i)
> I.EVEI_QJI 72.
N o - [oEgraz] ¥
co i
0 |
r. )
: | T TECHNICAL REPQBF ARBRL-TR-02069
i T |
E . < ~ o
{ IMPACT MODELS FOR PENETRATION
Z AND HOLE GROWTH
| >
(a1 .
8 William P. Walters
John N. Majerus
Ll
a — V
; 2=
; e D
E || 0 May 1978
=

BALLISTIC RESEARCH LABORATORY
ABERDEEN PROVING GROUND, MARYLAND

Approved for public release; distribution unlimited.

780615 060




et s e R A

Cag

-

Destroy this report when it is no longer needed.
Do not recurn it to the originator.

Secondary distributjon of this report by osriginating
or sponsoring activity is prohibited.

Additional copies of this report may be obtainod
from the National Technical Infermation Service,
U.S. Department of Comaerce, Springfield, Virginia
22161.

The findings in this rsport are not to be consirued as
an official Depsrtment of the A-my position. unless
30 designated by other authorized documents.

The use of tradse nawes or mamufacsturers' nasse in thi. report
doas not corstituts indoreement of any commercial product,

;T




UNGLASSIFIED
SECURITY CLASSIFICATION OF THIS PAGE (When Data Bntered)
b v
REPORT-POCUMENTATION PAGE BEFORE GOMPLETING FORM

[T REPORT NUMBER = T GOVT ACCESSION NO. 3. RECIPIENT'S CATALOG NUMBER
| TECHNICAL REPCRT @ARBRL-TR-82069 ‘I
4 o " . o -

TITLE (and Subtitie)

SO ot b -

/" Oy — s

-~ Y IMPACT MODELS FOR PENETRATION AND HOLE GROWTH,

t
' . (K :
R - smvemnie [ 6. PERFORMING ORG. REPORT NUMBER ~—-
} /‘; [, AUTHGR(®) 3 CONTRACT GN GRANT NUBER(s)
{. g P i ] — ’.—w

{ o4Iwilliam P./Walters / / | Suih
: Johr NJ Majerus ¢ iy 1/

9. PERFORMING ORGANIZATION NAME AND ADDRESS 10, FRgGR LENENT

U.S. Army Ballistic Rese:.~ch Laborator)? AR A,l; 535'« UNL‘:U“BE.?:

(ATTN: DRJAR-BLT) n rover T La

Aberdeen Pioving Ground, MD 21005 ! ' TN 3
3 11, CONTROLLING OFFIC- MAME AND ADDRESS 12. REPORT DATE r Y T y 4 ) A ;
X US Army Armament Research and Development Command MAY 1978 Al g

U.S. Army Ballistic Research Laboratory SNUNBER OF PAGEs P

(ATTN: DRDAR-BL)

Aberdeen Proving Ground Mn 21408 59
. MONITORING AGENTY NAME & ADDRESS(If ditferent fron Conirolling Office) 18, SECURITY CLASS. (of this report)

UNCLASSIFIED
182 DECLASSIFICATION/ DOWNGRADING
SCHEDUL.E

. ‘
b“" 16. DISTRIBUTION STATEMENT (of thls Report) ]

LA . . . . e .
R Approved for public release; distribution unlimited. [Eﬂ {
g JUL 18 1978 ]
17. DISTRIBUTION STATEMENT (of the abatract entered in Block 20, if different from Report) L ' i
5 ) ST T i
3 mmTT— / Z . B ;
A SRR
/ i
18. SUPPLEMENTARY NOTES _4
19. KEY WORDS (Continue on reverse aide if necessary and ldentify by block number) ‘:
Warhead hole profile
Shaped-Charge Jet jet-target interaction
KE Penetrator modeling
penetration

%& ABSTRACT (Contisue am reverse slds M necowsaty aud identity by block number) (Mba)
i

iven a hit and specific target, the target's vulnerability depends upon the ;
type of threat, for example, kinetic energy (KE) penetrator, shaped-charge jet !
or high explosive. This report addresses the threats associated with KE rod i
penetrators and shaped-charge jets. The questions studied are penetration
capability, decreasing penetrator velocity and mass through the armor, hole-
growth rate and hole size. The model is based on the conservation of mass and
the equations of motion in both the radial and axial directions and is used to ;
Jcontinyed) |
DD ,iony W3 E=ornom oF ) noves s cesoLeTE UNCLASSIFIED

Wt v - i o VAR b i e A At Sl W g R R andnarins TRk St




——ANCLASSIEIED

SECURITY CLASSIFICATION OF THIS PAGE(When Data Bnlered)

letem 20 Continued)

predict the time dependent penetration depth, penetration velocity, radial
velocity imparted to the target, target hole profile, and the erosion of the
penetrating projectile. Incompressible flow is assumed for the axial flow, but
target-strength effects and viscous-shear effects are inciuded in the analysis.
Plugging of the target is not considered in the present model 2nd all target
flow is assumed to occur in the radial direction. This radial flow (compress-
ible but uniform) is assumed to occur in three different 1egimes: first, target
material under the interface flows radially outwards (primary regime), then,
eroded penetrator forces additional radial flow of target material (secondary

: regime), and finally, the radial inertia induced by primary and secondary flow ° ’
é is absorbed by the surrounding target material (tertiary regime).egepue to

N various assumptions, the axial and radial flows are uncoupled, and the radial ,
flow can be obtained once the penetration and penetrator velocities are ‘
determined. Several special cases of axial flow are considered and compare

well with a variety of experimental data. Special cases of radial flow will be ’

considered in a future report.

T R e v e e e o,

AR T a4, g
QoA

by ;‘;?:”mkk“”ﬁ
- o

b ik g
N ekl

el ndadec s o )

R W e S S e S PR

DS Y

UNCLASSIFIED

B ; 5
A S e 30 PN OSNY e it MG £, XML S ARG Dote Kinted) . .
y




TABLE OF CONTENTS
Page
LIST OF ILLUSTRATIONS . . . . « . ¢« « ¢ ¢« « v v v v & « v« 5
I. INTRODUCTION . . . . . . v v v v v v v v v v v o v v v v v 7

{ _ . IT. FORMULATION AND DERIVATION OF THE MODEL . . . . . . . . . . 8

f IIT. DISCUSSION . . . v v v v v o v e v b o v v e oo oo . 24
IV. SUMMARY AND CONCLUSIONS . . « & « & v « v « 4 + o o o o « . 29
i APPENDIX I - Axial Momentum Equation For A Rod When

P Region II is viewed as a Shock
Interface . . ., . . « « . « v v« v« . . 37

e e S

! APPENDIX IT - Axial Steady-State Solution and
Order-Of-Magnitude Analysis . . . . . . . . 4l
f APPENDIX III -
! ;
; A. Johnson's K.E. Penetrator Model (Ref. 10) , . . . . . 45 |
B. Tenetrator with Constant Velocity . . . . . . . . . . 47 '
. .
ﬁ&; APPENDIX IV - A Constant Length (Non-Eroding) Rod i
A8 Penetrator . . .« « + v « v 4 v 4 o v+ o . 49 'ﬁ
i
LIST OF SYMBOLS . . . & ¢ « ¢ ¢« v ¢« v ¢ &« & o« v & o« « « + + 53 ?
DISTRIBUTION LIST + & & + v 4 v + « s v v e v v v v e v v . 57 .

PR - Aes At comdtan. o caiecstacdoas. 2o wnicasdVA e iaes s - it il o




e e —

S —

<y
P T it

10,

11.

12.

13.

LIST OF ILLUSTRATIONS

Global Penetiator Stages . . . . . .
Schematic Diagrams of Penetrator and Target Flow .
Free-Body Configurations for Axial Flow . . . . . .

Two Axial Views of a Radial Segment For Flow
Phase A . . . . . . . o000 0 0 e e

Axial Views of a Radial Segment for Flow Phase B
at Two Different Times . . . . . . . . . . . .« .

