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THE QUASI-NEAR FIELDS ABOVE A CONDUCTING SLAB

INTRODUCTION

During the last few years, considerable interest has developed in
determining the quasi-static and quasi-near field components of antennas
located above, or buried within , the-earth ’s surface. The quasi-static
range is defined as the range where the measurement distance is much less
than a free-space wavelength ; the quasi-near range is defined as the asymp-
totic part of the quasi-static range (i.e., where the measurement distance
is much greater than a skin depth in the conducting medium and much greater
than the burial depth of the transmitting and receiving antennas). Quasi-
static and quasi-near range results are useful for submarine radio communi-
cation and detection purposes, as well as in dealing with the problem of
buried miners. They are also helpful to geophysicists in determining the
electrical properties of the earth.

The quasi-near fields of dipole antennas located above or buried within
a semi-infinite conducting medium (i.e., air and single layered earth) were
derived a number of years ago.1~

2 (Most of the results are summarized
by Kraichman.3) Recently, we derived approximate expressions for the quasi-
static and quasi-near field components within a conducting slab produced by
various subsurface antennas.’

This report applies the quasi-static and quasi-near approximations to
the basic Sommerfeld integrals to derive approximate expressions for the
quasi-near fields in air produced by various subsurface antennas such as the
vertical electric dipole (VED), horizontal electric dipole (HED), vertical
magnetic dipole (VMD) , horizontal magnetic dipole (HMD), and long horizontal
line antenna, with each of these antennas located in the upper layer of a
two-layer conducting earth. For mathematical convenience, we shall establish
the conductivity of the bottom layer as being equal to zero. Thus the prob-
lem is reduced to calculating the fields outside of a conducting slab. The
fact that the bottom layer conductivity is equal to zero is not restrictive
because, for many practical cases, the conductivity of the upper layer (°i)
is much greater than the conductivity of the bottom layer (02) . This is
particularly true in the sea-sea bed case. However, the assumption does

• 

. limit the results to measurement distances (R = /p’ + z)~~ of approximately• 62/2, where 62 is the skin depth in the bottom layer. For example , at a
frequency of 1 Hz, if a~ = 4 ‘S/ rn (sea) and 02 = 10-2 S/rn (sea bed), then

~ 250 in and 6 2 ‘
~~ 5 km. Thus, in this particular example, the results

should be valid up to a measurement distance of approximate’y 2.5 km.
Furthermore, if the conductivity of the sea bed is 10~~ S/rn (

~~2 ‘. 50 km)
the results should be valid up to a measurement distance of approximately
25 km .

For the purpose of this report, all four dipole sources are considered
to be located at depth h with respect to a cylindrical coordinate system

p. 

•~~~~~~~~ • • .~~~~~ _ - •  • •
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(p, $, z) and are assumed to carry a constant current I. The VED and HED
antennas (of infinitesimal length &) are oriented in the z and x directions,
respectively, and the axes of the VMD and HMD antennas (of inf initesimal area,
A) are oriented in the z and y directions, respectively. Free space occupies
the regions z > 0 and z > £~ , whereas the conducting slab occupies the region
0 < z c t1 (see fig. 1). Displacement currents are ignored in the slab and,
for most cases, in the air. The magnetic permeability of the conducting slab
is assumed to equal u0, the permeability of free space. Meter-kilogram-second
(mks) units are employed and a suppressed time factor of exp (iwt) is assumed.

RECEIVER• 1
SOURCE

z =

Figure 1. Conducting Slab Geometry

LONG HORIZONTAL LINE ANTENNA

For a long horizontal line antenna oriented in the x direction, the
electric field outside the conducting slab (i.e., in air) may be written
exactly as

iw~~I - U z
- 2: J ~ 

C(X) e ° cos Xy dx , (1)

2

— -- -—5 - - — - 
_ — • — _ _ ._• _ ----• -.•--— •— .- - - —- .-_—---—.---. —-S. --S. - • —  ——-5—----. - • -  • -  
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where

