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Abstrac t

The solutions of large linear systems with slow and fast modes are well
F LU
• 

approxima ted away f r om end points by a slow-mode solution. Th is corresponds to

the use of ou ter soiutlons as approxim ate solutions of singular perturbation

problems away from boundary layer reg ions. This pap~ r g ives an a lgor i thm for

~~~~~~~~~~~~
. ~~~~~ obtaining the slow—mode solutions , and illustrates how the slow and fast corn—

ponents are obta ined for the initial value problem.

Decoupling of slow and fast modes and the singular perturbation~~~et1d-.(

ology are alternative ways of reducing the order of high dimensional mathemat-

ical models in control and stability theory. Physically, one sometim es knows

which variables involve predominantly fa st or slow mo t ions , al though comp lete

glow—fast decoupling is rarely known. Likewise, system models are seldom pre—
• aented in the traditional singularly per turbed f orm ~, f ( u ,v,t ,t), cv

g(u,v,t,c) to which standard theories can be directly applied . Instead , a

modeler must numerically identif y the small parameters  involved before he can
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e f f e c t i v e l y  use t tI ( ’ s i n g u l a r  perturbations structure to design reduced—order

models.  One c.in .1 t empt t o  r an s f o r m  t he’ p r o b l em  t n t  o an eqii iva l e n t  pr ob t e r n

w i t h  d ecoup I t’d s l o w  and 1.19 mode’s • h u t  ca r e m u st t h en be~ used to ma Iota In ii,’

phys i ca l  m t  e•rprt ’ t .1 t I otis f o r  t lit’ var  t a b  lo~ u sed .  D e s p i t e  •i i i  d I f  I ice i  i t !  es • the

high  d tmen s Ion .i l i t  v of r u l  y desc r I ~~ ly e  mode I s  p r o h i b i t s  q u i c k  nutt i er  ica 1 i n t o —

grat  ton and f o r ce s  one to a p p r o x i m a t e  s o l u t  ton s  v i a  l o t , c r — o r d e r  m o d e l s  co r r e—

~pond tn g  to  a s low—mode  ap p r e i x  t m a t  ton or an o u ter  s o l u t i o n  to  a tradition a l

• s i ngu la r  p e r t u r h . i t  ion p r o b l e m .

Th e s i m p l es t  exam p le e t such a s i t u . i L  ton is prov ided  b y the  l i n e a r  c o n s tan t

7 
coefficient system

(1)

on a finite i n t e r v a l  • say 0 t ~ 1 , wher e  the e l g en v a l ue s  of A lie in two

se ts whose e l em e n t s  d i i  i c r  i;rea 11 y in  m a g n i t u d e .  Suc h sy s t ems  cou ld , o f cou r se ,

• 
• come from a control p r o b l e m  w i t h  s t a t e  equ al  Ion x — Ax 4 Bu , f e e d b a c k  c o n t r o l

U — Cx , a nd A A + II( , espec Ia I I  y when C prov tde ’~ h i g h—g a i n  f eedback  (c f .

Young et a I . (I~~7 7 ) ) .  Spec I f  lea 11 y ,  2 e t  (15 decornpos~ the spec trum •~ (A) of A

into a slow set S and a f . i ~~t (b u t  n ot  p u r e ly  osc U lat ory ) ~~~~ F with

and n
2 

clement ii • r e spec t ivel y ,  such t h at  n
1 + n 2 

— n. Thus • we ’ l l  t ake

• 
(2) X ( A )  — S Li F 

-

where

(3) Is I  “ Re I~I •~

whenever s ~ S and I (• F. ( I f  we asked o n l y  t l i , i  t f l  , we would  a l so

a l l  ow 1.1 rge , lni (near  I y )  pu r e l y I m.lg I ii.t I y , c iget iva l ues 1 e a ch log to  r .Ip i d l y

• nec i l l  at  i ng modes .  Ins t e’.id of t h e  boci ndar  v I a v e r  ana l  vs Is t h a t  we sh.c 11 empl oy

the q u i t  e— d I I I c’r c n t  met  h o d  of avera g In g  wou Id ha ve ’  i i )  be U t i l l  zed ( c I

Hopp ens Lead t and Mi  r a n ke r  (1 9 / n ) )  . ) Wt • n o t e  ha t  th e ’ ~~~ t I t  ion Log (2)  of ~ (A)

introduce’s a sun.l I I  • ti line ns t on  lc~ s pa rome I or

(4) c - Max ~s~ / M m  l u ~ 1.
s E S  f € F

if a more ref  I ned p at t i t  t o n i n g  o I t he  sp ec t rum were  used , we’ would oli t a in

acver~i I sm.i I I  p a r am e t er s  of eie’creas ing ci  •~e , c o r r e s p o n d i n g  t o  modes vi th several

dis tinc t decay rates.