Radial Views at Different Times for a Segment
with Unit Angular Width

Experimental Penetration versus Time for a Copper
Shaped-Charge Jet into Various Target Materials . ,

Experimental Penetration versus Time into a Mild
Steel Target for Various Shaped-Cnharge Jet
Standoffs . . . . . . ¢ .0 0000

Comparison of the Experimehtal Rod Erosion Data

of [13] with Appendix III Results . . . . . . . . .

Comparison of the Experimental Penetration Data
of [13] with Appendix III Results

Comparison of the Data from [14] with Appendix IV
Results . . « & v v v v v v v e v e e e e e s

Penetration Results of a Non-eroding Penetrator
(Copper) into Various Target Materials from
Appendix IV . . . . . o 0 o0 0o 00w e

Comparison of the Experimental Penetration Data
from [12] with Appendix IV Results . . . . . . ,

Puge

10

13

14

17

18

22

27

28

31

32

33

34

35

S,

RTINS PV SN . -




Hv S —— y S J — " r o ww——— - S
Pe

I. INTRODUCTION

Numerous penetration models have been developed in the past, and a
large number of these and the ccrresponding experimental data can be
found in References 1 through 14. The experimental data show that

15, M. Pugh, and E. L. Fireman, "Fundamentals of Jet Pemetrationm,"
Carnegie Institute of Technology, Monthly Report OTB-4 (OSRD-4357),
November, 1944.

2R. J. Eichelberger, "Re-examination of the Theories of Jet Formation 1
and Target Penetration by Lined Cavity Charges," Carnegie Institute of i
Technology, CEL Report No. 1, June, 1954.

3R, DiPersio, J. Simon, and A. Merendino, "Penstration of Shaped-Charge

J%%s #.Sr%% llv%tallic Targets,'" BRL Report No. 1296, September 1965.
“F. Aliison and R. Vitali, "A New Method of Computing Penetration

- Vﬁ‘ﬁuﬁlz%%a gtcir Shaped-Charge Jets," BRL Report No. 1184, January, 1963.
! 5 né R . , «
: “A. Merendino and R. Vitali, "The Penetration of Shaped Charge Jets
K Into Steel and Aluminum Targets of Vartous Strengths (U)," BRL Memo- [
randum Report No. 1932 (CLASSIFIED), August, 1968. (AD #392672)
6R. DiPersio and J. Simon, "Resistance of Solid Homogeneous Targets to ]
Shaped Charge Jet Penetration," Ballistic Research Laboratories Report
No. 1417, October 1968. (AD #841804)
"Hyperveloeity Impaet Symposium Proceedings, Fourth Symposium, Vols. I
?, III, Air Proving Grouﬁ% Center, Eglin Air Force Base, September 1960,
‘ 8M. Defourneaux, "Examination of the Theories Dealing with The Penetra- ‘
" tion of A Projectile into a Plastic Material," U.S. Army Foreign '
Setence and Technology Center, FSTC-HT-23-1794-72, 13 March 1973. |
3D, R. Chiistman and J. W. Gehring, "Semiannual Report on Penetration
Mechaniems of High-Veloeity Projectiles," General Motors Report
TR63-250, 31 December 1963.
10y, Johnson, Impact Strength of Materials, Edward Arnold, London, 1972,
Chapter 9.
‘ 11yigh~Veloeity Impact Phenomena, Edited by R. Kinslow, Academic Press,
1 1970, Chap. IV, "Theory of Impact on Thin Targets and Shields and

Correlation With Experiment,' By J. W. Gehring, Jr., and Chap. IX
"Engineering Considerations in Hyperveloeity Impact," by J.W. Gehring,

Jr.

126, Weihrauch, "The Behavior of Copper Pins Upon Impacting Various
Materials at Velocities of 50 - 1640 m/a3," FSTC-HT-23-0004-74,
10 September 1973.

134, Tate, "A Theory for the Deceleration of Long Rods After Impact,"
J. Mech. Phys. Solids, Vol. 15, 1967. :

14y, A. Allen, E. B. Mayfield, and H. L. Morrison, "Dynamics of a j
Projectile Penetrating Sand," J. of Applied Physics, Vol. 28, No. 3,

March, 1857.
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strength effects are important for both KE penetrators’:*? and shaped-
charge jets?»5,6 and several of the above mcdels have included target-
strength effects, Hovever, the majority of these models assume that
strength effects are smali compared to the effects of impact velocity
and hence consider density as the predominant target parameter. Also,
separate models have been develnped for the penetration behavior of
shaped-charge jets versus KE penetrators and different theories exist
for the two types of penetrators. Furthermore, predictive models are
lacking for the mass and velocity of frontal ejecta, radial hole growth,
hole contour, radial velocity induced into the penetiator at the
penetrator-target interface and the residual mass and velocity of a rod
penetrator. The model introduced in this report is applicable to both
jets and rod penetrators, attempts to provide predictive models which
are currently lacking, and includes the effects of both strength and
viscosity of the target.

IT. FORMULATION AND DERIVATION OF THE MODEL

The intent of this model is to increase the accuracy obLtained from
earlier models (References 1 - 3, 7 and 9), as well as to extend the
amount of information derivable from simple models. In an earlier
approach, the authorsl5 derived an approximate model which relaxed to
known solutions for shaped-charge jets and penetrators, and included
strength and viscosity effects. However, the radial flow of target
material could not be evaluated. . In the current model, both axial and
radial flow of the target are considered by employing conservation of
mass and momentum sequentially to the axial and radial directions.

There are several ways in which to apply the conservation laws to
the penetration problem. In the differential approach, the equations
are expressed in terms of unknown stresses, displacement and velocity
fields. This would yield partial differential equations analogous to
(although possibly simpler than) those used in existing hydrodynamic
codes. However, the usage of such codes for a vulnerability study
would be prohibitive in both time and cost. Conversely, a closed-form
solution would be readily adaptable to a vulnerability analysis, and
inspection of the variables contained within the solution would provide
insight into ways of either enhancing or reducing target vulnerability
(given a hit). Therefore, in an attempt to obtain a closed-form
solution, an integral approach was taken to the problem,

The integral approach involves approximating the real problem by a
series of regions, in each of which the internal fields are assumed to
be constant and whose boundaries are acted upon by some average surface-
traction at the centroid of the surface. These regions will be referred

159, P, Walters and J. N. Majerus, "Hypervelocity -mpact Models for Hole
Growth and Geometry," Proceedings of the Third Annual Vulnerability/

Survivability Symposium ADPA, Naval Amphibious Base, Coronada, CA, 1977.
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to as free-body regions. Applying this approach to the penetrator
problem, the mixing of the penetrator and target materials in the inter-
action region and the convective momentum-flux terms (spatial gradients
of the velocity) are ignored. This approach serves to partially decouple
the governing equations and results in a system of ordinary differential
equations with respect to time.

To apply this approach to the penetrator problem, we first need to
establish a global free-body which relates the penetrator/target inter-
face location to an Eulerian reference plane. This establishes the
penetration depth P with respect to the top of the target and defines
the axial and radial velocities as dZgg/dt and dRg/dt, where Rpq and
Zcg are the center-of-mass coord1nates. Figure 1 shows the penetrator
at three global stages: initially when t = t, + At, during penetration
(t > t, + At), and during free-flight at the same time t.

The top of Figure 1 shows the penetrator at some time At after
impacting the target at time t,. During this time At, the target
raterial under the penetrator (to depth H) is replaced by penetrator
material which has slowed down to a velocity Uy. This region of pene-
trator material of length H and of penetrator/target interface-velocity
U is referred to as the interaction region, The details of the forma-
tion of this interaction region can only be obtained by elaborate hydro-
dynamic-code calculations®»17 and are not considered in the present
model.

Note that the time At is assumed to be small compared to the time t
associated with penetration into the target, i.e., t + 4t = t. Also,
the interaction height H is assumed to be small compared to either the
thickness of the target or the pen:trator-length £,. Flash radiography
and hydrocode calculations!®:17 indicate that H ison the order of the
penetrator radius for rod-type penetrators. Hence, the assumption on H
should be valid except for problems involving extremely shcrt penetra-
tors or thin targets.

