
________ 

Remarks 
_____ _______________

1 0 Fuselage with rotor blade; no pylon .
2 Fuselage with py lon and rotor blade .
3 Fuselage with py lon, rotor shaft , hub, shank , and blade .
4 Fuselage with py lon, rotor shaft , hub, and shank; no

rotor blade .
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A typica l computer time required for a case of Model 1 with rotor blade is approximately

600 seconds on the CDC 6600 computer system with 184 elements used. Again, the re-

suits obtained here compare very well with experimenta l data presented in Reference 49.

It is seen that the effect of the pylon is sma ll because the actual py lon geometry is

rep laced with a streamlined ellipsoida l py lon section . Hence, the pressure change on

this fuselage/pylon section is smooth and not abrupt .

6.3 CONCLUDING REMARKS

The theoretical formulation and corresponding numerical procedure for the

study of the total effect of the presence of the rotor in its various operating conditions

on the pressure distribution and drag (induced) of the helicopter components beneath the

rotor were presented. A potent ial flow aerodynamic program, SHAPES , wit h suitable rotor

wake representation was developed to predict the separation characteristics of arbitrary

three—dimensional helicopter configurations, with lifting surfaces in yawed flow . In

particular , the effect of the rotor blade wake, blade shank wake , and hub wake

on the separation of the flow over a lifting helicopter in forward flight was analyzed.

Specific capabilities of Program SHAPES include:

- 
- • Complete 3—D representation of fuselage/pylon/rotor/hub.

• Capability to input arbitrary aerodynamic pane ling geometry.

• Preprocessor for simp lified helicopter geometry to enhance
parameter studies .

• Capability to run all or part of helicopter configuration.

• Capability to analyze separation effects on fuse lage and py lon.

• Automatic generation of rotor and hub wake dynamics .

• Capability to run multibladed rotor problem.
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The method is very f lexible and simp le to use; the use of quadri latera l

hyperboloidal elements (which can be used to y ie ld any arbitrary closed sur face), de—

fined in terms of their corner points , is one of the original features of the method .

Other features of the method are the simp licity of the expression for the coefficients .

This makes the method extremely efficient from a practical point of view . Also , the

method is accurate and relative ly fast , despite the fact that no effor t has been made

to minimize the computational time .

In contrast to ex isting methods , wh ich in many instances require an exten-

sive user ’s background in aerodynamics and fami liarity with the specific method , the

present code requires very limited human intervention and is extre mely easy to use .

It is emphas ized that the only required inputs to the program are the locations of the

corner points of the aerodynamic elements and certain specifications to the problem;

i.e., Mach number , rotor angular speed, ang le of attack , and the location of the

separation line . In addition, the geometry of the wake is automaticall y generated.

Present outputs avai lable from the computer program include the aerodynamic coeffi— H

cients , i.e., lift and induced drag , as we ll as the pressure and velocity flow field

around the configurat ion.

It should be noted that the CPU time for the evaluation of the coefficient

matrix is a large percentage (typ icall y 80 to 90 percent) of the total CPU time . An

improved computationa l scheme (Reference 50) has recentl y been developed . This

sc heme consists of combined numerical (Gaussian quadrature) and anal ytica l pro-

cedures for the eva luation of the source and doublet integrals used in the program .

The method emp loyed in SOUSSA (Re ference 50) is very accurate . However , the

analyt ica l evaluation of the coefficients (which is necessary for near e lements ”) re-

quires an unnecessary amount of CPU time . A hybrid numerical—ana l ytica l scheme
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for the evaluation of the coefficient is used . This scheme yields an appreciable re-

duction of computer t ime (80 to 90 percent of the original time; i .e., after this

modification, SOUSSA requires one—tenth of the original CPU time for the evaluation

of the coefficients) . Larger savings ore expected for complex configurations, since

in those cases a large number of elements is required simp ly to describe the geometry

accurately. Hence , it s recommended that the optimal combination of the various

schemes as well as the trade-off between accuracy and computer time be investigated .

