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The existence of parallel computers has motivated the develop-

ment of parallel problem solving techniques for many problems. We study

techniques for solving graph problems on an unbounded parallel model of

computation. It is shown that solutions to graph problems can be organ—

ized to reveal a large amount of parallelism, which can be exploited

to substantially reduce the computation time. Precisely , for an appro—

priate measure of time complexity, algorithms of time complexity

2O(log n) are developed to solve each of the following problems for graphs

with n vertices: finding minimum spanning trees, biconnected components,

dominators, bridges, cycles, cycle bases, and shortest cycles. The

number of processors needed to execute each algorithm is bounded above

by a polynomial function of n. It is shown that 2 logn + c is a lower

bound on the time required to solve each of these graph problems. Thus,

1~ the algorithms obtained have time complexities which are optimal to

within a factor of logn.
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Chapter 1

INTRODUCT ION

Computers now exist which are capabl e of performing several

independent operations simultaneously [3,7,10,24 ,25,31). This fact is

the motivation for much recent research into probl em solving methods

which take advantage of this parallelism to minimize computation time.

Such methods have been developed not only for problems like vector ad-

dition, which is inherently parallel , but a l so for probl ems such as

solv ing a system of linear equations [8], evaluating an arithmetic

expression [16], and sorting an array [18]. Most recently, graph

probl ems have been considered and al gorithms for finding the connected

components of a graph have been developed [2,11]. This paper is a

study of parallelism in other graph theoretic probl ems. The problems

considered include finding , for a given graph, a minimum spanning tree,

a cycle basis , the biconnected components, the bridges, and the domin—

ators . For each problem, a parallel al gorithm Is developed and ana-

lyzed. Inadd ition , theoretical lower bounds on the time required to

solve the problems are found. The model of computation which is used

Is the unbounded parallel model discussed in Section 1.1.

- - 1.1 Model s of Computation

t - 

A meaningful study of the devel opment and analysis of algo-

rithms in which several operations may be performed simultaneously re—

quires a precise model of computation. Existing parallel machines

L
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differ widely in their characteristics and the study of their operation

is complicated by hardware considerations. Although it is of practical

interest to develop algorithms to solve problems on a particular corn—

I puter, the structure and performance of these algorithms will depend

not only on the problem at hand, but on the advantages and l imitations

of the computer as well. /‘ ~iore fundamental approach to parallel corn-

puting is to study the structure of probl em solutions and seek ways to

• reorganize solutions so that operations can be performed simultaneously

to reduce the computation time. Two coninonly used models of computa-

tion, wh ich are suitable for thi s approach, are di scussed below.
t Let B be a set of bi nary operations, which include binary

[ comparisons. The k-parallel model consists of k identical , indepen-

dently controlled processors, each of which is capable of performing

I operations in B. Each processor has access to an arbitrarily l arge corn-

mon memory . The k—parallel model operates synchronously, in a sequence
1. of steps, cal l ed time units . Initially, the input is assumed to be

I stored in the memory. During any t ime unit, eac h processor may take •

Its operands from the memory, perform an operation in B, and store the .‘

1 result of the operation in the memory. During no time unit may two pro-

cessors store a resul t in the same memory location, al though they may

read the content of the same memory location.

[ The unbounded paralle1 model Is the same as the k-parallel

model , except that the number of processors Is unbounded . The unbounded

I p~~a l l e l  model of computation Is the one which will be used in this

paper. Notice that this model is sufficiently general to handle adaptive
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operations. For example , let b be a function of n variables , x1,

Xn~ 
where b(x1, . . ., x,~) ~ ~O,l}. Assume that b can be corn-

puted on t1
~e unboun ded paral l e l model , given (x1, . . ., x1). Let

y~) and h(z1, . . ., Zk) be arb i trary func tions w hi ch can

be computed on the unbounded parallel model , given (y1, . y~)

1. and (z1, . ., z~), respectively. For given values Of

x 1, . . ., x~, y1, . . ., 

~~ 
Z1, . . ., Z~ ,

I let f be a func tion wh ich has the value g (y1, . . ., y~) if
‘
I 

b(x1, . . ., x~) 
= 0 and h(z1, . . ., zk) if b(x1, . . .,x~) = 1. Then

., x~, y1, 
~
‘ 
~
‘m ’ Z1~ •

~~~ 
Zk)

= (l-b(x 1, . . ., x e ) )  g(y1, . . ., i’m) 
- -

+ b(x1, . . ., x~)h (z~, . . ., z,~).

I Thus , f can be computed on the unbounded parallel model , under the as-

I 
sutnption that the set B contains the operations of addition , subtrac-

tion, and multiplication .

- 1.2 Complexity Measures 
_

.;

In order to evaluate the performance of an algorithm devel-

oped to solve a probl em on a particular model of computation , parameters
- are needed to measure Its efficiency. On the two models above, mean-

I ingfu l  measures of the compl exity of an algorithm are the number of

time units used and the amount of storage required to perform the 
-•

-- ~~~~~~~~~~~~~ ~~L
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algorithm. Another measure, on the unbounded parallel model , is the

• maximum number of processors actually used to execute a gi~’en

* algorithm. The time, storage, and number of processors used by an

algorithm which solves a certain class of problems may be less for

“small” problems in the class than for “large” ones. It is thus im-

portant to have a measure of the “sized of a problem and to determine

the time, storage, and number of processors used by an algorithm to

solve a given probl em as a function of the size of the problem.

Let C be a class of probl ems for which some appropriate mea-

sure of size has been determined . (For example, the measure of the

size of a problem for a graph could be the number of vertices of the

graph. The size of a polynomial evaluation problem could be the de-

• gree of the polynomial.) For p c C , let 
~~ 

be the size of p. Let A

be an algorithm which solves probl ems in C on a k-parallel or unbounded

parallel model . For p € C, let t(p) be the number of time units , s(p),

the number of memory locations, and q(p), the number of processors used

to solve probl em p using algori thm A. Then the time complexity of the

algorithm A is a function TA , defined on the set X 
= Cm m is a non-

negative integer and for some p ~ C, I~l = m}, where for n £ X,

TA(n) = max {t(p) p ~ C and ~~ = n}.

The storage complexity of A is the function SA~ 
where

SA(n) max Cs(p) p c C and Ip~ 
= n}

and the processor comp1exi~y of A is the function ~A’ 
where

(
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• max (q(p) j p c C and 
~~ 

— n).

The time, storage, and processor complexities provide ways to

evalua te and compare algorithms developed for implementation on the k-

parallel or unbounded parallel model . It is also of Interest to compare

the complex ity of a given parallel algorithm to the complexity of a

sequential algor i thm which solves the same problem. Sequential algorithms

have been studied extensively and the most coninonly used model of compu-

tation Is a random access machine (RAM) [1]. A RAM Is similar to a

1-parallel processor where input is read from an inpu t tape, rather

• than from the memory. Any algorithm designed to be executed on a RAM

In time T can be modified to work on the 1-paral lel model in time at

most 1.

In develop ing efficient algorithms on a k-para1le~1 model , the

primary goal is to find , for a given problem, an algorithm of minimum

time complexity, using the k processors available. Let A be a k-parallel

algorithm with time complexity 1(n). DurIng execution of A , at most k

binary operations are performed in any time unit. Modifying A so that

these operations are performed sequentially, we obtain a sequential

algorithm , A , which solves the same problem as A and has time compl ex-

ity at most k.T(n). Thus, if the best serial algorithm for a given

problem has time complexity f(n), the goal is to find a k—parallel al-

gorittmi of time complexity which Is bounded above by c’f(n)/k , for

some constant c. When a “fast” algor ithm is found , it Is desirabl e to

increase Its efficiency by minimizing the storage complexity .

i t
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When an unbounded parallel model Is used as the model of com-

putation, again the goal Is to find , for a gi ven problem , an algorithm

of minimal time complexity, regardless of how many processors must be

used. When a “fast” algor ithm has been found, it Is of practical in-

terest to try to minimize the number of processors used without in-

creasing the time complexity by more than a constant factor.

Before we mention some resul ts which have been obtained using

the unbounded parallel model of computation , the “0” notation should be

defined . Let f and g be nonnegative real valued functions defined on

the set of nonnegative Integers. Then g(n) = O(f(n)), read “g(n) Is of

order f(n),” if, for some constant c, g(n) ~ cf(n) for all but finitely

many values of n [1). Expressions like “algorithm A takes time O(f(n))”

will be used throughout thi s paper to mean “the time complexity of al-

gori thm A is O(f(n)).”

1.3 Previous Resul ts

To show the speedup in computation time which can result by

solving a probl em in parallel , and to see the number of processors needed

to achieve such a speedup, some results which have been obtained are

displayed in Table 1. For each problem listed, the table gIves the time

and processor complexities of the best known parallel algorithm which

solves the p~oblem on the unbounded parallel model. For comparison ,

the time complex ity of the fastest known sequential algorithm for each

problem Is given .
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1.4 OutlIne of Thesis

In this paper, parallel algorithms are presented for several

graph probl ems, based on the unbounded parallel model of computation

presented In Section 1.1. Althoug h parallelism in graph problems has

only recently been considered , sequential algorithms for graph prob-

• l ens have been studied extensively and efficient algorithms exist for

many problems, including finding the biconnected components of a graph

• 

• [1], finding a minimum spanning tree of a graph [32], and deciding

- 
• whether a graph is planar [14]. Unfortunately, one of the major tools

used in efficient sequential algori thms, the depth first search of

Tarjan [28], cannot be adapted to yield efficient algorithms on a model

with unbounded parallel ism. On the other hand , some inefficient serial

algorithms can be transformed into fast parallel algorithms . The al-

gorithms presented in this paper have been developed by combining se-

quential techniques with new techniques, designed to exploit parallel-

ism.

The graph probl ems which will be considered here are the

following . For a given connected, und irected graph G, find a spanning

tree of G, a cycle of G, a cycle basis for G, the bridges and bridge

connected components of G, and the biconnected components of G. For a

given connected, undirected, weighted graph G, find a minimum spanning

tree of G. For a given connected, directed graph G, find a cycle of

G, a shortest cycle of G, and the dominators and dominator tree of G.

Using the adjacency matrix of the graph as Input (or the weight matrix

in the case of a weighted graph), we develop parallel algori thms of

-~~~ ~~~~~~~~~~~~~~~ .• —~~~ •-~~ •
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time complex ity O(log2\) to solve each of these probl ems, where n is

the number of vertices of\the graph. It is shown that for each a1-

gor ithm, there is a polynon~
’i~ l in n which is an upper bound on the

number of processors required to execute the algorithm on a graph with

n ver tices.

Lower bounds for graph probl ems are di scussed in Chapter 8.

It is shown for many probl ems that any algorithm which solves the prob-

lem on the unbounded parallel model, using the adjacency or weight

matr ix as input , requires time at least 2 log n + c, for some con-

stant c.

It is of interest to compare the time and processor complex-

ities of the parallel algorithms presented here with the time complex-

ity of the corresponding sequential algorithm . Let T(n) and P(n) be

the time and processor compl exities, respectively, of a parallel al-

gorit hm, A , for a certain problem. Let T1 (n) be the time complexity

of the fastest sequential algorithm , A
’, which solves the same problem .

The ratio S(n) = T1(n)/T(n), called the speedup, is a measure of the

decrease in computation time which results by using algorithm A in-

stead of algorithm A ’. To compare the overall efficiency of algori thms

A and A , note that A ’ performs at mos t T1 (n) operations, while A per-

forms at most 1(n) . P(n) operations. The ratio E(n) = S(n)/P(n),

- • called the efficiency, Is a comparison of the total work done by both

f algorithms. A small function E(n) (for example, E(n) 5 1/n2) indicates

that a large amount of waste is incurred by using P(n) processors to

solve the given probl em.
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Each graph probl em considered here can be solved by a sequen-

t ial al gorithm wi th time complexity bounded above by a polynomial

function of the number of vertices of the graph. It has been shown

for sequential algorithms that different representations of a problem

can yield algorithms of different time complexities. (For example ,

it can be shown that if a graph G, with n vertices, is represented by

its adjacency matrix , at least cn2 time units are required to deter-

mine whether or not G is planar [22]. On the other hand, Hopcroft and

Tarjan [14] have developed an algorithm which determines pl anarity in

time 0(n) using an adjacency list representation [1] of G.) Since all

- L algorithms presented here use an adjacency or weight matrix representa-

tion of a graph, it is most appropriate to compare them to sequential

L algorithms whi ch use the same representation. But it is also of general

I 
interest to compare the parallel algorithms to the fastest known serial

algorithms. Thus, whenever possible, the time complexities of the :- - •

fastest known sequential algorithms in both cases will be given , for

comparison with the corresponding parall el algorithm. - 

-

Def ini tions , resul ts, and basic algorithms which are used in

I 
thi s paper are discussed in Chapter 2.

:~~j

I-.

11
1..

ii.
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Chapter 2

DEFINITIONS AND BASIC ALGORITHMS

2.1 Definitions

An undirected graph, G = (V,E), consists of a finite, non—

empty set V of vertices and a set E of unordered pairs, (x,y), of

elements of V, called edges. If (x,y) e E, x and y are adjacent and

(x ,y) is incident with x and y. G is simple if (x,x ) ~ E for all x e V.

It will be assumed that all undirected graphs in this paper are simple.

A graph H = (VH,EH ) is a sub gra ph of G, wr itten H ~ G, if VH ~ V and

~ E. A path in G is a subgraph P = (V ~~~~ E~~~) of G where

Vp = (Xp • • X k} and E~ = ((x 11x 1~1) I i = 1 , . . ., k - 1). The

path P joins x1 and Xk and the l ength of P is k - 1. We will sometimes

represent P as a sequence x1, . . ., xk. The path P is simple if

X 1 $ for i,j c {1, . . ., k}; P is a cycle If = xk. k ~ 4, and

. .  ., is a simpl e path. The union of two graphs, G = (V ,E)

and G = (V ,E ) ,  Is the graph G U G = (V U V ,E U E ) . In this paper, 
S

t~e vertices of a graph, G = (V ,E) , with n vertices will usually be 
p

identified with the integers 1 through n, that is, V (1, . . ., n}.

The adjacency matrix of G is an n x n matrix A, where for I, j ~ V ,

1, if (hi ) c E

A(i,j) =

0, otherwI se.

A directed graph, G = (V ,E), consists of a finite , nonempty

~~~-~~~~-•
- - 

~~~~~~~~~~~~ 
--

~~
-----

~~~~~~
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set V of vertices and a set E of ordered pairs , (x,y), of eleme nts of V ,

called edges. If (x,y) E E, then x i s the tail of (x,y), y is the head
—

of (x,y), and (x,y) leaves x and enters y. The graph G is simpl e if

(x,x) i E for all x e V. Subgraphs and union of graphs are defined

for directed graphs as for undirected graphs. A path P in G is a sub-

• graph P = (V~~E~) of G w here V~, = {x 1, . . . , Xk} and

• E~ = { (x i,x~+i ) i 1, . . . , k — l} ;  P is a path from x1 to X k and

the length of P is k - 1. We will sometimes represent P as a sequence

x1 -
~ x~ -

~ . . . -

~~ 
X k. The path P is simple if x 1 $ x~ for I , j ~ {1,

., k} ; P i s a cycle i f x1 = X k and the path x1 -
~ x2 . . . -

~

is a simple path. If G = (V,E), where V = fl, . . . , n}, the adjacency

matrix of G is the n x n matrix A , w~tere for 1, j c V

1 , if (i,j) c E

A( i ,j) =

0, otherwise.

An undirected (directed ) graph G = (V,E) is connected (strongly

connected) if for all i, j  c V there is a path in G joining I and j  (from

I to j) . A connected component (strongly connected component) of G is

a maximal connected (strongly connected) subgraph of G.

A forest Is an und irected graph which contains no cycles. A

connected forest Is a tree. A rooted tree, (T,r), is a tree I = (V ,E)

with a distinguished vertex r t V. If 1 c V and i $ r, the father of I

in (T,r) is the ver tex j c V wh ich is adjacen t to I on t he shortes t

path In T joining I and r. Then i Is the son of j. If j lies on the

1..
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shortest path in T joining i and r , then j is an ancestor of i and I

Is a descendant of j. If I $ j, j is a proper ancestor of I and I is

a proper descendant of j . In th i s paper , a directed rooted tree, (T,r),

Is defined to be a directed graph T = (V ,E) wit h a distinguished ver-

tex r ~ V, In which there is no edge of E l eaving r and for each i ~ V

with I $ r, there is a unique path in T from i to r.2 If (i,j) E E , j

is the father of i and i is the son of j . If there is a path in I from

I to j then i is a descendant of j (proper descendant if I $ j) and j

is an ancestor of I (pro~eT~ancestor if i $ j). A directed forest is a
I

un ion of directed rooted trees with pairwise disjoint vertex sets. Let

(T ,r) be a rooted tree or a directed rooted tree, w here T = (V ,E ) .  For i ,

j c V, the youngest cotTinon ancestor of I and j in T is the vertex
k ~ V such that k is an ancestor of I and 

j and if v c V is an ancestor

of I and j, then v is an ancestor of k.

Let R be a binary relation on a set S. Then R is a total

order (or linear order) of S if R is reflexive, antis~m~netric , and

transitive and for all x, y c S, either x R y or y R x. The minimum

of S with respect to R, wr itten m inR S, Is the el ement x c S such that

x R y for all y e S. The maximum of S, max R S, is defined analogously.

Let IR be the set of real numbers and Z, the integers. The

ceiling function is a function f : 1R Z, where

f(x) (written [xl) = mm {z c Z f x S z}.

2larjan calls this an anti-tree. In his definition of directed
rooted tree, the direction of each edge Is reversed . 

—--~~---- -~~~- -~
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The floor function is a function g : ~ -
~ Z, where

g(x) (written Lx]) max Cz c Z z S x}.

Inequali ties involving logarithms and the ceiling function

are used throughout this paper. The fol lowing results will be used

• casuall y, when they are needed.

1. There i s a cons tant c such that

Ixl s cx for a l l x � 1

2. Let k be any number. Then there is a constant c such

that x 4 k S cx for a l l  x ~ 1.

Other definitions will be made throughout the paper as the

need arises .

2.2 Bas ic Al gorithms

In this paper, parallel a lgorithms are sought for var ious

graph probl ems. The strategy used to develop an algorithm for a given

probl em is to devise a technique which reduces the solution of the

problem to the solution of a sequence of problems for which efficient

paral lel al gorithms are known . In anticipation of such later use, some

problems for which parallel algorithms have been developed are dis-

cussed below .

Finding the Minimum of n Numbers

¶ Let S be a set of n elements and let R be a total order of

the set S. Assume that the relation R is such that each processor of

I.
I L _ ~~~~
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the unbounded parallel model can calculate minR {x,y}, for x, y c S,

in c time uni ts, for some constant c. (Although R will most often

refer to the usual ordering on the integers, in some cases S will

represent a set of vertices of a graph and R will be a relation on

vertices.) For simplicity , assume n is a power of two. The minimum

element of S can be found by setting up a tournament in the followi ng

• way. In the first round, the elements of S are paired off and the

min imum element of each pair is called the winner . In the second

round, these winners are paired off for new matches and the winners of

these matches are determined as before. The process continues until

there is only one element which has been a winner after every round .

This element is the minimum element of S. Since n/2~ winners remain

after round t, log n matches must be carried out before a single winner

is obtained.

ALGORITHM MIN (1) below describes how this procedure is

Implemented on the unbounded parallel model of computation described

in Section 1.1. —

p -

ALGORITHM MIN (1)

Assume that n elements are stored In a 1 x n array A0.

• Find mm (A0(l), . . ., A0(n)} in the following way.

[ 1. L e t t = O .

2. If t = log n, stop the computation, having found A t(l), the mini-

mum of A0(l), . . ., A0(n). Otherwise, increment t by 1.