The second and third global stages are also indicated in Figure 1.
The second stage refers to the projectile penetrating the material
whereas the third stage (free~flight) is merely a reference stage
required for stretching shaped-charge jets. The penetration P is
referenced to the top of the target and the initial penetrator length is

Lo (to) For a shaped charge jet, %, (ty) = Z, (1 - v, (t )/Vo) where

Vo is the tip velocity, Z, is the distande from the virtual origin®s*,

16y, E. Johnson, "Three-Dimenaicnal Computctions on Pemetrator-Target
Interactions, " Ballistie Research Laboratory Contract Report No. 338,
April 1977. (AD #A041058)

17V, Kucher, "Computer Study of the Effects of Rod Diameter and Target
Thickness on the Penetratzon Process," Tech Report ARBRL-TR-02046,
February, 1978.
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and V (to) is the velocity at the rear of the jet at the time of impact.
Bxper{ments and hydrocode calculations indicate that the value of V.,
will not change during penetration until the penetrator/targev interface
approaches the rear of the jet. For a KE penetrator, &, (t.,) is the
initial rod length and V,(t,) = V, at the time of impact. £ the rod

is decelerated during penetration, the velue of V. will change. How-
ever, V. will be approximutely equal to the velc ity V at the top of
the interaction region.

Based upon the configuration shown in Figure 1, the penetrator
length &(t) during penetration and the free-flight penetrator length
2¢£(t) at the same time are respectively,

o

1 t

i L(t) = R.O(to + At) - AL + P -f Vr(t)dt, 1)

f

E. t +At

L i
zf(t) = zo(to + At) + (t - (to + At))(vo - Vr(to + At), (2) ]

where AL is the length of penetrator lost during the formation of the
interaction region. Also, conservation of mass of the free-flight

penetrator requires that the rod radius T be

i S

P a0
?!:; K

ri() = 15 (4 (ty) - AL)/2g(H) ©

T P U SO S S S

where r_ is r. at t = t, + At and the penetrator is assumed to have the
shape o? a ci%cular cylinder. N te that for a KE penetrator, 2¢(t) =
20(tg) - AL and r(t) = r,(t) since Vo (t,) = V, for free-flight.

Due to our assumptions concerning At and H, AL should be small
compared to £,(ty). Hence, 2,(t;) - AL ~ 2,(t,) and ty * At ~ t,. ;
The penetrator's velocity V at the top of the interaction region is i
: taken to be V, at t = t, + At, and the penetration depth P is
1 referenced from the top of the interacticn region.

T it g i

Now that the global problem has been formulated, the corresponding
free-bodies and localized flow associated with the interaction region
! must be established. The flows of target and penetrator materials are

envisioned as occurring in two regimes. The first regime (regime A)
involves a fixed amount of penetrator material contained within the
interaction region, moving axially with velocity U, and displacing
target material associated with depth H. The second regime (regime B)

11
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involves additional penetrator material (due to the relative velocity
V - U) flowing in and out of the interaction region. The penetrator
flow out of the interaction region is accomplished by displacing target
material located radially around the penetrator. T[igure 2 shows
schematic diagrams of the flow associated with these two regimes of

flow,

In general, part of the target material under the interaction region
may be compressed, and the remaining material flows in the radial and
axial directions. The compressed target-material is either pushed ahead
of the penetrator in the form of a so-called shear plug, or ejected
from the back of the target in the form of debris. The target material
in the radial region around the penetrator can flow in both the axial
and radial directions. Similarly, the eroded penetrator mass
(associated with the flow velocity V - U) can flow in both the radial
and axial directions. However, if both penetrator and target materials
flow in the axial and radial directions, a large number of coupled
differential equations are required for solution. Furthermore, the
partitioning of the mass flow under the interaction region is a complex
phenomenon and may involve other analyses. Therefore, for the present
investigation, the following assumptions are made concerning the regime
A and B flows: all target material flows radially outwards under the
interface during regime A, and during regime B the target and eroded
penetrator materials flow only in the radial direction.

For axial flow the two penetrator regions are shown in Figure 3.
In the present approach, the values of the penetrator's initial
velocities (Vo and V,), and size (ro and %,,, target density Pro» Pene-
trator density p,, target strength Op, Penetrator strength o, and
target viscosity up, and interaction viscosity . are assumed to be
known. The unknowns are the masses My and My; of the two regions, the
density p of the penetrator material in the interaction region, the
height H of the interaction region, the velccity Vi of the penetrator
material above the interaction region, the velocity V. at the rear of
the penetrator, the length 2 of the penetrator, and the penetration
depth P. The penetration velocity U is not an independent variable
since it is related to penetration through the definition U = dP/dt.
Also, the radius r(t) and free-flight length 2¢(t) are considered known
because of Equations (2) and (3). This gives eight unknowns and one
equation (Equation 1). Hence seven more equations are needed.

Because of our definition of region II, 4 M Z 0 and the
. . dt VIT
following two equations apply:

- 2, _ 2
MII = 1 rj Hp=mnr~r (to) H(to) N ()

whereas the mass of region I is

B T P SNV
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Figure 3. Free-Body Configurations for Axial Flow
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My = 7 ;jzct) by Mt (5)

L : Following the approach of Pugh, Fireman' and Eichelberger? for
inertial resistance, equilibrium of axial momentum®™ for region II

requires that

2

J " 2 2
M., (U+5>H) = rj (o - cT) + T rj Py (VI -0

N~

II(

(6)

2 2 :
- rj Pro U -m HuT 2U

T T T T e

where a superimposed dot denctes differentiation with respect to time

3 and the flow shear-stresses are approximated as being associated with ]
3 a linearized Newtonian-fluid. We now have five equations for the eight
unknowns. Therefore, three additional relationships are required.

First, the height H will be assumed to be constant. This constant

must be obtained either from radiographic observation, or hydrocode
calculation!®s17, or may be considered in a parametric fashion. Two
‘. additional relationships involve two sets of assumptions made separately
ﬁ?‘ for jet and rod penetrators, i.e., ;
& |
: 1
: V. = V(D) (rod) (7a)
?
V.=V, Get) (7b)
é and :
s !
VI = VGG(I) (rod) (8a) ;
:
Vp = Vro + (Vo - Vro)z/ﬂ,f (jet) (8b) ;

where V(1) = velocity at the center of gravity of the rod penetrator

and V., = Vr(to). The justification for Equations (7a), (7b) and (8a)

were previously given. Equation (8b) corresponds to the assumption of

a linear velocity-gradient in the jet. Radiographic observations? ;
show that this is a good approximation for a variety of shaped-charges. ;

1'.I'f not all of the eroded penetrator flows radially during regime B,
then My, changes with time and must be accounted for in Equation (6).

15
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Equations (7a) and {8a) introduce another unknown VC (I) which can
be related to the other variables through the conservation of axial

momentum? applied to region I, i.e.,

(M Veg(M) = - 77y [o (Veg(D) - 02 + o
(9)

-mubP VCG(I).

Therefore, the axial solution for shaped-charge jets involves Equations
(1) through (8b) whereas KE penetrators require solving Equations (1)

through (9).

Note that the height of the interaction region, H, need not always
be assumed constant but could vary with time. One applir:tion would he
a penetrator impacting a rigid (non-deforming) target where H = H(t)
but the penetration is zero (see Reference 18). In this case the
oroblem must be reformulated slightly with region II being attached to
the top of the target, and mass Myy is no longer constant.

For radial flow during regimes A and B, axial views of the regions
of interest are shown in Figures 4 and 5 respectively. The correspond-
ing radial target-regions are denoted as regions III and IV respectively.
These regions are of height H and located at depth P within the target.
The penetrator/target interface reaches this depth at some time tp
The radial extent of regions III and IV are denoted as R and

Ro’* respectively.