Comparison with the results of References 44 and 46 — 49 indicates that the

present results are in exce llent agreement with existing ones and demonstrate the f lex i—

bi~ity and usefulness of the program . A number of improvements are now under in-

vestigation. It is seen that the present wake model does not take into account the

concentration of the vortex sheet into a tip vorte x. This tip vortex concentrat ion

has a strong effect on the flow field around the helicopter fuselage/rotor configuration.

Also, a more complete separation representation can be incorporated . Improvement

can be accomp lished by moving the separation line and by vary ing the strength of the

isolated vortex element to verify the area of separation. It is recommended that the

aforementioned improvements be included in Program SHAPES.

The present method has potential application in the design of helicopter

configurations because it provides an analytica l capability to the eng ineer that is

simple to apply and which can be used to develop a low -drag profile as well as to

exp lore problem areas . 
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APPENDIX A

SOURCE, DOUBLET , AND VORTEX LAYERS

In this appencHx the main properties of source, doublet , and vor tex layers ore

considered. The equivalence of vortex layers and doublet layers is also considered.

SOURCE LAYER

A distribution of sources over a surface Y s called a source layer. The po-

tential due to a source layer Is given by

~~ ~~~~ if I~~~ dr (A— i)

where

r 1  p* — p l  (A—2)

and 1s is the intensity of the source dktribution . Note that a source layer does not yie ld

any discontinuity on therefore, the tongentk l components of the velocity are con-

tinuous on ~
‘ . However, the normal component of the velocity due to a source layer ,

i’~cI?
is discontinuous . In order to determIne the discontinuity of ~S consktei t he nor—

mal derivative of Equation (A— i) at a point 
~~ 

onE. T his yields

(~
rs )  _ Iim ... fj 1s ~~~ 

( _ i \  dc ’  (A-3)

~ n o P~~~P0 ~n
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Next consider on the surface E a small circular surface element, r , with center
€ 0

and radius ~~. Then isolate the contribution of z~

( ?~ = lim _ .11 1s A-. (_ L\
~ n 0 P* - P0 E-~ ~ n0 \4~

.
~r/

+ _ Iim 
- If l~ —k-- (_ L\ dE (A-4)

P~-’P0 F ~ n0 \4i~r/

Note that when € is sufficiently small , E
~ 

is approximately planar. Then considering a

frame of reference X, Y, Z with origin at f~ and the Z—axis 
directed like the normal

~ (see Figure A—i), one obtains

fJ ’s 
~~ 

(
~

)
~ 

1s~ II ~ 
.v
~(~~~~

)dX dY

;_ (
~~~~~~

-)

~~~~
= l 5 2~~ J no

. RdR
o

1 € Z
ls~~ .[ (R2 +Z~)

3
~
2 RdR

1 C

ls~~

I I _z
~ Z* 1

= ‘ so~ L~2 2 
+ 

iz~~j  
(A 5)

€ + Z *
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where (see Figure A-2)

R =j x2 + v 2

e = tan~~ (Y/X) (A -6)

and 1s0 
is the value of 1s at 

~o

Note that

u rn if ± dE
P~- P0 

1s an0 ~4~~r)

= u r n  I
Z~~- 0  2 S0 ~zj

± ! s (A 7)

where the upper (lower) sign holds if ~~ 
approaches 

~~ 
from Z~ 0 (Z~ < 0). There-

fore , the discontinuity In on ~
‘ is given by

= l ~ 
(A-8)

with

~ 
(;;
~
) = ( )

~ 
- 

~~~~~ 
(A—9)

where 1 indicates the side for positive Z , i.e., the side toward which is pointing,

and 2 indicates the apposite side. For a horizontal surface ~~ 

(~
‘ns) = 

(-~ -)~
— 

~~~~~~~~ 
If is the upper normal, where u and £ indicate upper surface and lower

surface, respect ively.

