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A Computer Subroutine for Stress
Analysis of Rotating, Heated Disks

by
John E. Brock and Robert E. Brown

Introduction

Although, as is indicated by the title hereof, the principal
purpose of this monograph is to present tested and proved digital com-
puter software for the analysis of stress in a spinning axisymmetric
disk having a radially variable thermal strain field, the ooportunity
is also taken of developing the theory and oresenting some analytic
solutions.

The method developed herein for computer analysis of disks
having a general law of thickness variation was suggested by the al-
gorithm contained in reference 2 and it appears to have advantages
over such procedures as that of M. Donath, reference 3, which has been
wideiy circulated in a book by S. Timoshenko, reference 5.

In what follows we immediately obtain a second order linear

differential equation with dependent variable u, the radial deformation,

and r, the radius. Analytic treatment is given for two particular laws
of thickness variation. For the general case of thickness variation,
the equation is recast as a second order linear differential equation
in which the dependent variable is radial stress, Ope However, for
numerical treatment an alternate form is more useful and direct and

this forms the basis of the digital computer software which is given
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and illustrated in the appendices hereto.

Furdamental Analysis

We presume that the disk is thin enough and that the thick-
ness varies slowly enough with respect to radius that we are just-
ified in neglecting all stress components excepting only the radial
stress On and the circumferential stress Og Material properties
E, Young's modulus, and v, Poisson's ratio, are presumed to be in-
deed constant. The thermal strain field, oT, and the density vy

may be specified functions of radius.
Two types of problem are considered:
1. Annular disk, 0 < a £ r £ b, with 0,(a) and o (b)
being specified.
2. Solid disk, 0 £ r £ b, with 0,.(b) being specified.

We also use the symbols t = t(r) for disk thickness and w for

angular velocity. Other simplifying notation will be introduced
later on.
Consideration of radial equilibrium leads without difficulty
to the equation 3

d(rte,) . gy - Yo'r? (1)
dr

ctj-

The thermoelastic constitutive equations are

Ese-ce-var+E‘nT; Eer=cr-we+mT (2a,b)
where the strain components are
€g = Wr; g, =dwdr (3a,b)
Strain compatability leads to the equation
d
r (Bwr) = -(1+v)(09-0,,) (4)
These equations may easily be combined into the differential equation
.-




u" +u'/r - wr? + (t'/t)u' + wr -~ (1+v)aT]
= (1+v)(aT)' - (1-v?)yw?r/E (5)
where primes denote differentiation with respect to r.

Two particular laws of thickness variation permit simple
analytic treatment.

Power Law of Thickness Variation

If
t = to(r/rg)" (6)
so that
(t'/t) = n/r (N
then equation 5 becomes
u" + (+vn)u'/r + (vn-1)u/r? = 8' + nd/r - kr (8)
where
8 = (1+v)aT, k = (1-v?¥)yw?/E (9,10)

Equation 8 may be rewritten as

g—r{rl'm g—;(r(m'm)/2 u)] = r(2+n-m)/2 (3" + n8/r -kr) (11)

where
m = +/(n®-4 n+l) = /[ (n-2)2+4(1- )n) (12)
and either the positive or the negative sign may be used Equation 11
may be proved simply by performing the indicated operations and com-
paring with equation 8.
The quantity on the right in equation 11 is well defined so

that the solution of the differential equation may be obtained simoly
by integration, multiplication by r '1, and another intepration. Two

constants of integration are introduced. For the solid disk (case 2)

e
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u(0) = 0 gives one condition and the second comes from satisfying

the given value of cr(b). For the annular disk (case 1) satisfying
the given conditions or(a) and o, (b) permits evaluating the con-
stants.

An exz e with n = - 0.42 .5 given in Appendix C. Note

that the case n = 0 corresponds to a disk of uniform thickness.