During flow regime A, (see Figure 4), target material flows out
from under the interface and compresses the target material contained
within region III. The den51ty pn. changes with time but is assumed to
be uniform throughout region III.  During flow regime A, the radial
boundary R is assumed to be stationary. This flow regime lasts for

time t" H/U

During flow regime B (see Figure 5), the eroded penetrator flows
radially outwards and compres ses the target material in region IV.
The corresponding density p > changes with time but is assumed to be
uniform. The radial boundary R, ** is assumed to be stationary and flow

regime B lasts for a time t*

tAppendix I lists a second approack for region I which is based upon a
global momentum conservation equation where region II is viewed as a

shock front with H + 0.

18y, Wilkins and M. Guinam, "Impact of Cylindere on a Rigid Boundary,"
J. of Appl. Phys., Vol. 44, No. 3, March 1973.
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5 There are six unknowns associated with each regime of flow, i.e.,
' the regions III and IV, These unknowns are the following: the radial
locations r* and r** of the penetrator/target interface, the radial

é locations Ry* and R,** of the boundaries, *he locations REG and RE& and
. velocities VEG and VE& of the center-of-mass of the regions, and the

masses M* and M** and densities p} and p%* of the target material.
Therefore, a total of 12 equations are required to solve for the regime

T T AT W T

A and B flows.
Eight equations can be obtained from the geometry and definition of !
; regions III and IV, ]
é , : ;
4 * . = *
: M| hit H o (R %) 2r2 (10a)
; segment
3 2 1
X = o 1
# M**Iunit H pTo(Ro') /2 (100) 3
1 segment
' i
b RMZ - @) = o R )7 (i1a)
T o To* o
g :
) ke ok - * % *%k i
il op* [R*% - (202 = oy (R2) (11b) j
V& = Rég (122) - ;
f Vgd = Rex (12b)
| , TR %+ or R * ¢ (1) f
R* = £ (13a) v
G~ 3 R >+ %) :

o [REDZ 4 pre R (1e9)?)
R = 3 e 5 %) (13b)
(o]

The equations for r* and r** stem from equating the axial penetrator-
flux into the reference regions to the psuedo radial-fluxes (see Figures
4 and 5). This gives the fbllow1ng equations, for regions III and IV

respectively,
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™ = ‘l(t -t U roi/H (rod) (14a)
ro2 B U [zo V- VIt ]
= v ~ &n - (et) (14b)
H(V—o V;;j' %t rvo Vro)tp
r* = ‘/(t -t - ) riM (rod) (15a)
2
T~ (V-U L o+ (V. -V )t
=\/ 9 9 an | =2 e ___ro GGet) (15b)
H{V, - Vro) [Rb * (Vo - Vro)tpl

where t,3 = t,, + t*, Equations (14a) and (14b) are limited to the time
pl P q
interval tp< t <t + t*, and Equations (15a) and (15b) are limitad to

the interval t_, S t < t_, + t*, .
pl pl
The last two equations deal with the conservation of radial
momentum at various times during the flow regimes, For flow regime A,
the instantaneous change of axial flow to radial flow at time t =t

introduces a mathematical singularity in the radial momentum equation,
i.e., limt+t r* > o, Therefore, for flow regime A, conservation of
radial momengum will be applied only at the end of this flow regime,
i.e., at t = t_ + t*, Again, following the Pugh-Fireman-Eichelberger

approach for igertial resistance, the balance of radial momentum yields,

M* ‘.’Ecl

2
= {‘ RS B [og + (VEg)™ o]
t=1t +t*

- up [RD? - @0 vay/m (16)
. .2
+1* H [0+ (VEG - rEG) po]}
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where tgo = 2/3 ™" and the material's resistance is represented by a
strength acting normal to the surfaces, and a linearized Newtonian
shear-stress acting tangentially to the surfaces. Note that, because
of Equations (10) through (15), the only unknown in Equation (16) is
_ the radial location R} which is constant at time t = t, + t*. There-
fore, Equation (16) represents an algebraic equation_(gon-linear) for
obtaining R¥*, .

The conser - tion of radial momentum is applied to region IV so that
the change in momentum between times t, + t* and t, + 2t* equals the
external forces acting over this time gnterval, i.e.,

tp + 2t*
J/. d(MV) = M** Vax (tp +2t%) - M* Vg (&, + t%)
t_ o+ t*
P t_ o+ 2t*
P 2

=f % RE* H [on + (V&R o] (17)
t o+ t* :
P

2 2
-y LR - @) Vg
sl o (VAR - B0 po]} dt

where iég = 2/3 T, Again, Equations (10) through (15) yield the time

dependency for the integrand of Equation (17), and the solution to

Equation (16) yielas the value of M* and Vég. Hence, Equation (17) is
i i *k

an ElESEIElE equation for the unknown constant Ro .

Figure 6 shows radial segments of target and penetrator materials
as viewed at three different times. The top sketch refers to the target
and penetrator materials at the end of flow regime A (t = t, + t*);
the middle sketch corresponds to the materials at the end ot flow
regime B (t = t, = 2t*); and the bottom sketch views the materials at
some time after the interaction region has passed. This latter stage
of radial flow will be referred to as flow regime C. During this flow
regime the outward flow for a unit segment of fixed target and pene-
trator masses are impeded by the target material remaining in the
radial direction. The following 11 unknowns are associated with flow
regime C: the constant masses Mg and and time-dependent densities
¢ and p, of the penetrator and target materials, the radial location
T, of tge penetrator material, the radial location Ry of the penetrator/
target interface, the radial location R of the interface between the

21
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moving and stationary target material, and lastly, the radial locaticns
Reg and rgg, and respective velocities Vr and V,, of the center-of-
masses,

Based upon the geometry and definition of flow regime C, the follow-

- ing 8 equations can be applied,

2
MI‘ - (R;*) H DTO/Z (18a)
Mp = (ph* (tp . 2t*I?H p°/2 (18b)
-2 2
H op [R® - RI ] = MT (19a)
2 2
Ho [RI - rp ] = Mp (19b)
2 R2 + RRI * RI2
Reg * 3 R+ R, (20a)
2 [RIZ + rpRI + T 2]
r.. =< — (20b) .
CG 3 RI + rp
VT = Reg (21a)
Vp = T (21b)

Equilibrium of radial momentum for the moving target and penetrator
segments yields the following two equations,

. 2
My Vp= - RH (0 + 05, Vo)

- g Vg % - RIZ)/H (22)
~ 2
*RIH[U*DWT'VP)]
23
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and

. 2
M ¥ = - R Do + o (g - V) (23)

We have 10 equations and 11 unknowns. Therefore an additional
assumption is needed. Depending upon the penetrator, the authors
proposc either of the following two; (a) assume r, = 0 and hence the
penetrator material is expanding into the hole or, (b) assume p = o,

and hence the radial shape of the penetrator changes as the hole expands.

Based upon either assumption, the location and velocity of the penetra-
tor segment is directly related to the interface location Rp- Assump-~
tion (a) relates to Ry via Equations (20b) and (21b), whereas assumption
(b) relates to Ry through Equations (18b), (19b), and (21b).

Equations (18) through (21) and either of the above assumptions can
be combined with Equations (22) and (23) to yield two coupled differ-
ential equations for the unknowns Ry and R. The initial conditions
associated with these differential equations come from the solution of

Equations (10) through (17), i.e.,

R (t, + 2t ='R;*

Ry (tp + 2t*) = Y (tp + 2t¥) 24
VT (tp + 2t*) = VEE (tp + 2t¥%)

vp (tp + 2t*) = fa& (tp + 2t%),

ITI. DISCUSSION

Due to the assumed conversion between axial and radial flows, the
axial-flow equations are independent of the radial-flow equations.
Therefore, the hierarchy of the solution scheme for the above equations
is as follows, First, for the jet, one must solv& for the penetration
velocity U from Equation (6) (with dH/dt = d?H/dt< = 0) with Equations
(1) and (8) being used for the jet length £ and penetrator velocity,
whereas for a rod, Equations (6) and (9) must be solved simultaneously
fer U and V, with Equations (1) and (5) being used for & and M;. Once
U and V are determined, Equations (14) and (15) can be evaluated in
terms of a penetration time t,, and algebraic Equations (16) and (17)
yield the unknown radial bounBaries RS and RG*. With RY and Rg* known,
Equations (18) through (24) can be evaluated. Then, Equations (22) and
(23) must be solved simultaneously for R and RI. Note that Ry
corresponds to the instantaneous hole profile located at penetration
depth P. The solutions for R and Ry depend implicitly upon the time tp
and usage of the known U (2 dP/dt) permits the corresponding depth of
penetration to be calculated. Hence, one obtains the hole growth at
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depths of penetration associated with preselected values of tp.