The above result could be anticipated by thinking of a uniform source distr i-

bution on any Infinite plane. The flux per unit area emanating from the layer is I~
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The fIu~ ~por unit orea~
) on each side of the surface is I~ 2; therefore , the flow field

k a uniform velocity of absolute value 2 away from the layer. The vatue ot ~~

is l~ 2 on the side of ~ and —l~ 2 on the other side . Therefore, the discontinuU)

is equal to I~ iJf evaluated in th, direction of ~•
A.2 DOLtBLFT LAYER S

A ~u,ta~’e distribution ot doublets , __~~_ (L!. \ , he’~e ~ k the n~’w moI to the
-
~~ \4 ”i /

~~~~~~ ~:: ~~~~tin~j hoin side 1 to side ’ ~\ k ~‘a Iled a d~ubIe’t I~i\ t9 . The potent ial due’

to a doublet la~’ør i~

~
D ~~~ 

-~~~ (LL) d

‘,~ he’i e’ i’~ the inte’n~it~ ~t the ~oubIe ’t distr ibution . Note that a dot i’ let ~~ ei s

a ~~on tinu it’,’ on . In order to determiiw t h s  disconti twi t’~ , o~~~ det t he’ ‘~,in~e’

p~¼~’e~ u’~e’d fo ~i source element . Introducin~
j the sur face defined in Subsectio

A. 1 , EquatIon ~A—1 0~ may be ,‘es~r itten as

~ ~ft ‘~ 
-

~~~~

- (
~

) 
~~~~

‘ 

~~ (
~ 

)
~

Ne’~ t note that as’.u nin l
~ 

constant s~ i th u ’  Y and equal to ~ne obtti i u~

(see Equation (A—5’~

-~t (~i)~ l~ ~ 
.~~
(,
1) d\d’~

~~~

‘ . ~~~~ RdR
0 0 4”

— ‘s— ~



= -i ! --— Rd R
2 0 (R2 z~~

3 2

= ~ ! F z~. - _
~-~

_-] (A-12)
2 

~~~~~~~~~ ~z~l]

Therefor e, the discontinuity is

(A-13)

A.3 SOLID ANGLES

It wi ll be useful later to interpret doublet distributions in terms of solid

angles . Note tha t (see Figure A—3~

JI’D L 
~~ 

d~. = .1J~D ~
. _ _ _  dY

= J~ff I D ~~.I

= _JJID COS

, l f f  dEn

= LJ/’ID d~ (A-14)

In partIcular , for a closed surface and constant, Equation (A—14) becomes
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cif 1 D ~ dE _!~ (if d~ 
:~ —~~ (A— 15)

~ if

Note that, as is well known

1 for P~ inside �‘

L’2 for P~ on F (on regu lar pointt )

0 for P~ outside E (A— k)

A.4 VORTEX LAYERS

A surface distri bution of vortice s is called a vortex layer . The velocit y

cr eated by a vortex layer is given by

-ff ~ c’ (
~

)
~‘

Note tha t the vorticity is represented by a solenoidal field. Therefore ,

Y~/cw = 0 (A-18)

where the slash denotes covariant differentiation.

Introducing a curvilinear surface coordinate system ~~~
, 

~~~~
, such that the

is para llel to~~, then

““ 
~i 

(A—19)

where ~ are the base vectors

(A-20)0

t A regular point is defined here as a point where .“ has a tangent plane.
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Thus, Equation (A— 18) becomes

~ (
~ 

V~~ 
= 0 (A—2’I)

/

A.5 EQUIVALENCE OF A SINGLE VORTEX TO A DOUBLET
LAYER OF CONSTANT INTENSITY

In Subsection 3.6 the isolated vortex was represented as an so$ated vortex

branch wake, i.e., a doublet distribution with constant intensity . Here it is shown

that a single c losed vortex is equivalent to a doublet layer with constant intensity .