Our a l g o r i t h m  for  o b t a i n i n g  .ipprox Im a to  s low—mode  so I u t  hins of (1) w I l l  be’

_ _ _ _
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as f o l lo w s :

(a) ob t.i ( i i  t h e  e’Ige ’nv ,i h it’s of t h e  mat  r f x  A ~nd se lec t  a set S of slow

e i g en v a l u i s sat i s f y i t i g  ( I ) ,  1
(b) I i ntl sit ~ n m aL t  ix so lu t  ion H — 

H 
of t he’ equat  ion

L~~
2J

(5) Mi — M i
8 B S

where I he n
1 

‘ m a trix has the pre ’sc r I he’d spec t ruin (,r )  — S. Re-

a r r a n g In g  t he rows of x , i f  n ec oscar  y , so tha t H is i n v e r t i b l e , d e f t  no

(6) L — -H H
1 ,

s2 si

(c ) Tht’ si ow—meek . so lu t  b u s  to  (I) lie in t h e ’  c o l u m n  span of  t h e  exac t

~ n m a t r i x  ~o I u t i o n

I i  •1
I ~~ I (A 1 1

A 1,ljt
(7) X ( t ) — I  j e

L~~~J
• IA 11 A 1,1

where we have ’ used t i n ’  p~ r t i t  in n i n g  A — A A
L 21 22

Remarks :

(i) Differ e nt w o r k e r s  m l~~f i t  n i t u r a  l i v  ma ke  d i i  ( c i  t n t  e t i o l e e ’t ;  of t h e  numb er

of sl ow et gI ’I i V .I  I t ie’s .  (‘u r e’xpe ’r ie ’nc e sugge ’s I s  t i t i I t h e ’  op p r  ox is., L i  ens ( ( 1

s o l u t i o n s  of b o i u t i h . i r v  v a l u e  pi ob 1 ems w I t h i  b e ’tu t ide ’ti sot  Ut  I oIi ’4 w i l l  rvrn.I in  re ’ l . i —

Livel y good w i t  h i  ii (0 , 1) even f o r  rn eide ’r ,i t e l  y l a rg e  vs h it’s ( s , iy  t ~~ 0.4).

The pr irno r) a d v , in t  ages .ir c gaine d  whe n n
1 

/n  is s m a l l

( i i )  Wo cou l d t . i k , ’ .1 to be t lie ’ J o te i , ’n ( e l m  c o r r e sp o n d i n g  to t h e  low

elgt’nVs lw-s  of A ( t  h ioug h t l i i  s m i g h t  be’ i l l i h i t  u the ’nt I em .i h um or  h ’al v Iewpe ~ t n t

w i t h  H s p a n n i n g  I i i . ’  t c i t  r e sp o n d  lu g  ci ime ’i i ~ ion, i  1 gener . i l I it ’d e i g eu i s p . i c e .

R e a r r a n g i n g  t he’ row S cii  H , then , w e’ can oh i ,i in a none in gu  l,i r 111.11 R Ix H and
iii

Lh er e by  a so l u t  ion I..

(iii) I t is part ic cii  a t  1 y ce inv e n l e n t  utume r  lea l i v  t o  oh t , i i n a m a l l  I L of

small norm.  T i t l e  w i l l  e ’orre ’spond to h avin g thie ’ I ,is t 
~2 

c’ntr ie’~ of x be’

• p r iv n .ur II y fa s t , Such a conc h i t  ion r an  of t en  hi’ •ich loved by sc. i l  log •itici 1st lj ne - I

t echn i q ue’s wit k-h redu c e t h e ’  coup I tug  b e ’t we ’en ii low and l a s t  mod e’s. Al t e r u , i t ive ’h  v

a decoeip II ug mat r ix  I. w i t  h i s m a l l  norm wi’u Id re’sul t I f  p ht y s  I c a l  cool d Iit.i t c’s

known to bt~ pr in i ,ir I l y show were used .is t h ’  f i r s t  m
1 

componen t s  of x wit t i e

coo rd inst  es ch em Ins t eel b y I act  var is U on l’e ti~~e’ti fo r  t he’ Ii no I componen t s .