Because of the non-linearities of the above set of equations, a
general closed-form solution for either a rod or jet was not evident to
the authors. For axial flow an elaborate integral-differential equation

" for V is obtained for a XE rod, and a second-order differential equation

for P develops for a shaped-charge jet. The second order equation is
extremely cumbersome since the radius r is a function of time and the
time derivatives of momentum involve ij(t), i.e.,

2.(t) = " %o Yo 77 7 Tof [t + t/t )32 (25)
! Z,1+ ¢V /2] oo o

where the definitions of &, and t, have been substituted into Equation
(25). Interestingly, Equation (23) shows that the time variation 7(t)
will be small for the condition of a large value of t,, i.e., large
standoff-distances Z, or slow velocities V,. For this condition, the
jet's radius can be considered to be approximately constant. This
greatly simplifies the consérvation equations and enables approximate
closed-form solutions to be obtained. In fact, numerical solutions of
Equations (6), and (9) are underway using the method of weighted

residuals!®,

Whereas the equations for radial target flow (Equations (23) and
(24)) are not complicated by the expressions for 2(t) and r(t), they
are second-order with respect to both R and R; and are extremely non-
linear because of the relationships of Equations (20) and (21). Again,
no closed-form solution was obvious to the authors. An order-of-
magnitude analysis and some special-case solutions are currently being
investigated and will be reported at a later date.

For the case of axial flow, special closed-form solutions can be
obtained if other assumpions are made. Appendix I gives the axial-
momentum equation for a KE penetrator when region II is viewed as a
shock interface. Applying the jump conditions?? to this interface,
one obtains a relationship between V and U. Then, assuming a constant-
length penetrator, the penetratiol. and center-of-mass velocities are
obtained as a function of time for inviscid flow. The influence of
viscous effects is shown via an approximate solution.

198, A, Finlayson and L. E. Seriven, "The Method of Weighted Residuals -
A Review,'" Applied Mechanice Reviews, Vol. 19, No. 9, September 1966.

20§, Criatescu, "Dynamic Plastieity," Chapter VIII, Vol. 4, North-
Holland Publishing Company, Amsterdam, 1967.
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Appendix II gives the solution for a steady-state case and one
cbtains the familiar shaped-charge jet relationships. Also, an order-
of -magnitude analysis, based on the assumption that the normalized jet
radius is small, reveals that the familiar shaped-charge jet relation-

- ~ ships can be obtained without assuming axial steady-state. The order-

: of- magnitude analysis also shows the relaxation to the Allison-Vitali%

; and DSM3 shaped-charge jet theories. Appendix III contains the solutions
P to the special cases of Johnson's KE penetrator!? and constant velocity
Lo penetrators which merely erode during penetration. Appendix IV gives

3 the general solution (with strength and viscosity) to the problem of a

; non-eroding penetrator which is decelerated by the target, e.g., a

: steel bullet into sand or clay.

E It should be noted that, other than the steady-state solution, all

' the special solutions exhibit penetration versus time behavior analogous
to that observed for a shaped-charge jet (see Figure 7). The data in
Figure 7 have been normalized using P ax and tpg, where t/tp = 1 corre-
sponds to the approximate time when tﬂe jet starts to breaE up into
4 discrete segments. Note that the penetration proceeds in a continuous 3
fashion throughout the entire time domain. Also, for moderate changes i
in standoff condition, there appears to be only a slight change in the
penetration versus time behavior (see Figure 8). Therefore, even though
the model was developed for a continuous jet, it is the authors con-
tention that the model should be applicable to a particulated jet as

. long as the spacing between jet particles is small compared to the
i particle lengths. When this is not the case, one can consecutively
‘Qﬂ apply the KE rod equations to each particle in the jet.

In general, all of the solutions yield time-dependent functions.
However, maximum penetration P, can be obtained by evaluating
P(t + t,) where ty, is the time where the penetration process stops.
The penetration proces. stops when the penetratlon velocity U goes to
zero. Therefore, by equating the expression for U equal to zero, one
can solve for t,(1). Another value of maximum time t,(2) can be
obtained by equating the penetrator length (Equation (1)) equal to zero.
Note that, depending upon target and penetrator conditions, both values
of t, might approach infinity. By comparing these values tp, insight
into the penetration process can be obtained. If tm(l) = tp(2), this
b implies that the penetrator is completely used up durlng psnetration
and the penetration process stops when the penetrator is dissipated,
i.e., no secondary penetration occurs. If tp(1) > t m(2), penetration
t continues after the penetrator is dissipated and secondary penetration

o
LT W7 P Y

© et cia s

occurs, e.g., hypervelocity impact into a lead target. Lastly, if
tp(l) < tp(2) the penetration process stops before the nenetrator is
completely expended, e.g., penetration by a shaped-charge jet, or low
velocity impact by a tungsten rod into an aluminum target.

Finally, in Appendices II through IV the various special-case
closed-form solutions are compared to the experimental data from
References 10 and 12 through 14. 1In all cases for rods, the agreement ;
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between the special case solutions and the experimental data is good.
Note that the values for strength and viscosity were obtained a priori
from tabulated values. No attempt was made to curve-fit the data by
changing either ¢ or u.

For the case of the shaped-charge jets, the authcrs were interested
in showing the effects of various strengths and viscosities upon the
predicted results for the approximate models, The approximate models
were also judged according to how closely they matched the experimental
data. Both the steady-state and the constant-velocity models predict
penetrations considerably less than measured when the rod length is set
equal to the initial standoff Zy. If the fully stretched jet-length
(tg(Vp - o)) is used, the predlcted penetrations are approximately
equal to tﬁe observed penetrations, except for aluminum. However, using
this length gives the erroneous3»S»& prediction that the jet's penetra-
tion is independent of the standoff distance Z,. The constant-length
model gives results in fair agreement with the experimental results
when £, = Zp. This model indicated that, of the four target materials,
the penetration calculations for only aluminum and lead were sensitive
to the target strength (over the range selected). Conversely, the
predicted results for steel are highly dependent upon the viscosity
value whereas aluminum is only slightly sensitive to the chosen value.
Table IV-1 lists the penetration values discussed above.

IV. SUMMARY AND CONCLUSIONS

A penetration-hole growth model was developed for both KE rods and
shaped-charge jet penetrators. This model involves the penetrator, an
interaction region located above the target/penetrator interface, and
three radial-flow regimes, and includes the effects of stretching jets,
material strengths and viscous shear. The interaction region is assumed
to form during some small time t* after impact and the axial flow of
the target and penetrator matevials is assumed to be inconpressible.

The radial flow of target material is uncoupled from the axial flow of
penetrator, i.e., the solution for axial flow (penetration) is indepen-
dent of the radial flow. Radlal flow is assumed to take place in three
regimes. First, the target ma.erial under the interface flows radially
outwards and is compressed (primary flow regime). Next, the eroded
penetrator material (due to the velocity difference Vi - U) causes
additional radial flow and compression of the target material (secondary
flow regime). Lastly, the radial target momentum induced during the
primary and seccndary flow regimes is absorbed by the surrounding target
material (tertiary flow regime).

