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I. INTRODUCTION

This w~rk was motivated during a study of radiative transfer

~~~ through aerosols when it was realized that spherical aerosol crcss
C_.~ sections and phase functions only could be provided by Mie theory.

Because many aerosols are irregular in shape, another formalism is
needed to provide the optical parameters needed for radiative transfer
calculations. The literature of previous efforts on the sc~ttering of
electromagnetic waves from irregular particles is extensive , although

— many of these calculations were directed either to various approximate
approaches or to the problem of conducting materials only. An example
of both these limitations is the application of least—sq.uare~ techni—
ques to match electric fields at the surface of a conductor. How the
least—squares solution is relate~ ~o the boundary conditions is unclear.

Several recent efforts using integral equation formulations
deserve special attention since not only are the boundary conditions
properly accounted for, but numerical results are presented. Referen-.
ces (14 ) and ( 5)  are based on the scalar rather than the vector wave
equation. Reference (6) is completely general, but was only applied
to conducting particles . Another entirely different effort of note

7which will be addressed later was that of Chylek, Grams and Pinnick
(hereafter Chylek et al.) Chylek et al. modify the Mie theory to
account for particle irregularity on the empirical grounds that the
phase functions of irregular particles do not exhibit glories. As a
result , they modify the resonance behavior of the field expansion
coefficients to model irregular particle behavior . Chylek et al. have
presented calculations that enjoyed better agreement with experimental
data than did Mie theory.
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FOWLER

this paper , the scattering of a plane electromagnetic
wave by an irregular but cyl indr ica l ly syr~netric di~~~~~ric particle
is solved by generalizing the original work of ~4ie. 

‘ An in the
original work, the expansion coefficients of the scattered and inter-
ior (to the dielectric particl& ) electric and magnetic fields are
obtained by satisfying the boundary conditions . Because of the par-
ticle irregularity, the expansion coefficients are coupled and form a
set of linear equ~itions that  must be solved numerical ly . Both the
integral and differential equation approaches are equivalent in analogy
to the calculation of the scattering amplitude in quan tum mechanics
by solving either the Schrodinger or the Li ppman—Sc hw inger equation .
Further , both approaches develop into solutions of linear algebraic
equations -E-———

It must be emphasized that both References (14)— (6) and this
paper are limited in applicability to “slightly” i rregul ar particles
whose deviation from a smooth geometric shape is much less than the
wavelength. This limitation on solving the scattering,~problem for
“arbitrary” irregular particles is reviewed by Millar.” In essence
the limitation arises from the fact that the scattered field solutions
incorporate radial functions that become outgoing spherical wave
representations in the far field , but not functions that represent
scattering of light from one area on the surface of the particle to
another area. Consequently , the problem of multiple scattering
between areas on the particle have to be neglected. While the over-
all problem may be handled by dividing the particle into subparticle~1
and satisfying the boundary conditions for and between all particles ,
this paper will be limited to only “slightly ” irregular particles.

The differential equation approach is , of course, also valid
for “slightly” irregular particles without cyl indrical symmetry , but
these calculations require more computer core space than is commonly
available. In Section II of this paper , the Mie solution for a
spherical particle is reviewed by developing the differential equation
formalism. Section III is an extension of this formalism to
cylindrically symmetric irregular particles by developing the four
boundary condition equations into 14L equations that may be solved
numerically for the expansion coefficients to arbitrary accuracy . In
Section IV, comparisons ~~th exact calculations for spheres and
ellipsoids of revolution are presented and the computation problems
for more general particles are discussed. The effects of irregularity
on the scattering phase functions for single particles are reviewed ,
and calculations performed for comparison with Reference (7) are
presented and discussed.

II. PRELIMINARY
The Hertz vectors 11 and E are related to the electric and
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FOWLER

mognetic fields E and H by9

E 41kVxfl + k2m 2 1 + V(V .E) (1)

and if = km 20 + v(v n ) — (2)

where m2, the square of the complex refractive index is

c + (3)

c is the di electri c constan t , a is the conductivity , w is the radial
frequency , k is the wave number of’ the monochromatic incident
light, and w = ck (c = speed of light.)

2 
The requirement that H and H be transverse as r-~ (the far

field ) , implies that only the iadial~ components Of H and E need be
considered , - -

J1 1’lT (14)

E f’o (5)

where f’ is ~he radial unit vector , and ¶ and a are known as Debye
potentials. The vector wave equation satisfied by it and a reduces
to a scalar equation

(V 2+ k2m2
)[i 

= 0 (6)

Equations (1), (2), ( 14 ) ,  and (5) may be used to write the
ccznponents of E and H in terms of the Debye potentials as

22 2  a oE k m a  +—
~~

- ( ‘I’)r

41k 3ir 1 a2
= 
~~in(O)

’
~~ 

+ — aear (8)

— 
.Lk h 1 

_ _ _E
. 

— — T1~~ rsin(O) a $ar

Hr = k
2m2it + .

~~ 
(10)

i 
_ _  

41k ( i )H0 r aoar rsln (0) 3$ 
1

2 . 2
1 3 ~~~~ ~~

rsin (O’~ ~~~~ 
+ 

r (12)

I
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FOWLER

If the incident  light is a plan e wav e propagating along the z axis ,
then

= exp(~ikz) (13)

= £exp(41kz) (114 )

which give rise to Debye potent i als of the form

~i) = k
2
~ 

.~ — l 
£~~-+i~)~ 

I4i~~( k r )  P~(CO5e ) [c ?~~:~) ( 1 5)

where the superscr i pt “ i” i n d i c a t e s  the incident  wave. The general
solution ot ’ H( unt i on  ( 6 )  has the form

S = ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

where~~ (x) = xj~~x) , rl e (j~~ 
x l f e (x )

~~
j p ( x )  and tf e (x ) are sphe r ical

Besst~l functions and is  the m tegendre polynomial ot’ c~~’Jt ’t’ ~
~~~~~~ interi or ( ‘V’ ) and scattered (“ s” ) p~ )t,t ’n t i a.i s niay be wr i t t en  from
Eq. ( 1.6 ) by not ing  fr ~m Flq . ( i  5)  that  only ‘n=l t c~~~i:~ w i l l  appear.
Further , t h e  in te r ior  pot ent  is I must.  (.~~nv~ Sr ots  to ~ ei’o as r ~~~.‘ so
that 0 , and t h e  SL ’at , t e r t a l  j ot .eti t . i~Lls must converge to spherical
waves as r~ , so that ~ (~~~~~. ~‘his iatter c’ ~nd i tion Is equivalent
to replacing ij’ and ii 

~~~~~~ 
xIL ~ , whe re ul p is t he spheri cal Ha nkel

function of the f i rst  k ind .  These potent ials  may be wri t ten as

I)
0~~~~~ k

_ 2
~~

f ~~~)~ t (kf1r P~ (cosO ) (17 )

aS) k_ 2 c e~
0
~~~) p~ (kr ) P~ (cosO) (18)

