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ESTIMATION AND TESTING OF HYPOTHESES FOR
DISTRIBUTIONS IN ACCELERATED LIFE TESTS

by

J. Sethuraman
Nozer D. Singpurwalla

I. Introduction and Summary

Many manufactured products have a long life when used under normal
conditions. It would be time-consuming to estimate the life (or failure)
distribution of a product under normal or use condition stresses. One
therefore tests the product under high stress conditions, makes some as-
sumptions relating life under high stress to life under normal stress,
and then estimates the life distribution under the normal stress. This,
in bricef, describes the problem that goes by the name of "accelerated

life tests," which has also found applications in bioassay experiments.

Practitioners in this area currently make two assumptions: first,
the life distributions under all stresses are assumed to belong to a common
parametric tamily, and second, a relationship, usually referred to as a
"time transformation function," is assumed among the parameters under dif-
terent stresses. For example, it is common to assume that the life distri-
butions belong to an exponential, Weibull, or lognormal tfamily. Examples
of time transformation functions are the inverse power law, the Arrhenius

law, and the Eyring law [Mann, Schafer, and Singpurwalla (1974), p. 421]}.

In this paper we drop the assumption of a common parametric family

for life distributions under all stresses but retain a version of the time




transtormation tunction. We show how to estimate the life distribution

consistently under normal stress.  We then show how to test for a speci-
tied common parametric family for the life distributions under different
stresses. Thus, we are able to test the validity of the first of the two
assumptions made in current practice in accelerated life testing if we
are willing to assume a time transtormation function. In a subsequent
paper | Proschan and Singpurwalla (1978)], we shall drop both these as-

sumpt ions and treat the problem completely nonparametrically.

2o The laverse Power Law and Its
Generalized Version

he inverse power law has found applications in accelerated life
testing of clectronic components, and in biocassay experiments of carcino-
penic substances [ty Wagner, Berry, and Timbrell (1973)]. Levenbach
(195 7) has used the inverse power law for analyzing test results on paper
impregnated diclectric capacitors and supported his choice of this time
transtormation by an empirical observation that the mean life of the ca-
pacitors is inversely proportional to an unknown power of the applied
stress. Since many items, and especially capacitors, are assumed to have
an exponential or a Weibull failure distribution at all stresses, the fol-
lowing setup tor accelerated life testing has become quite conventional

in enginecring applications. At stress level V., j=1,2,...,k , the

i
tailure distribution is assumed to be either an exponential or a Weibull,
with scale parameter 0‘ . At use condition V |, the failure distribu-
: u
tion belongs to the same parametric family with scale parameter U\ .
1
The scale parameters are related to the stresses according to the rela-

tionship

(‘ " v ) _“l‘zi"'lk'u ’ (3'1)

vhere ¢ and P are unknown constants.

In bioassay experiments V‘ represents the dose level of a car-

cinogenic substance.  In both accelerated life testing and bioassay
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experiments it is assumed that the Weibull shape parameter is the same

for all stress conditions.

In this paper we shall retain a version of the inverse power law,
but do not require any assumptions about a common parametric family.
Specifically, suppose that the failure distribution under the accelerated

stresses V., , 1=1,2.....k , 15 F , where F is unknown, and that
i Vi Vi

the failure distribution under use conditions stress Vu is G , where

G is also unknown. Furthermore, we assume that

" :
Fv (x) = G =l s f=la2 e ok (2.2)

i
where C and P are unknown and C depends on Vu . We can verify that

if Fv and G are exponential distributions with scale parameters 61
i

and Ou , respectively, and if Equation (2.1) holds, then Equation (2.2)

tollows. The same is also true if FV and G are assumed to be Weibull.
i
Thus, our model 1is prompted by the models previously considered in the lit-

erature.

Using failure data at the k accelerated stress levels, we shall
first obtain an estimator of P , say P , and then obtain a consistent
estimator of G . Finally, we propose a method for testing the hypothesis
that all the failure distributions in question belong to a common parametric

family.