In gene’ra I , I. is nell nc’e.’ssar f l y  sm .l 11 , Ins t ,‘,id It is c h a t , i e  t e’r I zed as

the n
1 ~ 

n
2 

d ime’ne b u s t m .lt r ix such lbs t th e’ e’hange ’ c’I vat i , ih , h’~

__________ 
•—- _ _ _ _ _ _ _ _  •
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0 ;- H ~z — x -

L I . . • I i
11
2

provid e ’s th ie b l e ’ck—tr i.iugul.i r syst em

B1 
A 12 ~I -  ~z

0 B - -
where’ 

2

(8) X ( h1~ ) — S f o r — A 11 
—

(9) X ( B
2

) F for  B 2 
— A

22 + LA 1, ,

and w h e r e  L s . i t i~~f ie ’~ tite’ a l g e b r a i c  R i c c a t i  eq u st  ion

(10) — A 22 h. — LA
12 L + A , 1 — 0.

A lt t ’ rn a t l v i ’ w ay s  ol t- o l c i i l , , t  lu g  L i nv o l v e ’  t h e ’ i t e ’ r o t  h e  ~ol u t h e n of t h i s

qeta dr.i t Ic el lu .i t it ’ll  f o r  -I sd I I  Ic i t - n t  l v  good m i t  L i t  gi l  e s s .  For sm a l l  L and

*22 i~oi~si  uigu l . i i  , we ’ have . l~ ~~ ~~~ , ~us I i i  v f i g  t h e  l ii i I 1.11 I t  01.11 e used in

sue’lt In s t  Ols i ’S iw Chow ,iiitl kc ’ket i’v i t ’ (19  i’t ~) . Once ’ n
1 

is e hoae’ii and A Is

f i x e d , t h e te ’ i s  a e in lq u e ’  rea l m a t r i x  I. sat i s f y i n g  ( 8 ) — ( 1 0 ) .

( iv )  Beca use ’ A gone ’ I . t l  lv  ii ,i~ hic i th i  i . i rge ’  St  Oi l e , in ch u n s t a b l e  e i gt ’nv.i l i l t ’ s ,

thte n ~ t~ fu nd , i rn ent  .il m at  c I At  (ci t ( 1)  c.ll ,nc ’ t he’ t c ’ icl i l v  compu t e’eh . S In ~ e

— A
1 1 

— A
1 2

1. hi , i~; ~nl  y t h i . ’ mode r. i I t ’ e I ge ’nva lut ’s of S , however , t lie

“1 ~ ma t  r i x  e t .111 he ’ c’t ’ t a i ne ’d by e’xp I be it  fe it’mu I as or by m any s t an d , ir d

m eth i ot h s cii mim e’ t i t o  I i u i t e ’gt . 11  i c’ii .

• 11 F Cent  .1 i ns  ei i i l  v ( I  , lrge ’ ) s I  ,ib l  e’ e’ ige’iiv ,i  Inc ’S , I l ie ’ so h i t  t o t i  S t  l i i i ’ l i i i t i . i  1

val  cue prol ’ Ic -rn f o r  ( 1 )  w i l l  l’e houn d eel .111th f o r  t 0 I t  w i l l  be we’ ‘I I ,ippre ’x I —

mat ed by X k  fo r  some - Ve ’C t or k. So I ci t  ions  t o  I e l m  Ii , . i l v ,el  ue p i e t ’  h ems I t ,  i ( 1 )

would th e n  t’e’cc’me . l s V l l l I ’ t  ot  lea I i  y l . i i  go ~.is • 0) away  ( torn t hue ’ t I i i , i  I e’ ii d—

point , u n l e s s  t i l e ’ I , r i n l i i , i l va hue ’ s w e - r e  res t i i t  t o~h t o  on n
1 

ci ime ’ns iou.i l m , i u i I  ‘t e l

on wit ich Liii’ f , i e t  grow t u g  m oeh , -s wo ul d  t i i ’t  he e’xc I t eel . l i t  ge ’ne’r ,i I , wh , e - n F e o n—

La in s m
1 

c i genv .i I t i e s  w i t  hi uc ’gs t ive’ i e’a I pa r I s ou ch m ) — ii , — ni
l 

e’ I ge’nv.t hue ’s

wit h p o sit i ve’ re’o I p a rI s , (1 w i l l  have in  d ime ’ns it ’ti ,i I in ,in i t o  Id  ot  houud ,t t  y

layer soh e i t ions w h l e ’hi ih et - .iy to ,~e ’l f l  ,i w .iv I rein the In i t  i , i  I t - i ~ h i ’o h i t  . i n i  .in m~

dimens leit ,,i I nl , In i i  o l d  o t  sot  U t  ions  whi i c h i  ,hec .lv t o  .~e’t e’ sway It em t h e ’ t e r m i n a l

end p oint (a it ern st lye’ I y , an in
2 

d linens I on,l I m a u i  to  Id ol 1.11’ I d l y g r ow l  ug so le it ien~ 
