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ABSTEACT

Recunt studies of two—time—scale linear systems hsve used a simple transformation of wart—
abl~s to block—diag onsltz. h. syst so tha t fast and slow modes ar. decoupled. A matrix
used in this tranaformet ion satisfiss an algebraic !Uccatt equation. In this study it is
shown that this transformation is unique end its sigenacructure is described . Also. a new
method of cowputing the decoupling transformation is pr...nt. d and d~~~natr atad using the
16th—order linear model of a turbofan engine .

INTh)DUCTION

Consider the syscea of linear first—order differential equa t ions

x A x  (1)

where z is an n-dimensional vector aud A is a real , constant matrix. As proposed by
~~~~ __ Chow sod Kokotovic (1976), the system (1) will be called two—time—scal, if the sigenvalues

of A, r.pr.s,nt,4 as X (A ) ,  can be separat ed by absolute value into 000empty sets S and
F uc thac

C...) Is~l << If~ for all s~~E S and f E F~ (2)

LiJ L.t a~ be the nun ber of eiganvslues in 5, end order them so tha t

~~
. ~~~~~ 

i • i, 2, ... n1 — 1

3. lf~ ~ ~~~~ J — 1, 2, ... n2 — 1,

where a2 — n —

For any two— t ime—scale system the ratio

1~111
(3)

viii deE foe the spit.. mesh paranacar needed to measure the system ’ s time—scale separation.
Such systems are also de crib.d as stiff , ill—conditioned or singularly perturbed ,

Given the system with a~ slow mode. end a fast mode. , partition the state vector x
into uubv.ctors a1 a~d z of dimension aad a2, and partition the A ma tr ix
accordingly so (1) can be vhtten

~ r~ 
A121 r~11

I . I • I I I I~ (4)Lx z i L A 2i A~~~j L’zJ
The following two step transformation ha. been us,d by Chang (1972) and kokotovic (1975) to
firit reduce (4) to block—triangular for. and then to block—d iagonal form . If th, ft

2 
a1atrix I. satisf is. the nonsymestric algebraic Riccati equat ion
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+ £~~ — LA12!. — £221 _ 0, (5)

then th . first transformation of variable .

11 — F 1 (6)

..t_ L’2 Lt I x2J
reduces (4) to

* r~1i r~1 £121 rX 1
I I — I  I I  (7)

L’2J L° ‘2 J L’z
~~:r a t ~~t ~0d 

~2 — £22 + LA12. Next , if the n1 n2 matrix I satisfies

132 — 3~K + £12 
— 0 (8)

then the second transfor mat ion

[y
~~ 

I K

I I —  I I (9)

L~2 J 0 1 L~2 J
reduce. (7) to

1’~ r’~ °iI — I  I I  (10)

L’2 L° ~2] L’d
Sinc e (7) is obtain ed fro m (4) by a non.i~guiar linear transformation and is block—triangu-
lar , the •tganvalu.. of £ are divided between 

~ , 
and 

~2’ That is. 
~~~~ 

U
A (A). If we can f ind a matrix 1. satisfying (5) iuch that

— ~ • ~~~~~ ~ (11)

then vs have achieved a decoupling of the ayst slow and fast modes . This decoupled form
can be very useful when working with larg, linear .yst s and aid in ~~~.rical .imulstion,
reduced—order modeling, and control sys tea design.

One attractive feature of the transfo rmation defined by (6) and (9)

l~’ l’~ 
K]  lX i]

I — I  I I  (12)

~~ L t  IJ Lx 2 J
is that the inverse transformation is simply given by

r~i r’ - K ]  
~ 1]

I I — I  I I  I (13)

L~
c2 J L~ 

I+LK
J L~2J

which requires on matrix inversion. Also , y rsprsseat. the exact slow couponant of the
var iables, so results obtain.d in the dsc~up1ed form (10) are easily interpreted.

T~~ LiGasareuClUlt OP I. A1 K

In order to describe the L and K matrices , the A matrix viii be represented in Jordan
form

r N12 r~1 0 1 ~ Q12]
A . M J Q . j  I I I (14)

L ~u ~22 0 J2J L~2’ ~22J
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where Q — M~
1. The M, J and Q matrices are partitioned compatibly with the parti-

tioned system (4).