The normalized fom of the governing equations for axial flow indi-
cate that the appropriate non-dimensional groups are the density ratio,
the Best number, and the Reynolds number. Due to the non-linearity of
the equations, the general case must be treated numerically. However,
several cases are presented which yield exact solutions.
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The first special case is axial steady-state penetration with
negligible strength and viscous e¢ffects. This case corresponds to the
classical shaped-charge jet approach and the model yields both
Bernoulli's equation and a maximum penetration which are in agreement
with the classical resultsl-%,

Also, an order-of-magnitude analysis reveals that Bernoulli's
3 equation represents the dominant order terms in the axial momentum
: equation when the ordering analysis assumes that the normalized pene-
trator-radius is small. Also, the Allison-Vitali' continuous jet theory
follows from the order-of-magnitude analysis,

The second special case considers Johnson's rod penetrator!0 (a
; penetrator of constant mass). The model's results are analogous to ]
g ' that presented in Reference 10 for inviscid flow and negligible ‘
; strength effects.

4 The third special case deals with a uniform velocity penetrator
which does not decelerate but does erode away during the penetration

: process. The predicted penetration appears to follow the general trend
] of experimental data, i.e., the slcpe of the penetration versus time
behavior is monotonically decreasing. In fact, Figures 9 and 10 indi-
cate good agreement between the theury and the experimental results i
from Reference 13. 1

It should be noted that all of the above special cases could be
readily extended to allow the penetrator radius to vary with time, and
to include both strength and viscous effects.

NSO PRFRTY . BPTR 3

) The last special case considers a rigid rod penetrator which is
decelerated by the target but does not erode away. The model shows that
the penetrator velocity V must equal the penetration velocity U for this
special case. In this case, a closed-form solution is obtained for
U(t), penetration P(t), time for penetr=ation t_ (1), and maximum penetra-
tion Pyp. All of these solutions include the effects of both shear

‘ viscosity and material strength. The penetration vs time behavior

] follows the experimental trends and shows that the slope decreases with
increasing target strength and viscosity.

bt A,

T L I

The results of this case (Appendix . .s shown in Figures 11
through 13, where again the agreement with the experimental data from
References 14 and 12 is good and Figure 12 matches the trend of the
shaped-charge jet data given in Figures 7 and 8.

In summary, it appears that the model is capable of yielding known
results for several special cases, These results imply the generality of ) ‘
the model. In addition to predicting Py, the model predicts (requires :
an approximate method of solution for the general case) the penetration,
penetrator erosion, penetrator mass and velocity, penetration velocity,
and radial hole size and growth rate, all as a function of time.
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APPENDIX I

AXTAL-MOMENTUM EQUATION FOR A ROD WHEN REGION II
IS VIEWED AS A SHOCK INTERFACE

In this approach, the axial-momentum equation is of the following
form,

j%{ul Veg(D) = ﬂrjz(al - 6) - P Vg (D) (1-1)

where the difference in surface tractions (81, 82)‘across the shock
interface (moving with velocity U with resgect to the Eulerian reference)
must be obtained from the jump conditions?®. The flow shear-stresses
acting along the embedded length of penetrator is represented by a
linearized Newtonian-fluid. The jump conditions associated with
continuity and momentum yield the following two equations20,

g, = 9, é - P P1 V1 *e, P2 \Y (I-2)

P =P (1-3)

1P1 7 P2 P

where P, is velocity of propagation of the interface with respect to

particlés in region 1 (penetrator), i.e., P} = - U + Ve (1D P2 is the
velocity of propagation of the interface with respect to particles in
region 2 (target), i.e., Py = U; V; is the particle velocity in region

1, i.e., Vl = Vog(I); and Vz is the particle velocity in region 2, i.e.,

02 = 0. Therefore, Equations (I-2) and (I-3) become,

pl (VCG(I) -U) = 92 u. (I-5)
Equation (I-5) can be solved for VCG(I) to give,

Vog(D) = (1 + 02/01) U (1-6)

and this relationship and Equation (I-5) substituted into Equation
(I-1) yields,
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T VegD) = = 1% 0, VEM/ W+ 0,/0))

5 (1-7)
-wuP VCG(I).

Note that, if the densities of the target and penetrator materials
or either side of the shock are_taken to be the initial material
densities, then VCG(I) = [1 + 12] U for the shock relationship whereas

VI = (1 + y) U for the steady-state jet expression (see Appendix II).

- e ST e, e e

Now, if the rod length is assumed to be constant (ﬁI = 0), several

approximate solutions can be obtained. First, if the viscous effects J
in the interaction region are negligible, Equation (I-7) can be solved
for VCG(I), i.e.,

ORI € e g e s T

Vs |

,- Vee(D =
= N AR R RS

Equation (I-8) is now substituted into Equation (I-6) and integrated
to give the following penetration versus time relationship,

E. r,‘ E
N P = ;%-zn‘[1 + y2 u(t -t /2] (1-9)

ol et L n £ ranis auaa

Note that there is no finite value of Prpax associated with this
inviscid model.

s e

. When the viscosity is not negligible, one can transform (letting ]
P = X(P)) Equation (I-7) and obtain the following first order equation,

. SR

: 2
3 aeP¥ /%o 4 _cp =D P (I-10) :
!
A2 ‘
where A=y T, Uo - v Lo
B=28 v
(v}
C= wz v
4 2
D=y T,

and Uo is the initial interface-velocity (the particle velocity

38

b d “k..u.)v}i. T B PSP AT UL S S A e s il sl .




AT T Y P ) B T % S a ai 4 e e o

T~ -

k.
hi

b # .
ﬁr‘n

L

R SR e —"

———rT

rm,m‘%-.,mrﬁmmw e L .
5’
b
b

associated with the striking velocity and the liugoniot behavior of the
target and penetrator materials), An explicit solution of Equation
(I-10) was not evident to the authors. However, if the exponential is
expanded and the first three terms retained (good approximation if

Pw /z < 1), the following differentirl equation is obtained,

2 4 .
A+B-P %l-+c +p2£‘l-2--np. (I-11)
0 220

Equation (I-11) can be viewed as a quadratic for Pnax based on the
penetration velocity (P) going to zero. The correspondgxg solution is,

L
o |1 /1-2A
Prax * 7 [“‘——r—*] (t-12)

Y

where A = (1 - v 9.0/r02 m4 Uo) and Equation (I-12) is subject to the
restriction that PTZ/QO < 1. Equation (I-12) yields non-imaginary
solutions and satisfies the restriction when A < 0, i.e.,

v 20 >Y. r U . (1-13)

Furthermore, since Py, . must be a positive number, the negative sign
in Equation (I-12) mus§ be selected.

Equation (I-11) can also be rearranged to give the following
integral equations,

P
t-t
dp - = > 0 (I-14)
a+bPs+CP T
0
2
where a=r U0
2
b=y a/!.°

¢ = als - V/2 4.
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The solution of Equation (I-14) depends upon the sign of

2 2
r-Uu r- U
(o] (o]

[)

If q > 0, one obtains an inverse tangent solution whereas q < 0 yields
an inverse hyperbolic tangent, However, Equations (I-12) and (I-13)
imply that q < 0 in order for the restriction to be satisfied. There-
fore, only the solution for q < 0 will be presented here, i.e.,

z YU

P=-2- !B tanh [B =2 (t-t) + tanh™! (/B)| - 1 (I-15)
YA o °

0
where A 7 > -1

v zo
end B *Waz, Y
¥ r-U
o o

Note that, because the slope of the tanh function only goes to
zero as t + «, the maximum penetration given by Equation (I-12) occurs
theoretically at t + =, However, for practical purposes P is within
1% of Ppax when the argument has a value of only 2.65. This result is
analogous to that obtained by hydrodynamic codes for impact problenms,
i.e., the penetration velocity becomes extremely small but never

reaches zero.
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APPENDIX II
AXIAL STEADY-STATE SOLUTION AND ORDER-OF-MAGNITUDE ANALYSIS
In this case we assume that OI = 0, U= 0, and il = 0 and Equation
(5) yields
2 2 2 2
0 nrj [o + (VI -0 po] - nrj [aT + pTU ] - uTHﬂ 2U
(11-1)

and if the usual jet assumptions of negligible strength and viscosity
are made, one obtains