14
For a sphere, the transverse continuity boundary condition

requires that H , E H~ , and II be continuous across the boundary
of the sphere . 2nnp~ction ot’ Eq~~. (‘fl—(l.~) reveals that this
boundary condition will be satisfied it’

= h a~i (19 )

a i 3 w+u )~ 
= j—it I (20)

I
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FOWLER

I ~~ 2w ,
(°~~° ) I  m~~~ j ~2].r a  r a

I s(it +n ) = it (22 )r a  r a

where a is the radius of the sphere. Equatjons (19)— (22) may be
reduced by using the orthogonality o~ the , cos ($) ,  and sin($)
and the explicit forms of the Debye potentials to

~~~
‘ 
~~~~~~~~~ a) + c

tP~
’(ka) = ~ a~4,~ ’(~~a) (23)

~~~~~~~ ~(~~1)1P~
(ka) + d

e
Q
~
’ (ka) = b

e
4,
~
’ (1~na) (214)

41t—i 
£ :l)~.~~

ka) + c~p~ (ka) a~4,~(iona) (25)

.Lt~•i 
~~~~~~~~~~ 

+ d
LP~

(ka) ib~~~ (1~na) (26)

where 4, ‘(x) =3~~ (x)/3x. Equations (23)— (26) are commonly solved for
and 

~~ 
and are called the Mie solution. These cp and dt are then

used to calculate the cross sections and phase func~ ions.