Exponential Law of Thickness Variation

If
t = to, exp(-mr?) (13)

where m is a constant of appropriate dimensionality, then
(t'/t) = -2rm (14)
and equation 5 becomes
u" + (/r - 2rm)u' - (/r?2 + 2um) = -2rm8 + 8' - kr (15)
If additionally we assume that 8' = 0 (which makes the thermal

strain field constant — a triviality) the solution is simply

u = r(8+k/2m)/(1+v) (16)
In this case we can easily find
o, =0y = yw?/2m an

which is independent of r. Thus, if an allowable nopmal stress o5
is specified and if blade or bucket loading at r = b is w (pounds,
say) per unit circumference, then a disk having thickness

t = (W/O‘A) exp( (b?- r’)(ymz/ZcA)] (18)
will be such that On 2 0y = 0. If the failure criterion is the
maximum shearing stress criterion (Tresca's condition), it is clear

that this disk is optimal in the sense of having least volume and
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thus having least weight. If the failure criterion were that of

von Mises, a slightly lighter disk would suffice.

General Law of Thickness Variation

Equations 3a and 2a give
Eu = rEaT + r(oe—vor) (19)
and by differentiation
Eu' = EaT + rE(aT)' + (oe-vor) + r(oe'-vor’) (20)

From 3b and 2b we also have

!' = -
Eu EoT + 0, - vag (21)
Subtracting 21 from 20 and rearranging gives
' [ 1
E(aT)' + (1+v)(oe-or)/r' + 0y vt - 0 (22)
Equation 1 may be rewritten as
— 1 2l
0g~0, = 19, + rvo, + yo'r (23)

where we have written
v=t'/t (2u)
for convenience. Differentiating 23 we pet
gy’ * 2, + mr" +vo, + rvo,' +rv'o, + 2yw?r (25)

and substituting 23 and 25 into 22 gives

ro " + (34rvda' + [(2h)varv' o, + (3+v)yw?r + E(oT)' =0 (26)

This is a single differential equation with dependent var-
iable Gr and can be dealt with by standard numerical methods. The
conditions for evaluating the constants of integration have been
mentioned earlier.

However, the preceding procedure is not particularly satis-

factory. For one thing, the solid disk case for which r can become
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zero encounters numerical difficulties unless special treatment is
employed to evade them. More importantly, however, if T is given
by a graph or a numerical table, determination of (qT)' may involve
numerical difficulties which, ultimately, are due to our having per-
formed the differentiation to arrive at equation 20. Accordingly,
an alternate procedure which adheres more closely to the fundamental
mechanics of the problem is described in what follows.
We consider the annular disk first and we represent the un-
known stress difference 0g~0p in the form
Og=0p = (A+Bn)r (27)
where A and B are unknown constants and n is an unknown function
normalized so that
n(@) =0, n() =1 (28a,b)
Initially we make an assumption for n taking a linear var-
iation in the absence of better information. By the use of some of
the preceding equations we will be able to construct an improved

form for n and will iterate until there is satisfactory convergence.

Let
z =Bu/r, w=ET, B8 =y (29,30,31)
noting that w and 8 have different meanings here than when they
were used earlier. We can recast equation 1 as
d(te,)/dr = (gy=0,)t/r = yu’rt = t(A+Bn-yu’r) (32)

Before performing the indicated integration we introduce two
convenient notational devices, viz.

Pevs = r dr; Feee= Lol (33,34)
Thus, from equation 33 we have

-G
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to‘r = (tor)a + Apt + Bpnt - pArt (35)
From equation 4 and equation 27 we have
dz/dr = -(1+v)(A+Bn) (36)
so that
z = (2), - (1+v)[A(r-a) + Bpn] (37)

Equation 2a 1is
zZ =W+ (ce-or) + (l-v)ar =w + (A+Bn)r + (1-v)cr (38)

so that |
(z)

a

(W)a + Aa + (l—v)(dr)a (39

(z)b (w)b + (A+B)b + (1--\.»)(01‘)b (40)
Evaluating 38 at r = b and using 39 and 40 gives one equation

involving the unknowns A and B. Evaluating 35 at r = b gives a

second. These equations can be arranged as

[ *(pt) *(pnt) HA} £ [*(pﬁr‘t) + (to,), - (to))
B

ra jl (’41)
(24v)(b-a) b+(1+v)*(pn) (W)a'("’)b+(1"')[(C’r)a‘("r)b]

so that one can easily solve for A and B. Then o . is obtained from
35, z is obtained from 37 and 39, and (ce—or) and oy are obtained
from 38. Then a new function n 1s calculated from
n = [(og—=0,)/r-A)/B (42)

Using the new n the process 1is iterated, convergence beirg
monitored by examination of the sequence of values of A and B that
are calculated., When convergence 1s satisfactory, the desired
functions o, and gy are at hand.