= (1 +y)U (11-2)
where vy = /p. This is the well known shaped-charge jet expre551on? 4,
Using the de¥1n1t10n of U = dP/dt and the fact that V is a constant

(hence not given by Equation 8b) one obtains
P = VI(t - to)/(l + 7). (11-3)
Equation (1) can now be used with Equatlon (IT-3) to find the time t (2)

when the penetrator length is consumed, i.e.,

tm(Z) - to = (1 + y)lo/YVI . (11-4)

Substituting Equation (II-4) into (II-3) yields

= '11-5)
Pmax EO/Y (II-5)

which is the classical jet relationship. Note that t (1) is not
defined since U is assumed to be a constant,

Bernouili's equation may also be obtained, without recourse to the
steady state assumption, by using a nondimensional form of Equations

(6), (1) and (8b),

Ar20+0T5.2H/2 = ?3.2 [5 - ]

-
L

(11-6)
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and

- _ 1+P-V_ _(t-1t)
VeV, +Q-V) 0 o 1, (11-7)

r ro - _ T T
1+ (t - to)(l - V.o

where the 'tar'' over each term represents a nondimersional value. These
equations were normalized using &, as the characteristic length, V, as
the characteristic velocity, and 2,/Vo as the characteristic time.

LV p
We have introduced the Reynolds number, Re.,. =-JleL—2-, the normalized

T
strengths (the Best or Metz numbers) ¢ = o/p, Vo2 and 3& = or/e, V02

and the density ratio as the appropriate nondimensional groups.

Now we define

T,

j rj/lo << 1or ;3 = 0" (m) where m is small, H = 0(m),

Vi

©{(m), or less, we have

a(1), U= 0(1), U is of e(1), or less, and for H of

Or

W, =M - 2% =0 (11-8)

I L

ignoring terms of order m3 or less. In this case P /p0 is assumed to
p 0
T

be of order one, or in general 3~2-UQ is of the same order as (Vi - ﬁ)z

)
since there is no a priori reason to assume otherwise. The Best numbers

are assumed to be less than one, i.e., ©(m) and the Reynolds number is

assumed large, i.e., of @G%ﬁ.
m

The equation for V& is not altered by the order-of-magnitude
analysis,

*The symbol © denotes order-of-magnitude.
42
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Now for ascontinuous jet,

z
o -
8= V= Vo) (11-9)
A o
~
vI
and U = T+ Y= JpT 7p° via the order-of-magnitude analysis, and
~> 0
z° + P
VI = S using Equation (II-9), where to = ZO/YO.

Since, U = P, the above equations can be combined to yield

2 +P
dp 0
‘ v DR ey —————— -
dt  t(Q +vy) (11-10)

Integration of Equation (II-10), for P= 0 at t = to’ yields

L
AR
P=2z {[= -1}, (I11-11)
= %)\t

which agrees with Allison-Vitali* and the DSM3 continuous jet theory
for t < Tgs (the breakup time).

The radial flow equations (18) - (23) are not altered by the

order-of-magnitud¢ analysis.
LA
»
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APPENDIX III

A. Johnson's KE Penetrator Model (Ref. 10)

The special case of the KE penetrator of Reference 10, which

‘assumed a constant mass projectile with a given initial velocity, is

considered here. Since the mass is assumed constant, Equation (1) implies
£ =0o0rU=Vy,

In this case, Equations (6) and (9), for inviscid flow, yield

. 2
po(zo +H) U= - op - pTOU . (I11I-1)

Changing the independent variable from t to P, since U = P, and
neglecting Ops Equation (II1-1) gives

U=U_ exp (- P/B (1 + H)) (111-2)
wnere B = po/pTo. Also,

U
P = B(lo + H) &n ((zo g H)B (t - to) + 1) s (I11-3)

and

UO
U= - (111-4)
e -t)

1+ —ETE;—:—ET

results. Equation (III-2)illustrates the same functional form as given
in Reference 10. It is interesting to note that Equation (III-4) is

of the same form as that derived in Reference 4 for the penetration
velocity of a particulated shaped-charge jet. Furthermore, both the
time ty(1) (penetration velocity goes to zero at this time) and the
penetration P go tuwards infinity for this special case.
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: Inclusion of the strength effects in these equations yields

i : pTo Uo GTT_ e

; ‘ U 5 = ’ (III'S)

k T T0

{ 1+ U0 5 tan 60 .
T |
%
zf and _
/

Bhi

P
T
- &) -——o 3 -
P—B(20+H) &n cose+U° VOT sin 8} , (111-6)

(t - to) Pr O

RSt e S o San o cabicn s o SRR

FA where 6 = 5 (20 ) In this case, the time tm(l) is given by
0]

i the following equation, . ) 1
Pty + H) 4 °T, (111-7). :
t (1) -t = —————— tan V) —J°
m o S o Vo .
» ot o1 |
: o ;
[ %
E and the maximum penetration is finite. If Equation {III-7) is sub- -
stituted into Equation (III-6), the equation for maximum penetration ' a
becomes
3
> =DO(EO+H) o T T0 +U2‘/ To 1 ‘.
max o o g :
To VU2+c/p T U2+c/p '
o T™"T 0 T"T "
o o :
(ITI-8) j
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B. Penetrator with Constant Velocity

It is also of interest to consider a jet without a velocity gradient;
Vpo = Vo = V, or a constant velocity rod. In this case Myy is constant
_since rj(t) = r, from Equation (3), and Equation (6) is o} the form

U=A+ BU + CU? (111-9)
0 - 0p 2 & 1 8 -1
Where A = p°H + '-ﬁ » B z - ;—T-i - —ﬁ— ’ and C = ﬁ (———B——) .

0

Letting q = 4AC - Bz, we will first assume q > 0, and in this case
Equation (III-9) yields the following solution,

X 2CU + B
' t -t = 2 lean12CU+B gl o (I11-10)
vq vq q

When q < o, which is usually the situation since the jet velocity terms
dominate the strength and viscosity terms, the solution to Equation

(1I1-9) gives

¢

¥ ) i _ ,2CU +B

£ t -t =-2)eagnpl2CU+B ol —9 | (111-11)
° /g /7 /

Equation (III-9) represents an analytical derivation of the
generalized Poncelet form of the Yenetration 2quations which has been
assumed by previous investigatorsi®,

It is noteworthy that when the jet and target are of the same
density (B = 1) Equation (III-9) yields

2

2
VL2V Y - v _ L2V _ VvV
”(2*'}'{‘)"}1‘ ‘[Uo(z*u) H]
T _ ro

(o]

(I11-12)

ﬁ Thus, 8 = 1 may be easily treated as a special case.
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For 8 # 1 either Equation (III-10) or Equation (III-11) can be
solved for U, We will illustrate the solution for the case of Equation
(III-11) which yields the following penetration velocity,

-y

; 2EU*B. (X- tanh 0)/1 - X tanh 0) (111-13)
; /-q
E and the corresponding penetration is,
L
i 2CP+ B (t- t)) = - 22n {cosh 6 - X sinh 8} (I11-14)
i where i
' V.q (t - t) 2CU +B '
’ 0 = ) and X =
/-q

-

The length of the penetrator becomes,

LN

B(t - t)

1 .
L = 20 - V(t - to) S - E-zn {cosh & - X sinh 6}. (III-15)

Inspection of Equation (III-13)shows that U remains finite as
t > = and hence tie penetration given by Equation (II1-14) + =, In this -
case, the time t;(i) + = based upon the penetration velocity U, whereas
tm(2) is finite since 2(t) - o at some finite time.