3. A Consistent Estimator of G

Let Xi { l=1,2,...,ni , denote the observed failure times under

stress level V,  , j=1,2,...,k . If the vector (X

] 8

§3° Raps coea Xjni) is
denoted by Kj » then from Equation (2.2)
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v v v
1 N 1 2 N R A - N def
R 1 ¢ X i e K Z
X3 »
: 4 R AR def V‘ X s Iml 2iivaatn, s 3=1.2.....k 5 then the
Pal SR 53 |
J' l.ﬁ will have a common unknown distribution G(x) .  Equivalently,
2 = lopZ T logN S = logV. , the 3
it ;4 Log bt \\.i on i wd v‘\ on | then :\“
\i i + Pv\ , and the :"'s have a common distribution H(x) . If
H‘\\\ is the (unknown) distribution ot the x‘ L i*l.ﬁ.....u‘ , then
Nl\\\ = H(x + Pv‘\ M < T P
In order to estimate P | we let z‘ { - ) r‘ { where the
C have mean 0 and common variance; thus X + Py, - um=g .
Jsd j,3 | jod

We can now obtain the least squaves estimator of P, say P | using

standard techniques.,

Stnce H (x = Pv)) = H(x) L J=L2,0000k li‘(x - l:v\‘ ., the

empirical distrvibution ot  (x - Pv‘) sy Jw] 2. ity 5 18 an estinmatoyr

jod |

ot H(XN) + A pooled estimator of  H(X) s

J..-..,A-»._..-.A._-. \‘.l\

the following is an immediate consequence of the Glivenko-Cantelld

Lemma .

Al

Theorem 3.1 1f n‘ is large for each § , J=1,2,«.v sk § then

ﬁ(x) *HX) unitormly in x  with probability 1 .

Thus, we have an estimator of the distribution of the logavithms

ot the tailure times at use conditions stress.  As s well known, a
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consideration of the logarithms of the failure times i{s not too unreason-

able in life testing situations.

In the next section we shall discuss the testing of hypotheses

tor a specitied parametric family for the distribution H(x) .

Pi(éﬂﬂ!lbﬂ)ﬁ@ﬂ!l"§f Life Distributions

We shall confine our discussion to tests of hypotheses for dis-
tributions of the location-scale type. Such distributions are commonly

assumed in life testing situations.

4.1 Preliminaries

Suppose that we wish to test the null hypothesis that the unknown

distribution H(x) is of the form HO()—(:B-g , where a and R are the

unknown location and scale parameters, respectively.

Since x =z, - Plogvj s A=l corn s gmlc 20 sle o testing

j. i jyd

i

the hyvpothesis that H(x) = HO(E%E) is equivalent to testing the hypoth-
S

X-Q,
esis that H (x) = H, [—+<) . The distribution H_. .(*) belongs to
] 0, ] bi 0,j
. {
the same pavametric family of distributions as Ho(-) , and a1 and Si

are the unknown location and scale parameters, respectively, of HO 1(‘) . \:
I 3

For example, if Ho(x) is an extreme value distribution with location pa-
rameters o and B , that is, if Ho(x) 2 ] - exp[—exp(zég ] e SRS

then "0 i(x) is also an extreme value distribution with location param-

eter o - PlogVj and scale parameter 8 .

We next present some results for testing the null hypothesis that
x=Q
Hj(x) = “0 i\ 8 when and B are estimated from the data, and

j ] |

then adopt these for testing hypotheses about H(x) .

-5 -

g




re

Limiting distribution of a Kolmogorov-
Smirnov type statistic with estimated
location and scale parameters

Consider the problem of testing whether the distribution of x

ik’
TN ey belongs to a gpeciffed location and scale family, with
5 i
the particular values of the location and scale parameters not boti Anown,
Xrel)
More precisely, we wish to test the null hypothesis H. : H (x) = H e 5
tor all x and for some values of « and B, . Let Qa » A be
i i jan Jun
i 3
the maximum likelihood estimators of (ui.ﬁi) based upon the assumed null
bypothesis distribution "0 ‘(') .
We detine the following quantities:
N o \;
I \vn-t
o SRS o Tampamen ki 08 8
i h.i‘"
i
T

. EL_ YI' ’ St < G oT e
“J”\(t) n‘i:l I[ijC“iJ) t]. 0 <t <l , where

1{F] denotes the indicator of the event E 3

. Vj‘ni(t) B (nj)“ (wj'n‘(t) - c) LS I

Let D[0,1] denote the space of functions on [0,1] which are

2 P
right continuous and have left-hand limits, and let " ——> " denote con-

vergence in distribution.