3. Partition {A t_ 1(l), . . ., At_l (n/2
t_ I
)} into n/2t sets, ~(l),

* 1
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2tSj ” ~, of two elements each. Assign one processor to each

set S~’~ to com pute At(i)i a minimum of the two elements of ~~~
Then return to step 2.

The time and processor requirements for each step are as

follows . In step 1 , one processor i s ass igned to store a number In the

memory. This takes at most 1 time unit. In step 2, one processor i s

assigned to test whether or not t = log n. Depending on the result,

the processor may stop and await further instructions or It may incre-

ment the content of a memory location by 1. In either case, step 2

takes at most a constant number of time units. In step 3 pro...

cessors are used, one for each of the n/2t sets. Since it was assumed

that a single processor can find the minimum of two elements in c time

units , step 3 is executed with n/2~ processors in c time units .

Since step i is performed only once, step 2, log n + 1 times ,

and step 3, log n times , the total time used is

1 + c (log n + 1) + clog n = O(log n).

The maximum number of processors in use during any unit of time is n/2,

which occurs in the first iteration of step 3. Since these processors

can be reassigned for later use, n/2 processors suffice to execute the

entire algorithm. In the case where n is not necessarily a power of

two, the procedure above can be modified to find the minimum of n ele-

ments In time O(log n) with In/21 processors.

There is a way to solve thi s probl em with asymptotically

fewer processors . ALGORITHM MIN (2) below is a modification of
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ALGORITHM MIN (1)  and can be used to find the minimum of n elements in

time O(log n) using only rn/log ni processors. Note first that a single

processor can be used to find the minimum of k elements , x(1), . . ., x(k),

in c • (k-i) time units for some constant c .  Let m( 1) =

mm {x( 1),  x(2) } .  For t=2, . . ., k— i, let

m(t )  = mm {m(t-l), x(t+l)].

Then

m(k— l ) = mm (x(l), . . . , x(k)}.

• [ 
Since for t=i , . . ., k-i , m(t )  can be calculated from m(t-l) and x (t+l)

Inc time units , for some con stan t C , m(k-1) can be computed from

x(k) in time c • (k—i).

ALGORITHM MIN (2)

Assume that n elements are stored in a 1 x n array A.

Find mm {A(1), . . . , A(n)} in the following way.

1. Partition the n elements into In/log ni sets S1, . . . ~~~~~ n]  p

of at most flog nl elements each. Assign one processor to each set,

S1, to compute m(i), a minimum element of S~. 
.‘

2. Use ALGORITHM MIN (1) to find m, the minimum of the fn/log ni

elements , m(l), . . . , m(rn/log ni). Then in = mm {A(l), . . . , A (n ) }.

In step 1 , each of rn/log ni processors must find the minimum

of at most hog nl numbers, which can be done In time at most

- -
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c • (flog ni—i ) as in the discussion preceding the algori thm. Step 2

is an execution of ALGORITHM MIN (1) on a set with In/kg ni elements

which has been shown to use time O(log In/log ni) and ~.[n/log n]

processors. Thus the total time required for ALGORITHM MIN (2) is
Li

bounded above by c (flog ni-i) + c1log In/log ni = O(log n). The max i-

mum number of processors used is In/log ni, which occurs in step 1.

Note that these algorithms can be modified to find the maximum

L of n numbers in time O(log n) wi th In/log ni processors.

I. Determining Whether a Binary Vector Contains a One

[ Let = [v(l), . . . , v(n)] be an n-dimensional vector where
- 

• 
v(i ) c 10,l} for 1=1 , . . . , n. It will be r~.cessary in some later1 algorithms to determine if such a vector contains a one. This can be

done in time O(log n) with In/log ni processors using ALGORITHM MIN (2)

in the following way.

[ 1. Let “5” be the usual ordering of the integers. Find M = max� (v(l),

, v(n)} using ALGORITHM MIN (2).

1. 2. The vector ~ contains a 1 if and only if M = 1.

I Determining Transitive Closure of a Boolean Matrix

I Let G = (V ,E) be a directed graph. The transitive closure of G

r is the graph G = (V,E ) where for x , y ~ V , (x,y) c E if and only if

there is a path from I to j in G of length at least 0. Let A be an

I n x n Boolean matrix. Then: A is the adjacency matrix of the graph

I 

--—~~~~~~~ - - • - - - ~~~~~~~~~~~~~~~~~~~~~~
—•-—~ •-



- ,  - . 
.~~~~~

- - .  
~~ -

19

GA = (V A ,EA ), where VA = (1, . . . , n} and

EA = {(i ,j)(l,j ~ V and A(i,j) = l}.

*The trans iti ve closure of A i s A , the adjacency matrix of the graph

G .

Let B and C be nxn Boolean matrices.

Define the sum of B and C to be the nxn matrix B + C,

where

(B+C)( i ,j) a max (B(I ,j), C(i ,j)}.

Define the product of B and C as the nxn matrix BC, where

(BC )( 1 ,j) = max {min {B(i,k) , C(k ,j)} I k = 1 , . . . , n}.

The following theorem gives a way of calculating A from A:

Theorem 1. Let G = (V,E) be a graph where V = Cl , . . . , n}. Let A

be the adjacency matrix of G and I, the nxn identity matrix. Then for

any nonnegative integer k, (A+I)k (i,j) = 1 if and only if there is a

path in G from I to j of l ength at most k, where the addition and ‘ -~

multipl ication are as defined above.

Proof: If t is a nonnegative Integer, then At(1 ,j) = 1 if

and only if there is a path in G, of length t, from i tc j. (See [9),

p. 151.) Since (A+I)k = Ak + + . . . + A+I, the theorem follows.

QED
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Since the length of the shortest path in G between any two

vertices is at most n—l , this implies that A* = (A+I) ’~~ and fur ther ,
* k * 2flog (n—l)] *

that A = A for k ~ n-i. In particular , A = A - and thus A

can be obtained by squaring the matrix , A , Ilog(n-l)l times. This fact

is the basis of a parallel algori thm , due to Hirschberg [11], which com-

putes the transitive closure of a Boolean matrix in time O(log2n) using

n3 processors. The number of processors ean be reduced to n2f n/log ni

if ALGORITHM MIN (2) is used. Recently, Chandra [6] has developed a

parallel algorithm which finds the product of two nxn matri ces in time

O(log n) using ~l0g ~ processors. It is based on Strassen ’s algorithm

[27] for sequential matrix multiplication. If A* Is computed by squaring

the matrix , A , Ilog(n—1)1 times , where the squaring is done by using

Chandra ’s algori thm, then A* can be computed from A in time O(log2n)

using only (log n)n 109 ~
‘ 
processors. If A Is a symmetric nxn Boolean

matrix , the transitive closure can be found In time O(log2n) using only

nf n/log ni processors. This is a consequence of Hirschberg ’s algor ithm

[11] for finding the connected components of an undirected graph and

will be discussed in detail In Section 3.3.

Sorting

Let R be a total order of a set S. An array X(l), . . . ,

X(n) of elements of S Is sorted if X(t)RX(j)for l 1 , . . . , n-i .

A sorting algori thm , given a lxn array X of elemen ts X( l ) , . . . ,

X(n) of S computes a lxn array Y , where Y ( l ) , . . . , Y(n) consists of
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the elements X(l), . . . , X(n) In sorted form. Preparata [18] has

developed an algorithm to do this in time clogn with nilog ni processors,

for some constant c.

• Al though they will not be used here, it is interesting to note

that classes of sorting algorithms have been found by Preparata [18]

and Hirschberg [12) which , for any given tvo, sort n numbers in time

I 
(c/a)log n with n~~~~,rocessors. Those of Preparata have the practical

advantage that there Is no time unit during which two processors are

requested to read the content of the same memory location.

I

I
ii

_ _  •



• - .S... - 
- -- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —

22

Chapter 3

SPANNING TREES

In Section 3.2 of this chapter, a parallel algorithm is pre-

sented which finds a minimum spanning tree of a connected , undirected ,
- 

- weighted graph wi th n vertices in time O(log2n), using nm /log ni pro-

‘essors . It is shown in Section 3.3 that this algorithm can be modified

to find a spanning tree, the connected components , and the transitive

closure of a connec ted , undi rected graph wi thin the same time and pro-

cessor bounds. An algorithm for finding a directed spanning tree of a

• connected , und i rected graph is presented in Section 3.4.

The algorithm presented here for finding a minimum spanning

tree uses techniques from [11) and [32], and It appears in [26].

3.1 Definitions

A tree was defined in Section 2.2. Note that a

tree with n vertices has n-l edges. Let G = (V,E) be a connected ,

und irected graph. A spanning tree for G is a tree T = (V,E ) where

E — E. G is a weighted graph i-f there is a function w : E -‘ IR. The

weight matrix of G Is the nxn matrix W , where for 1,j c V,

w(i,j),if (ij)EE

W(i ,j) =

- t  
~~, otherwise.

(Here , is a symbol which has the property that x < for every real

number x.)

LA 
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I A minimum spanning tree (MST) of the weighted graph G is a spanning tree

T = (V ,E )  of G such that ~ w(e) is minimal among all spanning trees
eeE

of G.

I 3.2 The Minimum Spanning Tree Algori thm

Let G = (V ,E) be a connected , undirected, weighted graph , with

- weight function w. Assume that the vertices of G are labeled by the

integers 1 through n. that is , V = (1 ,2, . . , n). Let W be the weight

matrix of G. An algorithm is presented here which finds , from W , the

adjacency matr ix , M , of a MST of G. The construction used is described

below . It will be shown that it i s poss ible to carry out the cons tructi on ,

that the construction does result in a MST of G , and that the construction

can be executed by the unbounded parallel model in time O( i og2n) w i th

nm /log ni processors.

The nota tion used in the cons truc tion below w ill be used

through the remainder of Chapter 3.

Construction of a Minimum Spanning Tree
p

- 

A MST of G will be constructed inductively as follows .

1. For each i c V . let d0(i) = I. Let G0 be the graph (V,
q) .

2. If d0(i) $ d0(j) for some pair i ,j c V , it will be shown that it IS

possible to choose, for each I c V , an edge E1
( i ) of G , Incident with I ,

I such that (a) w(E1 (i)) is m inimal among all edges of G incident with i

P and (b) the undi rected graph G1 
= (V ,T1 ), where T.~ fE 1

( l ) I £ V } ,  

- --- -- -- - - - 
-~~~~-~~~-- -1n~~~~~~~-==-.-,~~ -

-- — - -
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contains no cycles. Define a re lation “

~~~~~

‘ on V by iE 1j if and only

if there is a path in G
1 

joining i and j. Then 
~l 

is an equiva lence

relation on V and therefore partiti ons V into equi va lence classes.

Choose one vertex in eac h equivalence class as a representative. Let

d1 (i) be the representative of the equivalence class of which contains

1. For i c V , let

[i]~ = Ci t V I d
1
(i) = d1 (j)}.

Then the set S1 {[i)1 I d
1
(i) = i) i s the collec ti on of equi valence

classes of V under the relation

3. Assume inductivel y that for some t ~ 1 , Gtt Tt, S~ and , for i = 1 ,

n , d~(i) and [i]~ 
have all been defined. If dt(i) ~ 

dt(i) for

some pair i , j c V-, it will be shown that It is possible to choose , for

each i ~ V with dt(i) 1 , an edge Et÷i ( i ) such that (a) w(E t+i (i)) is

minima l among all edges of G which join a vertex in [i]t to a vertex in

another equ i valence c lass i n S~ and (b) the undirected graph Gt+i =

(V ,Tt+i ), where

Tt+i = T
t U (Et+i (j) I J c V and dt(j) = 

p

contains no cycles. Define a relation Et4 ., on V by ~ ~~ 
j if and

only If there Is a path In Gt+i joining i and j. Then Is an

equivalence relation on V and there-fore partitions V Into equivalence

L classes. Choose one vertex in each equivalence class as a representative .

For I £ V , let dt+i (i) be the representative of the equivalence class

• I

L
~LJ



. 4~ - 
~~~~~~~~~~~~~~~~~~~ -flL- t~~~~fla~~~ A ’  ~~~~~~~~~~~~~~~~~~~~~~ _ — - _______________________________

25

L of which contains i. For i c V let

~~

. 

[I]~.f .~ = Ci ~ V I dt+i (i) = dt+i (j)}.

Then the set

S~÷1 = C[i]~÷~ dt+i (i) = i}

is the collection of equivalence classes of V under the relatIon

It will be shown in Theorem 2 that for each t � 0 such that

dt(u) ~ 
dt(v) for some u, V £ V , there is for each i e V , with dt(i) ~

an edge Et+i (i) of G which satisfies the conditions stated in the con-

struction. Let t’~ be the smallest index for which dt*(i) dt*(j) for

all I, j c V. Theorem 3 shows that the graph Gt* is a MST of G.

Assume that G has more than one vertex . For I c V , let

m1 (l) = mm Cw(i ,j) I i  c V).

Since G is connected, m1(i) < ~~. Def ine a funct ion C1 :V-~V by

C1(i) = m m  Cj ~i 
c v  and w(i ,j) = m1 (i)).

I s  I ,

Let G(C 1) be the di rected graph (VIE 
) where E = { ( i ,C1 ( i ) )  I I c V}.

Figure 1 shows G(C1) for a given weighted graph 3.

Leima 1. Every cycle of G(C1 ) has length two.

Proof: Let v1 ~ 
v2 + . . . ÷ be a cycle of G(C 1 ) where

Ci (Vr) 
= Vr+1 for 1 ~ r ~ k - 1 and v 1 

= 

~~ 
Then 2 ~ k ~ n. By

definition of C1, -

- -  --- 
_ _  

- --_
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(2)

(a) The graph G

i~~~3

(b) The graph G(C1 ) for G

[ Figure 1. Construction of G(C1 ) from G

IL 
___
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•~ 
1

• w (v 1,v2) W (V ~ l)Vk Vk2 ,Vk ~~ 
. . . S w(v~,v2).

• 

Thus all edges in the cycle have equa l weight. Again by definition

of C1, we have the following inequalities . If k is even ,

< V < <V
2~~ k _ V k_2

_

wt~ich means k = 2. If k is odd ,

V2~~~
Vk � . .

~~~
V3 � V l~~~

Vk_ l~~~
. . .~~~v2

which is impossible if k ~ 2. QED

Theorem 2. Using the notation in the construction, for each t ~ 0, such
L I

that dt(u) � d~(v) for some u, v c V , and for eac h I c V , with dt ( i ) = I,

there is an edge Et+i(i) of G satisfying conditions (a) and (b) in the

construction .

Proof: For t 0 and I c V , let E1 (i) = ( i ,C1(i)) where C 1
is the function defined preceding Lemma 1. Then by definition of C1,

E1 (i) is an edge of G incident with i and w(E1 ( i ))  i s minimal over al l

edges of G incident with i. Let G1 = (V ,T1 ) be the undirected graph

where T~ = {E1 (i) i c V). If G1 conta ins a cyc l e v 1, . . ., V k then

V
1 

= v~, k � 4, C1 (v 1 ) = v2 or Vk_l and for r = 2, . . ., k-i , C
1 

(vr) =

- 

or 
~~~ 

Wi thout loss of generality, assume C 1 (v 1 ) = v2. If

Ci (Vr) = ~~~ for r = 1, . . . k-i then v1 
÷ V

2 
. . . V k i s a cycle

L of length at least 3 of the directed graph G(C1 ), contradicting L~r,na 1.

Otherwise, there is an Index s, 2 ~ s � k , such that C1 (v 5) = v5_~.

But then for S ~ r ~ k, Ci (Vr) must be ~r-l ’ 
by definition of G1.
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This is a contradiction , si nce C l (vk) 
= C1 (v1 ) = V

2 ~ 
V~ _ J . Thus

contains no cycles. (See Figure 2(a).)

Assume inducti vely that for some t ~ 0, such that d~
(u) 

~
dt(v) for some u, v c V , Et(i) has been chosen , for all I £ V with

dt(i) = I. to satisfy (a) and (b) of the construction . Then the graph

Gt = (V ,T
~
) contains no cycles. Let G = (V ,E ) be an undirected ,

weighted graph whose vertices are the connected components of Gt. Each

connected component of Gt corresponds to an equivalence class [I]~ 
in

S~. Label the connected component of G
~ 

corresponding to 
~~~ 

by
- I I

dt(i ). Then V = Ci c V I d
~
(i ) = i}. For each i , j c V , let (i ,j)

be an edge in E if and only if there is an edge of G joining a vertex

- ~~ [lit to a vertex in  [j]~. Define a weight function w for (1 ,j) c E

by w (i,j) = mm Cw(u ,v) I u E1],~, v £ 
~~~~ 

G i s connected since

G is. (See F igure 2(b).)

Define a -function mt+i on V by

mt+i(i) = mm {w’(i ,j) j V ’).

Since Gt is connected and contains more than one vertex , m~+i
(i) y~ ~~.

- Def ine Cr41 : V ÷ V by

C
~+i
(i) = mm Cj I w(i ,j) = mt+i (i)}.

r Then the undi rected graph Gt÷i = (V ’,Tt+i ), where

La

a-

L ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ J



_ _ _  - - -- -~~~ -- -- - ~~~~~~~~ - --~~~~~• -- -~~~~
-— -- --~~~-‘ —-- - -

29

2 6 8 H

3 4 

-

(a) The graph G1

( )

[1]i 
[6]i

(b) The graph G for the case t = 1

FIgure 2. The graphs G1 and G 
for the graph G of Figure 1(a)
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S I

L 
Tt+l = C (i ,Ct+i

(i)) I i  c V },

I contains no cycles. This follows as in the proof that contains no
~ -~ I

cycles by replacing C1 by C~~1 an d G 1 by Gt+i .

L For each i c V . let Et+i (i) be an edge of G of weight

Ij w’(i,Ct+i(i)) which joins a Vertex of to a vertex of [Ct+i(i )]~
,

with the stipulation that if C~÷1 (C~÷i
(
~
)) = i , then E

~+1
(i) =

[ E
~+i (C~+i (i)). Let = (V,Tt+i )~ 

where 
-

= Tt {Et+i (i) I dt(i) = i).

(See Figure 3.) Since Gt+i is acyclic if and only if G~ and are
- acycl -i c, by the induction hypothesis , Gt+i is acycl ic. Fur ther , E

~+i
(i)

[ is an edge of minimum weight over all edges which join a vertex of

equivalence class Ei]
~ 

to a vertex in another equiv alence class i n S~.

QED

t Theorem 3. Let t be the smallest index such that dt*(i) = dt*(j) for

all i , j c V. Then Gt is a MST of G.
- t Proof: If t = 0, then G has only one vertex and the theorem

- 
Is true. Thus, assume t~ > 0. If dt*(i) = dt*(j) for all i , j  c V , 

p

- 1. then ~~ has only one equivalence class , so Gt* is connected. By
-S

Theorem 2, Gt* contains no cycles. Thus Gt* is a spanning tree of G.

It remains to verify mninima lity.