III. CALCULATIONS
The radius of an irregular, but cylindrically symmetric

particle may be defined by

r ~sP(c osO) a(O). (27)

The normal vector to the surface Is

= 
— 0 31n(a(O))/30 (28)

~~ + 
(ain(a (eL) 1

2

J
The boundary conditions are

tIXAEI (e) = 0 (29 )

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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FOWLER

IiMI (o) = 0 (30 )

where

(31 )

(32)

These boundary conditions may be explicitly written as

0 (33)

AH~= 0 (3 14 )

At ’ plna(O) —UL~
9

3lrta(0) — 6

Equations (33)— (36) differ from the Mie boundary conditions only in
the 

~
Er and AHr terms in Eqs . (3 5)  and (36) that arise from the non

spherical nature of the particle. These equations cannot be s impl i —
lied in the sam e manner as the Mit ’ solution by exploit ing the orth o—
gonality of the angular funct ions  because the radius of the particle
is Itself a function of angle 0 .  Equations (31) and (32) may be
used to rewrite Eqs. (33)— (36) as

S W _ I
37

S W _ 1 8
,

_ 

+
_

$
E5 EW 3 lna( 0)  ~~ F” E’+ 3ina( 0)  H1 (390~~ 0~~~~30 ~~r r ’ 0 30 r

H
8 11W 3lna (0)(}l

s
H
w) — H1 3lna(0) 

H
1

o — 
0 

— 30 r r — 0’ 30 r ( 14o )

The individual components of the electric and magnetic fields niiy be
calculated in terms of the Debye potentials by use of Eqs. (7)—(l~~)and substituted into Eqs. (37)_ (liO). These resulting equations are
functions only of the angles 0 and 4 ,, incorporating 14L unknowns; at ,
b , c ,1and d . By calculating the overlap of Eqs. j37) and (~ 9)
Vc~h 

tP,,(cos&) cos(4,) and Eqs . (38) and ( 14O ) w i th  P~,,(cos0) sin(~~) ,
14L equations in 14L unknowns may be formed , it may be noted that the
• integr ation s may be performed immediately . The resultIng 14L

I
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equations may be expressed In figurative form as

~ 
B~ ~~, Gt =,L Ft,t, (141)

where
‘AU, ,io ~~~~~~ ,~ 

‘~ U’ ,15 
_4.A~~ ,i14

9 ~~~~~ ~~ 
.LA
~~

, 114 A
~~

, ,15
B =

_ U, ,6~~
tU, ,8) _ .tA

~~ , 7  (Au, 11+Au , 13)41Au, ,12

_.cmAW ,i 
_m (Al i,6+AU,8) ~~Le’,l2 

(Aa,,n,
4.A.u~,i3

)

I
( 142)

at

b D
G = ( 143)

d1

and

(41A
~~ , 1 4 + AU,5 ~ 

-

— (LAu, i
~
+ AU15 ~

F = 
— (An, i+41AU, 2+A U3 ~ 

(1414) -

- (AU, i+41AU, , 2~~U’ , 3)

Each element A~2, is an L by L array whose entr ies are the integrals
given for n = ~~ 6,11 (by steps of five) by

= 

~ ~~~~~ 
e ) )  (0) P~(cos0)P~ ,(cosO ) dcosO (~ 5)

where
1
1 =A;

t
~
l 
t(t+1)

~~L~~~ 
4
t
”(ka))

0

7
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= t (kn
~~~ 4,~ (kma ) } 

(146)
f11 

{
~~~(ka) +

and

f 1 1  dcosOA11, ~~~ ~~ ~t ~t’ s in(0 )  ( 147)

1 ~ 1 1 dcos0
“ ‘,n+2 

= 
j ~n ~~ t ka(0)

3 1 1 dcosO
= g

n ~~~~ ~t’ ka(0) 
(149)

1 1 dcos0
= g

~ 
P
~ 

~~ ‘ sin(O) (50 )

where ..~— J 2 c~+1
= 

~~
‘ t (t+l) ~~ (ka )

= $t ( kma ) /m ( 5].)

=

Equation ( 14i ) may be solved numerically Car the at, be, c , ,  and dt,
and the cross sections and phase functions may be calculated from the
C
t 
and dt using the same formulas as before.