2 [e
U( L 1 - h) 

+ ~~~ ~~~~~ 
- h) 1

CCX ) = , (2)

C 

5 - 
- .-1~—+ U0 [e

U~1 - i~ e~~~ 1]

U - U

In equation (3),

U = (A2 +1 2)½ ,
0 0

U = (X~ + ~2) ½

= iw(~j c )½ (ai r) ,  and

~~ (iwu~,a) ½ (earth) .

The magnetic fields within the conducting slab may be determined from

1 x 1 xH - . — a n d H  -
~

---—- —— . ~4)y lwIJ~, ~z z 1wu0 ~y

The quasi-static range approximation is establishing the function U0in the exact integral expression equal to A , the variable of integration
(i. e., ‘r~ ‘~ 0); the quasi-near range approximation is establishing the
function U equal to y, which is the propagation constant in the conducting
medium. The quasi-static range approximation is valid when the measurement
di stance is less than one-twentieth of a free space wavelength ; the quasi-
near range approximation is valid when the measurement distance , R , is much
greater than a skin depth (6) in the conducting medium and much greater than
the depth of burial of the transmitting antenna (h). Generally, R must be
greater than 36 and 3h. For the conducting slab case, R should also be
greater than 3ti.

Application of the quasi-static and quasi-near approximations to equa-
tions (2) and (3) results in
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2[cosh y(L1 - h) + sinh y(ti - h)J
( )

y sinh ‘Yt i [1 + 4~~coth yti]

If the slab is not too thin, the denominator of equation (5) may be
approximated as

1 
. 

[i - ai coth yLi}
y sinh yt1 [

i + . coth y sinh 
~~ 

(6)

Substituting equations (5) and (6) into equations (1) and (4), we note
that5

f ~ ~~~ cos Ày dx = -
~~

— , (7)

Ae~~~ cos Ày dx = - - ~~2) , (8)

and

J A 2 e~~ cos Ày dX = - ~~~~~ (2 - 
~~

— 1 (9)
o rl* \ r2/

result in

E ~ - 
1Q2 1(1 - iL.\A(h,t1) + I!. B(h,t1) , (10)

X irar 2 ( ~~ r2 /

If~ 
1/ 2 2’ 1

H -
~~~ I l l  — -.~L~ IB(h ,& i) I (11)

~“ iryr2 (~ r2/ J

and

H 21g2y 1(l — ~.!-~.\A(h ,L 1) + ~~ B(h ,L1) (12)z irr 2r’ L \  r2 /

4

—----5
_ _ _ _ _ _ _ _ _  ~~~~~— -•- - ——-S — S — - S . --— _— - - —- - • . •---• - .• --— ———---- --— -- _ — _ , - _ —- -_ - .---S -5 - .----- _ .- --~~~~~~ - -~
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where r2 = y2 + z 2 ,

A(h,L1) ~ 
2 cosh y(&1 - h) 

- 
sinh y (t 1 - h) , (13)
Q2 sinh y&1

• and

cosh y(t1 - h)
B(h ,L1) ~ . (14)

- cosh yL1

I
For the conducting slab case,

Q “~ coth y
~~j 

, (15)

where Q is the familiar plane wave correction factor employed to account for
the presence of stratification in the earth.6

When h = 0, B(h,~ 1) ~ 1 and

A(h,t1) ‘~“ 2 - tanh 2 yR. 1 ~“ 1 for jyR.1J > 1. (16)

Furthermore, when h =

A(h ,t1) “~ 2 B(h,t1) “ cosh yQ.
~ 

(17)

When J -y t ] j  > 2 /~ (or~L 1/6 > 2),

A(h,L1) ~ 2 e~
’t1 [2 cosh y(t1 - h) - sinh y(L1 - h)J , (18)

and

• B(h ,L 1) ~ 2 ~~~~ cosh y(L1 - Ii) . (19)

- 
C Furthermore, if  L 1 > 2h, equations (18) and (19) become

A(h ,t1) ~~ B(h ,t1) ~~ ~~~ • (20)

and equations (10) through (12) reduce to the single layered earth quasi-
near field equations.3 i 7