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near t — 0) . Round -i  ry  v at  no prob l ems mile  t he’ re’s t r I c t e’d t o  t hio~e whose  so t  ti—

t ions r eins in hound ed t h i r e i u gh t i u  I t hit ’ I l it  e~rva  I as . 0 (c I . F ergu son  ( 197 ~)

Such e o l ut  [elite w I l l  he w e l l  ,Ipp rox iiiia I t ’d w i t  I i i  ii t h i t ’ h i t  e rv . t  I liv l i i i ’  n~ d ime ’t i—

• tonal span of t he’ slow— mod e’ m a t  r I c i t  (e’x,t c t ) sot U t  ions  X . and I lie

ap pr ox ima t ion w i l l  i m p r o v e  t h e r e  .is c ~ 0. N ear  t h e ’  e’nel pei l i i i  5 ’ I t  I s  iie ’e’t’ $ li,i ry

to use the  ii , l o s t  mode ’s to p rov ide . ip pro i ’ t  i . ,t  e’ bc ’e i i s Iarv  I ave’r he ’h~ v b r

(v) We no te  h.i t t h e ’  un it s  I n g u l  .1 r t r . i i i s fe i r rn. i t le ’n

(11) - 

[~~~~~~~ ~:: LK] Ywhere the  it
2 

‘ n
1 

matrix K sat i c f  it’s t hi e ’ L i apu no v  equo t Ion

(12) KB
2 

— hh
1

K + A 12 
— 0 ,

• conver t s  (1)  i n to  the  b l o c k — d i a g o n a l  sy s t em

• IBi 0 1
(13) y — L 0 S2j
whose slow and I . t e t  mode ’s ar t -  c omp I e’ t e l  y el cc sup I e’eI . ( N o t e ’ t h.i t we e’ou t el  mu I t I i ’ l  v

the  second e’qua t ion e’f (13)  t h i r c i u g h i  liv li e ’ srn.i 11 p , l r . l ne ’t or t o  a ch i  I eve ’ a

system in he St ~nd , ird si nge i l ot  l y per t u rb e-d f o r m .  ‘the ’ .lpprol’r t o t e ’  rede ic eel (or
l i t

Outer) s o l u t I o n  wo ei leh  l’e’ U 1
1
(0), ‘1 , ( t  ) 0 .)

For the’ st  ,il, t e’ lit I I t ,i 1 v . t l  tie’ p lo l i l  c iii f o r  ( 1 )  ( w i t  it rn
1 

02
) . t lie ex .le’ t

• slow—mode so l e i t  ion w i l l  be ’

~~ (it —A ,L ) t
(14) x U) — e 11 1. (1 + KI. K ) x ( 0 )

—L 01

wh er e K is t h e’ wi i qe i e ’ so lu t  le ’tt of (1 ~‘ ) . I f  K — 0, we’ no It ’ I h.i I t h e ’ f i r s t

component s  cii x w i t h  e’ e ’It t .t in e’n I y s low mot h i’s. Ot h e ’tw i~~e’ , we’ oti t ,l in K by

using su cceaslve . t pprox i m a t  ieiuts I n ( lie’ i ine . ir  sy e t e ’ m

• (15) K - ((A 11 
- A

12
1. )K - A 1 , j ( A , ,  + 1.A

12~~~~~.

The iiche ’me’ w i l l  c ot ive i ge ’ I d i p  i c i l y  h ,e’e’ Sei ne ’ I B
1

11 h1~ 
I~ ~ . I I  Iii Imp~ t t  .1111 Ic ’

rca I I  ic’ tha t tIn ’ s low— mod e ~o1 u t  l et i t Vs l i i i ’ x (0) e~ .111 ch I l i  or e’eillii i~ic ’i .11’ l v I i  nfl

• • : T~~~. • :_ ~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~ ~~~~ , • -~~ 
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the prcsc r I bed v.1 1 ti e’ x (0) . I’hi Is  cor  re’sponeh s to  th in i ieu a 1 “bounda ry 1 aye- r j u m p ” 
-

of a ingei I or per I ur 11 ,1 1 io ns I ht -orv , 5110w tu g t hi s t t h e  redu e- t’d s i t i e-r  ( o u t e r )  Sell  U—

L ion (14)  el ton I d o n l y  hi . ’ used f o r  t > 0. 1 ndt-e ’d • t i l e  exac t sot  Ut io n to  the ’

In i t ia l  v a l u e  ii r ohl  e’m Is g i v e n  by

(16) x C t )  — x (t )  + x
1

( t )

where the  f a s t — m o d e  (or bounda ry  l ay e r )  s o l u t i o n  x 1 is

—K (A
22 +LA 11)t

(17) x~ (t) — e (L I )x ( 0 ) .