It will be shown by induction on t that for each t, with

1 � t � t~~, the edges of Gt are contained in a MST of G. Let e be an

1. edge of G of minimum weight. Then there is a MST of G which contains

Ii
It
Ii
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i
(a) The graph G2 if Et+i (dt(1)) E

~+i
(dt(6)) 

= (3,4)

U - H

~~~~~~~~~~~~~~~~ 17
(b) The graph G2 if E~+i

(dt(1)) = Et+i (d
t
(6)) = (1 , 5)

F - H

l~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 5 17

I 
~ (C)  The graph G2 if Et+i (dt(l)) 

= Et+i (dt(6)) (1 ,4)

L
I Figure 3. Three possibl e choices for G2 from the Graph G of Figure 1(a)

1•
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e [21]. By definition , G1 
= (V ,T

1
) must contain an edge of weight w(e),

thus at least one edge of G1 is contained in a MST of G. Let T be a

maximal subset of T1 with the property that there is some MST of G con-

taining the edges of 1. Let H = (V,E(H)) be a MST of G with I ~-E(H).

If T ~ T1 , let e be an edge of T1 which is not in E(H). Since e c

there is a vertex v1 c V , m c i  dent with e , such that e is an edge of

minimum weight among all edges of G incident with i. Adding e to

H creates a cycle v1, v2, . . . , V k 
where V

1 
= V

k 
and e = (v k_ l I vk).

Then C1 (v 1) = Vk l .  Let r be the smallest index for which (V r iV r+i
) 

~ 
T~.

contains no cycles , 1 ~ r < k-l . Then for 2 ~ s ~ r, C1 (v5) = v~_1 .

Thus

~1
w(e ) ~ w(v 1,v2) ~ . . - ~ w(v~.1,v~) 

� W( V
r~

Vr+i )
~

then -

~ I -

H = (V ,E(H) {e} - {(Vr~
V
~~l

)})

is a MST of G containing T {e }, contradicting the maximality of I.

Assume Inductively that for some t ~ 1 , the edges of Gt are
* 

p

contained in a MST of G. If Gt is connected , t 
= t and Gt i s a MST of

I S I

G. Otherwise, let G = (V ,E ) be the undirected , weighted graph de- —

fined in the proof of Theorem 2, where the set

L v
1 

Ci c V I dt(i) = i)

rP~rQsents the set of connected components of Gt. Let Ct+i : V ÷ V 

- -~~~~ .--~~~~~~~~~~~ - - --
- — —
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be defined as in the proof of Theorem 2. Then the undirected graph

= (V ,T
~+i

), where

Tt+i = {(i,Ct+i (i)) I I c V},

is a MST of G ’. This follows as in the case where t = 1 by replacing

G by G , C1 by C~÷1 
and G1 by Gt+i . Recall that

Tt+1 = Tt U CEt+i (i) I dt(i) = i}

where E
~+j
(i) is an edge of G joining a vertex of (11~ to a vertex of

and w(Et+1(i )) = w( i ,C
~+i

(i)). Then the edges in ~~~ are

contained in a MST of G if and only if the edges in are contained in

a MST of G. (This can be proven by an argument similar to the one used

to prove that the edges of G1 are contained in a MST of G.) By the

induction hypothesis, the edges in are contained in a MST of G, thus,

the edges of T~÷-~ are conta ined in a MST of G. S

Thus, the edges of are conta ined in a MST of G. Since

is acyclic and connected, Gt* is a MST of G. QED

It follows from Lema 2 below that t~ ~ hog ni.

Lenra 2: For t ~ 1 , St contains at most n/2~ equivalence classes.

Proof: If t = 1 , each equivalence class of S1 has at least

2 vertices, so I � n/2 and the lemma is true. Assume for some t ? 1

t that IS~I � ~/2
t Let I £ V with dt(i) $ 1. Edge Et+i (l) joins a vertex

II

1’
I_ i 

-~~~ - - -  ~~~~~~~~~~~~~~~~~~~~
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u of [i] with a vertex v in some distinct equivalence class [j] of

S~. By definition of 
~t 

every pair of vertices of can be joined

by a path in G
~ 

and similarly for every pair of vertices in (j1~. Then

every pair of vertices in [i].~ U can be joined by a path in Gt+i~
since E t+1(j) ~ 

Thus tilt u ~~~ 
is contained in a single equ iva lence

class of ~~~ Since is a refinement of 
~t+l ’ 

this shows that every

equi valence class in S~11 is the union of at least two equivalenc e classes

in S~, thus IS~+1 I ~ IS tI/2 
< ~~~~ QED

It is shown below how to implement the construction of from

G on the unbounded parallel model of computation . Initially, the weight

matri x , W , of G is stored in the memory and at the end of the algorithm ,

the weight matrix , M, of Gt* is stored in the memory. The entire algo-

rithm is presented and analyzed at the end of this section .

Construction of G0 and

H S ince G0 
= (V ,~) and d0(i) 

= i for all i £ V , the following

steps compute d0 and the adjacency matrix of G0.

1. For each pair i , j c V, let M( i ,j) = 0. Then M is the weight

I ~ matrix of G0.

2. For each i £ V let d0(i) = i.

Construction of G1 and d1

U (. If d0(i) 
= d0(j) for all I , j £ V then G consists of a single

vertex and is a spanning tree of G. Otherwise, it was shown in

Theorem 2 that G1 can be calcula ted in the following way.
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1
3. For each i £ V

(a) let m1(i) = mm CW(i ,j) I i  c V}

(b) let C1(i) 
= mm Ci I W(i ,j) = m1 (i)}.

Then G.1 = (V ,T1
) where T~ = {(i,C1 (i)) Ii £ V}. In the con-

struction of G2, some operations are performed only for i c V such that

d1
(-j ) = i. Thus d1 must be computed. That is , for eac h equivalence

class [j]1 £ S1 a vertex of ti ] 1 mus t be chosen as a rep resen tati ve.

Each equ ivalence class in S1 corresponds to a connected component K of

G1. It is shown in Lemma 3 that each connected component K of G1 con-

tains exactly one pair of vertices 1K’ 3K such that Cl (i K) = 

~K 
and

C1 (jK) 
= ‘K~ 

Then mm 
~
1K’ ~~ 

i s c hosen to be the rep resen tative of

the equ i vale nce class of S1 corres pondi ng to K. In the exam pl e of

Figure 1 , ci ( i )  = 1 for i = 1 ,2,3 and d (j )  = 6 for j  = ~, . . - , 8.

Lemma 3. Let K be a connected component of G1. Then K con tai ns exac tly

one pair of ver tices l ,j such that C1 ( i ) = j and C 1 (j) 1.

Proof: For a vertex v of K, the vertices in the sequence, v ,

C1 (v ) , C1 (C 1 (v)), . . . , are all In K and cannot all be distinct. Then

there must be a sequence p

C~(v), C
’
~~(v ) , - . - , C~ (v )

of distinct vertices of K for some r and s, where C1 (C~(v)) = Cç(v).

j If s $ ri- i , then the cycle

C~(v) ÷ Cr1 (v) ÷ . . . C~(v ) C~(v)

iI I
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Is a cycle of length at least 3 in the directed graph G(C1
) of Lemm a 1 ,

contraaicting Lenina 1. Thus Cç(v) and C~(v) are vertices of K such that 
p

C1 (C~(v ))  = C~~~(v) = C~(v) and C1 (C~(v))  = C~(v).

I Assume i,j and i ,j are distinct pairs of vertices of K for
- 

- 
which C1 (i) j ,  C1 (j) = I, C1(i )  = j and C1

(j ) = I .  Le t v 1, . . -
V

k 
be a pat h in K where v 1 e (i ,j} and vk £ Ci ,j } and for r = 2, . . -

i 

k—l , V
r 

t [i ,j,i ,j
1
} . Then it must be that C1 (v 2) = v 1 and Cl (v k l~ 

=

Vk• By definition of t31, for s = 2 ,.. - - , k-i , if C1 (v 5 ) = v5 1 ,  then

C1 (v 5~1 ) = v 5. Thus , s ince C1
(v 2) v i, C~(v 1( -~) = vk 2  $ vk. This

is a contradiction. Thus K has only one pair of vertices i ,j with

C1 (l) = j and C1 (j) 1. QED

The function C1 will be modified slightly to obtain a function f-

C1 where

i , if I i s a rep resenta ti ve of an equ i valence

class in S1

C1 (i) =

C1 (i), otherw i se.
.
~

— S ince C1 (C 1 (i)) I if and only if i or C(i) is an equivalence class

— 
* 

representative , the edges (i,C1 ( i )) and (C 1 (i), C1 (C 1
( i ) ) )  of are

ident ical and

Ti 
= C (1 ,C1 ( i )) I C V and I $ C~(i)}.

The steps below compute the function C~ and the weight matrix of G1.

1~1. j
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5. For each i £ V , let

mm C i ,C1 (i)}, if C1 (C1 (i)) i

C1 (i)

C1(i), otherwise.

6. For each i c V wi th C1 (i) ~ i , repl ace M(i ,C1 (i )) and M(C1 (i),i)

by 14(i,C1 (i)). Then M is the wei ght matrix of G1.

Lemma 4. For each i c V , let D0(i) 
= C1 (i ) and for k ~ 1 , let Dk(i) 

=

Then d1(i ) Dhlog(n l)1(i) for all i c V.

Proof: Let i e V. Let i = v1,v2, - V~. = d1 (i) be a

simple path in G1 joining i and d1(i). Then r n. Since C1 (d1 (i )) =

d1 (i) $ V~~~ I we must have C1 (vr i ) = V and thus C1 (v.) - ~~~ for

s = 1 , . . . ,  r— 1. Then for s = 1 , . . .,  r,

i f s - + l < r

D0
(v 5) =

vr, i f s + l � r

and for k~~~1 , 
p

V5~2k, I f  s + 2k < r

Dk(vs) =

V r~ 
i f s + 2 k

~~~ r.

i ~~

- -

~~

- - - -
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Thus

orlog(n4)1(i) 
= OIlog(n.l)1(Vl ) = V r = d1(i),

since 1 + 2hlog(n-i)1 
~ n—i ~ r-l. QED

Then d1 
can be computed from C1 in the following way.

7. Let k = 0 and for i c V , let D0(i ) 
= C~(i ).

8. If k ~ log(n-1), then for I c V let d1
(i) = D

k
(i). Otherwi se,

increment k by 1.

9. For each i £ V , let Dk(i) 
= Dk l (Dk_ l (i)). Then return to step 8.

- 

-- Construction of G t÷i and d t+i from Gt and dt

If dt(i) = dt(i) for all i ,j c V . then Gt is a MST of G.

Otherwise, it was shown in Theorem 2 that Gt+i can be constructed from

Gt and dt by finding , for each i ~ V such that dt(i) = 1 , an edge Et+i (i)

of G satisfying certain properties. Then Gt+i 
= (

~
,Tt+i) where

Tt+i = Tt U CEt+i (i) I dt(i) = IL For each i C V such that dt(i ) = I ,

define mt+i(i), as in the 
proof of Theorem 2, by

mt+i(i) = mm Cw(u ,v) U C [iL
’ 

and for some ~ c V,

vc(j]
~~

and i$j } .

Since G is connected and Gt has more than one component , mt+i
(i) < ~~.

For each I £ V such that d
~
(i) = ~, define ct+i (i), as in the proof of

Theorem 2, by

~~~

-

~~
I. j
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J C
~+j

(i) = mm Ci c V I i $ j ,  dt(j) = j and for some

u C (i ]
~
, V C (j]

~ , w(u,v)  =

Then by Theorem 2 , for each I C V with dt
(-i) = I , Et+i(i) is an edge of

G of weight mt+i(i) which joins a vertex in [I]~ 
to a vertex in

(Ct+1
( i )]

~
. However , there may be several edges of G with this property

and any one may be chosen as E
~+i
(i). (See Figure 3.) To have a preci se

algori thm, there must be a rule for choosing one edge from among all

possible choices for Et+1(i). Assume (i1,j1 ), . . . ,  (i~ ,i~) are the

edges of G which satisfy , for r = L . k , 
~r 

C [i)
~ 

1r C

and W( I
~~

jr) = mt+i ( i ). Let

ht+1(l) mm C i r = 1 , . . . , k}

and

= mm 
~
1r I r = 1, . . .,  k and = h

~+i
(l)}.

Then let Et+i (i ) = (ht+i(i), 9t+l (1)). In the example of Figure 3, ~
- -

- 
- E1 (l) E1 (6) = (1 ,4).

The computatIon of C
~+i

(i) and Et+i (i)s for each i ~ V with 
p

dt(i) 1 , Is made precise below. The functions m
~+i~ 

a
~÷i~ and ~~~~

which will be defined, are just intermediate steps in the calculation of

m
~+i~ 

ht÷i , ~~~~ 
and C~÷1.

12. For each I c V

(a) let m~~1(i) mm {W (i ,j) I i e V and dt(i) $ dt(i)}

(b) let at+i (l) z mm {dt (j ) 
~ C V, dt(j) $ dt ( l )  and

W(i,j) 
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[ (c) let g~~1(i) mm {j £ V dt(j) = at+i(i) and W(i,j) =

m~~1 (1 ) 1.

1 13. For each i C V such that d
~

(-i) = I

• (a) let rat+i (1) rain Cm
~+1
(j) dt(j) = i, j c V}

(b) let C
~+1

(i) = mth {a
~+i

(j) j C V , d
~
(i) = I and

m
~+i
(j) =

(c) let h
~+i

(i) = rain Ci ~ V I dt(j) = i and mt+i (j) =

1 mt+i ( i ) and at+i (j) = ct+i (m)}

(d) let =

At this point , Gt+i has been found and its weight matrix

can be constructed. It remains to calculate dt+i . Let Gt+i = (V 
~
Tt÷i )

where V = fi € V dt(i) = 0 and

= {(i,Ct+i (i)) I i ~ V and dt(i) = i}.

.1 S S : -
- -i

Choose a vertex of V from each connected component of Gt+i as a representa-

4 tive. For each I C V , let dt+i(i) be the representative of the connected

component of V containing i. The component representatives can be

( chosen and dt+i can be computed just as equivalence class representatives

were chosen and d1 computed in steps 5 through 9.

14. For each I £ V with d1(i) = 1 , let

I (rain Ci , C~+1
(l)}, If C

~+1
(ct+1(I)) = I

1 C
~+i ( l )  =3

otherwise.

1
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t

15. For each i c V wi th dt(i ) = I and C
~+1

(i) ~ i , replace

M(ht+i (i), ~~+1(i)) and M(gt+1(i), ht+i (i)) by W(ht+i
(i), 

~t+i~
1
~~

-

Then M is the weight matrix of Gt+i .

16. Let k = 0 and for i C V wi th dt(i) 
= i , le t D0

(t
~~~(l) =

17. If k ~ log(n-1), then for each I c V with dt(i) = i , let dt+i (i) =

D~
t
~~~(l) and go on to step 19. Otherwise , increment k by 1.

18. For each i £ V with dt(l) = i , let

D~
t+1)(i) = o~

t (D~
t
~~~(i )).

Then return to step 16.

j Let S be an equivalence class in ~~~ Then S is the un ion of

some equivalence classes in S~. In step 14, an equivalence class [k]
~

c S~, where d~
(k) = k , was chosen as a representative of the collection

of all equivalence classes [j1~ C S~ such that Ej]~ 
C s~ In stt~ps 15

through 17, dt+i was calculated so that for each j e V with dt(j) =

such that ~ S. d~÷1(j) = k. We now choose the vertex k to be the

representative of the equivalence class S and compute dt+i : V -~ V
so that dt+i(i) k for every i C S.

19. For each i C V.. let dt+i (i) = d
~÷i

(d
~
(i)). Note that if d

~
(i ) = I ,

then dt+i (i) = dt÷i (i).

To complete the algorithm , there must be a ~-~y to decide for

each t ~ 0 whether or not dt(i) = dt(j) for all i ,j £ V. This can be

done in the following way. For I = 1 , . . . ,  n— l , let

I-



-~~~---- ~~~~ ----— 

42

0, if dt(i) = d t(i+l )

z
~
(i) =

1 , otherwise.

Then dt(i) � dt(l) for some i ,j c V if and only if the n-l dimensiona l

vector [z
~
(l), - . . ,  z~(n—l)] contains a 1 . It was shown in Section 2.2

that this can be decided in time 0(log(n—l)) with n-i processors.

The entire algorithm is presented below . After each step ,

the time and number of processors used to perform the step are given .

Followi ng the algori thm , there i s an analysis of the time and processor

complexities of the algori thm as a whole.

ALGORITHM MST

Let G = (V ,E) be a connected , undirected , weighted graph ,

where V = Cl , . . . ,  n}. Assline that the weight matri x ,

W , of G is stored in the memory. Compute the weight

matrix , M , of a MST of G in the following way.

1. For each pair i ,j c V , let M(i,j) = 0. (This can be done in time

O(logn) with In2fl ognl processors.)

2. For each ~ t V , let d0(i) = I. (constant time , n processors )

3. I-F d (i) = d0(j) for all i ,j C V , stop , havin g found M. Otherwise , —

go on to step 4. (By the remarks preceding the algorithm , this can be

[ done in time O(logn) with n--i processors.)

4. For each -I c V ,

L 
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- (a) let m1 (i) = rain {W(i,j) ~ C V}

(b) let C 1(i) = mm Ci ~ V I W(i ,j) = m1(i)}. (For each

I £ V , the minimum of at most n numbers must be found. Thus , by the

results of Section 2.2, step 4 can be done in time O(logn) with

nrn /lognl processors.)

5. For each i c V , let

mm C i , C1(i)}, if C1 (C1 (i)) = U

C1 (i) 
=

otherwise.

(constant time, n processors)

6. For each i c V with C1 (i) $ 1 , repl ace M (i ,C1(i)) and M(C1 (i),i) by

W(i , C~(i)). (constant time, n processbrs)

7. Let k = 0. For 1 £ V , let D0(i ) 
= C1 (i). (constant time , n processors )

8. If k ~ log(n—1 ), then for I c V , let d1 (i) 
= D

k
(i) and go on to step

10. Otherwise, increment k by 1. (constant time, n processors )

9. For each I C V , let Dk(i ) = Dk l (Dk l (i)). Then return to step 8.

(constant time, n processors )

10. Let t = 1. (constant time , 1 processor)’ j
11. If dt(i) = dt(j) for all i ,j C ~I , stop , hav ing found M. Otherwise ,

increment t by 1. (This can be done in time 0(logn) with n-i processors

4 as in step 3.)

12. For each I C V ,

(a) let m~~1 (I) = mm {W(i,j) j C V and dt(i) $ dt(i)}

-j



puliur - - - 
~~~~~~~~~ 

— 
~~~~~~~~~~~~ 

— — -— -—-~
—---..

~
, —.~~

-.
~~---- . ~~~._- -

~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~ ~ _ ~
___

~ - __ 
___ 

- - -

I 44

— (b ) let at÷i (i) = rain (dt(j) ~ C V , dt(j) $ d~(i) and

W(i ,j) a m
~+i

(i)}

(c) let g~~1 (i) = mm {j C V I d
~
(i) = at+i (i) and

W(i ,j) = mt+i (i)}. (This can be done in time O(logn) with nin/logn i

processors, as in step 4.)

13. For each i C V such that dt(i ) = I ,

(a) let mt+l (i) = rain Cm
~+i

(j) I i c V , dt(i) = i}

(b) let C
~+i

(i) rain Cat+i (i) I i £ V . dt(i) = i and

mt+i (j) = mt+i (i)}

(~
) let h

~+i
(i) = rain Ci £ V d

~
(i) = I , m~~1 (j) =

and at+1(j) =

(d) let = g
~+i

(ht÷i (i)). (This can be done in time

0(logn) with n1n/1o~n1 processors , as in step 12.)

14. For each i c V with dt(i) 
= i , let

mm Ci , Ct+i (i)}, if c
~+i (C t+i ( i ) )  = i

Ct+i (i) 
=

C
~+i
(i), otherwise.

(constant time , n processors )

15. For each i £ V with dt(i) 
= I and C

~÷i
(i) $ 1 , replace

M(h t+i(i), g~+i
(i)) and M(g~~1(l)1 h

~+1
(i)) by W(gt+i (i), h~+i

(i)).

(constant time, n processors)

L 16. Let k = 0. For each I c V with dt(i) = i , let D0
(t+1 )(i ) C

~+i
(i ).