-S —~~~~~— -5-.---5 -— -S.- - - 5-S -S~~~~~~~~ - S - S 5~~-5 .~~~ 

~~~~~~~~~

- - ~~~~~~~~~~---
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If y >> z , equations (10) through (12) become

— ~~ { A(h ,L 1) + ~~~- B(h ,L 1) } , (21)
nay

H “.. ~~~ B(h ,R. 1) , (22)

and

H ~ 21Q
2 
{A(h,L1) + ~~~~

- B(h1 t1)} . (23)
11y2y3

If y 0, equations (10) through (12) reduce to

E
~ 

~

. 

Wa Z 2 
{A(h ,L i) - 

~ 
B(h , L 1)j , (24)

Hy ~~ - 
IQ- B(h ,t1) , (25)

and

- 
2IQ~y {3A(h,Ll) - Zj. B(h~ R.

i))  
. (26)

ily z

VERTICA L ELECTRIC DIPOLE (VED) ANTENNA

By following the same procedure outlined in the derivation of the long
horizontal l ine antenna equations, we may readily determine the quasi-near
range VED antenna field component expressions that are valid outside the
conducting slab . They are

B ‘~~ 
{3zC(h,Li) 

- ° D(h , L
i)J 

, (27)
~ 2naR

56
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IL (

~ - 
!~- \C(h,L1), (28)

2naR 3 
\ R2 /

and

H+ ~ ILp 
(~~~\Ch ,R.1 , (29)

2wR 3 
\~

2 /
where

sinh y (L 1 - h)
C(h ,&1) “ , (30)

sinh yR.1

2 sinh y(t 1 - h) cosh y (L 1 - h)
D(h , R. 1) ‘~~ — , (31)

sinh ~~ cosh yR. 1
and R2 = p2 + z 2 .

When h = 0, C(h,L1) ~ D(h,R.1) ~ 1. Furthermore, when h =

C(h,L1) “. 0 and

D(h , R. 1) ‘

~~ cosh
1

-yR.j (32)

When Iy t i~ > 2 ~ (or R.1/ 6 > 2) ,

C(h,R.1) “. 2 e L I sinh y( R. 1 - h) , (33)

and

D(h,t1) “. 2 e~~
PL 1 [2 sinh y(& i — h) - cosh y( 2.i - h) }  . (34)

C Furthermore, if L i > 2h , equat ions (33) and (34) become

C(h , L 1) ~ D(h ,L 1) ~ e~~~ (35)

and equations (27) through (29) are reduced to the single layered earth
quasi-near field equations.1 3

7

-S -5 

- -
~~~~~~~

,-. - 
~~~~~~~~ 

5— _ —- -—5 -5-- --.— -- -S -S• -----— . - - . ---S -. — - •--~~~~--. - _ -—---5 _—-S-—-S••—- S — • •  -S- -S-• -S•— •-------



TR 5805

If p >> z, equations (27) through (29) become

IL I y2p2Q
E “

~ l 3zC(h,&i) - ~ D(h ,L1) , (36)
~ 2,rap~~( 

I

E
~ 

‘u - 
IL C(h,L1) , (37)

2lTap 3

and

.
~ ‘ _ i!_(_2. 

~ C(h ,L1) . (38)
2irp 2 ~ 2 /

If p -+. 0, equations (27) through (29) are reduced to

E ~ 31Lp C(h ,L1) , (39)
~ 2nazL

Z 
C(h ,z1) , (40)

and

2

H “ 
_ a (  — IC(h ,L1) - (41)
2i~z3 \y

2 
/

VERTICAL MAGNETIC DIPOLE (S/MD) ANTENNA

By following the same procedure outlined in the derivation of the long
horizontal line antenna equations, we may readily determine the quasi-near
range VMD antenna field component expressions. They are

8 

E ~~ - 

~ R’ - ~~2)A(hL) + ~~ B(h~Li)j~ (42)

-S -5 - - - -5 —------ -— 5- -5- — 
-——I-~~~~~ 

.-S—
~~~
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H ~ - 
3IAQP 