;-w;l",x .', xS
c“.*.';; ¥,

Figures 9 and 10 compare the analytical results with the experimental
data of Tate!3 for aluminum and duraluminum rods impacting polyethylene -
targets. Figure 9 presents the penetrator erosion as a function of
time where the analytical model includes either density effects (y); ;
density and strength effects (v, 0); or density, strength and viscosity {
(v, 0, v) effects’. The analytical results bracket the experimental )
data and the agreement is good. In Figure 10, penetration versus time 4
results are presented. The analytical models agree with the experimental 3
data and the predicted final-penetrations for density and strength effects
g agree very well for both the hard and soft aluminum-penetrators.tt Note
4 that the actual final-penetration for both penetrators exceeds that
predicted by the hydrodynamic theory.

TThe strength of aluminum'® ig 60 MPa and the strength of duraluminum!3
i@ 300 MPa. Polyethylene was assumed to have a density of 0.92 gm/em®
and zero strength!3. The linematic viscosity of polyethylene was
assumed to be (0.5 m2/sec), i.e., close to that of lead, since no
polyethylene viscosity data could be found.

tThe shock Hugoniot velocity of 1.1 km/e was used as the initial
penetration-veloeity u,.
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APPENDIX IV

A CONSTANT LENGTH (NON-ERODING) ROD PENETRATOR

This Appendix considers another special case, namely that the rod
" length is constant or from Equation (1) £ = o or & = %, and the penetrator
velocity is equal to the penetration velority or U = Vpeg(I). Hence the
rod mass is constant (since Ty = To).

Equations (6) and (9) may be combined to yield

0 (2, +H) = - [a+bU+cU?], (IV-1)

where the viscous effects for region I are assumed to be much less than

! Op 2H uT
{ , the viscous effects for region II and where a = N b= 7

: or . ) Po To

c = 3—9- and q = 4ac - bz. Equation (IV-1) has the same functional
0

, form as the generalized Poncelet equation which has been used exten-
ﬁ; sivcly in penetration mechanics studies to curve-fit the experimental
o dai [
Y

Equations (6) and (9) are combined since regions I and II are no
leiner distinct when U = Vi. These two equations provide one equation
in U.

dr o Ml e e

Equation (IV-1) can be solved for q > o or q < o as in Appendix III.
For q < o, i.e., the viscous terms dominate, the penetration velocity

: is |
i _ /-q A + V=q tanh © i
: 2 lle * b = 5K tanh 6 (1vV-2) 3
g (t -t) 2U c+b !
{ where 0 = T i F H)o and A= —2— . When U = o we determine :
; o V-q

tm(l) fcr maximum pent tion to be

' YFor inviecid flow, the results of Appendix IV are identical to those
4 of Appendix III-A. Appendix III-A wae presented separately in order
; to ecompare the Appendix III-A results with Ref. (10).
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2(&0 « H) -1 V-q Uo
(tm(l) - to) = = tanh m N (Iv-3)

T T

- " and the penetration is given by

2P c+b (t - to) = 2 (zo + H) 2n {cosh & + A sinh 8}. (1v-4)

The maximum penetration is obtained by substituting Equation (IV-3) into
Equation (IV-4),

When q > o, i.e., the strength and density terms dominate, we have

! ' Yg A - Yq tan ©
= 2cU+b= 1+ A tan 8 (Iv-5)
d q(t-t) 2U c+b
E _ where now 6 = OB and A = ° . The maximum time to
0 Yq
penetrate tm(l) becomes,
2 (,+®W [y 7
# - 2 ——e— -
h‘ t (1) -t e tan b | (IV-6)

45

This equation shows that the time to reach maximum penetration increases
linearly with penetrator length, and decreases in a non-linear fashion
~with specific target strength (op/pr ). Equation (IV-6) also shows that °
?m(l) approaches a limiting value as°Uo becomes large. The penetration

is

P i it it M e et i Lo

b (lo + H)
[

5 P=- 7 (t - to) + 2n {cos 6 + A sin 6}, (Iv-7)

Inserting Equation (IV-6) into Equation (IV-7) yields the general
expression for maximum penetration,

B . YR PP P

The analytical results of this Appendix are compared with the
results of Reference 14 for a steel bullet impacting dry sand. The
penetrator may be realistically assumed to be non-eroding. In this
case, Figure 11 shows good agreement between the predicted and experi-
mental penetration versus time, penetration velocity versus time, maxi-
mun penetration depth, and time to reach final penetration depth.t
TThe eand density ie 1.68 gm/emS, the strength of sand is 107 Pa, and

U, = 0.67% km/sec was taken fgr the initial Hugoniot velocity. The
dgneity of steel 18 7.8 gm/em® and inviseid flow was assumed.
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Figure 12 presents the penetration-time history for a non-eroding
copper penetrator impacting aluminum, zinc, steel and lead targets,
A2 (1) or Fe(l) denotes a lower limit on the target strength whereas
AL (2) or Fe(2) denotes the higher strength term for the specified target
material. Standard handbook values for the strength terms were utilized.
" Note that the trend of the data agrees with the experimental results
from Figure 7 (after the normalization is removed). However, the non-
eroding penetrator mcdel overpredicts the actual penetration-time
performance, ' '

Figure 13 compares the analytical results with the data of Reference
12 for a copper rod impacting an annealed copper target. Note that the
analytical results agree closely with the various experimental measure-
ments.

Finally, Table IV-1 summarizes the maximum predicted penetration
values for a copper penetrator impacting the noted targets, The
analytical results follow from Appendices II, III and IV and the
experimental data is from Figure 7. The subscript L denotes the lower
limit of the variable in question and a subscript U denotes the upper
limit. The standoff is denoted by Z, and &,,, represents the maximum
length (TB(VO - Vo)) of the fully stretched jet. In spite of the
various assumptions associated with the different models, the analyti-
cal data brackets the experimental results and is of the same order of
magnitude. Thus, the authors are optimistic that numerical solutions,
which will remove the limiting assumptions, will accurately predict
shaped-charge jet penetration and the resulting target response.

tImviseid flow was asswred and the initial Hugomiot veloeity was used
(U, = 0.57 km/aec).
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LIST OF SYMBOLS

E H height of interaction region

; . R penetrator length

i % initial penetrator length 3
é ' . AL length of penetrator lost during formation of ;

interaction region

k ' 2e free flight length of penetrator :
é M target mass per unit radial segment A
; MI mass of region I associated with penetrator
E: MII mass of region II associated with interaction region
? MT moving mass of target per unit radial segment
E Mp moving mass of eroded penetrator per unit radial segment

P penetration

Pm or Pmax maximum penetration

R radial location of interface between stationary and

moving target material

; RCG radial location of the center-of-mass target material
l Re Reynolds number = p Vozo/u
é RI radius of the hole profile at some depth P
f rj penetrator radius
§ Tce radius‘to cent?r—of-mass of penetiator material within
: the interaction region
z_ . r, = r(t) initial penetrator radius

rp inside radius of the eroded penetrator material

to time for penetrator to reach target

t time
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LIST OF SYMBOLS

; t time when the penetrat.on process stops
| tp time for penetration to reach depth P
E At small increment of time
; t" H/U
E U penetration velocity
E Uy initial penetration velocity (shock Hugoniot velocity)
é. : VI penetrator velocity at top of interaction region j
i%‘A Vo penetrator tip velocity !
‘ V. velocity of rear of penetrator
; VCG(I) axial velocity of the center-of-mass of penetrator
} VCG radial velocity of a segment of target mass
g;; AV velocity lost during formation of the interaction region ,
f%g Zo shaped charge standoff 'g
p penetrator deﬂsity g
|
Pr target density 'é
3 g strength of penetrator ?
f Op target strength g
E u dynamic viscosity of penetrator ;
; Mp target dynamic viscosity ?
v kinematic viscosity of penetrator ;
Vp target kinematic viscosity
Tg jet break up time
0 order-of-magi ‘ude

Y = o lo
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LIST OF SYMBOLS

8 " o/pT

Other symbols are defined in the text.

A "dot" (°) above a term denotes its time derivative

A "bar" (-) abov) a term denotes its normalized value

A single "star" («) above a term denotes variables associated
with region III for flow regime A

A double '"star" («+) above a term denotes variahles associated
with region IV for flow regime B
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