I +LK
n2

Since B2 
— A~ , + LA 1 , has the large ’ stable’ eigenv .itue’s of I’, bet’omt’s

Iey i n p t e i t i c . a l l y  ne’gl l g i b l e  is r 0 f o r  t 0 and thie’ slow—mode’ solution x

becomes a gc ’~I . t pp r ox  lni , i  t ion  to  x (t  ) t h it ’u e ’

(v i )  F u r t h i e r  d e t . i i l s , i nc l u d I n g  .i j u s t  I I  i~ a t ie ’t i  l o t  t i n ’  . t lgt ’ r i t h i i n  ant i  tne ’te

general  hou i i e l . i r e -  l . u y e ’r S C i nc - C u t e ’ , . i t e ’ CO f l C . l  h u t ch I n  I) ‘~Ia I l e t  , t , ic i  A n d e r s o n  ( 197 1) )

and lit for  thi com l u g  w o r k .  Re l.t t eel d i  s t e n o  In n s  I nt I ntl t u g  ex i mp I t ’s of p h i ys  ic. i  1

I n t e r e s t  a re  cu ’ l l t . t  h n , ’ cl i n  t ’ (ii ’w .ini! K e i k . i tov  Ic ( I  ‘)~~i’ .t , ~~~ , C. ’ ’ i  g i k  is o uch hlane ’r

(1918) , itt I t  itt’ ij  ( i 9 1 I ) )  
* .tnd 1e ’it e’ ke ’ t : is  lunch Sst i~I e ~ I l  ( 1 9 7  ) .

( v i i )  Ih it ’ .11 ge’i i t  h im p t  o i’’’~ eel hi , u s he’e’ it .i~’~’ I h 1-d I o a ne ini b e’ r of I ’ll ‘,- s I C .1 I

s yst e ms w i t  ii e ’rd co s n tip t o  11. R I  th ie ’r gei cel I e’su I t s  we ’t C’ oh ’ t .11 ned In r t - chut —

ing the  l6~~~ eird e’r tne ’ehe’l of . i t t  }‘— l O O  t u r h o f , e i i  e’ng l i i i ’  t o  .1 3r d 
c ’r d e ’ r ui io t he l

even I hioe igh t h e  invo lve ’tl was t ile’ itt ’ I — so - Sf1,111 p t r . i m e ’ t o t  0. 181 .

The long i t  eid Iu i , i l  dvn , em I t ’s ii f .10 F—s .11 r e’ to I t e’ .i it be ’ f1O ehe ’ he e l  b y ,i f o n t  I h i—

order 1 iue,lr sys i’m vi  ( h i  s low e’ igi ’nv.I I tie s — 0 .  ()0 S 10.071 ’ ,,nd f , i s t  e’ ige ’n—

va lites —0. 94 13,0 , cc’ r r  e’spe ’nd l ug  t o  I ho s m a l l  par.im , ’t or 0. O_ ’-. . The ’

phy s i c a l  v a r i a b l e ’s  of v e l o c i t y  v , i r i i t  Ion anti I I  I g h t  p a t h  . i i i gh t ’  c x b t l h i l  Pt Iiii .ii I ly

slow response. , wh ile’  t h e ’ an g l e ’ cii i t  t a c k , i t ic l  ~ l t e h i  l i t . - I t . ’ pi e -eloni l t t a i i t  I v  l a st

variable ’s . rh Is is II •t ust  r o t c - ti In  F I g et  I c -c I .111th .‘ I i -  t e’ h’s ii l i i i ’ e ’x te ’ I sci h U I  It itt

x (t ) and the s tow mode ce imp ei n e ’nt  x (I ‘I , i t  e’ p1 t ’ t t  i’d I .‘t I vj ’ Ic  e l  s I  e w  ,ittcl I ..

• v a r iab l e- s . We no te ’ t h a t  (Iii ’ 1.1st flle’ cit ~ I~ ~‘i , set i l  i n  l o t  Ii V . 1 1  b o b l e -s , he i t  t h a t  i t
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