- ~~—\s(h,ti) , (43)
2wyR~ (\ R2/

and

H
~ ~ 

- 
3IAQ2 

- 30 + 35 3.
~.\A(h ,L1) + - !!-~~~~~B(h , R. 1) j  . (44)

2ny2R5 \ R2 R~ / ~ ~ R~ / J

If p >> z, equations (42) through (44) reduce to

E ~ - 
31AQ2 

{A (h ,L1) + i~. B(h,L1) } , (45)
2nap~

H ~ - 
3IAQ B(h ,L1) , (46)

t 2iryp~
and

H ~ - 
91AQ2 

{A (h1&1) + X~. B(h~ L
i) }  

. (47)
2ny2p5

If p 0, equations (42) through (44) become

B ~ 3IAQ2p 
{4A(h,Li) - ~~~~

- B(h~L1)J , (48)
~ 2waz5

,~, 6IAQp B(h ,t1) , (49)
nyz5

and

H ‘~ 
- ::~ {

4A(h L i) - ~ B(h~Li)} (50)

• ---- ---

—-S • - --- .-S S.—--—
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HORIZONTAL ELECTRIC DIPOLE (HE!)) ANTENNA

Again, by following the same procedure outlined in the derivation of the
long horizontal line antenna equations, we may readily determine the quasi-
near range HED antenna field component expressions. They are

B ~ ILQ2cos • {A(h , L i) - ~~ B(h~L1)} , (51)
2waR~

B ~
‘ 

Q sin 
1(2 - 3 !—~~A(h ,L1) + ~~

-
~~

- B(h,L~) , (52)
2naR 3 [~ R2/

E ~ IL COS ‘~~ (yp)QB(h,L1) , (53)
Z 2iraR 3

H ~ ILQ sin • (~ - ~ .L.\B(h,L1), (54)
2ityR~ \

H ~ - ~2 cos B(h,L1), (55)
2iryR 3

and

H ~ 3ILpQ
2 
~~~ (1 - 5 !\A (h,L1) + ~~~~

- B(h ,L1)j . (56)
Z 

2wy 2R 5 R2/ J

If p >> z, equations (51) through (56) become

B9 
It
~
2c:: 

{Ah ~Li - ~~~~~ B(h~ L i) J

10

- - -5 .— - - - -  -
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B ~ ILQ2 sin 
•{2A~~,&i) + ~~ B(h , L i)} , (58)

2wap 3

B1 ~~ ~~~~~ yQB(h,L1) , (59)
2na p2

H ~ ILQ Sifl + B(h ,t1) , (60)
wyp 3

H ~ ILQ cos B(h,L1) , (61)
2iryp~

and

H ~ 31LQ
2 sin • {A(h ,Li) + ~~~~~ B(h,Li)J . (62)Z 2ny2p~

If p 0, equations (51) through (56) reduce to

E ~ 1LQ
2 COS $ 

{A(h ,Li) - ~~ B(h~L1)} , (63)
2waz3

B ~ — 
ILQ2 sin 

•{A(h ,L1) - .~I B(h~2.I)) , (64)
2naz 3

B IL cos 
(yp)QB(h,L1) , (65)Z 

2naz3

H ~ - 
ILQ ~~~ 8(h ,L1) , (66)

2iryz3

ii

-- 
-S -- —- -—--— — , --- -.--5 -,-. - --5 -

~~~~~~~. ~
• • - -- - ---5-- 

~~~~~~~
- . ,- -.
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H ~ - 
ILQ COS 

~ B(h,&1) , (67)
2ny~

3

and 
•

H ~ - 
3ILpQ2 sin +{4A(h L1) - X!.B(h,L1)} . (68)

Z 2iry2z5 Q

HORIZONTAL MAGNETIC DIPOLE (HMD) ANTENNA

Again, by following the same procedure outlined in the derivation of
the long horizontal line antenna equations, we may readily determine the
quasi-near range lIMO antenna field component expressions that are valid
outside the conducting slab. They are

Iti fll IAQ COS + ~
- z

B ‘~‘ 1A(h ,&1) - fr B(h ,L1)~ , (69)
2wyR3

+ 1(~ 
- ~ 
!~)A(h~Li) + ~~ B(h~LI)J , (70)

iw~i I A p cos~~
E ‘~. ° B(h ,L1 ) , (71)

Z 2nR 3

H ~ IA ~~ ~ (2 - 3 B(h,L~) , (72)
2uR3 \ R2 /

H ~“ - 
IA COS $ B(h,L1) , (73)

+ 2nR3

and

H ~ 3lAc Q~sin • (i - ~ 
L.~

’
\i~(h ,L 1)  + ~~~~

. B(h .L1)j - (74)
1 2iryR5 R2J 

J

12 

- .

- -— - -5- - .--- 