(constant time, n processors)



- T - — - - - -- - - - ---- 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~

45

17. If k ? log(n-1), then for each I ~ V with dt(i) i , le t dt+i (i) =

Dk
Pt
~
1)(i) and go on to step 19. Otherwise , increment k by 1. (constant

time , n processors)

18. For each i c V with dt(i ) = I , let

D (t+l),-~ — 0 (t+l),0 (t+l)
k 

— 

k—i ‘ k—i

Then return to step 17. (constant time , n processors)

19. For each i c V , let dt+i (i) dt÷i (d t(i)). Then return to step 11.

(constant time , n processors)

Steps 8 and 9 of ALGORITHM MST are iterated at most

rlog(n-l)1 + 1 times. Thus , steps 1 through 10 can be performed in time

O(logn) with nin/logni processors. Steps 11 throug h 19 of ALGORITHM MST

are iterated at most Ilogni times , by Lemma 2. In each iteration , steps

17 and 18 are performed at most Ilog(n-l)~ + 1 times , so one iteration of

steps 11 through 19 takes time at most 0(logn) and nin/logni processors.

Thus the entire algorithm can be performed in time

O(logn) + Ilogni O(logn) = O(log2n)

with nfn/lognl processors.

The best ser i al al gorithms for finding a minimum spanning tree

of G have time complexity 0(n2) t20], using the adjacency matrix as input ,

and O(mlogl ogm) [32], where m = IE I , using an adiacency list representation

of G. Both of these algorithms have time complexity 0(n2) if m = 0(n2).

Thus ALGORITHM MST has a speedup of O(n2/1og~n) over the best serial
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algorithm and an efficiency of O(l/logn). This ind icates that there Is

rela tively little waste incurred by using nin/logn i processors to achieve

the speedup of O(n2/log2n).

3.3 Appl Ications of the fIST Algorit hm

Spann i ng Trees

Let G = (V,E) be a connected, undirected graph , where

V = Cl , . . .,  n}. Let A be the adjacency matrix of G. Then a spanning

tree of G can be computed from A in the following way.

1. For each pair i ,j c V , let

L
if A( i ,j) = 0

W(l,j)

otherwise

2. Execute ALGORITHM MST using W as Input. The nx n ma t r i x  M, computed

In this way, Is the adjacency matrix of a spanning tree of G.

Since step 1 can be done in time O(logn) with

1n2/logn] ~ p In/logni processors , a spannIng tree of G can be found in

time O (log2n) with nin/logni processors.

In the algorithm presented In Chapter 4 for finding the bicon-

nected components of a connected , undirected graph G, the first step is

to find a spanning tree, S. for G. For thi s problem , the adiacency matrix

of S Is not the most efficient representation of S. Let V = Cl , - . ., n}.

Then S can be represented by an (n-i ) x 2 array I where

T(I,j) e V and the set

I_ i
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1. {(T(l ,l) ,T(1 ,2)) I I  = 1 , . . - ,  n-U

Is the set of edges of S. By using this representation of S, the number

of processors used to find the biconnected components of G can be de-

creased by a factor of n.

ALGORITHM MST can be modified to compute an n x 2 array H where

for some k c V , H(k,l) a H(k,2) = 0, and for I ~ V , I ~ k , and I • 1 ,2,

H(l ,j) C V and

((H(m ,1),H(i,2)) 1 C V , i ~ k}

Is the set of edges of a spanntng tree of G. To do this , at the beginning

of ALGORITHM fIST, let H(i ,j) a Q for I ~ V and j 1 ,2. Replace step 15

by lS below.

15 . For each I ~ V with dt(i) 
= i and C

~+i
(i) ~~ 

j ,

repl ace H(I ,1) by ht+i (i) and H(l ,2) by g~+i
(i ).

If for some i , d (I) I and C (I) $ I , then d + 
(I) $ I. Thus fort t+l t i

each I , there Is at most one edge to be stored as (H(i ,l),H (l ,2)).

— Assume now that the n x 2 array H has been computed for a span- 
p 

-j ning tree S of G. Compute the (n-l ) x 2 array I in the following way.

1. For each I c V , let

0, If H(I,1) = H(1 ,2) = 0

y(1) *

1 , otherwise.
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2. Sort the numbers y(l), . . .,  y(n) in decreasing order to obtain an

array z(i), . . .,  z(n).

3. For i = 1 , . . . , n— i , let T(i ,l) = H(z(i),l) and 1(1 ,2) H(z(i),2 ) .

Then

{(T(i,l),T(i,2)) I I = 1 , - - .,  n—i )

is the set of edges of a spanning tree of G.

Steps 1 and 3 can be done in constant time with n processors.

Step 2 can be done in t ime 0(logn) with nilogni processors. Thus calcu-

lation of the (n-i) x 2 array T can be incorporated into ALGORITHM fIST

wi thout increasing the time and processor complexity . This is suninarized

in the theorem below.

Theorem 4. Let G = (V,E) be a connected, undirected graph , where

v a Cl , - . . , n}. There is an algorithm which computes , from the adja-

cency matrix of G , an (n-i) x 2 array T, where T( i ,j) c V for ~ 
a 

~~ , -

n—i , j a 1 ,2, and

C(T(i ,l),T(i ,2)) I a - , n— i )

Is the set of edges of a spanning tree for G. The algorithm has time

complex i ty O(log2n) and processor complexity ninflogni.

• Connected Components and Transitive Closure

Let G = (V ,E) be an undirected graph , where V = Cl , . - . ,  n).

A spannin~ forest for G is a forest S (V ,E )  where E ~ E and every

vertex of G Is Incident with some edge In E .  ALGORITHM MST

_ _ _ _ _ _
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can be modified to find the adjacency matrix of a spanning forest

of G In time O(log2n) with nin/logni processors [26]. Under this modifi-

cation, if t~ is the smallest index for which Gt* is a spanning forest of

G, then for i ,j c V, dt*(i) = dt*(j) if and only If I and j are in the

same connected component of G. The connected components of 6 are com-

puted in this way by Hirschberg in [11].

Theorem 5. Let G = (V,E) be an undi rec ted graph , where V = Cl , - - .,  n}.

There is an algor ithm wh ich computes , from the adjacency matrix of 6, a

lxn array D, where, for i ,j c V , D(i) = 0(j) if and only if i and j are

in the same connected component of G. The algorithm has time complexity

O(lo g2n) and processor complexity nin/logni.

Proof: This follows by combining ALGORITHM MIN(2) with the

algorithm presented in [11]. QED

Corollary 1. Let G = (V,E) be an undirected graph , where V = Cl , - . .,  n).

Let = 1, if G is connected, 0, otherwise. There is an algorithm which

computes 6’ from the adjacency matrix of G, in time 0(iog
2n) with

nin/logni processors.

Proof: Compute the lxn array 0 of Theorem 5. Then 6 is con-

nected If and only if 0(i) = 0(j) for all i ,j C V. It was shown in the

discussion preceding ALGORITHM fIST that It is possibl e to decide whether

or not all entries of a given n dimensional vector are the same In time

L O(logn) with n-i processors. Thus, if -

1 , if 0(1) a D(j) for all I ,~ c V

[
~ 

fG 

0, otherwIse , 

--
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then can be computed in time O(log2n) with nin/logni processors from

the adjacency matrix of 6. QED

Corollary 2. Let G = (V,E) be an undirected graph , where V = Cl , - . - , n)

and let A be the adjacency matrix of 6. There is an algorithm which corn-

putes, from A , the transitive cl osure of A i n time O(log2n) with

nin/logni processors.

Proof: First compute, from A , the lxn array 0 of Theorem 5.
— 

Then for each 1 ,J c V , let

- I i

(i, if 0(i) = D(j)

A*(i,j) =)

otherwise.

*

Then A is the transiti ve closure of A. QED

3.4 Directed Spanning Trees

For a given directed graph 0 = (V,E) let tJ (D)  be the correspond-

ing undirected graph , U(D) = (V,E ) , where

- [ E = C(i ,j) I (i ,j) £ E or (j,i) C E).

Let 6 = (V,E) be an undirected graph , where V = Cl , - . . ,  n). A

directed spanning forest of 6 is a di rected forest 1, where U(T) is

[ 1  a spanning forest of 6. If 6 is connected , a directed spanning tree of

G Is a directed, rooted tree, (T,r), where U(t) is a spanning tree of 6. 

- 
_
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Assume 6 is connected. The algorithms in Chapters 6 and 7,

for finding the bridges of 6 and a cycle of 6, begin by finding a directed

• spanning tree of 6. This can be done by using a modifi cation of ALGORITHM

fIST and an algorithm for finding the transitive closure of a di rected

forest. It will be shown in Lemma 13 of Chapter 6 that the transitive

closure of a directed forest can be found in time 0(logn) with n2 processors.

Theorem 6. Let tTC(n) and ~~~~ 
be the time and processor complexities ,

respectively, of an algorithm which finds the transitive closure of a

directed forest wi th n vertices. Let A be the adjacency matri x of a

connected, undirected graph 6 = (V,E) with n vertices. There is an

algorithm which computes , from A , a function F V -
~~ V such that the graph

H (V. ((i ,F(i )) ( i C V , i ~ F(i)})

-

~~~ is a directed spanning tree of 6, in time O(log2n + 1ogn.t~~(n)) with

inax {nfn/lognl, 
~~~~~ 

processors.

— Proof: We use the notation of Section 3.2 and let F1 (i) =

C1 (f) for all I C V. The directed graph

= (V, {(t,F1 (i)) 1 1 £ V , 1 $  F1 (i)})

is a di rected spanning forest of Gi. Assume inductively that for some

t � 1 , a function F :V~V has been defined so that the graph
- 

t
I —

>
- Gt = (V . ((l,Ft(i)) I I c V . i ~ 

Ft(i)})

is a directed spanning forest of Define Ft+i :V-+V , so that the graph

I-I ~~~~~ -— 
_ _
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I >

Gt+i = (V, C (l ,Ft+i (i )) I t V , I 
~

i s a directed spanning forest of G~÷ ’ in the followi ng way. (See

Figure 4.)

(a) For each i c V with dt(i ) = I and C
~÷1

(i) $ I , let

(b) For each j ~& d~(j) on the path in G~ from ht+i (d~
(j)) to d

~
(l),

Ft+i (Ft(j)) 
a j~

(c) For all other vertices , Ft+i(i) = F
~

( i ).
To implement the construction of Gt+i from ~~~ 

there must be

a way to decide, for a gi ven j C V , whether j satisfies the conditions

in (b). Let Mt be the adjacency matrix of G~ and let M be the transitive

closure of Mt. Then ~ £ V is on the path in G~ from ht+i (dt(j)) to

dt(j) if and only if Mt(ht+i (d t(j)),j) = 1 and Mt(j,dt(i)) = 1. Thus ,

the following modifications of ALGORITHM fIST will compute F1 and will

compute, for t ~ 1 , Ft+i from Ft. Replace step 6 by step 6.

6. For each I c V , let F(i) = C1(i). Then F F1.

For each I £ V with I ~ F(i), repl ace M(i ,F(i)) by 1.

Then M Is the adjacency matrix of 61.

Insert step 6 between steps 6 and 7.

6 -~ . Find M*. Then M* is the transitive closure of

the adjacency matri x of 61.
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I I

- . j = Ct+1(i ) Ct+ì (i)

I ht+i(i)

I (a) The graph

L -

1 j C~÷1(j)

A A
/ \~ J \.ht4~~i 

-
~- 9~+~ J

I 
•

- 

- 

h i 

9t+l ~
) S

t+i )

(b) The graph 
~~~

Figure 4. An example of the construction of G
~÷~ 

from G~
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• Replace step 15 by step 15
’
.

15. (1) For each i c V wi th d
~
(i ) = I and C

~÷i
(i) ~ i ,

replace F(ht+i (i)) by g~~1(i). For each I £ V with i ~

d
~
(i), such that M (ht+1 (dt(i)),i) = 1 and M*(i ,dt(i)) = 1 ,

replace F(j) by i, where j = F(i). Then Ft+i 
= F.

(ii ) For each i £ V , wi th i $ F(i), repl ace M(i ,F(i ))

by 1. Then M is the adjacency matrix of ~~~~

Insert step 15 ~- between steps 15 and 16. -

15 -~. Find M*. Then M* is the transitive closure of

the adjacency matrix of ~~~~ - 
-

When the modified algori thm halts , the function F is such that

the graph

> -

= (V. {(i,F( i )) I C V . I $ F(i)))

is a directed spanning tree of 6. The root of ~~ is the vertex r C V

for which F(r) = r. The nxn matrix M stored in the memory is the weight

matrix of Gt*.

Step 15 can be done in constant time with n processors and

step 15 can be done in time tTC(n) with p.~~(n) processors. Thus In the I

modIfied algorithm , one iteration of steps 11 through 19 requires time

O(logn) + tTC(n) and max {nrn/lognl, p.~~(n)} processors. Since steps 11

through 19 are iterated at most riogni times, and since the rest of the

algorithm can be done In time O(log2n) with rn2nognl processors, the en- —

tire modified algorithm can be performed in time 0(log2n + iogn • tTC(n))

wIth max {nrn/lognl , p.~~(n)} processors. QED

—

—~
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Chapter 4

BICONNECTED COMPONENTS

Let G = (V,E) be an undirected graph. A vertex a C V is an

articulation point of 6 if there are vertices u , V C V , distinct from a ,

such that every path in 6 joining u and v contains a. A graph is bicon -

nected if it is connected and contains no articulation points . A

biconnected component of 6 is a subgraph H of 6 with the property that

H is biconnected and If K is any biconnected subgraph of G such that

H - K then H = K. If V - V , let

I I I

E(V ) = {(x,y) C E I X C V and y C V } .

Note that -if B = ~V ,E) is a biconnected component of 6, then e =

I I I

E(V ). Otherwise, there would be an edge e c E(V ) - E and then K =

(V
1 
,E

’ 
U Ce)) would -be a biconnected subgraph of G such that B ~ K,

but B $ K.

In this chapter, an algorithm will be presented which finds

the biconnected components of a connected, undirected graph 6 in time

O(log2n) wi th n2fn/lognl processors. The algorithm will find the sets 
- 

-

of vertices of the blconnected components of 6, since the set of verti ces

of a biconnected component determine It completely. The following

leimias concerning biconnected components will be needed.

F ~ 
L~~ a 5. If B1 

= (V1,E1) and 82 
= (V2,E2) are two distinct biconnected

components of 6 then V1 V2 contai ns at most one vertex. 
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Proof: See [1], p. 181 . QED

Lemma 6. VertIces i and j of a graph 6 are in a coninon biconnected

component of 6 if and only if i = j ,  (i,j) is an edge of G , or i and j

l ie on a common cycle of 6.

Proof: See [9], p. 27. QED

Let 6 = (V,E) be a connected , undi rected graph. The biconnected

components of 6 will be found in the following way. First , a spanning

tree, S, of 6 is found. It will be shown , in Lemma 8, that each edge of

S determines a biconnected component of G and , in Lemma 9, that every

biconnected component of 6 contains an edge of S. Next , a relation R

is defined on V , and computed by the algori thm , so that iRj if and only

if i and j are in a coni~on biconnected component of 6. It is shown in

Lemma 8 that if (i ,j) is an edge of 5, and

= Ck c V I kRi and kRj]

then B = (V ,E(V)) isthe biconnected component of 6 containing ( i , j) .

In this way, the biconnected component of 6 determined by (i ,j) is

computed.

Let R be the relation on V which is defined above. Note that

R is reflexive and symmetric, but not necessari ly transiti ve. For

each I C V , construct a graph G.~ = (V,E
~
), where E1 consists of all- i i -  * *edges in E except those incident with vertex I. Let G~ = (V,E~) be

the transitive closure of G1. Then the follow ing theorem holds.

ii
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Theorem 7. Let 6 = (V,E) be a connected , und irected graph. For i ,j £ V ,
*iRj if and only if (i ,j) C Ek for every k c V , distinct from i and j.

(Note in particular that iRi for all I C V and iRj for all

(i,j) c E. The proof of this theorem relies on the following l emm a and

its corollary.)

Lemma 7. Let G = (V,E) be a connected , undirected graph. For distinct

vertices x , y, and z in V , if xRy and yRz and xRz then x , y and z are

contained in a common biconnected component of G.

Proof: If (x,y) c E, let C1 be the graph C1 
= (Cx ,y}-, {(x,y)}).

— 
Otherwise, let C1 be a cycle of 6 containing x and y. Similarly, define

C2 and C3 as graphs consisting of either a single edge, (y,z) or (x,z),

respectively, or a cycle of 6 containing y and z, or x and z, respectively.

For I = 1 ,2,3, the graphs C~ exist , by Lemma 6. Note that for i = 1 ,2, or

3, if u and v are vertices of C~, and k is a vertex of V , distinct from

u and v , there is a path in C.~ joining u and v which does not contain k.

Cla im: The graph B = C1~C2UC3 is biconnected . To see this , let u and v

be distinct vertices of B , such that ii i s a vertex of C1 and v is a

vertex of C. for some i ,j c [1 ,2,3). Since C1aC~ $ ~ let w C ~~~~ Let

k be a vertex of B, distinct from u and v. If w = u or w = v , then u and

V are both In C1 or C~ and there is a path joining u and v i n C.~ or C~

(and thus in B) which does not contain k. If w is distinct from u and v , let

be the path of C1, joining u and w, which does not contain k, and Pj~ the

path of C~, joining w and v, wh ich does not contain k. Then p1up~ is

- 
E__ •
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a path in B joining u and v which does not contain k. Thus , B is

biconnected and is therefore contained in some biconnected component,

B , of 6. Since x , y, and z are vertices of B, they all lie in the

biconnected component B .  QED

Corollary. Let G a (V,E) be a connected, und i rected graph . For vertices

u , v , x , and y of V , such that u $ v , assume uRv and xRu , yRu , xRv , and

yRv. Then u, v , x , and y are contained in a common biconnected component

ofG.

• Proof: By Lenina 7, u , v , and x are contained in a biconnected

component, B1 = (V 1 ,E(V1 )), of G and u, v , and y are contained in a bicon-

nected component, B2 
= (V2,E(V2)), of G. Since V1I~V2 

= {u,v} and u $

by Lemma 5, V 1 = V2 and so B1 
= B2. Thus , u , v , x and y are vertices of

Bi. QED

Proof of Theorem 7: If I = j ,  the theorem is true. Assume

I $ j. If iRj, let B = (VB,E(VB)) be the biconnected component of 6

containing I and j. Let k be a vertex of V , distinct from i and j.

Since B is biconnected , B is connected and there is a path in B joining

i and j. If k 
~ 

VB this path cannot contain k. If k C V8, k is not

an articulation point of B and thus there is a path in B joining i and j

which does not contain k. Thus (i,j) £ E.

Conversely, assume (i ,j) c E for all k £ V , distinct from i

and j. Let B = (V s,EB) be a blconnected component of 6 containing i.
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Let

B = BUCp I p is a simple path In 6 joining i and j}.

Let x and y be distinct vertices of B
’ . Let k be any vertex of B , dis-

tinct from x and y. If x , y C V8, there is a path in B joining x and y

— which does not contain k. If neither x nor y is in V5, assume x l ies on

the simple path p~ and y, on the simple path p~, joining i and j. There

is a path in p,~, joining either x and i or x and j, whi ch does not contain

k. Similarly, there is a path in Py~ joining either y and i or y and j ,

which does not contain k. Since (i,j) c E , there is a simple path in

B ’ , joining i and j, which does not contain k. These paths can be corn-
; -

~

bined to produce a path in B joining x and y which does not contain k.

A similar argument sh~~s that if x c V8, but y ~ 
VBI there is a path in

B’ joining x and y which does not contain k. Thus B is a biconnected

subgraph of G containing B. Then B = B
’ and , in particular , j C B and

iRj. QED

Lemma 8. Let S be a spanning tree of the connected , undirected graph

G = (V,E) and let e = (x,,y) be an edge of S. Then e is in some biconnected

component of 6. Further, if

V = {z c V I zRx and zRy}

L then B’ 
= (V ,E(V’

)) Is the biconnected component of 6 containing e.

Proof: By Theorem 7, since e = (x,y) C E, xRy, that is, x and y j
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- 
I are contained In a common biconnected component , B = (W ,E ( W ) ) ,  of 6.

Since x ,y c W , e = (x,y) € E(W).

For the second part of the theorem , note that since xRx , yRy ,

and xRy, x and y are in V and thus (x,y) ~ E(V ). To see that B ’ 
=

I I

(V ,E(V ) )  is biconnected , let u , v c V . By the corollary to Lemma 7,

uRv , thus , by Theorem 7, (u,v) C E for all vertices k of V , distinct

from u and v. Thus B has no articulation points . To see that B is a
I ,  I I  I I

biconnected component, let B = (V ,E(V ) )  be a bi connected component

of 6 containing B ’. Let w be an element of V .  Then since X ,~ C V ~~V ,
I I I I  I I I

wRx and wRy. Thus w C V , so V = V and B = B . QED

Lemma 9. Let S be a spanning tree of the connected , undirected graph

6 = (V,E). Then every biconnected comp~onent of G contains an edge of S.

Proof: Let B ’ 
= (V ,E(V )) be a biconnected component of G.

If V has only one vertex, S contains no edges and the lema is true.

Otherwise, since G i s connected , V has more than one vertex and E(V ’
) is

nonempty. If E(V ) contains no edge of S, let e = (u,v) be an edge of

E(V ). Then adding edge e to S creates a cycle, C, in S which contains

e. Let (x,y) be an edge of C, distinct from (u,v). By Lemma 6, xRu , 
p

yRu , xRv , and yRv. Thus, since uRv , it follows from the corollary to

Lemma 7 that u , v , x , and y are contained in a common biconnected corn-
I I  I I  ~ , I I  , ,

ponent, B = (V ,E(V ) )  of G. Since {u,v} ~ V t\ V , B = B , by
I I

Lemma 5. Thus , x and y are in V and (x,y) c E(V ), which contradicts

the assi.miption that E(V ) contains no edge of S. QED
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Lemmas 8 and 9 verify that the biconnected components of 6

can be computed by the method described at the beginning of this chapter.

For each biconnected component, B = (VB~
E(VB)), of 6, an n-dimensional

vector B will be computed so that for each j C V , 8 (j) = 1 if and

only if j £ VB. Before the algorithm is presented , one other problem

must be handled. If S is a spanning tree of 6 and e and e’ are edges

of S, e and e ’ may be in the same biconnected component of G. If, for

- - every edge in S, the biconnected component associated with that edge is

computed , some biconnected component of 6 will be computed more than

once. This dupl i cation can be eliminated in the following way.

Let T be an (n-.l )x2 array , where the set

C(T ( i ,1),T(i,2)) I i = 1 , . . .,  n— i }

is the set of edges of a spanning tree, S, of G. For i ,j c [1, . .

n—i), the edges (T(i,1),T(i ,2)) and (T(j,l),T(j,2)) are in the same bi-

connected component of 6 if and only if T(i ,l) R T(j,1), 1(i,2) R T(j,2),

T(i,J) R T(j,2), and T(i ,2) R T(j,l). The necessity of this condition is

a consequence of the definition of R and the sufficiency follows from

the corollary to Lemma 7. For I = 1 , . . .,  n-i , let m(i ) be the smal lest

Index j for which the edge (1(1 ,1), T(i,2)) is in the same biconnected

component of G as the edge (T(j,l),T(j,2)). Then the set of edges ,

Q = {(T(i,1),T(l ,2)) I I = 1 , . . .,  n—l and m(1) = I),

has the property that each biconnected component of 6 contains exactly 