If the A matrix is nond efsc t ive, i.e. • has a full set of linearly independent eigenv.c—
tots , then J is diagonal with eigenvaluee appearing along th. diagonal. The K matrix
is the modal matrix whose celnans are the corr espondi ng (right) siganvectors of A. If A
is defective than J contains one or more Jordan blocks and some of the col~~ns of N are
generalized .igsnvectors. Q is the matrix of reciprocal baste vectors whose rows er. the
lef t eigsnv.ctors and left generalized aigemv.ctor. of A. Th. exist~~~e and uniqueness of
K and J are discussed in many linear algebra texts such as St.,art (1973) .

Pot the case where A has multiple eigsnvaiues it can be difficult to get a unique repre—
a.ntation of K. However , if A is an eigsnvalus vith multiplicity m, there La a unique
rn-dimensional su bspace spanned by the ei$snv.c tori end gsnereliand eig.nv.ctors correspond—
Log to A.

Nsre.4.h~~~—thi and Ho (1977) and VelJko (1977) have described the elgenstructure of the
solution to the algebraic Kiccat i equation (5) . Thos e results ar, given belay as Theor
with a simplified proof. Porter (1966). Nartsneson (1971) and Kucere (1972) presented
similar results for the sy etric algebrsi c Kicca ri equation which arises from the linear
regulator problem.

In Theorem 1 we need not asm e that A La two—time—scala, but only that partition (14) is
possible. That is, that the Jordan matrix J can be partitioned into .ubsarrtces J1, j2without splitting a Jordan block. Also , the L matr ix may be complex.

Theorem 1. Matrix I. satisfies the algebra ic Aiccet i equation (5) if and only if L
satisfies the linear equation

(15)

for A — N J Q partitioned as (14).

Proof: Aes~~s first that (5) is satisfied . Isyrit . (5) as L(A
11 

— AUL) — 
~~21 

+ £221
and let — £12!.) hays Jordan form ~~~~~ Setti ng P — —11, it follows that

- £12L - XGX 1

£21 — £221 — —LX~~~~ .

Poet—multiply by X to obtain

or 
A21X + A22Y — PG

rx l rx l
A l  I 1  1 ° .L’J L~ J

Thu. h. diagonal elements of the Jorda n form C are n
1 of the a eigsnvalues of A , and

rx
L T

are 01 corresponding .ig.nvecter, of A. Also LX — —1, completi ng the firs t half of the
proof.

Suppose — —Ms. Ks need to ahow that the lower left block of the product

rL 01 1*11 *121 1 2 01 1*1l~*121 £
12

L’ I] L £21 £22 J [ — . I j — L LA11+A.21—LA12L-A
22L A2245.A12 j

is zero.

Since N ii full rank, this matrices
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I — I  1 K 1 and K

L N21 L_ L i 1 1

- 
V 

are both full rank and I. can be represented as —M21K~~. Also, since Q N — I, it fol-
lows that

+ Q22N21 — 0

so the I. matrix can also b. rspr.sentsd as

Q22L — or L — Q;~Q21. (16)

Write A in ths Jordan form and compiet. the product so that

11 0 r Mil n12] ~ 0 1 r~it ~‘2 l 11 a

V [_M 2~M~~ I [N 21 N22] ~‘~] L ~21 Q:2] L -Q;~Q~~ 
—

r~l
2l~i 

ML1J1QIZ4NUJZQ
22 1 r 3i £12

[0 Q;~J2Q22 J — L ° ~2

completing the proof.

In the final , expression we use the identities
—t —lN11 Q11 

—

and 
- K22 - N~~M~~K12.

As this theorem ill uatrates , if L 1sati sfie s (15), then the eigenvs lue. and sigenv.ctore of
I, and I, are n11, J1 and Q,,, 2, rsspectiv.ly . The case of generalized sigenvec—
tdr. causeS no difftfulty in the pMof sInce any Jordan block appearing in 0 also appears
in .11, and vice versa.

The conditions which insure that I. is real also follow quite reedily ftc, this theorem. V

That ii , if A has complex .igenvalu e A appeari ng in .2 • then A and A moat only
appear in ,ll• Under this restriction there will always .h.~ a noneingular complex matrix
C Puch that

r ‘I rM11 1  1
X11

I 1 c 1
L M21J LM ZI J

is real. If I. satisfies LM11 — —M2~ then I. also satisfies LMj1 — M~1 so that I. is
real,.