IV. CALCULATIONS
A computer code was generated to perform the calculations

described in the previous section. The integrals A ,
(51) , were performed using a Gauss-Legendre Quadra~urè~ Equation
(14i ) was solved using ~3G~~ ss—Jordan elimination routine modified to
treat complex entries. ‘ The cro~~ ~~ctions and phase functions
were calculated in the usual manner . ‘

The theoretical development advanced in Section II is, of
course , also valid for particles not cylindrica-Ily symmetric with
respect to the incident plane wave. At this t ime, however , an
extension of the theory and the computer code to consider these more
general geometries is not feasible due to computer limitations. If a
general particle or incident direction were to be considered , Eqs . (17)
and (18) would include terms co s(m4 , ) and n in(m $)  ,m= O 2to L. 2The
size of the array B would increase to ap~roximate]y 14L by 14L since
each current entry would increase by

2
terms m and m ’. Arrays G and F

would Increase In size from 14L t~ 14L . Thus ~he total storage
required would increase from 16L + 8L to 16L + 8L2. For L >>L2>>L,

I

‘p 
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this i s  an approx (mate i ’rerna’ by a fac t o r  ci ’ i?. The incr ease  in
ectipute r scm ~ry requ i red t’ ox . ope rat.  i ona ‘do ( as r:i p: red t ar ray
storage) should to • L p p c ’ O X  isat t ’  I~ pr oport  i onal . Tin.’ p r o s c r i t  Oosi t ’

requires :~ x words  t o  in i t  t a t e  c’ ‘np i i  at. ion , so t ioL  t Is ~~ wo rds
and a ~~~~~~~ 1 c ode w i L l  rt ’ slu I re  appr ox  i ::ia t e l y  ‘ x tl ° words  t o  I n i t  lu te
compilation. C ‘spate r mem ory c’t’ thIs t’.(t .erxt i S I xi t ~ I o on I y on a
ye i’y few much inc s so that the imp 1 ement .a t I ‘xi is not feas ib I e at th i s
time.

It should be noted t h a t  w h i l e  t l i i  s code requ i re s it i urge
amount ci’ comp ut er  ‘ lo t t ’or initial cosp I at  ion ( x ~~~

‘ ‘ wor d , t h i s
doe s not . res tr let  the  ut  i l l  ty o t ’ the code as much as m i g h t  Pt .’ t X  pes t i d
ThiS code is fl~~’T’s I l y  exer t ’ i sod on the M ~~~~~ CPC t~(’~~C ~~~~~ e m s  i ng
the ~Cc~} E  ~~. 14 . ~~cip I b r .  11115 is a tw o  l a s s  comp ii or hat .  p e r : c r m s
some opt isization or t h e  cospi led code.  in t ’ i i  case , t h e opt m l  : :rt i~’n
is sign i r i c an t  ~cs t h e  comp at.  or ems ry re~pi I red f~ r the  cL ”:.p ii ed code
is only ~ ‘ . 5 x ~~~ word s  . dd .1 1 onit  I I y , e~ cc ut ‘n ci’ t he c ‘do t o
ace cinpi ished in abou t - t ‘~ sec . nd s t’cr a n ~ ~~~~~~~ I c  le  of ’ up ‘ 10
term s in the r ad ius  (E q. t, i I ) n i -~..1 ¶ i c ~~~‘~s.~ot or vii  so St -

although c ~ :~p i is t ion o I’ t he  . ‘~ ‘do ~~~~~ res nbs~ t. r ’d second s .  Thus , t he
compiled code may be used to  per t o  on cit I cu I at. I ot i s  w i t  h on I y mod crate
demands on comput er  mem ory  and e x e c u t ion  t i me iii con ~ m a s t  t o  ‘s~-~n—
pila t ion c t’ the code fo r  each part. ic I e t o Pt.’ con s ide rod

The code was  checked by exer~’ Is in  i t  f or  v a r i o u s  si  ses
of’ spherica i pa ’~t ic leo and var isu s cOSp I ox rt .’ fr tn. ’  t - lv e m d  i ce s .  ih e s e
results (c ~ , d ~ ,c r s c s sect  i otis i t  i i i  p la t s i ’  func  t ions  I were  compn red w i t  h
the equivs~ o:i~- ~p n t n t  it Leo on I cn 1st ed u s i n g  a st an d ar d  ~1 i~’ cods . The
c p and d~ fo r  a ll  ~ I cu l  i t t . i 0u i ;  agreed to  w i t h i n  t h e  r cund—c l’t ’ e rror
o~ the much inc ( t ’ I r t  e en th t ’ igare