~~~~~~~ j
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one edge of Q. From the function m , the number , K , of connected com-

ponents of 6 can be computed and a Kxn •~rray, B, can be constru~ted where

B(I,j) = 81 (j) and the n-dimensional vectors , W~
>, . . 8~, represent

the biconnected components of G.

F o r i = l , . . . , n — 1 , let

if m(i) I

y(i)

(o. otherwi se.

Let z(1), . . ., z(n—l ) be the elements y(l), . . ., y(n-l) in decreasing

order. The largest index k for which z(k) $ C is K , the number of bicon-

- - nected components of 6 and

Q = f(T(z(i),l),T(z(i),2)) i = 1 , . . .,  K).

For i = l , . . . , K a n d j c V , let

1 , if jRT(z(i),l) and jRT(z(k),2)

0, otherwise.

—> —>

Then the vectors, B1, . . .,  BK represent the biconnected components of

6. The enti re algori thm is presented below , followed by an analysis of

the time and processor complexity .

p

--~~
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ALGOR ITHM BICONNECTED COMPONENTS

Let A be the adjacency matrix of a connected , undirected

— - 
- 

graph 6= (V,E), where V = Cl , . . ., n}. Find the bicon-

— 

- nected components of G in the following way.

1. Compute an (n-i) x 2 array I so that the set

[(T(i,l),T(i ,2)) I I = 1 , . . . , n— i )

is the set of edges of a spanning tree of 6.

2. For each k C V , construct an nxn matrix Mk, where for i ,j c V,

(C~ If 1 =  k or j = k

Mk(i ,j) a)

(A(i~~)~ otherwise.

(Then Mk is the adjacency matrix of the graph Gk) obtained from G by

removing every edge incident with I.)

3. For each k c V . compute M~, the transiti ve closure of Mk.

4. For each pair i ,j € V , let

R(I ,j) = mm {M (i ,j) k c V , k $ i ,j}.

(Then R(i ,j) 1 If and only if IRJ.)

5. For i 1 , . . . ,  n—i , let

m(-f ) mm (j j=l , . • . ,  n— l and R(T(i ,l),T(j- ,l))

R(T(i ,2),T(j,2)) = R(T(i,1),T(j,2))

• R(T(i ,2),T(j,l)) • l}.

_ -i



- — - -----—- — — - - - -.-~—-• - - — - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~ _________

r

64

(Then for i = 1 , . . ., n-i , m(i) = m(j) if and only if the edges

(T(i ,1),T(i ,2)) and (T(j,l),T(j,2)) are in a common biconnected component

of 6.)

6. For i = 1 , . . .,  n-i , let

(o, if m(i) $ i
9

i , otherwise.

7. Sort the array y(l), . . ., y(n-l) in decreasing order to obtain a

sorted array z(l), . . .,  z(n—l).

8. Let K = max Ci I i=1 , . . . ,  n-i and z(i) $ 0). (Then K is the number
-

of biconnected components of 6 and each biconnected component of 6 con-

tains an edge (T(j,l),T(j,2)) where j c {1, . . ., K).)

9. For i = l , ..., K and j C V , let - :

1 , if R(j,T(z(i),l)) = R(j,T(z(i ),2)) = 1

B~(i) =

0, otherwise.
p

(Then the lxn arrays B1, . . ., 8K represent the biconnected components 4
Bi~ 

. . . ,  B~ of 6, where B~ = (V1,E(V1)) and V1 = Ci c V 81 (j )  = 1).)

Notice that G is blconnected if and only if K = 1. Thus , this

algori thm also determines whether a given connected , und irected graph is
- 

- 

. 
. - biconnected.

F



65

Analysis of Time and Processor Requirements

1. By Theorem 4 of Section 3.3, step 1 can be done in time O(log2n) with

nin/logni processors.

2. Partition the set {(i ,j,k) I i ,j,k e V} into .n 3/lognl sets of at

most flogni numbers each. Assign one processor to each set X to compute

Mk(i ,i) for each of the triples (i,j,k) C X. Then step 2 can be done in

time O(logn) wi th 1n3,lognl processors.

3. By Corollary 2 of Theorem 5, the transitive closure of the adjacency

matrix of an undirected graph can be found in time O(log2n) with

nfn/logn~ processors. Thus step 3 can be done in time O(log2n) wi th

4 n2rn/lognl processors.

4. In step 4, the minimum of at most n numbers must be found for each

pair (I ,j) c V x V. This can be done in time O(logn) wi th n2Fn/iognl

processo~~.

5. In step ~~, for each I c V , the minimum of at mos t n numbers must be

found. This can be done In time O(logn) with nrn/lognl processors.

6. Step 6 can be done in constant time wi th n processors.

7. As discussed In Section 2.2, n-i numbers can be sorted in time

O(log(n-l)) with (n—i ) riog(n—l)1 processors.

8. In step 8, the maximum of at most n numbers can be found In time

O(iogn) with nin/logni processors.

9. Step 9 can be done in constant time wi th K • n ~ n
2 processors.

Thus , the total time used by ALGORITHM BICONNECTED COMPONENTS

is O(log2n) and the maximum number of processors used is n2rn/lognl , in

step 3.

‘ E l

__________ 
.—

~~~
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The fastest serial algorithm for finding the biconnected

components of a graph 6, with n vertices and m edges, uses an adjacency
- 

1: l ist representation of G and has time complexity O(m)[fl. If m = 0(n2),

this algorithm has time complex ity 0(n2). If the adjacency matrix of 6

is used as input , it can be shown (see Theorem 13) that, for some con-

1 stant c, at least cn2 entries of the adjacency matrix of G must be

examined to determine whether or not 6 is biconnected . Thus any serial

L algorithm which determines biconnectivity from the adjacency matrix must
- have time complex ity at leas t cn2. Since ALGORITHM BICONNECTED COMPONENTS

has time complexity O(log n) and processor complexity O(n /logn), a

H speedup of O(n2/iog2n) is achieved over the best serial algorithm , with

an efficiency of O(1/nlogn). Although the speedup is large, the efficiency
- Indicates that a relatively large amount of waste is incurred by using

0(n3/logn) processors to achieve the speedup.

I
L
I-
I

- E
1~
1~

L -~ --
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Chapter 5

DOMI NATORS

A rooted graph, (G,r), is a directed graph G = (V ,E) with a
t distinguished vertex r such that there is a path in 6 from r to i for

every I c V. For vertices i and j of V, I is a dominator of j in

(G ,r) if every path from r to j in 6 contains i. In particular, for

1. every I In V, r and I are dominators of I. For vertices i ,j and k of
- 

1 
V , whenever I Is a dominator of j and j Is a dominator of k, then I i s

a dominator of k and, if k = i , then i = j. Thus, the relat ion R on V ,

defined for i and j  in V by iRj if and only if I is a dominator of j ,

is a partial order of V. For each vertex j of V , let Sj = {i C V I iRj}.

L Then R, restricted to the set Si, i s a total order of S~. For each

vertex j of V , distinct from r, the vertex maxR CI C S~ I I $ j } is

called the immediate dominator of j In (G,r). Since R is antisymmetric,

the immediate dominator of j is unique. The dominator relation R on V

can be represented by a directed, rooted tree , (I ,r) with vertex set

- V In which the father of each vertex j, distinct from r, is the immeth-
p

ate dominator of I in (G,r). Then I is a dominator of j in (G,r) i f . -

and only If i is an ancestor of j in T
~
. TD is called the dominator

tree ofG .

In this chapter, a parallel al gorithm is presented which finds,

for a directed, rooted graph (G,r), w ith IV I  = n, an nxn array D,
- where, for i ,j t

L
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1 , if I is a domi nator of j in (G ,r)

D(i,j) =

0, otherwise.

D will be called the dominator matrix of (G,r). In addition , the algorithm

computes a function F : V V , where the di rected graph,

TD 
= (V , [(i ,F( i )) I c V , i $ F(i)}),

is the dominator tree of (G ,r). The time complexity of the algorithm is

O(log2n) and the processor complexity is (logn) ~~~~~~

Let (G,r) be a rooted graph where 6 = (V,E) and

v = Cl, . . .,n}. The dominator relationshi p on V can be computed in

the following way. For each vertex k of V , di stinct from r, let

be the di rected graph obta ined from G by remov ing all edges whi ch leave

the vertex k. For each vertex k of V , let G~ be the transitive closure

of the graph 6k

Lemm a 10. For I , j C V . iRj if and only if j = r, i = I, or (r ,j) ~ G~.
- Proof: If iRj, I $1 , and i $ r, then every path in G from

r to j contains I. Thus , if all edges leaving I are removed from 6,

there is no path m G  from r to j ,  that is , (r,j) ~ G .  Conversel y,
*if I = r or j = j then iRj. If (r,j) 

~ 
G~, there is no path from r to j

in G~. Thus , any path in 6 from r to .j must include I , so iRj. QED

Thus, the following steps compute the dominator matrix -, D, of

(G,r) from r and the adjacency matrix , A , of 6.

L 
_ _
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1. For each k c V wi th k $ r, and each pair i ,j c V , let

0 if I = k

Mk(l ,j) 
=

A(i ,j), otherw i se.

Then Mk is the adjacency matrix of

2. For each k £ V wi th k $ r, f i n d  Mk, the transitive closure of Mk .

3. For each i ,j C V , let

1 , if 1 =  r o r i = j

L D(I ,j) a l , i f i $ r a n d M1 (,,j) = O

0, otherw ise.

To compute the dominator tree of (G,r) let F(j) be the immediate

dominator of j in (G,r) for eac h vertex j of V , distinct from r, and let

F(r) = r. If the nxn array, 0, has been calcula ted then, given u , v £ S.,

a processor can calculate maxR {u,v} in constant time , s ince

v If R(u ,v) 1

maxR Cu ,v}

u , otherwise.

Thus, ALGORITHM MIN (2) of Section 2.2 can be used to find F(j). The

-‘ entire algori thm is sinnarized and analyzed below.

A- - -
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ALGORITHM DOMINATORS

Let (G,r) be a rooted graph, where 6 = (V ,E) and

= Cl , . . ., n}. Given r and the adjacency matrix, A ,

of 6, find the dominator matrix , 0, of (G ,r) and for each

r ~ V, w ith I ~ r, find F(i), the immediate dominator of i

in (G ,r) in the fo l low ing way.

1. For each k £ V , wi th k $ r, and each pair i ,j c V , let

0, If I = k

Mk(i ,j) 
=

A(i ,j), otherw ise.

(constant time , n3 processors )

2. For each k C V , with k $ r, find M~. (It was mentioned in Section ~
- 

-

2.2 that the transitive closure of a directed graph can be found in time

O (log2n) with (1ogn)n I°~
7 processors.)

3. For each pair i ,j c V , let

1 , i f i = r o r i = j  
-

D(i ,j) = 1 , if I $ r and M ( r ,j) a o
0, otherwise.

(constant time , ~,2 processors)

4. For each j  C V wi th j  $ r, let

F(j) a maxR CI C V  1 $  j and D(i ,j) = 1).
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Let F(r) = r. (This can be done using ALGORITHM MIN (2) of Section 2.2

in time O(iogn) with nFn/lognl processors. )

ALGORITHM DOMINATORS has time complexity 0(log2n) and processor

comp lexity (logn)n~~
1°
~
7. The best serial algorithm for this problem

uses the adjacency list representation of G and has time complexity

- i 
0(nlogn + m) , where m is the number of edges of 6 [29]. If m = 0(n2),

this algorithm has time complexity 0(n2). It can be shown (see Theorem

14) that any serial algorithm which computes the domi nators of G, from

the adjacency matr ix of G, has time complexity at least cn2, for some

constant c. Comparing the parallel and serial algorithms , the parallel
2 2algorithm achieves a speedup of O(n flog n) with an efficiency of

Although the speedup is large, there is much waste

in using so many processors to achieve it.

p. — 

h

:‘ j
~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~ -~--- -- 

- - -
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Chapter 6

BRIDGES

Let 6 = (V ,E) be a connec ted , undirected graph with n vertices.

An edge e of E is a bridge of G if the graph 6 = (V,E-Ce}) is not con-

nected. A graph is bridge connected if it is connected and contains no

bridges. A bridge connected component of G is a maximal bridge connected

subgraph of 6.

In Section 6.1, a straightforward algorithm is presented which

finds the bridges of 6 in time O(log2n) with n2Inflognl processors. In

Section 6.3, a more involved algorithm is presented to find the bridges

of G in time O( log2n) us ing only n2rlognl processors. It is shown in

SectIon 6.4 that the bridg e connected components of G can also be found

in time O(log2n) with n2flognl processors. Both algorithms for finding :1
the bridges of a graph are based on the followi ng lemma . (See, for

examp le , [30].)

Lemma 11 . Let G = (V ,E) be a connected, undirected graph. If e C E is

a bridge of 6, then e is contained in every spanning tree of G.

Proof: Let S be the set of edges of a spanning tree for 6.

If e ~ S then removal of e from 6 does not disconnect G. Thus e is not

a bri dge of 6. QED

6.1 First Bridge Algorithm

— Let 6 = (V ,E) be a connected, und i rected graph , where
V = Cl , . . .,  n). Let S = (V ,E ’) be a spanning tree of 6-, where
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E = Ce , . . . ,  e~~1 }. By Lemma 11 , if e is a bri dge of G , then e C E .

Thus , the bridges of G can be found by testing each edge of E to deter-

mine whether or not it is a bri dge of 6. For I 1 , . . . ,  n—l , let

be the graph obtained from 6 by removing edge e~. Then e~ is a bridge

of 6 if and only if G .~ is not connected. Let the function f : E -~{0,l}

be defined for e~ C E by

1 , if e
~ 

is a bridge of G

f(e1) 
=

0, otherwise.

Then f can be computed from the adjacency matri x , A , of 6 in the followi ng

way.

1. Compute an (n—i ) x 2 array T so that the set

E = {(T(i ,1),T(i ,2)) ~ = 1 , . . . ,  n-fl

Is the set of edges of a spanning tree , S, of 6.

2. For k = 1 , . . . ,  n— i and for each pair i ,j c V . let

0, if (i ,j) (T(k ,l),T(k ,2))

Mk(l ,j) =

A (l ,j), otherwise.

Then Mk i s the adjacency matr ix of the graph 6k~
3. For I = 1, . . .,  n—i , let
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0 , ~ Is connec ted

f( i )

1 , otherwise.

Then f(1) 1 If and only If (T(i,l),T(l ,2)) is a bridge of 6.

Let K be the number of bridges of 6. Once f has been computed ,

the bridges of 6 can be stored In a K x 2 array . B , so that the set

((8( 1 ,l),8( 1 2)) I I • 1 , . . . ,  K)

Is the set of bridges of 6. The following steps compute K and the K x 2

array, B. -

4. For I ~ 1 , . * • ,  n-i , let

I , If f(1) u 1

y(1)

0, otherw i se.

5. Sort the numbers y(1), . . . ,  y(n-l) in decreasing order to ~‘-t taln

the array z(1), . . .. z(n-1).

6. Let m • mm ii I I • 1 , . . * , n-l , z(1) • 01. Let K • rn- i . Then

K Is the number of bridges of 6.

7. For I • 1, . . .,  K and j 1 ,2, let B(1j) • T(z(i),j). Then

((B( i ,1) ,B( 1 ,2)) I I • 1, . . .,  K)

‘~~ • Prp~~ ~~~ I5 t bridiles of (‘i.
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Notice that G is bridge connected if and only if K = 0. Thus

thi s procedure for d~termining the bridges of 6 also decides whether or

not 6 is bridge connected. The entire algorithm is summarized and analyzed

below.

ALGORITHM BRIDGES (1)

Let 6 = (V ,E) be a connec ted , undi rected g raph, where

V = Cl , * . .,  n). Using the adjacency matrix, A , of 6 as i nput,

find K, the number of bridges ofG, and a K x 2 array , B, so

that the set ((B(i ,l),B(i ,2)) I 1 1 , . * . ,  K] is the set

of bridges of G , in the following way.

1. Compute an (n-l) x 2 array T where the set

C (T(i ,1),T( i ,2)) I I = 1, * . ., n-l }

is the set of edges of a spanning tree of G. (By Theorem 4 of Section

3.3, thi s can be done in time O( lo g2n) with nin/logn i processors.)

2. For k = 1 , . . . ,  n—i , and for each pair (i,j) C V , let - - 
- -

p

0, if I = T(k ,l) and j = T(k,2)

M k (i ,j )  0, if I = T(k,2) and j = T(k,l-)

A(i ,j), otherwise.

(Partition the set of triples , {(i,j,k) { l ,j C V , k = 1 , . . * , n—i ], into
3fn /lognl sets of at most rl~~n 1 elements each and assign one processor

to each set. Then step 2 can be done in time O(logn) with rn3/iognl

processors.) 
-
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3. For j = 1 , . . . ,  n—i , let

j 0, If Is connected

f(i) =

1 , otherw ise.

(By Corollary 1 of Theorem 5, this can be done in time O(log2n) with

n2fn/lognl processors.)

4. For j = 1 , . . . ,  n— l , let

i , if f(i )=l

y(i) =

0, otherw ise.

(constant time , n-l processors)

5. Sort the array y(l),.. * ., y(n-l) In decreasing order to obtain

z(l) , . . ., z(n-i). (As mentioned in Section 2.2, this can be done in
- - 1

time O(iogn) with nilogni processors.)

6. Let m = mm {l = 1 , * . ., n-l and z(i) = 0). Let K = rn-i.

(The minimum of n numbers can be found in time 0(logn) with In/logn]

processors.)

7. For I 1 , * . .,  K and j a 1,2, let B(I ,j) = T(z(i)J). (constant

time, n processors)

ALGORITHM BRIDGES (1) has time complexity 0(log2n) and processor

complexity n2In/lognl . The best serial algori thm for finding the bridges

of G uses an adjacency list representation of G and has time complexity
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- 0(m+n), where m is the number of edges of 6 [30]. If m = 0(n2), this

algori thm has time comolexity 0(n2). It follows from Theorem 14 of

Section 8.2 that any algorithm which decides , from the adjacency matrix

of 6, whether or not 6 is bridge connected , must have time complexi ty

at least cn2, for some constant c. Comparing ALGORITHM BRIDGES (1) with

the best serial algorithm shows a speedup of O(n2/log2n) and an eff ic iency

of 0(1/niogn). It will be shown that the efficiency can be Improved by
- 

- using ALGORITHM BRIDGES (2) of Section 6.3.

6.2 PrelimInary Algorithms

In this sect ion, algorIthms are presented to solve problems

which ari se in the improved algorithm , of Section 6.3 , for finding the

bridges of a graph.

Lemma 12. Let V = Cl , . . ., n) and let F : V-+V be a function . For

each I C V . let F0(I) = I and for k = 1, . * .,  n-i , let Fk(l) a

Then foraglven ~ C V . F
k(j), for k = 0, * * ., n~i can be

computed In time 0(logn) wi th n processors.
p p

Proof : For eac h I C V , let V (I) = F(I) and for t 1 , * . ., - 
-

0 t
flog (n_1)1, let = Then = F (I) for al l

i c V. Assume that for t 0, * . .,  Ilog(n-l)], 
~~~~ 