The general fo te of this block—diagonalization transformation (12) can be deterained ftc.
Theor 1. Comparing the Jorda n forms A — N J Q and

0 1 1 N~~ ° 1 ~1 ° 
~~~~ 

N~~ 0 1
[ ° — L o o 

~2 j  [ 0 Q22]

it is apparent that

r I4~. 11 Ihhll Qll

______  

[1. I] LQ~Q~ 
I -

tccuplex conjugate

V . 
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UNIQUflIESS OF THE L Aze K MAIRICZS

La shown by Narasiahsmurthi and Vu (1977) • only under very restrictive conditions will the
algebraic Riccati equation have e unique solution. N ely, only when the quadratic term is
zero and thi, equation bsco.ss linear. However , thsr e is a unique solution which decouple. a Vtwo—time—scale system with slow end fast modes separated . This is proven in the following
theor .

Theorem 2. For a given two—t ime—scale syst em A there is a unique decoupling matrix L V

satisfying both (5) and (11). V

Proof: As.une that L and W both satisf y (5) and (11). Applying Theorem 1 there exist
ful l rank matrices

lx i lx’ lI I and J (17)
L~’J

such that Lx — —T and L’ X — —V .  Mor eover, the coli~~ e at. (generalized) eigenv.ctors
of A corresponding to sigenvalues S. Since there is a uniqus n1-diaensional sub epace
spanned by these (gener alized) eigsnv sctors, there exists matrix C such that

lx i lx ’ i
I — I  Ic .

V L~ J L V J
Post—multiply L’X — —Y ’ by C_ to obtain L X  — —P. As shown in the proof of Theorem 1,
X exists. Thus L • X. — —TX ~~, completing ths proof.

Although the decoupling atrtx I. is unique for a given ivo—time-scal. system, there are
generally many real solutions to the algebraic Riccati equation (5). Thus any effort to
obtain L should avoid these other solutions . In a special case the number of distinctV - solutions can be enumerat,d by

Corollary 1. If A has disti nct real eigenvs.lues, then there at, ( n distinct retl
solutions of (5) corresponding to the number of distinc t ways of n1 partitioning the
n eigenvalues of A into sets of n

1 and n2 m bere.

Proof: Since K is real, all solutions of (5) are real. We will assume that A(A 1—A12
L)

1(4 —A 2!.’) and provs that this implies L ~ L’ . Let LX — —Y and L’ X’ — —Y ’ .
The l~~ea.~ independsnce of the eigenvectore corresponding to the a1 + 1 or mors eigen—
value. A (A

11—A12L) U A (A
11—A12L’) implies that the augmeated matrtx

rx x l
I I (18)
L~ Y ’J

has rank at least n1 +1. Then ~ — —!X~
1 and L’ — —T’(X’) 1. If vs assume that L — V

so that TX • T ( X ) and Y • Y’ (x ’) ~X , then

x l  lx  1 lx ’ iI — I I — I I
~J [y s x~~

_lxJ LrJ
which implies that the a1 columns of are linear combinations of the columns of
and the rank of (18) equals n1, a conjadiction . Thus L # L’ and ths proof Is
complete.

The uniquenes, of the K matrix is insured by the two—rime—scale property. As shown by
Gan~~~char (1959), the linear equation (6) has a unique solution provided 

~l 
and have

no cc on elgenvalues.

THE c~ozcz OF SLOW ASD FAST VA&IAJLZS

La important question which arisei in the decoupli ng and reduc er-order modeling of large
linear sysrema is how should state variable. x be reordeted so that etates which contain
predo minately slow mode are placed in x1. If we reorder the state variable, then the rows
of the wadal matrix it are reordered in the en. meaner • Frou our previous results it is
apparent that I LI is approximately proportional to IM~~I end inversely proportional to

* So if we can chonee en ordering which minimizes 5K215 , this wi ll insure that the

~ 

..
~

_ _ _ _ _  —---V V - V -V -V
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slo e modes appear primarily in variables x1, and ILl will be all. In a similarV V 
fashion, the K matrix can be written as

K —

V 
so that choosing an orderi ng of states which minimizes 1N121 will place primarily fas t
variables in a2 and yield a ~~~l1 ILl .

This process is clarified by introduc ing slow mode and fast mode coupling ratios a and
a
~
. Assume that this columns of N are norm alized so that each is of length one. a~d define

IM I I’~ J
‘ ~ f 1i~

1_
Hare I • I refars to the Euclidsan norm and, where necessary, take the modulus of coupler
entries. Either p or p can be mini mized by searching over all orderi ngs of the row
indices (i} of thu modal ~atrix K . If it should happen that all rows of

[Mil

[Mll

have equal norm , than the mini im value of p will be (a /n, )1.I’2 • On th, other hand, if
x can be ordered so that K • 0, then p ~• 0 and the ilo * modas ar, naturally de-
coupled from the x~ statss~~ For this orde ling of x , the A matrix will be block—
triangular. likewiSe, if — 0. then o

~ 
is zero and tha resulting A will be block—

triangular.

Depending upon the structure of N, the order ing which minimizes p may or may not also
mini mize 0 ,,. Depending upon whether we are pri rily interested in5s tudying the slow be-
havior or fist behavior of the sys rem. we could choose the ordering of variables which
minimize. sithar p or

If both a and a , are i.all, we could describ, the system as being “weakly coupl.d.’
• This def in! tion of Hoekly coupled systems is similar to one proposed by Kiln. (1965) . How-

ever , his definit ion also required that it be l1. Even though a system is strongly
two—time—scala, it need not therefore be weakly coupled.

Provided one is able to compute eigenvsctor., the followi ng procedure is suggested for re-
indexing x, A and N befors obtaining the decoupling transformation.

Algorit he 1.
1. Normalize the columns of

rM1ll
I I (19)
LN21J

ft

so that ~ Tm I l, j — l , . . . n .  V

i—i ij 1
2. If (19) contains one or more complex eigenvsctors v , replace v~ with Re(v i) and
replace v~ with 