Theorem 4.1 [Durbin (1973), Serfl!ing and Wood (1976)]: Under HO:

o} jsn

n=01
H (x) = H” i( ~;J> , the "empirical stochastic process," {V (t);
; 5 j j

v 0 0
< e = ¥l > ¥ in D[O,1] , where V is a Gaussian process de-

termined by
. o)
£ ) R (Rl a0 O el fe T andtRon allh AN g e g

) )
{11) K[V((s)v((t)] = min(s,t) - st + other terms which depend

on H (¢) and the properties of a and éi

0,] j,n St

b ¥
A consequence of the above theorem and the continuous mapping

theorem [Billingsley (1968)] is the limit law of the Kolmogorov-Smirnov

test statistic

+ -
D = max(D s —L) > 3
n n, n
) J ]
where
+ = ;
Dn = gup V. 2 (@), and D“ a o gnE .V, ” e
T L ¥ hzear Ay
The limit law of I)n is given by the law of the random variable
J
+ -
D = max(D, -D ) ,
where
+ 0 — . 0
D = sup V (t) and D = dnf Vo (t) .
0<t<l1 0<t<1

Serfling and Wood (1976) and Kac, Kiefer, and Wolfowitz (1955)

have obtained an expression for E[Vo(s)vo(t)] when H_. .(*) is assumed

0,j

to be a normal distribution, and when @, and B, are the sample
J,nj J,nj

mean and the sample standard deviation, respectively. This was used to

perform a Monte Carlo experiment for simulating the distribution of the

+ -
limiting random variables D , D , and D . Serfling and Wood also

- Y -
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gave us a table of the quantiles of the simulated distribution that en-

ables us to perform a test of the hypothesis that H, j(') is a normal.
14

A similar set of tables has been provided by Durbin (1975) for testing |

the hypothesis that HO j(') is an exponential distribution.

Chandra and Singpurwalla (1977) have obtained an expression for

)
ElV((s)Vo(t)] when HO j(-) is assumed to be an extreme value distri-
»

+ —
bution. This has been used to simulate the distribution of D , D ,
and D and to obtain a table of quantiles similar to the one obtained
i by Serfling and Wood. ;

Thus, using the results described above we can perform a test of

the hypothesis that H,(x) 1is either a normal, an exponential, or an

i
extreme value distribution, each with estimated location and scale pa-

rameters.

Our ultimate goal is to test hypotheses about H(x) , the dis-
tribution of the logarithms of the failure times at the use conditions.

This is discussed in the next section.

4.3 Tests of hypotheses about failure
distribution at use conditions

In Theorem 4.1 we showed that under the null hypothesis HO: L

X—0l
H.(x) = H, . B, , the "empirical" stochastic process {V, (G
j 0,3\ B. jsn,
J J
D 0

D2 20)—=>VW 5 for 38l0,.. .4k .

WA

If we now require that the life tests at the k accelerated

stress levels Vl,V sV, are conducted independently, then the pro-

2,00- k
cesses {Vj 5 (£) ;. 05 ¢ 8 1}, j=1,2,...,k are mutually independent.
’
]

In order to state our next result, it is convenient to define the i

following quantities:




«2(t) = Y AV (e} . DAy . |

n ,

=1 I 1
|
We shall refer to the stochastic process {Z(t); 0<t<1l} as the pooled |
|
'.,";'1",[".{(/ 'n'o(»‘.(,”:;‘ 1
|

Then it follows from Theorem 3.2 of Billingsley (1968) and the
properties of Gaussian processes that the pooled empirical process is ‘

such that

- ,<I 5
k k ) k 0 -

bR 3 A_vi (t); 0<e<1 2. v' . in DlO,1] .
| 1=t A e 3 by
Thus the limit law of the statistic
3
D = max(h s <D} .1)
n n n
where
™ 1
‘ 1 R
D= sup ) Ay z(t) (4.2)
<t<l =1
O<e<t |\ ]
and |
- ix
$ e ! i
B = inf ) A| 2|, (4.3 i
i o<t<l J\j=1 - '

is the limit law of  sup lVO(t)| .
0<te<1

Ir "0 i(') is chosen to be either a normal, an exponential, or
y

an extreme value distribution, then the above result plus the results of

Section 4.2 provide us with a mechanism for testing hypotheses about H(x) .

- 9 o




T=-374

'

. An Qllustrative Example

For illustrative purposes we shall apply our methods to some data
on accelerated Hife tests.  These data were abstracted from a report by
Nelson (1970), and pertain to the breakdown times of an insulating fluid

subjected to a voltage stress.  The data arve presented in Table 5.1,

Nelson assumes that the failure distribution at all stress levels
is a Weibull with a scale parameter described by the power law and the

shape parameter invariant with the stress.

We shall apply our methods to show that the failure distribution
at all stress levels could also be a lognormal. We remark that our dis-

cussion fs purely o1

lustrative, and that we have no basis other than Nel-
son's report to believe that our model as described in Section 2.1, and

particularly Equation (2.2), is valid.