An add i t ion a l  check  w i t s  made b y making cal cuixi t .  I o n s  for
prolate spheroi do of sos i ma jor  t o  oem i ~ i nor  ax i r a t  lo  ci’ t w~~. These
calculations were cotn pa r ed with exact ctil en 1 at. ions  • ~ The r e w er e
minor d i i ’ t ’e reuces  b etween the  a pprox  isa t o  ca Lou I at ions  ot ’ this
and the exits t. cal cu Iti t ions in t orms of the N t ie s t r u c t u re  ci ’ the
phase function s , but  the  pos i t ,  ions  o L’ rc.l at ive sax i : i a  and in in ins and
the relative m tgn i tu le of ’ the curve s agreed v ery  w e l l .  These ca l  c i i  t a t  —

ed phase t’unct  lot n ar t ’ shown in Fit~ure  ( 1 ‘I . Wh ii e ix pree I se co t -  imste
of accuracy I s di t’f icuit , a compit r I son ci ’ en icul at et.t vs 1 ut’s with
values frcin the exact. curves at. 1 ~~~~ inc  roses t ii gave  an er ro r  bound 01’
+ 2% for value of c = .~ its V . ‘I ” = I , , ,~T ( ii = sent imaj or axIs  ‘I w i t  11 an
average error ci ’ appro x i m i t t  e ly 3 x 10 ’  % . 11cc an so s on e  of th i s
error may he a tt .r l bu ted t o  c ompu t er rio se and t he’ I- run  cat  ion error o
the Gauss—Legendre in tegra t ion , t h i s  crx ’or bound seems to be r ea son-
able. The agrcc~iient shows t l i st ,  the cede is use t ’ui desp it e  the
assumption o t’ the va lid i t y  ci’ the Ray it’ igh Hyp othesis

The modit’ication to t4ie theory advanced by Chylek et al.

0

- 
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was examined.7 In this modification , based on the consideration that
glories are not observed in experimental data, the particle irregular-
ity is modeled by truncation of the resonances in the c and d~ in the
region 2ix r /X~ Zwhe n .e>3 in a standard Mie code . While t~is modification
Is attractive because it offers a simple, efficient computational
treatment of non spherical particle scattering , the validity of the
approx imation has been questioned )- 8

As a starting point in considering the Chylek et al. rnodi—
fication, the cross sections and phase functions for several variations
of particle size and shape were calculated. In terms of the Mie para-
meter ,

x0 = 2iT r /X , (52)

particles of shape function
x (e )  = x~ {i+ .1 P~(O)} (

~ 3)
for x = 1, 3 , 5 ,7 , 9  and n = 2,3,14 were considered . A refractive index
of 1.~ + O.~. was used in this and all subsequent calculat ions . Cross
sections both greater than and less than the equivalent Mie cross
sections for the same value of x0 were observed . The forward scatter
and backscatter varied similarly, in some cases being greater and in
other less. The structure of the phase functions were similar but
not identical to the Mie phase functions.  Although it is difficult
to draw concise trends , it was noted that in general differences
increased with increasing n and decreased with increasing x0.

Additionally , the effect of varying the strength of the de—
format ion was examined. Shape functions of the form

x ( e )  = x~ {1 + a P (e ) }  (5 14)

for n = 2 and 3 , a~ = .05, .1, and .15 were considered . Two ef fects
of this variation of a~ were noted ; the values of the relative maxima
and minima varied by as much as a factor of five although the positions
of the max ima and minima varied only slightly, and the amount of near
forward scattering ( scattering angle less than 300) varied by as much
as a factor of five about the equivalent Mie curve. This latter
effect would seem significant in term s of the experimental data
reported by Chylek et al. The significance of the other effects is
more difficult to assess due to the averaging process performed when
the po lydisperse phase functions are calculated.

The behavior of’ the Ct and dt in the region x0 t was studied
to examine the validity of the modification of Chylek et al. Shape
function of the form of Eq. ( 5 3 )  for x0 = 3 to 14.5 by steps of .1, and
n = 2,3,14,5 were considered. The real and imaginary parts of c3 and
d3 were compared with the c3 and d3 calculated using Mie theory . In
seven of these eight calculations , the resonance curve shape is