~~~~~~
• 3. Evaluate the norm of each of the n rows of (19) and let

— ~~~ ~
2 )l/2 i — 1. ... n.

4. Order the set f t  } so that r > r ... ~ r and pr ult iply a, A and N by
the permutation matrik a1 a2 an

[e0 •a •
~~~

• cn
n] 

(20)

where is the i—tb coli of the n x a identity matrix.

5. Post-mu ltiply A by the inverse permutation matrix

_ _ _ __ _ _ _  
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where ( 1
T indicates trensposs.

This general msthod for syst ematically picking slow variables should be very useful in appli-
cations as discussed by teaskarsis and Sandell (1976). In general not all eigenvectors are
required, but only those corresponding to the slow modes . However , one questio n which needs Vfurther exploration is how scali ng of the state variables influences this method.

COMPUTING THE L A~~ K MATRICES

Kokotovic (1975) proposed a method of computing the L matrix star ting with initial
approximation

a L — A~A
21 

(21)
and using the iteration

V

. ~i+1 
— A

~~
(Li(A11 — A12L~) + A21). (22)

He proved that if c certain criterion involving matrix norms is satisfied then this itars—
tion will converge to L. A. he noted, the criterion is quite restri ctive and is not satin—
f Led by many typical two—time—scale systems.

If efficient eigenanalysia prog rams are available, then a computational procedure for find-
ing accurate numerical L and K matr ices based on the results of Section 2 is quite
straightforward. Examples of such prog rams are EISPAC& from the Argonne National laboratory.
dascribed by Smith et al. (1976), or EtCh from the International Nsth tics and Statistics V

Library (D(SL) • Houston, Texis. These eigenanslysis progr ems are veil documented and easy
to laplemant on mainframe computers. Typical execution times for finding all si.g.nvsluee
sad eigenvectors of matrices of order 40 and 80 are .66 and 4.6 seconds using an

• t~~ 370/195 computer, cf. Smith et al. (1976). both progra ms are based upon the Qi algor—
ithe, ci. Wilkaneon (1965).

Since the L matrix can bs expressed as either -If or Q ’Q2 , not all •igenvectors
of A need be evaluated to so lve for L • Two procl&uMs could~ e deed, one for tha case
a n and another for a1 ‘ a2. For a n obtain a, (right) eigenvectars corre—
s~ondilg to the slow •igsaviluee S and mdlv. he sat of linear equations (15). Such
equations can be efficiently solved by some Gaussian elimination scheme such as LU decompo-
sition , e.g., Stewart (1973). For n1 ~ n , find the n left eigenv.ctor. (Q Qcorresponding to the fast eigenvalues F lad solve the lInear system (16). In ~ l~ent
that complex ei$envsctors are ancountated • apply step 2 of Algorit la 1 to elimiaate complex
ant ries in (15) or (16).

The accuracy of th. matrix I. obtained frau (15) or (16) can be evaluated by eubsti tuti ag
it back into the Riccat i equelion (5) end evaluati ng the residual error matrix

K - L A  + A  - L A  L - A L .o oIl 21 o l 2 o 2 2 o

If  1 i. Judged to be not sufficient ly ~~s1l, i.e. , I R I  ~ e for some emall number r ,
then ~he accuracy of L0 can be improved by an iterative procedure. If L is a reason—
abla approximation to L thea the matrix (A22 + I. AJ~ ) has large eigenvZlue., is non-
singular , and suggests the linear iteration 0

• 
Li+i — (A22 + LiAt2

)
~~

(LiAii + A21
).

This iteration can be rew ritten as

£laori the 2.
1. Obtaj~ init ial approximation L f rom either (15) or (16) and set i • 0.

2. Evaluate - L~A11 + £21 — LiAULI — A 22Li and stop if ILil C 5.

3. Solve 
~~22 + LjA.~2

)D j  — Ri for Di and let Li+l — L
i + Di.

4. Let i L + l  and go to 2.

It can be shown that for L close to L . the proposed iteration conve rges wi th appro xi-
mate rate it . That is , 0