has been computed

for all I c V. Assume that for some r, wi th 0 ~ r ~ rlog(n-1)1 , F
k(j)

has been computed for 0 ~ k ~ - 1. Then Fk(j), for 2~
’ 
~ k ~ 2

1’hi _ 1 ,

can be computed as follows . For 0 < ~ < 2r-l
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F2 +S(j) F2 (F (j))

2rSince It was assumed that F5(j) has been computed and F (I) has been

2”computed for all I £ V , F (FS(j)) can be computed in constant tIme. Thus

the following steps compute Fk(j), for k = 0, . . ., n-i , from F.

1. Let t 0 and let Y0(i) 
= F(i) for all i e V.

2. If t � log (n-l), go to step 4, having computed

Y0(l), . . ., Vflog(fl_l)1(i) for all I C V. Otherwise, increment t by 1.

3. Let Yt(I) 
= for all I C V.

Then return to step 2.

4. Let r = 0 .

5. If r ~ log(n-1), stop, having computed F
k(j) for k = 0, * . ., n-i .

Otherwise, increment r by 1.
2r~ 2’6. For s = 0, * . , 2

r 
— 1 , let F 5

(j )  = F (F5(j)). Then return p

to step 5.

Each of steps 1 through 6 can be done in constant time with at

most n processors. Since steps 2 and 3, and 5 and 6 are i terated at most

flog(n-l)1 + 1 times, the entire algorithm can be done In time O(iogn)

with n processors. QED
3 1 i_ •

Theorem 8. Let 6 (V,E) be a directed forest with n vertices. Let

F : V-.-V be a function such that
B-

>
L E = {(i,F(l)) ( I c V, i $ F(l)}.
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From F, the transitive closure of G can be found in time 0(iogn) with

processors .
** Proof: Let A be the adjacency matrix of 6 and let A be the

trans it ive closure of A. For I-,j c V , A*(i,j) = 1 if and only if j =

t *F (-I ) for some t = 0, . . ., n— i. Thus A can be computed in the follow-

ing way.

1. For each I C V, compute Ft(l) for t = 0, . . ., n-i . (By Lemma 12,

this can be done in time O(logn) with n2 processors.)

2. For each I c V, let

m(l) mm Ct I t = 0, . . ., n— i and Ft(I) = Ft~~(I) }.

Then for each I C V1 F0(fl , . . .,  ~~~~~~ are distinct and FX (i)

F-~(I) for all x,y ~ m( I) .

(Since for each I c V, the minimum of at most n numbers must be found,

this can be done In time 0(iogn) with n [n/logn] processors.)

3. For each pair i ,j c V , let A*(I,j) a 0. (constant time , n2 processors.)

4. For each I ~ V, replace A
*
(i,F

t(1)) by 1 for ~ 0, . ., m( 1).

(constant time, n2 processors) • -

Thus, computation of A* from F can be carried out in time

O(logn) with n2 processors. Notice the necessity of step 2. If for some

I c V there are x, y such that x $ y and m(I) ~ x,y ~ n-i , then In step

[i 
4, the two processors associated with 1 ,x and i ,y would both be instructed

to store a 1 in the same memory location , A*(i,Ffh(U (i)). This Is not

allowed by the model of computation. QED

F
‘ I L
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Corollary. Let 6 = (V,E) be a connected, und i rected graph , where

V = (1 , . * ., n}. There Is an algorithm which computes a function

1. F : V~V , so that the graph
- -->

1. T = (V, {(i,F( i )) I c V , i$F(1)})

is a directed spanning tree of G , In time O(log2n) w ith n2 processors,

from the adjacency matri x of G.

Proof: This follows from Theorem 6 of Section 3.4 and Theorem I -

[ 8. QED

Let 6 (V,E) be a rooted, directed tree and let F : V V  be 
- -

a funct ion such that

- E = ((I,F(1)) I I t V 1 1 $ F(I)}.

Let b : V.{0,1} be any function and let f: V~{O,1 } be defined for I c V

by

1 , If for some descendant k of I In 6, b(k) • 1

f(I).

0, otherwise.

- 

In the improved bridges algorithm , It Is necessary to compute f from F.

I Although this can be done in a stra ightforward way in time O(log2n) with

processors, It will be shown In Theorem 9 that f can be computed wi th

only nrlognl processors. This is the crucial step in reducing the number

[ of processors used to find the bridges of a graph from n3 to n2riognl .

F
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Def ine Fk(i) for all I e V and for k = 0, . . . ,  n-i as before.

For i .J c V, j  Is a descendant of I if and only if Fk(j) = i for some

k e {O, . • ,  n—i )-. Let V0(i) 
= F(i) for all I C V. For ~ 

a • • ,

rlog(n-1)1 let a Yt i (Y t_i (l)) a F (I). Define : V~{O,l}, for

all I c V and for ~ = 0, * . . ,  flog(n-ifl, by 
~~~~ 

1 if and only If

for some v c V and some k with 0 ~ k < 2~, Fk(v) a j and b(v) = 1.

Then 
~fiog(n i)1~

1
~ 

* f(i) for all I C V. Assume that for all I V and

for 0 ~ t � rlog(n-l)1, ~~~~ 
has been computed. It will be proven In

Theorem 9 that f can be calculated from b in the following way.

ALGORITHM COLLECT

1. Let t — O

2. For eech l  c V ,

(a) let f(I) b(I)

(b) let f0(I) f(1).

3. If t ~ log(n-i), stop, having computed ~rl09(~~l)1 a f. Otherw ise ,

Increment t by 1.

4. For all I c V , let

if 
~~~~~ 

1

0, otherwise.

U - -  -
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5. Sort . . ., y~(n) in decreasing order to obtain

zt(l), . . ., zt(n).

6. Let = Zt(l) and for i 
= 1 , . . ., n— i , let

0, if z~( i ) = z
~
(i+i )

z (1+1), otherwise.

(Then all nonzero entries of the lxn array are distinct and every

nonzero entry of the array y
~ 

appears in the array 
~~ 

Note that If

the nonzero entries of were not all distinct , then in step 7,

b~o processors would attempt to change the content of the same memory

location . This is not allowed by the model.)

7. For each I c V with st(l) $ 0, replace f(j) by 1 , where

Then, for all I c V 1 let f(I). Return to

step 3.

(Notice that for all j c V 1 If a 
~ then f

~’Ci ) a 1 for all

~ t.)
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[ In ALGORITHM COLLECT, = 1 , for t ~ 1 if and only if

~~~ ~
(i) = 1 or i appears in the array s1 . The vertex i appears in the p

p. 

2t-1array 5~~~ if and only if there is a v C V such that Yt_ i (v) = F (v) = i

and f t i (v) = 1.

Lemma 13. For t = 0, . . . ,  Ilog(n-i)land i c V , let be as defined

in ALGORITHM COLLECT. Then = 1 if and only i-f there is a vertex v

of V with b(v) = 1 and Fk (v) = i , where 0 ~ k < 2~.

Proof: If t = 0, f0
(i) = 1 -if and only if b(i) = 1 and there—

fore the lemma is true. Assume inductively that for some t ~ 0 the

lemma is true. Assume 
~~~~~~~~ 

= 1. If = 1 , then by the induction

hypothesis there Isavertex v wlth b(v) = 1 and Fk (v) = I, where 0 � k <

< 2t41, so the lemma is true. If f (I) $ 1 , then i must appear in thet
array 5~~~

÷
-~~~ Thus , there is a vertex w such that ft(w ) = 1 and F (w ) = I.

By the induction hypothesis, there is a vertex u and a k such that
I I t I

b (u) a 
~ 0 ~ k < 2~, and F (u) W . But then i = F (F (u)) and since

0 ~ 2~ ~ + k < 2t+l the lemma is true. Conversely, let I and v be

vertices of V such that b(v) = 1 and F~ (v ) = i , where 0 ~ k < 2t41

If a 
~ then f

~ .i (i) = 1. Otherwise, by the induction hypothesis ,

< k < 2~ ~~. Let k a k - 2 . Then 0 < k < Let w = F (v).

By the induction hypothesis, f
~
(w) = 1. Since

t
F (w) a F (F 1

~
2 (v )) =

Yt ( w) = I , and thus I appears in the array 
~-~+

-i
~ 

Then 
~~~~ 

= 1. QED

~
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Thus , ALGORITHM COLLECT calculates rlog(n 1)1’ where for i c V,

~~~~~~~~~~ = I if and only if there is a v c V with b(v) = 1 and

Fk(v) = I for some k with 0 ~ k < 2llog(n-l)1 that is , if and only if

there is a descendant of I in G wi th b(v) = 1. Thus f =

Theorem 9. Let G = (V,E) be a directed, rooted tree, with V = Cl , . * • ,  n}.

Let F : V+V be a function such that

>

• E = {(i,F( i )) C V , I $ F(i)}.

• Let b : V~{O ,1 } be any function and define f : V-~{0,1 } for I C V by

1, if for some descendant j of I , b(j) = 1

f(i) =

0, otherwise.

Then f can be computed from F and b in time O(log2n) with nrlognl processors.

Proof: It was shown in the proof of Lemma 12 that for 
- 

-

t = 0, . . .,  Ilog(n-l)1, Yt(i) = F (i) can be computed from F for all

I c V in time O(logn) wi th n processors. It has been shown in Lemma 13

that ALGORITHM COLLECT computes f, given b and the functions Y0, Y1, * . • ,  
p

Y~~0g(fl_~)~. It remains to find the time and processor complexities of

ALGORITHM COLLECT. All steps, except step 5 can be done in constant

time wi th n processors. In step . 5, n numbers must be sorted,

[1 which takes time O(logn) and nilogni processors. Since steps 3 through

7 are Iterated at most r-I og(n-l)1 + 1 times , ALGORITHM COLLECT can be

j .  done in time O( log2n) wi th nrlogn l processors. Thus f can be computed

fro m band Fl n time

F
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j O(lc’gn) + O(log2n) = 0(log2n)

I. wi th

- max {n, nilogni) = nriognl

processors . QED

6.3 Improved Bridge Algori thm

Let G = (V ,E) be a connected , undi rected graph, where

v = Li , . * • ,  n}. Let ~ 
a (V ,E(T)) be a directed spanning tree of 6

- and let F : V-.-V be such that

E(T )  = L( i ,F(i)) I C V , I F(i)}.

Then the undirected graph S = (V,E(S)) , where

E(S) = C(i ,F(i)) I C V and F(i) � i)-,

Is a spanning tree of a By Lemma 11 , every bri dge of G is in E(S). In

the algorithm presented in this section for finding the bridges of 6,

a test is made on each vertex i C V , with I $ F(i), to determine whether

or not the edge (i ,F(i)) of E(S) is a bri dge of 6. The test made on

each vertex is based on the following theorem.

1 Theorem 10. Let I be a vertex of V such that F(i) ~ i . The edge (i ,F( i ))
- of S is ~~~ a bridge of 6 -if and only If either

I (I) there Is an edge of G Joining a proper descendant of I

- 
and a nondescendant of I In 5, or
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(ii) there is an edge of 6 joining i and a nondescendant of

i in 5, other than F(i).

The proof of Theorem 10 relies on Lemma 14 below.

Lemma 14. ThE edge e of 6 is a bri dge of 6 if and only if there is no

cycle of G containing e.

Proof: See [9), p. 27. QED

Proof of Theorem 10: Assume that (i,F(i)) is not a bridge of

6. Let v01v1, . . ., V
k 
beacycle in 6 containing (i,F(i)), where

v0 = F( i ) = V
k 

and v 1 I. Then k ~ 3, so i ,F( i ) and v2 are distinct

vertices. If v2 is a nondescendant of i in S, then the edge (i ,v2
) of 6

is an edge as described in (ii) of the theorem . If V
2 

is a descendant

of I, let t be the larges t index for whi ch v~ IS a proper descendant of
I in S. Then 2 � t ~ k-i and v~~1 is a nondescendant of I in T and thus

(v
~
,v
~+1
) is an edge of G as described in (i) of the theorem. The

converse is proven as follows.

(I) Assume there are vertices j and k of V such that j is a

proper descendant of 1 , k -is a nondescendant o-P i and (j,k ) i s an edge

of 6. Let p be the simple path in S joining j and I. Let x be the

youngest common ancestor of I and k in S. Let q be the simple path in S

joining i and x, and r, the simple path in S joining k and x. Since i ,j,

and k are all distinct , p u q u r U C(j,k)} is a cycle in G. Since k is a

nondescendant of i~ x $ I~ so that F(i) Is a descendant of x. Then

(1 ,F(i)) is on path q and is in the cycle p u q u r u {(j,k )} and thus

is not a bridge of 6 by Lemma 14. 
-

L .6

I.
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(ii) Assume there is a vertex k of V such that k is a nonde—

scendant of i , (i ,k) is an edge of 6, and k $ F( i ). Let x ~ V be the

youngest common ancestor of F(i) and k. Let p be the simple path in S

joining F(i) and x, and q, the simple path joining k and x. Either p or q

may contain no edges , in case F( i ) = x or k = x , but since k $ F(i), at

least one of p and q must contain an edge. Then Pu q U {(i ,F(i)),(i,k)}

is a cycle of G containing (i ,F( i )) so that ( i ,F(i)) is not a bridge of

G, by Lemma 14. QED

ALGORITHM BRIDGES (2) will work in the fol lowi ng way. First,

a function F : V~V is computed so that the graph

>

T = (V , f(i ,F( i )) -i C V . F( i ) ~ I))

is a directed spanning tree of G. The adjacency matrix , MTI of T is

constructed and M , the trans iti ve closure of MTI is computed. Then

for i ,j c V , j is a descendant of i in S, where

S = (V,{(i,F( i )) i C V , 1 $  F(i)})

if and only if M ( i ,j) = 1. Next, for each i in V , a 1 x n array ,

i s computed, where for j C V ,

1 , if j is a nondescendant of I -in S and there is an edge

of G joining j and a proper descendant of i in S

D(j) = 1 , if j is a nondescendant of I -in S and j $ F(i)

and ~i,j) is an edge of G

0, otherw ise.
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Then by Theorem 10, for each i in V , such that i � F(i), the edge

(i,F(i)) of G is a bridge of G if and only if the 1 x n array D4 does not

contain a 1.

Calcula tion of

For each ,j e V , let b~ : V-~{0,l} be defined for each i £ V by

1, if (i ,j) is an edge of G, j ~& F(i), and j is a
= nondescendant of i in S

0, otherwise.

For each j c V , let fCJ) : V~V be defined for each I c V by

1 , if some descendant k of I has b~(k) = 1

f~~~(t) =

0, otherwise.

Lenmia 15. Let the functions b~ and f
(3), for j c V , be defined as above.

For each pair i ,j c V , let

1 , if f~~~(I) = 1 and j is not a descendant of i in S

01(j) =

0, otherwise.

Then D~(~) = 1 if and only if either

(I) j Is a nondescendant of I and there Is an edge of G joining
F 

j and a proper descendant of I or,



89

(I i ) j is a nondescendant of 1 , j ~ F(i), and (i ,,j ) Is an

edge of G.

Proof: Assume D~(i) 1. Then j is a nondescendant of I and

f(3)(j) 1. Thus , by definition of f(i
’), there is a descendant k of i

for which b~(k) 1. If k = i , then by de ~nltion of ~~ (ii) holds.

If k ~ 1 , then k is a proper descendant of I and thus (1) holds.

Conversel y, assume j is a nondescendant of i in S.

Ci) Assume there is a proper descendant k of i and an edge

(kj) of G. Then j ? F(k) and j is a nondescendant of k. Thus , by

definition of b~. b~(k) = 1 so that f(3)(~ ) = 1 and D 1 (i) 1.

(ii) If j ~ F(i) and (I ,j) is an edge of G then by definition

of b~1 b~(i) 1. Thus f(3)(~ ) = 1 and so ~~ (i) = 1. QED

By Lema 15, the following steps compute D~L1) for all i ,j e

given A , the adjacency matrix of G.

1. Compute a function F : V-~V so that the graph

>

I = (V , {(i ,F( i ) )  I I c V 1 I ~ F( i ) } )

is a directed spanning tree of 6. Let MT be the adjacency matrix of G.

(By Theorem 6 and the corollary to Theorem 8, this can be done in time

O(log 2n) with n2 processors.)

2. Compute M , the trans i t ive closure of MT. (By Theorem 8, th is can

be done in time O(logn) with n2 processors.)

3. For each pair i ,j ~ V . let
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1 , if A(i ,j) = 1, j ~ F(i) and M (j,i) = 0

b~(i) =

0, otherwise.

(This can be done in constant time with n2 processors.)

4. For each pair i,j c V , compute f(1) : V-.~{0,1} where f
(3)(j) 1 if

and only if some descendant k of j has b~(k) = 1. (By Theorem 9, for a
given j ~ V , f

(~~ can be computed from b~ and F in time O(log2n) with

nflognl processors. Thus step 4 can be done in time O(log2n) with

n2Ilognl processors.

5. For eac h pa ir i ,j c Y, let

1, if f~(i) I and M U ,f )  = 0

D1(j) =

0, otherw ise.