- 
~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~ — ~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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pr ese r ved al t  lt~ a,;i~ i t  us cr ows by as much Si;  a far Si ’ ol ’ two .  A l i i —
t ionu 1 ly , t he sort em of t l i e  res . - t ~;t :ice curv e ; hi i Vt s , apparently wi th- ~u t.
trend , s 1t l ~o tc l ;  t I ; t ’ m e : .  - r l : t ~ice  curves  ( r ea l  parts) for  the irr’’~ t t1 ar
partic los  a l  ways  f a l l  t in  . i r  the M i s  re. ; is ince curves . In oni’ case ,
tha t of x( 0) = x 4 { l+ . 1P 3( o) } , ho rtis -Ii :u o -e cu rve is rep laced by a
slowly vii  my in~ Cu ry e  cost  a 1 :s’.1 u~dt ; r the M ie c u r v e  ( cola i~ ot ) yb
real part s have a mea:i of app r- x inst  t.’ ly . i and wi t  ct’ i ma~ I n:t my p ar t s
have a mean of a j p rox  i m: t t  t ’  by cc  0 . In al l  1 t her cit  icc , the  resonance
curves u tu’r . w a~ d f a l l  under  the Mb cu r v e ; .  The ~x t  eat  cf  r t a r r : w i nt
appears to be :tppr ‘x irnat & ‘ I y pro p ot I o t ial  t x i .  ~ n t I t o  l a s  ~~ 01’ t hese
calcul at i ‘its , t he :~. .1:’ I cat . ion of the  c~ its i d1. in i..li o r ~~Sc rt &: ,c 0
region i not sub st  ;tSi . i t t  ed , l ot. tI; e i t i sno  ci ‘a 1. i’s at t of h e f t ’ ross e
(7 )  mi 1~ht  be jus’.. it ’iei iii v i e w  of the  n;trrowinc, of he r er o n : r n c e
curves.

Calculat  lois :  were aLs p e r f  r ots :  for  one cf t t i e  p i y . l  I
aerosol di st r ib u t  1 .- i s .  rci.~~r’ted 1- ’,’ ~‘tiyiek et al . (i.e. the f i r s t  i’~ci
N ine ph ase function~; using

x ( 6 ;  =

x ( 0 )  = xo {1 + .05 p~ ( O ) }
x(e) = x~~{1 + .1 p~ (o)}

x ( 0 )  = x0 {i + .15 
~~~~~~

x ( O )  = x0 {1 — .1 p2 ( 0 )  + .1 P 1 4 ( 0 ) }
were ca]cu. Ia t ed arid c oo ;b iried l i nc a r ’ iy w i t h  ndj ust a ble co e ff i c i e n ts
calcul ated aol n~ ro~ ces s i o n  t echn iques  to far  the dat a .  ~~ o di 1’I’ei’ent
fitting t echni ques wei’e used ; one u s ir i ~ a l l  the data , and a n o t her
using ority tho se data fo:• scst.t.sr in~ and es dreat.er than sixty .1 Of roes
A represen ta t ive  f i t  for  ea ch  s ch em e is shown in F ’i~~ui’e ( ~‘) . Those
fits appear to he as ~ocd  as that  r e p o r t e d  by Chylek et al . It is
noted that the 1’it is not s en sa t  lye to the clto ice of c omb i tint I oti s ot’
ph ase functions u sed.

The insc’ns it  l v i  t y  of the  f i ts  t o  variat i on in the pl in-ie
function s used in the  fit.t. imi ~ c:tl.cui at i ‘n;~ :.oens to i nd ica t e  t h a t .  ml
more elaborate ca lcu la t ion  for  sore i rx ’e1~~. I a r s~’sçe i lair i. i s .  cc a we
over or ien ta t ions  would r iot.  s I ~ n i i ’ i can t ly im pr o v e  the  r e su l ts  i t t  term s
of the cost of such a c a l c u l a t i o n . In the same vein , the C i iy l e k  et al .
modif icat  ion se~~n s t o  be adequate for ma ny cn.Icu 1st ions. It lippeiti’s
that more accurate calculations should be necessary for aerosols with
much less random shape and orientation . 
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Figure (i). Calculated phase functions for prolate spherc’ids
used for comparison with the exact phase function of Reference
(12).
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Figure (2). Comparison of non spherical experimental data
(circles) with figurative Mb phase function (solid curve)
and two composite non spherical phase functions (dashed
curves.) The dashed curve is fitted over all data , and
the dashed—dotted curve is fitted only over data for
scattering angle greater than sixty degrees. Phase functions
for shape functions incorporating — .05, — .1, and — .15 P2(O)
were used in this fit.
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