The situation is simpler for the solid disk, case 2. (Ur)a

is not given but conditions of continuity require that (ae-or)/r

vanish at r = 0. Thus A is zero and B can be obtained from
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(W)o - (w\b + °[1'(t)°/(t)b](t°r)b + c*(pRrt)
(43)
b + (1+v)¥(pn) + c*¥(pnt)

B =

where
c = (1-v)/(t)e (44)

Otherwise the procedure is as for case 1.

Computer Implementation

The theory embodied in equations 27 through 44 zand the
assoclated procedure has been programmed for dipital computer
using the FORTRAN language. An initial programming based directly
on the preceding equations and written in January 1978 by the
Junior author hereof has been supplanted by a newer pregrarming
which is somewhat more compact due to the employment therein of
ancillary subroutines developed for use in another problem (the
lateral buckling of elastic beams) on which we ar: working. This
program, actually a subroutine called RODISK is listed in Appen-~
dix A hereof. This listing itself contains comments which ade-
quately explain the construction of a MAIN orogram which supplies
necessary input information and which invokes RODISK. Appendix
B 1lists the ancillary subroutines. In each case comments indicate
the purpose and employment of the subroutine. These may prove
useful in constructing the MAIN program. For this reason, the
ancillary subroutines DUPV and PRIV are given even through they
are not called by RODISK.

In the computer implementation, the various functions of

r which appear in the theory are represented by vectors the «le-

ments of which are function values at equally spaced values of r.
-l




The ancillary subroutines manipulate these vectors. All of these
are obvious except possibly INIV which performs an integration by
use of Milne's formulas, cf. reference 4.

In the subroutine RODISK there is a slight departure from
the theory as glven herein. As a first step, all quantities and
functions were "dedimensionalized" but otherwise the method 1is
Just as described above., Somewhat finer details of what was
actually done may be found in reference 1.

Appendix C contains some examples and remarks concerning
them.
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Appendix C
Examples

The 1listing on the next page is of a MAIN program which
calls RODISK twice to solve two different problems. On an IBM
360/67 compile time (for the MAIN, RODISK, and the ancillary
subroutines) was 12 s, link time was 2 s, and execution time
for both broblems was 1.5 s. In both problems we used N = 41
and iterated 10 times.

The first problem is of type 2 (solid disk) with b = 10,

t = 1/(1.6+.008r?), v = 0.3, yw? = 120, o, (b) = 14000, and
EoT = 25105 + 1300 log (t) - r?(233+16t) Units are inches and
pounds. The problem was made up from the exact solution

g, = 9000 + 50r?; Oy = O, + r’(120+16t)

The results, shown on page 18, show evaluations for the
stress components which are correct within 0.03 psi even though
convergence was complete to only about 4 digits as indicated by
the sequence of values above the final tabulation; these are
values of or(O)/cr(b) and of B.

The secord problem is of type 1 with a = 2.57, b = 5.15,

0,(a) = 18205, o_(b) = 22000, & = 0.1493 p 2

,» T = 60 = 1.6r2,
v = 0.3, and Ex = 194.3, The units are inches and pounds.
Since the thickness variation is a power law, the theoretical
solution given in the body hereof may be used to obtain the
theoretically exact solution

o, = -113.95r* + 15832r" - 11708r"

og = 122.80r7 + 13801rP + 1431007
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where p = .29171 and q = -1.87171. The computer results agree
with five digit accuracy even though the sequence of iterants
(A,B) shows only four digit convergence.

The same two problems were also worked with N = 101 and 14
iterations. The execution time went from 1.5 s to 3.0 s. The
maximum change in any stress value was 0.3 psi. From these and
other problems it may be concluded that there are no difficulties

of accuracy, computer storage, or execution time.
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