The proof is based upon the identity

~x dl _ f f~~~x~~)x ’
~dE

= if [(V . On - V(f~ n)I dE (A-22)

¶ which may be obtained from the generalized Stokes ’ theorem (Reference 41, page 49,

Equation 3). Consider the veloci ty induced by an isolated vortex on a point ~
According to the well-known Blot and Savart law (Reference 41, page 521)

— r — f —i \ —
= — V 

~ 
— )  X dL (A—23)

c ~~r j

where r is the circulation

r =
~~~~~ 

. di (A-24)
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According to Equation (A —22), Equation (A-.23) may be rewritten as

= 

~~ ~ 
.~~~

(L)] 
;..ç~ dE (A-25)

where E is any arbitrary surface bounded by the vortex line C. Noting that v2( !. ) = 0,

Equation (A—25) may be rewritten as

— r i~~~~a I 1 \v ~~~~~~~~ v — i — i d E
~~ ~ E an \ r  /

= if r -~~- (_ L) dE = (A 26)

when

- 

‘ 

= if r _~~-. (_±\ dE (A-27)
an ~4 r t r/

Equation (A—26) indicates that the velocity v 1., due too single closed vortex may be

expressed in terns of the potential , 
~r’ 

due to a doublet distribution of constant

intensity equal to the vortex intensity r , over a surface F bounded by the vortex

line C but otherwise arbitrary.

A.6 EQUIVALENCE OF DOUBLET AND VORTEX LAYERS

The above analysis may be extended to a vortex layer , since a vortex layer

may be thought of as a superposition of single, closed vortices. The extension of the
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analys is Is br efiy pr.sented in th, following . Note that (see Figure A —4) using

Equation (A-22), the veloc ity v~ due to a vortex layer may be written as

2!J5 (
~

)
:~ x ~~(L

’
~ ~kid{ 1 d~

2 (A -28)
4~t .

0

now If

d.t = d~~
1 

~ 
(A -29)

then Equation (A-28) becom.s

.2
..fà \ ‘d{2 4 ~ ~~(L)

x d~
0

= Jã v~d{ 24  ~ ~~~ ~-‘i~(~) .~] t d~
L v

0 I ~~ y 1d~
2 

~~ 
!_ 1. ~a d~~ dI2 (A-.30)

4,, J J an r
0 0

Introducing

f(~
2) -

~~ ~~~~~~~ L~~~0 d 1
1 (A-31)

4i~~J an

and

~~i
2, ~ ~~dI2 (A42)
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Figure A-4 . Vortex Layers and Doublet Layers .

yields

L = S
~~~~~

: 

2
= 

~o [D~ f d~ 
D f d~

0 0 0

= 

....2 

D -

~

- (;~-) 
...J~ d~

1 d~
2

= 

~o ~ D 

~~~ (
2!) da (A -33)
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which shows the equivalence of a vortex layer to a doublet layer of intensity D. Note

that

___  = (A—34)

which is the relation necessary to determine the vorticlty of the vortex layer from the

Intensity of the doublet layer .
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LIST OF SYMBOLS

~~, 
t. arbitrary vectors

, base vectors (see Equation (121))

base vectors; o = 1, 3

• 
= e o~~; covar iont component of the metric tensor

ad joint base vectors; o = 1, 3

contravar iont component of the metric tensor wher e a0~ a~~ =

A, B arbitrary constants

source coefficient

source integral (see Equation (107))

c blade chord

C, D arbitrary constants

CD drag coefficient

Chn doublet coefficient

C1 
lift coefficient

C~ doublet integral (see Equation (107))

C~ 
pressure coefficient

Cph pressure coefficient at centroid of hth element

C1 thrust coefficient (see Equation (8))

domain function (see Equation (55))

f, g arbDrary functions
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LIST OF SYMBOLS (Continued)

Fh = F ( P h, t); wake coefficient

— Fm wake fnte~~aI (see Equation (107))

ad joint base vectors; o = 1, 3

ad joint base vectors; ~ = 1, 3

covariant component of the metric tensor

contravar iant component of the metric tensor where ~~~ g~~, =

rotor incidence angle with respect to freestream velocity

i~ r ~ unit vectors in x , y, z directions, respectively

I length of isolated vortex element

L (subscr ipt ) denotes lower surface

vortex line

M number of elements on the wake

n direction normal to the surface of the body

normal to surface of the body at point P

N number of elements on the surface of fuselage and rotor

N number of elements along the circumferential direction of
one wake spiral

N number of wake spirals

p pressure

p~~ freestream pressure

~ ‘~~m’~~ ‘ p location of the corner points of the hyperboloidol element

~mm

- 
- 
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LIST OF SYMBOLS (Continued)

p0, ,p2,p~ parame ters descr ibing the geometry of hyperboloidal elements
(see Equation (119))

P point on surface of body

P(t) dummy point on surface F

centroid of hth elements on surface of fuselage and rotor

~h
(t) centroid of element

Pu cenfroid of m th elements on the wake

pIE corner points along the trailing edge of mth wake element

point on the wake

P~ control point in the flow field

locat ion of separation line

o location of isolated vortex line that is used to represent the
V presence of vorticity in the separated wake

r radial distance (see Equation (43))

vector denoting the distance between control point and
dummy point

R rotor radius

RE radius of F2 (see Figure 5)
2

S function that relates the value of p at the trailing edge with the
mn va lues of p at the centroid of the element (see Equation (112))

t time

to time when point on the wake is at
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LIST OF SYMBOLS (Continued)

I thrust

(subscr ipt) denotes upper surface

induce rotor velocity (associated with the convection of the
rotor wake)

U~~ freestream velocity

v velocity induced by the rotor (see Equation (5))

perturbation velocity

v~,v ,v perturbation velocity in x , y, z direction, respective ly

V
0 

covarlont components of vector

velocity induced by isolated vortex

V flight velocity

veloc ity vector

V ’ volume surrounding the surface of the body and wake
(see Figure 5)