(constant time, n2 processors)

Let K be the number of bridges of 6. A K x 2 array , B , where
the set

~(B(i ,1),B(i,2)) I I = 1, . . ., K}

is the set of bridges of 6, can be computed from the arrays D1, . . ., D~
in the following way .

6. For each i e V, let

(1~ if F(f )  ~ I and the 1 x n array D~ does not contain
a l

(~3, otherwise.

-. . .

~ 

~~.



r . ~~~~~~~ —.-
~
-

~~~~~ - .

91

( It was shown in Section 2.2 that it is possibl e to determine whether or

not an n-dimensional binary vector contains a 1 in time 0(logn) with n

processors. Thus , step 6 can be done in time 0(logn) with n2 processors.)

7. For each I c V , let

1, if m(i) = 1
* 

y( i) =

0, otherwise .

(constant time , n processors )

8. Sort the array y( l), • ., y(n) In decreasing order to obtain the

array z( 1), . . ., z(n) . (0(logn) time , nilogni processors , as in

Section 2.2)
I I

9. Let K = mm (j ~ V I z( j )  = 0). Let K = K - 1. (0(logn ) time ,

fn/lognl processors, as in Section 2.2)

10. For I = 1, . . ., K, let B(i ,l) z(i) and B(i ,2) = F(z(i)).

(constant time , n processors)

After step 10 , the set

{(B(i ,l),B(i ,2)) I I = 1, . . , K)

is the set of bridges of 6. Note that G is bridge connected if and

only If K = 0. The algorithm is summarized and analyzed below.

ALGORITHM BRIDGES (2)

Let 6 = (V,E) be a connected, undirected graph , where

V = (1, . . ., n). From A , the adjacency matrix of 6, find
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K, the number of bridges of 6, and a K x 2 array, B, where

{(B(i ,1 ),B(i,2)) I I = . . ., K)

is the set of bridges of G, by performing the steps 1 through

10 above.

• Then ALGORITHM BRIDGES (2) has time complex ity 0(log2n) and

processor complexity n2~logn1. As discussed in Section 6.1 , the best

serial algorithm for thi s problem has time complexity 0(n2). The speedup

in computation time which resul ts from using the parallel algorithm instead

of the serial algorithm is 0(n2/log2n) and the efficiency is O(1/log3n).

Thus, a relatively small amount of waste is incurred by using n2flognl

processors to achieve a speedup of 0(n h og n) in computing the bridges

of a graph.

6.4 Bridge Connected Components

Let 6 = (V,E) be a connected, und irected graph . The bridge

connected components of 6 can be computed using the following theorem.

Theorem 11 . Let B be the set of bridges of 6. A subgraph H of 6 is a

bridge connected component of G if and only if it is a connected component

of the graph G = (V,E-B).

Proof: Assume H is a connected component of 6 . If (i,j)

is a bridge of H, when (i,j) is removed from H there is no path in 6

r joining I and j. But since (1,3) is not a bridge of 6, there must be

a simple path v1, . . • 1 v k in 6, where I V 11 3 = V k and for some t,
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wi th 1 < t < k-i , (v
~
,vt+i ) Is a bri dge of 6. This is a contradiction

since v~~1, • . ., v~, V 11 . . • ,  v~ is a path in 6 joining v ,~ and v~~1
which does not contain (v

~~
v
~+i

). Thus H is bridge connected . Let K ~ H

be a connected subgraph of G with H ~ K. There is a vertex v of K which

is not in H. If u is a vertex of H, there is no path in G joining u and

v. Thus any path in K joining u and v must contain a bridge. Then K

is not bridge connected and thus H Is a bri dge connected component of 6.

Assume H is a bridge connected component of 6. Then H is a

connected subgraph of 6. Let K be the connected component of 6 con-

taIn i ng H. Si nce K is bri dge connected and H ~~~. K ~~ . 6, H K and thus H

Is a connected component of 6 . QED

By Theorem 11 , the bridge connected components of 6 can be

computed by find i ng the bridges of 6, remov ing all bridges from G to

obtain a graph 6 , and then finding the connected components of 6 . The

algorithm below uses this technique to compute the bridge connected

components of 6 in time O(log2n) wi th n2rlognl processors.

ALGORITHM BRIDGE CONNECTED COMPONENTS
p

Let 6 = (V,E) be a connected, undirected graph , where

V (1 , . . ., n}. From the adjacency matrix , A , of 6, compute

a 1 x n array 0 where D(i) D(j) if and only If I and 3 are

in the same bridge connected component of G.

1. Compute a K x 2 array B, where K is the number of bridges of 6

and the set
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((B(i ,1),B(i,2)) I i  = 1, . . . , K}

Is the set of bridges of 6. (This can be done in time O(iog2n) wi th

n2Ilognl processors by using ALGORITHM BRIDGES (2).)

J 2. For I = 1 , . • ., K, replace A(B(l ,l),B(i ,2)) by 0. A is now the

adjacency matrix of 6 . (constant time , K ~ n processors)

3. Compute a 1 x n array, 0, where DCI) = D(j) if and only if i and 3

are in the same connected component of 6 . (By Theorem 5, this can be

done in time O(log2n) with nrn/iognl processors.)

UI
L
t

I I ,.

L

I .

1.
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Chapter 7

CYCLES

In this chapter, problems i nvolv i ng cycles in a graph are

investigated. In Section 7.1 , it is shown that if 6 is a connected ,

undirected graph with n vertices, a cycle of 6 can be found in time

O(log2n) wi th n2 processors, if one exists, and a cycle basis for 6 can

be found in time O(log2n) with n3 processors. In Section 7.2, an algor i thm

is presented which finds a cycle of minim um length , if one exists , in

a di rected graph with n vertices in time 0(log2n) with n3 processors.

For the problem of finding a cycle of a directed graph 6, no parallel
—I

algorithm has been found which is more efficient than finding the

shortest cycle of 6.

7.1 Cycles in an Undirected Graph

Finding a Cycle in an Und i rected Graph

Let 6 = (V,E) be a connected , undirec ted graph , where

V - (1, . ., n}, and let S be a spanning tree of 6. If there is an 
p

edge e of G which is not an edge of S, adding e to S creates a cycle in

S. The algorithm presented here for finding a cycle of 6 wil l first

find a spanning tree, S, of 6 and vertices x and y of V such that

(x,y) c E, but (x,y) is not an edge of S. Next, the cycle C(x y)~
created by adding (x,y) to S, is computed. If yca(x,y) is the youngest

conmion ancestor of x and v in S~ then C(x ,y) consists of the edge (x,y)

and the simple paths in S j~i n1ng yca(x,y) with x and y.
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Let F : V-~V be a function such that the directed graph

>
I = (V, ((i,F(i)) ( i c V , F(i ) ~ i})

is a di rected spanning tree of G. Then the undi rected graph

S = (V , {(i ,F( i ) )  I i c V , i ~ F(i)})

is a spanning tree of 6. If x and y are vertices of V . the youngest

common ancestor of x and y in S can be found in the following way.

(a) Construct the adjacency matrix MT of 1.

(b) Fin d M1, the transiti ve closure of MT. Then for i ,j c V , j is a

descendant of i in S if and only if M1(j ,i) = 1.

(c) Define a relation R on V by jRi if and only if M;(i,i) = 1. Then

yca(x,y) = min R 
{i C V I xRi and yRi ].

Lemma 16. Let S = (V,E ) be a tree and F : V~V a function such that

E = ~(I ,F(i)) I c V. i ~ F(i)}.

Then for a given pair x,y of V, yca(x,y) can be computed in time 0(logn)

with n2 processors.

Proof: Steps (a) through (c) above compute yca(x ,y) from F.

Step (a) can be done in constant time with n2 processors, step (b), in

time O(logn) with n2 processors, by Theorem 8, and step (c), In time

O(logn) with ~n/logn1 processors, as 
in Section 2.2. Thus yca(x,y) can

be computed in time O(logn) with n2 processors. QED

Corollary. Let S and F be as In Lemma 16. Then yca(i,j) can be computed

for all i ,j c V in time O(logn) with n2fn/lognl processors.

I
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Proof: In step (c), preceding Lemma 16 , for all j ,i c V let

yca(i ,j) = minR (V C V I IRv and jRv}.

Then steps (a) through (c) compute yca(i ,i) for all i ,j c V. Since the

new step (c) can be done in time O(logn ) with n2fn/lognl processors, the

corollary follows . QED

To find vertices x and y of V such tha t (x ,y) c E , but (x ,y)

Is not an edge of S = (V ,E ) ,  define g : V-WV , for i C V , by

0, if no edge in E - E is incident with i

g(i) =

mm {j C V I (i ,j) E E — E }, otherwise.

If g(i) = 0 for all I C V . then 6 contains no cycles. Otherwise , let

h = mm {i C V I g(i) ~ 0). Then (h,g(h)) is an edge of G which is not

in S. Let w = yca(h ,g(h)). Let r and s be the smalles t integers such

that F~
’(h) w and F5(g(h)) w. Then the cycle

h,F(h), . . ., F
r(h), F~~

1 (g(h)), . . ., F(g(h)), g(h), h

Is the cyc le of 6 created by adding (h ,g(h)) to S.

Define C(h g(h)) : V+V , for I c V , by

(F(I), if I = Fk(h) and 0 ~ k ~ r-l

C(h g(h))(i) 
= ~ F~~~(g(h)), If I Fk(g(h)) and 1 ~ k ~ s

0, otherwise.
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Then the sequence

0 1 n— iC(h,g(h))(h)l C(h g(h))Ih h)l . . • C~~~g(~)) h

consists of the vertices of the cycle created by adding (h,g(h)) to S,

in the order in which they cccur , followed by a sequence of zeroes. The

entire algorithm is presented and analyzed below .

ALGORITHM CYCLE

Let G (V ,E) be a connected , undirected graph , where

V = (1 , . . ., n}. From the adjacency matrix , A , of G ,

find a cycle of 6 in the following way .
I - I

I. Find a function F : V÷V so that the graph

>
T = (V. ((i ,F(i ) I I c V , i ~ F(i )J)

is a directed spanning tree of 6 and let M1 be the adjacency matrix of

1. (By Theorem 6 and the corollary to Theorem 8, this can be done in

time O(log2n) with n2 processors.)

2. Compute M . (By Theorem 8, this can be done i n time O(iogn) with

n2 processors.)

3. For each I c V with F(i) ~‘ I , replace A(l ,F(i)) and A(F(i),i) by 0.

(constant time , n processors)

4. For each i C V , let

0, If the vector [A(i ,l), . . ., A(i ,n)] does not
g(l) contain a 1

mm (j c V A(i ,j) 1), otherwIse.
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(By the resul ts of Section 2.2, step 4 can be done in time O(logn ) with

~2 processors.)

— 
5. If the vecto r [g(l) , . . ., g(n)] has no nonzero entry , stop, and

indicate that 6 has no cycles. Otherwise , let h = m m  Ci c V g(i) $ 0).

(It was shown in Section 2.2 that this can be done in time 0(logn) with

n processors.)

6. Find yca(h,g(h)). (By Lemma 16, this can be done in time 0(logn)

with n2 processors.)

7. For all I C V , compute C(h ,g(h)) as follows . First, let C(h g (h))(I) =

0 for all ~ C V. Then,

(a) if i $ yca(h,g(h)) and MT(h,i ) 1 and M( i ,yca(h,g(h))) 1 ,

replace C(h g(h))(I) by F(i).

(b) if I $ yca(h,g(h)) and !4(g(h),i) = 1 and M( i ,yca(h,g(h))) =

1 , replace C(h,g(h))(F(I)) by I.

(Step 7 can be doie in constant time with n processors.

8. Compute C
~h g(h)) (h) for k = 0, . . ., n-i . (By Leinna 12 , this can

be done in time 0(logn) with n processors.)

Thus, ALGORITHM CYCLE can be performed in time O (log2n) with

processors. ~he best serial algorithm for finding a cycle in an

undirected graph uses an adjacency list representation of the graph and

has a worst case time complexity of 0(n2) [21]. Thus, ALGORITHM CYCLE -:

achieves a speedup of 0(n2/ iog2n) over the best serial algorithm with

an efficiency of O (l/log2n).
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Finding a Cycle Basis -

Let G = (V ,E) be an undirected graph. Let H = (VH,EH) and

K = (V K,EK) be subgraphs of 6. The symmetric difference of H and K,

written H ~ K, is the subgraph 6 = (V ,E ) of 6 where

E = Le e c EH U EK and e j EH t
~ 
EK}

and

V = Cv C V I v is Incident with some edge of E l .

A set of fundamental cycles of G is a collection , C, of cycles of 6

with the property that any cycle C of G can be written as C C1 ~ .

SCk for some cycl es C1, . . ., C~ c C [21]. A cycle basis for 6 is

a min imal collection of fundamental cycles of G. It can be shown that ;

if 6 has t connected components, any cycle basis for 6 has m - n + t

elements, where m is the number of edges of 6 and n, the number of vertices

([4], p. 25). Let S be a spanning forest for 6. Let {e1, . . ., ~~~~~

be the edges of 6 which are not in S. Let C.~ be the cycle of G created

by adding edge e1 to S. Then C = CC1, . . •
~~~ ~~~~~ is a set of

fundamental cycles for 6 (see [21]) of cardinality m-n+t and thus C

Is a cycle basis for G.

Let 6 = (V,E) be a connected, undirected graph wi th

V = {1, . . ., n}. ALGORIThM CYCLE BASIS below finds a cycle basis for

6 In the following way . First, a spanning tree S = (V,E ) of 6 is found.

Then , for each x,y e V such that (x,y) C E and (x,y) ~ E , the cycl e

C(x,y)1 obtained by adding edge (x,y) to S is computed as in ALGORIThM

CYCLE.
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ALGORITHM CYCLE BASIS

Let G = (V ,E) be a connected, undirected graph , where

V = (1 , . . ., n}. Find a cycle basis of 6 In the following

way.

1. FInd a function F : V~V such that the graph

>
I = (V , {(i,F( i ) )  I I V . I ~ F(i)})

Is a directed spanning tree of G. (By the corollary to Theorem 8, this

can be done In time O(log2n ) with n2 processors.)

2. Find yca(i ,j) for all  i ,j C V. (By the corollary to Lemma 16, this

can be done In time 0(logn) with n2fn/lognl processors.)

3. For each I C V with F(i) $ i , replace A ( i ,F(i)) and A(F(i),i) by 0.

Then A ( x ,y) = 1 if and only if (x,y) C E - E .  (constant time , n pro-

cessors)

4. For each x,y C V wi th A(x ,y) = 1 , find C
~xy )

(x) for k = 0, . . . , ni

us ing steps 7 and 8 of ALGORITHM CYCLE. (S ince steps 7 an d 8 of ALGORITHM

CYCLE can be done In time 0(logn) with n processors, step 4 can be done

In time O(logn ) wi th n3 processors.)

If i t Is des i red , a procedure l ike the one which stored K bicon-

nected components in a K x n array can be used to store the cycles in the

set

(C (x ,y) I (x,y) c E - E l

in an (m-n+l ) x n array.
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ALGORITHM CYCLE BASIS has time compl exity 0(log2n) and processor

complexity n3. The best serial algorithm for this problem uses an

adjacency list representation of the graph and has time complexity

0(n3) [21]. The parallel algorithm for finding a cycle basis achieves

a speedup of 0(n3/log 2n ) over the ser ial al gor it hm , with an efficiency

— of O(l/log2n). Thus a very large speedup is achieved by the parallel

algorithm with relatively little waste.

7.2 Shortest Cycles

Le t G = (V ,E) be a simp le , di rected graph wi th V = (1 , . . ., n}.

The algorithm of this section finds a cycle of minimum l ength in G

in time O (log2n ) wit h n2rn/lognl processors. It is based on knowledge

of two matri ces associated with G. The shortest path_matrix of 6 is an

n x n ma tr ix P where for i ,j C V ,

(~, if there Is no path in G from i to j
P( I ,j) =~d(i ,j), the length of the shortest path in 6 from

i to j, otherwise.

A nex t ver tex ma tr ix of 6 is an n x n ma tr ix N , where for 1 ,3 C V ,

0, if there is no path in G from I to j
N(I ,j) = I , if I = j

k, where the edge (i ,k) is on a shortest path in 6

from i to 3, otherwIse.

~~~~~~~~~~~~ _ _
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Notice that if N(i ,j) $ 0, then the path

I , N (i,j), N ( N ( I ,j),j), . . ., j

is a shortest path in G from i to j . It will be shown in Lemma 17 that

P and N can be calcula ted from the adjacency matrix , A , of 6 in time

O(log 2n) wi th n2rn/lognl processors by the following steps.

Calculat ion of P and N from A

1. For all I c V , let

1 , if A(i ,j) = 1

P
0(i ,j) 

= 0, if I = j

~~~~, otherwise

I , if I = 3
N
0(i

,j) = j , if A(i ,j) = 1

0, otherwise

i , i f i = j

m0(i,j) 
= j ,  if A(i ,j) = 1

0, otherwise

(constant t ime , n2 processors )

2. Let t = 0. (constant time , 1 processor)

3. If t ~ log(n—1 ), stop, and let P = 

~f1og(n.1)1 
and N = N rlog(fl_l)1 .

Otherwise , increment t by 1. (constant time, n2 processors)
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4. For all i ,j c V , let

= mm (Pt 1 (i,k) + Pt i (k ,j) I k C V I .

(Since the minimum of n numbers can be found in time 0(logn) wi th In/logni

processors, step 4 can be done in time 0(logn) wi th n~1n/1ogn1 processors.)

5. For each i ,j C V , let

i , if P~(i ,j) = 0

0, if Pt(i,j)

mt(i,j) = mm {k c V I k $ i and = Pt_i (i,k) + Pt_i (k,j)},

otherwise.

Note that if 0 < Pt(i ,j) < ~~~~, then there is a k C V , k $ i , such that

P~(i ,j) = Pt_i (i,k) + Pt i (k,j). As in step 4, thi s can be done in time

O(logn) with n2In/lognl processors.)

6. For each I ,3 C V , let

(o, if mt(i ,j) = 0

N~(l ,j) =~~~

(Nt_1 (i ,mt(i ,j)), otherwise.

Then return to step 3. (constant time , n2 processors)

Lemma 17. Let 6 = (V,E) be a simple , di rected graph , wi th V = (1 , . . ., n},

and let P be the shortest path matrix of 6, and N the next vertex matrix

of 6. Then P and N can be computed from A , the adjacency matrix of

6, i n time O(log2n) with n2rnflognl processors.
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Proof: It will be shown first that steps 1 throug h 6 above

compute P and N.