It we denote the logarithms of the observed failure times by

x' g i=1,2,3,4 and l“l.;’,....n‘ , then the x, i can be used to

obtain the least squares estimator of P . This estimator turned out
to be 16.412; 1t compares very well with the estimator of P obtained
by Nelson, and by Al-Khayyal and Singpurwalla (1977), who also analyzed

these data.

We next obtain the empirical distribution functions H‘(x - Pv,) N

|

1=1,2,3,4 , and then pool these using Equation (3.1) to obtain H(x) .

Recall that  H(x) is the distribution of the logarithms of the failure times
at use conditions.  In Figure 5.1 we present a plot of li(x) on ordinary
graph paper, whereas in Figure 5.2 we present a plot of fl(x) on normal
probability paper. Since the plot in Figure 5.2 reveals linearity, we

are tempted to conjecture that under the power law assumption the dis-

tribution of failure times at use conditions stress {s a lognormal.

ln order to confirm the above conjecture we test tor the hypothesis
that H(x) is a normal. The necessary steps involved in executing our

procedure are as tollows.

= 10 =




Under the null hypothesis that each “1(X) is a normal (i.e.,

Voltage in Kilovolts (KV)
36 34 32 30
AR e LD o e M s ST,
1.97 0.96 0.40 17.05
0.59 4.15 82.85 22,66
2.58 0.19 9.88 21.02
1.69 0.78 89.29 175.88
2.7 8.01 215.10 139.07
25.50 31.75 2.75 144,12
0. 35 A ) 0.79 20.46
0.99 6.50 15.93 43.40
3.99 8.27 3.91 194.90
3.67 33.91 0.27 47.30
2.Q7 3232 0.69 a4
0. 96 3.16 100, 58
R 4,85 27.80
2.90 2.78 L3495
13.77 4.67 53.24
1.31
12.06
36.71
| 72.89

T=-374

TABLE 5.1

OBRSERVED TIMES TO BREAKDOWN, IN
MINUTES OF INSULATING FLUID

H(n) is a normal) the maximum likelihood estimators of n)

and B, , Q and {3 , respectively, are for J=1,2,3,
) j'“ _‘gn
j i
and 4: (.902, 1.109), (1.786, 1.525), (2.228, 2.198), and
(3.821, 1.111).

|
|
|
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For the jth stress level we compute

~

X - O

o jsn
W TRy W see— - L SRS B
j R
AR
]
Ynj,i 2
by By JlE ) L8, 1t g
» jl -=00 Jz—."- J
n
G (t) = — 2' I (H (Y ) < t) aie s One SE <] 5
Mo j nJ = 0,3 n»i

d. choose a grid of values 0<t, <t2, Shea s <tm <1, where

m is large, and obtain

- '2 %
vj’“j(cg) % (nj) (wj'ni(tg) % tg) =By T SRORRRIE

Repeat Step 2 for all the stress levels j=1,2,3,4 .

n
Compute A, = S S J=1,2,3,4 .

b 4 ’
Y n
=1 J
Compute Z(tg) ) Aj 3,0 ( ) S I RPN Z(tg) is

the pooled empirical process at the m grid points.

Compute
™~ _!2, N
4
+
Dn = sup ): AJ) /‘(tg) $
0<cQ51 j=1

- l’ b -
- 2
D = inf Z A ) Z(t,)| , and
e L(j-l ] u

- b -
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In our particular case, Dn was computed to be 0.4023; the
computation was based choosing m=20 grid points.
7. In order to test if nn = 0.4023 1is significant at the 95%

level of significance, we refer to the tables given by Serfling
and Wood (1977). From these tables we note that the critical
value at the 95X level of significance is 0.835. Thus, based
on the above analysis we have no reason to reject the hypothe-
sis that H(x) , the distribution of the logarithms of the

failure times at use conditions stress, is a normal.

We also tested for the hypothesis that each H, (x) , j=1,2,3,4 , ]

}

is a normal. This can be done easily by computing

+
D = sup Y a5
"y osepa ( Ty )

| D= taf [V _ ()Y,
; b e U S

and

3:

D = maxCﬁ'. il ) . Pab 1R1.2,3:4
n‘ “‘ n‘

The “n 's o, §1=1,2,3,4 , were computed to be 0.632, 0.525, 0.434, and
i

0.512, respectively. Once again, by following the procedure given in
Step 7, we have no reason to reject the null hypothesis that each

H,I(\) is a normal. !

Ty
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