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1i+l — (L 1 + D1)A
11 + £21 — (L1 + Di

)A22 (L
i + D1

) — A22
(L1 + D1)

11+1 • K1 + Dt (A.LI — — (A
22 + L1A12)D 1 — D1A1~~4

and taking the correction mat rix D~ as La step 3 above

R1~1 — (A22 + L1A12) 211(A
11 — —

• (A2~ + LiAii~~
’hi~~1i 

—

• The ~~~~~~~~~~~~~~~~~ 
theI~V

’
~~
2 + IA12) — £121.) ~t5 1/f1 ~~ s~~. so chat

1.

The convergence of the iteration def ined by Al$or it l. 2 could be immured by including e line
search in step 3. That is, if Ia 

+ 
I > IR

~
l . then let L 

+ 
— L + liD end searc h on h

until Ii I is minimized. Howmde~, this safeguard ~~0C.&md5 wsh not Leaded in the
exasple w*tdh follows.

This procedure for obtaining numerica l solutions to the oonsy etric Liccat i equation has
soe similarities to one proposed by Tartar and Di Piatro (1977) for solving the ey stric
Riccati equation arisi ng in the linear quadrat ic regulator problem in that both procedures
are initialized using .igenvectore. However , their iterative correction involves a bi-
linear equation whereas Algoritla 2 involves a linear iterative corrsctlon.

Algoritla 3 listed below can be used to compute the K matrix . Based on the previous
argument that the sigenvalues of S are all larger than those of 

~~ 
it can be shown

V that the rate of convergenc , wi ll 4proxisi ately equal the system emaIl parameter .

Al&orithe 3.
1. Set K,, —0, K,, — —A 12, and i — 0 .

• 2. Solve D~B2 
— K

~ 
for D

i 
and let Ki+l — Xi + Di.

3. Evaluate 
~L+l — Ki+112 — 3l1i+l + £12 and stop If IRi+1I c.

-f • 
4. Set i — i + 1 and go to step 2.

An advantage of this approach is that B is unchanged in the iteration so that it can be
decomposed once into LU form and then usld repeatedly in step 2 to find D~.

To s~~~arize, the proposed procedure for computing the decoupling transformation for a two—
• 

- 
t ime—scale syst em involves the following steps.

1. Obtain approximate eigenvalu.e ~~A) and choose the number of slow modes a
1
. Note

that differeat choices of a
1 are possible to suit the needs of the study.

r K l
2. Ii a1 a2 obtain approximate eigeav*ctors N . Otherwise, obtain left sigen—
vectors tQ 21 Q22 J. L 21J

3. (Optional ) Apply Algorithe 1 to plac s slow variables in a
1.

I 4. Eliminate imaginary parts as needed, and solve either (15) or (16) for L
0.

5. (Optional ) Improve the accuracy of 10 by Algorithe 2.

6. Find K by Algorithe 3.

• This procedure ha. been successfully applied to five models of physical systems with orders
ranging f rem 4 to 32. In all camee Algoriclas 2 and 3 converged with approximate rate
it and it was verif Led that the sigenvalue decoupli ng cond Itions (11) were satisfied. How-
ever, for the asks of brevity, only one of these ex les will be presented here.
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TURIOFAN ELUIPLE

This example is a 16th order mode l of a turbofan engine which was the theme problem for a
recent conference on control of linear aaltivariable system., I • a., Sam (1977). This model
is the linearization of a detailed nonlinear simulation of the tu rbofan at th, sea level
static intermediate thruat operati ng point. Two of the state variables are shaft speeds ,
th ree are pressures and eleven are temperatures. The eigenvaluss for the linear system are
—0.63, —1.90. —2.62, —6.72± Jl.3l, —17 .8± J4.8, —18.6, —21.3± JO.8, —38.7, —47.1,
—30. 7, —39.2 , —173.7 , and —5 77 .0. For n1 — 13, 5 and 3, th. resulting small
parameters are 0.304 • 0.371, and 0.383. Since these values are not particularly small
relative to one, we might call this system weakly two—tins—scale.

The computations were performed at the University of Arizona Computing Center on both the