Cla im: For t = 0, . . ., riog(n—l)1 and i ,j C V ,

P(i ,j), if there is a path in 6 from I to j

(a) Pt(i,j) = of l ength at most

~~~~, otherwi se

i , if P
~
(i,j) = 0

0, if Pt(i,j) 
=

(b) Nt(i ,j) = k, where the edge (i ,k) of G is on a shortest

path in G from i to j, otherwise.

The claim will be proven by induction on t. If t = 0, the claim is

true. Assume that for some t ~ 0, the cla im is true.

(a) If there is no path from i to j in G of length at most 2~~
I , then by

the induction hypothesis, for all k C V , either Pt(i,k) = or Pt(k,i) =

so that 
~~~~~~~~ 

= 
~~~~. Otherwise, let q be a shortest path from i to j

in G of length at most 2t11 Then there is a vertex k of q such that

P(i,k) ~ 2~, P(k,j) 
< and P(i ,j) = P(i,k) + P(k,j). Thus, by the

induction hypothesis ,

P(i,j) = Pt(i,k) + Pt(k,j) = P
~+i

(i ,j).

(b) If 
~~~~~~~ 

= 0, then mt+i (i) = i and Nt+i (i ,j) = Nt (i ,i) = I. If

= 
~~~, then mt+i(l) = 0, thus Nt+1 (i,j) = 0. If

0 < Pt÷i (i,j) < ~~~, then -

- -_ _
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Nt+1(i ij ) = Nt (i ,mt+i (i ,j)).

By the induction hypothesis , Nt(i ,mt+i (i ,j)) is a vertex k ~ i , such

that the edge (i ,k) is on a shortest path in 6 from I to mt+i (i ,j). Since

mt+i (i,j) is a vertex distinct from 1 on a shortest path in 6 from i to

3, Nt~1 (i,j) 
= k, and (i ,k) is an edge on a shortest path in 6 from i

to 3. This completes the proof of the claim.

Since the length of the shortest path in G from i to j, for any

14 c V , is at most n-i , it fol lows from the claim that 
~1log(n..i)1 

= P

and Nrlog (fl_l)l .= N. Thus, the steps 1 through 6 preceding the lemma

compute P and N. It remains to find the time and processor compl exities

of steps 1 through 6. Steps 1 and 2 can be done In constant time wi th n2

processors. Steps 3 through 6 are iterated at most Flog(n.l)1 + 1 times

and one iteration can be done In time 0(lo gn) with n2In/lognl processors.

Thus , P and N can be calculated in time 0(log2n) wi th n2rn/lognl processors.

QED

The computation of a shortest cycle of 6 from the matrices P

and N is based on the following lemma. 
-

p

Lemma 18. If C = (Vc ,Ec ) is a shortest cycle of a directed graph G ,

where V C {v 1, . . ., vK
)
~ 

and

C (v 1,v~~.1) I i = l~ . . ., k-i l ((v k~
vl)} ,

t then the path q from v1 to V k in C is a shortest path from v1 to V
k 

in 6.

Proof: Let p be a simpl e path in 6 from v1 to
- vk of l ength

less than the length of q. Then p U {(vk~
vl )} Is a cycle of 6, shorter

than C. This contradicts the defini tion of C. QED
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- By Lemma 18, a shortest cycle in 6 may be conputed by find ing

vertices x ,y C V such that

(i) (y,x) is an edge of 6 and

1. (ii) P(x,y) = mm (P(i ,j) I i,j C V and (3,1) is an edge of G}.

- 

Then a shortest cycle in G consists of the union of the edge (y,x) and a

shortest path in 6 from x to y (which can be calculated from N). These

steps are made precise in ALGORITHM SHORT CYCLE (0) below.

ALGORITHM SHORT CYCLE (0)

Let G = (V,E) be a simple , directed graph wi th V = (1 , . . ., n}.

Find a cycle of G of minimum length in the followi ng way from

the adjacency matrix , A , of G.

• 1. Compute P. the shortest path matrix and N , the next vertex matrix
L of G. (By Lemma 17, this can be done in time O(log2n) with n2rn/iognl

I processors.)
S

2. Let

m = mm (P(i ,j) I 1 ,3 C V , A(j, I)  = 11. p -

If m ~~~, stop , and indicate that G has no cycles. (The minimum of at

r most n2 numbers can be found In time 0(logn) wi th 1n2/lognl processors.)

[ 
3. For all I c V let ~~

(j) be defined for each 3 C V by

1 , If A(i ,j) = 1 and P(i,j) = m
1 -p

0, otherwise.

(constant time, n2 processors)

I
- -
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4. For all I C V , let

1, if the n dimensional vector contains a 1

f(i)=

0, otherwise

(This Involves determining , for each i C V , whether a binary vector

contains a 1. Thus, step 3 can be done in time O(logn) with n2 processors.)

5. Let x = mm ti C V I f(i) $ 0). (Note that if m $ ~~~, such x and y

exist.) Let

y = mm (3 C V I A(j,x) = 1 and P(x,j) = m}.

(0(logn) time, [n/logn] processors, as in Section 2.2)

6. For all i c V, let

N(i ,y), if I $ y

C(i) =

0, otherwise.

(constant time, n processors )

7. Compute Ct(x) for t = 0, . . ., m. Then the cycl e

x, C1 (x) , . . ., Cm(X) = Y, ~

is a cycle of 6 of minimum l ength . (By Leiuina 12, this can be done in

time O(logn) with n processors.)

- ~~~~-~~~~~~~~~~_
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ALGORITHM SHORT CYCLE (0) has time complexity 0(log2n) and

processor complex ity n2fn/lognl. Notice that this algorithm solves the

problem of finding a cycle of 6. The best known serial algorithms for

detecting a cycle in a directed graph has a worst case time complex Ity

of 0(n2) [15,21]. Thus the parallel algorithm achieves a speedup of

O(n2/log2n) with an efficiency of 0(1/niogn).

H

_ _ -
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Chapter 8

LOWER BOUNDS

In previous chapters , al gorithms of time complexity O(log2n)

were found for several graph problems. It will now be shown that at

least 2 log n + c time units are required to solve some of these problems

on the unbounded parallel model , when the adjacency or weight matrix of

the graph is used as input. Thus in many cases, the algorithms obtained

in this paper are within a factor of log n of being optimal , as far as

time complexity is concerned.

The lower bounds are obtained in two steps. Fi rst, an argumen t

Is presented to show that the solution to a given problem on a graph with

n vertices is a nontrivial function of at let~ t g(n) entries in the

adjacency matrix of the graph , for some function g. This argument ,

whenever possible, is based on the Aanderaa-Rosenberg Theorem of

Section 8.2. Second , Theorem 12 of Section 8.1 is used to show that at

least rlog(g(n))1 time units are required to compute a quantity which

is a function of g(n) input variables . In each problem considered ,

g(n) will be such that rlog(g(n)) 1 ~ 2 log n + c , for some constant c.

J 8.1 •A Fan-In Theorem

A binary tree, 1, is a rooted tree in which each vertex has at

most two sons . A vertex of T which has no sons is called a lea f. The

J height of T is the length of the longest simple path in T between the
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root of T and a leaf of 1. Note that a bi nary tree of height h can

have at most 2h leaves.

Let 0 be a set, and f a function defined on 0n for some positive

integer n. Let A be an al gorithm which computes the function f, given

(x1, . . ., X~~) C ~~ on the unbounded parallel mode l in t time units .

In computing f, A may compute several intermediate functions. The

computation of f by A can be represented by a binary computation tree,

TA~ 
wi th height t, which is constructed in the fol l owing way . At l evel

t, place a single vertex , the root of TA , l abeled f. Assume inductively

that TA has been constructed through level i where 0 < i ~ t and each

vertex at level i is labe l ed by a function of (x1, . . ., x,~) which has-

been computed by algorithm A in at most i time un i ts. Level i - 1 of

TA is constructed as fol l ows. If a vertex v at level i is labeled g,

where g(x1, . . ., xn) C (x 1, . . ., x l , then v is a leaf of TA . Other-

wise , there must be functions h(x1, . . ., xn) and h( x 1, . . . , x~)

computed by A in at most I - 1 time units , and a binary function F ,

such that

g(x1, . . ., x~)= F(h(x1, . . ., x~), h(x 1, . . ., xe)).

In this case , two vertices labeled h and h are added to leve l i - 1 of

TA~ 
along with the edges (g,h) and (g,h).

5
As an example , let f(x1, . . ., x5) 

= ~ x~. Then f i s coin-
1=1

puted by the algor ithm below.



- - -

112

1 Algorithm A

Inpu t: x1, . . ., X5

L 1. Ass ign one processor to the pair (x1,x2) and one processor to the

pair (x4,x5) to compute x1 + x2 and x4 + x5.

L 2. Ass ign one processor to the pair (x1+x2,x3) to compute (x1+x2) + x3.

3. Assi gn one processor to the pair ((x 1+x2) + x3, x4+x5) to compute

((x 1÷x2) + x3) + (x4+x5) = f(x 1, . . ., x5).

Al gorithm A computes f in 3 time units . A binary computation

[ tree for A is shown in Figure 5.

- 

For I c (1 , . . . n }, f(x1, . . ., x,~) is a nontrivial function

of Xi if there are elements (a1, . . ., a1,) and (b1, . . ., b,,) of Dn

such that a
~ 
$ b1, but a3 

= b
3 
for j $ i , and f(a1, . . ., an) $

• f(b1, . . ., be).

I Theorem i2. Let f(x1, . . ., Xn) be a nontrivial function of each of

the var iables x1, . . ., x~. Then any algorithm which computes f, given

on the unbounded parallel model , has time complexity at

J least Ilogni.

Proof: Let A be any algorithm which computes f and let TAI be the binary compu tation tree for A. Since f is a nontrivial function

of x1, for I 1 , . . ., n, there must be a path in TA from the root, f,

to a leaf labeled x1. Thus, TA must have at least n l eaves. Since a

binary tree of height h has at most leaves, the height of TA is at

least logn, and thus at least flogni, since the height Is an i nteger.

( . Thus, A requires at least [logni time units to compute f. QED
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(x1+x 2 ) + x3 x4 +

x1 + x 2
x3 x4

Figure 5. A binary computation tree for Algorithm A -
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8.2 The Aanderaa-Rosenberg Theorem

Let P~ be a property of undirected graphs with n vertices.

For examp le , P1, may be the property “being connec ted” or “be ing p lanar. ”

~n 
is called nontrivial if there is some graph with n vertices which has

property P,, and some graph with n verti ces which does not have property
P~. “Be ing p lanar ” is a nontrivial property of graphs wi th n ~ 5 vertices.

is monotone if whenever a graph 6 = (V,E) wi th n vertices has property
I ‘

P . then any graph G = (V,E ), where E ~ E , also has property P,~.

is syninetri c under vertex permutation if whenever a graph G = (V ,E)

has property P1,, and p : V-~V i s a permu tat ion of V , then the graph 6 =

(V ,E ) also has property P,,, where

E
’ 

= {(p(x),p(y)) I (x,y) C E}.

The following theorem was conjectured by Aanderaa and Rosenberg

[23] and has been proven by Rivest and Vuillem in [22].

Theorem 13. Let P~ be a non tr ivial , monotone property of und i rected

graphs with n vertices , which is symmetric under vertex permutation.

For an und i rected graph 6, wi th n vertices , let f~ be a function of the

entries of the adjacency matrix of 6 which has the value 1 , if G has

property P~, and has value 0, otherwise. Then f~ is a nontrivial func-

tion of at least cn entries of the adjacency matrix of 6, for some

constant c.

The following lemma is easily verified. 

-

. 

.. - - -- - - - - - - - 
- - . •
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1. . Lemma 19. The followi ng properties of undirected graphs with n vertices

are non tr i v ial , monotone , and symmetr ic under ver tex perm u tation:

(I) being biconnected , for n ~ 2

(ii) being bridge connected , for n ~ 2, and
( iii ) possess ing a cycle , for n ~ 3.

8.3 Lower Bound Results

Us ing the resul ts of the prev ious two sections , the following

lower bounds are obtained.

I Theorem 14. On the unbounded parallel model , at leas t 2 log n + c time 
• 

-

units , for some constan t c, are requ i red to determ ine

(I) if a given undirected graph 6, with n ~ 2 vertices ,

is biconnected ,

- ~~~- (ii) if a given undirected graph G , with n ~ 2 ver tices , is

bridge connected , and

(iii) if a given undirected graph 6, wi th n ~ 3 vertices ,

con ta ins a cycle , -
~

If the adjacency matrix of 6 is used as the input.

I Proof: C-i ) Let f have the value 1 , if G is biconnected , 0,

I otherwise. Any algorithm which determines if 6 is biconnected , using the

adjacency matrix of 6 as input , computes f as a function of the entries

I in the adjacency matrix. By Lemma 19 (1) and Theorem 13, f is a nontri-

vial function of at least kn2 inpu t variables for some constant k. Thus ,

by Theorem 12 , at least
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[log(kn 2)1 ~ 2 log n + log k

• time units are required to compute f.

The proofs of (ii) and (iii) are analogous. QED

To obtain lower bounds on the time required to determine if a

— directed graph contains a cycle, to find the dominators of a rooted ,

directed graph , and to find a minimum spanning tree of a weighted graph ,

different techniques must be used~. The first lemma below is due to Holt

and Reingold [13].

- Lema 20. Let 6 be a directed graph with.n vertices and let f be a

- function of the entries in the adjacency matrix of 6 which has the value

1 i f 6 conta ins a cycle , 0, otherwIse. Then f is a nontrivial function

of at least n (n+l)/2 entries in the adjacency matrix of G.

• Proof: See [13]. QED

Lemma 21. Let (G ,r) be a rooted graph, where G = (V ,E), with n � 7

vert ices and let I ,J c V. Let f(j 3) 
be a func tion of the entr ies i n

the adjacency matrix of 6 which has the val ue 1 , if i is a dom ina tor

of j in (G ,r) and 0, otherwise. Then f(1 j) is a non tr iv ial func tion of at

least (n—l)(n—3)/4 entries in the adjacency matrix of 6.

Proof: The technique of proof Is to find a rooted , d i rected

• graph 6 in which it is particularly hard, for some pair of vertices i,j,

d L to determine if I is a dominator of 3, from the adjacency matrix of G.

- For k ~ 5, let 6k = (V ,E) be the directed graph with

1~
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V = Cr , U1, . . . , U~~, V
1~ v~(}

and

E = {(r ,u1),(r ,v1); U{ (u 1,u1~ 1),(v ,v1~1) I I = 1 , . . ., k—i l.

Then (G,r) is a rooted graph with n = 2k + 1 ver tices. Let

i = v1 and j = vk. Then i is a dominator of 3 in (G k,r) thus f(1,j) 
= 1.

Let U = Cu1, . . ., and V = {v 2, . . ., V k }. Let A be the adjacency

matri x of Claim: f ( . .) is a nontrivial function of A(x,y) for each

pair (x ,y) ~ ti ’ x V ’ . To see this , note that for (x ,y) C U ’ x V ’, A(x ,y) =

0. Let A
’ be the n x n matrix where for (u,”) C V x V ,

if (u,v) = (x ,y)

A (u,v ) =

(A(u .v )~ otherwi se.

Since i is a dominator of 3 in (Gk,r) but not in the graph with adjacency ma-

tr ix A , f(j,3)(A) $ f (1,3)( A ) ~ proving the claim. Since Iu ’ I = (n-l )/2

and I V ~ 
= (n—3)/2 , f(j,j) is a nontrivial function of at least (n-l)(n-3)/4

• entries in the adjacency matrix. -

Lemma 22. Let 6 be a connected , undi rected, weighted graph with n ~ 3

vertices. Let (x y) be an edge of 6 and let 
~(x ,y) be a function of the

weight matri x of 6 which has the value 1 , if (x,y) is in a minimum

spanning tree of 6, and 0, otherwise. Then f, ~ 
is a nontrivial func-

r -

tion of at least (n2-5)/4 entries In the weight matrix of 6.



— -

- -

1~

118

• Proof: The technique of this proof is similar to that of the

previ”. - lemma. For n ~ 3, let K,, = (V ,E) be the complete graph on n
vertices and let (x ,y) C E. Let r = in/2J and t = fn/21. Partition V

into two disjoint sets , V~ = Cu 1, . . ii,,) and V~ = {v 1, . . ., vt},

of r and t elements , respectively, such that X C Vx and y s V~. For

z = x ,y, let S~ be the set of edges of a spanning tree of the complete

subgraph of K1, on the vert ices of V~. Assign weights to the edges of K,,
as follows. For e ~ E,

1, i f e c Sx ti Sy
w(e ) = 2, if e = (x,y)

3, Otherwise.

Then S = LI S2 U {(x,y)) is the set of edges of a MST for K,, wi th

weight function w and, in fact , is unique. Note that 
~~~ 

= 1 since

(x ,y) is in a MST of K,,.
Let W be the weight matrix of K,, with weight function w.

Claim: For each (u,v) £ S~ x S .  such that (u ,v) $ ( x ,y), 
~~~ 

is a

nontrivial function of W(u :v). To see this , let (u ,v ) € S,~ x S,,,,

(u ,v ) $ (x ,y), and let t4 be the n x n matrix defined by

(1, if (u ,v )  = (u ,v)

-• W ( u ,v )  =)
( W( u ,v ), otherwise.

U I

If 6 is the graph whose weight matrix Is W , (x y )  is not an edge of a

MST of 6 .  Thus , f (X ,Y) (W) ~ f (x ,y) (W ). proving the claim. Since
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ISX ! 
= Ln/2J and IS~I = fn,21, I(S

~
xS
~

) - {(x ,y)} I = Ln/21 [n/21-l �

(n 2-5)/4. Thus, 
~(~,y) 

is a nontrivial function of at least (n2-5)/4

entries In the weight matrix. QED

Lemmas 20 through 22 are combined with Theorem 12 of Section

8.1 to give the following lower bound results.

Theorem 15. On an unbounded parallel model , at least 2logn - c time

units , for some cons tan t c , are required to determine:

(I) for a given directed graph 6 with n vertices , whether 6

contains a cycle , using the adjacency matrix of 6 as input ,

(ii) for a given rooted graph (G,r), where 6 = (V , E),

wi th n ~ 5 vertices and for i,j C V , whether I is a dominator of j i n (G ,r)

using the adjacency matrix of G as input , and

(iii) for a given connected , un di rected , weighted gra ph 6,

wi th n ~ 3 ver tices , the we ight matrix of a MST of 6, using the

weight matrix of 6 as in put.

Proof: (i) Any algori thm , wh i ch determ ines whether or not 6

conta ins a cycle , computes a function f, where f = 1 if 6 contains a

cycle , and f = 0, otherwise. By Lemma 20, f is a nontrivial function of

n(n+1)/2 Input variables. Thus by Theorem 12, at least [iog(n(n+l)/2)1

time units are required to compute f from the adjacency matrix of G. The

theorem follows by noting that

riO9(,,(,,+2)/2)1 ? logn + log(n+1) - 2 ~~ 2 logn - 2.
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(ii) This follows as in (I) wi th the observati on that

rlog(n-1)(n-3)/4)1 ~ log(n-1) + log(n-3) - 2 ~ 2 logn - 4,

for n~~~5.

(Iii) This follows as in (i) by observ ing that

flog(n2-5)/41 ~ 1og(n~-5) - 2 ~ 2 logn - 4.

for n~~~3. -
-

- ~ 1 .
- - . - - ~~~~

- -_ _
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Chapter 9

CONCLUSIO N

It has been demonstrated in this paper that in solving certain

graph problems , operations can be performed in parallel to substantially

reduce the computation time. Using the unbounded parallel model of com-

putation of Section 1.1 , paral lel  al gorithms of time complex ity O(log2n )

have been developed to solve the problems of finding minimum spanning

trees, spanning trees , biconnected components , dominators , bridges ,

~.~r dge connected components , cycles , cycle bases , and shortest cycles.

In contrast, the best sequentIal algorithms for all  of these p roblem s ,

except finding a cycle basis , have a worst case time complexity of

0(n2 ). The bes t sequential al gorithm for finding a cycle basis has t ime

compl exity 0(n 3).

When the number of processors , P(n) , used by a parallel al gor i thm

to achieve a time complexity , T(n), is considered , it is possible that

much waste is involved, that is , that P(n).T(n) is much greater than the

time complexity of the best serial algori thm . It has been shown that

the algorithms presented here for finding minimum spanning trees , bridges ,

and cycle bases are not only “fast, ” but involve relatively little waste

as we ll.

g In Chapter 8, lower bounds of 2rlognl + c were obtained for

some of the graph problems listed above. Thus, several algor i thms pre-

sented in this paper have time complexities which are optimal , a t lea st

to wi thin a factor of logn.
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- 

The resul ts In this paper indicate that graph theoretic problems

are capable of being solved efficiently on parallel computers. However,

the design of a specific computer will severely Influence the time re-

quired to solve a given problem . An analysis of the techniques used in

the algorithms which have been presented here may produce ideas as to

what design characteristics may be desirable in a parallel computer which

must solve a large number of graph problems.

p 
-

I
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