~~~~~~~~~~~~~
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If p >> z, equations (69) through (74) reduce to

t iuw IAQ cos~~~,B “.‘ j A(h ,& i) - 
~~~~~
. B(h 1 L~) }  (75)

2,ryp~

iw~ IAQ sin +
B

A ~ ° { 2A(h,L1) + !~. B(h ,L1) J , (76)
2iryp3

iwp lA cos +
E ~~

‘ B(h ,L1) , (77)
- 2wp2

IA sin + B(h ,L1) , (78)wp 3

H “ - .L~_
cOS • B(h ,L 1 ) , (79)+ 2wp 3

and

H
~ ~ ~~~ sin + {A(h ,Li) + I! B(h1Li)} . (80)

2nyp~

If p -
~ 0, equations (69) through (74) reduce to

iw~ IAQ cos + ,
B ° 

j
A(h~~~~ 1) - 

~~~~~

- B(h ,L~)~ , (81)
2n-yz 3

iwu IAQ sin+,
EA ~~ 

- ° — I~
,Li) - ~~

. B(h~t 1)} , (82)Y 2nyz3

iwii lAp cos +
B B(h , L 1) , (83)Z 2wi 3

13 
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H ~ - 
IA sin B(h ,L1) , (84)
2nz3

H ~ - 
IA cos + B(h,L1) , (85)+ 2nz 3

and

H1 
- 

3IApQ sin + {4A(h ,L1) - ~~~- B(h ,L1)} . (86)
2uyz

It should be noted that quasi-near range HMD antenna equations (69) through
(86) also could have been derived directly from HED antenna equations (51)
through (68) simply by replacing LQ/y with A. This is so because a diffused
return current exists in the earth that corresponds to the current in the HED
antenna. For this reason, a horizontal wire with grounded ends is called a
“ground-return antenna.” The current in the horizontal wire of length 9-. and
the ground return curren’ -~ct as an 131D (vertical loop) antenna of area LxW ,where w = Q/y; that is, t: magnitude of the effective area A of this equiva-
lent loop antenna is

IA I = Q4 W~ = LI~~I = —
~
-
~~

— I coth yL i I  
. (87)

I

As a point of interest, a ground-return antenna, either buried or at the
surface of the conducting slab , is equivalent to a rectangular, one-turn loop
of length £ and height W = Q/y, as long as the measurement distance R is greater
than three skin depths , R > 3h and R > 3L 1.

CONCLUS IONS

Approximate expressions for the quasi-near fields in air produced by
electric and magnetic antennas located within a conducting slab have been
derived by applying the quasi-static and quasi-near approximations to the basic
Sommerfeld integrals. The results should be valid when the measurement distance
is greater than three skin depths and greater than three times the slab depth .

~~~ When the slab depth is greater than two skin depths and greater than two
times the burial depth of the transmitting antenna , the expressions derived
in this report reduce to previously derived quasi-near range single-layered
earth expressions.

Although displacement currents in the conducting slab have been ignored
in the analysis , they can be included simply by replacing a with a + iwc in

14
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the field strength equations, providing 112 1 >> f y 2 1.
The resulting expressions are particularly applicable to short-range,

subsurface-to-air propagation for the shallow sea case. Appropriate equations-5 for the reciprocal problem (i.e., air-to-subsurface propagation) may be deter-
- mined easily from the expressions derived in this report by utilizing the

reciprocity theorem.
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