~~~~

‘ resultant flow velocity in the for woke

VA average value of velocity

velocity of body

Vx~
Vy~

V z components of velocity in x , y, z directions, respectively

x , y, z Cartesian coordinates

location of a point on th, wake

R vector describing the vortex lines

y sponwise coordinate measured from midspon of an elllptkal
monoplan, wing

blade root cut-out
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LIST OF SYMBOLS (Continued)

r vortex intensity
- 

- r midspan value of e)flpti cal circulation distribution of a
0 monoplane wing

Kronecker delta = 0 ~ ji

£ radius of surface F1 (see Figure 5)

= V x  (see Equation (75))

c
0
~ 

controvar ient components of vector ~;o 1, 3

e rotor angular position

parameter describing vortex lines

F surface whkh surrounds the volume V ’

- 
- EB 

surface of the body

branch surface of isolated vortex line (see Figure 8)

F EF 
surface of the fuselage

surface of the fuselage wake

hth element on the surface of the body

F1 
1th elements on the surface of the fuselage, rotor , and wake

mth elements on the wake

~th elements on surface of fuselage and rotor

ER 
surface of the rotor

surface of the rotor wake

surface of the wake
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LIST OF SYMBOLS (Continued)

surface surrounding each wake

F0 surface surro.~nding the body and wakes (see Figure 5)

F1 
spherical surface of radius and center P~ (see Figure 5)

F2 spherical surface of radius RE and center P~ (see Figure 5)
2

Tm time necessary for material point of wake to move from ~~ to

with velocity VA

p perturbation potential (see Equation (127))

ve locity potential in absence of the isolated vortex
(see Equation 62)

value of potential at centroid of hth element on the surface of
fuselage and rotor

value of potenlial at centr o id of mth element on the wake

~TE value of p at ~TE

p,~ 
value of potential at cenfroid of nth elements

~~~~~~~~~~~ value of the potential at nodal points of the element

~mm

~o’,l ~~~~~ 
parame ter that yields a continuous potential distribution on
the element

• velocity potential (see Equation (17))

A inflow ratio (see Equation (7))

advance ratio (see Equalion (6))

11 surface coordinate associated with the hyperboloidol
element (see Figure 10)

generalized curvilinear coordinates; o = 1, 2, 3
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LIST OF SYMBOLS (Concluded)

p air density

x wake deflection angle of the rotor wake geometry with
respect to the freestreom (see Figure 3)

‘1 downwash =

¶ .

normal wash at centroids of elements Fn n

Q angular velocity of rotor

V2 Laplac ian operator

— . T~~~~ r aV gradient operator = — + I — + K —
ax ay az

66M0-78
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