DEC 10 and CUgg 175 computers to compare the effects of computer word length and compare
execution t imes for time shari ng against hatch processing.

The performanc e of Algorithes 2 and 3 for the two cases a1 — 3 and a1 • 5 is illustrated
in Figures 1 through 4. The state variables were not reordered for thu computation, i.e. ,
Algorit la 1 was not ployed. As shown, in all cases the convergence rate appro x imately
equals the small parameter . The corresponding computation times are listed In Table I. Tb,
six orders—of—magnitude difference between the minimum residual errors obtained with the
DEC 10 and CTEU computers can be directly attributed to their 36 and 64 bit word lengths.
Both EISPACK and 11(51. were tested in the computation of 1.0. Their performance in term, of
eigenvalue accuracy was found to be very similar , with I~ (L yielding somewhat shorter execu-
tion t imes. Tb. execution tins, in table 1 wa rs obtained using EISPACX.

The effects of reordering the state variables before partitioning x into (a ,x )T are
illustrated in Figure 5 for the case — 5. As shown , the choice of orde rind Jee not in
this case affect the rate of conwergenci of Algorit la 2, but strongly influences p and
ILl , a

Tha comp utation of the L matrix us ing alterhece initial values 1. is described in Figur e
6. It ’s interesti ng to note that Algorit ta 2 succe eds in convergi$ to the correct solution
when initialized with 1. — A ~,A ,1. i.e., equation (21), or with L — 0. This d~~~n—
stra t a, that in ,~~ casZe tIii dlfoupling transformation can be obtained without the use of
eiganvectora. However, the L matrix obtained using eig,nvectors provid es a much more
reliable initial value for Alg8ritla 2.

CONCLUSIONS

Thi. work considers the properties of a transformation used by Chang (1972) and Xokotovic
(1975) to transform linear syst~~~ into block—diagonal form with slow and fast nodee de-
coupled. Ths eigenstructure of this transforma t ion is described, and it is shown that for
any given two—tine—scale linear system the decoupling transfo rmation is uniq ue.

General conditions for the existence of solutions of the nonayemetric algebra ic Riccati
equation are established which are more general then existenc e conditions previously stated
by Narasimha .urthi and Vu (1977). It is also shown that when the corresponding A matrix
has distinct real sigenvalues , the distinc t real solutions to the Riccati equation can be
specifically enumerated.

A new method of computing ths decoupling transfotmation is proposed . With this method the
number of slow sodes can be chosen to neat the need. of the study provided multiple or com-
plex eigenva lues are not separated. The method includes algoritl as for selec ting slow sys-
tem variables , and computing accurate 1. and K matrices. Although system eigenvec tors
are used in this method, not all eigenvectore need be found, and highly accurate sigenvec—
tore are not required. A 16th order linear model of a turbofan is decoupled by chic method
to d onst rate computation t imes, converge nce rates , and algoritla stability.

Thi, research we. supported in part by the Office of Naval Research under Contrac t Number
N000l4-76-C—0326 and by the Aerospace and Nechanical Engineeri ng Ospartoa nt , Universi ty of
arizona.
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Algoritta 2 iteration, I Algorit)a 2 iteration, I

Table 1. Typical Execution Tines
(CPU seconds)

Case 0
1 — 5 Case n~ —

CYBER DEC 10 CYBER DEC 10

Tine to compute L
~ 

.109 .615 .096 .599

Time per L~ itsration .023 .187 .021 .171
(Algoritla 2)

Tine per K1 iteration .015 .126 .012 .091
(Algoritla 3)
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